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PREFACE

In accordance with the new educational plan for astronomic-geodetic specialty
spheroidal geodesy is studied in the IV course of geodetic colleges in USSR for 7
tours 5 week during the entire scholastic year, Independent Letiing of this depart-
ment of higher geodesy has as an alm, on one hand, to give future engineers the nec=-
essary Kknowledge for treatment of results of geodetic measurements of the spheroid
and, on the other, to prepare them for study of theoretical geodesy, mathematical
cartography and theory of the flgure of the Earth.

Till now in USSR there was no special textbook on spheroldal geodesy. The work
of' prafessor N. A. Urmayev "Sphercidal geodesy" (1955%), bteing a scientific treatlse,
contulne mainly results of his research on this subject and does not embrace all prob-
lems of the course program, Second part of the fundamental labor of F, N. Krascvskiy
"iuide to Higher Geodesy" (1342), which up to row was recommended as a textbook and
wiere spheroidal geodesy for a period of 1942 is presented with sufflcient illnecs
has slpgniticantly become cbsolete in certain parts. Furthermore, the work of ¥, N,
Krasovskiy, 1n the contemporary understanding can not te considered as a textbook,
This sclentific gulde, is intended not only for students and post gradustes, tut alsce
tor enyineerse-geodesists working on large astronomic-geodetlc nets, and tor tepinner
sceientlgts,

li.e offered textbook embraces all questions of the course program on oy eroidal
reodesy, wherr in many cases presentation exceeds the bounds of progras reqiirerents,
Juch appronch should be consldered as fully acceptable, since majority of tre gt et n
ar'ter masterisg  be course wish to study the problems deeper und to btecore wiier ne-

@ tinted with the direction of the development of sclentific *:oiuer in 1ve wre of
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spevral-dad ereoteny,

ALt f dochddy, ows o rele, Lo annjytic metrod ot presentation, the geometrle np-
P Lo oazed ror olariyy o ticeonrse and interpretatlon of complex analytic rela-
“loncetee, Jhe olannies] st et ieal apparstus ie used, However, in order tnnt
o e o artiftelal e roreanions and reckonings would not over sindow the fun-
anental tdeas deperdencier, nonetrundamental detalls of derivations of coertaln
dore b Dol e lons bnoa et er of gases were omitted,  Alengs with this an attempt
toomande to fuprove qecepted i1l now symbolism,

Ponentially tre oontent of ’:eltexzbook will Indlicate ithe following.

1. e ciapter on ¢llinsold curves is anbstantially expanded. Here for Lue
vire rime in our educational llterature is presented a resolution of geodetlic prob-
Tons wi* thae help of nermal se~tieors wid chords of ellipsoid. In cennection with
rels e shoaly atont norsal sectlors and chords of ellipsold are expounded witl cone-
sileeat be Mlinese, Teactling on reodesic and thelir application to resolution of
troblen: of gpreraieal geodesy occuples sutstantial place in the textbook., It is
show: tiat applicatien of geodesic in fie resolution of geodetlc protlems has deflnite
wiviarttames as compared o application af otuer curves on the rurface of the ellipsold.

So dhe tieary of peoder Lo triangle on the sarface of an ellipsold is présented
g ilne to teass work:  "Investiration of Curved Surtaces",

A, 'motie Lasis or resiulis of Investigations of the antror and other sclentiste
too e oswpler o calonlatlion ot reoderic coordlnales iIs conslderakly expanded, [or tre
rirss time toy ometrode of ne tessritimle ceuleulations of geodetic cocordinetes and the
s trod o cards by, M, O, Molodenskly are presernted,

e oresel Clen of seodetic proclems for long distances 1s pregented in ou

.;.
votip et ely new Canidorn, Lugiend of orne paragrapi, devoted to thls guestion in former

venTLer, trar cexitoes as @ Wiole chapter with account of bhasie methods of resolution
o dlpecs ot inverse cceodetic peerlens for lons dlstances,

Poeorren b oor repregertatio: of ellipsceid on a sphicre and plunes are pre-
Poo siocle Pl on o asis of eguations of Kos.l — Klemstn type, oltined o

e ot o e cenere]l o egautiong by iaics,

A lmporsaes ploee le e ld ry e ddeseript lon of peoder te prodectlions orf

elldpreid o plaree,  Ieov e st len corpurat fve evaldstion of tre mont o wlaely ised

cevader fo profest tons bs dvern,
‘. T A B T e eyl oprert of radar and speed o0 1err ceoder i
Pt e qe e
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measarements a necessity arose for the resolutlon of a number of problems on tle sur-

race of terrestrial ellipsoid, Parallel with this work the Chalr of Hiaher Geolesy

“IJ:A14, candidate of Tecih, Sclences V. A, Polevoy worked on composition of a train-
inc aid “"Mothematlcal Treatment of Radargeodetic Measurements”, wnicr were arlready
p"hlished.L There " re to avold parallellem in tLis texibook, the problems of trent-
zent. of radargeodeflic measurements are not shown,

8., In order not to overleoad the textbook witn examples of calculations, the

more model and universal of them are referred to the "Practicum" of professor B, N,

Rabinovieh,® PBut nonmodel examples are placed in corresponding places after presén-

|

tation of the theory of a glven problem.

_ ' The author attempts in presentatlion of key basic concepts to aveid "mathematical
ballast", which submerges the essence, How well he succeeded 1t is difficult for the
autior to judge, However he earnestly hopes for great help and friendly criticism
from geodetic soclety; such help became a tradition in our Soviet activities.

Of great help to the author in preparation of the manuseript for publication was
rendered by assistants of the Chalr B. F. Khitrov, V, A. Romanovskiy and A. N,
Solov'yev, Translation of foreign literature and a check of forelgn texts and names
were carried out by senior teacher of the Chalr of Foreign Languages MIIGAIK G. Iﬁ
Zalesskaya.

The author obtained ruch valuable egdvice and recommendations on the manuscript
from Asst. Professors A, I. Vitman, A. V. Butkevich and A. A. Vizgin.

I consider it my pleasant duty to express to enumerated comrades my deep grati-
tude for their help in my work, especially professor P. S. Zakatcv, whose very valuable

remarks rendered great service to author during final editing of the manuscript.

G. V. Bagratuni

{
t V. A. lolevoy, Mathematical (reatment of Radargeodetic Measurements, M., :
Yeoderizdat, suel.

EF. N. Rabinovich, Practicum on higher geodesy. M., Geodezizdat, 1961,

FTD=MT-" 4-290 -3
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CHAPTER I
INTROCUCTION

§ 1. THE OBJECT AND PROBLEMS OF SPHEROIDAL GEODESY
Higher geodesy 1s a science about the filgure of the Earth. The maln sclentific

problem of the highar geodes: consista of determination of the gize anrd shape of the

Earth; this problem 1s resolved by neans of establishment of a typical mathematical

flgure which would geometriculiy present the Earth on the whcle and the study of

deviations from the real form < the Earth from a fixed mathematical figure. Such

figure is a rotating ellipsoid wit) small poler compression also called a spheroid,
n

The term “"spheroidal geodesy" is derived hence.

Spheroidal geodesy is a study of the geometry of terrestrial ellipsoid and rep-

resentation of important parts of its surface on a sphere and on a plane,

All geodetic measurements are made on the physicsl surface of the Earth, then
for strict mathematical treatment the results are projected on the surface of adopted

reference-ellipsoid. The ellipsoid, oriented on the body of the Eartn, in a determined

way on whose surface are projected the results of geodetic measurements and or. which

cocrdinates of geodetic points, are determined, is called the reference-ellipsold,

Frequently the surface of reference-ellipsold is called the surface of relativiuy,

In order that the surface of the reference-ellipsoid would be disposed as neurly as
possible to the surface of the Earth within the limits of a given area, it is necéssary
that i1s major semlaxis usnd polar compression te obtalned from the results ot geodetic
gravimetric, and astronomical measurements, carried out in this area,

When it 1s spoken in hlgher geodesy about the surface of the farth, visitle

FTD=MT-1:4-300 5=
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physleal sarface {8 oot laplied, bl a sea level sarrface st every point of wilern o
plamt line colneldes wirh the normal, Tils condition sotizfles inrfnite riwrer ot
cea level surrmecs, In hlgher gecdesy that gurtace [s ecorgldered welen colueldes

vie tow miprfice of the werld ocean in oa state of complete equllibrlum of tur wnter

contalned in L4 ani, congegiently, not disturbed b. tlies, elbz, winds, oure
remits el atler facters,  IF 48 3uprface {8 hypothetically extended throup:. Lhe

mafnilanis o sten s manner thai “he plumb lines remaln nornal to 1t, everywnore fion
we wlll ottaln 2 closed, continuous without folds and ridges, even surface, which is

15

eilled - e dutum O rhe surtace of the Farth, Geometrie figure, limliLed by tinis

vortaee, tg called the geold. Thus, terms "surface of the geoid" and "datum of tn
surfraice of tre Enrth" have identical meauing,

in order to present the geoid on the «hole, an idea ls introduced in higner
Leodesy ahou( th:e general terrestrial ellipsoid, derermined by the following charac-
terioriene

1, The volume of the ellipnoid is equal to the volume of the geold. 2. The
cenier vl gravity and tie plane of the equator of the ellipsold coiricide with the
center of gravity and the plane of the eguator of the Earth, 3. The sum of the
syuares it deflections of the geold from ellipsoid should be minimum In height.

fhe problem of determinztior of the size and shape of general terrestrial ellip-
seid oenters Into nantural-sclence problem of study of the Earth as a planet and can he
rlgidly solved by foint ise ¢r data of geodesy, gravimetry, astronomy, geoprysies,
Seglugy and otner related seiences ohtalned for all the surface of the Earth,

srolectlon of the resulis cf tie geodetic ineasurements on the surtace ot the
reference ellipsold 1o 4 complex physicsl and mathematical problem, which is studied
In tre theuretical part of the higher geodesy, In spheroldal geodesy it is assumed
tiat i resilts orf fne geodetlc ceasurements are rigidly projected oun the surface of
e peterence-ellipsoid and gecietlc problems are resolved as 1if all tie meanurements

re perrorme ! directly on the surface of the reference-ellipsold,

o0 DEVELOSSEND OF RUDVULEDNY ARQUC CHE MATHVLATICAL F1 0 Jxi CF &F YARL

Jontemporary views on the tlgire of the Rartl take thelr teginninge trom 1.
newtoen, whe f'or tne rirst time tad, on 4 tasls of rne law of wniversal pravitetion
expressedd ng o thewm oot geometric rifire of the Farth is the resil' or aerlon o
WO Corees, the furce of cerreztrial artvreasetlon g of centritviyul Yoveoe,  Dvan,

pirely gecretric pprenci, et gaestion f dererninution o s Ehmare o e

-0

.- T
diln ’




Attty extsudrg prior to Xewton, was put to an end. Cons!idering the Earth as 7 uniforn

tely, fnowilen 41l particles are mutually attracted, and taking ratioc of centrifugal
oo e Lie fopse nf‘gruvity on the equator as eqgual to 1:2H0, NHewton obtalned 4
vitae of 113 for compreasion of the earth {(17865), HKesides, us ke neted, 1120 value
shonald denrenge, §f the denatty of the masses lnreases toward the center,

A contemporary of Newton, Dutch sclentist Kh. Gyuygens, considering attraction
GitotLe barth not from separate particles of her mass, &8 follows from the law of uni-
verssl gravitation, but from the center and taking this for ratic of centrifugal
turre 1o pravity on equator received the very same number as Hewton hed cbtalnes fur
cory ressaon of the earth 1:578 (10&8), that is half of 1ts actuml velue,

[nus, av the end of 1T7th Century without any direct measdrements or whe Surihfz
surtace, tvwo extreme limits for the compression of the Earth were obtalned, dean~
vhille, the real compression of the Earth could cnly be determined from materials of
4irect geodetic measurements, The French Academy of Sciences, founded in 1666, undere
took such measurements under the leadership of the famous astronomer (. Picsrd in
1653, Although the measurements of Picard were the first in thiz direction, before
thelir fulfillment numerous and very important for that time inventicons and instrue
mente, such as for instance, pendular and spring timepieces telescopes provided with
crosshulrs microscopes, cylindrical levels, and vernlers etc. were already utilized,
Pi¢ard considerably improved the methods of triangulation, originally proposed by the
Dutch scientist Snellius in 1615,

Results c¢f measurements of Picard and his pupils, published in 1720 by the
French Academician G, Cassini, showed that within limits of France the length of arc
of a degree on & meridlan decreases to the north, as if it testified not about com-
rression of the Earth at the poles, but of prolateness.

This contradiction was brought forward in the beginning by Cassini hinself and
then successors as refutation of the theories of Newton and Huygens, since neotual
measurenents were considered very preclse., However it was estatlished that the error
of' thc measuresients themselves was so great for such short distances that they wholly
can cover ihe influence of compr2ssion of the £arth. For clarification of ithic and
the evaluation of accuracy of measurements of Plcard new measurements were reyuired,
they were undertaken by the French Academy of Sciences in 1735-1743. Two arce were
measured near the Equater, in Peru, }°7' long and in thn north of llorway, in Lapland,

? lonz. Results of these measurements confirmed the correctress of the theory of
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dewtcen 4nd cimultaneously indirectly showed that the hax}n is s heterogeneous tedy,
glnce compresiion a8t near Equator measurements wags obtained equnl to 1:2314, anl nenr
the yoles 14 wus 1:214,

Vde, Al of Lhe major nutural-science proklems atout Tarth, ramely the deters
minstion of its size and shape, was solved in 18th cerntury by the results of geodetic
mepsurenents, French mensurements Yald foundationsg for degree measurements along the

meridlan, which began to be rapidly developed from the end 18th Century in many Euroe

renn stutes, Somewhat later, with the invention of the telegraph, degree measurement:

alory, Lhe parallels begsn,
Elgiteenth century 18 also famous for still other facte, in the history of geod-
% ecy to purely geodetic method of determination of compression of Lhtiﬁﬁrth were added
: other methods founded on theoretical positions of celestiul mectanics and other sci-

ences, The famous A, Clerot member of the French Academy of Sclences and participant
or' the Laplandian degree meaaurement, obtained an equation In 1743, which showed tiut
witl. the ald of a dlfference of gravity at the Equator and the Pole it ls possible to
calculute compression of the Earth., Delambre investigated dependency between the
flsure and distribution of Earth mags«es attracted by the Moon and the 3Sun. LaPlace
at tne end 18th Century found perludic terms in egquation of the motions of the Moon,
which: ure conditloned by the shape of' the Earth and distribution of masses within it.

In the second part of the celestial mechanics LaPlace on the btasis of the theory
o Moon's motion and results of meapgurements of the force of gravity obtained a value
ror the compression of the Earth, approximately equal to 1:300.

Lat'lace simultazneously indlcated that actual mathematical figcure or tie Farth
canno? exactly coinclde with “he prolate spheroid. de made this conclusion on the
basis of materfal or triansulation, at which deviations of the plumb lines were re-
vealed, far exceedinr the errors of measurements. Thils served 8s 4 reason tor the
derivation of the well known Lairlace equation, glving difference of peodetic and ag-
tronoxival azimatis,

ln rirst half of the 13th fentury several attempts were mude 1o oftairn from tie

claterultjon materfsl the value of a major semlaxis and compression of terrecstrinl
ellipscid. The most egsential contributlon in thls was made t» the Rreatest ‘ernan
astronomer and ;eodesist F. V. Fessel (1784-1d4¢). 1In 1641 on the basis of n troroa
treatmen! of triangulation materdadl by a metlod of leas! squnres hessel aobt-ined

values jor major semiuxis of a = ~2*77247, and for compression - = 1:Z239.14%. lor :is
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ierivatien Pessel uged the Enropean degree measurements of 'ue reneral extent of

oot S?U, where tre preater welght in his treatment wag given the part of ‘he tri-

st ilation, carried out under direction of the great Russinn astronomerereodesint
. T, Jnruve (1793-13;_4)‘
Irie Lo great sclentific authority of Bessel, his elllipscid was used In seadetic

work lmost everywhere, Even now Bessel ellipgsoid is used as s reference~ellipaotid

in certaln Furopean countries, Ti1l 1941 Besscl elllpsolid was alsc sed as a

R

reference~ellipsoid 1n USSR, Investigations of F. N. Krasovskiy (1878-1348) showed

&
220

that Pessel major semlaxis for area of USSR is approximately B850 n less., However Lie

&

value of compresslon of his e¢lllpsoid even now is considered one of pesr, 2

Work next in importance in this area is that of a well known English geodesist {
A. Clarke (1828-4914), author of work "Geodesy", translated lnto Russian by V. V. b4
Vitkovskly Ln 1890, Clarke twice, in 1866 and 1880, developed an ellipsold frov. Eurow
pean and Indian triangulation., He used material of degree measurements of Struve
extending 25020' along the Indlan arc 21°5' long and a series of small arcs of general
extent of‘about 75°.

Gieograpnic location of Struve arc and Indian arc are such that due to the pres-
ence of significant latitudinal waves along these arcs, compresslion according to
Clarke turned out to be exaggerauted, while tne value of the major semiaxizs was close
enoul to contemporary values:

a = 6378206, @ = 1:23% (1866)
a = 6378249, a = 1:293 (1880)

In the beginning of 20th Century several major Rusglan Geodesists proposed adop-
tion as a reference-ellipsoid for Russia a semiaxis according to Clarke (0378243) and
compression according to Bessel (1:299.15),

Clarke 1866 ellipsold is used in geodetlic work in the United States, Canads and
Mexico, and 1880 ellipsoid is used in France, Union of South Africa, and in certaln
French Fussessions in Africa.

Arter Russian geodesist F. F. Shubert (1859) to Clarke also belongs one of the

derivations of trlaxial terrestrial ellipsoid.

In tne ninetieth years of the past century Russian geodesists protessors :. A.

