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ABSTRACT

The restoration of incoherent optical objects which have been
diffracted by an optical system and corrupted by detector and additive
backgiound noise is considersd. The approach to the problem is
basically numerical and considers operating directly on the noisy image
and point spread function rather than the Fourier transform of these
quantities. The effects of noise and the ' se of a priori information
in the restoration process are given particular attention,

Several "optimrum! estimates of the object intensity distribution

are considered. Based on statistics which have been verified iu practice,

the Baye's, maximum a posteriori, maximum likelihood and mezn squave

exrror estimates of the object intensity distribution are obtained. These
statistical estimates are compared mathematically and in many cases
numerically to other non;etatintical estimates formulated from cont:rol
theory and dynamic programming. Extensive numerical results have
been obtained for the restoration of various one:dimensional objects in

the presence of noise. Two monochromatic ""point sources" in the

presence of noise are shown to be resolved when separated by 1/5 of the

Rayleigh criterion distance. Numerical results are also shown for the
mean gquare error as a function of a priori information, the measuring

scheme chosen and diffraction,
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INTRODUCTION

Statement of the Problem

All objects which are inputs to a physically realizable optical
imaging system emerge from the system as imperiect representations
of the origina. object. Tbis object corcuption may he due to several
effects inherent in the optical system, such as diffraction and aberratioz,
as well as background and detector noise. In fact, the effecis of
diffraction alone can severely limit system resolution and effectively
destroy, insofar as the observer is concerned, the original object detail,
These effacts are 30 pronounced that in the past, as Toraldo di Francia
(1952) points out, the classical Rayleigh resolution limit has been
accopted as a theoretical limit, However, in 1955 Toraldo suggested that
a priori :aformation about the object could be used to alleviate the
apparent theoretical limits imposed by diffraction.

In 1964 J. L, Harris showed, by using some well-known results,
that in the absonce of noise a priori knowledge that the object is of finite
extent is sufficient to enable the exact restoration of a diffracted optical
object, This work theoretically establishes that object restoration is

limited only by system noise.



V/1iZ this background we state that the problem treated in this paper
is that of restoring an optical object which has been diffracted and
corrupted by background and detector noise. Particular emphasis is

placed on the trace~off between restoration cCetail and the limiting noisee,

Ap_gro;chal to -he Problem

Although a unique theoretical solution has been shown to exist, the
application of a working restoration procedure whick performs well for
a variaty of objects and optical configurations is quite another matter,
3acically, three approaches have been considered in solving this
problem.

One approach has been to utilize the Fourier transform relationships
that exist between the object and imsage., Harris (196¢), Osterberg (1966)
and V/olter (1961) have considered this approach. However, this
technique appears o be difficult to analyze when applied to the noisy
observed quantities, and as yet no results appear to be avaiizble which
use Fourier techniques in such an eavirorment.

A second approach, used by Barnes (1965a), is one of analytically
sulving for the object by using the eigenfunctions of an integral operator
involving an analytical point spread function. The drawbacks of this
approach, from a practical point of view, are: (1) the extreme difficulty,

at presint, in - .taining eigenfunctions for a general point spread function

S o
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(one that is measured), and (2) the fact that, to date, system noise has
not been included in the analytical restoratinn process.

The third approach which is developed in this paper is that of using
numetric . methods to perform the reatoration. We reiterate the
practical advantages of this procedure over those above, First, in an
actual real-world situation only discrete quantities are available to
operate on and effect a solution; i, e., the point spread function and
image are usually not analytically inown and so must be discretely
measured and thei operated on to perform the restoration, Secon},
the observed quantities are not deterministic but must be tre» ~d as
random variables. This randomness may be due to additive background
fluctuations, film granularity, photomultiplier multiplicative roise or
soms other detector noise. These effects can be taken intc account by
using numerical technique: and appealing to the statistically optimum

minimum mean square error (MSE) estimation procedure,

Plan of the Paper

The first section presents a review of the development of the
image=-object relationships and presents the integral equation that is to
be solved to effect the restoration, Emphasis is placed on reviewing
the assumptions involved in developing the imaging equation and in

discussing the concept of diffraction and how it is to be varied in this
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paper, Emphasis is also placed on the transfer of the continuous version
of the imaging equation to its discrete representation so that numerical
methods can be used in its solution,

As a preview to the numerical work that will follow later, the second
section after the introduction reviews previous numerical work in the
solution of the basic irtegral equation developed in the first sec:ion.

Also presented in this section is a dynamic programming solution,

develuped by the author, which utilizes an "area'' constraint in the
solution,

The third section treais two analytical approaches which assess the
difficulty in regaining object information which has been obscured due to
diffraction and noise. Particular emphasis is placad on the trade=off
between SNR and diffraction in obtaining this information.

The fourth section discusses the noise models to be used and
presents the development of the minimum MSE object estimate. This
estimate and the coriputational features discussed in the last two soctions
constitute the basic restoration procedurs as presented in this paper.

