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CAIZULATION o GIOLDSIEIN FACIORS

In his formumlatior of the voriex theory of screw propeilers,
S. C-oldstein(l);&erives e following expression for the distribution

of circuletion gbout each blade sgection:
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where the coefficients a, satisfy the following infinite system of

linear equations:
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Tae Goldstein factor K 1is defined in terms of the circulation T‘

by the relation

k= 1+p° 4Tw (3)
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* References are listcd on page 17.




In the preceding equations, p denotez the mmber of bdlades, T is
the circulation, & is the anguler velocity and v is tbe velocity of advence
of the propsller, w ic the velocity of the screw surface in the direction
of its axis, L represents vr/u vhere r is the distance from the axis
of rotation, and 13 is the value of . vhen r = K, the radius of tha
propeller. The symbol T;) W*i)[h-*. -g_) o m ] represents
Goldstein's function, vhich is defined.by the relation

Tl “(x) = S'_n(i L) —n eng.i K_m(éc) (%)

where 8 _(1x) fs a Lol fuaction(2), acd K (x) 1s the modified Bessel

function of the second kind, of order n. Similarly, I (x) represents the

wodified Bessel function of the first kind, of order n. Primes are affixed

to these functions to dernote differentiation with respect to the argument.
For large values of P‘b Goldstein showed that the individual

terms of the equations comprising the infinite system (2) are closely

approximated by the corresponding terms of the infinite system
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c O = — }‘1{ x y M= 2R3,
o An=2y-] [+ Hn (5)
and he succeeded in solving {his system exactly, obtaining
- /
* M (2v.).
L = - (6)
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In the solution of AML Problem 42 - 54, equation (1) as modified

by the substitution of a * for a, was eveluated on URIVAC for values

of . ranging from 0.25t0 65 p = 3, b, 5, 6 and /M, extending
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from 0.2 to 0.975. Subseauent dusk-machine calculations haeve revealed
that the use of qﬁf in place of a, Jeads to errors in the calculaied
circuletion that are unacceptably large wanzn ., is less than 2.

Accordingly, further research was requested, requiring an investi-
gation of procedures for solving the infinife system (2) for a sufficient
number of tlie successive unknowns &, (m=0, 1, 2, ...) to an adequate
degree of accuracy to yleld reliable values of the circulation.,

The purpose of this report is to set forth in detail an effective
procedure for solving the infinite system (2) for the leading a,'s
vken L exceeds unity. This limitation of the size of M is
necessary to insure a satisfactory rate of convergence of the successive
approximations to the unknowns & Fortunately, the practically important
range of &, coincides with the cne that we are considering.

For the sake of clarity, we shell illustrate the proposed technioue
by applying it to the calculation of the leading unknowns 8y Byy o o oy
corresponding to the particular wvalues M =15 and p = 3.

The coefficients occuring in the equations of system (2) are
evaluated by a variety of methods. When the arguments and orders of
the Bessel functlons I, and K and their derivatives L' and K,' are less
than 20 the functional values can be obtained from existing tdbles(3:h).
Outside this range of arguments and orders, the following formulas(S)

are effective.
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The Goldstein function Tl,n(x) is calculsble by the series

2 4
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provided n is pot an even integer.

When n is an even integer,

T (4‘-) = | - X + ) - n:"(n"—-.z?(n“—ﬁ + ..
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An alternative series for Tl’n(n}l;,) is

-,;,n(‘)'\./loo) ~ ‘L;(/“—o) + ‘t’i}:’-.) + Tﬂn:!/“'o) = R (11)

where ';;(/,4,°) = _7—5&’2—5
T () = 4(*,‘4_(;';
Gt = —/_-;CL/_LQ_—(/A ——)‘a—(,u.
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The values of ”l’i n(Jc) cen be calculated by resre of series obtained
b

(x).

Hn
With Zhe ald of such formmlas, the leading cuefficients of the

by term-by-tern differentiation of the preceding eerdes for 1‘1

system (2) were computed when M = 1.5 and p = 3. The resulting system
is shown on the following page.