Jludskly (1541-1897) and A, M, Zhdanov {1858-1914), completed researc: or. derivatior

of parameters of terrestrial ellipsoid from Russian triangulation and as na result

chtained: N
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Jludskly -~ & = A277494, a = 1:297;
Zhdanov — a = b377747, a = 1:209,

In the 20th Century research on derivation of terrestrinl ellipsold continued
in furope and in America., 1In 4907 n well krown German geodesist b, i, Helmert {1 47~
117, author of & two-volume fundamental work on higher ;eodesy ("Die mathematisci.en
und phyetkalischen Theorien der hiheren Geodisle" Tneil I and LI 1840), divided the
problem on derivation of parameters of terrestrinl ellipsoid. iHe proposed to derive
compresslon from measurements of gravity and adopting it, derived a major semiaxis
tfrom triangulation, By this method, heving asbtained compression of 1:298,3, Helirm r:
determined the value of major semiaxis at a = 6378200 as & mean, obtalned from materin!
in kurope and the United States up to 1906, Helmert's achlevement is in that he
carried cut the ides of Joint use of material Of geodellc and gravimetric measure-
ments,

In 1910 American geodesist Hayford treated material of ext-nsive astronomic-
geodetic net of the United Stutes for the purpose of derivation of terrestrial ellip-
soid from American arcs, Hayford in his investigation used a theory of isogtatic
compensation of Earth's ¢rust. This theory assumes that the insufficlency of density
of masses in upper layers of the Earth's crust ls compensated by surplus of density
in lower layers to a determined depth, called the depth of isostatlc compensation.
According to this theory, for every section of Earth's crust it ls possible to accept
thnt the total mass in an individual vertical column, from physical surface to a cer-
tain internal surface, below which there exists a static equilibrium, is approximately
constant,

With the application of the theory of lsostasy Hayford obtained:

a = 6378388, a = 1:297,

Value of compression usccording to Hayford coincided with the value of compressici,
ortalned from data of measurements of gravity, which was then considered tie mos! re-
114ble,  (herefore in 1324 the Jeodetic Association of International Geodetic and
deophysicul Union (MGG3) gave preference to Hiyford derivaticn and adopted 11 as u
Irternaticnal ellipsoid, In geodetic literature the Huiyford ellipsold is called in-
ternational ellipsoid in the west. 3Series of geodetlc tables and instructions were
composed in the west using the dimensicns of this ellipsoid.

Investigations of ¢, . Krasovskly and A, A. Izo'ov showed tha' there 15 no fo.r=

dation for endorsing Hayford ellipscid tor general internation:l valie, since during




Lis derivatlon Le used trianpulation done only in the United Otates, Trianeul:at ion
1r UGS Las greater welght than in the Unlted States,

I'o §i. Krascvskly studled the problem of derivation of paramerers of terrestrial
ellipsoly guring almost all of nls scientiflic endeavor, towever nis iirst oetter
founded derivation pertalns to a perlod of 1931-1334, His work on thls prollem In
the torm of separate articles were publlshed In the journal "Geodesist" Ne, -, 7, 1.,
11, and 12 1lu 1936, In his Investigations F., N, Krasovskiy used material of ex ensive
t.elengulation in USSR, the United States, Western Europe and India. Furthermore, r.e
used materials of sravity measurements.

From shown material and taking into account corrections for triaxis he ot!ulned:

a = 378200, a = 1:208.6.

F. N, Krasovskily considered that 1t is doubtful if his derivatlon was erronepus
in value of semlaxis more than $100 m, and in the value of compression more thian orne
anit in denominator.

Research on the problem of the figure of the Earth in USSR continued at TsNIIGATK
under direction of Professor A, A. Izotov and at the Institute of Theoretical Astronomy
ot the Academy of Sciences USSR under direction of Professor 1. L. Zhongolovich and
after publication of the work of F, N, Krasovskiy, A. A, Izotov in his investigations
fully utilized the method of F. N, Krasovskly with addition of new important triangu-
lation in USSR (he included all the valuable materlals, obtained up to 1342)., Com-
bined treatment carried out by him of geodetlc, gravimetric and astronomical muterials
in lurope and the United States with introducticn of isostatic reductions gave the
r'ollowing values for the parameters of biaxial terrestrial ellipsoild

a = 6378295 ¢+ de m; a = 1;298.4 £ 0.4,

On the bazis of the same materials parameters of triaxial terrestrial ellipsoid
are obtalned:

mean radius of equator a = &378245 m,

mean polar compression a = 1:298,3,

eqgatorlal compression £ = 1:30,000,

longltude of the prime meridian 10 = +15° from Sreenwich..

These conclusicens, taking lnto account geographic disposition ot 1tillzed peg,
method o1 treatment and analysls of materlals are at present the most foinded rnd
answer thie requirements of strict mathematical treatment of extensive astroncanicnl

codetic nets tor derlvation of parameters of terrestrial elllpcvid, Tutgegiens
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olentivie lanvescigatlons In USsi snd rorelgn countries detinliely indleste Lot Lie

errar in nujer semnlaxtls of Krasovsrly ellipscld does not exceed 00«00 m, and in

conpreszicrn 1 unit in denomiustor,

Tow aell ospown Austriun gevdesist K, . edershteger [(13950) toklng Lito acco nt

e

correerions 1y rediactlon of bases on the surfgce of the reference &llipscld, obinired

rafor senioxds indtvidunlly tor Yuvope and Americn correspondingly “A7500d nned o ATT

s wonparing bthese resulls with the mojJor =emlaxis of prolate spherold of Kyaerovakiy,
we Sree tielr colnellence, Uiving these ddata in the latest publieation of the well

knowrs "Inztruetions on Higher deodesy", by Jordsn, its chief editor and co~-antharp
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Knea .51 writes in introduction "VWery good confirmation of the results

hy lLetersnteger are presentedl by the prolate spheroid of Krasovekiy (a = (3Thean g
1= 1109540,
krsulis of observatlons oI motions of Soviet artificial Tarth satellites aluo
contire this Jderivation with indlcated degree of accuracy.
in 190 Prevessor I. 0. Znongolovich obtained from the treatment of results of
at-tervations of rotation of three 3oviet satellites tor coapression of terrestrisl
Spreereld the value of 1:293.7, with an error in denohinator of 0,1.1

I 1401 American scientist Yu, Kozal using materianl for compressic.. O Lerres-

trlul sphercoid [ron American satellltes ~btalned 1:298,31,2
imuas, trom 4 October 1957, when USSR launched the virst artificlsl earth satels

B 1ite, 0 new epoch wus opened in the stuily of the figure of the Earth, a new powerrul
sl ownat 1 especlally lmpertant nn uesolutely independent metiiod of resolution at
thi predlen was abtained,

1w
iy

-

w Inuneking of artificial s:tellites and space rockets very exanct ealuy

.
il

A

tions Cfor determinstion of trelr orvits are required, In these calcula*ions various

geoeptysi-oal, astrononlcal ar geodetic constants are applied, in a aumber or t-en o

waJur semiaxls and compresslon of terresirial spheroid play o overy Lavge ol e
Tinsieeor neous™ oo the

pge values ty related sclences glve valustle materisl tor sye, -

the Jegree of rellatility of determination of these values by diccde 10 g oo

\
Liporessor 1, 7L Zhongolovich,  Experlience in determinatlion of certain paruweter:
o the Fopth gravitationsl fleld trom results of observation or satelliten 1997 A,

198 . 1058 ., Bulletin of optical obszervarior stations or arvirici-«l ¢upr:
1 o

¢
arellies M, 19, no, ?(1?\.

2y rcqi. The uravitarlonal Fleld of the Fart: Dorlved tros »

o Netiane of inre.
. ;o 8 r - . . -~ . .
Soeellltes (T e o gerreneri. ol Jeurnal o, 100, e 1Y,
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Ty the Resolurion of the Council of Minlsters US3R, from 7 April L3¢ tle param-
“eter: of ellipsold {major semiaxis a = 6378245 m and compression 2 = 1:2)8.3), were
14oj.ted ns obligatory for geodetic work in USSR as the most respornding to lts areans,
the ellipsold was named F. N, Krasovskiy In honor of his great gervices to the Soviet
geodesy., The Krasovskly ellipsoid was also adopied for geodetle work of Socialiat
States,  [Soviet satellites]
Results of research on derivaticn of Krasovskly ellipscid are presented in the

work of A, A, Izotov "Size and Shape of the Earth by Contemporary Data" {Geodezizdsat,
1953).

Ry now the results of geodetic, astronomical mnd gravimetric meagurements eave
correct conclusion mbout the figure of the Earth on the whole, However investigatior:
in this area continue with great intensity for derivation of general terrestrial el-
lipsoid and study of the deviations of the figure of the Earth from correct form of
rotation.

New developments in the problems cf the study of the figure of the Earth the
last 15-20 years is introduced by the work of M. 5. Molodenskiy and his school.

It is known, that the traditional scientific problem of higher geodesy wes con-
sidered to be the determination of the figure of the Listing geoid. Meanwhile, rigid
determination of the figure of the geoid is lmpossible without additional data. For
. obtaining these data it is necessary to resolve physicsally and geometrically a complex
problem: to reduce on the surface of the geold measured gravity, deviatlion of the
plumb line and results of geometric levelling, angles of triangulation and base lines
also have Lo be referred to the geold, In order to rigidly satisfy the indicated re-
ductions, it 1s necessary to know the density of masses outside the geold.

However for the treatment of geodetic measurements it 1s necessary to know not
the geoid tut a flgure of physical Earth's surface, gravity and deviation of the plumb
line on it, also the height of polnts of physical earth's surface abcve reference-
ellipsolid, With such formulation of the problem reduction problem immediately drops
off and there appears a problem of the study actual shape of the Earth's surface,

Thus, the scientific merit of M, S, Molodenskiy consists in that he introcduced
¢clarity into the protlem of study of the Earth and gave a new method of resolution
of the problem how on the basis of results of geodetic, astronomical and rravimetric

measurenents to determine the shape of the Earth's surface.
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§ 3. ESSENTIAL INFORMATION ON MA PHFMATICS

1. Series
dntority of prohlems of spheroldsl geodesy anre resolved by means of tactoriry-
tion of functions in power ceries according to Taylor, MacLrurin and Newton's bpinomi:!®
Lheoremn, .
e most essentlal pecullarity of the geodetic series is their rapid converiyence
and Sl slternation, In most cases the appllcation of series In peodesty thelr con- .
vergence 1s so evident that no proof ls deducted. The convergence of alternating
geries iz determined on the tasis or the following theorem.

Alternating serles

n.—u,-l-u,—u.-l—...iu.?u“_, (1.1}

(11 nre posirive numbers) 1t converges if the absolute value of its terms decrease unii

go to zero durlng infinite growth of n, wiile the remainder of the series does not

exveed tne absolute value by absolute dimension of the first of dropped terms and hius

i same sign, .

Let serivs:
40 +0 . 4o, 4o, ...,
where:
By,
converges, then 1t Is possitle to assume that:

[
-—’-—"' <s,

with wnls ¢ Is a proper raction,

tunseyuently,

01 OO Uy Oy e 0, <TO0,, (..
Therefore:

Bttt . to, <ol daste'+ 4 49,

but
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that 1lst

Since 7 PN SN SRR Suy Uy +... +upy, then series (1.1) absolutely
converge,

The given theorem is applicable to all slgn-~alternating geodetic series,

Abzolutely converging series allow any distribution of terms of the serles, that
is they converge unconditionally. These series can be added and multiplied, the ob-
tained series will be absolutely convergent. Rapidly converging serles are very
convenient for practical application, since with them In most cases {t ls possible to
be limited by the first terms of the series. However, it is very important in every
instance to determine the order of smallness of the dropped term. The sign of the
dropped term 3lces not have value, but it is necessary by all means to evaluate and
to indicate the order of smallness. In spheroidal geodesy small value of the first
 order is usually considered the ratic of length of are to the mean radius of the
Earth. This value corresponds also to the difference of latitudes, longitudes, and
azimuths, In subsequent account of the course the order of smallness of dropped term
will be designated by & symbol 1y (L = 1,2,.. = order of smallness),

The Taylor formula, Let ws assume that f(x) is any function of x, having deriv-

ative to n-order inclusively.' ' We will designate, a as an approximate or measured

value of x, h 18 the correction or error of measurement of x if x = a + h, then:
P = fe + M= @+ 2 )+ @)+ 776 + ...+ R0}

where Rn(x) is the remainder, which is usually given form:

-2 W
k.t 12 e—hp

here § 1s correct positive fraction, unknown exactly,

In geodetlic serles Rn is a rapidly converging series, therefcre 1t is possible to ac-

cept for it approximately:

Roon oo, : (1.2)
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which simultaneously indicates the power of smellness of the dropped last terr of
seriez,
Convergence of tle series, oblalned by the Taylor rornula, osn be improved ty

menns of change of initial value of the argument, In pairticular, during introductice,

of mean argument a_ = n + we have:
m

.

et bl 2+ 3] rfs 3 32
+£.-.-r‘(a+ -:—)+-:—]"‘(¢+ -;—)-} seee
=il )= ]-rer 1) 5 rlr e
+ 3l g)-grfe+ 1)t

Difference between these two series gives

1) = o+ W)= Lo 4 (a+ —;—) + 5ot 5)+ -

or (1.%»
[+ 8= o)+ Mt 2 [0+ o Y () e

From (1.3) it rollows that in a series with mean argument sil terms with eves
degrees of h disappear, a2nd terms with odd degrees uf h enter decreased by 4,16 ete,
times, Tris principle, introduced into geodesy by Gauss, is widely used In recolu-:.
o1 many problems of splieroidal geodesy.

1 we were to take differences of functions f{a + ) and t{n - b}, we Will ohial

rapidly converging series in the form of:
@+ M)~ fa—k) =24/ (a) + LAY (@) + ... (1.4

In expressions (1.,1) and (1.4) rerainder can te calculated by 'he formil..:

L) ] ‘ .
&-FJ b+-+r SR

Taylor formula can te written in the form:

[+ =10 =A W+ T+ + Sty R,

.
-0~




The left part of this expression is increase of function y = f(x), therefore:
dy=[(s)dxm (0K df w y'ds* = [ (s)4*
and in general
&y = s o A",
Consequently,
bymtyt LartLdrs. +lersn, (1.1

Formula (1.6) has great value in problems of approximation reckoning =nd eslicne

lations,
The Macloren formula, In & partlcular case, when initizl vaiue of varlable x is

zero, that 1a, a = 0, and x = h, Taylor formula assumes the form of:
Fod » o
1) = fO 4+ SO+ SO+ SO+ 4 R (1.7)

This formula is called the Macloren formula.

The statement about evaluation of the remalnder and convergence of seriles is
obtained by the Taylor formula, is also applicable for series obtained by the Macloren
formula, Although MacLoren formula 1s a particular case of Taylor formula, it is
used Just as frequently, as the Taylor formula,

Binomial series, Expressilon

afa—1) aln— N -2 .
Ukapmttmt "t > . (1.8)

has meaning and absolutely converges at any n, {f u ¢ 1, Expression of type (1.8) isg
called binomial series. In distinction from remainders of serfes of Taylor and
MacLoren, the remainder of binomial series can be obtained by direct summation, but
the limit of its convergence is not always known.

The most commonly used binomial series in spherocidasl geodesy, are:

L] ] 1 3
1. v I4+umi -’—Im—'—ﬂ'+1‘-u’—;l‘+...
2 YVicwwl et .""
1

i 2 —_... —— — "-'.-l. -—L -
3 BT | "lﬂ t & |‘I‘ Nl.. -

(1.9}

-17-

H
¢
b

Suwta B b



-~
T . . e,

Ry T o

R RN

L

£

e

4 St gt L Ve 8
Vitet=1+ PO e e

8 4 -t LAY I P
E1:¥l+umt 'n-{».u‘ ls“.*m"

6.1 Y t—umt g -;~ u-&%«'% -%u’i--.%u‘-ﬁ-...

.4: V1~ R i3 s
Ty T P i - T L .
1]

: - LT T ST I A O _ PO AN
8.1 Vl-iu’-d ’u+.u %Y }'u .

L N T PR S -:—u TR S-T R

10.0: (el rududiutint .. .
il - 't — ...
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boparitemie series,  wplncionship ¢ decimal and witural lossritias of vosi fve
mimler 3 s expreszed by formailn:
go=p iny,
Wie e g e o4 A420a8N of moduins of common lognarithms.,
l+a e .
k(+)-rlu sty -5+t (1,17)
f—u — “ s . 2 -
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Inverse trigonometric series

S =sinu, smsrcsing
Xwigs, sempreigy

smwcnr wrs S4By

] ne

.-mtg:-x-—%{-—":——-—;-'-q-...

u-tn-——:-wn-& -i-k‘l--;-ﬂ'ﬂ‘l"«--

lgsinw e () — 24 Tt Jeen—p{E+ L+ =)

0 %%
‘ﬁv-‘lu(t + %+%§+...)-l¢n+p(%+’-s+%+,__)
btosﬂ--r(‘—';-+§+§- +..) ok

igu —kﬁnu-i-p("—"‘:-!‘{- —‘!'.'—‘sin‘u +£—'~usin'u + ... )
D

u ~ positive and less than 1;

In Vega and Rauschinger tables of logarithms values are glven:

Salgl- o lesnweSile”

T-hs‘-‘g or glgu =T 4 lgu”

cor calculation of sines and tangents of acute angles.
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e. Irigoroemetry
ilane Trigonometry

ihuoy } e eonts s-»-—-_'_’:;';____ ___.;...._L__ LIS

14 g l’l+e!¢'a foseca
m.'hv - g infa -'L-——L..._._....ﬂ..’__..-._!.__ .
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Vidgs $riefs o (1.1
 siotmtmsonnn, ‘
k.- .-.._..-.~,_..... - !—-!-:.....‘:3-..-!_
fosints cite elgs

- Functfon of tie sum and difference of angles

: Sia(s + P msinacosd = cannaing,
1 cos{a 4-’)~m:cu$?siu:sin}.

BB

elg(s P ..‘_'!_'_&.i

ghtegr

When a = 8. sin2s @ Asinacoy s
€082a w cotta —sints
Siga
Wtew 20
- a-l 1.1r
etg2e -f-'s;‘...;_. { }

$ina 4 sinfee 2sln1-'{'—‘- ens--’-!.

Wnen a § B; llnl--:h’u-!sln'“’ -4
E 2

€os34¢05 8 2 2ros "; LI cos’-.‘i".'_

CUSR—L0s e — 23in !-g—’ - sin '—-;-’ .

eaews | a4p . eep .
-—aiens : (85 {Loin

dut-—dn! -‘“ 2
sna 4 aiap [ e )
' 2

Eyler and Meivre formulas

iyler rorm.;ln:

—_—
*’__‘:..T"‘-‘
oty - ..-."..+,_v':_ .