Results of performing actual simulated restorations and of the study
of errors involved in using the MSE estimate are presented in the last
two sections, Flere again, as in the section on analytical resulits,
particular 'emphuh has been placed on tha e..ects of noise and diffraction

in restoring object detail, In addition, emphasis has been placed on




presenting actual sirnulations for various noiLe levels 20 that one may

visually judge the restoration improvement. These simulations augment
the important but somewhat abstract results obtained in the analytical

section and serve to give one a more complete picture of the restoration

procedure,

1 O
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THE IMAGING EQUATION

n this section we derive and discuss the relationship between the
radiation from an incoherent source intensity distribution and the corres-
ponding image intensity distribution, Near the end of the section the
imaging equation in both continuous and discrete form is stated. In
order to clarify what is meant by diffraction as it applies to the restoration
problem, the concept of diff:action and its relationship to the imaging
equation will be discussed., With this background the reader should

be able to more clearly assess what is meant by object restoration in

the presence of diffraction,
The Optical Co tion

The opiical condiguration to be used in the derivation is shown in
Figure 1. However, it should be mentioned that the imaging equation
developed here with the subsidiary definitions necessary to utilize this
equation can be derived from several optical configurations., Two such
derivations ars mentioned below.

Helstrom (1964) derives this equation with suitable geometric
assumptions which make it possible for a lens or absorber to replace

the aperture. His approach is quite natural if one wants to develop the
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practical aspect of an instrument which observes objects at great
distances from the aperture,

Cutrona and others (1960) use a configuration composed of appropri=-
ately spaced lenses which is cften used in the laboratory. Using this
system, the only assumptions necessary to derive the imaging equation
are that the lenses together serve to image the object plane onto the

image plane and that the lenses are aberration free.

The Scalar Theory

To begin with, the disturbance in the object plane is taken as an
electromagnetic field at optical frequencies, The complete derivation
of the imaging equations by finding appropriate solutions of Maxwell's
equations has been accomplished only in a few idealized situations
(Stone, 1963). However, an approximate theory has been developed
which allows one to solve the imaging relations for a variety of aperture
shapes. The approximate theory treats the electromagnetic disturbance
as a scalar field and neglects effects due to polarisation. Fortunately,
the imaging equations developed from this theory predict the associated
distributions to high accuracy when certain restrictive although not
impractical assumptions are made.

The wave equation, which the amplitude of the wave in the scalar

theory must obey, is
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2,, L 2u
vu+—iz-o (1)
c ot

where u is the scalar amplitude of the wave and ¢ is the free space
velocity of light. The monochromatic (wavelength ) solution of this

equation in spherical coordinates may be written
u(R, t) = % cos [k(R-ct) + 0] (2)

where a is the constant fixing the amplitude, R is the spherical radial
variable, k = 2u/3, and; is a phase angle, This solution represents
the wave propagated from a point in the object plane,

It is desired to conrider many such points located at (a,f) in the
object plane, and so we write for the object amplitude distribution

w(R,a,8,t) = ¢ Ry [Alg, 8, t)e' ") 3

where A{x,0,t) is the complex amplitude, R ¢t means ''real part of, '

and c is a constant which takes the inverse distance relationship irto

account,
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Here we make the assumption as discussed by Helstrom ({1964) that
the observation time is to be small compared with the reciprocal band;
width of the radiation and that no information regarding the instantaneous
time dependence will be used. Dropping the time dependence and for our

purposes the unimportant constant ¢, we have
u(R,a,0) = Afa,p )eu‘R. (4)

Use of Huygen's Principle and the Geometric Assumptions

The Fovreier transform relations which will be developed are
essentially those established by Huygen, Fresnel, and Kirchoff. For
a more detailed treatment, the reader is referred to Stone (1963), O'Neill
(1963), Born and “7olf (1959), and Beran and Parrent (1964).

Consider : wave due to a point source in the object plane which
propagates toward the aperture, In essence, Huygei:'c principle states
that once this wave has propagated to points which are just through the
aperture opening, then these points themselves may be regarded as
sources of secondary wavelets that again propagate with the usual solution
(2) for a point source, The disturbances due to all of these '"'secondary"
sources which reach the image plane then may be appropriately summed
to obtain the image plane distribution, Finally, to obtain the image

distribution due to several point sources or a continuum of point sources
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in the object plane we merely sum or integrate over the object plane

coordinates, §
Following the above procedure we seek to find the amplitude at an

arbitrary point {y,o) just to the right of the aperture opening. At a point

to the left of the aperture

uR,,a,8) = Ale,3)e "1, (5)

e L e

Dealing only with the exponential,

ile ileo i.k(Rl -Rl o)
L) s e e

. (6)

i I e

Referring to Figure 1 the length R from Ol to O can be written in two

vays:

Ra nlz- <) - cB8)} = nm" -a?p?, W)
also

2 2 2. 2
R,“ =R, = (R“R )R, +R g} =¥" +c"-2(a +aB). (8)
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We now disregard the saquared term in the exponential on the grounds that
the Fraunhofer farfield conditions hoid and that the open portior of the
aperture plane is small, However, we still make the assumption that
the dimensions of the aperture are many wavelengths, an assumption
which is made in order that the scalar wave theory will agree with
experimental results (Stone, 1963)s We also assure that the source is

sufficiently far removed from the apertr:re so that R

-l-R1 = 2R in the

1 0
denominator, Thus, the electric field just to the left of the aperture is

kR il ‘!a '"'EZ
Ale,8)e 10, S (10)

