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. . SllilMJ\RY DISC""<JSSION . 
. Oit PEnFOPJ.JLNG B:ill!\R"l N'JL'ffPL.tCATION ·· 
~liTH THE FmJES'J! ross:mr;ro: J\DDI'l'I0~13 
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; . Under conventional biila.ry multiplication procedures an. e.G:l:i.'.;ii;m (OJ:, 

. equiva.lent:cy, a subtraction) is perf'ol'il!ild ~Or each non-zm.'O ditr~'~ ·~ ·;;lle: · 
. . .. ·'~'· ·' 

· _wll.tipller or its absoJ.ute value, and the statisticelJ.y e:;:pec'Ged nUiill.'iilr· of' 

. additions pe:~.· multiplica:tionJ.s one-halZ the nu.1iber of these C..'.g-J:ts. 
. . . . ' 

. This dincuas:l.on develops .Boolean f'ullctiona f'or.the recurziV<< den.!li:i;ion 

of substitu.te sets o'f: multiplier digits; for. vhich tll.e nUlllbers o-?· uon··>.aJ.·os 

' ax:e .:i.n-eclucible wi'Gh statistic~ ex;pec·ted va~ues ve1.7 near cue-·t;!:~.:hll ·&he 

itJmoor of digits ~~Mcll express the si$lled muitipliel) a.r!d applies ·<;her.e 

· functions to the tl:u-ee 1motixi: i.j'ii13i,ffeyresentat1on8: 2°s co=lc;a~nt .. l•s 
.. ~ . - - . _. . . - '· . : •. ; ~: .- . i·· .- . .-·-. '. - . . . • 

· .compleil1Cl2t'J. 'and. ·~tude 14~ ap~d:_;aign • 
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T.his lJ.O'~ s).!llml!lrlzea orie'fJ.y e. for.na.l . study ~~hicb llli$ . beguu e~r~y ·iri ·' · 

. Jlil~ 1l~57 ··.alld·.·.for ,"<rb±oh' ·i;lfu ·. dl.~e.Z:t' 6-z, a 'i'oi~~ ~;poi~t ~rns 
l
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This no'ca is es~en·~i:il.;l.iy a kaf."G o:l,'· a 

cue-<JJW.:L"teJ.• hour d<ll"ation 1~~tch 
1957 meatizi3 of tll.a Associs!G:I.ro 
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,.,., ·. C<)nvel,l'liiona.Jiy1 b'ikcy !ll';,J;tiplication i'ii ped'orm:~d by tecursively . ,. . . .. !' . ''~ 
.d,. I·· ~xecutuO. chii:t:> of' an :l.nterm...~a.te prodV.ci, ·. :in'cerspel"se:l.·.;i'~):l eO.d:ciic.:~s or ·.·. · i :,J 

;-_. 

.'(\+ .suh~~-s.ct1oil3 •. ~e choice be:j;~leen lihet1ler or no'.- an sddi tion or ct~iY~r.;.c:i;ioli · . !.: ,Jcf 

'.f:~;·. ·. :J~m~C;~~a;;~k:r:~!~o;~; ;t.:~~::~~;~ 
0t::, :.o~:t::ji:~~e;~' · ;'q .. · dt ·.J.·.···.• ... :.'i,~.f.:_,~.'.; 

"'. ;> :. · !1-lld ·sUbtracting is goveJ."ried bY ccnsid.Eii'a.tionsc o.f' ::!=1:-el' 'L-epi:csent:i::.iq:l o.aa. ·, • ·. 
- ~ . • . :< .. ~ ' ~ r 11 . :1 .. mul.:(i~lier sign;. . . : ' "'( .. 

~ ;,~-- -~ 

. \ This cl.iscuss:tori brief'Ji. suim:::-i--:tzl?:s a rigqrous and JilDre. 1ep;;'~by a::'(>\'Jo.b:at 

:~ :w-hibh -a_el'iv~s-_ fo3:. eacli. ot-: tb.e· ·tiU:·ca_ !m0t-?n xap_rosentlitioliS for .. o.~nf.,ry de:~ . 
' ' ·c2.•s\~~li:im~nt;. ·l's-·cor.nle"!~nt, and nazm_tuil.e i-rl·l;h app~c1ed si.~1)' D. set or 

•··. 

