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ABSTRACT 

This final ¡eport on Contract DA 19-129-AMC-150(X) reports 
the development of a computer code for solving impact problems. The 
code uses moving mass points which have all the field variables such 
as pressure, energy, and stress associated with the points. The fields 
and their gradients determine the forces on the masses and change as 
the points move. The code was tested in a one-dimensional problem 
where it was found to produce correct results. The ideas embodied in 
this work appear to have sufficient value to justify research to extend 
them to three-dimensional impact problems. 

An investigation was carried out on equations of state for 
materials of interest in armor development. A summary of existing data 
is given. A simple equation is given for the shock compression of metals 
and other materials and a computer code is given for calculating adiabatic 
expansions from a shock-compressed state. 

A complete report is given on an experimental program to mea¬ 
sure material properties. The emphasis in the work is on measuring the 
energy involved in large-scale deformation of materials. Measurements 
were made by crushing disks of the test material in testing machines and 
by ballistic impacts. Measurements were also made on rod-to-rod im¬ 
pacts and on impacts of steel balls on thin plates of the test materials. 
Ultimate strength of materials was measured by measuring maximum ac¬ 
celeration of a free surface in rod-to-rod impact. Techniques and results 
of the research are reported. 



INTRODUCTION 

This final report on Contract DA 19-129-AMC-150(X) covers 
the period from May 1964 to August 1966. All research from May 1964 
to December 1965 has been previously reported in semiannual technical 
reports dated November 1964, May 1965 and December 1965. The 
present report covers the period January 1966 to August 1966. A Table 
of Contents and an Abstract are given in Appendix A for each of the 
previous semiannual reports. They will be summarized here in a gen¬ 
eral way where necessary to serve as background for the portion of the 
work covered in detail in this report. 

The purpose of the research conducted under Contract DA 19- 
129-AMC-150(X) has been to develop methods for predicting the behavior 
of complex materials under the impact of high-speed projectiles. The 
velocity lange of interest is from a few hundred to a few thousand feet 
per second. This covers the range of shell-fragment and bullet veloc¬ 
ities and excludes the hypervelocity range associated with space vehi¬ 
cles and meteors. 

To meet this goal, the work has centered around the develop¬ 
ment of a theoretical model which describes the transient motion and 
state of the materials under impact conditions. Because of the velocity 
range, effects associated with strength of materials, viscosity, and 
elasticity are important as well as the inertial effects which predominate 
at higher velocities. The mathematical models used are put in forms 
suitable for computer solution. 

To support this theoretical work, an investigation of material 
properties under dynamic conditions has been conducted. This has 
consisted of an investigation of the work of others and original experi¬ 
mental measurements of some material properties. From this work, 
suitable equations of state have been developed for the computer pro¬ 
gram. These are simplified but appear to adequately represent material 
behavior in impact. In the experimental program, the greatest emphasis 
has been placed on measuring the energy required for deformation of 
materials well beyond the initial linear range. For materials showing 
simple behavior (no fracture or extreme changes in properties) the results 
have been usable in the computer program. 

Much of the research in this program has been original and 
exploratory. Some has led to dead ends which were abandoned. The 
over-all goal of providing a complete, three-dimensional theoretical 
model for predicting impact behavior has not been met; however, a 
method of computer solution of the flow equations, which is new and 
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unique as far as can be determined, was developed and partially tested 
in a simple one-dimensional problem. This work is worthy of further 
attention and may provide the method to achieve the ultimate goal of a 
complete description of impact phenomena in complex materials. 

In this report, past theoretical work in the contract and the 
work of others is briefly reviewed for comparison with the present math¬ 
ematical model and computer program. The present model and computer 
code (abbreviated PIF for "Particle In Field") are discussed in detail 
and the results of one-dimensional computations are examined. The 
direction of possible future work is outlined. 

A separate section is included on the work of describing ma¬ 
terial properties in forms suitable for the computer program. 

Part of the experimental work on material-property measure¬ 
ments ha* been previously published in the semiannual reports. Since 
this was a continuing effort and early interpretations of results have 
been modified, the experimental research on energy involved in deform¬ 
ation is collected and discussed in this report. 

The report is divided into two self-contained parts: I. THEO¬ 
RETICAL RESEARCH, II. MEASUREMENT OF MATERIAL PROPERTIES. 



PART I. THEORETICAL RESEARCH 

1. MATHEMATICAL MODELS AND COMPUTER CODES 

1.1 Review of Past Work 

The first approach to solving the problem of material motion 
in impact was made from the point of view of nonlinear elasticity theory. 
The problem was formulated in tensor notation and approximations were 
made to form appropriate difference equations to allow computer solution 
of the problem. This work was reported in the semiannual technical report 
dated November 1964. The same approach was continued during the next 
six-month period and preliminary computer runs were made. Results 
were reported orally to personnel at U. S. Army Natick Laboratories. In 
practice, tensor theory has proved to be impractical if not unusable when 
large deformations occur. The particular approximations used to go from 
the tensor formulation to the computer code were not strictly valid and 
may have caused the program to fail. The program did rot progress far 
enough to determine whether this would occur. 

The attack on the solution of the impact problem via nonlinear 
elasticity and tensor theory was abandoned and work began on developing 
a model and computer code based on hydrodynamic theory coupled with 
elasticity at low deformations. The first efforts to use hydrodynamic 
theory are reported in the semiannual technical report dated December 
1965. A simplified form of the equations was used merely to test the 
equation of state and to observe the general behavior of the model. The 
mathematical model chosen consisted of separate mass points separated 
by springs having spring constants determined by the equation of state 
{pressure a function of energy and density). In the one-dimensional 
model, density was determined from the spacing between particles, and 
energy was determined from the energy equation involving pressure, 
density, viscosity, and velocity gradients. This method can be con¬ 
trasted with the approach of elasticity where "pressure" is determined 
from the strain. 

This model was successful in predicting shock-wave veloci¬ 
ties and pressure jumps across a shock wave. This gave encouragement 
that the method should be pursued and refined. The details of this work 
will not be repeated here. Many of the ideas and computational tech¬ 
niques are similar to those used in the latest work which will be discus¬ 
sed in Section 2.3. 
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1.2 Comparison of Computer Codes 

Before beginning the work of refining this preliminary model, 
the results of others were investigated to see if similar work had already 
been done or if other formulations of the problem would be more success¬ 
ful. Existing codes have been applied to some cratering and penetration 
problems, but we could find no applications to the problem of the pene¬ 
tration of complex armor by a low-velocity projectile (military-rifle or 
shell-fragment velocities). In this section we will compare existing 
codes and indicate some of the problems which have prevented the suc¬ 
cessful solution of the impact problem. 

An extensive review of existing codes is contained in Methods 
In Computational Physics, by Berni Alder (editor), Vol. 3, Fundamental 
Methods in Hydrodynamics, Academic Press, New York (1964). This 
probably contains the most complete discussion of the work of the large 
groups at Los Alamos and Livermore as well as that of other groups. The 
work of Riney at General Electric, Walsh at General Dynamics, and Bjork 
of Shock Hydrodynamics is based on this work. By this time, successful 
methods may have been developed for the low-velocity impact problem 
since several groups are working on techniques that might apply. How¬ 
ever, as of the 7th Hypervelocity Impact Symposium, February 1965, such 
methods had not yet been discovered. 

The different codes are primarily distinguished by the coordin¬ 
ate system used to describe the material and the techniques used for 
making the computer follow the material motion and solve the equations 
of motion. 

Lagranqian. The moving material is described by a mesh of 
intersecting lines which move with the fluid. The forces on a fluid ele¬ 
ment are ordinarily determined by the distortion of the mesh. 

£u]griap. The material is described by a fluid moving through 
a fixed mesh, and the forces on a fluid element are determined by the 
transport of mass, momentum and energy into a mesh cell. 

Gomblnatlon Formulations. Various combinations of Lagrangian 
and Eulerian systems have been used. Usually the coordinate system is 
made up of streamlines which are attached to the moving fluid and with 
fixed Eulerian grid lines crossing the streamlines, 

PIC Code. The PIC code is a combination code and deserves 
special mention because of its successful use in hypervelocity impact 
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problems. The material is represented by a number of mass points which 
move through a fixed Eulerian mesh. The points are not connected. The 
mesh is used in the calculation of average field quantities which deter¬ 
mine the forces acting on the mass particles. 

In general, each formulation or code is suited to a particular 
type of problem. The mathematics involved in transforming the problem 
to difference equations and obtaining computer solutions are not com¬ 
pletely understood. Much of the behavior of the mathematics is only 
brought to light as the computer produces numbers. This situation is 
expected since the underlying nonlinear differential equations are not 
understood --- particularly as applied to the complicated situations 
found in impact or other transient-flow problems. 

Lagiangian Cpçles., Lagrangian codes have proved useful in 
smooth hydrodynamic problems and those involving elastic and plastic 
properties. The method is particularly good at keeping track of moving 
boundaries since initial accuracy is maintained throughout. The method 
works equally well with fast or slow, smooth flows. 

With Lagrangian formulations, the quadrilaterals or triangles 
o the initial mesh must remain quadrilaterals or triangles; as a result, 
large distortions are not handled successfully. Turbulence, necking, 
thinning, slippage and cavitation are almost impossible to handle. 
Remapping has proved unsuccessful and instabilities develop. Shocks 
are difficult to handle and special artificial conditions have to be insert¬ 
ed . 

&üleri$n ÇQçies. Eulerian codes are particularly good for 
problems involving large distortions and high-speed flow. (They are 
unstable if speeds are far subsonic.) Since quantities are averaged 
over a mesh spacing, boundaries and interfaces become diffuse and 
small features are smeared. Viscosity is handled artificially since the 
equations, as used, are not translationally or rotationally correct. 
Strength cannot be used, except as an artificial viscosity. Only ¡imple 
fluid-type equations of state can be used which makes Eulerian codes of 
limited applicability to subsonic solid-flow problems, 

£IÇ Code. The PIC code has the advantage of the Eulerian of 
allowing large distortions and the advantage of the Lagrar.j.un in keeping 
track of each mass point. Boundaries are better defined than in pure 
Eulerian code. The disadvantages are mostly related to the Eulerian 
codes. Strength of materials is not introduced successfully and viscosity 
is applied mainly by the skill of the operator. The artificial viscosities 
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inherent in the program, or introduced artificially, are useful in smooth¬ 
ing shock waves and allowing their computation but must be removed as 
expansion takes place. The method becomes unstable as flow velocity 
becomes subsonic. 

New PIF C<?d&« The difficulties inherent in previous codes 
encouraged the development of a new code with particular applicability 
to low-velocity, armor-penetration problems. The ability of the PIC 
code to handle large deformations suggests that the material be rep¬ 
resented by freely moving mass elements which are not connected in a 
gridwork. The resulting formulation may then be represented as follows: 

A 

tach point represents a portion of the material, and all the field variables 
such as pressure, energy, density and stress are associated with each 
point. This is in contrast to the PIC code where fields are associated 
with the fixed mesh. The forces at a point, such as A, are determined 
by the fields and gradients generated by the point and its neighbors as 
indicated by the lines. Each point moves freely under the influence of 
these forces, and the immediate neighbors, new or old, determine suc¬ 
ceeding forces. The essential differences between this code and others 
can be summarized as the use of freely moving points with field 
quantities associated with the points. The code is basically Lagrangian 
since the motion of individual particles is followed. 

1.3 Development of PIF Code 

The general approach to solving the impact problem as out¬ 
lined above has been applied to the case of two flat plates impacting. 
In this section, the general equations will be discussed. The equations 
will then be given for the one-dimensional case, and the computer program 
developed for this example will be discussed. 

» The hydrodynamic equations of motion can be 



expressed in terms of the material derivative or the derivative following 
the motion. They can be written as follows: 

Mass = -p7-v (!) 

(2) 

-PvV °v) -r:yT (3) 

Where -2- = -fi- + Vx + + v 5 
Dt ât x fix yjy Wzdz 

Force p^. = 

Energy p2H = 

Where p = density, v = velocity, p pressure, T is the stress tensor, 
U is specific internal energy and 7 « Tand T:7v are tensor operations. 
In addition, the material equations relating pressure, density and energy, 
and stress, energy, velocity and density must be used. In the compu¬ 
tations reported here, the equation of state used is 

P (4) 

where G is a constant depending on the material. This equation will be 
more fully discussed in Section 5 on material properties. The viscosity 
law used is given by 

where p and r0 are constants. This equation will be discussed in Part 
II., Section 5 on the experimental measurement of material properties. 

MaifillflLMadfiL The material is represented in one dimen¬ 
sion by mass points with quantities associated with each point such as 
position, velocity, etc. and with quantities depending on the relation¬ 
ship of one point to anothei such as dv/ax, p, etc. This model is 
illustrated in Table I. 
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Table I 

Position 

Velocity 

Velocity 
Gradient 

Density 

Internal 
Energy 

Pressure 

Stress 

Pressure 
Gradient 

Stress 
Gradient 

List of variables used in PIF code. Subscripts 
p and t represent projectile and target. The 
mass points are shown numbered 1, 2 & „ 0. . 
The variables listed in columns under the mass 
points are computed at the point or associated 
with the point. The variables listed in columns 
between the mass points are computed from the 
relationships between adjacent points. 

Target 

o 
1 

o 
2 

B 
1 

B 

2 

xpl xp2 ..o ^2 

vpl vp2 ... vtl vt2 

pPl Pp2 ptl 

Ppl PD2 . o 0 Ptl 

^"pl ^ p2 • • • ^tl 

IX ex/, i 
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Difference Equations, With this model, and the above equa¬ 
tions, the difference equations can be written as follows for any particle 
number i „ 

(vi+l - Vjy 
A 01 = -PjA.t (Xl+1 ... xj) (6) 

iAt. (pi I 2At (Ti - 
Avi " “ Pi ïxïrl - xi~i) ‘ Pi (x7*ï * xi-i) (7) 

Au. = iPiM(n±i_n» riA.t ivi+i - Vj) 
1 Pi 'xi + l “ xj/ Pi - Xi) (8) 

Note that the factor 2 in the acceleration equation \Iquation 7) comes 
because of the notation used, Ap and AU are computed from the re¬ 
lationships between two points, i and i+1, Av is comp =d using the 
average pressure in front of point i (pj) and back of it (Pi^i) , 

Some care mast always be exercised at +he boundaries to make 
sure that gradients are taken properly and that other boundary conditions 
are met, In the computer program, boundary points are treated separately 
as special cases and all other points are handled by a standard routine. 

After A p, Av, and A U are calculated, they can be added to 
the original p, v and U to get new values. From the density and energy, 
a new pressure can be calculated using Equation 4. A new velocity 
gradient can be calculated from the new v's and x's resulting from 
Equation 7; Equation 5 can then be used to obtain a new T, New grad¬ 
ients of Tand p can be calculated by taking differences ,, After these 
calculations, we have a new value for all variables and the step can be 
repeated. 