In order to simplify the above expression (10) the following spatial

frequency components are defined:

f w L= (1;

i i

s ST T s AR Rl
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Expression (10) becomes
A 10, HTHE), (12)
We now define a transfer fundtion GC!,Y, £c) and obtain
Vo, fp) = GHE, £) AlB) em” e.m“'a P (13)

tor the ciectric field at a point (v, o) or (ﬁv, £ ) just to the right cf the
aperture; The magnitude G(f.v' £¢) cannot be greater than unity, for
the aperture cannot amplify the incoming field (Helstrom, 1964). We
also define the transfer function so that it is gero for points outside the
open portion of the aperture plane,

At this point we apply Huygen's principle and treat each point on
the right side of the aperture as a ''secondary' source, Following the
same reasoning used in arriving at the disturbance at the left of the
aperture plane due to a point source in the object plane, the electric

field in the image is

ikR, . f2w{f € + £ n) (14)
va.p (‘y'fc) . 20 e aY 4

where again we have assumed the Fraunhofer conditions,

SO S SR s R
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To obtain the total electric field due to a point source in the object

plans we must integrate over all of the ""secondary" point sources in the

| _ aperture plane. Thus, the electric field in the image plane due to a point
{ source in the object plane is H

| iR, » 1200 ¢ + £ n) 5 |
Vaplurdne 0 [[v, st e e e, () I
Substituting for \ ﬁ(f'y"ﬂ)
ik(R, . + R, )
Vo ptama=e 10 20 (16)
: 12e(€ (E-2) % £ (n-B))

.f[A(a,ﬁ)G(gv,fo_) e at ot .
e

Thus far we have dealt entirely with the aniplitude ~* the electro-
magnetic field, However, throughout the derivation that follows it will
be u.ssumed that we are dealing with incoherent light and that the measured
quantities are intensities, which add linearly. Coherent light could also
be arsumed throughout and the form of the imaging equation would be the
same as that derived for the incoherent case, In this respect the aumerical
techniques used could be applied to either coherent or incoherent
illumination, but the simulated results in the last sectior. apply only to

the incoherent case.
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The intensity (watis) at (§, n) due to a point source at (a,p) is

|
BBk =Y, g o) Yy gleand s [y, p&m )

where the star as used here denotes complax conjugate, Performing
this multiplication

blayfigin) = ] ﬁ" [ lacaer [ Glg,0% ) Glfy, £ )
“

42w [a 6y £y )4 B (£ -]

1 3
+2w [E(fy ~Ly) + nif_-£ )]
e ot 2 atydtyer af . (18)

To obtain the total iutensity due to a continuum of point sources

in the object plane we irtegrate over the object plane, 1hus

b(&,n) = f f b(e,8, £, n) dadd, (19)

o

and using (18)

¢ t
~ 127 [ (b =y s + lE_~£_)]

b{€, n) '\[f G(ty, fo_) G*(s'v. f;) e v c o
0

(20)

dred) ]df:ydﬁydfcdfc.

AL

[ fT |at, 5/ ,;iz" ety =£) 4046,

)

Hriflpuad

!
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The integral in brackets is defined as the s atial frequency spectrum of
the object intensity distribution, The quantity |A(r,5)|° is defined as

the object intensity distribution and wili te denoted x{~,3). The integral
in brackets is alsc e two-.di.menaiona.l Fourier transfoim of x(x,3)s Vie

'
denote it as A(fy~fy, £ o,-i:_). In general, capitai letters will denote the

- patial frequency transform of the analogous function in lower case letters.

To facilitate further sizaplification let ty = fy-fy snd t = f -f .,
Thus £y = fyety, dfy = =dty, andf, = £ -t , &f = -dt, and
o f2n[Ety + nt
b = [[ Xttt ) e >

(21)
r *
. gG(W, fo_) G (ty=ty, fo‘ -to‘) dﬂydfo‘] dtvdto_.

The integral in brackets above is defined as the Fourier transform
of the point spread function, It is to be denoted as H(tv,to_). It will be
assumed throughout for the configuration considered that this same poiat
spread function applies for all point sources in the object plane. This is
the spatial invariarce assumption one uses in an "idealized" optical
configuration (O'Neill, 1963). V/ith this definition

12w [Ety + nt
b3, n) = ,T X(Wa tc)H(tya to.)Q 0] dt'rdt' (22)

©0
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Taking the Fourier transform of both side of the above equation,

Bity,£ ) = Higy, £ ) Xity, € )o (23)

By the convolution theoxrem

bg,n) = ff h(E~a, n-B) x(e,B) dxdp, (24)

%

The one~dimensional vexrsion of (24) is

b(§) =]h(§-¢) x(r)da. (25)

Since it is assumed that the object is of finite spatial extent, Equations

(24) and (25) may be rewritien as

ben) = [[hE<, 0-) xie, 81008, (26)
R
2
a
blg) = [ hig=) xte)z, (27)
4

where Rz denotes the region in two-dimensional object space where

x(a,p ) is nonzexo,

iEatb I
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It iz our objective to solve the integral Equations (26) and (27)
for the object when the image and point sp~ead function are specified,
These equations represent the diffraction of an object by an optical
system and are known as the one and two dimensional versions of the
imaging equation, Of course, it is obvious to this point that no noise
is represented in Equations (26) and (27). Noise effects are treated in

a later section.,

The Concept of Diffruction

Vhen the point spread function is much larger in spatial extent
than the object, then the image is nearly equal to the point spread
function. This is a case of large diffraction, and the image bearc little
resemblance to the original object, Alternatively, when the point spread
function is small spatially in comparison with the object the image is
nearly e, aal to the object and the diffractinn effects are almost negligible.