.. ·, :-J.: 
'·:1'r· 
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I ! ,, ·. ' '.· · ' , ~ • ' ' , ..., .: · ;._ . , ·' ·,• ,. • 1 

· '\ .. · · .1. repllj.~em=t'·i:m.1.-l;iplim• digi:Gt:: \rhich .a.dlllit. .. the three :values. -1, o, =d 'I'll.. and .. 1 

•I• l'.: • ·•: . ' . , . .. . . --; ·~,-

' for which the numper Of ncm-zeros is fr:reducibli:. 
:~ : .. -/' 

.···:[ , . , Iimr.e<lia~ely a;Jjal·.mt is t'.ie application .to performing 'bh'rrj. m<.D:G::'::J:>Uca.ticn 

. 
1 
,¥1th'fu' :f'~~~es'~ wssible addit'icms a.nd subtric.Jions, ar.d hence ill;d.n~.:;:~ 

:;:··, .. 

not coljcerned'1rith 'r<!d.Ucing ~ .numl:ler of r.3q11U--ed sM·f"t;s; in~r'lTit-h ~fis(li~ 
.. I . - . ,;. . . . .. . . . . . ::. ·. .. "·. . . . .·. . . . ... ;, 
in·terpla.y of shii'ti.ilg ·ac'tiQll <iit!l aao.i tiOll (!ad sui:r&rac-l;ion,: ' ~ ,;. ;~. t· ' '.~ .. : . '.'' . ' . .. ' .. -.·~~. 

•: (; •' .. iiu.ov.gooll-~; this a.isct~s:ton the ·tbree-valued die;its &-e>refei"l-ed ~ as'·/ 
1ff ·; "~oeffi~ients" tc>;dis)t~l:lh.~emf.r&t ~-valued 1'dig:tts", ;~:· .' ,, 

. . ·f. . . . . .-.,,.. . ' . ·( 

. ·\i -,. 
[hat; .tile coemcierl-l;s' admit 'th.ree ·Va.J.:Ues izltroduces~ PEn: Set no 'iei'lo\lC 

··;-. 

. .. · , ci~oign probler.1, ·for the s.Ssoeia:l>iOl:l of sign •:ith e:ny coe:fftCierit, 
. . . . . ' 

' ,;w;ttfre mUltiplier itself; cotiespoilds siq>l~/ :to !;j. ,selilcti(!n betTieen adc:-;,b,e .. ·. . . . . . .. . ". . . 
·. ·••imd sti.btrac'~:Lng during the mul:tipl.ication 'pioces~. 
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·' tnttia.J.J.Y tbis d!scli.'.lsie;~;;;l.s concerned wit~ non-ncgo.ti~e izl~<)c;.:>r 
Y 't~ul1;i:pli~r'i £ and, B jt~dh a1.: defined in Fig. ~ ill te.~·ros of n+l.- 'li~Hs a.1 
z,ii~d .4:~t.fi<:i?;i"' ·.~t ~~. \111icli;:~~ resti~c.4~(t~· lie in 'ella exhl.1)j:t~d 1 w;.c,ies ;· .. 

'Fheilce t.he;_hi@!Ci!~t i1!:1.d~ed dii3,L'c a:rrd the two bigucst. inileAe(J, co~icflct~;nts are', . 
·· .'• : .. ,:;i~· .1. .r- :):~. :_:,.-,. ·:.: .• -r . , . .. : .. : · ,-. · · · ·.- · -;.; · ·r 

·.· rcilt1•ic'~ed in 'i;heir Vll~UcS as·. sho;:;i. 
'. l, : . i ' . . ' 

Sillc·c the: setS Of co~ffic:t~to -~rhieh. d.ef:tc.e :tuq .ir . .1t.~c;ers oJ~ eq~..U. Ji~Sni-
' . 