Computer Program. The actual computer program used for the 
preliminary results reported below is refined somewhat from the proced¬ 
ure described above. The above method may be called a simple march¬ 
ing method. Equations 1, 2, 3 or 6, 7, 8 give the slope of the curves 
of p, v, and U versus t. With an initial value for thtise quantities 
given, and the slope known, the estimated value of the function after a 
time interval At can be calculated. The slope at this new time is again 
calculated and another step in time is taken. The solution is produced 
in a step-wise fashion. All the equations interact, and under many 
conditions, the solution is stable and is close to the correct value. Some 
successful computer runs were made .sing the simple marching method. 
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A next simple step in refinement of this method of solution is 
to modify the simple marching method and use the initial value and slope 
of the function only to predict a new trial value. This trial value is used 
to calculate a new slope at the new trial value of the function. The orig¬ 
inal slope and the trial slope are then averaged, and the average slope is 
used to predict a new value of the function at the end of the time interval 
At. The well known Runge-Kutta method is a further refinement related to 
this "modified marching method" and could be applied to the set of equa¬ 
tions used here. Only the "modified marching method" was used however. 
The computer program to accomplisn a solution to these equations is out¬ 
lined in Figure 1, A more detailed outline of the logic is given in Appen¬ 
dix A along with a list of variables and subroutines and a print- out of a 
particular program used. 

This program is a preliminary version designed to test the main 
ideas embodied in the model and computational scheme. Many things 
were done to gloss over troublesome details in order to get the program 
working. Some discussion of th°se problems is necessary to allow the 
reader to make his own judgement as to the validity and utility of the work, 

The equation of state given in Equation 4 was used for both 
compression and expansion. This equation is an accurate representation 
of the Hugoniot curve for shock compression and is one of the valuable 
contributions of this work. It is not valid for an adiabatic expansion. 
However, the Hugoniot is close to the adiabats for pressures up to sev¬ 
eral hundred kilobars, and the use of this equation was justified by the 
need to test the validity of the method. By using this equation in expan¬ 
sion, the material appears "stiffen than it really is and more of the 
compressional energy is recovered in mechanical work. The heating 
effects of the shock process are lost. The viscosity law used partially 
offsets this, and shock heating effects due to viscosity are seen in the 
expansion waves. 

No effort was made to include the effects of elasticity at low. 
pressures. Equation 4 was used as a representation of the elastic be¬ 
havior. This was troublesome when the material went into tension. 
Under certain conditions the energy would go negative when computing 
trial values. Instead of considering elasticity carefully and considering 
fracture, the pressure was arbitrarily set at the negative value indicated 
and the computations went on. This was not considered to be a serious 
problem because the averages between trial values and initial values did 
not go negative. 

Where density went below preset limits, fracture was consid¬ 
ered to occur. At this time, density and energy were set at initial values 
and stress was set at zero. This approximation to actual conditions 
caused spall effects to occ.,r, the individual pieces were not followed 
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START 

CALL 
EXIT 

STOP 

Figure 1. Outline of computing scheme used in 
PIF code for one-dimensional problem. 
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correctly but were merely reinserted into the regular program and started 
with the new conditions. This procedure invalidated many of the results 
in the low-pressure region after the expansion wave had passed, but 
probably had little effect on the main features of the initial rarefaction 
wave. 

The exact details of handling the variables in a difference- 
equation scheme influenced the results. In the force equations (Equation 
2 or 7), the density of point i may be considered to be an average of 
Pi and Pi-i or may be just Pi. Pressure jumps and wave velocities were 
correct when was used, but symmetry of the problem was destroyed due 
to the particular notation used. In most computer runs, an average p was 
used to maintain symmetry and make it easier to monitor integrated momen 
turn and energy as a check on over-all behavior of the computations. 

The problems listea above appear to be the main ones encounter 
ed. Time did not permit a detailed mathematical analysis of them nor a 
thorough testing on the computer. All of these problems appear soluble 
and the crude solutions applied here might be adequate for most practical 
applications. Considerable additional work was spent on the refinement 
of the equation of state to provide for correct adiabatic expansions. This 
is reported in Section 5. Time did not allow the incorporation of this into 
the main computer program. 
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2. RESULTS OF COMPUTER PROGRAM 

A selection of typical results is shown in Figures 2 to 10. 
These are plots of pressure waves vs. distance, at different times, for 
the impact of two identical Uat aluminum plates 3,0 cm thick moving at 
a relative velocity of 2.0 km/sec. The figures show the wave progress- 
ing from the center of symmetry at x = 0 into one plate. Figures 2 to 9 
are plotted in a coordinate system with the center of mass stationary. 
The projectile plate is moving to the right with a velocity of 1 km/sec, 
and the target plate is moving to the left with a velocity of 1 km/sec. ' 
The wave is shown moving to the right in the target plate. Shock-wave 
velocity in the material is given by the distance-time relationship of 
the plot plus 1 km/seco Figure 10 is plotted with the target plate sta¬ 
tionary so that velocities can be computed from the indicated distances. 
These figures are not all strictly comparable because several conditions 
were being changed over the series of computer runs. Most are plotted 
on a linear scale which overemphasizes the overshoot and oscillations 
at the wave fronts. The low-level waves after the rarefaction are not 
seen. A logarithmic scale is used in Figure 10. Since ♦ V pressure 
cnanges over many decades, and since the pressure is such a strong 
function of energy and density, this gives a better visualization of the 
significance of deviations because it shows fractional changes rather 
than absolute values. 

Figure 2 shows the shock wave progressing through the plate. 
The effects of the rarefaction are seen at t = 5 psec. Figure 3 begins at 
5 psec and shows the rarefaction wave moving back toward the center at 
x = 0. The values of p0 and T0 are 0.543 x 1010 and 0.1 x 105 respec¬ 
tively. These are the values chosen from the experimental data to fit 
Equation 5. The value of G used is 0,532 and gives agreement with the 
Los Alamos shock-wave data. 

The behavior is generally correct: The pressure behind the 
wave is 1.9 x lOH dyne/cm2 after equilibrium is reached, and the ve¬ 
locity is 6.45 km/sec. The wave front is steep and is maintained. In 
this case, the overshoot grows slowly and the wave velocity may increase 
slightly. For comparison, an analytical solution using the Los Alamos 
data gives a pressure of 2.0 x 1011 dyne/cm2 and a velocity of 6.8km/éec. 
The rarefaction wave spreads as it should with the front moving at about 
6.7 km/sec. This is close to the Los Alamos data on speed of sound in 
the compressed material. 

Figures 4 and 5 show the behavior with viscosity increased by 
a factor of three. Results here show a little too much r unding of the wave 
front. A value of viscosity somewhere between the two extremes is prob¬ 
ably best for this model. We believe it is more than coincidence that the 
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Figure 10. Effects of varying time interval At and low-level viscosity cut-off point,
(a) T = 0 wheno - Pq - .05 Pq. At « 5 x 10~9 sec
(b) T used from Equation 5 for all conditions. At - 5 x 10~®
(c) Tused from Equation 5 for all conditions. At * 5 x 10"9 
Wave profiles plotted at t = 2 usee in coordinate system with target 
initially at rest. Pressure profiles are shown displaced for clarity.
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experimentally chosen values of T0 and |i0 were within a factor less than 
three of being the best in the theoretical code. Figures 6 to 9 show con¬ 
ditions with viscosity ten times and one-tenth the original. The strong 
effects of viscosity on wave shape and the lesser effects on pressure 
and velocity are seen. As the viscosity goes up, the initial shock-wave 
velocity increases. With the higher viscosities, the wave velocity de¬ 
creases slightly as the wave progresses. With viscosity lower than 
normal, the shock-wave velocity is down. The rarefaction-wave velocity 
can be read directly from Figures 3, 5, 7, and 9 since it is shown moving 
into relatively stationary compressed material. This velocity varies from 
6.3 km/sec in the lowest viscosity case up to possibly 7,5 km/sec for 
the highest viscosity. 

In these examples, T0 and u0 were varied by the same factor. 
The effects of varying them separately should be examined. It should be 
noted that this model handles shock waves without artificial means for 
spreading the wave. Even without viscosity, the shock wave spreads 
over two or three mesh spaces. The reasons for this have not been ex¬ 
plored, but it probably comes about because the solution is obtained in 
a step-by-step progression without iteration at each steo. 

In Figures 2 to 9, the time interval, At, was 5.0 x 10"8 sec 
With a relative velocity of 2 x 105 cm/sec and a mesh spacing of 0.1 cm, 
the compression m the first cell after one time interval is 0.005. With 
a time interval of 5 x 10-9 sec, the results are smoother with less over¬ 
shoot. This is shown in Figure 10. The shorter time interval spreads the 
wave more and the velocity of the initial rise in pressure is greater. The 
velocity of the peak pressure is about the same in the two cases. A much 
longer run with a larger number ot mass points would be of interest to see 
if the solution is maintained over long distances. Note in Figure 10 that 
the coordinate system is for a stationary target so that the velocity is 
computed directly from the indicated distance. 

The results of handling viscosity slightly differently are also 
shown in Figure 10. In Figures 2 to 9, the force term given by Equation 5 
was set equal to zero until pressure or density reached a preset value. 
Below this value, only Equation 4, the pressure equation, was used. In 
Figure 10, Equation 5 was used down to zero pressure. This causes a 
small pressure (about 1 per cent o; the shock-wave pressure), correspond¬ 
ing to T0, to be transmitted with high velocity through the mesh. The 
velocity is determined by the fact that the disturbance propagates one 
mesh f’Pace in each time increment. This figure is plotted with a loga¬ 
rithmic pressure scale to show the low—level pressure. 

Figure 10 shows the results of handling density somewhat 
differently in the force equations (Equations 2 and 7). In Figures 2 to 9, 
the density used was the average of the cell before and after the mesh 

-23- 



point being considered. In Figure 10, the density is that of the cell to 
the right of the mesh point being considered (refer to Table II). This 
makes the scheme unsymmetrical for a left- and a right-going wave. 
This could be corrected, but was not. The differences in results are 
insignificant at this stage of progress although a slight pressure differ¬ 
ence is noted when comparing Figures 10(a) and 2, 

In the code used for these results, the problem of fracture was 
handled only crudely«, The pressures and strains were computed by equa¬ 
tions 4 and 5 in the low-pressure, low-velocity range where they are not 
valid. Better elastic-plastic behavior laws could have been used. When 
tensile stress©s exceeded a certain limit, fracture was assumed to occur 
and pressures and energies were arbitrarily set at initial values, The 
computer then just used these new values and went on as before. No 
effort was made to follow the broken off parts separately . Evidence of 
spalled-off parts can be seen, particularly in Figure 7, in the maxima 
and minima of pressure alter the release wave has passed. These are 
not necessarily correct but merely indicate the effects that are occurring. 

In the computer runs, integrals of momentum onu energy were 
taken. Momentum and energy were conserved in all symmetrical runs. 
The first hint of trouble in the accidentally nonsymmetrical runs was the 
non-conservation of momentum and energy«, In the symmetrical runs, 
energy behaved properly in that all the kinetic energy was converted to 
internal energy then expansion converted some back to kinetic energy, 



3 o EVALUATION OF PIF CODE 

The ultimate utility of this mathematical model and computer 
code cannot be judged completely on the basis of one simple test problem,, 
However, the fact that solutions are stable and converge rapidly to values 
close to those computed analytically, using Los Alamos equation-of-state 
data, gives evidence that the ideas can be successfully applied to prac¬ 
tical problems. The ideas are simply expressed so that parameters can be 
varied with some insight into the meaning of the results. Some of the 
achievements of the research may be listed as follows, 

1» The mathematical concepts are relatively simple, 
coming directly from the hydrodynamic equations; thus, 
easily visualized changes can be made, 

2o The computer program is simple and fast which 
allows changes to be made easily and makes the program 
inexpensive to run, test, debug and modify, 

3, Material properties are easily handled, 

4, The code is stable and converges rapidly under 
most conditions, 

5, Wave shapes, velocities and magnitudes are ap¬ 
proximately correct even though material properties in 
expansion were only roughly approximated, 

6, The model predicts correct results when using 
experimentally determined equation-of-state data and 
energy-dissipation data (viscosity data), 

7, Energy and momentum are conserved. 

In evaluating the failings of the work, the two major areas of 
concern come under the heading of untried and untested work. They are 
first, the application of the ideas and methods described here to three- 
dimensional problems, and second, the use of a full description of ma¬ 
terial properties over the range of elastic, plastic, and hydrodynamic 
properties and including a careful description of fracture. 

-25- 



4. RECOMMENDED FUTURE THEORETICAL WORK 

The problem of describing material properties for use in the 
computer program has not been seriously studied excep: for the case of 
development of a computer code for an adiabatic expansion from a shock 
compression. This will be discussed in Section 6 , The all-important 
problems of material behavior in the lower pressure ranges have not been 
Investigated and will not be discussed here other than to note that suc¬ 
cess in the over-all problem of describing low-velocity penetration 
depends on new methods of measuring and describing material properties. 

Applying the above ideas of particles moving freely in force 
fields of their own making to three-dimensional problems has proved 
difficult. Much time was spent trying to produce a three-dimensional 
mathematical model (actually the problem tried was axially symmetrical 
with two space variables). Because of the failure to make significant 
progress on this problem, attention was turned to the one‘dimensional 
case with the results described in this report, 

Xhe problem to be solved is that of finding gradients in a two- 
dimensional array of variables. The problem is simple if the mesh is 
undistorted (that is, if the variables are given in a rec*angular array) 
and computer programs are available to do this. If the mesh is only 
slightly distorted, the neighbors of each point are known, along with 
their associated variables, and the problem is still solvable. In impact, 
large mesh distortions occur, the original neighbors of a point are far 
removed and new neighbors move in to determine the behavior of the 
functions at a particular point. No successful scheme was devised for 
having the computer decide which neighbors were important to a given 
point. The problem is particularly severe where large shears occur and 
where necking and cavitation occur. Here the over-all geometric shape 
of the mesh is strongly altered and relative spacing between points in¬ 
creases in one direction and decreases in another. The problem of de¬ 
termining meaningful gradients under these conditions is an important 
subject for research. 

This problem appears solvable. The mind and eye can easily 
form approximate gradients and determine which points are significant 
in influencing each other. We feel that a computer can be programmed 
to search and form proper trial and error fits until good gradients are 
achieved. Probably the successful program will use the past behavior 
of points as well as their positions and values to make the decisions, 
determine the gradients, and compute forces. Although tne problem is 
difficult, we feel that the positive results to be obtained in terms of 
having a working theoretical formulation of iow-veloci*y penetration 
warrants a continuing effon at a two man-year level,, 
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5 . MATERIAL PROPERTIES 

5,1 Shock-Wave Equation of State 

The equation of state used in these computations is an accu¬ 
rate representation of the shock adiabat or the Hugoniot curve for many 
gases, liquids, and solids0 In many cases, it serves as an adequate 
complete equation of state for all processes. 

The equation as used here (Equation 4) is for relative condi¬ 
tions between two states, one of them an initial condition. The equation 
can be written 

ïv = muk or p - -^r (9) 

where V is specific volume. The constants m and k are usually valid 
over wide ranges of conditions. For many metals which do not show 
phase changes, m and k are constant over a pressure range from 10 to 
1000 kbar. 