In order to provide a measure of diffraction we define

R e Point spread extent
Object extent

(28)

where by point spread extent we refer to the "Airy disk' of the point
spread function and by object extent we refer to a measure of the outside
size of the object (where the object is nonzero); i, e., the size of a two=-

point scurce object is taken as the separation between the points,

SRS Y
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The ratio R may be varied in two ways, We can either fix tLe
aperture and vary the object or fix the object and vary the aperture.
Both methods of varying R produce the same qualitative results, In
this paper we have considered, so far as the simulated results are
concerned, a fixe3 optical system which views v irious objects, This is
generally the case treated in practice since the cause of a "diffraction
limited system® is usually due to the fact that either the aperture was
fixed when the measurements were made or, on realiring that diffraction
was severe, the aperture was opened as far as possible but diffraction

was still apparent,

Since we are presenting results for a fixed optical system that views
various objects, it was convenient to fix the aperture in reference with
the classical Rayleigh criterion for resolving two point sources. The

Rayleigh criterion resolution distance was set at unity, and thus :

2.0

S object size (29

and R = 2, 0 corresponds to the spacing of two point sources which
Rayleigh proposed were resolved, However, as we shall demonstrate,

two sources can be resolved even in the presence of noise when R = 10,0,

il

Now that the concept of diffraction has been reviewed and put in

context with regard to the restoration problem, we consider next the

it
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presontation of *he numerical technique to be used ‘n solving the imaging

equation,

The Numerical Technique

We desire to solve the imaging equation by a numerical technique.
Thus, we are led to consider approximate discrete representations of the
various functions involved., The one~dimensional version (27) for a single

point § 4 Ay be written as

m
bi = if] (hijwj) xj + « (30)

where bi = b(&i), hij = h(ei, aj), xj = x(aj). wj is the quadrature weight,
and ¢ i is the quadrature error involved in transferring from continuous
to discrete quantities,

The quadrature error ¢ is very important in the restoration pxocess,

i
particularly if it is assumed that the object, point spread function and
image are all continuous functions, The quadrature error can be
regarded as depending primarily upon the number of points (M) chosen
and the type of quadrature weight (wi) uced, Evidence indicating the
proper choice of these quantities for the one~dimensional case is

presented in = later section, Thus, at present, we neglect the

quadrature errcr and defer this discussion tc a later section.
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Generalizing (30) to N image points ﬁl. 62. .o .ﬁN. we have
N equations of the form (30) which may be written in matrix form as
b = Ax (31)

where the slementu ‘U in the A matrix are defined as

a‘j.hﬁwj isl.l..N

j. l,ocoM

and b and x are, respectively, Nxl and Mxl dimensional column vectors,
The two~dimensional version (26) may also be represented in the form
of (31) by a suitahle definition of the points in two dimensional space.
This definition is illustrated in the Appendix,

Equation (3£) is the discrete numerical representation of Equations
(26) and (27) used throughout the paper. Observation of (31) in light of
the objective (that of solving for x given A and b), the obvious solution
for the case when M = N and A is nonsingular is

x=a"lp (32)

T AR the inverse matrix for A.
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However, such a simple solution is essentially of no value when
applied to the practicas optical problem. The two outstanding difficulties
experienced by the author and cthers (Phillips, 1962; Bellman, 1965)

are stated below, First, in arriving at (32) it is assumec that no noise

is present in the system. The use of this assumption is very important

since sxcessive accuracy may have to be used in order to obtain the

correct solution, Se.)nd, as the diffraction becomes appreciable, thc

A matrix approaches a singular matrix, and from a computational point
of view the successful inversion of the A matrix is nearly impossible,

Both of these difficulties can be alleviated by taking the nois. and the

a priori information in* .ccount, This Zact is demonstrated in the

simulated restorations presented in a later section.

Phillips (1962) has also developed a technique based on control
theory which overcomes the problems mentioned above. Because of the
similarity of his solution, as developed further by Twomey (1963), 2nd
the minimum mean square error (MSE) solution, in the next section a
review of their approach to the problem is presented. Bellman (1965)
has further extended the computational procedure developed by both

Phillips and Twomey and has applied dynamic programming to the solution

of the problemn, Hence, we shall also considex the dynamic programming

approach and attempt to evaluate its merits and limitations as it applies

to the restoration problem.
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NUMERICAL SOLUTIONS AND METHODS

IN THE ABSENCE OF NOISE

Review of the Control Theory Approach

Because the final form of the solutions developed by Phillips (1962)
and Twomey (1963) is very similar mathomatically and conceptually to
the MSE solution derived later, a rather extensive review of these papers
is presented in this section,

Recall the one-dimeasional version of the imaging equation (27).
Phillips (1962) mentions that this integral equation of the first kind can
be unstable in that infinitesimal changes in b(f) can cause large changes
in x(a) and that the success in solving this cquation by any method depends
largely on the accuracy of b(f) and the shape of the kernel h(f~:),