008N & Msinu m ot™

or i{n reneral;

cotan Fisinpu oV 1¥me = {cosu = isinw)’,
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fo= @, 71408183 15 u base of natural logarithms, 1 « V-1,

Moivre Formula

cosmw 4 I9inmu -.(cow + dalnu)" -m‘u—-(: )M"'u dslng ~
—( . )‘eu""u‘da'u-l-

cuu--mnu-(eou-uhu)‘-m‘n-k( : )cos‘"a-hian—-
-( :)ea'" ashn®u— .,

’ whence
' “.,-eu'a-—(;)w'"l-du’c-f(:)cu"‘ aintu—, ..,
oln et = (:)eﬂ"'l-dnu-(;)eu'“’u.th’u+
+(—:—)eu"'u-|h‘--....
where

(1)~ (5)-252 (5)-"=ge=s

(‘l)- le-—l!n‘;’\..-“—ﬂ .

For expression of even degrees of sines and coslnes by cosinec of multiples of

arcs we have formula:

P amcotutisinamp or J° = cosma 4 5in s,
¢ acosu—lsingm g or ¢ = cosmu— isinm,

whence

M=l ptgmettn; pugm Qsinw;
" mknm " —¢" = 2isinmm.
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Firther

m=)‘-b+v)"~u"+c‘+(7)(!"‘o+n"")+(§)(r"’c'+
+"'"’)+~-~+(‘IXn"’c’+p'o‘"')J+...

ur

[E————" LYY o

SRS

(bua)'-huu-;-(?)'kos(m»—?)n-r(:)ko‘(u-i)u«h..

+( s )z:aa--zf)u.

Ler m e 21, that is,m 1s an even numter, then:

tﬂ"u-;;;’:r‘: (?)4-{.:', ) cos 24 4 (.:‘,)cmh-f»....].

3ince cus (90 . ) = $in 2 und coz o (13 « ) = ~cos py ete,,
then:

-~

P 2 S
D s PR L . .

N TR

et

For 23d degrees of sines and coslines

*"’“'a--’—:-'—{(t"") l&u——(t‘“

[} -3

N‘“'l-—-}.-.—‘(.: ')mu-}(:::)m&c +...

From thecs gonernl ‘oersulig e rollews:

] 3 '
Sin%y ne . -?-cosﬁn
Uty - %ﬂnu—%dn&a

PP R R A
dnu-' ’coshi-.eosdu
Fn—3 gnst Liing
sin'y - 5 o 7 $inJu 4 1 3in v
LA S ]
$intu - T cus

) o )“'m+(.:‘,)mm-. .. ‘l

)ﬁnau-i-...

3 ] .
%+ Y COS At o -itm‘lu

fa s
P10




»

PP N '
cosfu -,+’easzu

s -:»cosu + %cus&:

: 3

c“‘“-—i—
o S k3 L

eostu s codn 4 um‘.\a+ “oos&a

+—’!- cos2u 4 %coslu
(1.2:)

L NP ] A 4
cos'u “,+ > cos2u 4 m cos b 4 ncosﬁu

Applicatlon of Taylor series to trigonometric functions:

sin(u +A)= slnu+hcusu-—-;.~slnu--—‘.:eow + -:-:-sinu 4 ...
Sin{y e h) = slnu—bmsu——:—'sinu + -‘;‘-—:osu-t— —:—:—siuu~.p
eon(u'i-i)-ueosu-hslnu——::cosu +~:-'—sinu+ Emu-...

. (1,27
euu(a-k)-eosu+hs(nu~-::coau~-:—:stnu+ -:T'eosu 4...

Wit A) mtgu “:'.+ *:::: +-§"“";.’:""+...

— Y = . Mane & co'u Yot s
Bl—8) = Qu— e+ = — = +...

In higher geodesy designation tg u = t is frequently used

ﬂl(n-}-h)-eosu{ l-ht——%-*-—';'—u— -:—:-— }

LR BT EYTIR PR R LR R | (1.28)

snga + k)= sinu | 1+-“-'--§-.:-+£.+l.ﬁ";.+,,, ’

For exponential functions:

L R -

a"-l+xlna+"‘;""+"‘a':‘"+"‘.';""4... ; (1.29)

. Spherical Trigonometry

Resolution of right-angle spherical triangle

Let us designate vertexes of triangle — A, E, C, angles — 2, B, y, and sldes =

, b, ¢ (Fig. 1).
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Foprmulas

[ C03u » €8 HCOSC;
cosw el detg g
il sing¢
sinBme P22 ginye 225
B sna’ i s’
7
H 3 i L
o -90* coafo 5. ooy 2, .
] B e’ T et
.4k ¢
- 3—«‘ - e *
epm-o Wy “L‘.
[-1.] o™y
Wibe ——: COSC e . .
: any’ np
S ot s
]
N/‘
Fig. 1. Fig. 2.
Right=anzle gpherical triangle ce2u be resolved by two rules, 1f the arms are
replaced vy thelr supplimenis Lo ‘_3-‘)0 ard elements of 2 triangle are disposed circu- .
lirly, 2t is shown in Fig. 2:
First rzle. the cosine »f separate eiement is equal to the product of sires of .
adjacent elemerits, lor Instance:
€050 m $int (00" .~ b} sin (90" — ¢} mm cos b - cosC.
second rule: cosine of the mean element iz equal to f1te prodiuct of cotangser -
gl exrrere elements, for lnssance
cose = clgf- clg .
rneyal rormalis tor RAescliutden of drterical iriangle
Y, Foremalas of coslues of the slides:

¢o8a == c0s b 03¢ + 3in b sine cosa ]
€os b w 008 Cos¢ 4 sina sinc ¢osP ]

—

-

Cosc w €034 COb 4 sina sinbeosy




2. Yermuly of slnes

sinw sinp __u_r_r_ .
slia - sinb sine (1.31)

4. cormulas of cotangents of elements: i

etgasinb s cosbeoss 4 sinvelga
elzbsine = cosreusa 4 sinaclgp
clgesing wcosacosf 4-sindelgy
egasinc = cosccosd 4 sinfietga ' {(1.32)
elgdsingm cosacosy 4 sin- elgd
clgesind s cosbeosz 4-sinaclg;

3'.  Form:ilas of five elements:

singcosB m cosbsine —sinbeosccusa
sinbeosy m gosesing —sinccosacos3
sinccosa m cosasind —sinacosbeosg
sinaeosy = coscsind —sinceondeousa
sinbross me cosa sine —sinacosccos§
sinccos = cusdsing —sinbeosacosg

. (1.221) i

4. Formulas of cosines of angles:

©08 2 == =~ COS B ¢0s 7 -+ 5in $sin yeosa
©0aP o — 03y Cosa + singsinacosd | (1.33)
€087 = — €03 2 €05 +f sin asinJcose

H. Gauss = Delambre formulas

[ [ L] dbie a
sin s cos s - sin . sin? !
sinS . ain BoY o gin 2= o5 0
2 ‘:7 .: 2 . (1.34)
8 & .. 2
©0s 3 eos-——-—’ hm—?—sm-’—
LR L o L5 Ay}
cos y sin s = gus 3 €os 2
dapler's analogles: - ]
=1 =1 *
b4 ¢ oo 2 e, b—-¢ o. 2 .
b Ry T Ak L Al o
b2 “..—t
p+Y 2 LI 1 | L PP}
DY T L B iy Ty ‘
| 2 }
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7. Formula of tangents:

)
ot
-
[y -1’ (1.%)
et Wit
3pherical excess of g cphierical triuncle,
i “.+’+1- 'w'
g .__‘.L.'u‘
i F = area of a trlangle,
R — radins of » gphere,
' p" — number of seconds in radian,
Loy glyglsig st ¢
"o"’":?z":":'
where ,--'F‘_.!_t_f;
g s Auna {1.37)
. 2 2 - , -
3 1 it g S con 14 toese
- A}
» ¢
hetgy o
Spherical excess of right-angle spherical triangle when a = 909
o » ¢
By-ky-ey {1.38)
4, Differentixld Geometry
Plane curves. Eguation of a curve:
in implicit form F(x, y) = o,
in evidert form y = r{x),
in parametric form x = x{u), y = y(u), u !s a parameter,
The last rorm or assignment of curve is more frequently used in spreroidal -
geodesy.
Depending upon the rorm of asclgnment of cirve difterential of i'sg are i
expressed:
lL@alVity' & o r ymitx);
L 6-Vr'iy & or rmxt) yeyla)
: - €.
TR T .




PR it

Curvature of o plane curve T in a given polnt I 1z called the limit of ratio of
Lthe angle of contiguity ~a {angle between positive directions of tangents at points

. . . ] (v
Pi and i, - Flg, 3) and length of arc P1P2. when b P, = 0

e da
Kl =a

%

Fig., *. Fig. 4,

Radius of curvature R at a given point P is called value, inverse to curvature,
that 1s:

Curvature X — 1s positive, if the curve gt a given polnt of its concavity is
turned to axis x (Fig. &).

In grid coordinates:

S
K=z a+ o

R-g:.l'_tgl"_'. (1.39)

Space curves. FEquation of space curve in parametric form:
or swxp) ymylu) 2=z
2emx(s) pmp(s) zemzs)

where s - length of arc of curve,

Differentlal of arc of a space curve

és=Vir+ 42 au,

At each point P of the space curve are determined three straigi' linec .ng ttree

planes, mutually intersecting 2t P at right usngles (Fig. 5).

Straight lines, Tangent is a limiting position of a secant (Hir. ¢ ). .Prinvlphl
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nornal 1s the intersection of normal and osculating planes, Blnormal iy o strafghr
1ine, perpendlecular to osculating plane,

Planes, Normal sre perpendiculsr to a tan-

biroreal Linearicatior
A/ plass i
¢ zert, DOsculating, s llwlting position of x4 plane
‘
N— H meuins tng passing throwh three close pointg of 2 curve
plars = H plane .
I 3 g, w14 P,, wien P, = P, and P, = P, (Fiz, =»),
sttt Iy POt il ByP. 1o wien Py = P 2= Py (Fle. )
.'T N Priccinal Lincariziu: - contalnlng tangent and 1 binormal,

.t __J (AT ¢ .

P frese trree straistt lines together with
Targent the plunes cornecting them form ar accompanying
tril.edron of a space curve,
Ir for tue axis of coordinateg the tangent §s taken, the principal normal and
tinormal with origin of coordinates at point P1 of space curve, then coordinates of

the other point PZ, of the curve will be:

Ao § o & P R
sk 22T {(1.4)
Fig. €. T T ) .

where:

»

1s the length of arc of ii.e curve iLeiweer polnLs Pi and P?,

k- padias o curvatuve of spuce eurve,

T - torsion.

The eurvarure ¢f space surve st s siver poin® 18 ealled numerical characeris: v

of det'le-ction or tre curve from straight line in sn area of 2 given polu® of tre

curve, i 1s calculared vy tie rormulas

KV e, Rat

lorsion of space curve art o glven polnt is culled namerieal ctarpereoricele ot .
deflection of 2 spucr curve Yror pisne carve In an arvea of u glven pelnt.  lun probe

lems of spheroidal geodesy *re curvatiare and torsicn OU Spacs Curde wre rapre ], iren,

. SR 3 .
In tormulas (1.403) the valies of K, and %3 wre takel Woere oo 0,

curface.,  Eguation of surtuce lo glven in e followln 70 s
salilet.

P o sl . . - . .-
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F(x, ¥, 2) = 0 i8 nonevident

z = r(x, y) 18 evident
x = x{a, vi; y = y(u, v); 2z = 2(u, v} are parametric,

Dift'erenitial of arc or first quadratic form is:
89 = £ &t 4+ 2F duds 4 Gdv®, {1.41)
where

e= (&) +@V+(E)

LEF -2 3232 - (1.41)

o= (&Y + @)+

TR SE 2 S B o B S S

In spheroidal geodesy orthogonal system of curvilinear parametric coordinates

is uged which form on the surface the graticule

. &= EdS 4G (1.42)
Designating l/-f— du = 41, we obtain:

Curvilinear coordinates (t, v) are called isometric. The isomecric 8ystui o
coordinates is characterized by the fact that they form on the surface a grid of
squares with sides /G dt and VG dv, VWhere dt = dv regular squares are obtained, hur
they are not equal to each other, since G is a function of coordinates of a given
point,

Through each point of surface it 1is possible to pass an infinite number of
planes, passing through the normal to surface at a given point, These planes are
cnlled normals. Plane curves, obtalned as traces of intersection of these planes witl
a surface, are called normal sections, From normal sections two mairn mutually perpen-

dicular sectlons have essential values, one with the greatest curvature % and the
in}

<

other with the least % » then the curvature of any normal section can be expressed
1

through curvature of main sections by the Eyler formula

A _cwtd | wnA \ :
N +-——-—... (1.44) X
-29- ;
¢
—u»d’f—vu“_-
NSRS



e e B ORee {1 L PR F R DR

-

E
:
1
i

Where A = atimuth of a glven normal section.
Besldes the curvature of a normal gection, {n spheroldsl geodesy Gauss curvatare

18 useqd:

[
K=z (1.45)
and mean curvatures
[ 1
Ko = H ('n +R|)' {1.4%)

In certaln problems the following formula is used:

where
Jﬁ;ﬁe is called mean radius of curvature,
The geodesic, Through each point of the surface P{u, v) it is possible Lo pass =
line in a glven direction which will be the shortest between two points, Sucnh line
is called n geodesic, The material polnt will move on the surface along a gecdestice
if external forces are absent hampering its movement, Elastic thread, stretched
along the surface, takes form of a geodeslic.
For spheroldal gecdesy tie following determination of geaodesic is more essential,

Geodesic on & surface is a type of & curve, wnose principal normal at a given

point coincides with the normal to the surface,

Let us take the inltial point of the geodesic P1 for origin of coordinates plane
xoy colinclding with tangent plane at point P, then coordinates of point P?, of geodesir
will be equal:

Amscoald— — oAty ...

(T N
1
'-3“13‘-—;—‘?8‘"‘5‘-{-,..

where

§ --arc of geodesic between polnts Pl and P,

A = azimuth of geodeslic at Initial polnt,

-30.
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“1 - meridian radius of curvature,

32 ~ radius of curvature of first vertical,
R - radius o curvature of normal gectlon at azimurh A,

Geodesics on the surface play a role Lo 8 certaln degres of
straight lines on a plane, therefore many poslitlong of differenti«]
geometry on a plane can be generalized for surfaces with subgtitu.

tion of stralght lines by geodesic, One of such generallizatieons

is the understanding of geodesic curvature on a surface. In sol.w-
“e. 7. tion of certain problems of spheroidal geodesy 1t 1s very expedie:n’
to start from consideration of geodesic curvature,

ieodegic curvature of surface curve is called rstio of angle of contijguity di

the element of arc ds {Fig. 7).

P
K=o (1.47)

In curving of the surface the geodesic curvature 1s not changed. 1If all three
lines P1r1, P2F2 and OF were geodesics, then they would have merged and the geodesic
curvature would be equa) to zero. In other words, geocdetic curvature of geodesics is
always egual to zero.

If normal sections and geodesic (Fig. 7) are projected on a tangent plane,

~ through point Pi’ then geodesics will be stralght 1lines on this plane, the elements

dA and ds will be distorted by small values of the highest order, consequently their
ratio will remaln constant, therefore the so-called tangential curvature 1s equal to
the geodesic.

Projection of curve P1P2 to a tangent plane will have curvaturz of a plane curve,
Consequently, if we designate an angle between tangent plane and a surface at point
P1 and osculating plane of element ds through § is designated, then the geodesic cur-

vature will be equal to the usual curvature, multiplied by the cosine of this angle:
K.-Kcm.. {1.488)

Normal section in initial point has geodesic curvature, equal to zero, since gt
this point the angle § = 90°; in remaining points of normal seccion 3 > 900; witi.

removal from initial point 1ts geodesic curvature iz correspondingly lncreased,
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CHAPTER II

TERRESTRIAL SPHERQID

§ 4. ELEMENTS OF MERIDIAN ELLIP3E

S S R ERST  ¥ k 5 RB SER

Geometric solid, obtained by rotation of ellipse sround its polar axis, is

called prolate sphersid, Prolate spheroids with small polar compresgion are also

called spheroids, Basic elements of a spheroid, determinlng its geometric figure,
are the semiaxis: major, or equatoriszl and minor, or polar (Fig. 8). Let us desig-
nate:

a — major semiaxis of terrestrial spheroid,

b - minor semimxis of terrestrial spheroid,

For terrestrial spheroid a > b. In solution of many problems of geodesy it is
neceszary to use different values, obtained through a and b, such as, for instance,
three compressions:?

—b . —‘. (1] —8
] 2 . = :+.-l (’3.1\

and three eccentricities,! whose squares are expressed thus:

| il B L LT N L e i
0'-'—..—."--—;—'-' e {(c.2s g

these values are connected by relationships:’

ITerms “third compression” and "third eccentricity” while not conven'ioral, are
“used by certain authors (see A. P, Yushchenko "Cartography", 1941, r. 3j wee cnll
"third compression" and "third eccentricity" 2n and oe"? respectively,
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[a) 1
Values e°, e “

-

dmsli~9 ..au-.)....::;:‘.'

L ]
Pzt k] - Lot ol

G+ 4% Tte
7 SO N [11 I N ol
e (—ap (e - '
| . T
--m-'+'_-1_yl-a
am \=Vicea
t+Vica

[}
<

e are expressed by a following symmetric serles throwsh it

Cmdn—0a 4120~ 160" + ...
Cadngbnt 412041600, | (~.
{'-"—w'fw-,“"*'r-n

P

4

Value %~ = ¢ 15 radius of curvature at spheroid poles or

polar radius of the spherold.

[2]
In approximate calculations with an error of 2° it is as-

suned e? = 23, or in a numerical expression e“ = 1:1R3,

In the USSR recdetic work and that of scociallst countries

the Krasovskly ellipsoid was adopted, in tie west ‘e yreatest

use ls made of EBessel and Hayford ellipscids.