In a shock process, the conservation laws determine possible 
thermodynamic states so that we expect this equation to become one 
relating two variables. That this is true is shown by using the Hugoniot 
equation 

U-U0 = 1/2 (p-Po)(V0-V) (10) 

in Equation 9 to eliminate U/pV. If Uq = p0 “ 0, Equation 10 becomes 

U = 1/2 p (v0-v) = 1/2 pV 

or _LL = 1/2 
pV 

Vp-V 

V 
= 1/2 

Substituting this into (9) gives 

2mU^ = - 1 
P 

^-1 

V 

- 1 

(11) 

We thus have a relationship between U and p which is valid for shock 
compressions. 
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Other equations which adequately describe the Hugoniot con¬ 
ditions are available. The one described above was used because it is 
natural to use it with the hydrodynamic equations. Equations 1 and 2 
give energy and density then Equation 4, which is obtained by solving 
Equation 9 for p, is used to obtain pressure. As shown by Equation 11, 
this is not a true equation of state, relating p, p, and U independently 
and is thus not valid for all processes. Other equations provide a 
better starting point for obtaining a computer program describing an 
adiabatic expansion from a shocked condition. The remainder of this 
section will describe the development- of such an equation. 

5.2 Summary of Equation-of-State Data 

Hugoniot equation-of-state data have been obtained by sev¬ 
eral experimenters in pressure ranges up to 9 megabars,, The most ex¬ 
tensive data have been collected for metals, and much work has been 
done with rocks and other materials. A summary of the Hugoniot data 
available is given in Table II for the elements and Table III for alloys, 
rocks, and compounds. These tables list the materials, the pressure 
range of the data, and the source reference. 

Since in the present studies the maximum velocity to be en¬ 
countered is about 1 km/sec, the upper limit of the pressure range will 
be about 400 kilobars. This report will summarize the Hugoniot data up 
to about 2 or 3 times the 400 kilobar limit. 

The shock wave conservation relations provide the basis for 
determining shock Hugoniot data experimentally. For a wave moving into 
a stationary material these relations can be written 

Pows = Pi(Ws-Wp) (12) 

momentum p0WpWs = pi - p0 

energy PlWp = p0Ws [l/2 Wp2 + (1^ - U0)] (M) 

where Ws and Wp are shock wave and particle velocities and subscripts 
o and 1 refer to conditions in front of and behind the wave. For measure¬ 
ment of shock-wave parameters, p0 and U0 can be considered zero. These 
equations then become 
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TABLE II 

SOURCES OF EQUATION-OF-STATE DATA FOR THE ELEMENTS 

Material Pressure (megabars) Reference 

Aluminum (24ST) 
Aluminum (24ST) 
Aluminum 
Aluminum (Porous) 
Antimony 
Beryllium 
Beryllium 
Bismuth 
Bismuth 
Bismuth 
Cadmium 
Cadmium 
Cadmium 
Cadmium 
Cadmium 
Carbon (Pyrolytic Graphite) 
Chromium 
Chromium 
Chromium 
Cobalt 
Cobalt 
Cobalt 
Copper (Porous) 
Copper 
Copper 
Copper 
Copper 
Copper 
Germanium 
Gold 
Gold 
Gold 
Gold 
Indium 
Iron 
Iron 
Iron 
Iron 
Iron 

0.15 to 0.34 
0.04 to 0.21 

to 1.97 
0.7 to 9.0 
0.25 to 1.18 
0.14 to 0.13 

0.17 to 0.44 
0.44 to 1.36 
0.29 to 3.76 
0.18 to 0.46 
0.96 to 1.36 
0.07 to 4.49 

to 8.41 
0.10 to 0.29 
0.23 to 0.48 
0.92 to 1.38 

0.24 to 0.51 
1.12 to 1.60 

0.7 to 9.0 
0.22 to 0.51 
0.88 to 1.44 
0.16 to 3.52 

to 9.07 

0.27 to 0.53 
1.39 to 1.94 
0.25 to 5.06 

0.21 to 0.41 
0.42 to 0.48 
0.48 to 1,73 

to 4.00 
to 8.70 
to 5.0 

1 
5 

20 
11 

2 
1 

10 
1 
2 
3 
1 
2 
3 

10 
16 

4 
1 
2 

10 
1 
2 

10 
11 

1 
2 
3, 20 

10 
16 

9 
1 
2 
3 

10 
1 
1 
2 

20 
16 
18 
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TABLE II (Continued) 

Materai Pressure (meqabars) Reference 

Lead 
Lead 
Lead 
Lead 
Lead (Porous) 
Magnesium 
Molybdenum 
Molybdenum 
Molybdenum 
Nickel 
Nickel 
Nickel 
Nickel 
Nickel (Porous) 
Niobium 
Palladium 
Platinum 
Rhodium 
Silicon 
Silver 
Silver 
Silver 
Silver 
Tanta Hum 
Thallium 
Thallium 
Thallium 
Thorium 
Thorium 
Thorium 
Tin 
Tin 
Tin 
Tin 
Tin 
Titanium 
Titanium 
Titanium 
Tungsten 
Tungsten 
Uranium 
Uranium (Spongy) 

0.19 to 0.47 i 
0.84 to 1.39 2 
0.05 to 4.26 3, 20 

to 9.15 16 
0.7 to 9.0 h 
0.12 to 0.26 i 
0.36 to 0.54 i 
l. 25 to 1.63 2 

10 
0.24 to 0.52 i 
1.01 to 1.50 2 

10 
to 9.18 16 

0.7 to 9.0 h 
0.24 to 0.48 i 
0.26 to 0.53 i 
0.30 to 0.59 i 
0.28 to 0.55 i 

9 
0.21 to 0.51 i 
1.11 to 1.53 2 
0.12 to 5.01 3 

10 
0.27 to 0.55 i 
0.21 to 0.46 i 
0.86 to 1.52 2 

10 
0.19 to 0.43 i 
1.00 to 1.40 2 

0.79 to 1.38 2 
0.05 to 3.77 3 

10 
to 7,,52 16 

0.17 to 0.39 i 
0.76 to 1.06 2 

10 
0.39 to 2.07 2 

10 
13 
14 
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TABLE II (Continued) 

Material Pressure (meoabars) Reference 

Vanadium 
Vanadium 
Xenon (Solid) 
Zinc 
Zinc 
Zinc 
Zirconium 
Zirconium 

0.20 to 1.24 2 
10 

8 
0.18 to 0.45 1 

0.75 to 1.42 2 
10 

0.21 to 0.41 1 

10 
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TABLE III 

SOURCES OF EQUATION-OF-STATE DATA 
FOR ALLOYS, ROCKS, AND COMPOUNDS 

Pressure Imeaabars) Reference 

Brass 
Iron - Silicon Alloy 
Steel (Low Carbon) 
Quartz 
Sodium Chloride (NaCl) 
Paraffin 
Magnesium Oxide (MgO) 
Iron Oxide (Fes ^4) 
Mgs Si O4 
CO2 (Solid) 
Silica (Vitreous) 
Marble 
Tuff 
Quartzite 
Sandstone 
Calcite 
Limestone 
Plagioclase 
Basalt 
Rock Salt 
Granite 
Dolomite 
Andesite 
Taconite 
Oil Sand 
Oil Shale 
Gabbro 
Gabbro 
Anorthosite 
Dunite 
Olivine 
Halite 
Rhyolite 
Claystone 
Diorite 
Syenite 
Diabase 
Pyroxenite 
Lherzolite 

0.22 to 0.40 

0.005 to 0.250 
0.005 to 0.250 
0.005 to 0.250 
0.005 to 0.250 
0.005 to 0.250 
0.005 to 0.250 

"several" 

1, 17 
7 
5 
6 
9 

10 
9 
9 
9 

10 
21 
10, 12, 15, 17 
10, 15, 17 
12 
12, 17* 
12 
12, 17 
12 
12, 15, 17 
15 
15, 17 
15, 17* 
15, 17* 
15 
15 
15, 17 
17 
19 
17 
17 
17 
17 
17* 
17* 
17* 
17* 
17* 
17* 
17* 
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TABLE III (Continued) 

Material Pressure (megabars) Reference 

Dacite !7* 
Trachyte !7* 
Phonolite ¡7* 
Granodiorite 17* 
Nepheline Syenite 17* 
Quartz Diorite 17* 

* Hugoniot Synthesized 
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(12a) 
W 

pi = po : 
Ws-Wp 

c> = po WP ws 

Ux = 1/2 W. 

(13a) 

(14a) 

Thus, density, pressure and internal energy in the shock wave can be 
obtained by measuring only wave speed and particle speed, Wc and Wp„ 
The velocity terms may be eliminated simultaneously in Equations 12, 
13 and 14 to obtain the Hugoniot relationship, 

U1 - U0 = £(Pi + P0) = i (Pi + Po) (Vo - V]) (15) 

where V0 and Vl are the specific volumes before and after the shock wave. 

Often in experiments, the particle velocity is determined in¬ 
directly from a measurement of the free surface velocity. 

In Reference 1, an analytical fit to the data was made using a 
power series of the form 

Pj = Axu + B^2 + Cqn3 

where 

(16) 

From Equations 15 and 16, and assuming p0 = 0, the relation for internal 
energy on the Hugoniot curve is 

U 1 
° |^2p0 (u+1)] 

(17) 

Analytical fits were also made in Reference 1 for the Gruneisen ratio. 
The relationship of this parameter to the equation of state will be ex¬ 
plained later. The equation for this parameter is given as 
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•V = ro + a2h + B2ií2 + C2n3 (18) 

These constants are summarized in Table IV for s°veral metals. 

In Reference 2, a different form for the Hugoniot curve is 
derived„ By assuming a straight line fit of the shock-velocity vs. 
particle-velocity curve , the equation 

Ws - c + SWp (19) 

was obtained. From the shock-wave relations and Equation 19, the 
Hugoniot pressure was found to be 

Pl = c2 (V0 - Vj) / [vo - S (V0 - V^J 2 (20) 

and the corresponding internal energy is given by 

U1 = uo + 7 jc(vo - Vi) / [v0 - S (V0 - V!>2 (21) 

The constants S and c are also summarized in Table IV for various metals. 
The density given in Table IV is the density of the metal at zero pressure. 
The constants for antimony, bismuth, and iron are considered to be ap¬ 
proximations. In these metals, phase transitions occur at low pressures. 
The constants were obtained considering high-pressure data only and 
ignoring the transitions. 

The Hugoniot data on rock materials in Table V were taken from 
References 15 and 17. The constants for Equations 19 — 21 are given in 
this table. Generally the scatter of the data in the rock experiments is 
much greater than in the metal experiments. Several of the rock Hugoniots 
were synthesized by the author of Reference 17. In this synthesis the 
chemical composition of the rock materials was determined; and the best 
Hugoniot data for the various elements was found. The Hugoniot of the 
elements and compounds in the rocks were weighted according to the molar 
fractions determined in the chemical analysis. The fractional Hugoniots 
were then summed to form the synthesized Hugoniot. 

Data are scarce for several materials that are of particular 
interest in armor work. No data were found for plastics although some 
research is being conducted by Sandia Corp, and others on these materials. 
The data available on ceramics is limited. If calculations must be made 
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TABLE V 

CONSTANTS FOR SHOCK HUGONIOTS OF ROCKS 

Rock Materials Density Constants 

(gm/cm^) c S 

Basait 2 » 67 
Gabbro 2.98 
Shale 2.00 
Limestone 2.50 
Granite 2.67 
Anorthosite 2.75 
Dunite 3,30 
Olivine 3,00 
Halite 2.16 
Rock Salt 2.15 
Tuff (dry) 1,70 
Tuff (wet) 1,86 
Taconite (iron) 4,25 
Taconite (rock) 2.0 
Oil Sand 1,90 
Dolomite* 2.84 
Rhyolite* 2.35 
Sandstone* 2.00 
Clay stone* 1,00 
Diorite* 2.84 
Syenite* 2,76 
Diabase* 2.97 
Pyroxenite* 3,23 
Lherzolite* 3,23 
Dacite* 2.60 
Andesite* 2.60 
Trachyte* 2.60 
Phonolite* 2.60 
Granod-iorite* 2.72 
Nepheline Syenite* 2.61 
Quartz Diorite* 2.81 

.26 
0.35 
0.36 
0.34 
0.46 
0.30 
0.63 
0.50 
0,35 
0.35 
0.136 
0.263 
0.325 
0.29 
0.305 
0.33 
0,39 
0.43 
0.58 
0.37 
0.37 
0.36 
0.34 
0.33 
0.39 
0.38 
0.37 
0.31 
0,38 
0,37 
0.37 

1.60 
1.32 
1.34 
1.27 
1.00 
1.47 
0.65 
1.14 
1.33 
1.29 
1.085 
1.17 
1.44 
1.13 
1.13 
1.30 
1.45 
1.34 
1.32 
1.38 
1.38 
1.41 
1.38 
1.39 
1.37 
1.38 
1.37 
1.36 
1.36 
1.38 
1.38 

* Synthesized Hugoniots from Reference 17. 
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on some of these materials for which no data are available, the synthesis 
approach could be used to determine the Hugoniot; but the accuracy of the 
results would be questionable. 

5.3 Equation-of-State Calculations 

The Mie-Gruneisen equation of state has been found to apply 
in the pressure range of interest in impact. At temperatures of several 
thousand degrees, electrons play an important role in the specific heat 
and pressure and the Mie-Gruneisen equation of state does not apply. 
In this range, equations considering the electronic components of pres¬ 
sure have been formulated. (Refs. 20, 22, and 23). Equations of this 
type must be used in problems involving hypervelocity impacts where 
very high pressures and temperatures result. In armor calculations the 
pressure is limited to about 400 kilobars, and the temperature is com¬ 
paratively low in metals . Some typical temperature values on the Hugo¬ 
niot at 400 kilobars are 311°C for copper, 1812°C for lead, 181°C for 
nickel, and 520°C for silver. Of the metals listed in Reference 1, the 
temperature of lead at 400 kilobars was the highest. In the range of 
interest, the electronic components of pressure are therefore negligible 
and the Mie-Gruneisen equation of state can be used. 

The Mie-Gruneisen equation of state is 

(P - Ph) = * (u - Uh) (22) 

Ph and Uh are the Hugoniot pressure and internal energy. They may be 
obtained from any of the equations giving shock wave pressure and energy 
and are ultimately based on experimental data. Both ph and are 
functions of specific volume as is the Gruneisen ratio,, 'T. Slater obtained 
the relation 

V I d2p/dv2 2| 
" 2 \ dp/dV " 3 / (23) 

for the Gruneisen ratio. Dugdale and MacDonald modified Slater’s form¬ 
ula to obtain 

r = d2(pV2^3)/dV2 
d(pv2/3)/dV 

- 1/3 (24) 

The Dugdale-MacDonald relation for the Gruneisen ratio is considered to 
be the more accurate of the two. The analytical fits of the Y(V, curves 
given in Table IV can be obtained using either Equation 22 or 24. 
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In calculations of impact phenomena, a shock compression 
will take place along the Hugoniot curve; then as the pressure is re¬ 
leased the material begins to expand. If this expansion is considered 
to be adiabatic, the differential equation describing the expansion is 
obtained by differentiating Equation 22 as follows 

V 
r 

flE&i - 5*£li] + (PA _ ph) _sL 
dV dV I VPA PW dV 

V 
'Y 

(25) 
dV dV W 

Subscripts h and A refer to conditions along the Hugoniot curve and along 
the adiabat. For the adiabatic case, dU^/dV * -p^, and Equation 25 be¬ 
comes 

(PH - PA# 
d_ 

VdV 
V 
r 

y 
V pa 

_ ^ 
V 

dUg dpg 
dV + dV (26) 

This is a first order equation in terms of the known ph (V), Uh (V), and 
Y(V). The differentiation was necessary to eliminate the unknown Uh. 