Since the solution will depend on the accuracy of b(§), Phillips

suggests that (27) be altered to rvad

B(E) + e(€) = [ h(g = )x(a) da (33)

where e¢(f) is an unknown arbitrary bounded function, The solution to
this equation is not unique, but now we seek to find the best solution

from a family of solutions., The ''best solution' is referred to in the

il
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sense that further constraints are placed on the solution which enabdle
one to solve the problem,
Phim;;a introduced a smoothness constraint, which is that the
quantity
P 2
[ rewenas (34)
“m»
be small, where x"(£) denotes the second derivative of x(§). Numerically

(34) may be approximated by

" 2 35
z(x‘_l -in + xi“) . ( )
i=l

Phillips then considers the function e(f) to be bounded in the following

way:
a
f el(g) a¢ <E (36)
-2
or squivalently
el <E. (37)
i=1

(N
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Now we can prog. e the following minimization:
min %d( 2x, + )2 (38)
X 1" x ;
{xi) im] * 171 Tidd
subject to
NM 2
Z(E aijx -bi) -E =0, (39)
imsl j=1 j

Following the general minimization procedure using .agrange multipliers

the problem posed in (38) and (39) is equivalent to seeking the { xi)

which minimize
M . z -‘l "N M - 2 5
R(x)= Z (xi_l-in + xi-l-l’ + N TE aﬁxj-bi) -E (40)
iml tin] jo? i

where 7\.1 is the Lagrangian multiplier (Courant and Hilbert, 1953;
Hildebrand, 1952).

If we continued on with the Lagrangian method we would find partial
derivatives of R(x) with respect to the x and 7\.1. From these equations
one then solves for the x and )‘-l, In this case, however, we cannot
solve exglicitly for 7‘-1 unless the bound E is specified, Thus, to make

the problem more mathematically tractable we consider the quaatity

)"1 to be known and E to be unknown. This is often done in practice,

=
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and one can reason that the parameter 7\’1 is to be varied until some
specified bound is attained (Bellman, 1962).

When 7\'1 is nown we can equivalently choose x, to minimize
N M 2 M 2
Rix) = Z (Ba, x.<b)" + A T {x,_ ~2x, + %) (41)
jal ju1di J 1 i=1 174

Now the second term can be regarded as the constraint, while we scek
to minimige the squared srror.

Note that if ) is allowed to be negative the'' R(x) can be made zero
regardless of {xi} » Thus only non-negative values of ; are to be
considered.

To find {xi} we differentiate R(x) with respect to X, and equate

the result to zero. Thus,

x N M
=Z 3 (T a . x b) (42)
a,‘k i=l j:l LR

e pm Xy ) HOx i) 2 0

whars X, = xM+l =0, ke 3,4,...M-2. In mairix form this equation

can be written

AAx - A'b + \Hx =0 (43)
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where Ha=

s ordun
e mbhoh
S S G
i obheo
‘e broo
s * =~noo

The prime is used to indicate a2 matrix nr vector transpose. Thus,

the minimizing vector x is
x = (A'A +2\H)™' Atb, (44)

This is the result obtained by Twomey (1963) and is a slightly modified
form of th; original expression developed by Phillips (1962).

From (44) we see that if )\ is zero the solution reverts back to the
overdetermined pseudoinverse solution (M<N) or the inverse solution
(M=N). Values of >0 weight the constraint more heavily and a5 chosen
in accordance with the amount of "smoothing' necessary to control th2
unstability of the system,

Once the solution vector x is found the individual "errors" (ei) may

be cetermined from
e=z=Ax -b, (45)

These values may be used as a criterion t- thoose ) (Phillips, 1962).

For ) = 0, t".ec e, are zero.

i

z

talt

it it R

il
it



iUt

28

The choice of a suitable value for ) mav laad one to be rather
skeptical about the use of such a parameter., Experience has shown,
however, that in applying this tachnique to the optics problem the
ill-conrditioning of the original syste:a can lead to solutions which conflict
with the a priori knowledgs that the incoherent object intentity distribution
cannot be aegaiive or exhibit large positive or large positive and negative
oscilistions, Based on this rather limited prior information, a practical
choice of ) can be made,

In practice we can, by obtain’ag a solution for several values of 3,
determine a minimum value Mnin *° that the solutions do not conflict
radically with this a priori knowledge. For 2 range of values above this
minimum, the solutions do not change appreciably, and thus are all
"acceptable solutions," With this knowledge and the ase of further

computational schemes we can from a practical point of view circumvent

the arbitrariness in the choice of ).

Other Constraints

Twomey (1963) and Bellman, et al. (1964, 1965) utilize other
constraints wixich are applicable to their particalar problems., Tworaey
(1963) suggested a constraint which minimizes the sum of squares of
the differences between the actual solution vector x and an a priori vector

ps In this case we seek to minimize
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AX) = a, X, =b + .
The vector solution (obta.ined in the same stra.ightforward way as b-afore)

is
x = (A'A + 20" (Atb + 2p) (47)

where I is an MxM identity matrix. Twomey states that a general form

of the solution when many different constraints are considered is
x = (A'A HH)"! (A + ) (48)

where H is a matrix and p is a vector, and they are to be specified
by the constraint used.