Tie parameters of Krasovskly ellipsold:

a == 6 378 245,00,C0

& = 6 356 863,01877 u

&= 6399698,50178 4
s = 0,003352320669
a = 0,001670979181
o = 0,006693421623
¢ = 0,006738525415

Parameters o! bessel

& == 8377397,1 5500 4
& = 6356078,96325 &
¢ = GI0B7H6,84939 &
s == 0,003342773182
# = 0,001674184801
# = 0,006674372231
*m 0,00671921 8798

iga = 6.8047011973

ig & = 5.8032428531

lgc == 6.8061595414
g2« T.5253467466_,,
A = 7.2250453066_
Ige® = 7.8256481823_,
g ¢ = 75285648706 _,

elllpsoli:

Iga w 6.50464 24637
Ig b = 6.8031892539
uc - G.W“SS
Igam 7.52"0%3_“
lgn = 7.223033049_,
g’ = 7.8244104207
Iget= 7.8273‘875:”_“
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arameters of Haytord ellipcol i

a = §375328000 & lgo = 68047109340

& = 6356911,04613 x4 Igb = 58032461938

¢ »s 5339936,00810 8 Igc == 68061756723

# = 0,0033670033670 lga = 7.5272435507_,,
n o= 0001686340641 g n w= 72269453067,
o = 0,008722670022 1ge® e 7.8275417947_,,
&£ 0,006768170197 lg et = 7.804712712_,,

§ 5, MERIDIAN ELLIPSE AND CONNECTED WI(¥ IT SYSTEM IF CULRDINaTLS
ueomet.ric locus of points on the surface of prc¢late spherold, haviv. tdenrtiez}

lonritudes, is called meridian, Plane, passing through meridlan and axls of rovesien,

i ¢alled meridional plane, If a plane of any meridian is taken as iritjal rer con -
inrs longitudes, then such meridian is called prime, TFor counting longlitudes trom tne
initial a plane of meridian, is taken which passes through jreenwich as?ronomiénl
observatory (near London}),

Geodetic longitude of a point is called dihedral angle retween planes of prime

meridian and a meridian, passing through a given point {Fig, 8). Longitudes are
counted from the prime meridlan to the east and west and correspondingly are called
eastern and western: they are distingulshed either by corresponding letrver desifna-
tions, for instance Le - eastern longlitude, Lw - western longliiude, or sifFns., In
U33R minus signs are added to eastern longitudes.

Position of a point on meridian with a known longitude 1s fully determined, if
reodetic latitude B is given as an acute angle between the eguator plane and norsal
to surface at & given point {(Fig. 8). Latitudes can be northern or southern,

Latitude and longitude fully determine the position of a point on the surface of

an ellipsold and are called geodetic coordinates. The system of geodetic coordinates

on surface of a spheroid i{s the more natural and convenient for all surfuce of tre
terrestrial spheroid, therefore 1t is used toth in theoretical .nvestlgatlons, and
& lutlion of practical problems of higher geodesy.

System of geodetic coordinates also has wide epplication In cartograpry. Jovi-
ventional deslgnation of geodetlc coordinates is:

B — geodetic latitude.

L - geodjetic longitude.

In certaln cases, when merldlan plane 1s given ty longituie, it is corver i

in theoretical problems to apply grid coordinates (x, y), referrei tc 1 plane ¢
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glven meridian (pig. a),

Lquation of ellipse with origin of coordinates in a center

1s:

A

o'+b'-" SRS
This ejuntion 3s s2tisfied by substitution

X = goos& }

ymbsinu ¢ (2.%)

¥

wnere 4 — 1s called reduced latitude,

The redaced latitude is obtained by means c¢f geometric construction in the fole
lowing manner,

Deseritiag from center of an ellipse a circumference by radius, equal to major
semlaxis n, extend the ordinate of a glven point y to intersection wlth clrcumference
and connect by a straight line the obtained print with the center of ellipse. The

angle tetween this llne and the plane of equatcor will be the reduced latitude, The

redaced lotitude is also called parametric latitude. Application of a reduced lati-

tude instzaa of geodetic nns distinet advantages in certain theoreticsal problems.
Foultlon ¢of a rolnt on meridional eilirse can be deterrined alseo by an angle,

rormed by radlus-vestor 2F with egqua*orial plane (¥Fig. 9). This ongle it ealled

geocentric lavlcude, JSeocentric latitude i{s used more frequently in astronowy und

cartonrag iy, nd Ln the theor, of the flgure orf ure Farth, deocentric latltude is
Jesignt.d by !,

frem Fige 9 4 tfollows tiaT:

R Tcos® (575
g=r5in® ot

2
lgo- Pt




wy

! S Position of point on the surface of a prelate sphieroid
can be determined by right-sngle space coordinates with a
beginning in the center of a spheroid (Fig. 10). Here the

» axis OZ 1s disposed along the axis of rotatlon of spl.eroid,

and axis CX and QY in s plane of its equator, This system

of coordinates are used in theoretical investigaticons ard
’ resclution of geodetic problemes with application of - hords
Fig. 10. of the ellipsoid, Equation of ellipsoid in these coordinates

is in the form:

“
s
s
»

’
¢
~

VR Ol TR VI v o oL K ERO: Ll

Xxe e o
Ftete-t

e Jouin BT

This equation is satisfied by substitution:

Y=acosusinl
L= bslnu.

Xm=acosueosl,
} (2.8)

since a cos u = x and b sin u = y, then:

Yemxsini
L=y

X e xeosl,
‘ (2.9)

Formulas (2.9) give ties between coordinates (X, Y, 2); (u, L) and {x, y).

§ 6. CONNECTION BETWEEN GECDETIC, GEOCENTRIC AND REDUCED LATITUDE
From elementary triangle P1P1"P2 (Fig. 11) we have:

dx
“a- -.-—‘.
and from (2.6):

dx = —~asinud,
dy = pcosudu.

Consequently:

w-m et
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since:

.“./“"’C‘ )

!

‘ u-Vi—e s (2.10)

then:

Tuking into account that

5i"lll= .—..!!"—__; CosS U = !

g e—— 3
Vig 1w l‘HlFu

and repiacing the value u of geodetic latitude from {2.10), we

obtain:

Flg. 11. unu= VB an2

Vl::‘;lnia . (2.11)

Vi—fdnss

COSY =

taving performed analogous transformatlons for sine and cosine of geodetle lati-

tude, we cbtaln:

sdnB® [ LY
Vicseru

mB“V'mmu (2.247)
Vi-dats

From expressions (2.7) - (2.11) it tollows:

s eces B

. Vi-dons (21
$~ y- ol ~eNein B |* ’

g. Vi—édna

We in:roduce desienation:




8 " 3 v, R
e e s ARG SRR :

Yo Vi—du's }

vl 1<dcotu | (2.13)

where . .

v--l/i':—ci_.

Then

™
1

R Vl—-:dnl

COB Y == .
sn B M2t (2.14) 1

cosh = !l-—c‘eul

- geos B

y=- _'.1.';3_".'.'2.‘. , (2.15)

W~ is called first basic function of geodetic latitude, and
W is a function of reduced latitude, These designaticns are conventional.

From comparison of formulas (2.9) and (2.15) it follows:

x.‘“:-'-.
r-'L:'!z!_ . - {2.16)

2w 8{i ~~e%sin B
| 4

For t‘inding connection between geodetic avd geocentric latitude let us consider

formulas (2.7) and (2.15).

We have

=39
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expressions {2,10) and (2.17) are epplied in rigld reckoning, in certain

cages 1L i3 necessary to know the approximate values of differences (B - u) and (F -
-4).

wel. us assume thatt

Ma—-yd |  dm(a—P) .
Qetigp Wnz M

We degsignate: 2 - B = y, then @ + B = 20 -« y and

sin y = & sin (23 - ¥y).

elng Eyler formulas (1,20), we find

'ﬁ__ P -‘W_‘—’h“l’.

where dmly ~1, e ls a base of natural functions.

Multiply right and left part of this expression by eiy and we will have:

Pl Y s T "o
or
QywmiIn(l + 8 )—In(l +be™? ")
For the right side of this formule lozarithmic series can be applied (1.19):
P L .
n(1 +a)-» T T3 T
since kegi" < 1, then:
_— 3o ‘”.—'-.‘._.L._\ LY ] [P Pl
Jma—j=k Y 2 Y +"?- > —.e
or

a—-'-hin?a—% sinda -‘—;—slnﬁa—...

-
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Applying this general formula %o our case, we cbtain:

gB~tgu . sinA-w M-} -e

g8 gu sn il - 6y t 1 '

gB—tge L ose ) o2
TN L) B+ @) 3-& .

Thus, for difference (E - u) we have k = n, and for difference (E - ¥) corresrond«

ingly k = e 2, therefore:

. at [
B-—u-nun”—--i—dnlB-i- <5 sr6B—... (2.18)

«*

~®o ¢t sin28— o 2 neB—
B—®= ¢ sin2B — S sindB + L sin6B— ... (2.19)

For Krasovskly ellipsold these differences in seconds wlll be:

(B —u)” = 346" 3143 sin 2B — 0°*,2007 sin 48 + 0’' 0003 sin6B — ... .
(B—P)" ~692",627 sin 28— 1°',1629 sin48 4 0",0026 sinGB~— . ..

Differences (B = u) and (B - ¢), as can be seen fror {2,18) and (2.19), attain

maximum when B = 1450, where

B—t)e, =59, (B—®), . ~115

From (2,18) and (2.19) for the most approximate calculations it follows that:

(l—u)"-%f-slnzﬂ—...

@—# =L un2n—.. (2.20)

Sometimes it is expedient to express geodetic latitude by auxiliary angle,

sccording to the following formula:

e41a

. vt A SR RS RO
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Hith introduction of an angle ¥ recording of trirst tunctlon of geodetic latitude

W, 1s simplified thus, for example:

W = £08 %
Geometrlic meuning of arngle ¥ 1s shown in rig. 12, where iﬂ and F? are focuses
of meridian ellipse, Trn 1s a normal &t point ¥, and B 1s gecdetic latitude of point

§ 7. MAIN RADII OF CURVATURE AT A GIVEMN
L PCINT OF A SPHERCID

%
1
:
§
{
%
{
£
i

Through normal of every point on the gsurface of a spnerold

it is possible to pass a great number of normal planes, perpen-

4
r
dicular to tangentiul plane at a given point, Trace of a nernmal
plane on a surface ls a plane curve, called normal section., Cu:re-
g, 12, vature of varlous normal sectiors of a spheroid at a given polnt

is unequal, they have thelr own extremum, and minimum and maxi-

mun values, JSections with exire~oum curvature are called princ’pa’ ormal sections,

Consequently, one of the malrn sections has maximum curvature ‘-1 minlmum radius of

curvature, and another — minimum curvature and maximum radius;,

; Curvature of any normal section 1s determined by a well krcwn Eyler formalsa
{1.44)
t ot A | sintg
s G we— ——
. X, + z,

’

where A — azimiuth of glven noranl section, and Hi and R? = radil of curvature of pri .-

] .
¢lpnl normal sections, Wwhere A = 09 ws Lave R = i and when A = HJ( correcrundir,siy
: o] Y '

1]
[=Y

= = qi. Thus, on terrestrial spheroid orne ¢of princip:il rormal sections coircides:
: ho Yo

b with =eriiinal sectlion, and anoth.er with: section of *he first vertival, in Liierci-
dal reodesy followling designations are taken for radil of curvature of principal
normal snctions: M ls radlus of curvartire of rori il ral sectlion; ! 1s radias or

curvature of a section of first vertical; M und N are applied ir many t:ecre:icul

and practical calculatlons as functicns of lati:ude B of a siven polr* ., ir ¥i;-, 1¢

-4




(%]
. . PePp
of meridlar sectlon; M is radlus of curvature of mer!ldi nal cection

= ds 18 an elementary arc of meridian; K is center of curvature

¥
at current point from elementary trlangle P1 Pip?

a-ma-VT»‘-FEF.;,;/H(.:.i)' Y R

-
b ——
{""'C'B -
“ir. 43, §
%
&y~ MdBcon B g
or §
1 H
M 2 B
=Y 7 (2.22)
From (2.15)
& —et). [ B __snB W
G-t -a -0t g)
but
& _AonBuns
[ | 4
Thereflore
& s(—Neud
a8 | &
Conseguently,
M=tU=  ei—e" .
| & O —etainy?e (’2- 23)
Plane of parallel, perpendicular to meridional plane, is slanted to a plane of
the first vertical, where angle of inclination is equal to geodetic latitude of a

given point (Fig. 14), Parallel and section of first vertical at a given point have
common tangent, By well known theorem of Menier tre radius of curvature of slanted

cection is equal to the product of radius of main section (in this case first

43 ’ |




vertical) by cosine ot the angle of ircllination, that is:

XmreNeosB.

Cr, taking into account (2,15},

”-“L.-—‘-i.LmL-’ s . (:) q“\

! ms mBY W Vi—euns '
N

$

3

. Let i1s crnsider M and N ns extreme values of F,

1, bwnere P = Q
3
. Mnl(l—-f),

Ne=a,

vonsequently, ¥ and il are minimum at points on eguator,

2. ¥nere R = 209

M 2 = §,
Vice

N - -, L.,
=y

-

That 1s: M and I are maximun 2t sphierol Loies,
’ . o b .
Formulas {2,0%) wnd (2,24 assume more syametric form, if in them €° is X3 PSS i

-~

bty e in the rormul-:

— -
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but:
(L) s -l)’ l+¢" .
Vied
Let us designate:
V¥V 147t s et B
Consequently,
Vaw - —— . n
Replacing W by V by the formula (2.25) for radii of grincipal normal sections, we
cbtain:
M =®
.._5. {2,26)
From (2,26) 1t follows that:
.:.-v-,_|+q.t-l+e’eu'a.
Right side of this equality is a value essentially positive and larger than a
unit, therefore at any point of spheroid N > M, The greater value of V2 is on the

1.00674% (Krasovskiy ellipsold). Hence it is easy to conclude

equator and is equal to
of a spheroid has maximum curvature and min-

that meridisnal section at a given point

while a secticn of the first vertical has minimum curvature and maximum

imum radius;

The relation g at each point renders a presentation of deflection of the

radius.

curvature of a spheroid from the curvature of a sphere,

in geodetic calculations M and N are used in the form of expressions ﬂ“, Ew or
P P

" "
ﬁ-, ﬁ—, where the last ones are applied more frequently and for them special desig-

nations are taken:

r.
Let)
-e 1 (2.27)
Lam
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I 1]
whove | w 2yndt 18 o onumter of seconds In g padlan, values {1) nand {2 coengtirare

angles, under whicl. arcs of reridian and filrst verticul 1 =~ in lenpth re seen from
the centers of curvi'ure £ tese curves, Geometrlcally these values express coerre-
spottingly curyature of rertdlan and “irs® vertiecal in seconds per unit of lengti.,

e values of ¥ nd i are extressed in meters, Hxpresslions {1) wud {P) =re called

'
%
!

virst and second weoldetic values, These values are used with indices, for example,

; (13:, i ” (1!m, sienifying *ruc they qre vreferred to first, sgecond and avermre 14'-
: ey, .
¢
g Ir "tatles Por laloulavtion of .eodetle Coordlinates" (Gecdezizdat, 1731-2)! loga-
; ritnms fer values (1) nnd (2) are glven with elght decimal places for every wminire o
latitude from £° no W9,

ir. "Tables For Logarithmic Calculation of Gauss-Kruger Coordinares for Latitude
from 307 to B0°" (ieodezizdat, 1948), F. N, Krasovekiy and A. A. lzotov® give lg 4,

4
with seven ani ly 5" with elgit decinul places Tor each minute of latit:ude,
y .

Vulue (1) or M are used for calculation ¢f differences cf latitudes of geade'le
points and lengths of arcs of rertdians; (2) or N, for calculatlion of lengtis of ares
¢t parullels and differences cof lengltudes and azimuths of geodetic pointe,

Wl.n very approximate cnlcalatlions, assuming M= N = 6-10“ m and p" = ?-105, we .
tuke:

' m=@- 5.
3
é, % er in seneral %_ sive erirvatiure Ot corresvondin,s normzl sections at }lvva roint
H
¢f 1 spnerald,  lowever Trequently 1 nreed arlses to know the curvat.re of u curface
2t oa given polnt, for Lhue in Liyvrer peodesy and in Nigrer mathematics, -, ides is
tndradoed 2iout fall or dauss curvatire, equal tos
. ]
K- u.v"l" = F:
ﬁ- R = avert<v radius cof curvatire, Lt is deflied as ar sverase seoreiric Yerr trom ool-

radi! o curvature 2t a slven polnt, that is:

Ljutsequently tiege iles will re called - "ieodetic tailes

25utsequently wili ve called: "Frasovskiy and lzovtov T ley”,

PR LT
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Averare radiis of curvature is used in the image of parts of a surface of a
stlerold on a sphere or on a plane, during calculations of areas and spherlical #xe-

cesses of flgures on the surface of a sphercid. 1In Geodetic tatles for t)l.e indicnted

purpose are rlven:

PESIE

Radius of curvature of any normal section can be obtained from the Eyler formuln:

LS
™
=

MY N N (

R‘- = " o .
Neos®A 4 Mur* A sin'A - Ve’ R 4 weost A

With error in values of the order of qh from formula (2,29):

Ry= Nl ~xcontAL )

In resolution of certain problems it is somelimes necessary to consider the Enrt:
as a gphere, If this 1s done for very approximate calculations, the radius of a
sphere RO is taken as equal to 537C km., Such a sphere is usually taken in cartography;
its surface is equal to the surface of an ellipsoid. Tor Krasovskiy ellipsoid the
radius of such a sphere is R = 6371,416 kin, In other cases it is expedient to take
R, = 3—3—%—1—3 = £370784,3 m (Krasovskiy ellipsoid).

Radius of a parallel. Locus of points on the surface of a prolate spteroid,
having the same latitude, are called a parallg}. Terrestrial parallels are clrcum-
ferences whose radii are equal to the length of a section of a perpendiscular, dropped
from a given point on the axls of a rotation of an ellipsoid. FEy thris determination
the radius of a parallel 1s equal to abscissa in system of grid ccordinates {r a plane
of a given meridlan, Usually the radius of a parallel 1s designated ty r, conseguerrt-
1y

¢ en B -
= Necos ) = v (¢.2m

-
e’y

SR TR B m%

wris b oy DGR

CYE TP 3

Ve a iy
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%f In geodetic calculatlons r is rarely used lustead an expression &y = —p cos K,
2
¥ P P

r% ls used equal to the length of an arc of parallel, corresponding te the difference
% or longitudes tcr cne second, Value Yo 1s designated by b, showp in "fabies for
". e - p . .

EAR . .