For simplification we have approximated the Gruneisen ratio 
data of Reference 2 with straight lines as follows 

A + M (V/Vp) (27) 

Figures 11, 12, and 13 compare the data from Reference 2, indicated by 
the points, with the straight line approximations up to 400 kilobars. The 
constants, A and M, for the straight line approximations are given in 
Table VL The straight line approximations should not be used beyond 
the 400 kilobar limit. In general, the straight line approximations in 
Figures 11, 12, and 13 compare better with the data of Reference 2 than 
do the data from Reference 1 in the range to 400 kilobars. 

5.4 Computer Code for Adiabatic Expansion 

To allow a comparison with the results of calculations in Ref¬ 
erence 2 and to lay a foundation for using the Mie-Gruneisen equation of 
state in hydrodynamic flow calculations, a computer program was written 
to numerically solve Equation 26 for the adiabats using the Runge-Kutta 
method. This program calculated the adiabatic pressure by starting on 
the Hugoniot curve at a known pressure and volume. The adiabatic 
pressure was then calculated point by point at given intervals along the 
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Figure 11. Gruneisen ratios from Reference 2 and straight line 
approximations for pressure range to 400 kilobars, 
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Figure 12. Gruneisen ratios from Reference 2 and straight line 
approximations for pressure range to 400 kilobars. 
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Figure 13. Gruneisen ratios from Reference 2 and straight line 
approximations for pressure range to 400 kilobars. 
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TABLE VI 

CONSTANTS FOR APPROXIMATE GRUNEISEN RATIO 
AND COMPARISON OF V/VQ VALUES 
AT P = 0 FOR ADIABATIC EXPANSION 

STARTING AT 400 KILOBARS ON HUGONIOT CURVE 

A 

Cadmium 2.32 

Chromium 0 

Cobalt -3.26 

Copper 0 

Gold 0 

Lead 0 

Molybdenum -1.86 

Nickel 1.74 

Silver -2.68 

Thallium 0 

Thorium 0 

Tin 0 

Titanium 1.06 

Tungsten 0 

Vanadium 1.26 

Zinc -1.63 

M 

0 

1.29 

5.47 

2.00 

3.29 

2.77 

3.44 

0 

5.15 

2.25 

1.26 

2.11 

0 

1.54 

0 

4.08 

V/V0 at P = 0 

BâL—2-URDC Calc. 

1,059 

1.002 

1.003 

1.006 

1.005 

1.071 

1.001 

1.003 

1.013 

1.079 

1.027 

1.054 

1.007 

1.000 

1.003 

1.032 

-1.050 

1.001 

1.004 

1.006 

1.005 

1.057 

1.001 

1.004 

1.012 

1.066 

1.033 

1.055 

1.010 

1.001 

1.004 

1.032 

-43- 



expansion curve. The Hugoniot pressure, Hugoniot energy, and Grunei- 
sen ratio needed in the solution were obtained from Equations 20, 21, 
and 27. A flow diagram of the steps involved in the calculation is shown 
in Figure 14. The diagrammed procedure used the Runge-Kutta method. 
Four values of W(I) are calculated using the results from Equations 20 
and 27, and the derivatives of Equations 20 and 21. The values of V and 
PA used in the calculations are indicated. The adiabatic pressure is then 
calculated using the form W(I) terms and the initial pressure in Equation 
28 (shown in the figure). The calculation is then repeateo several times 
with the previous p(J) becoming the initial condition. 

Note a few changes in notation in Figure 14. This reflects the 
usaga in the computer program. pA becomes PA and U becomes E. His 
the time interval and J is the step number. Calculations were made for 
the various metals in Reference 2, The adiabatic expansion was started 
at the 400 kilobar point on the Hugoniot curve. Our results for the vol¬ 
ume ratio at zero pressure are compared with those of Reference 2 in 
Table VI. The comparisons are good and indicate that the approximation 
of the Gruneisen ratio is justified. A Cdlculation was made for lead with 
the expansion from the 200 kilobar point on the Hugonio* „urve. The ratio, 
V/Vq' was equal to 1.018 which is exactly the same as that given in Ref¬ 
erence 2. In Reference 1, the value of V/VQ for an expansion from 204 
kilobars was 1.020. 

Conclusions. There is an abundance of Hugoniot data for 
metals which can be used in armor calculations. So far as plastics and 
ceramics are concerned, there are little data. This indicates a need of 
experimental studies to determine shock Hugoniots for plastics and cer¬ 
amics. 

The Mie-Gruneisen equation of state provides an adequate dé¬ 
se, iption of the states of materials up to the 400 kilobar limit of interest 
in armor calculations. With the straight-line approximations of the Grun¬ 
eisen ratio it allows rather straightforward calculations of the states in 
the materials. The equation for adiabatic expansion has not yet been in¬ 
cluded in the PIF code computer program to calculate impact effects. In 
order to include these calculations in the hydrodynamic flow computer 
code, some additional steps must be taken. Energy may be added to or 
taken from the system by friction which leads to a deviation from the 
Hugoniot or adiabat. It seems appropriate that energy should be added 
or subtracted at incremental steps as the Hugoniot or adiabatic equations 
are applied. This requires adjustments in initial conditions at each step, 
but should give satisfactory results. This is a subject for future research. 
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Figure 14. Flow diagram for computer calculations of adiabats. 
(Continued on next page) 
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SUMMARY 

The tensor formulation of the stress-strain relationships in¬ 
volved in finite time-dependent deformation of a solid has been changed 
from that previously reported. The new mathematical model is described 
along with a discussion of the applicable mathematics. 

The computer code developed to calculate tho flow field in 
impact has been modified to eliminate propagated error in the time dlmen 
sion. 

A system for high speed photographic analysis of deformation 
of wires and rods is described. Data from rod-to-rod impact are analyzed 
to determine the energies involved in metal deformation. Average energy 
per unit deformation is found to decrease with increasing impact velocity. 
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SUMMARY 

A study of the strength of materials under large deformation has 
been conducted. The sample to be tested was in the form of a thin disk 
and was crushed between a fixed and a moving anvil. Velocities ranging 
from 10“3 to 104 cm/sec were obtained by driving the anvil either by a 
testing machine or by a compressed-air gun. 

A simplified analysis of the problem is given, and the assump¬ 
tions used are discussed and compared with the experimental data. The 
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relationship between internal energy of the material and deformation is 
found to be U = “Tin (z0/z) where U is energy per unit mass, z0 and z 
are initial and final thickness of the disk and Tis a constant, the 
"strength" of the material. Variations in Tare discussed in terms of 
strain-rate effects and strain-hardening effects. 

The materials tested were copper, 99.99 per cent pure alum¬ 
inum, 6061-T4 and -T6 aluminum, nylon, Lexan, Teflon, polyethylene 
and polypropylene. 
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ABSTRACT 

Progress is reported on the development of a computer code for 
describing the flow field during impact of solid on solid. A one-dimen¬ 
sional material model is used consisting of isolated mass points connected 
by springs with highly non-linear spring constants and viscous damping. 
The spring constant is derived from shock Hugoniot equation-of-state work. 
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and the viscosity comes from measurements of the energy involved In 
crushing discs of the material used. So far, aluminum has been the only 
material tested in the computer program. The results of varying the 
predictor/corrector scheme used to stabilize the solution and the results 
of varying viscosity are presented. It is shown that the solution gives 
the correct pressure Jump across a shock front and gives correct wave 
velocities. Some oscillations and propagation of error are present. 
Methods of improving this are discussed. 

A rod-to-rod impact experiment is described for measuring the 
maximum pressure gradient which a material can sustain under dynamic 
impact conditions. The method is suitable for measuring material 
strength properties for brittle materials which are not suited to the disc¬ 
crushing experiments previously used. Results are presented for nylon, 
polypropylene, plexiglass, Benelex, and glass. The plastics show a 
maximum pressure gradient, ^hen a leveling off as impact velocity is 
Increased. Glass increases continually up to the maximum velocities 
tested. Further work to increase the pressure used in the tests and to 
investigate geometric effects is outlined. 
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APPENDIX A 

RHO 
DVDX 
V 
DPDX 
DTDX 
U 
P 
TAU 
X 
PLOG 
NP 
MAX 
DXO 
DT 
RHOO 
EM 
AK 
TAO 
EMU 
UO 
SMOM 
SNRG 
SU 
T 
NTINT 

NPRINT 
NPRNT 
NPLOT 
MAXP 
NPRNT 2, 

XO 
VINP 
VINT 
TMAX 

TMAX2 

Variables Used in PIF Code Program 

Density, p RHOT Trial Value 
av/ax DVDXT 
Velocity, V VT 
ôp/ax DPDXT 
ar/ax DTDXT 

Internai Energy UT 
Pressure, p pr 
Stress, T TAUT 
Position, X XT 

Logio P 
Number of pressure points plotted 
Maximum number of mesh points 
Initial spacing of points, Ax 
Time interval, A t 
Initial density, p0 

Constant in equation of state, m 
Constant in equation of state, k 
Constant in stress equation, T0 
Constant in stress equation, u0 
Initial internal energy, U0 
Sum of momentum of all mass points 
Sum of energy of all mass points 
Sum of internal energy of all mass points 
Time, t 

Index number. Number of time intervals computed or number of 
times program has repeated 
Index number. Number of print-outs since last plot 
Pre-set number. Number of time increments between print-out 
Pre-set number. Number of print-outs between plots 
Maximum particle index in projectile 
^PLOT2. Same as NPRNT and NPLOT, These allow changing 
print-out and plot interval during run. 
Position of mass point with index 1 
Velocity of projectile mass points 
Velocity of target mass points 
Time at which plotting and printing intervals are changed or 
time of stopping program 
Time at which program stops 

Other variables appearing in the program were not used in the particular 
versions shown. Other variables are derived in the program from the 
above in an obvious manner. 



Flow Diagrams for PI F Program 
No diagrams are shown where the flow does not 
branch. Refer to program listing for each program. 

START 
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SUBROUTINE TRIAL 

Trial values for P, U, and v are calculated for each particle 
using Equations 1, 2, and 3. A trial value for x is computed b; 
XT * X + DT * V. Trial values are computed for av/ax, X, p, ap/ax; 
a T/ax. 

SUBROUTINE CHNGMM 

The initial values of the slopes for p., U and v are averaged 
with the trial values and this average slope is used to compute P, U, 
and v. Position is computed from X = X + (DT/2.) * (V + VT) „ From 
these new values, 6v/ax, 'X, ar/ax, p and ap/ax are computed to 
prepare for a new step. 

SUBROUTINE PRESS AND PRESST 

Pressure is computed using Equation 4. If the energy is neg¬ 
ative, pressure is computed using the absolute value of the ratio U/UO 
then setting P(I) = ~P(I). This expedient allows the use of the simple 
equation of state into regions of tensile stress. 
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SUBROUTINES STRSS AND STRSST 

-Í_ 

Set values of 
RHOMAX, RHOMIN 

Fracture 

TAO = 0 
RHO = RHOO 
U = UO 

(In some runs, 
TAU was allowed 
to assume its 
computed value 
below RHOMAX) 

r ï 
i TAU = EMU * DVDX + TAO 

TAU = -EMU * DVDX-TAO 



SUBROUTINE VGRAD, VGRADT, PGRAD, PGRADT, TGRAD, TGRADT 

Linear interpolation was used to obtain gradients. Quadra+i' 
interpolation was tried but the improvement in results was only slight so 
the linear program was used to speed the computations. 

SUBROUTINE PRNT 

Quantities printed out and format are controlled in this sub¬ 
routine . 

SUBROUTINE PLOTP 

This subroutine provides a rough plot of pressure versus par¬ 
ticle number. It is produced by the regular printer rather than a plotter. 
It's purpose is to give a quick visual check on results. 

In operation, the point with the highest press’ te is found and 
the characteristic of the log of this number is found, NCH, This number 
plus 1 is used as the maximum on the logarithmic pressure scale on the 
plot. The pressure scale is divided into intervals and each pressure is 
tested with each interval to see where it fits. A line of print-out is 
generated for each interval consisting of a zero for each mass point 
(except a 1 every tenth number to provide a grid) except for a 4 whenever 
the pressure of a particular mass point falls in the interval. A sample of 
the print-out is shown. 

rough plot 
of pressure 

100000000010000000001 12,0 
100000000010000000001 11.9 
100000000010000000001 11.8 
100000000010000000001 11,7 
100000000010000000001 11,6 
100000000010400000001 11.5 
loooooooooiofcbooooooi 11 4 
444444444444040000001 11.3 
lOOOOOOOOOlOOaOOOOOOl 11,2 
lOOOOOOOOOlOOOlpOOOOOl 11.1 
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SUBROUTINE PLOT? START 

L Write 
\ Heading 

Truncates log to 
get characteristic 

f 
r 
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SUBROUTINE PLOTP (Continued) 

A line of print-out 
is produced having 
0 for all points, NP, 
except for multiples 
of 10, which are 1 
and any points for 
which the pressure 
falls within the 
interval being con¬ 
sidered in which 
case a 4 is printed. 