Here we call attention to the fact that (47) and (48) are very similar
mathematically to the MSE solutions (149) and (155) which are derived
later. Conceptually, the methods used in deriving these equations are
also very similar in that the basic motisation in each case was to utilize
a priori information in producing a better solution. Further analogies
between the MSE and control theory approach are deferred to the Object

Estimation Section,
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Sequential Approximations

The method of sequential approximations or iteration shown here was
first mentioned by Bellman, et al,, (1965). It was found to be very
useful in the restoration problem and was used extensively in obtaining
the simulated restorations presented later. This method was applied to
both the MSE solution (157) and the control theory solution (47). The
method consists simply of continuously replacing the a priori mean or

vector by an updated version as shown below:
x = (AA + )\I)m1 At ¥+ (A'A + 7‘1)"'l X _1° (49)
This is a sequence in which x approaches the vector
x=A b (50)

for A nonsingular, The convergence of this sequence is seen as follows,

For convenience we define the matrix

B = (A'A + 71" (51)
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and the vector

d = A'b, (52)

Now for \>0 and A n- asingular the eigenvalues of \B are all less than

unity (Bellman, et al., 1965), To show that the sequence (49) converges,

we note that it is a Cauchy sequence

xn T Xl KB(xnnl - xn-Z)

= ‘*B’Z‘xn-z - xp.3) (53)

X =x = ()‘B)n[ Bd + xo(I +2B)],

whence, as n approaches infinity, X =% approaches zeroc and x and

x 1 approach x. Thus
x = (A'A + m" A'b +\(A'A + m": (54)
and

AR (55)

K
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Again we stress that unless we can successfully invert A (from a
computational point of view) and possess essentially deterministic know-
ledge of the vector h, then the vector x will not correspond to the cbject
vector x, Procedures have been designed into the solutions which alleviate
the lack of this knowledge, However, this does not minimize the importance
of the iteration technique, since its use allows one to effectively vary the
a priori information in a much easier way than by inverting a matrix for

each new valae of ).

Dynamic Programming Solutions

Review of dynamic programming

To present some continuity with regard to dynamic programming
procedures, the following brief review is presented. The reader is
referred to Bellman (1957, 1960, 1962) for further details, A classically
simple yet exhaustive example involving the principles of dynamis
programming would serve this purpose, but such an example is hard to
fird for the procedure described.

Dynamic programming is a term used to describe the mathematical
theory of performing a sequence of decisions, or more formally, the
theory of multistage decisicn processer In this paper it isused as a
mathematical tool to sequentially compute the vector components of the

object vector x.
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The . ~ajor advantage of dynamic programming over the solutions
just considered is that no matrix inverses are needed. Thus, this
procedure can alleviate matrix inversion errors for large or nearly
singular matrices. However, the procedure also has limitations for the
problem being considered. One such limitation is due to the use of time
as an artificial index of available informat.on, a facet to be discussed latex
in this section,

Dynamic programming solutions inherently depend upon the optimality
principle, which is; An optimal policy has tte property that whatever the
initial state and initial decision are the remaining decisions must
constitute an optimal policy with regard to the state resulting from the
first decision, The general proof of this principle is proved by a
combinaticn of induction and contradiction, A specific proof is found in
Bellman (1962).

For a more detailed review we consid’ . ...c wascrete deterministic
process; deterministic in the sense that the result of a decision is vniquely
determined by the decision and discrete in the sense that the process
consists of a finite numbe. of stages.

Bellman (1957) cefines a state vector p = (pl. coey pm) which is a
member of a set D and a sequence of tran.sformations T= {Tq} o The
transformations have the property that p ¢ D implies Tq(p) ¢ D also.

That is, the transformations have the property of transforming the state

vector at any stage of the process into its original set.
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A policy is any choice of the set of variables which yields an
allowable sequence of decisions. An optimal policy is the choice of q
Qacecy qN, which in our case minimizes a preassigned function of the
final state Py Ccrresponding to each q we have Tqi' and thus we may
equivalently regard a policy as a selection of transformations. The
preassigned function R(pN) of the final state is denoted as the criterion
function,

Now we define

f,(p) = min R oy (56)

where fN(p) is the N stage return obtained starting from an initial state
p and using an optimal policy.

We can use the optimality principle to obtain a recurrence relation~
ship for the functions uf the set fN(p) + Suppose a transformation Tq
is chosen as a result of {ne first decision, The new state vector is Tq(p).
The rainimum value of the criterion function as a result of the next N-1
stages is fN-l (Tq(p)) from (56) above, Using the optimality principle, if
it is desired to minimize the total N-stage criterion function, q must be

chosen so that

fp) = min £, (T (p)) (57)
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for N > 2, with
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fl (p) = min Tq(p). (58)

Equations (57) and (58) are the crucial relationships used in discrete
deterministic dynamic programming. Once these relationships are
established for the particular problem at hand, the solution is well on its

way to completion,

Stochastic dynamic pregramming

A similar formulation is available for a discrete stochastic process
in which the basic difference is that a decision results in a distribution
of transformations, Several additive noise forms were considered under
this formulation, but for the forms considered only first moments of the
additive noise entered directly into the solution, while second moments
and first moments entered into the final error function, Since we can :
assume without loss of generality that the noise mean is zero, these

solutions, except for the error term, were the same as the deterministic

solutions, f
Deterministic solution with area constraint %i
Bellman, et al, (1964, 1965) has obtained dynamic programming %;

solutions for two constraints, one which involves the use of an a priori

R
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vector p as in (47) and another wh’ch utilizes a smoothness constraint,