Wi cwsarithmis Caleulation of Gauss-Kruger Coordinates" (Geodezlzdnt, 1959)

Distunce from the center of an ellipscid to a glven point ls designated by p
{Tig, 15) and will be called radius-vector,

From Fig., 15:

’
4

pmVrts, {2.31)
f . | p
: " ,

S— .,“L;;;;I!N-«orr~taking"tnE‘vuluc“of'x and 'y 1rom formulas (2.15), we obe

tain:
.
--‘— 9 — in? wr 2, — —— i
. p 'Vcos Bt(l—~efsin'B =« Y 1—d@ = sini B
but:
Lwtd Lams 4+ L agnis I
[ 4 2 + s LD oy
. Vicee—dsins =1 —"0=dpp_ e L
: (1)
; b Multiplying rformula (1) on (IT) und retalning terms to eq, we find:
o " L] ’
pma(l— L intB 4 5 lntB — SetrintB) 4. (2.32)
Radius-vector is rarely used in spheroitic. geodesy.  .This value 1 uged i reso- S M

lution of certain problems of theory of the figure of the Earth,

We will clarify the geometri¢ meaning of functions of ggodetic latitude W and V

Through a point ™ of meridional ellipse draw tangent PT and exuvend it to the
croeaing with an axis x (Fig. 16). irom the center of an ellipsqld drop to tungens
PT a perpendicular and designate the lengt.. of perpendicular OT' = p, Obviously, .the

iSubgeyueritly these tablos will ve :alled: "D, A, Larin Tables",
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angle between the perpendicular 7 ond the axis x will '
be a geodetic latitude, Let us conslder the projec- g
' ——
i tlion of a broken line OP;_PT on perpendlicular p, . § e e b
. we have ‘ E I
§ i
i
p=xcosB4ysinB é
3
- Ubtaining the value of x and y from formuia X
Fig. 16 i
(2.15), we have: £
§
1 v -+ v v (—L F‘-S'.PB), :: .
|
it
.'_, .
. or: :
! ¢
: . g
: p=a(l —e sin®*B)7 malW, (2,33 :
Pt
hut: 3
§
oW =}V, .
consequently: ) .
- } 5 : B
pm bV, (2.}3') ; ‘Y
: ; oty
) i b
Thus, .
: b
‘ b P
4 NG T
(2.34) :
) R e, L S AT AN
Formulas ( ;!i) glve geometric presentation o‘f"’thé functions of W and V; they -
are correspondingly the essencu of relation or the hngth of perpendicular ? w the
ma:jor end minor um.axes or an elliplold.\ ' R
it v "'\\. e .\ . . 1 i "‘\) .
§ 8‘ TRANSFORMATION OF WAND YV IN DPOWER SERIES A . .
I"uncticns of W and ¥V a.ppear in me.ny theoretical anq practical problemg or - ,
e E . AR
o e | jehge
o ' u o
o
A J e
. ‘ . >
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spheroltic geodesy. For calculatlon of W and V and connected with them values it is

== expedient to present treir series by increasing powers of e2 and e'2.
r; We have:

¢

-

. Weal—esints,

| V0 | 4 ¢ cost B,

3 or:
i IgW® e pIn(l —e? sii® B),

gV =pln(l 4+ ¢? cost &),

Applying to these expressions the logarithmic series (1.10) and (1.11):

LI | L
In{l Tu)= ?n—%—i--‘-;_—%-w».-..

wee wlbhaln:

:' ' !¢l¥/'n-—p[¢' sin*8 + —;-.-sin‘B-i- -;-'- sin*B + '—:-sln'B-t-... ]
-
lgV'-p[e”cos'B- %tos‘B-.-'—;:eos‘B—--‘;-‘cus'B-i-... ]

For calculatlons it is convenient to use even serles of sines and cosines and

to substitute by cosines of even arcs by the formulas in (1,25) and (i1,26), then:

e e s

$in® B == -5.--;- cos. 2B

s2mn:

‘ sIn‘Bu%—-;- cos 23+ —:-cosm : (2.3%)
. % | tln'B--‘%- -—3 cos 2B . % cos 4!!—%0;560
14
A
L
g
' cos'B--i—-{--;—ms?B
' ' cosfBeo 4 L cus oy
i SE v S B g b tus 28 - cusdB RS
. $ B '_3_ .!E 3 1 B
! cos® B m + 5 28 4 -'-‘-ct.uB-}-—icuaﬁB (2.27)

.

With substitution of sin® 7 and cos B (1 =2, 4, 6 ...) by cosines of mul._ts.pl,e_s'

_of ares we obtain!

LR
B
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'”"-=r/--( c'+ c‘+ t'+;l-2¢~+ )+

+ (—;—-c’ X e'+ c’+———t'+ o Jeos28—
_.( 'e'+ ¢‘+ St )coﬂﬂ+
+( : "sa+—¢-+ )cosGB—-—
- ‘: e'+ . )msa }
’ﬂ'-p{(-;— e”——it“+ :,e"+ )+
+(—;.¢"—+¢"+;e f +... cos 2B —
...( ‘—'6-(‘—-— + e" )cos#8+
+( L e'-—e"+...)eosss-
._( Mze"-i—...)eosw ]

For -Kras.ovskiy ellip s'oid:

gV = 0.00072978421 12+
- 0,0007281713931 cos 28 —
—0,000000612 318 cos 45 -
<+ 0,0000000006832 cos 68 —
—-OGNNGMDGIDQOM B,

But since W= V¥T—¢\, then IgW=lgV 4 iglT—clmiy V4 99985416558, Logarithms of
values V are glven in Geodetic tables by argument of latitude for every minute with
ten decimal places, With the help of tables of values 1lg V 1t is pussible to compose
any tables for calculation of radil of curvature and other functions of latitude,
Values of % are given in 93rd issue of the Works of TsNIIGALIK for 10' of latitude

wlth elght decimal places.

) § 9. LENGTHS OF ARCS OF MERIDIAN AND PARALLEL
Elementary are of meridian ds (Fig. 17) is egual to:

- ,(I ~— e dN
d= MdB —————

or:

. . .
$mo(l —et) (28 -(l-e')( i 2 . )
- "-""""” A (2.37) Fig. 17.
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These integrals in elementary functions are not taken in a closed form, therefore
1t ic necessnry to transform w"3 and V"j to binomial serles and then tc integrate

term by term with &« given degree of accuracy.

We have:
§ W a(l ~csin’h) e = l'!'—; etsin?B o+ I Sg0n4 i
: ' 35 e s .
: + i e B4 = asin'l ...,
V<t + e%os’ )~ = .
-] -;— e B+ —%‘— oo B— —?—E—c"cos‘ By -—?;:— Voot —
P .

Jubstituting in these expressions of sin™ P and cos! B for cos B (L =2, 4, 6,

—— e e

A ,..) by tormulas (1.25) ana (1.25), we obtain

V3w A—Bcos 284 Ccos4B—Dcos6B 4 E¢ %8B ... (2.38)
V= A*— B*coc 2B - C*cus 4B — D* cosGB -+ E*cos 88—, |

where:

o 5 . lings

A~l+—f—¢'+-‘§- et et

255
- .2— . — 525 9?'5 .
. 8 Aa'lnﬂ7u2a+mma+
. - 15 68 25
c wot ettt
H _g 3s
' b= 812 e+ mlﬂc‘+"'
E= Ttk
]
: ? For Krasovskiy elllpsola:
' A-IOOS(bIﬂSD
B = 0,0050623776
C-0.0NOIOO?-I.:!
w= 0,00000002081,
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For Krasovskily ellipsold: :
A® = 100168250882, §
B* = 0,00168180230, ;
€* = 0,00000070503, ¥
D? == 0,00000000039, g
E* == 0,00000000000. :
* .
; ' ;
Tak{ng values of W2 and V-2 rrom (.38) in (2.37) and taking in:o mecount that g :
smmw=§uum(mmm-%mMem,momum %
i
8
smafi—ef AT 2 un28 + Lsindp— ZsineBt Lsinab—..} (2.39) ¥
B
AR o £ [l £ . , .
Sm¢e -'-;-——-—’—slnzﬂ-{—-—‘--dn‘B—--—'—smGB-}--i-smaa—-....--}.. e (2.40) o M?_____ _
: ®

P,

Taking B = -'2’-, from these formulas, we ob%ain length of a quarter of meridian

Q = a1 —eQ)A%. For Krasovskly ellipsoid:

e

Q ~ 16002137498 .

A wpnen e

After substitution of values of constants A, B, ..., A*, B*, ces in (2.39) and

(2,40) we obtain

& = 6I67558,405874600 -:"-

~ 16036,4802690885 sin 2B
+ 16,A280667831 sin 48 (2.41)
~0.0210752790 3in 68

< 0,000031 12433 sin o8B

L wBmEas e et e s
.

R TSN

This expreasion is used in composition of tables of ares of meridian. Lengths

of arcs of meridian for every minvte of latitude from 30° to 80°% 'ith accuracy of one
millimeter are given in: “Tables for Logarithmic Calculation of Gauss-Kruger Coordi-

nates” (1946) F., N. Krasovskiy and A, A, Izotov and "Tables of D. A, Leein®,

In these tables are given values of the arc of merldian from equaior tc a parale
In Table 1 values of X are

lel with a given latitude, which are designated for X,
given for latitudes 52°-52°10" from D, A, Larin Tables.

R 74(_3%-- . T e e o
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Table 1

Latitude x s am Corrections

820 8763444, 761 >0, 812 0 ¢
1 765299 254 821 8 1
2 167183, 75, [ 21 H
3 769008, 250 3 3% 3
4 770862, 756 (] & :
] SITa117,.267 310,856 (]
[ TI45T1,784 ofa
? 176426,3)5 814
[ 778280, 832 . [
9 730135, 365 f91

52%1n° 5781989, w12 IO o

{

Note: Here A is u change of ¥ by 100" for
n given latitude where A is interpo-
laved tor an average from the given
and tabular latitudes, and the cor-
rections to A are taken from right
column of table for AB",

_Example, Latitude B = 52°05'23", 6257, are given to find X,
Tebular latitude By = 52°05', then X, = 5772717.267
Tabular increase for BO is equal to Ao = 3090,856
n "

Correction for AB = 24 1s equal to +7

Corrected inerease equal to 8, = 3060,858

" ~
Cerrection for &X = bpAB ©107¢ 1s equal to AX = 730.237
Required value X = 5773447.504 ’
It 1t 18 necessary to determine the arc of meridian s between paralliels with

latitude B, and BE” then, after finding X1 and X2 by Bi and 82, thelr difference is

1
taken, that is: g = XB - Xl.

Fxpiession for the length of arc of meridian for short digtances, on the order
of length of side or link of 1st order triangulation, can be obtained by meuns of
application of Taylor formula with introduction of average argument,

Let us take points P1 and P2 with latitude B1 and Bg.

We designate them:

ABm Bl—' Bn
Bu= (8,4 B)), : .

whence "

'l .a-""é"’“o

B-n 452,

..A'..,,...._,\.-,...'u;.-. m et s ,: \ v
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Xemx@y=x(b.+ 55 -x(a_)+£_“_ 2 4

AB'(J‘X) +AB' ‘m) -

+....

Designating difference of these ares for s, we obtaln

. BRI 0 F TARERAOS | “"Wsm

Cada
I-X.-—-xl-( ) AB-{-(‘B’ \.—il-.-—-l'... (7. 42) .'
ku'.
g
Here dX = ds, therefore & .
§ i
X i
- e e () M S e SR
$
) DR 714 71 1) ;
et |, g \eB) T v ;
.( FEY 4 ! au,, 72 (=12 432 4 4202)
—— - — ]} — », v22), H
a8 J,, VS, - ol ;
{
b3
3
:
where tm = tg B,. Sign m indicates that the functions are calculated for average i
latitude, Conseguently,
8y~ B 8,—8 !
T L /L. P Y SR L (2.43)
4 L4 . "™
or:
&, —8,) !
= e tha B (2.44)
where:
My
dyom === "' Q=@+ +4d

km is a small value, which can be taken from Table 2.

“55-

T Y 5 Rt s




Tatle 2.

o, b, an L o a0 ‘s, b, an
o* 28,0 45 0.2 53 -27.6
10°* 2.4 % -0.7 54 — 8.6
L 84 a -1,7 85 - 9.3
ol v 4 2.7 (] ~14,0
3 » 14,3 ® -3.7 65 —18,2
R » 9.9 5 -l,7 10 -21,7
»0* 8.4 51 -5,7 » -~26, -
+ 4 0.2 L] —6,6 0] ~28,6
3 .
Formela {2.44) 2an be applled with suiflcient accuracy tor difference ot latl-
.. tudes not mere than »“=7Y.  In cerrection member AF is expressed In degraes,
z o "
7 kxample, Glven: By = 66727 W& 245, b, = 59°57'48.245. Find s by the formula
v
: (0.4
¢
. AB = 4°30°,
R s e b T ot -
' g A'B” = 1,20051501,
Ig (1), = 8,50051687,7
Ig &, = 5,69999813,3
8 = 501185,078
£ B = —1,087
S 501183991
s= 501183983 4 (D, A, Larin Tables).
From Table ¢ it Collows that for dlstances of the order of a side of Lriangula-
x
tlon (that ls, 25-30 km or 1! are) the maxlmum value of correction k[\BO will he atv
* latitude 900, where
; 2389 B8 05 e
o
= For distances less than 4% ki it is possiltile to use correction member f'rom
13
; tormuly (2,44), that is to take:
(e By
$ &7 oS -, i
T {2.48)
or
sm A (B, —B) 1077, (p,u51) .
Am is taken from D, A, La.,in ‘[ables for average latitude.
Example, Find 3 by formula (2.45')
A ]
-...'.‘ .-"".{-M




B, = 55°27°48" 245, B, = 5574250257,
B, = 55°35°19"",251,
(B, — By) == A B* = 902012
3, = 3092,671

sne AmB BT 27806,964 ai.
w

)

In certain cases 1t 1s required on a given length of arc of meridian and lati-
tude of one of 1ts terminal points to find a difference of latitudes:
[y

?
AB--Z—.-JM. ‘ (r, 4,))

Ry this formula thke calculation 1s made by a method of approximatlons, slace

l1s 1 function of mean latitude, In first approximation & is taken at a known lati-

Ll B s dpreshhih

itd o

a4 %m»t*m&a&h«ww

PO

iude on one of terminal pof_lnts of arc ,A af‘-i.:e.r E)btainir'g thP apprt_)xl—mafe average lati-
tude, calculate succeedingly the followling approximations to coincidence of resulis
of calculations of the last two approximations within limits oi given sccuracy, As

n
a rule, second approximation gives the desired value with an accuracy of up to 0 ,001.

Yor obtaining accuracy up to 0".0001 it 1s necessary to carry out three approximations.
Let us scive inverse problem according to data of the precedine example.
Given: s = 27896.264 m, B, = 55°27'48 .245. Find B,
I approximation:

s = 2769G,261 M ;
A, = 3092,603 ;

A B, = 902,01
B,m 55°2748",245 :
2L wmram010 |
B, = 55°35'19",261 i

11 approximation:
&, = 3092”671 .
A B = 9027,012(15'02",012)
B, = 85°27°48” 245
A Bm 18027012
B, = 85°4250~,257,

.

©° © Arcof parfllel. Térrestyrialparallels, as ‘was 'al¥eady 16 s tAVILEEE; THrE the T
circumf'erence of radii N cos B = r, Central angle is the difference of longitudes of

t
terminal points of are, I,!'esignat\:ing the length of arc of paraliel by 8 , and the Qif-

ference of longitudms 1, we obtain

Lhden—ae (2.47) -

iy abedy
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o e

it vty previous: Neos
—r = bh
¢
therefore:
5 byl
(2.48)
Formula (2.48) is used for calculation of arcs of parallels with the ald of

D. A, Larin tubles, where bi is glven tor every mlnute of latitude,
N "
Example, Given: B = 55927748 ,245
2 = 1750 45", 457

TR e TR i L

e ther §eate.” “Mathenatically the calculation of surface

t" = sh4h 4e7
by = 475709.793 (irom tables, p. 6%
8¢ m 050845, 898

Inverse problem, that ls, finding differences of longltudes, 18 resolved by Lhe
tormulad

Ld
P -
b

Examples of calculations of arcg of meridlan and parallel and differences of

latitude and longltudes are given on p, 252-257 "Practicum on Higher Geodesy" Ly

B, N. Knblnovieh, second edition, 1961.%

§ 10, CALCULATION OF AREA3 ON THE SURFACE OF A TERRESTRIAL SPHEROID

Knowledge of an area of all the surface of terrestrial spherold can be necessnry

in examining of certain theoretical problems. In practice a typical cuse is the cal-

culation of an area of parts of u surface of the ellipsoid, limited by meridiang und

parallels and presenting an area of surveying trapezoids or map sheets of one or

areaa of terrestriul ellip-
gold ig based on calculstion of integral described below:

Let us take on the ellipsoid (Fig, 17) an elementary trapezoid dT wit., sides AR
‘and BC or AD, '

AB an elementary ar® of meridian is equal to MdB; BC or AD are elementary arcs

‘Subaequently. the shown work of B, N, Rabinovlich will be numed simply "Practi-
. eum on Higlier Geodesy", -

-58.
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of parallel, equul to:
rd! = N cos Bdl.

Consequently,

dT = MdBral = MN cos BdBd!.

Taking integral from this expression on longitude, which changes from 0 to 2w,

we will t'ind an area of spheroldal zone and, designating it by 2z, we obtaln:

I
:-nimwmsw

or:

By
’ e BdB
"‘2“"{ U~V Ep -

But from (2,21}

esin Bwsind,
€c03 BdB = cos 3 d+).

Consequently:

PR Lol gL N

where b — minor semiaxis of a spheroid.

Last integral is tabular and is equal to:

Lpdp o dosng b
-'ajwq. omsw"'«‘" 'Jﬁ'g

i

r, consldering that e sin B = sin ¢, we obtain:

\ . .-..-{_..___ L g dkesing)
\.‘4, ; T—eup T % In l=esin8)
S .
T
\'.‘n
| R IR~
W v
} i’ .o "In

5 i 95 G TR T TR ARt N ‘ﬁ'ﬁuj A‘,
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roo® From (2.49) it follows, that an area of spheroldal trapezold Is expressed 1n u

closed form in elementary functions, whereas the length of elllptic arc does not.
possess this property. However formula (2.49) is less converient for calculations

than the one obtained by means of transformatinn(1 - e sin2 B)'g intc binomial series,

: We have:
¥
(1 —AsindB) " o § 4 2:23in? B4 34 3in* B 4 4e*sin® B o ...,
: ‘therefore:
e »
x-m'ku + 2e%5in® B 4 5¢*sin' B + 4e*sin* B + ,, ) cos BdB.
Applying general formulu of integratlon
. 1
§sin® Beos BdB w mﬂn“'ﬂ,
we obtalin:
'y 2 3 4
’ - . = - -
: x-!:b'l(siqB-& 3 esin'B 4 s Aunt B4 7c‘sln'B+...), (2.50)
. Placing in (2.%0) B1 = 0, 52 = %, we obtain half of =ll the surface of the
' sphercid. Consequently, the area of all surface of the spheroid will be equal to:
3 3 4 $
ol n-agv{l+-3-¢'+‘¢'+ 1c‘+—°-c‘+...}. (2.51)
- f

g-‘or Krasovskly spheroid

From (2.51) it follows that the radius of a sphere, 1s equlvalent to the terres-
trisl sphercid,

R'-;/:":-—-t(l+-$+'—:‘f—'+'-:i-§'- +o) (2.52)




For Krascvskly elllipsold R = 1371111, meters,

Kadiue of au aphere, equal by volume to an €llipsoid, is derived egual to R:l s

*

- V&% (for Krasovskiy ellipsoid Ry 371410 m).