Write a line of 
values for NP 

EN = EN - .1 
SMAX = SMAX - . 1 
SMIN = SMIN - .1 

interval is 
reduced by 
one unit 



APPENDIX A 

ONE-DIMENSIONAL PIF CODE; FORTRAN IV 

ONE DIMENSIONAL IMPACT, AL-AL, 2KM/SEC, MODIFIED MARCHING METHOD 
UTAH RESEARCH AND DEVELOPMENT CO 
CONTRACT DA-19-129-AMC-l50lX) 
COMMON RHC(60)|RH0T(60)yDVDX(60),DVDXT(60),V(60),VT(60)• 

I0PDX(60)«OPDXT(60).DTDXI60)•DTDXT( 60),U(60),UT(60), Y(60), 
2P(60),PT(60),TAU(60), T AUT(60),X(60), XT (60),PL0G(60),NP(60), 
3MAK,DXQ,DT,RHOO,EM,AK,TAO,EMU,UO,S MOM,SNRG,SU,T,NTORM,MM 1 

READ(5,I)MAX,NPRNT,NPLOT,NC3RM,MAXP,NPRNT2,NPL0T2 
1 FORMAT( 15) 

R EAD(5,2)DXO,DT,TMAX,RHOO,EM,AK,TAO,EMU,X0,VINP,VINT»TMAX2 
2 FORMAT(E15.8) 

U0= ((1.01325E6*EM)/(2.*RHOO))**(1./(l.-AK)) 
X(1)=X0 
D03 1=2,MAX 

3 X (I )=X( I-D + DXO 
D04 1=1,MAXP 

4 V(I )=VINP 
MINT=MAX P^l 
D05 I=MINT,MAX 

5 V( I )=VINT 
SM0M0=0. 
SNRG0=0. 
MMI=MmX-1 
D06 1=1,MAX 
P(I ) = 1.01325E6 
U(I )=U0 
T AU ( I )=0. 
RHO(I)=RHOO 
SMOMO=SMOMO*V(I )«RHOO*DXO 
SNRGO=SNRGO^ RHOO*DXO*( V( I )*V( 1)/2. ^-Ud ) ) 

6 CONTINUE 
WRITEI6,15)SMOMO,SNRGO 

15 F ORMAT(1H 7E18.8) 
WRITE(6,7) 

7 F0RMAT(61H MAX NPRNT NPLOT NCORM MAXP NPRNT2 NPLOT 
12 ) 

WRITE(6,8)MAX,NPRNT,NPLOT,NCORM,MAXP,NPRNT2,NPLOT2 
8 FORMAT(1H 718) 

WRITE(6,9) 
9 FORMAT!130H DXO DT TMAX RHOO EM 

1 AK TAO EMU XO UO 
2 VINP ) 

WRITE(6,10)DXO,DT,TMAX,RHOO,EM,AK,TAO,EMU,XO,UO,VINP 
10 FORMAT(1H 11E12.5) 

WRITE(6,11) 
11 FORMAT (50H SMOMO SNRGO VINT TMAX2 ) 

WRITE(6,12)SMOMO,SNRGO,VINT,TMAX2 
12 FORMAT!IH 4E12.5) 

-61- 



r 

CALL VGRAO 
CALL STRSS 
CALL TGRAO 
:all PQRAD 
r*o. 
CALL PRNT 
MPRINT*0 
NTINT*0 

13 CALL TRIAL 
CALL CHNGMM 
SH0M*0. 
SNRG*0. 
SU-O. 
0014 1*1»MAX 
SHOM=SHOR+V( I)*RHOO*DXO 
SNRG*SNRG+RHOO*DXO*!V{I»*V(I )/2.+0( I )) 
SU«SU+RHOO*OXO*U( I ) 

14 CONTINUE 
T*f+DT 
IFfT-THAX)l6,17,l7 

17 CALL PRNT 
CALL PLOTP 
TMAX*TMAX2 
NPRNT*NPRNT2 
NPL0T*NPL0T2 
IF(T-TMAX2)13,20,20 

20 CALL EXIT 
16 NTINT*NTINT+1 

IF< NTINT-NPRNT)13,18,18 
18 CALL PRNT 

NTI.NT*C 
NPRINT*NPRINT+1 
IF(NPRINT-NPLOT)13,19,19 

19 CALL PLOTP 
NPRINT=0 
GO TO 13 
END 

IIBFTC TRIAL 
SUBROUTINE TRIAL 
CONNON RH0(60),RH0T(60),OVDX(60),DVOXT(60),V(60),VT(60), 

10POX(60),DPDXT(60),OTOX(60),DTDXT(60),U(60),UT(60),Y(60), 
2P(60i,PT(60),TAU(60),TAUT(60),X(60),XT(60),PL0G(60),NP(60), 
3NAX,OXO,OT,RHOO,EN,AK,TAO,ENU*UO*SMOM,SNRG,SU,T,NTORM,MM1 

RHOT(1) = RHO(iJ-RHO(1J *DVDX(1 ) *DT 
RHOT( MAX)=RHOO 
UT( 1 ) *U( 1 )-( DT*OVDX( 1 ) /RHO ( 1 ) ) •( P( 1)+TAU(D) 
UT( MAX ) = UO 
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VT< 1 )=V( 1)-( ÍDT*2. ) / (RHO( 1 ) -»-RHOO) ) *( OPDX ( 1 )♦DTDX ( 1 ) ) 
VT( MAX) = V(MAX)-((DT*2.)/(RHO(MMl) + RHOO))•(OPOX(MAX ) + DTDX(MAX )) 
XT( 1)=;X( 1)*DT*V( 1) 
XT(MAX) = X (MAX )4^0 T«V (MAX) 
D01 I=»2,MM1 
R0AV=(RH0(I)4RH0(I-1))/2. 
RHOT( I) = RHQ(I)~RHO(I)*DVDX(I)*0T 
VU I ) = V( I ) -( DT/ROAV) *( DPDX( I )«-DTDX ( I ) ) 
UT(I)=U(I)—(DT*DVDX(I)/RHO( I ))*(P( I)>TAU(I)) 
XT( I)sX( I i-t-DT* V( I) 

I CONTINUE 
NT0RM=1 
CALL VGRAOT 

CALL STRSST 
CALL PRESST 
CALL PGRADT 
CALL TGRADT 
NTORM=0 
RETURN 
END 

SIBFTC CHNGMM 
SUBROUTINE CHNGMM 
COMMON RH0(60),R! JT(60),DVDX(60),DVDXT(60)tV(60),VT(60)f 

1DPDX(60).DPDXT(60),DTDX(60).0TDXT(60),U(60),UT(60Î, Yf60)* 
2P(60)«PT(60)«TAU(60)•TAUT(60)»X(60) « XT(60)« PLOG( 60) « NP(60)« 
3MAX,DX0,DTyRHOOy EMyAK» TAOyEMU«UOySMOMy SNRG«SU«Tt NTORMyMMl 

001 Ialy MAX 
RHOÍI )=RH0(I ) —(DT/2. )*(RHÛ( I ) *DVDX ( I )4-RH0T ( I )*DVDXT( I ) ) 
X(I)*X(I)♦(DT/2.)»(V(I)*VT(I )) 
U(I )=U(I )-(DT/2. )*(DVDX(I)*(1./RH0(I))*(P(I)4-TAU(I))4- 

1DVDXT(I)*(1./RH0T(I))*(PT(I)*TAUT(I))) 
1 CONTINUE 

V(1 )=V( l )-DT*( (1. / (RHO( 1 )4-RH00) )*( DPDX( 1 )4-DTDX( 1 ) )♦• 
II l./(RHOT(l)*RHOO) )*(DPDXT( 1 )«-DTOXT( 1 ) ) ) 

D02 1-2* MAX 
VII )*V( I )--0T*( (!• / (RHO (I )4>RH0( 1-1) ) ) *(DPDX(I)*DTDX( I ) )♦ 

1( l./(RH0T(I)4-RH0T(I-l) ) ) •( DPDXT ( I ) +DTDXT( I ) ) ) 
2 CONTINUE 

CALL VGRAD 
CALL STRSS 
CALL TGRAO 
CALL PRESS 
CALL PGRAD 
RETURN 
END 

•I BFTC PRESS 
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SUBROUTINE PRESS 
COMMON RH0(60)fRHOTI60)tDVDX160)»DVDXT(60Í,V(60),VT(60), 

10POX(60)«DPDXT(60)tOTOX(60)f 0T0XT(60)»U (60)fUT(60) » Y (60), 
2P(60)* PT(60)tTAU(60)« TAUK60)»X(60)•XT(60)»PLOG( 60)f NP(60)t 
3MAXt 0X0«DT *RHOO•EM»AKV TAO;EMUyUO« SMOM» SNRG« SU» T » NTORMjMM1 
G*1.-AK 
NEGU*0 
001 1*1,MAX 
URAT*ABS(U(IÍ/UO) 
P(I1*(1.01325E6*RH0(I)/RHOO)*URAT**G 
IF(Um.LT.O.)GOTO 2 
GOTO l 

2 NEGU=1 
P(I)=-P(I ) 

1 CONTINUE 
5 RETURN 

END 

SIBFTC STRSS 
SUBROUTINE STRSS 
COMMON RHO(60) « RHOT(60) » DVDX(60) « DVDXT(60) « V(60),VT(60), 

IDPOX(60),DPDXT(60),DT0X(60),DTDXT(60),U(60),UT(60), Y (60), 
2P(60)*PT(60)«TAU(60)« TAUTi60)«X(60) « XT ( 60) » PLOG( 60) « NP(60) « 
3MAX «0X0» DT «RHOO « EM«AK« TAO« EMU»UOv S MOM» SNRG« SU» T vNTORM,MM1 

NFRAC=0 
RHOMAX=RHQ0+.05*RH00 
RHOMIN=RHOO—•05*RH00 
D01 1=1,MAX 
IF< RHO(I)• RH0MIN)5,5,6 

5 NFRAC*i 
TAU( I )=0. 
RHO( I )=RHOO 
U(I)=U0 
GOTO 1 

6 IFCRHOri)-RH0MAX)7,7,8 
7 T AU ( I ) = 0. 

GOTO 1 
8 IF(OVDX(1))2,3,4 
2 TAU( I )=-EMU*DVDX( I)+TAO 

GOTO 1 
3 TAU(I )=0. 

GOTO 1 
4 T AU ( I )=-EMU*DVDX( I)—T AO 
1 CONTINUE 

12 RETURN 
END 

SIBFTC VGRAD 
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SUBROUVINE VGRAD 
COMMON RH0Í60) »RHOK60 ), DVDX (60 ),DVDXT( 60» » V( 60) , VT( 60 ), 

1DPDX(60)•OPOXT(60)»OTOX(60)•DTOXTf 60)tU(60) • UT(60)» Y ( 60) , 
2P(60),PTC 60),TAU(60),TAUT(60),X(60),XT(60),PL0G(60),NP(60)t 
3MAX,DX0, DT,RHOO,EM,AK,TAO, EMU,UO,SMOM,SNRG,SU,T,NTORM,MM1 

DVOXIMAX)=0. 
001 I-i,MM1 

1 DVDXU)= (V(U1)-V( I ) ) / (X ( I ♦ 1 )- X( I ) ) 
RETURN 
END 

$1BFTC PGRAD 
SUBROUTINE PGRAD 
COMMON RH0Í60),RH0T(60),DVDX(60),DVDXTi60),V( 60),VT(60), 

IDPDX160),DPDXT(60) ,DTDX(60),DTDX (60 ) ,U(60),UT(60), Y ( 60), 
2P(60),PT(60),TAU(60),TAUT(60),X(60), XT (60)pPLOG(60), NP ( 60 ), 
3MAX,DXO, DT,RHOO,EM,AK,TAO,EMU,UO,SMOM,SNRG«SU,T,NTORM,MM 1 
P0=I.0I325E6 
DPDX(L) = 2<.*(P(I)-~P0)/(X( 2) ♦DXO-X ( 1 ) ) 
DPDX( MAX ) =2. ( PO-P ( MPI ) ) / ( X ( MAX )~X (MMIKDXO) 
DOI 1=2,MMI 

I DPDXm = 2.*(P(I)-P(I-l))/(X( I + I)-X(I- l) ) 
RETURN 
END 

$1BFTC TGRAD 
SUBROUTINE TGRAD 
COMMON RH0(60)pRH0T(60),DVDX(60),DVDXT(60),V(60),VT(60), 

IDPDX(60),DPDXT(60),DTDX(60),DTDXT(60),U(60), UT(60), Y ( 60), 
2P (60),PT(60),TAU(60),TAUT(60),X(60),XT(60)pPLOG( 60),NP(60), 
3MAX,DXO, DT,RHOO, EM ,AK,TAO,EMU,UO,SMOM,SNRG,SU, T p NTORM,MM I 

DTDX(I) = 2.*TAU(1)/(X(2)-X(I )♦DXO) 
DTDX(MAX )--2•»TAU(MMI)/(X(MAX)~X(MMI)+0XO) 
DOI 1=2,MMI 

l DTDXm=2«*(TAU( I ) -TAU ( 1-1 ) ) / (X( 1 +1 )-X( 1-1 )) 
RETURN 
END 

SIBFTC PRNT 
SUBROUTINE PRNT 
COMMON RHO(60),RHOT(60),DVDX(60),DVDXT(60),V(60),VT(60), 

IDPDX(60),DPDXT(60) ,DTDX(60),DTDXTt60),U(60) , UT(60) Y(60), 
2P(60),PT(60),TAU(60),TAUT(6C)pX(60),XT(60),PL0G(6C ,NPi60), 
3MAX,DX0,DT,RHOO, EM,AK,TAO,EMU,UO,SMOM,SNRG,SU, T, N*i ORM,MMi 
WRITE(6,I ) T 

1 FORMAT(3H T=, EI2«5) 
WRI TE (6, 2)SMOM 

2 FORMAT(6H SMOM=, E12.5) 
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WRITE(6« 3)SNRG 
J FORMAT(6H SNRG=» E12.5) 

WRITE 16« 31)SU 
31 FÛRMAT(6H SU* , E12.5 ) 

WRITE(6*4) 
4 FORMAT(7H Xd) ) 

WRITE(6f 5)X 
5 FORMAT(1H IOE13.4) 

WRITEI6« 6) 
6 FORMATC7H VU) ) 

WRI TE 16« 5)V 
WRITE(6« 9) 

9 FORMATÍ7H U(I) I 
WRITE(6« 5)U 
WRITE(6» 8) 

8 FORMAT C 7H TAUU) ) 
WRITE(6« 5)TAU 
WRITE(6*13) 

13 FORMAT(9H DVDXl I ) ) 
WRITE(6« 5)DVOX 
WRITE Í 6*15) 

15 F ORMAT(9H DTDX(I) ) 
WRITE(6f 5)DTDX 
WRITE(6»14) 

14 FORMAT(9H DPDXÍI ) ) 
WRITE(6» 5)DPDX 
WRITEÍ6,7) 

7 FORMAT(7H RHOU) ) 
WRITEÍ6,5)RHO 
WRITE(6*10) 

10 FORMAT(7H PU) ) 
WRITE(6» 5)P 
WRITEÍ6,11) 

11 FORMATt131H XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX 
1XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX 
2XXXXXXXX XXX) 

RETURN 
END 

SIBFTC PLOTP 
SUBROUTINE PLOTP 

COMMON RH0(60)»RH0T(60)fDVDX(60)»DVDXT(60)tV(60)*VT(60)» 
1DPDX(60) »DPDXTI60)»DTDX(60)•DTDXT(60)»U(60)* UT(60)» Y(60)f 
2PÍ60),PT Í 60)»TAU 160),TAUT(60)»X(60)tXT(60),PLOG(60),NP(60), 
3MAX »DXOfDT,RHOO,EM,AK,TAO,EMU,UO,SMOM,SNRG*SU,T,NTORM,MMI 

BPLOG-O. 
D01 1*1,MAX 
IF(PUÎ.LT.O..OR.P(I)oEQ.O. ) GOTO 6 
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PLOG(I) = ALOGLO(P(I ) ) 
IF(PLOGÍI ).GT.BPLOG)GOTO 2 
GOTO 1 

6 PLOG(I )=1.0E-10 
GOTO i 

2 BPLOG*PLOGt I ) 
NCH=PLOG( I ) 
N=NCH*1 

1 CONTINUE 
WRITE(6,15) 

15 FORMAT130H PLOT OF POSITIVE PRESSURE ) 
WRITE(6f 40) T 

40 FORMAT(3H T=, E12.5) 
E N=N 
S MAX=EN^ «05 
SMIN=EN-.05 
K =0 

4 CALL SETSCL (MAX.NP) 
D03 1=1,MAX 
IF( PLOGI I ).GF.SMIN.AND.PLOG(I).LT. SMAX)NP(1)=4 

3 CONTINUE 
K=K+1 
WRITE(6,60)INPI I ),1=1,MAX),EN 
E N= EN-.1 
SMAX=SMAX-.l 
SMIN=SMIN--.l 

60 FORMAT (1H 60IifF6.1) 
IFKK-50)4,5,5 

5 RETURN 
END 

ÍIBFTC SETSCL 
SUBROUTINE SETSCL 
COMMON RH0(60),RH0T(60),OVDX(60),OVOXT(60),V(60),VTC60), 

10P0X ( 60 ) , DPDXT (60),0TDX(60), DTOXT ( 60 ) ,11 ( 60 ), UT ( 60 ) , V ( 60) , 
2P(60),PTi60)fTAU(60),TAUT(60),XC60),XT(60),PL0G(60),NP(60), 
3MAX,0X0,0T,RH00,EM,AK,TAO,EMUyUOfSMOM,SNRG,SU,T,NTORM.MMl 