Here we obtain a solution which uses an area constraint and is suaited to

the a priori information available in the problem.
We first show that the area under the object is attainable from the
image and point spread function. The area under the object distribution

is the product of the areas under the image and point spread functions,

This is easily demonstrable, Consider the one-dimensional version of the

imaging Equation (25) which is
b(£) = h(E)*x(£) (59)

where the star as used here denotes convolution, The analogous :

exprer sion in the spatial frequency domain is
B(f) = H{f)X(f) : (60)

where

Expression (60) holds for all f, thus when £ = 0, we have

f b(E)dE = f x(€)dg f h(£)ag (61)
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which is the desired product of areas, The numerical approximation for

these integrals yields

M N /N
c=Z xw, s Z bs/Z hv (62)
i=1 ii izl 31 jal i

where W, 8 and v, are quadrature weights,

i i

Since c is attainable from (62) we can use (62) as the constraint and

minimize

M 2 N M 2
RM(x) a\( 2 wixi-c) + = (?3 ai.x.-bi) o
i=1 i=l j=1

(63)

Before proceeding with the dynamic programmming solution, we shall
consider the vector solution. Differentiating RM(x) with respect to Xy

and equating the result to zero,

oR, ((x) M N (M ”
- = N(Z wxc)w, +Z a, (Za,x.-b.)=u, (64)
9%y jap 13k kg

In matrix form

A WWIX = \cW + A'Ax = Atb = 0 (65)

LT
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where w! = (wl ye &, wy) is the vector of quadrature weights. Solving

for the vector x,
x = (A1A + y7wi) ™! (ATD + Aew). (66)

If we defiae the unit vector e! = (1,..,1), then the vector form of

the area constraint solution is
x = (A'A + )\ee')“1 'A'b + )ce) (67)
where w, @ 1, i=1,.00,M,

Evaluating RM(x) by substitution of (67) into (63) we obtain the

follvwing quadratic form for the error:

e=bl{I+A[AA +)ee! ]-l At} b
+ 2b{ NA[A'A +pee' ") &) (68)

+H\4+ Aze'[A'A + eet! ]-l el cz.

Tris may be written in the form,
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c+r {c“ (69)

Ty '
e=b.4Mb+2bpM N

which is referred to in the dynamic programming solution.
To begin the derivation of “he dynamic programming solution, we

specify that 1SM<N. For M =1 there rerults the simple problem of

minimiging

R, (x) = Ax; w, =c) +i§l(anxl-bi) 5 (70)

The minimizing value of x, is

Acw. + bta |
1 {1, (1)

x = 5
w, +at, a
W TR
J = {a Y ! = XX
where a (1) ( 11° 221000 'aNl) and in general a M) (alM’ ’aNM)
and represents the Mth column of the A matrix, R1 (x) evaluated at the

minimizing value of x, may be written in the form

. 2
n)x‘xr Rl(x) = b'le-l- Zb'plc trec . (72)

where
-3y

2
)‘wl + a'(l)a(l)

Ql=

R
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AW, a

(1)
;\wl + a'(”au)

o
—
|
(48]
-

2 2
AN W)
T = °

2
)‘wl + a.'(l.,a.(l)

The recurrence relationship

fM(b, c) = r;xgi]&[ fM-l(b.a(M)xM' c-waM)] (73)

is stated for M> 2, with

fl(b, c)= n}‘iln Rl(x). (74)
This recurrence relation is derived in the Appendix using the optimality
principle.

Referring to the definitions previously discussed, the parameters b
and c represent the state variables, the functions { fi(b’ c)} correspond
to tb » criterion functions, and the optimal policy corresponds to the
choice of x. or transformations {b-a(i)xi, c-wixi} .

The general form of the error for the vector solution (69) is similar

to fl (b, c) shown in (74) and (72), It is a simple ma tter to prove

56, s s b M STH vt s

b A bttt



4]

inductively that the general form of fM(b, c) is

tM(b, c)= b'QMb + Zb'pMc +r cz. (75)

M

To solve for the general scalar value x

M the recurrence relation

(73) is used with (75)

cz = min{ (b-a

1 '
b QMb +2b Py S +r i

]
M oM Cm-1® 2 )

+ Z(b - a(M) ) pN l(c WM N') (76)

rM_'l(c-w r )}.

Expanding the expression on the right,

2 2
1 1 i
b QMb +2b PyCtryc = x;?;:(b'QM-lb +2blpy, €t T C
4+ x° [r Wl + Zwy At P at, Q  .a,. .} (77}
VARSI YOS Mb Y M (M) M- 1 o) M-12 (M) 0

- ]
2l oW ar t o aPrar t WPy ] e

For convenience the first expression on the right in brackets is defined
as G and the second expression in brackets is defined as D, Differentiatin~

the expression on the right with respect to XM and equating the result

5 -
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to zero,

WFMa1 % gPMma1 T VMR Pr-1 2 vy R a1 "

x, & 2
M~ D b wz+2wa a
M-1"M "Pma1 2 oy PMa12 )

All of the quantities in this expression are known except le -1° Py-1’

Mel? but recurrence relations for these quantitiea can be estnblicrhed

by evaluating £, (b,c). Substituting (78) into (77),

and r

' ' '
bQMb+prMc+rNc abQ b+2ble L

2
g (79)

Expanding (.‘:2 and equating quadratic coefficients the following recurrence

relations are evident:

MPM-1 * 2y ¥PM-1 * !