However actual arez of a physical surface of the Earth ie no' calculated by
Lhese formulas, but by meazns of direct measurements of areas on topograpnlc meps,

Calenlation of conslderable parts of the surface of the Earth or territories of
countries constitutes one of the principal scientiflic pronlems of cartometry.

For convenience of computing areas of surveying trapezolds of gheets of topo=
graphic maps it ls expedlent to use formula (2.50), to transform substiluting slueg

of odd powers by sines of odd arcs.

In accordance with formulas (1.25) we have:

" 3 |
sin B--—‘ sInB--—‘ 51?38.
» 3 -5 Ly
sin*Ben y sinB W sin38+4 m sin 58,

BB sing_ 2L - sin5B—-L
o' B = - sin B — - sin 3B+ - sin 5B— ——sin 78.

Substituting these expressions in (2.50) and replacing the differences of sines

by products of slnes of semidifference by cosine of half sum by the formula:

#in By—ain B, = 23in 220 cop Lot By

we obtain:

gmdnd® lA'sln-gl:;ﬁ- cos B,, — B’sin 3 (B8,— 8,)cos3B, 4 Csin LRV

g(B,—- Bycos3B, ~ D' ¢n -:- (By~—B,) cos 78, + E’sin -:-(B,- (2.53)
—B,)cosw.}.

where
" ] 3 § ]
A _g+_'_¢l+ .i...d.l. .T._Q..!.-—'—e‘-f.,,,- $,0033636057,
1] .l a ’ "
e loploydoay ......" A ... = 00011240272,

Com e d e = 00000016560,
D T+ @ . o= 0000000027,
Ew oz @+ = 0,0000000000,
51a
0 My be—

.
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Maps of a scale of 1:1,000,000 served as & basis of listing of topographlic maps

the Aluencions of trapezold f'rames on a scale of 1:1,000,000 are equal to B, - by

f = 49, Ly = Ly = £°, Area of suck trapezold is calculated by the formula:
g i
H P, .\ eeoss0 ™ '"'T;“ (A’ sin 2°cos B, — B’ sin6° cos 3B, +
¢ . (£.04)
i +C’8in 10° cosSB, 4 D' sin 14°cos78,,).
For map of scile of 1:10000¢8, where: ,

. - By~B =, L,—~L =X
P P,,m,,,-%!A'ﬂnIO‘eosB;-B'sinao'cosaa; +C'sin50°x (2.55)

xcos5H,),

nh?

124061094 .3 km®, lg ™2 = 6,09363561 (Krasovskly ellipsold)

In addition to an area of trapezoid, in practice

it is necessury to also caleculate linear dimensions of

its frame on a map scale, Frames of trapezold are sec-
& (4 .
tions of merfdiens cf arc and parallels, therefore, in
accordance with deslgrations in Fig, 18: ,
)
Flg. 18,

b, . L

(oo LB o0y 22,

AW LT LAY
”'m ™

:
:,:J ((‘),‘ _N(Bv- ’l‘: 100 = aﬂ!a! - 5)".
& - »
Ll
b where m — denominator of a scale, b, is taken from the tables of D, A, Larin for cor-
;_ responding latitude and 4, — by mean average latitude.
& :
? Allignment of sag of a frame of topographic trapezoid is calculated by the
formula:
.
A N, ;-.-’—“-lln 28,

In "Tables of Gauss~Kruger Coordtnates}'composed under direction of A, M,
Virovts, for different scales of topographic maps are given Bys 85 Cy d, and n,

whence and values of these magnitudes are taken,

=H2-

ORISR C

P b
-

"‘%"“;g;“ :
i
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CHAPTER III s

INVESTIGATION OF CURVES ON TERRESTRIAL 3PHEROLD g ..
I. Normal Sections .
§ 41. MUTUAL NORMAL SECTIONS AND AN ANGLE BETWEEN THEM . i
Let us presert the following geometric construction on the surface of a terres- :
trial spheroid. Assume that the geodetic theodolite is set at a point P, (Fig. 19) 3
so that its vertical axls coincldes with the normal at this point and the telescope ?
of the theodolite 1s directed at polint P2. Plane, passing through normal Plni and E

point P?, will be a normal plans at point Pi‘ and its trace on the surface, a curve

a(Plv?), called the normal section:
Moving with the theodolite to point P2 and satistyling the

same construction as at print Pi’ we obtain normal section b,
Curves a and b are called mutual normal sections, where curve s

1s called stralght normal section at point P, and b an inverse,

and at point PQ by straight sectlion will be b and inverze will

’ bhe a,

Fig. 19. We will prove that mutual normal sectlons on an ellipsoid

in general cases do not ccincide,
'
From triangle PiPin1 (Fig. 20) we have:

.|P|- Nysin Bla
OnmalP,—p N snB—N(—eNsinB s &N sin B




) '
Feam triangle PPon..
£ 4 v

a,Py = Nysin 8,
Onyomn Py~ g, = Nysin B, — N {1 — *)sin By = Ny sin By,

vig., Lo, Tat 12 qaeme 1hqt [l? > Pj‘ then:
e 0".>o"|.

vongegiently, normals at polats, not lying on one parsllel, cross axis ot rotation
ol' 1 gpheroid at various points, In general plane ”ﬂpipz’ normal at polint Pi. doeg
vt eolnelde wit: plane 59?2?1, noramal at point [P Thiz means thul belween Lwo
polnts on a spherold two normal sections pass., If polnt Pi lies south of point P?.

R, Lhen mubtial normal sevtions {curves a znd b) are disposed as ls shown in I'ig. 20,
vhat ig, curve 2 north of curve a.

Al euch triangulation point angles are measured between stralght normnl sections.
Therefore, if on site there is a triangle, whose vertexes of angles were measured
tr:en, due to duality of normal sectlons, the figure obtained from measurements will
Lave silx sides, as shown in Fig., 21, where point P? is located further riorth of points
Pi and Y and point P3 is further north than point Pl. Measured angles of each point

are outlined by an arc.

We will define the angle between mutual normal sectlons. Let us
agsume that on a spherold two points P1 and P2 (Fig. 22) are given.
We will pass the normal planes through these polnts as described

above 1and designa‘te segment n.n, by d, then:

d—~d md=0n,—On, =et(Vysin B, — N sin B) m e'N.(sin fy— '5'— sin B,) .
"y

We find small angles el and €os under which segment & iz

seen from pelnts P2 and Pi‘ From n, we will drop a perpendice

B,

ular on continuation of a normal of point Pl' Prom triangle

L
nonghy

v
1.4

A, mdsind, nin,=dcosB,.
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"
From right-angle triangle P:lnenl

4 o B, g
b Sl e ¢

"
From right-angle triangle nyng Ny

fvorf Gl e o

nn, mdsinB,, a0 = dcos B,

EERRE o

n
From right-uangle triangle F'?r11n1

_d e 8,
Ay —dsinfly’

RN

© g

Values of di’ €y and £, for sides of 1at order triangulation are small values of -
the second order, therelore within them it is possible to substitute N, and N, by

Nrn a radius of curvature of first vertical for mean latitude F“l, also:

l!nB,-sin(l;—%!—\_—slnB.'.—-—%icosB.-!-.... :

winlB 442\ A8

‘olnl. :.ln\B_+ 3 ) sin B, + 3 cosB_4..., {

cup.-cos(ﬂ.——e-.—)-c s Ba 4 -‘-!-slna;-{-.... !
. 2 . 2

cos By m :os(B.-}- —A;!-) =08 3, — %—sln Ba+...

Dropping from formulas for d, €ys and €, small values of order eu, we obtain:

)
d= N, *ABcor 3, (3.1) :

A% i A

v e s_nd
s -l.nl.-p';:cosﬂ.se‘.\llc%'ﬂ.. (3.2)

Difference of latitudes of pcints of 1st order triangulation does not exceed

] t ;
20 «30 , In radian measure this wlll be approximately T,%' therefore where Bm = /0°:

TR
I TE Sadeadi
$.100. 108
ra

d o
o =y

67~




Thus, due to smallness of d it ls possible to congider
tre lengths of normal secticns bt and a coinclding and Lo

rake them for the length of are of circumference ot radius

: s
no. Ler as desigrnate the central angle at y by o= ™

Y

then the uangle between chord p1”2 tnd riormal nl}‘1 will be
3

equal 90° - %, The angle between mutual normal sections

-

boand o Will te designated by 4L and Its expression will be

round by means of the followlng construction (¥Fig. 23).
iw, 23, From polnt Pl, us n center, we will describe an aux-

iliary aoorere of arhitrary radius, (m this sphere fo

directions, eusmafing tfrom Fl. determined polnts will correspond. Let us assume thi

to directions F1“2' Tyiigo ?1??. ?1T1, and FiT (Flg. 22) correspond polnts né, n;.
P;, T' and T; on an auxiliury sphere., Connecting these points by uarcs of great
circles, we note that tne great circle n;niP' depicts meridian of point Fi'

Azimuth or u strafight normal section @ Is represented by a spherical ungle

Hll)l ‘ L (o] g v
:?n1l s 4re Ppni it corresponds to angle 90 - %s Arc nyn, to ungle € and,

1 1
t'lnally angle 1 out vertex PE is an angle between mutual normal planes, Tungent PlT

lies in a plane of stralght normal sectlon nifr‘il‘,a and is perpendicular to normal

1 L A |
niPﬂ, thierefore the angle at 1 in a spherical triangle FQT Ti is a stralgnt line,

o '

¥ t 1
N ot ‘ . . 3
S qnd PLT = 20 Tangent P111 lies in n plone of inverse normal section

ot
arce "y

1 1
and forms g right-ungle with normal Pini, therefore arc niT1 = 90°,  Thus, Lhe angle

t ! L.}
between tangents PiT and PiTl or urc T 'I'1 le the unknown angle A between mutial

normal sectlons & und b,

L A ]
From right-nngle spherical triangle PQT T1 we have:

eos(so-_-%- a}.: elg fotg (- 3)

or
lgA-sln-;- el
1
From spherical trlangle n;Pan; by theorem of sines:
68
ARG, A
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As wng already establlshied, &, € are small valnes of the second order, and o are :
o rirct order, Thesetore sines and tanpents of these sma1l values subntivuted oy g
b4
nngles In radians and with errors higher than the second order are shown thus: %
1
. E
. s T
A—-i—o'-’-._.’ (,‘-f} ’
fomesing ... ?
&
L3
nw -
¥
) i e e e &
A--i-aulan- e {%.59) ¥
L ES
!
¥
Accuracy of formulas (3.3) and (3.'_’)') wlll not be lowered, if 8 is subistitutled iy :
a, since the difference (@ « B} is small value of third order. Substituting in {3.3)
and (3.3') the value € from (3.2), we obtain
[ o= e A Bcos* B, sin s,
)
A-%cABcos'B;slm. ;

Slnceo--:\:'-—. AB = '—‘i“'-'-s(with accuracy up to small values of third order), then:
L] - .

. ¢
I"-;"c':eos'B.cosas(n:-——a;;'" cos* 8, 5in 22, (3.4) ; %
»
" e f 1 st e g i
4% mp o cos* B, cosasin. oo o By sin2s. :
402 it 1s possiile Lo uccept M = N i
’ m m* i

In last expression with accuracy of e

Consequently,

" " %
8" ey 'TN..'E.eon'B,sltﬂl-{-... . (3.8)

From formulas (3.4) and (3.5) it follows that the values f and A revert to zero

twice: when a = O and when @ = 9c°. In other words, mutual normul section: coinecide,

if the points lie on one meridian or on one parallel, This conclucion ig Jusilriable
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with the degree of accuracy, that are derlved rrom rarmuly | 4,.4) and (3.9), 1.e.,

Q3
wlth accuracy up to smill valaes ol

Fealdes un oangle between the normal sections, we will conalder thelr 1lnear

A vergenes, which, obviocusly, wlll be maximum tor medlun polnts orf arcs o oand b, Fop

letersliadtion of This value we Wil execate the rollawlng eonat paet [,
From the middle of the chorid P, wo will rectare o perpendleular and cond e
i

Pt te tnersection with o ogurfaee of the aspherotd,  From point Ny (Bl PhY, nae n

‘renfer, we Wil Aleseribe an are of clreumtesrence ‘:’ll')l-',,, mdins N

» “m
[ ) A utd deternine curve polnter of sag b, 1t Ls known that:
Am-lg
Q - = ey
. Eolng )Jimited by smullness o in the first term of ractorlyn-
H

Fle, on,

+ 1
tion tg f Ln serles and tuklng Inte account that o « ﬁw, it in

in
possible 1o state:

2t
Y v

“N. ( .""ol.')

Now t'rom polnt € let us restore perpendloulars to normal sections & nnd b, The

angle between perpandicolars Iy egual to the angle between mutual norvmal planes

(Flg. ™). My length the perpendiculars sre very close umong themselves nnd

A Witk hiph degree of scecuracy anpe egual o polnter sag curve b, Rlementapy e

h boea, Thuear divergence of mutusl normal sectlona, aan be deterptned ne an

are of cireumference of pndius h with eentral angle €, L,e,,
kig, ST S C e e " S
N5,
'-h'o
Subsrituring value 1 and h “rom (3.4) and (3,6), we obtaln
[ ad : X 0
Q--&:-eoslb,slnnma- ﬁreoo’h.ulnh. (3.7)
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Formulas (2.9) and {3.7) are useful by accuracy for lengths of the order of a

side of 1st order triangulation. Table 3 presents numerical values of magnltudes A

B S T T

s (X

[EECPUIGER. SN

Table 3
ixtreme sactmuth] Latitude . un [ 3 q, aa '
4 s 0,003 [ 8] }
:' gl glw | = |3
) Valies & and q show Lthat lor typleal lengths of the sldes of a “riancie of tst+ % -
order triangulation inn USSR, whose dlmensions are 20-25 Km, with duaslity of normul ?
sectlong should not be considered, For distances of 20-25 km they can be consldered K
merging, However for distances more than 30 ki in transmissiorn of azimuths 1t is %
neceasary to Introduce corresponding corrections, %
In order to avold the duality of normal sectlons in general, the geometric tig- ;
ures on the surface of a spheroid cun be formsd either by cnords of normnl sections, ;
or seodelic lines, But for conslderation of these questlons it is f'irst necessary :
to Investigate the most intrinsic properties of geodetic lines normal sections nnd é
thelr chords on the surface of a spheroid, §
f Various attempts in the past and now have been made to develop a theory of sphnr- g
? oldal roodesy on the hasls of application ¢f normsl sections have not succeeded, %
; E

d The matter is thut with identical degrees of accuracy the formulas obtained with ap-
plicution of the geodetle liné are simpler than the analogous formules constructed

' by menns of sormal sections.

3 Recently certain sclentists proposed to leave out the geodetlc line from zphe-
roldnl geodesy and to replace it by chords of an ellipsold. Although this leads in é
! certaln cases to closed expressions instead of infinite series, nonetheless the chord

- .

doaes not pousess the generalization of geodctic llne for solution of all problems of
sphieroidal geodesy., Appllcation of geodetic line in the tightest form tliee spheroidal
geodeny with higher mathematics, on whose achlevements its development 18 based to a

4 signiticant degree, However in particular problems it may become expedient to use

normal sections or chords of an elilpsold as auxiliary values, Therefore basic prob-

lems, necessary for the use of normal sections and chords of a ellipsoid are expounded

below,
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§ 12, AZIMUTH AND CHORD OF A NOBRMAL, JECTTH

Twe polnts are glven on a spheroijd: 1’1 and P, (Flg, 26). Let us as.ume Lhitjy
. <

plane XY coincldes with the merldian plane of polnt ?1. i1.e., Y1 = 0, Conseqguentily,

ror space coordinates ot polints Pi and i",) we huve corresponding expressions:

H
: Xym NyCos B, e 7, Xy = Noeos By cost = rycosd)
Ym0 . Vo= Nycoslysinl = rysindf{
. a ’ » bt
Z.-N.-;.—smB,—r.thB, 2,-,\',—“;sln5,-r,-;;lg8,
i I = dltrrerence of geodetic longltudes of points !’1 and PQ.

- i We introduce s rew syslem of grid coordinates (&, 4, )} with origin at polnt
1‘1. Tungent plane at polnt [’1 1s taken for plane £13; axls € directed along the tan=~
fent. to meridian of point Pl, axis n — perpendicular to axis € and in parallel to axls
Y3 axls Z coincldes with the normal of point Pi' From Fig, 26 it follows that the
angle of rotation of systems of coordinates will be latitude Bi of the point Pl'

4
0.\
4
/
; :v-— 1 3
) 4
A
. Vg, 26, Fig. 27.
P

For obtaining connection between systems of ccordinates (X, Y, 2) and (&, n, *)
i+ we will desglgn Fig. 20 on e meridian plane of point Pi’ then we will obtain Flg, 27,

Trom which:

T (X = Xl 8, ~ (2, —Z,)ces B,

ym Y, . (3.8)
Lo e (X = X ) c08 B, — (T, — Z,)sin B, .

Let us make a normal eection from P1 to Pa; the plane of this section will 1lnter-

sect plane €n by a straight line
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wiere « {s an szimurh of straight normal section from P1 to Pa

<

From (3.8) 1t follows that:

o
tes =~ (Xg=Xy)sin By (24~ 2;)c08 8,

or

Nycos Bysin i

Ny cos Bycos | — Nyces By ain By -s-:- (Nasin By — Nysin B,y ca B,

Let us introduce here a radius of parallel r = N cos B, then we obtain:

g, = sinl -

(cul-—::-)una.-u-.')(ua,_ﬁ-.,.,),..," (3.9)

TFor inverse normal sectlon by means of transpositlion of indices, contained in the

formula of values, we obtain:

- sinl
(eu‘-—:.'-)-lnh—(l--‘)(!u-—-:-:-uﬂ.)ma- ' (2.9')

gy, =

Let us designate the chord of reciprocal normal sections by 8, then wo obtain:
Pa(X, =X )P+ Y42, ~2),

or with replacement of grid coordinates by geodetic coordinaves;

= (Vyco8 Bycos i~ Nyeor BY + N]co' B, sint! 4 -:'; {Nysin 8y —
-Nuln B;,,

onr:

anrg{dn'l-i-(eut--':)'-l-(l—c')'(tac,'——-;"'-tca. "
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Closed expresslons (3.4), (3.9'), and (3,10} can be use:d for calculation of azi-
muths ot normxl sections of elllpsold chords with the help of computers, where tbe
value r should bte chosen rrom D, A, Larln Tables, In which b1 = I-n- are glven witn

Y .
sutr'lctenrt number of declimil polnts, i

Formala for chort ¥, sccoriing to Molodenskly enn he stown in tollowlng form:

(4_1.‘”

F m.N,sin'—:— - '-‘-.—j!(N. sin B, — Nysin B + {Ny— NJ%

wher:s:

sln'—i‘— o sin? 2 ;B') o+ cos By cor B,sin'—;—- R

formals (3,10') is less convenlent for caleculations.