tl.lcl.e end op~osite s:te£ are J;e:i.e.t<:O. to eo.ch o·Gher si;:wl;i b/ th-3 ilwc,;:sj . .;,ll of . 
• ' < ·; ' ' •• -'I ·, .• 

-,the :s;l8US Qi, the ... ~J.On-z~:ro's-, -~- iosS' ct ~e..11::l~Q.i:t.ty ct. O.Jjpi1¢ai:!~o~.1 .is ot:casiouec1 

.by restr:tct:ins the .;_r(lli=nt fu~·ctany to non-negxt:!.ve :(C1llti:pl:l.cr<:; ~me' since. 

the lfmit~~ int'.ex n is EJJ:bi ti-~J.r.Y. ·i;he l"azJ.ge ~strtc·ticna also oc6>.s:l."n no 

.. :":: loss:·~:9~ -~~rs~ity. '·-.,~. 

J ;..c~~l!'c:>.tcly, for each of·.~e 'Ghree rep1·e~~hte.uo~s, ·~ho. limi·'-L•z L!uclc n 
. - .;;·:· 

'· will ._'be related to the %lumber oZ digi.'~s by which the sie;aed r.:uJ:~:1.pliel' is 

· ', .o.ei':l.ned, ··SJia ·t;he 8.;~ wU~ be.'rfua.ted to the non-sien mul:ti:plier digltf;; u:tth . 
. : . '· .. . . - "·· . 

'!;he e.I>P,areni vacancy ·.in, ihe di,'Sit a
21 

'F p bewg f:l.lled by th~ s:!.zn of t•il~ 
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C(ert.O~StJ:~t~On Of :.411~_ prcceo..~~ 
' 

·,·._. 
'! ... , ."'::;· 

. , .The ;r:epla.ceL'l.el1t is'accb.:;r,il1ished th:ro'!l,gll '•~h"l i&.,;n;~i'~Y .e:>hl.b:tt'"e. in F5.z. 2 
-~- . . - . . . - . . ;- - ·' ._ .. .. . . ._. :. . ' . - . 
flit :fo1• .. o.r,bi tl·ar.t lirlii.Une .. :!.ndex .a raua. is . illu!r~ra.tecl ::U:\ th~ ex2.p:1)le sLqwn tor o.: . ; 
'/ :•o•: ',' '·.: -:< -,.', ,: .'~:·:, '.. '.'·: ;• .. ,'.,,, ·' • .::,::: ': :"-" ,_·' :'· :·; ,, .· . • • • '.' ' '•. .-· .' ' -,< ' ' • • ., ,•_ •,,, ~- • 0',• 

. 1 pp:.t~~illir,';·~;sgcl,' AJ.6· ·!. Rli), <sli~tmic,or?~l~!~~o~ctJ · o. ~c:z~.-~iyc coc.7f'ici<mt• ,: 

.:_:· . ---/':!~bC ·p:t0~d~.i1:c~;~ is. -#~iy- ths:~· of rCJ]-~9v~~Y: :.\].)pl.Yi1.1g·_·~~e:7_itTc.~_;.-c:~.~~:;~. -~:l ___ #;;a.e_ 
1

1
', '1m1est iu:a(;,.~"'d. Cl!t.l.in oi' ttp 'W ;uore conse~tp';i~e .non-zeros 'h,1j1 i~ Fo lo!~ger 

:( c~m 'b~ · D.DpJ.ied. 
.._ .... , 

<cpp'J.1-etl. "to th<:. cl1s.in • 1. 
i' 
1. :Y':!.eld:log b2 = :1 anCi. o4 = +l; ne:rc'G it is applied to th<:! ciwO::.n ~' !?,0 , .•::l.eJ_d:!.Jlg 

1 .. b = -t and ·b-- = -r1 · :it. ;i_s~ si:f?D.~i'ic~_.:t?-t :'l~J.lO.t b9 t.hen co:d:~i.t.~e~ ··.-rl:tp s-,10 :o~-t.a ell .•. 7 . . •.. . . . 9 _, . 
to· :form the. ;a~r'~. Cij~{:n a~ected.J e.u4 hcire -t-h~ identity l·evcii-oes ·~l::.c si;_:,;;;:. cit 

. b9 aud yi~,lds bl2 ~ +1; ,fina.l;ly the 
·:·+l.. _,l 

chain e14, a15 yields 'bi4. " 
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j;in Fig' 
. :' '-. : .; ' ·-~·:· :• . :- . 