D01 1=1,MAX ' 
1 NP( I )=0 

002 1 = 10, MAX, 10 
2 NPm = l 

RETURN 
END 
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APPENDIX B 

COMPUTER PROGRAM FOR ADIABATIC EXPANSION 

ADIABATIC EXPANSION OF SOLIDS 
UTAH RESEARCH AND DEVELOPMENT CO 
CONTRACT DA-19-129-AMC-150(X) 
DIMENSION W(80) * V{70) * P(70) 

1 FORMAT (I2,F7.3,E9.4,F8.5,F7.2.F6.2tE10.4,F7.5,F7.2,E9.5) 
2 FORMAT(2OH ) 
3 FORMAT (57H ADIABATIC PRESSURE HUGONIOT PRESSURE NORMALIZED VOLU 

1ME) 
4 FORMAT (3E20.7) 
5 READ 15*1) K*S*C»H»A*REALMsP(L)*RVHU*RHOfERROR 

READ (5*2) 
WRITE (6*2) 
WRITE (6*3) 
V(lî* RVHU/RHO 
WRITE (6,4) P(i), P(l), RVHU 

10 DO 19 J*2,K 
PADI = P(J-i) 
VOL= V(J-l) 
I =. J 

11 D EL V= 1 • / RHO- VOL 
DEN0M=1./RHO-S*DELV 
PHUG=(C* *2 *DELV)/DFN0M**2 
DPHUG*(C **2 * (-DENOM"2* 0*S*DELV))/DEN0M**3 
DEHUG=0.5*(-PHUG+DELV*DPHUG) 

12 W (I) = H*( (PHUG-PADI)*(A/(V0L*(A+{REALM*RH0)*V0L)))-((A+(REALM*RHO) 
l *VOL) /VOL ) *( PADI + DEHUG)-t-OPHUG ) 

IF (VOL-V(J-l)) 14,13,14 
13 VOL=V(J l.*0.5*H 

PADI=P(J-1)+0.5*W(I) 
I=J+1 
GO TO 11 

14 IF (I-J-2) 15,17,18 
15 PADI=P(J-1)*0.5*W(I) 

I»J^2 
GO TO 11 

17 VOL =V(J-D+H 
PADI =P(J-1)+W(I) 
I *J^3 
GO TO 11 

18 P(J) = P( J-l) + (l./6. )*(W(J)+2.*W( J*1 ) + 2.*W(J+2H-W( J+3) ) 
V (J)= V( J—1 ) ♦H 
RWZ=V( J )*RHO 

19 WRITE (6,4) P(J),PHUG,RVVZ 
GO TO 5 
END 



PART II. MEASUREMENT OF MATERIAL PROPERTIES 

1. INTRODUCTION 

Little is known concerning the behavior of materials under 
impact conditions, particularly under conditions in which a projectile 
strikes another object and the material flows and is highly deformed. 
Such information is necessary in order to devise any theory to predict 
the amount and nature of the damage produced. The purpose of experi¬ 
mental research done under this contract was to develop a theoretical 
and experimental basis for analyzing and predicting the behavior of 
materials under impact conditions. 

The experiments were primarily aimed at measuring the energy 
involved in flow and deformation. They involved pure metals, alloys, 
plastics, glass, wood, and composition materials. Rates of deformation 
were varied from a minimum of about 10“2 per second (in a testing ma¬ 
chine) to about 105 per second (by accelerating a projectile in a powder 
gun). Impact velocities ranged from about .010 to about 2.0 km/sec. 

In Section 2, the manner in which deformation calculations 
were made is described, and procedures are outlined for the different 
experiments. Section 3 contains the results of the experiments. 
Graphs and tables are used to relate data from different materials and 
experiments. The results are discussed in Section 4 with main emphasis 
being placed on the disk-crushing experiment. Section 5 contains the 
derivation of the stress equation. Conclusions and recommendations 
are presented in Section 6. Section 7, the Appendix, contains a list of 
symbols. 
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2. EXPERIMENTAL PROCEDURE 

A number of different experiments were conducted to measure 
material properties. Generally, these experiments were designed to 
determine properties, such as the strength of the material or the energy 
associated with its deformation, at strain rates which were varied from 
about 1(T2 per second to about 105 per second. This was done by de¬ 
forming test specimens under essentially static conditions with a testing 
machine or under dynamic conditions by impacting them with a projectile. 

2.1 Deformation Calculations 

Equation 13 in Section 4.1, expresses the degree of deforma¬ 
tion of a uniformly deformed disk as being In zf/z0; where z0 and zf are 
the thicknesses of the disk before and after deformation. This logarithm 
is given the symbol, d. It is shown in Section 4.1 that d is proportional 
to the energy of deformation. It can be shown that d is also equal to 2 In 
(ro/rf); where ro and rf are the original and final radii of the disk. Total 
deformation of a uniformly deformed body is proportional to md; where m 
is the mass of the disk. This product is given the symbol, D. 

In some experiments, deformation is not uniform throughout 
the deformed body. In these cases, the specimen is considered as being 
composed of an arbitrary number, i, of uniformly deformed segments, and 
total deformation is proportional to ^mi di. In the case of non-uniform 
deformation of a rod, d is determined for each section by calculating an 
average radius; and for a thin plate by calculating an average thickness. 

Unit deformation is defined as being that which deforms one 
gram of material to the extent that In zf/z0 or 2 In (r0/rf) is equal to one. 
These logarithms may be either positive or negative, depending upon the 
nature of the deforming forces. 

The symbol, T, is used for the proportionality constant relat¬ 
ing energy to deformation and is defined by the equation, T= E/D; where 
E is the energy involved. 

2.2 Experiments Made Under Dynamic Conditions 

All impact experiments were made using a 50 caliber, smooth¬ 
bore gun with either compressed air or gunpowder as a propellant. Max¬ 
imum projectile velocities achieved were about 0.2 km/sec with compres¬ 
sed air and about 2.0 km/sec with gunpowder. Different velocities were 
obtained by varying the air pressure or the amount of gunpowder used. 

Three types of experiments were performed under impact 
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conditions. The first is referred to as the disk-crushing experiment, the 
second as the thin-plate impact experiment, and the third (actually two 
experiments) as the rod-to-rod impact experiment. 

2«2.1 Dlsk-Crushlna Experiment. This experiment was de¬ 
signed for the purpose of observing the manner in which a thin disk re¬ 
sponds as it is deformed between two hardened-steel anvils; one of the 
anvils being in a fixed position and the other driven by a testing machine 
or shot from a gun. The arrangement using the testing machine is de¬ 
scribed in Section 2.3.1. Figure 1 is a sketch of the equipment used for 
driving the anvil with a gun. Compressed air was used at all times in 
this experiment giving projectile impact velocities ranging from 0.01 to 
0.07 km/sec. The gun was fitted with a perforated barrel extension 
which permitted pressure behind the projectile to be released. This was 
done to stop acceleration of the projectile so that its impact velocity 
could be accurately determined. This was accomplished by measuring 
the time taken for the projectile to pass between two shorting probes in 
the gun-barrel extension. As a probe was shoned by the projectile, a 
pulse started or stopped an electronic timer. 

In this experiment, it was desired that the rate of deformation 
of the disk be known. As shown in Figure 1, a beam of light passing 
through a narrow slit was cut off by the projectile as it impacted against 
the disk and deformed it. The output from a photomultiplier tube indi¬ 
cated the amount of light passing through the slit. This output varied 
linearly with the amount of light cut off by the projectile and thus, when 
photographed on an oscilloscope, gave a record of the rate at which the 
disk was crushed. Figure 2 is a sketch of an oscillograph of a typical 
shot . Part 1 of the curve represents light being cut off across the slit 
at a constant rate by the projectile before impact, part 2 represents the 
projectile being decelerated as the disk was deformed, and part 3 shows 
an increase in light intensity as the projectile rebounded. 

The kinetic energy associated with the rebound of the projec¬ 
tile was always small. From slopes of the curve in Figure 2, it can be 
seen that, in this instance, rebound energy represents less than four per 
cent of the projectile's kinetic energy before impact. Because of this, 
it was assumed that all of the projectile's kinetic energy was used to 
deform the disk, that is the impact^was completely elastic. Another 
assumption was that friction between the disk and the anvils was negli¬ 
gible. A check (discussed in Section 3.1.3) was made to see if this 
assumption is valid, and it was found that about 25 per cent of the energy 
was used in friction. A lubricant between the anvils and disk decreased 
the friction to some extent. 

Deformation was determined, as described in Section 2.1, by 
relating the original disk dimensions to its dimensions after impact. 
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Figure 2. Oscillograph showing light intensity 
from a photomultiplier tube which 
indicates a projectile position as a 
function of time. Part 1 of the curve 
denotes a constant projectile velocity 
before impact, Part 2 represents the 
projectile being decelerated as the 
disk was deformed, and Part 3 shows 
an increase in light intensity as the 
projectile rebounded. 

Figure 3. Sketch showing part of a cross section 
of a deformed copper plate. (x 4.6) 
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Average values were used when the deformation was not uniform. 

Several materials were tested under these conditions. They 
are pure copper, pure aluminum, 6061-T4 aluminum, 6061-T6 aluminum, 
nylon, polypropylene, Lexan, polyethylene, and Teflon. Some tests 
were made with copper disks which had been annealed after fabrication. 
The annealing was done to remove work-hardening effects induced during 
machining and was accomplished by holding the disks at a temperature of 
800°F for one hour and then cooling slowly to room temperature. 

2‘2•2 Ihln-Plate Impact Fxpprjmfîn^n Thin plates, one-six¬ 
teenth inch thick, of copper, polypropylene and Mylar were impacted with 
one-half-inch diameter steel balls at velocities up to about 0.16 km/sec. 
This was done to relate deformation and energy under these conditions and 
to compare the results with those from the disk-crushing experiment. 

Compressed air was used to accelerate the projectiles and ve¬ 
locities were measured as described in the preceding section. No attempt 
was made to measure the deceleration of the projectile during the deform¬ 
ation process. 

It was intended in this experiment that penetration of the plate 
would not occur and that target material around the point of impact would 
be plastically deformed. Then, on the assumption that all of the kinetic 
energy of the projectile was used in deformation, the ratio of energy to 
deformation could be determined. This assumption appeared to be reason¬ 
able with copper but not with the plastics as the projectile rebounded 
considerably with them. Also, it was found that the polypropylene frac¬ 
tured easily and that the Mylar showed little permanent deformation before 
the projectile sheared through. No quantitative information was obtained 
from the plastics for these reasons. 

Total deformation in the copper plates was determined by con¬ 
sidering a cross section of +>e deformed plate, calculating the average 
degree of deformation in each of several rings around the point of impact, 
multiplying these values by the masses of the corresponding rings, and 
then summing these products for all the rings. It was assumed that the 
degree of deformation was uniform throughout each ring. A sketch of a 
cross section of a deformed plate is shown in Figure 3. 

2.2.3 Efid-tg-Rod Impact Experiments. In the disk-crushing 
experiments, measurements were made on plastics with only a few ma¬ 
terials under limited conditions. Deformation measurements usually were 
hindered by plastic recovery and shattering under impact. To obtain some 
measurement of the ' strength of materials under impact conditions, a 
rod-to-rod impact experiment was devised in which a projectile rod was 
impacted against a stationary target rod and the acceleration of the rear 
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face of the target rod was measured. This gave a gross measurement of 
an effective pressure gradient. 

As the impact velocity is increased in such an experiment, it 
is of interest to see whether the acceleration (pressure gradient) reaches 
a maximum, indicating the maximum effective strength of the material. 
This value can be used in a theoretical program or as a means of rating 
different materials for use under impact conditions. Work to determine 
this maximum was carried out with glass, polypropylene, nylon, plexi¬ 
glass, polyethylene, wood (birch), aluminum and a compressed wood 
fiber called Benelex 70. 

The system used to make the desired measurements was built 
up around devices which indicated the time-position history of the flat 
end of a rod from measurements of the total light incensity from an illu¬ 
minated slit which was covered or uncovered by the moving rod. A 
schematic diagram of the system is shown in Figure 4. All possible 
measurements listed were not made on each shot. Rods were U.5 inch 
in diameter and were either 0.75, 1.0, or 2.0 inch long. 

The optical system was designed to permit the following mea¬ 
surements: 

1. Velocity of the projectile at the time of impact 
with the target. This allows impact pressure 
to be determined. 

2. Time of impact upon target. This gives wave- 
velocity data. 

3. Time-position history of rear target face after 
impact. Differentiating this curve twice gives 
acceleration data and thus pres sure-gradient 
data. 

4. Velocity of target after acceleration. This 
allows calibration of the acceleration curve. 

Of the four measurements required, it was found that deter¬ 
mining the time of projectile impact upon the target was the most diffi¬ 
cult. One method tried was to pass a beam of light in front of the target 
rod and observe its intensity as the projectile impacted the target. It 
was expected that when the projectile closed the gap in front of the tar¬ 
get, the time of impact could be determined as being that moment when 
ail the light was cut off. This method was useful at low velocities, but 
at high velocities it became difficult to determine just when the light 
was at zero, because the oscilloscope trace was rounded rather than 
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showing a sharp break. Later it was discovered that this was due to the 
generation of light at impact in the transparent plastics. Also, the target 
rod sometimes appeared to move from air shock and vibration before im¬ 
pact. 

A simple wire make-circ-i* was substituted for the first light 
slit and gave better results. The impact end of the target was painted 
with conducting silver paint and two small bare wires were suspended in 
front of the target. When the pro,ectile pushed the wires into the silver 
paint, the circuit was closed. At first a charged capacitor, discharged 
into a pulse-forming circuit, provided a pulse to the oscilloscope. This 
proved to be more reliable than the othe; methods tried, but still gave 
some trouble due to the high voltage across the Dreak wires. Some pre¬ 
mature discharging of the capacitor was experienced. This was improved 
by using a low vol*age battery which shii*ed the oscilloscope trace when 
the make wires were shored. 

The acceleration of tne rear target face was measured using a 
light beam which was intercepted by the rear face. Figure 5 is a sketch 
of the oscilloscope trace produced as a *:arget rod moves and cuts off a 
light beam. 

Tne source of the pip oí light represented on the oscilloscope 
trace, which occurred at or about the time of impact, was found by shoot¬ 
ing a projectile into a target with all .rungs normal except with no light 
present. The pip on the oscilloscope trace was still evident. Subsequent 
investigation revealed that a lumirescerce was taking place upon impact 
and increasing in intensify as the impac4 pressure increased. No further 
study was made to determine if the intensity of the light is directly pro¬ 
portional to impact pressure or where the upper and lower limits are. 