§ 13, LENGTH OF ARC OF NOKMAL BECTION
Foints Iy and P? ure given on a spheroid with geodetic and grid voordinates.
Let us designate angle between chord § and tungent T by § (Fig. 28), and the azimuth
of stralght section as a,
Let us define coordinates €, n and ¢ of puoint P?.
Projecting ciord 3 on tungent T and normal N, we obilein
sections 8 cos 8 and 5 sin $. From Fig. 28 it f.llowe

that:

Emgcos®cosy,
ym3cosbiing ,
ITTY

Tuking lnto account (3,8), we t'lnd

Seos8c08s m (Xy = X))sin By — (Z,~=2) cen B,
Scmdsinam ¥,
150 ® = o (X, = X;) €05 B, —
=2 —{2)sin 8,

or, replacing values X, Y, Z by geodetic coordinutes R nnd 1, we obtaln

L Lcoshcosnm MBI SunBieosd (1= eMsin by conn,
Ce A v v, (3.11)




A -}cosbsln:-g-ﬁ"—:qii- (2,11)
- ont
] cos 8, ovs { cos B (1 — M sir Bysin B, , eon
-—lgin® i w
3 sin 7. + v, H
IS, I and @ are glven then these three eguatlons fully and simply Aeteramine

anknowns }32, 1 and §&,

For thut, the first of formulas (3.11) is multiplied by cos Py, the third by

Excluding from these equutions BE' and 1, we obtaln expression

flor §,
sin !*1, and then conversely. If we subtract the third from the rirst and «dd tiem,

we obtuin correspondingly:
) ANy B, S (cos®cosn,cos B, + sin®sin B,),
'| v, a{l —e¥ (3 1'_’)
g, mbhemi  oxd, + L (cosBcosa, sin Bi—sindcus B,).
v, w, .
3ec.nd terms of right side of formulas (3.12) have definite geometric value,
Let us i:.!roduce a horlzontal system of c¢cordinates, i.e., the zenlthal distance 2z
and azimith @ of chord §, We designate directional cosines § in a system (X, 7, 2) by
ng = cos @, n, = Cos B, n3 = cos y. On a sphere of unit radlus, whleh subsequently
we will call Molodenskly sphere, since it was first introduced by him, point Fi des-
ignates geodetiz zenith of polint P:L (Fig. 29); polnts X, Y, and Z correspond tc direc-

tions of the axes cf coordinates, and 8 to dlrectlion of chord from point Pi O it

On a sphere of arc sx, sy, and sz are equal

correspondingly to the cosines of directional chord

g,

From spherical triangle P, xs (Fig. 29)

ny = cos B, cos 2y = sin B, ain 2, c0s 3.

Fig. 29. From trlangles Pizs

8y m 3in B, cony, 4=c0s B, sinzetosa,,

Consequently, angle & = 90° = z, (let us call & geodetlc height in horizontal

system of coordinates),
Reverting to equations (3.11) and (3.12) we accompliah the following actlons on
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them: ralse 10 2 sganre Lhe second from (2,12) and add to the squnre of second. sqi-
. ™
tion trom {7.11Y, tre ohtained asam le melriplled (i - ) and Lo wdded to fie square

of the {irst from (3,12), muluiplied by {7 - e?)?. Phent

sad{l — e

Iy a8 eta?
= -..-'.(n-a+-ﬁn;;--“-‘(|~¢-)(|+_ H

—_ 1
[

Pt e——— - f".

t— o

thaepefare;
0,.__'—'!. 812) . - By ),
sin {1 ")) ’N‘(l + €*n))

listead of i‘.’l Intrcduce radlus of curvature of stralght normal sectlion from F-‘j

a4 Ly the formula:

. R S—
M 0 +ajowtey
14 et I o f . L el i |
1+ 3fcuta, » Ui mtcoste, [
R} < cost B, cos?z, we sin' O (sin? B, — cos' B, costa) +
+ 2sin® cos 8 sin B, cos B, cose,,

ﬂno-ii
%

Let us desipnate:

o [ Siu® B, — cos® B, cos®
'( e e )y,
J4 %) cos e,
Ouin2ny o e,y .
v s B
)+ gjes?a,

Therelore:

sind m -’-:- (l 4 py sind 4 ngnintd .- -;— w3intd4 g, (3.13%)

Formula (2.13) has a high degree of accuracy, since it retains the values

« Without decreasing thls accuracy and taking in firat approximation sin & =

we obtain:
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Fassineg from sin ¢ to angle 8, we obLtaln:

.-':L) l(z,)"'a»(..)’“"(z,)'“"(“) +h (2.4

ror determination of the lengilh of arc of normal section trom xj on I’P we fhtro-

dice polar coordinates, As radius-vector we take chord §, and for polar angle — B,

The sguare of nn element of arc In these coordinates will be:

e o dst 4 S0, (3.15)
From (3.14)
sore 2+ L2+ HE el sl o)
or, squaring and substituting in (3.45), we obtaln:
PRNES S e e Be Y

or:

m i R+ E B e e )

+l' d&

Integral of this equation within limits of 5 = O and § = 5 gives us the length

of arc of normal section PZPE‘

We have:

P TSTE e FEVEY VA
+3n(2)+4)

{3.16)

It follows from this thet for obtalning the length of arc of normal sectlon by
given geodetic coordinates of its terminals It is necessary to calculate hy the for-

mulae (2.9) and (3.10) first of all the azimuth and the chord of this section.
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?ormw}a‘(B.if) has Figh derree of accuracy and can be used for considerable disvances

PR

. g% terween the points., In practical calculations Lt is expedient to have gmall tabies

; for celection of “q and Ho LY cergiamesits bj and e Caleulations vy tre tormiln (2,20)
is conventent for -ase witl compnters,

; If one were to allow thut all our preceding reasonings pertain to poinm FQ. f.e.,

et ion from polnt fp to pelnt Fi, then the length of snre of Inverse cection will

re expresgeds

: =-l{i+-—(”>+”\’; +_HT *)+
vEIeTEN e

s &5
- 3 —B)—+...
¥ =+ (B —B)
. . dp ) 2 . n o . !
dlince (32 - bi)ag is a small value of the order €K, tnen the difference = ~ =
will te on tie order of euk”. i,e,, a value, practically imperceptible during the
most exact calculutluns, In other words, trils differerce can be discounted, {he more
; 50, heuauge with the presence «f coordinates of two points Instead of % for terminals
{L {5 possible to tuks F&’ 1,e,, 10 refer this value to polint with a mean latitude,
¥or short distances, on the order of 100 km, the expression (3.16) ls essentially
gimpliried, If 1t 15 required, that s be determined with accuracy of up tc 1 com:
RN (r.17)
=3+ (5 )+l -
i e blggest term 2/i0 (--) is sdiroppe:d where 3 = 200 km 1z less than 3 mm, It

hovever 3 on the order of the length of n side of ist =2rder triangulation, then 1t is

bossible to substitute in the formule {3,17) % ey %, then:

a-?{l-{-%— -;4-)'+l.)- (%.18)

Error from replacement of value p by a in (3.18) will be less than 1 mm,

In Joint application of formulas (3.9), (3.9'), [3.10), and (3.16) it is possi-
ble to resolve the so«called inverse geodetir problem, l,e.,, according to gliven geo-
detic coordinates of two poinis to it distance between them, and also the t'crward

and back azimuths., Only in this case azimuths, calculated bty the formulas (3.9) and
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(%, "), will pertsain to the a chord of the ellipsoid between glven points (Fig. 20),

It is necessory to Keep in mind that If the lengths ot s#res of normal sectlons n angd

tean re consldered practicnlly equal, then 1t is necessary to consider tie dqifferinse

In thelr azlmuths, g
Mg, spherleal trisngle PipP;, in which sides PiP nd i
PPE are arcs of meridlan, different lengths wnd angles nre ;
obtalned depending upon which of the azimuths of two norwil i

gections is taken as basic: besides only the anrle o1 vire polse
(1 — Jifference of longitudes) remalnsz constant, 17 Lowever -

none of the sides of a triangle coinclde with meridinn, then

Fig. 30, two of its angles and all sides obtain aifferent valuies de- ;
pending upon the azimuth of the normal section, taken as initial. In the last case :
the inconveniences connected with the applicalion of ncormal sections as basic lines, :
are more fully revealed, connecting geodetic points on the gurface of spherajd, ‘
Plane of meridians of points P1 and Pe with normal plane Pinipe or Pzngri form ;
a trihedral angle with vertexes at n, and n,. Let us visualize a sprere with arbi- !
trary radius, described from point n.. On the surface of this sphere trihedron with i
ribs n,P,, n,P,, and n,P (Fig. 31) will correspond to triangle PiP'Pé, in which the %

1
initial 1s the azimuth of straight normal section at the vertex Pi' Yor resolution
1
of this trlangle let us find connection between B2 and Bz'

From Fig. 31 we have:

m0 = ¢tN,sin By,

t - Sl —Muin B, :
: =g, . 2 i
t - etos B, . i
; PD w x, v S !

From triangle n1P2D:

'mq+u-ﬂwm

| - w"'"l_ v, [ £ er
| Fig. 31. a8, oD Y . . 2
”,
uB = (1—apaJt i) (3.19) !

B, = (1 ~eYig B, +e~{-:-§:{).
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Fut —-w-i- = gin u, theretore formula (3.19) ean be written tnns:
1

B, ( —~ ety By (14 ern N2 {50
A Y

sinm)’

I pecdetie coopdinates of peinds 3‘3 and 'L, are giver then tie treiangle
N £

: E‘,) aon 0 ((Mig. T2} dul be salved by e rellowing formulas:

$inBsin 1, w cosB, sin
sinGcosu, = —custh <in B ~>sinfl, cus B, cost
sinGain; = cos Bysind { .1

sinOcosy v sin Bl co B —cos Bsin B eond

eosQ < sjn i ey 4 cun BBy cu;ll', cosl

v ldes 1t snould be underlined that angle v ls not the .zimuth of normal soct! i
Srons toulnt b Lo gecint.!‘l. since in subatliution ot 1%1 by P;, In (3.01) we, obvioasiy,
« o

witl not chitain @ inatend or Ty

Let ns assume that line U (¥, 21

is extended till 1t will not be Intergected !

, any merldians at right-angle, DReslignate tie
»

latitude ot this polint by I’-‘\.\. where 1L will i

max bmam thregihour, the extent of e .'15*, fid

{ts contiruation. On auxiliary sphnere we ol-

1 '
taln 4 right-angle trilangle l"j!‘ I‘O (see 11,

" 27,

32), from whicn {U tollows thot:
ilg. 320, Fig., 34, cos B, sing, = cos B,, (500

sin Bysin€, == con B, cos 3,
sin Bycos @, »= vin B,

. [
Arcs ¢ and 01 are plane curves and lie lu a plane of stralght normal sgection,
L .
1f as a basic angle of triangle PP P, 360° - @, 13 taken {Fig. 33}, then by per-

tforming the same constructlons, we obtanln other vulues in substitution for o and 63.

H
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11, deodesic
8 1k, DETERMINATICN OF GEQDESIC AND 171 LOCATLON HFLATIVY
TO HUTIAL NORMAT, SFECTICHS

The shortest lines on any mathemutlcal surfuce are c¢ulled peodesics.  Stralght
on n plane, great circles on u sphliere, helixes on cyllnder elc, are geodesics since
Ly nve the shartest distances on these surfaces,

Two polints on an arbitrary surface can be ronpnected by a multltude of curves,
possessing dirfrrent geometric nnd analytic propertles, I, at any of ihe *lven
points on n surtace tangent plane 1o estuabllshed und on It ull curves puscloy 1hrange.
these polnts, ure constructed Lhen only the geodesle will be o straight live, apsd il
the others will be depleted by curves, Geodesic Jg u surtwes ecurve, having st ench
toint & double curvature., Therefore it does not lie In one plane, PFor the study or
nlane properties of such curves an iden is introduced on un osculating plune, apprnr-
Ing: a8 u llmiting poslition of u plune, pussing In three intinltely close poalnts of &
curve,

Principal normal of geodesic at each of its polnts colncldes with normnl at oupe
race at a given point and lies in the cosculating plane. Thils property of geodesic
nllows its construction analytlcally.

Let us assume that the allgned geodetlc theodollte 1s set on a polint PI so that
e verticnl axlis coincides with normul at the surface of spheroid ut this polint,

We select on spherold a point P, close to polint
P 2

]

Pi' and direct the telescope of the theodolite to
) g @ point Pe. The trace of n sighting plane on the
4 surface is curve a, (Fig. 34), us 1t is Rnown, will

be stralght normal section, We move Lhe thecdoilite .

Flg, 34,
position, with locked plate wo sight the telescope

at point Plg we obtain inverse normal sectlion, and curve b; then, detachlng alldade,
will turn the telescope 180° and alght it on nearby point P3' The sighting plune
wlll describe a curve of straight normal section from‘point Pa to point FB' f;e{{

to point P2 and after gsetting Jt ln a horizontal i

line 8n. Moving the theodolite consecutively from point P2 L0 point P3. and f}om
point Pa to point Pu ete,, and carrying cut at each point analogous actlions, we obtain
congtruction, schematically depicted irn Fig. 34,

Let ue ossume that polintis Pi (L w1, 2 .,., n) are located at very minute

~81.
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Cimate

e3t. distance betwesn .points on a spherold,

distunces cane froe nmnother, sl Littt. thege distunces cun L e

Ome ns osmall e dealred,
then, tonredting polnts Pi Of the curve, we ohtaln Feodenie

. Tt engues pProg 0P oy

between pulnts i
tructlon and determination o

q and

feodesie,  Actun)ly, by
censtriction every olows thpae polnts op }“ Tie In one ple o whden contatag o Harm g
La

Wlie gavfyee 11, medl«n point,  Ip OLher words, pasaipes rowynl,

rvery poln 5" the
Jlhnes are ogeadutine platen, pernendicular ta () surtace, and the eurve, connect. ]y
ftese polnts, 1 a seodealic,

kel Ug note fhatl fap the tonstructlion of u geodesic on slte hetween given points
Lo lg uecesaey 1o wnow o) revtion of 1tg rlrg! clement or an nngie between gtp
ROYEAL "wov Clon b "an Inltia) polat and the first element, of
loention of geadeygtn relative Lo maty

(“lp, &

lpht
vetodesice,

4l normnl sections in general ig ghown 1n

cound A, whers dothed tlnes desfgnate contlaunt.lon of areg oy

normnl gect logg,
On the whole guodesie la alwaye

closer dlaposed to stralght. normul gec

It nalauths or geodesic are close Lo o°
degle Witk yegpeot

tlon along nli
niven pointy,

-~ "
or 90(, Lhe locntlon of P
Lo norweal sectlong is 8omewnnt difterent., Lt thoge enges ghan)
freostudlod at o givep natmoti.,

l""u 5"; l"llzq ’Gq

§ 45, FUNDAMENTAL EQUATTON OF A uEODESIC

Wo derive rundumentsl nquition of « geodealc from Lhe faet that LU Ly Lhe Glhorte

Lel ue tuke geodesle AB, Wa tike along this line an elementury ure dy (Flg, 27)
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atet conntruct 30 an o meridlan ol o paratlel; we obandn oges tler s o
meridian 40 < ddis apd paresilel Q] < il From e iementary rivei s le

trienele AUD we Liove:

MdB = dscos A wnd ridl w= dssin A,

[ Wl et
i'",. s
ds* w AR 4 A0, {2,040
- ¢
& [UTK b

ds e )/ MR LT '4/ an( -“'-,:'-)’+ ra.

et us destpenntbe:

f:f g U=l Mg U g,

Thens
ds. Lt
org
se L,
NMove [ Ud) expressea the lenglth of are of' a geodesic, then it ghould hnve fhe
feast. value, ‘hle is possible at determined dependency between ™ and 1., letf us
asatime that this dependency is given by unalytie function B = B{1), Consequently,
oy other dependency to the some U B+ b, will correspond where b 1s & function
ul' &, which becomes zero for terminal points of arcr A and R,
T'huais, we haves
= fU,
wheret
: [
v -U(B+b.q+-;7).

Avcording to Taylor:

rp g L B W
U'-L"'.» +“ ™ L T

.4‘3” FBA SRR v IO »:."Wo- wlrsmdh 2 3.2, s
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A een .

i
:
:

T RIT R R Co.

L= arbltrarily smail vildae,  Teras of Sighest order W Taylor Tine are oattred,

2inte they are vanlshiingly mlhamte o5 compared te rirst terms, and o farther caleus

it lone cannot play nopare,

Ve iaves

s'es-}j%l'; de-S-‘:’ dy ...

gy slnoe (@ - @Y Ly value sanentially posttive ntoang b, in order that o

crn o be o opeateste, Tt s necencary and suffictent Lo

o N
S-m bdl-}-j.-m-‘-dl 0,

Let us prointegrate the second term of equation by parts, taking:

dJ =db e %ﬁq ~v,
Lroens

L4 " ol
LAYV N A 22\ -
GBM + & bd( ) L]

arg

L a-afor o -

By condition b egunls zero for peints A and B, therefore the last Lern ly ldentl-

enlly o zero, We hnve:
L TTL.A
Ji a-e)omo
In u space between points A und R b 7 0, consequently:

fame(f)es
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therefore:

inveporal of thles eyuation will gives

U
U = g —= = const,
q % ons|
Psite
[ MY
X"
thrne
—gl;‘.’ﬁ'.'.:.-gm’(
or:
AP - A MigH - ” - y - const.
Vagin Vg Me
b

From (3.25)

Vs B Tl

Finally

r8in A w comt (3.26)

Fquntlon (3,26) is call:d the besic equation of the geodesic and reads: &he

-85
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. frediet o tre podlan ar the porale] vy e sine ol avimath oot oenet point of e
- :— Erocdeste cr o gartace GF s ppolane snneroil s onoconstsnt v e, (0 a cerles off
§ pulnts are waken oo noeadeste, tien LA

cannrl
HAAESRAR AR I

Voerm, Yran

the epuatlon (A000) ean ke stated Lo

HITED s

»
;
£5inA, mr sin A e rosin Ay ., (*.27)
Gy in Gilgner peotssy the Cindts sres of peadesics betweepn Lwe priven polnse
nre stadied, Mamely for cachk canes an eguation (?.“F) can be glven, for very tnter-
: esting peowetric interpretation (Fig, 30), We Lnve:
& rein A = sin Ay, (5,28)
]
or:
L P
s .
Rt saAy  MnA,
This known relatlonship ¢ a plane trlangle Lo a theorem of sines,
introdacing the third side nnd the wagle, vppostte 16, we obtaln plane telangle
. ' .
!‘1}‘ [ (vig, %9y,

Y

» ” ATy A

=y Flg, 39, Filg, &0,
where ¢ = gpheroldnl exress of triangle T

Consequently:

For vilue £ there are no closed exnressionrs,

Angler 2t rhic trinumle will compare with ane

gles of spherobdal polur triangle v P, (Flg, 40,
1 1 1 - ’
From o trelanyle PP Pp md spheroidnl Lefangle

i, we hiave:

Ayt A o 1908,
A4 Ay 41 180 o,

lJ,Uq .