} the . reple.cem_ep,:~ procedi.!re i,s_ exti'bi ted in fo:::ii·J.l t.ermL 

. Rere ar.e ;th~ 
: ·-·_ . . : :· ·: \ "~: , . . ·, .. r . :, 

:ty.nctions by >Jhich the 'o •s are r.ecursi vely def.i.:oed l.n teJ:ms of· 

~r~sbentiall;y'·cilll.ytne a's. :rue qi.lar<titie~ :~;_and/ a,re ·tro.ns'itiou ·9""'"'""'te•·s ·· 
:\: .. · ' ; ~ '- . -·'. ·_ . .' . '. . ' . . ' ·. '. .. .'' . ~-- - ' ' ,. _-·-.,. . . . . . . ·'· ' . .· . ' . ' ' ' '· . 
.i.~hicli ail.rru;t, the :,y~tiesc0 .:-i\id .l, Si;!d 1 cormuellCine.;;li:!:tll ·the· initial COOJ,'litl:i.Oll:l 
· : ) .. ~ · -::··· .- · · :. • -. ·.. ,.-; ·:: _ : : _ "·r- f,;.. .._ . . ___ . .- :" r·~ . ·" . ';.: -· -_.~;: -. -' _ · · _ -_, . · :· _ · .__ i ·. , . - -: •. _ · · ·-.- --. ·· :·:· . · · · · 

· · 'ahown,'ccq.rz::Y ,tlie lrecursion ,t!:froucn ·· COllS<;!tilt:i.vely incre:ising1. valti(!s of ·(;Jle.' · · 

·· ,: fn~~x/J; · i~ue~d, . 1 : i~ th~ ·absolute va~~ o; i;h~ .do:t:ricie~t b , , 3ncl. t~e 
. J .. . .. I . . . . . ' .. o . 

"sign o:f' :tj is f'~:ed by "the rs:cto•· (l • ~J+l) .. ··The s.'~ipUlation, an+r ·'" 0 

"is trivialll ne~essacy t.o p1;o~i.de the pl·opel.' sten. :or on:, ,. 
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~~se n .;= 5,_. th~ enti~·e fe_.m.iiy- ti·f-:·25 ~ 52 -G~ts o'£ o~.s Hh_ich c:0l"l'C8J!0~!:1 t6 the 

25 "' 32:pos:iible s~to' of, a's. . . ·f . 

:;:r,. . :.•·)- -~-.'~::~:~t~~~- _·'_·_·.;_ '.: ·: __ : .. ·. <~- .. -. ·. · ... ~ _ .. ' .·: :: --. ,· ... _ .. 
··:·· I. -~~e~.~J.~l\}A~~ _.}~p~r 4~:~ -~~ :j~~1·'?. :;,.f:t.gu1·~~: "~~f.i~-~-t~ · ·ttii.e · s~f:Y~ i~+t~?r.~:-a-";;j:9~ .. 'for 

. D.\=''~; '._;tl:{G u~pdi~ :~iw.r:ter~- :for ri~!,jj. C:ll!d So Jn .. Ana ·);>y: 8-ll:-0..6~,: -~he ·f:l.&~':e· is 
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.... 

poin·i:.. i~ loca''l;ed 
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••. ;\. · '·\:{ >:: ', ;~~?,; if~:;·i·~Y~~Gt6nsh~~~s~~~<i~~[~~· -·~· e.~~-· i;-::a:r~f ~hc~ni} . · .. r~ .. is. m~;ci,ih~ni .. ' .' ·: ·. . . 
;,, , 'f sia;rlfi.cs,nt .tha(G ri is J.'elat,iVG:l;Y: one l"d.c;be:i' fOl~' ·~lJ.e 2's ·co;npli?l!'2!l·~ cc;,se '.;llE.'-\ 