At first it was telievec ’hat iris luminescence could be used 
to indicate the time of impact; but cf'.er a number of shots were made it 
became evident that controlling it would be a problem and that it inter- 
ferred with the acceleration curve in too many instances. It was elim¬ 
inated by painting the target rod black. 

Mucn difficulty was experienced a* higher impact velocities in 
obtaining a target velocity. This was caused by the target rod breaking 
into small pieces before the velocity-measuring station was reached, 
thus giving erratic data. To overcome this problem, the single slit at 
the rear of the target roa was changed to a double slit to give a step in 
the oscilloscope trace. Knowing 'ne distance between the two slits, the 
velocity of 'he target rod could be calculated thereby obtaining a rod 
velocity before fragmentation coula *ake place. 

The linearity of th^ system was checked by shooting a projectile 
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Figure 5, Oscilloscope ^race from photomultiplier 
observing rear end of targe*: rod, A 
double .igh* beam of known, spacing is 
used to give an internal velocity cali¬ 
bration so thõ* an absolute velocity 
measurement is available for ary slope 
on tne trace. The light pip is ordinarily 
eliminated by painting rods . 

through the light beam at a constant velocity with no target in place. 
It was found that some non-linearity was present in tne photomultiplier/ 
tube. This was eliminated by focusing ail light across the slit to a 
point on the tube which gave the best response. 

The linean.y of tne photomultiplier arc associated electron¬ 
ics was checked with a rotating disk, A slit was cut in the disk which 
would pass a beam of light into the photomultiplier once each revolution. 
By synchronizing the rotation of tne disk with *he sweep of an oscillo¬ 
scope, a photograph of the rise and fall was obtained. This was deter¬ 
mined to be about 0,1 usee, which was well within tne time requirements 
of the event being measured. The size and shape of the slit was also 
varied to show the*: these factors had little effect upon the shape and 
rise time of the lign* pulses, 

A spark source with a known rise time of 0,5 usee was used 
to check the response of the photomultiplier system, I* was suspected 
that the target was moving before actual impac* because of vibration 
caused by shock waves or by air press me ahead of the projectile. This 
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was checked by shooting into a target firmly secured to the support plat¬ 
form« It was determined that some movement took place. A small amount 
of silicone grease between the target and its support platform prohibited 
this without decreasing the acceleration of the target significantly. 

It was found that a maximum projectile velocity of about 0.2 
km/sec could be obtained with compressed air as the propellant. Further 
increase in air pressure after this velocity was reached actually reduced 
the velocity of the projectile. This is believed to have been caused by 
turbulence resulting from a small opening between the gun and the air 
reservoir. Because of this,, gunpowder was used to get higher projectile 
impact velocities. When using gunpowder, the velocity and acceleration 
measuring systems shown ir Figure 4 were found to be unsatisfactory be¬ 
cause light from the burning powder was picked up by the system and the 
signal was driven off scale . The problem was solved by using wire probes 
in the gun barrel to measure the projectile velocity, and by modifying the 
system for measuring target acceleration and knock-on velocity. A sketch 
of this arrangement is shown in Figure 6. The light source, lens arrange¬ 
ment, slits and photomultiplier tube were mounted in a light-tight box 
with the light source adjusted to give parallel light passing in front of 
the target rod. With this system, it was possible to differentiate between 
the parallel light of the system and the light coming from the muzzle flash. 

If a cylindrical projectile is impacted against an identical tar¬ 
get, the target being stationary but free to move, the target and projectile 
are equally deformed. Also, where the impact velocity is low enough to 
prevent mass loss from the target or projectile, a measurement of impact 
velocity and the knock-on velocity of either the target or projectile allows 
the amount of energy going into internal energy to be calculated. This 
can be seen from the following equations. 

For a cylinder of mass m impacting against an identical cylin¬ 
der, the momentum equation is 

mvi •- mu^ + mu2 

where 

Vj ■- projectile velocity before impact 
U} = projectile velocity after impact 
U2 ~ target velocity after impact. 
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Oscilloscope for 
recording output of 
photomultiplier tube 

Trigger 

Time 
Delay 

Oscilloscope 
for measuring projectile 
impact velocity , 

Trigger 

1, Probe #1 
2a Probe #2 
3o Light source 
4. Collimating lenses 
5o Slits 
6 a Aperture 
7o Photomultiplier tabe 
8» Target rod 
9. Gun 

IO, Projectile rod 

Figure 6a Sketch showing the modified system used for determining 
projectile impact velocity and the acceleration and knock- 
on velocity of the targe*. „ 



The energy equation is 

1 
2 4 mu 

2 
2 
1 

-i- mu 2 + f i mv 2 
2 2 2 1 

where 

f “ the fraction of the kinetic energy of the projectile 
before impact which appears as internal energy of 
the target and the projectile. 

By eliminating u^ (using the momentum equation) we get 

f 
2u2 

V1 V 
2 
1 

Thus we see that i can be calculated when Vj and U2 are known. 

A system was developed which would accelerate the projectile 
cylinder, produce an aligned impact of the projectile against the target, 
and measure the projectile impact velocity and the target knock-on ve¬ 
locity. This system was similar to that shown in Figure 4. Both com¬ 
pressed air and gunpowder were used to acuc’erate the projectiles, 
depending on the velocity desired. Shorting probes were used in meas¬ 
uring projectile velocity when gunpowder was used. With compressed 
air, a light beam, as shown in Figure 4, was substituted for the probes. 

2.3 Experiments Made under Low Strain-Rate Conditions 

A Tinius-Olson testing machine, with which a constantly in¬ 
creasing force of from 0 to 120,000 pounds could be applied, was used 
in deforming specimens at strain rates of about 10‘2 per second to about 
1 per second, iwo experiments, designated as the disk-crushing experi¬ 
ment and the rod-elongation experiment, were performed. 

2“S»! Disk-Crushing Experiment. Disks of the same materials 
and of the same sizes as those used in the impact experiment were deform¬ 
ed with the testing machine , Typical stress-strain curves were obtained. 
An example is shown in Figure 7. The energy going into deformation was 
determined for each test from the area under the curve. All of the materials 
listed in Section 3.2.1 were used in this experiment. 

2.3.2 Rod-Elongation Experiment- In an attempt to determine 
the amount of energy used in friction between the disks and the anvils in 
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deformation of a copper disk with a testing 
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the disk-crushing experiments, copper test specimens were prepared and 
deformed in tension in the testing machine. Total deformation was cal¬ 
culated for each specimen and compared with the deformation energy cal ¬ 
culated from the stress-strain diagram. 
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3 o RESULTS 

The experimental results of this investigation are presented 
here in graphical and tabular form» Section 4»! consists of a develop¬ 
ment of the differential equations governing the mechanisms associated 
with the disk-crushing experimento Ihis section should be referred to 
as a preface to the experimental results in order to better understand 
the manner in which the data are presented and compared .. Also, Section 
2ol should be referred to for an arc-rstanding of the method used in 
calculating deformation» 

Section 3ol deals mainly with the disk-crushing experiments 
with sub-sections treating such subjects as the relationships of the 
degree of deformation *o specific energy, the amount of energy used in 
friction between the disk and the anvils, and the comparison of values 
determined for the proportionality constant relating energy to deformation 
for different materials and experiments» Section 3,2 is concerned with 
the pressure gradients developed in different materials in the rod-to-rod 
impact experiments „ In Section 3» 3 the results of fhe thin-plate impact 
experiment are presented, 

3,1 Results of Disk-Crushing Experiments 

3» 1 » 1 Degree of Deformation, Disks made of copper, alum¬ 
inum and various plastics were deformed by impacting them at velocities 
of ten to seventy meters per second with a hardened steel cylinder or by 
compressing them in a ‘esting machine under s atic conditions. The de¬ 
formation rate in experiments using these two methods varied by as much 
as a fac*or of 107» It was anticipa'ed 'hat such a variation would show 
any strain-rate dependency in the meceríais tested merely by observing 
variation in fusing Equation 13 of Section 4,1» 

Mos* of *;he disks were of the same original size; 1/4 inch 
diameter by 1/8 inch thick» However, copper disks of other sizes were 
also used. Materials used were annealed and unannealed copper, 99,99 
per cent pure aluminum, 6061 -T4 and 6061-T6 aluminum alloys, nylon, 
Lexan, Teflon, polyethylene, and polypropylene. 

The specific energy (energy per gram of material) and the degree 
of deformation (the logarithm of the ratio of the final disk thickness to its 
original thickness) have been determined for each impact shot and for each 
compression test. In Figures 8 +o 14, the ratio of the final to the original 
disk thickness is plotted on a logarithmic scale versus specific energy. 
Figure 8 shows data for copper, Figure 9 shows data for aluminum, and 
Figures 10 to 14 show cata for plastics. If the relationship expressed in 
Equation 13 is correct, lines irawr ‘hrough the points in these figures will 
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be straight, indicating that specific energy is directly proportional to the 
logarithm of the final and original disk thickness ratio. This is seen to 
be approximately true for all cases. 

In Figure 8, the data for copper show that there is no observ¬ 
able difference between disks of different sizes , This indicates that 
friction losses are proportional to mass for disks of the same relative di¬ 
mentions, The best-fit curves to the copper data are shown in Figure 15. 
Data points are omitted for clarity. Differences are shown in Figure 15 
between annealed and unannealed copper, indicating strain-hardening ef¬ 
fects; and between static and impact data, indicating strain-rate effects. 

The data for aluminum in Figure 9 show some effects of fric¬ 
tion or strain hardening and show a large strain-rate effect. This is 
shown by the difference in position of the data points from static and 
impact tests. 

In Figures 10 to 14, both static and dynamic data concerning 
five different plastics are shown. In each one, a strong rate dependency 
is exhibited showing that it is stronger under impact conditions than 
under static conditions. It is also shown thaf under impact conditions, 
an apparent "strain-softening effect exists for nylon and polypropylene. 

3.1*2 Friction in Disk Crushing. Experimental work was 
done to determine how much of the energy going into crushing of a disk 
was due to frictional loss with the anvil surfaces and how much was 
actually due to internal deformation of the disk. Tests were made by 
deforming a rod in tension in a testing machine, determining the energy 
involved, and measuring *he deformation on the same basis as was used 
in the disk-crushing experiment. It was found that although friction 
required a fair-sized correction to be made in the results, it was not 
large enough to invalidate them. It was found that with the copper 
disks at large deformations, about 25 per cent of the energy was used 
in friction wifh the disk faces. 

3.1.3 I he Relationship of Energy to Deformation . Table I 
contains data comparing total deformation to the energy involved for 
copper and steel specimens. Data from the rod-elongation, thin-plate- 
impact, and rod-to-rod impact experiments are given. For copper, 
average values for T in the rod-elongation experiment are considerably 
less than those in the other two experiments. This is considered to be 
due to a loss of energy through rebound of the projectile in the thin- 
plate experiment and to energy ueing used in friction between the impact¬ 
ing rods in the rod-to-rod experiment. The limited data show no obvious 
differences between the da‘a from annealed and unannealed specimens in 
the rod -elongation experimev , This migh* be d ^e to the low rate at which 
deformation occurred which iode it possible for strain hardening to be 
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reintroduced into the annealed specimens«, 

Table II contains average values of Tfor the disk-crushing 
experiments«, Copper is seen to te stronger under dynamic conditions 
and unannealed copper is stronger than annealed copper under dynamic 
conditions but not necessarily so under static conditions. Pure alum¬ 
inum is stronger under dynamic conditions. The data from the aluminum 
alloys show the influence of strength. Ur-der static conditions, the 
values of Tfor all of the plastics are only about half those obtained 
under dynamic conditions. 

3.2 Pressure Graciems 

Dynamic strength measurements were made in which a projec¬ 
tile rod was impacted against a similar targe* rod and the acceleration 
of the end of the *arge* rod, opposite *he impacted end, was measured. 
This acceleration gave a measure of the combined pressure and stress 
gradient which reached the end of the roc. 

Measurements were made at impact velocities of up to 0,2 
km/sec with plexiglass, Benelex 70, polypropylene, glass, polyethyl¬ 
ene, and wood (birch); and to 1,5 km/sec witn nylon, phenolic, and 
aluminum. Also, measurements were made with nylon, glass, phenolic 
and aluminum specimens of different lengths to see if a variation in this 
parameter caused a change in the strength value. The results are plot¬ 
ted in Figure 16 where maximum pressure gradient is represented as a 
function of projectile impact velocity for each material tested. The 
curves are best-fit-by-eye lines drawn through the data points. As an 
example of a plot of actual data, the points for phenolic are shown in 
Figure 17, In a few of the materials especially nylon, there was con¬ 
siderable scat*er in the data. This is considered to be due to the 
specific material properties because scatter is not excessive with all 
materials. 

Calculations were made concerning the fraction, f, of the 
kinetic energy of the projectile rod going into internal energy of the 
target and projectile. Values of f were plotted as a function of projec¬ 
tile velocity for all shots to see if some additional information might 
be obtained regarding the manner in which energy is utilized by different 
materials. The only significant features observed are that for all ma¬ 
terials tested f approaches 0.5 at impact velocities in the range 0.1 - 
0.2 km/sec, and becomes less than 0,5 at velocities of from 0.5 to 
1.0 km/sec; the decrease caused by energy being used in the accelera¬ 
tion of projectile and target fragments as fracturing occurs , 
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TABLE II. 

Conditions 

Dynamic 
Dynamic 
Static 
Static 
Dynamic 
Dynamic 
Static 
Static 
Dynamic 
Dynamic 
Static 
Dynamic 
Dynamic 
Dynamic 
Static 
Dynamic 
Dynamic 
Dynamic 
Static 
Dynamic 
Dynamic 
Static 
Dynamic 
Static 
Dynamic 
Static 
Static 

Average values of T(energy per unit deformation) 
for disks crushed under both static and dynamic 
conditions. Under disk dimensions, the diameter 
is given first, followed by the thickness. 

Disk 
Material Dimensions T 
- (inch) (toules/unit) 

Copper 
Copper (annealed) 
Copper 
Copper (annealed) 
Copper 
Copper (annealed) 
Copper 
Copper (annealed) 
Copper 
Copper (annealed) 
Copper 
Copper 
Copper 
Aluminum (99.99% pure) 
Aluminum (99.99% pure) 
Aluminum (6061-T4) 
Aluminum (6061-T6) 
Lexan 
Lexan 
Polyethylene 
Teflon 
Teflon 
Polypropylene 
Polypropylene 
Nylon 
Nylon 
Polyethylene 

1/4 X 1/8 55 
1/4 X 1/8 41 
1/4 X 1/8 33 
1/4 X 1/8 42 
1/8 X 1/16 71 
1/8 X 1/16 61 
1/8 X 1/16 47 
1/8 X 1/16 49 

3/16 X 3/32 62 
3/16 X 3/32 52 
3/16 X 3/32 19 
1/4 X 1/16 50 
1/4 X 3/64 48 
1/4 X 1/8 69 
1/4 X 1/8 49 
1/4 X 1/8 145 
1/4 X 1/8 199 
1/4 X 1/8 161 
1/4 X 1/8 81 
1/4 X 1/8 108 
1/4 X 1/8 50 
1/4 X i/8 20 
1/4 X 1/8 205 
1/4 X 1/8 73 
1/4 X 1/8 265 
1/4 X 1/8 126 
1/4 X 1/8 55 
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3.3 Results of Thin-Plate-Impact Experiments 

It was mentioned earlier that rebound of the projectile in the 
thin-plate-impact experiment might account for the values of T in Table 
I being higher than those for the rod-elongation experiment. Rebound 
velocities were not measured, so it is not certain that this explanation 
is correct. 