1 ¢

Y PO {*.29)
But t'or approximate cnleulations

-86-

tras

.
g = < - - Viugd e,

ST R - L L P01 SRt L N S SO “\l& ol

¢ - ;




R

Vuote peasitie Lo constder opheroldal telangie Toaong ospherleal el owe will obeaiy

e guperozimsle value of € by Lhe formulud
1 1
u—,—-m—s.m—,—m-a.mu

4+t (90— Btg - (90— Byyeon

vry esirnaving vg 1/2 (o - F’i) teg 1/2 (95 - I';‘) = b, we ohtaln:

. Asing Yy s
= e {5080
urther
Ay+A, . ®
7 ~W-7 (e
. 4
Ay~ A fy—r ’ L8
u [ 4 { - (] ] C'c—!
3 nty 2

A=A 4 A) + L (M- A)
Awl (A 44 LAi—Aa) {=.52)
l—'i'(l"' 1)"‘;‘ ] '

In determinatlon of the 1limit of appllication of the approximate method of rfuleu-
1atlon of geodetic nzlmuths, it is taken into consideration that the difference of
spheroidul and spherical excesses of triangles with equal sides, as It will be proven
In the followlng chapter, is the small velue of third order, Theretore the shown

method can be applied where 1t 1s requlired to know the azimuths wilthin an uecuracy

®
of up to 13 ,

Other application of formula (3.26) consists in that during the resolution of

direct and lnverse geodetic problems it is possible to control the caleulation of

unknown values:

ri5in A, s —rysin -A.

where AP is o vack azimuth of a geodesic, egual 180 + A;.

H
b

13 v Gt

£ SR et

[
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Ar Peamp le o ale lation of Approxinate Jeodetlc
Azimuths by e bormulas (5.:’"’3-(.’:.}?) is Given

Felow
ol 'll‘\'l::L;f ~orralng ] ? Yo
- 1 B, £2°30°17% 6 Saa”
s 2 Hy 54 42 51 LY
G 3 Yl - B)) 18 41 51 waa
k4 I 850 0 - Jy) 17 34 31 % 73
M [ wihem. By 0,385 0, 185640
7 1glaem By o, Mg n,4x436
: [ snl #1201 041420
‘ 9 cort 0.wrniR 1), OhnR2
' I ] 6,05 XL
1] ks 6§, 043142 ",1:37231
12 1o doust Lrang N2
11 wey XD ST [INIEERR ]
" : RS 44227
h 4 { 7 6 1535 "
15 ’ e TRE: 15 KA
i v LEARY PN
\7 sty o A K7 oy 22 14°35'51°
b1 Ay = A)) 272 —5%343¢°
. : 2% Ay 32 58 oty
: 7 Ay 14 43 46 201025
. 2 Ay Mt Ay 245°16°14° 395435
— S 13 £y 18,562 1,13t Prom tsbles of A
. Lar'n, sprgmant By
19 L4 17,92 28,480 rrom tablaes Of . Ay
Larin, negimant
» r—r 0,9 —13,350
2 ot .70 35,612
n Lzh 0026112 0.37487
e
n cig'/ew 2,002 0,204
] IV iy (Ay -~ A)) 052563 i), 0197630
rgtetion sl A = e ls obktalned as s product of two valies, by whose wreltrary
.
choange the product should remain constant anlang o given geodesic. lor meridian, where
A = ) we obtaln ¢ = 0, Consequently, terrectrial meridlans nre geodesics. 0On equa-
N ter r = u, A= 90°, i.e., at any point oh egquator ¢ = a; consequently, terrestrial
vquator 1s-also o geodesir,
) Terrestrinl parallels are not peodesics, This is chbvious, since even on a sphere
i the arc of o parnllel between two points ls nol the shortest distunce,
5

Tet us consider a general case, when a geodeslc takes 1Ls beginnlug from a point
with latlitude B with azimuth Letweer o2 ang 36° (Fly. 41). Let us trace the process
of n chuanpge of equatlon r g¢in A = ¢,

Ky the mensure of receding from inltlal polnt along
the geodesic latitudes and azimuths at all points are in-

creased until the azimuth will not attain 900, latlitude

its maximum (BU). and r its minlmum ry = c. At this point
the geodesic will be tungent to parallel with latitude B“

and will turn toward south; at lts subsequent points the

Fig. 41. latitude will decrease, and the azimith will increase,
-85
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cecotlug more than 900. such charge will occur prior to Interseciion or reodusic wit-

epeiter, weere rowlll attaln o maximam (major semluxle =), and A will obtaly ceoroniy

el e of AL, ln goutlern hemisphere — the passage of a geodesic will tr wortesans, E:
frtoinine o point with maximum negatlive latitude (-Po) and Louchins Lts varslled, 1 i
w111 tarn Lo equator and will intersect it at a point, which dees nol colnejde wine ?
opposite polnt of initial intersectlion of the equator by the geodetlc, g
Clansequently, geodeslic on a surface of a spherold wlll describe an infinirc reme ;?

ber o turns during its continuous extension, starting at any polnt <o ‘i o'y N
rrom 0 to 9¢®.  The picture of a rur of a geodesin on 5 sphercid will ot e oo o, ;
' tte first element will be required for azimuth greatcr Lhan 40, ,,»_
Apnlication of the fundamental equation of geodesic to salntiorn of praectioal o ?
theoretical problems will beocome more general, if the ermetion (3,94) it transrormcid %
litle bearing in mind that: ;
re=NcosBmacosu,

-z

or: §
¢

Ncos Bsin A ma gcosusin A = congd. (.23 ;

H

For finlte sectlons of geodesic, when coordinates of 1ts terminals and azimiths

ab these pcints are glven:

acosu, sin A, m acosu,sin A,

or :

coru,3in A, = cosuysin Ay, (3.24)
Fquation (3.34) can be rewritten gtill thus: il
R0 —u) Mo —uy (3.35) ‘

sna, sind,

Equation (3.35) presents a theorem of sines for spherical triangle with sldes

N - LY 90 - u, and oppoaite angles 187 - A,", and Ai' Let ug Introduce the third
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I ERT

T e

stde of this urionple st Lus cpposite dg e Let o qs deciennte nis
side by vy und e wngle . hen the snown rolar seherleal trlanele
WLl nmve o fopn peniecen by g, b,

for eteprnination of o1l elemints oF this trl mwle vollowing:

rormulas of sytericsl trigonomenry will serve

et L sinesin A, = cosuysine
2. slnacos A, = o8y 303 4y, — 3in 4y €08 g COS w
sinasin A, o €os i, sinw

3
4. sinocos Ajm —sin H, €OsSu, 4 oSy, Sinu, cosw
5.

cose = Sin 11, 8in iy + €OS 1, COS p, COS W

[N 153

Ppastlon (TU3E) and corresputading Lo geometrie rigure, can be represented in

et ey Yorm, e,

NycosB sin A, = X, cos B, sin Ay

sin A, sin A,
cos B, v, meosB—. (*.27)

Desfpnating:

sin A Lo tinAy {4, 58
—i‘-—-'--amA,.—i.—’-smA,. Ve ?
we o Ll
€0s B, sin A} w cos B, sin A}
or
Unio — &) $in (90 — B
Wedy A, (3.381)

[ ]
Spherical triangle P, P, (Flg. 43) corresponds to equation {3.381),
Thus, we see thut depending upon the form of recoriing of tundmmentul equatlon

of geodesic it can be interpreted by difterent spherical triangles,

warmane.
e —

P T
N
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therefore:

oy:

Thus,

gelectlon of these triangles should be in uccordance with: fhe

rob-
lem, that {s to be resolved, However 211 these -esolutiors cuar dirfsr

ty torm, tut essentlaily they are invarlants o ane and e onne

solution, whict: can be cbtulred with ti.e help o :an eqguuatios,

L A |
and a corresponding to spherical triangle ?1P [ (see Figm, 50),

Wor deterainaticn of geometric value of c.nstant of ¢ et neo

assume that arc P P, (Fig. 44) continues to orth and to gout! !o

equator, We deslgnate azimuth of geodesic av polnt en tha erustip

fntersecrs o

Ly A the latitude of point Py, «nd wher: the rendesle L
meridian at a right angle, by B..

~

We nave:

asin Ayse Nycos o= "‘1'?_-;
.

buts:
oos By
Al (2.39)
oin Ay = cOsuy (2.49)
Ayom 90 e s,

the constant ¢ 1s equal to ccsine of a given latlitude of that point, where

continuation of spherical arc ¢ irtersects a meridian at a right-angle on an auxiliary

sphere,

(3.26) and {3.34) cannot have single value golution.

Obviously, such intersection is possible only once, otherwise the equalions

Let us deduce the differential equations of a geodesic:

Pyl )
Md 4
[
Fig. 45.

From elementary right-angle triangle 1-2-3 (Fig. 45) '

MdB = dscos A,
vl o dysin A,
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[te]

ﬁ'

%

ar:

4B A, dL sln A
—— el | e M r——
s M ds [4

Prom (4.00) ontaln by ditrerentintion:

drsin A + rcos AdA = 0,

dr = — Msin BdR,

ds cos A

toerelore; by sul ot itation di ; , we obtaing

dA sindsin B
L LT L UL

[
ihus e
.-‘-e-- -.ﬂ-m
M ¢
4L sin A sin A
T_b'—_—_.' _——N we B . (_-‘,_'l.);.)
_!i_A,_dnA‘una_ sinAlgh
ds 4 N

Oirtalned equations of peodesle (5 hon) constitute dirfereniial oquat Tom of a
1 |

rirst order,

Flrgt two of Lhem are guitatle for any line on a surface, Lhe third, obinalned
f'rom fundamental equation of yeodeale, lo only tor peodeslces, Tndleated eguationa
are derivative latltudes, lonsitudes, snd asdmuthe rop digtanes n,  Uonttegaent |y,
inteprating Lhese equations, we can obtaln the diference off Intitudeg, toned buleg,
and azimuths ot two points, located on the surface of a gpheroid,
ussing Crom differentiuls to findte increments and designatlng tham by Al

AL and AA with accuracy up to small valuee of third order, we have:

ABw u:v! +h- um;W'+l.

Al w !.'.';'Lf thw- !.‘."l‘%‘."_" T+,

. (#.400)
Y™ :ﬂnl'nlﬂ+l'_!llnﬁ:gﬂl_+'.

-l
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or b oseconds:

AR wa(l)scosA Uy
AL w=(2)ssinAec B4 1, ), . .
AA = (2)ssinAlg B4 0, st

Formalas (3.80¢) are frequently applied 1o apprevdmare calenlast fong, 19 U1 tn

devepted toal g A0 K, A = A5 and

MH=@= -;)-, vat

w00V 2 L,

—
AL'-%mB%?OO"mB . SERE

. Sml’ 2 "
AA 88 =10"1gB

Thug we obtnln upproxlmite numerieal values of aifferences or Intltudeg, longle

taded and azimachs for ndjaceont, points of 1ot order trimngulation,

§ 10, GLODETIC I'OLAR COGRDINATES
tne of the appllications of the geodeales In spheroldal geodesy consiote in thof
by Lty weans it is posaible to create u system af coordlnates on o surfnce of o nhhnr-
old Ly which a posltion of points is determined by the length of geodesle und an angle,
mensired from a glven initial direction, In the particular csse, it this directlion
colneides with o meridian, then the second coordinate an angle, will be the uzimuth
o' the pgeodesie, Such system of coordinates on o spheroid ls annlogous to polar

gyaten of coordinates on n plane, nnd is called zeodesic polar coordinates,

On the basia of theory of geodesic polar coordinates lies a theorem,

. i if, on a surface from ae n ti oint ndle of geodesics of gquul Jenstt,
: 1o drawn, then the curve, connecting their terminals, ie orthogonni te emch of them,

) ; Let us asgume that from point O two geodesics are drawn to lengt!. s, diustant. one
; from another by an angle dA, We will prove that are P1P2 ig perpendleular nl points
1 Mylg to gerodesics 0P, and OP, (Fig, 46), We will prove this theorem f'rom Lhé oppo=

slte, Let us ussume thot ungles at points Pi and PQ differ from polurs by smell
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B RO e AT g s e e

T‘— Vil e t, wWheie oo Ly fhe baw oof contlaal s oone of dein g prenter oed the otaer leass
o ’
E{'- Pt palare et unoasoume thaboat po b by tie angle willl be 90 4 ¢, nnd l‘j 2
! + ' ..
- PR N I oo talte Gy i Yine .1 P\‘hl! o Al cenpeed 10 with f Ly on P re, oo-
2 poci wilh !'1)?. Bortpnte e (Flg, #0)y Loen rrom elementary rlanteangle telaerle
IS , '
“:. :13 ,‘5“‘ Wit have! .
1]
. ’
PP e PP, cora,
L, oartaer;
i

OF - Pty s O] 4 PiPcint e Qo 4P« PP O s e O P P (L e

=08t} oa OF = 2P it :‘

'] | ot

58

Fle, #e, Fig, BT, Flg, IR,

dinee value oin' & 1o ententlally poslilve, Lhen, gongaguent.ly,

; O, » or, 4 I’;P..
I '
thIn ennnol bey elnee by comndtition ()l‘p . -.'l‘i El l‘ll‘i,
: wih,
] R

ln system of polar gecdeslc couvrdlputen of linw o ~ congi are culled ggudeelc

glreumlerences, ¥lement of geodeale clroumforence jo oqual to miA {Itpe WY, Vnlne

m lg called a reduced length of geodeule line, Lineal alement of the purlfuee {n

cpolar voordinates, ny follows frem Plg, 47, han the form ot
e s & L {*. 1)

1n order to clarify the geometric meaning of the reduced length ol geodenlo,
let va cconolder o specif'ic cane, Lel ugs tuke the origlh of cvordinates nl point ot

Lerrest rinl pole, then, marklng ofl’ along the merldiang equal ¢ nnd connenting Lhnte
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Lermlnats, vbtain geadesieo eltrenmfeorence, whicn will colnetde with terrentrlal (ur-
st e peduced lenglh ol geodeste In thils case wili be thiw motlan ot oo parslled,
Wit cont Do values s between Inltial snd finlve polots, m o~ the lewgth of o perpendle-

toto o flolee potor,

alar, dropped from the fnitlal polnt on to a normal, ard passed
My m o the metlon of polar geodetic coordinatent Lhe ape of peodesie oo e

imlh A, Between two polnts on oaosurface, regardless of which of them 1a tuken oo

the tnttbal potnt, m always has one value, l,e., 10 ench geodesle theps ooppenrond
. aospeeitie mo (Fla, 48),
. The pedricwd Tength ol geodeaic 1o connected wirh Gaues curvatore by differsatis]
equation, whone simp i bed derivation {8 shown helow, .
[avh ug take ITwo polnte F1 and Poyoon o ospherold ot gurl a dlatser oyt G
would be possible to dlsregnrd the difference of Goags earvalnre -1-(,_, : }:TL’ITT = FoIn e,
133 ’
Wel wlll draw In the nren of Lhege polnts n apherieal surfnee wlth radlus R oand take
f on 1o apre of Lhe great clrele, equal to g, We will destonnte by o (M, 49), the
conteral snple, carreapondlng Lo are g,
we hnves
. A e
0= Rea,
mwRilne,
. ds= Rds,
U B
@ R'
(] dn = Reosudu,
j My, I 0, cose,
B ' ! & *
d'm de
g
aort
' dw »
| iy |
L5 imk =0, (3.42)

. o Expression (3.42) 48 an ordinary second ovder differentinl equation, whoue inte=
gratlion wlll glve an m, if K Lls known, or it will give K, if m lc given, In deri«

* vation of tormula (3,42) strict analytic proof was not everywhere appllied bul the
equation (3,42), 4f & is considered a geodesic, and K a Gauss curvature at a glven
point, 1o vultable for any asurfaco,
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Integration of equutlon {4.42) wlill be executed, while keeplbg Ln mind that fur
infinltesimnl value ¢f 5 value, m = ¢ 1nd, conzogquently, tor ¢ - O and wo- O (-:-"-') -
. (]

<« 1, We will show m as the daclaurin line ot nscending powers off a, thone

L C s
-~-m:+ Y (».‘q.'\_;

LTI A R VI
m—m(s)-m“+sm°+-;»ma+-;—mo -+ -2—‘-m.',"+ e

wWhere:

mt -(—:}).. (i=1,23..)

eom (3,42)

' o —mk
m - —m' K —mK's
" wmm' K2’ K —mK
mYe—m"K—3m" K ~3n'K —mK"

Whers o - 02

M'.'-f
m;‘l - -K.
mY m.-2K, '
m;’--—m;"l\'.- Ky
KaX.
‘I
KooK dK 8 4 &
' dB & et a8 ds’

(%.40)

[T

—q'——m' -‘—a--_v:-cosﬂl
a8 V' & ¢
Lheretores

K'm — LD A (540

From (3,45) 1t fcllowa, that k' 18 a small value of first order, and that K s
analler by absolute value than K', theretore in further calculations we will tuke K"
= 0, which will lead to an error in finul formula for m by small vulue enrrled tu
seventh place, Substituting the values of derivativas m(;, mg m:)", mév Lo (5,43) und

considering that Mg = 0, we find:

~40n

A e o 4t 4 o Bt