·· f'~r ·thE> oti1er : ty1o '~ll,ses •. · ' .· l: ·· 
·' ·, 

. ' l. :In S.U .Co."sea ~the. a ~a are ifefiXle~i.- a_~ ·Ghe reapect.:r.ve coefficients Of ~i- in 

· th~ · s~~·t;;j~o~s ·-s~ov~ (~b.~ .. i·~p~-~~~-~~- .s~i~~~:Cio~1~-- for bo·Sll .c-~illglCx~j~-~ l~~rn:'$'S~:t:;ta:~;i<!1l~) · 
/· t ' -~ :. ' '· , 

\': 

J. i· ' 
'i< I '·!f 

r.· ; :'--:· 
; 

··:~- . 

J''-~1·.·, 

.1. 

' t. 
' ' ·! 

1. 
' -~ . 

Fori thJ' ~~t\lde and ~iliti'' ;:-ep;?eserr~ation the !ll'll.tiplice:t.ion l1:i.'OCeti,lh'<• 
' :;. . . . . ·~ : ' . . . . . 

· must forin the :product of•tt-~o p0si·~·lve fa~tcrr:; .e.nd app~d the.· e.pproprj.o:i;e .s1.(;-n. 

:The sign-Ot \he-prOdUct ·l.s .tri;/-;i.eily determ'ine{t ... from .. ~lie si.~s of the :?i.Ct<•; ... s_-> 
,_ ·-~ -.. :' . '!'· ·'_ :_-·. . . < .. _-. )~- ' -.··,:_; . . ~ 

and the1:'efore ·the entire fo1•egoing argu!"..etit a.ppl.ies dil•Gdl:,y fol.· this ra-: 
p:rasente.tiori.. · ... · . , .. ·. ' '{ 1i . . . . . : 

. . . '' . . .;ij. 
•f •' . . . ' . :b . ·- . . . . . . . ·. 

• F~r. 'both\ comp+ement ,,repre6(;)ntaticnG, ,ho;,ever, cartu'i.n aii.jw:r~m.cnts are . 
. '~ .. ··.- .. . . ,;-_ .. _. ; _.' ' . . . . : ~--- .. :.; ··.' . /~ . . . . ' 

·neCess·aa-,_ iil~.:-i:;p.e·--.. l3Q9lean. t\lnctiOns bacau.;.-;~ th~ sign o:f' ·i:.b.e ntit?.e);:·ical. data 
1-. :~~f-;·--.-. ·-.1-.· -·~:----_ ... :._; _; ~J~-- ·_ . ·-r~-.. !-

pa.r-:;ic:t:i?e:'ces mare .il;i.tirGS.tely. in. the COi@Utati.Ol"..a.i. yrocedures,.. , 
._. ' . . ? . . • - ,:': . . .• ) -~ ' ,, . '.; ~·-

. l,f J?b';;,the''!'s con,pJ.e!r.imt reP:tesen'GEd.;:i.on, the multiplier ho.s been rqolu::asecl' 
. .. ~·~· 

:;as a· si~ed 'mag.a.itude; 't-rh~c'? ~i4e·· e_ni:.i:. .. r~ tO~egoiug ~g~a.-~If~_-_:becoutS!s cJ.i.x·e~~y: 

. ~J?plieif).ble lThen th~,Bo~l~~ ~
1

t:!.on t~hj.cb sfi;ixe.s the signs of the 1>'s tp 
. ·, . -- .. _· : .. _ ,-. :- ;, \'. •' . ··'.>,: 
adjilstCq..,to s.ccommod.-'"-'~e the sign. o.f. ·~b.e limn:i.p!ier. ·· 
. . .,-; ! . • • "~~ ~ • -. .' , \,. ;~f. I;~· .• __ ., .-. > w·-

.· .. :,·· Fo];- tb.e.'2is cc~'PJ.e~nt,.re:Pteseu:ri:.ation. the 'Germ -~_1 .2 in tl:t"> 

.·. 