Q.=0
M= “Ma1” 2

rM-l wM+?.prM+kM

"MPra1 ) M1 M P!

Px¢ =P (80)
M M-1" w2 + 2w +

MMt 2Pt g

2

o I Y B VLV
M M-l wli2w btk

™M-1"M MM M

Sestnh Sl e
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where for computational purposes we have defined auxiliary quantities

«a =Q

(M) T “M-1 (M)

PM =P Mol 3(Mmy

and

lﬁ\d = a'(M) QM-I a(M).

Recalling ine expressions for Ql’ P and T in (72) we see that if
Q0 =L p,= 0, and T=N then the relations just developed (80) hold
for 1<M<N.

If the stability control parameter ) = 0, then (78) reduces to

1V e O
' (M)¥M-12 (M)

X (81)

M
Since the scalars zi=0, i=1,...,M, and the vectors pi=0, i=1,...,

M, then for ) = 0 the recurrence relations (80) reduce to

Q.,=Q

v (82)

M-l ~ Ky,

for 1SM<N, with Q =L

The general relations (78) and (80) constitute the dynamic programmir<

WA HH

solution for the restoration problem using the area constraint as

praen
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previously described, These relations along wita the relations developed
by Bellman, et al, (1965) for the prior vector constraint were used in
actually aimulating thes restoration process. The resulte of these
simulations appear in a later section,

The major advantage of dynamic programming over the matrix inverse

solutions is that no matrix inverses are needed, As a further evaluation,

an apparent limitation ia discussed below,

Pseudo-time and dynamic programming

Time as used in dynamic programming is usually used as an index
to indicate the availability of information, In applying dynamic
programming to the restoration problem, time in this sense is an
artificial index since in most cases all of the information needed to effect
a solution is available at the same time. An elaboration of these state~
ments follows,

In business problems, as well as in many other problems because of
the sequence of time, only limited information may be available to ozerate
upon at a certain stage of the problem, and in these cases one can do no
better than act on the available information. For these cases the dynamic
programming solution is optimum in the sense of using all of the available
information. However, the stepwise minimization az noted in (70) iz
accomplished as if only the first column of the A matrix is available,

when actually the entire A matrix was available, There is some cost for

R R G it e
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this neglect, If this cost does not compensate for the computational error

involved in matrix inversion, then, neglecting other factors, one would
not use the dynamic programming approach. This tradeoff has not been
investigated in its entirety, but the evidence from the results available

indicates that the dynamic programming solutions are not as well suited

\0 the optics problem as the matrix inverse solutions,

Combination of dynamic programming and matrix inversion

As a continuation of the above discussicn, one logically inay ask if
there is a procedure one can use to combine the properties of dynamic

programming (which enable one to treat large dimensicnality) and yet uue

more A matrix information per object estimate. The author has developad

a generalization of the dynamic programming procedure which allows one
to restore the object vector as groups of subvectors, The solution for

each subvector involves the inverse of an increasingly greater submairix

of the original A matrix and thus utilizes more available information than

the scalar by scalar soluticn previously considered. It appears that this
generalization may be applied to all of the dynamic programming
constraints used thus far,

Because of the computer programming complexity involved and the
fact that the matrix inverse procedures were computationally sound for
the A matrix dimensionality considered, this generalization was not

investigated further, However, future efforts should not overlook this
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generalization, particularly in regard to the greater A matrix

dimensionality inherent in two«dimensional object restoration,
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ANALYTIC RESULTS WITH NOISE FOR SPECIFIC CASES

In addition to the theoretical implications that this section conveys,
this section is presented in order to emphasize the trade-off between
diffraction and noise in regaining object information which has been
corrupted hy these effects, Two rather separate looks at this trade-off
have been investigated, In each case different amounts of a priori
information about the object are assumed.

The first case involves the problem of discriminating between two
different objects, It is known a priori that there is a choice between one
of two objects and further that the objects are specified a priori as a
one=point source and as a two-point source object, In the second case
it is assumed that the object consists of two point sources, but because
of diffraction effects the separation between the two point sources is not
known, For the second case the relationship between the error variance
of an estimate of the separation and diffraction is shown, It is important
that the a priori information used in each case is emphasized so that
we can belter evaluate, qualitutively at least, the cost involved in
regaining various amounts of information from the observed image.

A second point to be mentioned is that th2 results presented in this

section are largely theoretical, while those that follow treat the morz
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practical aspects involved in the general restoration problem when there

is virtually no a priori object information,

Detection Error vs, Diffraction

The problem of optical discrimination or detection has been considered
by several authors (Helstrom, 1964; Harria, 1964b; Rushforth and Harris,
1966; . :n, 1966), In this treatment several assumptions are made
which enable the analytical solution to the detection problem to be obtained,
This is done to present a rather complete example of diffraction and

noise effects in the detection problem.

The noise model and detection scheme

To begin the problem, we assume that the image intensity distribution
is due to one of two known objects plus background noise, We consider
only the one-dimensional version of Figure 1 and that the objects are the
point source 4(a) located at the origin and the sum of two point sources
}o(e '"l) + 46(a -qz) located at n and 1, respecti<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>