Figure 18 shows the degree of deformation plotted as a function 
of distance from the point of impact for two specimens. The plots show 
that maximum deformation occurs at a distance of about one-half the 
radius of the projectile from the point of impact. 
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4, DISCUSSION OF RESULTS 

4 A Differential Equations of Disk Crushing 

The disk-crushing experiment uses two hardened-steel anvils, 
one fixed and one driven by a testing machine or shot from a gun. The 
disk is placed on the fixed anvil and some lubricant used to reduce fric¬ 
tion. If a relatively thin disk is crushed between two unyielding anvils 
at a velocity which is low compared with wave velocity in the material, 
we may assume that the material is incompressible, inelastic, and that 
flow is laminar without friction with the anvils. With unyielding anvils 
and no stored elastic energy, the energy of crushing can be determined 
by measuring the testing machine force and travel distance or by meas¬ 
uring velocity and mass of the anvil shot from a gun. The time history 
ol the deformation can be determined as well as the total energy in¬ 
volved. 

The geometry of the problem is as shown in Figure 19. 

I 

Movable J 
1 

7-- / / 
Disk 

/ / Fixed 

Anvil / / // 

-^ 2 

_ Anvil 
zo 

zs / / 
-z—7__Iz. 

Figure 19. Geometry of the disk-crushing experiment. 

The subscripts used are as follows, o = initial condition, f = final con 
dition, s = measurement made at the moving surface. 

-99- 



Neglecting body forces, the equations of continuity, motion, 
and energy for the system may be written in cylindrical coordinates as 
follows: 

Continuity 

|£ +^(orvr) +J--^(pv9) +^(ovz) = 0 (1) 

Motion (r component) 

vft 8Vr 
r <90 

avr 

dZ 

- - 
dr 

+ i £Tra. ZM + 
r ^IT r az 

(2) 

(0 component) 

P 
\ dt ar r 30 r + vz 

•?-|f-[-Í2^(r2rr8)+^ ÜSâ 
30 

37c êz 
0 Z 

(3) 

(z component) 

P + Vr 3VZ 
3r 

Ï0 
r 

3vz 
W + V: 

+ 1 
r 

5 r0z dT 22 
32 

(4) 

The T terms are the components of the stress tensor. 
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Internal Energy U 

p/iU+ eu + XiáU „IJ 
1 ¿z r ar r 30 9z 

r Ix (rq^ + 1 
r 

age 
90 

a V 
Trr 7T + r99 líXi 

r 39 (5) 

+ 

These equations may be simplified by the symmetry of the problem and 
by the assumptions mentioned. 

One simple flow pattern assumes that the z velocity decreases 
linearly from that at the moving anvil to zero at the fixed anvil. We as¬ 
sume ííp/sz = 0 during the time of interest after the first waves have 
passed through the disk. If the material is incompressible, the radial 
flow is then determined. The rate at which the piston displaces material 
at a portion of the circular disk of radius r is equal to the rate at which 
material flows out through the curved sides of the cylinder at r. 

nr2 vs = 2nr (z0 - zs) vr 

(6) 

r vs 
vr = - 

2 (z0 - z s) 

„ vs (Zq - z) 
Vz = ITo” Zs) zo*z*zs (7) 

VS a function of time and describes the motion of the moving anvil. 
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By symmetry ^-=0, v0 = 0, Tr0 = 0, Tz0 = 0 

The continuity equation (l), becomes 

av V av„ 
—L + _£ + —z = 
dr r az 

(8) 

Equations 6 and 7 satisfy this continuity equation. 

The 9 component equation of motion is identically zero. 

The r end z component equations become: 

P 
av„ 

at 
+ Vr 

avr 

ar 
- <ÉR - 

dr 
ilk + Jrr - IM 
ar r r 

(9) 

P 
8v„ av 
—S. + v —z 
at z az / 

ar. zz 
az do) 

Considering these equations with 6 and 7, we see that by 
observing the dynamic deformation, vs and z0 - zs, we can make impor¬ 
tant deductions as to material properties. By the assumed flow, relative 
material motion in the z direction is uniform throughout the disk, so 
drzz/6z = vz and vr can then be determined by observing vs and zs. 

In the energy equation, the pressure term is zero, as is seen 
by substituting Equations 6 and 7 into it. This is a result of the assump¬ 
tion of incompressibility. Heat transfer is neglected so the q terms are 
zero. The energy equation then becomes 

P DU = 
Dt 

+ pvr 9U 
dr 

+ pv. 3U = 
dz 

T 
av. 

rr ar 

(11) 
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This equation can be simplified further by using Equations 6 
and 7. 

P 
DU 
Dt (12) 

Note that Tzz is opposite in sign to and and avz/*z 
is opposite to 0vr/ar and vr/r„ The term in parenthesis may be lumped 
into one strength term T. 

Equation 12 provides a means of measuring and also Tjy, 
Í00 and Tzz since when the material is deforming to a large degree, the 

three terms are probably about equal. 

At low impact velocities, the strain is dominated by the dis¬ 
sipative T term and is probably fairly uniform throughout the material. 
Under the assumptions, the dissipation is uniform throughout the disk so 
the substantial derivative can be replaced by dU/dt. Thus, the energy 
equation is of the simple form 

p = T dzS 
dt (z0 - zs) dt 

For Tconstant, 

PU = Tin (13) 

where z0 and Zf are initial and final thickness of the disk. 

The actual nature of Tcan be investigated by measuring de¬ 
viations from Equation 13 as strain rate or total strain is changed. 
Various useful approximate equations can be written based on experi¬ 
mental evidence. As an example, T”may be written with terms giving 
the strain-rate effect, the work-hardening effect and possible work¬ 
softening effects. 

"z/z -U zU 
T = a + b (1-e c ) + d(l~e M + g(l +e ) (14) 

The a coefficient is determined by static strength, the b term is deter¬ 
mined by the magnitude of the strain-rate effect while c determines the 
strain-rate at which the effect becomes significant. Similarly, d and f 
determine the work-hardening effect depending on total energy dissipated 
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or U and g and h represent a v/ork-softening effect which dominates at 
higher energies. 

The iunci.icnal relationship among these variables may be 
quite different froru th it indicated here for some materials and some 
impact conditions . Under the brief exploratory program conducted so 
far, using copper, aluminum, and some plastics, the ideas embodied 
in Equation 14 seem adequate since T is only weakly dependent on 
strain or strain rate and the constant term, a, dominates. 

The experimental difficulties of separating friction effects 
from strain-hardening effects make the determination of d and f difficult. 

One approach to correcting for friction uses the following 
model. An infinitesimal area 2nr dr on the disk at radius r from the 
center moves with velocity r vs/2(z0-zs), The power going into heat 
due to friction on this area is 

F Cf fl r2 vs dr 
p _ 

Zo - ZS 

where F is the force per unit area under the test conditions and Cf is 
the coefficient of friction. Integrating from r = 0 to the outer radius R 
and multiplying by 2 to include both faces of the disk, gives the total 
power going into friction as 

2 F Cf it Vs 

Pf = 3 (Z0 - Zs) 

Vs/(Zo~Zs) can be expressed in terms of R using Equation 6; Pf then 
becomes 

Pf J F Cf n vr r2 

or 

4 9 
dW = - F C, HR2 dR 

3 f 

where W is the frictional energy. Integrating from initial to final disk 
radius 
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(15) W = i F Cf n (R 3 

Disk mass is proportional to for disks of the same relative 
dimensions, so energy per unit mass contributed by friction is independ¬ 
ent of disk size for disks of the same relative length to diameter. 

4.2 Analysis of a Disk-Crushing Experiment 

Figure 20 shows an oscillogram of light intensity as a function 
of time as light passing through a slit is cut off by a projectile as it de¬ 
forms a copper disk. Figure "’l , which was obtained by differentiating 
the curve in Figure 20, shows a plot of projectile velocity asa function 
of time. A plot of acceleration as a function of time, obtained by dif¬ 
ferentiation of the velocity curve, is shown in Figure 22. All data for 
this shot are given in Table III. Data for a similar shot at higher ve¬ 
locity are shown in Table IV. 

The energy going into the disk, computed from the dynamic 
data, agrees closely with that obtained from measurements of rod ve¬ 
locity and mass. The low rebound velocity of the rod indicates that 
less than 5 per cent of the kinetic energy of the rod goes into recover¬ 
able elastic energy of anvils and disk at these impact velocities. 

A rough estimate of the ratio of power going into the accel¬ 
eration of material to that being dissipated in the material is given by 
comparing the rate of change of kinetic energy of the material with the 
rate of change of internal energy. These energies are plotted in Figure 
23 tor the data of Table I. Note the different scales for internal energy 
and kinetic energy. The maximum slopes indicate that the maximum 
power going into internal energy is 60 times that going into kinetic 
energy. Impact velocity would have to go up from 3.52 x 10^ cm/sec 
to about 2.8 x 10^ cm/sec for power going into kinetic energy to equal 
that going into internal. Unfortunately, tests cannot be made to see 
how internal energy behaves at this impact velocity since the disk 
would be so thin that friction with the anvil faces would dominate the 
process; also, the anvils could not be considered rigid. 

These dynamic measurements have been used to compare 
integrated power data with total impact energy as computed from rod 
velocity and mass, and to compare instantaneous pressure with static 
testing-machine pressure data. No effort has been made to find the 
time function which satisfies the equations of motion. It is interesting 
to note that the maximum pressures indicated by the two dynamic shots 
are 7.9 x 109 and 8.6 x 109 dyne/cm2. The agreement between these 
two shots at different velocities allows a good estimate to be made of 
the strength of copper under flow conditions. A disk pressed to similar 
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Figure 20. Sketch showing light intensity as a function of 
time as light passing through a slit is cut off by 
a projectile as it deforms a copper disk. 

Figure 21. Plot of projectile velocity as a function of time 
obtained by differentiating the curve in Figure 20. 
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Figure 23. Kinetic energy of disk material compared with internal energy 
of material for the data of Table I. 
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thickness in a testing machine shows higher pressure, about 12 x 109 
dyne/cm2. The machine-tested disks were barrel-shaped after com¬ 
pression while those tested at high velocity were nearly right cylinders 
with straight sides. This probably indicates greater friction in the 
testing machine. 
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5 o DERIVATION OF STRESS EQUATION 

The stress or strength equation used in PART I 

■C = ± (Eq. 5, Parti) 

describes a Bingham material. This simple model was found to be ade¬ 
quate in the theoretical program as far as it was developed. 

The equation for aluminum, used in all computations, was 
derived from Figure 9. The results in Figure 9 are adequately described 
by the equation 

pU = Tin (z0/zf) 

where Tis given by Equation 5 above. To comes directly from the initial 
slope of the curve. (In this case the slope changes only slightly over the 
entire range). To was determined to be 5.4 x 10^ for 6061 A1 and 
2.1 X 109 for pure Al. (cgs units are used). The value 5.43 x 10^ was 
used as the nominal value in most calculations. n0 was determined from 
the difference between static and dynamic curves. The value of av/sx 
was approximately 3 x 10^, obtained by dividing disk thickness by impact 
velocity for a shot which produced zf/z0 = 0.3. A static test producing 
the same thickness ratios was compared with this. With all terms known 

, in the above two equations except u0, this can be calculated. The value 
obtained was 1.0 x 10^ (cgs units). Thus Equation 5 becomes 

! T = (i.o x 104) 5.4 x 109 
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i 

6. CONCLUSIONS 

The disk-crushing experiment gives quantitative measurements 
of the energy involved in the flow of solid materials and is useful where 
the material to h? tested is less rigid *han the anvils. The assumptions 
made in the simplified analysis are adequate for small deformations and 
can be corrected from the experimental results. Dynamic measurements 
can be made and the effects of strain rate and strain hardening on the 
strength of materials can be determined. These data make it possible to 
compare materials as to their resistance to flow deformation, and they 
provide necessary data for a theoretical analysis of the impact problem. 

The rod-to-rod-impact experiment gives comparative data con¬ 
cerning the maximum pressure gradients developed during impact. These 
data indicate the relative strengths of materials, including brittle sub¬ 
stances such as glass, under the specific conditions involved. 
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7. APPENDIX 

Section 7.1 contains a list of symbols used in the text and in 
the tables in Section 7.2. These tables contain all data concerning the 
disk-crushing experiments. 

Symbol 

rf 
zo 
Zf 
m 
to 
tf 
VP 
E 
Ek 
r 
"sp 
d 

D 

T 

7.1 List of Symbols 

Units De-asrlPtlon 

cm 
cm 
cm 
cm 
g 
cm 
cm 
km/sec 
joules 
joules 
Joules/gram 

units 

joules/unit 

Original radius of a test specimen 
Final radius of a test specimen 
Original thickness of a test specimen 
Final thickness of a test specimen 
Mass 
Original thickness of a thin-plate specimen 
Final thickness of a thin-plate specimen 
Impact velocity of a projectile 
Deformation energy 
Kinetic energy of a projectile 
Specific energy of a deformed specimen 
The natural logarithm of (r0/rf)2, zf/zo or 
tf/t0 in a deformed specimen. This is called 
the degree of deformation. 
In a uniformly deformed specimen, D is the 
product of the mass and the degree of deform¬ 
ation. In a non-uniformly deformed specimen, 
D =21 mi di; where the specimen is divided 
into an arbitrary number, i, of uniformly de¬ 
formed units. 
The proportionality constant relating energy 
to deformation 

7.2 Tables of Data 

Tables A-l to A-19. 
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13. AI BSTHACT This final report on Contract DA19-129-AMC-I50(X) reports the develop 
ment of a computer code for solving impact problems. The code uses moving 
mass points which have all the field variables such as pressure, energy, and 
stress associated with the points. The fields and their gradients determine the. 
forces on the masses and change as the points move. The code was tested in a 
one-dimensional problem where it was found to produce correct results, The 
ideas embodied in this work appear to have sufficient value to justify research to 
extend them to three-dimensional impact problems. 

An investigation was carried out on equations of state for materials of 
interest in armor development. A summary of existing data is given. A simple 
equation is given for the shock compression of metals and other materials and a 
computer code is given for calculating adiabatic expansions from a shock- 
compressed state. 

A complete report is given on an experimental program to measure material 
properties. The emphasis in the work is on measuring the energy involved in 
large-scale deformation of materials. Measurements were made by crushing 
disks of the test material in testing machines and by ballistic impacts. Measure¬ 
ments were also made on rod-to-rod impacts and on impacts of steel balls on thin 
plates of the test materials. Ultimate strength of materials was measured by 
measuring maximum acceleration of a free surface in rod-to-rod impact. Trch- 
niquc.s and results of the research are _ 
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If the report has been furnished to the Office of Technical 
Services, Department of Commerce, for sale to the public, indi¬ 
cate this fact and enter the price, if known. 
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