definitio!;l is lilOln.entarilY.· disrci~arded, and 'Ghe b•'s e.:.:e dete1~li:l.ned for tl\e 
.. 'l' '. 

in'cee;er \;bich i·s a.e:t':tned by the. :;r,enuining sumi:0.iion. Conseq'!.entl.y one ,.,o"'"' 

.-cbe:rrici,ie~·c ij'~ is d~·~gl--min~d t~ithet·e vrar~_.orig1_nally d'igii;s_ :-:,. and the' 

~oei':fid.~nt ~. is associ~t~ 11i.tu the s!.~a po,rer (n) of 2 as ~s the momcntc.l·ily 
·.. ' . . .. ·.;t . .· . . . . . . . . . . 

di'sl'C(!,"O.i'ded dia;i t r1~~1 . . T'arQugh p. sl:l.g.lJ.t read.justmen:(; in tb.e :Boolean fu.uct.ion 

'~hicb. es_-te.blishes 'cl:ie· sign of a 'par-~icu.lar one .of ·~he b's, ·i;b.e coelficient b 
. . . . . . ll 

is· fo1·ced to ha're ·the same ve.J.ue as, aud therefore to cancel, ·l;he J2011 recor.-

, sid_ered digit Y11_1 . 'l"ae number :~f re1n.ainii;ls b•~:i' is therefore u = l-1: \rhich, · 

indeed, is eq_Ji8.,l to the 9riginal, nUl.li!Jer of d:i.gi t$ x .. 
. ' . l. 

. For ell t:b.l•ce r::~~re~entati9ns, then, the seiu" numbel; of bQs al'O developed. 
·:.• 

., '· .• ·, ;J 

,. ::+· 

'i, ' . '(, 
:f· ·--~-·····-:r 

.: ... -~.:. 

' ., 
c.; :., ..... 

\· 

'. J 

....... 
;c 
'·\ 

····: ,\' 

. : .. t .. ,· ·.'·. '.:·., 

-~ 

,. 
.,~· . 



;·:-: 

'<·' 

.'!' '• 

._, ·-

:• 

;--

' ' .. 1· 

··\;' 

' 
. . : ~~-

. ~-- '. B.re· e:;chlbiteii 
' - I • 

. . ~-"-· '"; 

··: ... :'-
--. ·ii '\~ ,­

•\ . 
~ ' , . 

t.~~e -o• s . 

: P,.~e. ~r.b-reas~ti ~ .. ac~sively riS -~·t.:~O:{)..S o.Z,: the. k? s fo:.• oll -tl"'X3·e _ri..>.mibe-r· 

:r~pi.'e~~tD:tions. '· · :;;, · · 
-·, ··"":. -;..;,:,· ·-. '::.,_. .. --~.'-)"". ;~-- --~ ,}· 

.... :W·om.i'llei relatiou~hius b,j!tlrecn nard. H.:i-::. tollo1:s ·<;;.;.":~ the .c":pected 

-_._·_ 

. ·::-· 

. r.' 
~;-1- . ~ .·1- ::. _: ·.:: ' : • ' , ... ' '.... ' ' ,. ;-, ·.' ,<- ' ;_. . ··; ) #vil(bel,'~· .Ot' ri6:n-zer0: t • s' ~or ·ari'ii>.l~M.i;ral"Y· mult:l.J.lf~ier ,.m.;t. 'li.e ~oi:l(l>L·~cecl --~or.'~he .. · 

':?is com,916r;61r~ represen·kt.:i,Cl~ #•:Om tJ;p ))J.~ev±ousJ.:r e;dlibi'G$Q ~ j 'tc{ j ~ D;-:1 .aniJ.· 

. L t~r··-th~--~~~~~ -t~iQ --zrib~~-~-eri~.ti16us fl~c~ tp.e ?~:~ViO~ly exhi'bit3C:. E ~ . '; . : ~ ,· . . ·P::, 

': 
. X~: 

···. 
.,_ ~- -... ·:·.,.:­

~ ~-

Xl:·' 
;;::;; l. '. ,: 

, __ ,.-. 

' , .?~+l = a:.i' (>. j + r J~i), 

' ,. 
' J 

.. f 

.-···· . ! 
~. -::r~ 

. ; 

'~: 

\JS. : .. 

b·· 
. j 

li' 
j 

·Fig. 8; 

(i 
'>' 

= {1 

·.·,._. 
···. 

(l 

._,,. 

·. . ) ' ' ' : 
28. .. 1 ·7:. J+ ... '~ 'J. 
• . . (·<t 

·:,-: -~- -~~~ . . ~ ' . 

~J+l)~~; or .~-J,) 'J.'' 
.," 

~~ .. 

~.1~~> 's 
··~-~)'/~H-l 

···. 

~--

OW; 
.?:1 
). 

c.' 

------~·-

:--~ 

. ~ . 

.">-.ii 

-· .... 
. ~ ;. 

·n "'~v-1 

n ~ w. 

. """··· ". _., 

L 
J . ..;_. 

._, . 

i._· 

. j.= o, ,1,,, W-1 

j =·0, ~. 
_:_;· 

... 
. .. 

". 7!.'' .: 

·} 

-.-.· .-: 

. . 't 

,._ . L 

r 

,. __ . j 

~ ,. • I 

. :. •;. -~ 
.' ~- ' 

~- '-~-~:.!~ 
t:,· .. ='' . 

. _: .·i 
. : J· -~--

. r, 
d.· 
·]_1>,. 

. ~ ... ·- ... · .. ·)- :~( 
•'·· -

. ) ._. 
~---· '--~---. ____ _,_ ____ , __ . 

:-·"--\-' .· 
: ~-- :-



·,,, 

j, 
;; 

L ... 
i 
I· 
! 

·-i 

i 
i 
l 
I. ,._ 

··I 
I!,' 
fj 

·! 

'l 

,, 
I 

'j 
! 

'' :1 

. . . . .~ ' - .- .,.,. 
'_,,, 

._,-

"1 
' ' ~-- . ' 2 ~; 

... ' ' ''··· •'.· " \ 
Fig:_~ . .9~· cJ:il:i~Di·GS·. -~iib:z .:ra~;;j;Qs' O~; ··~:~::.8i';c e.f-:~;e_~:Gf=d.: ~uz:fu2l"S ~of uo:;l·,.zc:i:o ~;~.~~l~c~T.:~~~il· 

,.· ·--·-~, ,/-1, . . ' " 

."~oe_fr:~~~n·~~ to· the num.i)cil" of. y.1~_g:.t·c.~.; -~·:I:1~h e:t:;.))~'"2_~s ·;;I:.e siau~~-- ;m,:j-1·;~.::.-:·~_.i:~C:L·_~ {- c1.e:~r1Y 
';~:ae·~~. l.'"a~~i~i; are Yel.~ rlu~h aJ.i:k.e<'.~2.:C=.C:. L~-lJ}?i-c-?.Ch.: q~~.i:t·~ elcq_Cly ·G~_ i/3. ;;'6:;: ~D~:\_tm.:e~ .. _, 

. ~~~~f~e~;~tiOJ~.~;r~·:,~ as~;i8~:.:~~~/vc-.ine ,~~·~, mi~k,n·Uonal ";b\t21· :'-~"g:~,.~ , )._; 
~- :t:;;:: .· ~ ~~~p·_~ · q;~~-? tf~::·m:t~t~~lf~;~7~_('?¥~·o~ 'ilth~·berz ~9J~ ·aa:~i;iO~lri _.-¥~.-~;~~}-~~~)"~i·~·--.. ~:~: .d;:is'' ~el· f.": 

lll\l1.t'i}?licf d5.r;:i.t~ ·., r, .; . , • ····· · 

.( ·' 

·' 

. \i' ••. ·{' -'j. ,.-,, .. -}, . . . . . ·-t~· '(;_ . .: . . . . . .. 
· irJ.i.¢§~_.:· e;~~PtEict ·.:O.~~.r~!T18~o·: ;a:r.~.:;· -:not ·. :tnL::il<lG~i_._ io.~~- ·-n:i1:0a 

•' _. .. 

' .. , 
tiUii--cd. .sh.:i:~·tn 1 . ncr 1;b.l .. outl"',_ yosGible il:r~~.rpl;i:r of )3il:tf·t·I 11G o.c·~i(~·~~ ··i·rl/~h (td,d~.ll'g. 
and. subttactine. ; ' ',. 

" 

·AlSo_, the ~isfn..iiitJ_J'~ion O"i~ ·cne ·in0.Cl1enr.lence Qi ~-tg.~ J?i'Ql?a1iii:t~~i:)S "J.pou: .'\-!}·~ich 
t~r/ e:::ve2-~u nu·(·ib~:CS.:.· :ire b9.~aa ~b.6u1d ·t;e·'~i .. ~iu:q.; -~ons5.r-iei·s~; :illi~ a~~sur.i,p;t;"ion . .' 

. iG:. ch:!l.llen11-c;d ·to a. ~pC~rat.c .: dc~~~e by. t~he ·no:t""niD.li.z8.~ion:. o:f. floating~::=-t,_·I~~ 
·mUf.tipli~ra o.nrl by' the ~ca~ifg --~,f{_t:t;;:eO .. -~~pc. ~lP.lti;.JJ.t~l"S ·co -_lie ·c~m:~··:n:'·;;~1:·1y·· ,, 
lJi ""'"i" 't'u~ 'n•O,••••••l•l•·h•' 'A~'Af'~ . 

_,. 

-W!. .u; ~;.;; .I:'-...-:"JJ!.'!v'-' ... u .......... .w-0~• 

Vali<l, :i!h~oe ®q)e_c·t~d .;p.umb~~.~~ ~~E~ .. csS a meas.ti.\'e·· of 1-*.:.e nti.;;.J.i!t!l::m · !lt~tfc~cir of 

addiJ~ious ·ana. subt:rt.i.ction~. _1·jhic4 .. ite2a. ··he, ])e~O:c~~~~C. ·per t~l·Cipl?..cr <l.~fj.·G; 
to .. ".;.hG: ex~~nt, -to t·JhiCh.:. niiil:~i:pli~·tio~ t1~~~ .,,i~-< d~-b~x-liiin~tl. b~_, th~ nunili0l .. 

. •' . . . ., ( ·:·- . :~t ' . . . . ~ ... ;.-. ,' - -. -:. 
Of':, 

s.O~'ll .. ,;ioriS _,_n~~d m.ibtrt1c·tio.rii' .,.~hi"~. e-1;•e I,er:fo:r~d,· they ex:Pres$ ·e. tn~astU'C!. 
• • ' ' ; ~ ' ~- _-:'·:" :, • - .'~. > ;,'• ·'"·, • -. ' • J ·' 

~:tmuni ·i;im~ iu.i-rhicli binaey~-m.u.ftii)licat~on:if,) ~e~-~-f'ol:-r.ln~li?le •. 
', '. :·· •' . i . ' ,, 

.'·/ ·. ,. ·' 

I ;A = i/3 +Jf(gW) ;C(l+ (·--'--1).-H-) /---(~~Lii)_,.ll,' 
I E1 - .1)3 ~l,/(9vl)1.~.{9 (~+)w)/(91~-2::) .. _

1

i 
E2 "'- 1N +l/~9~·i)',;;. (-:L)H /(91'1-2_'') . 

·!: 

-~.-- _____ ~, .··· ){': 

·' ,: 

9· 

•· ··:, 

15 ::, . ,. 

.·• \ 

··,, . 
. '1. ~.;. 

··:,_;· 

,; 

·:,,:. 

•', 

~-~ ·• 

·-·" 

•. 1 ~ 
':"'•; 

·' 

.'• 

. -';,., 

"· 

·z-. -~-
---:-- -··---~:-.. -. -.- ~,....,...,-----~-----~;: "0';'1"-"""''7""'' ·.---::-. ·;: .. -. ---------·-;:· :·:-,.- <~-~ .. 1 : 

' 
-'.:· 