The coefficient of an in thz ath equation of this infinite system
is closely approximated by

1, Vo
x . (! + K, ) (23)
4 ﬂ,(—l‘n-lm- / )
and the constant term is approximated by
- M
- 3 1k
v T+ " a

Indeed, these approximations to the coefficients and constant terms
correspond to the simplified system (5).

Our procedure for solving the system (12) is as follows. We
initially restrict our attention to thie first equation of (12) end

assume that

a = a,* = e lu'oa‘ — (&.m).”
™™ I+ py 25T e +1)

for all m& 1. From equation (5) we infer that

S el ()
+ K

v An—2m—  ln  (1+ p%

and consequently the first equation of system (12) can be replaced by

the following equation, with small error.
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3
0.9486058,, + {f(fﬁ:‘iﬁ - ﬁ—mf%} = - 0.58365T ,

/
or 0.9486054, + gm\l_%c) = - 0.583667 ,

. 16
or 0.91&8605ao =« 0.,723907, (16)

whence a first approximastion to &g is
a,(1) = -0.76313
The superscript within parentheses is used to designate the ordinal
number of the approximation.
The systematic solution of (12) continuez with a similar modificatioa
of the first two equations of that system. Thus, we replace the first
two equavions by the pair

0.9486058, - 0.9¥4856a, + JLE %) {l e

x L 4l %
0.315529a, + o.9hhh8531 o Ff)'f,ﬁm { 3 +2:3 Z } 2 - 0.27‘(202;)
17

or 0.9486058, - 0.944856a; = - 0.614992,

0.315529a, + o.9l;hh85al - 0.342141,

which yield the approximstions | !

ao(z) = - 0.75718
a.l(l) = = 0.10930 ;

Application of this technique to the first three equations of (12)

ylelds the system
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0.5%85058,, - 0.9%856u; - 0318052, + X ‘ru L 45X} - - 0.5B3%T

0.315529my + 0.9%AB50, - C.5225e, * i-”;;»z{s e §ln - oereL

0.189156e,, + 0.3157758; + 0.5341%0e, + X o i i‘?ﬁ?’ﬁ? uf‘ - 0.17676%
(18)

or,

0.9248605a0 - 0.9111485&1 - o.31h805a2 = - 0.%98655
0.3155298,, + 0944852, - 0.954225a, = - 0.293129
0.189156a, + 9.3147752, + 0.g4a = - 0.221596

The roote of this system are

(3)

2, = - 0.75352
1

al(z, = - 0.1058%

9.2(1) = - 0.04823

The next step in the iterative prccess involves the solution of the

system:

0.948605a, - 0.944856a; - 0.314805a, - 0.188851a3 = - 0,592820
0.315529eq + 0.944485a; - 0.94h225a, - 0.3111»710a.3 = = 0.2834C5
0.189156a, + 0.3147758y + °°9"-"1"°"~g - o.9hho73a3 = - 0.192522 (29)

0.135058, + 0.188847a, + 0.3146982, + 0.9:}1302}18.3 = =~ 0.16317h




Solution of this gysten ylelds “he epproxiz=ations

N
8,(3) = - o.1059
a2(2) = - 0.04687
%u)z - 0.02865

The next step in whe refinement of the approximztions to the a;'s
entails the solution of the following system, where an ellipsis in each
equation denotes the ommission, for typographical reasons, of the c¢o-

efficients of a; and ap [uncha.nged from system (19)].

0.94860585 ~ « « . = 0,188851a3 - 0.134882e), = - 0.589984
0.31552980 + « « o = o.31h710a3 - 0.188816a), = - 0.279434
0.1891568y + + + . - 0.944073a; - 0.314679a; = - 0.18590k (20)
0.1350508y + « « « + o.9hhoh1a3 - 0.94kolke) = - 0.143320

0.105009ag + . .

+ o.31h67ha3 + 0.944001a), = - 0.128733
From this set of equations we deduce the approximations:

80(5) = - 0.74978

al(h) = - 0.10463 i

a2(3) o = 0.04610

8.3(2) = - 0.02779

8, (1) = - 0.01953
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Further extension of the procedurz leads to the following sys=en.
of aix simltaneous equations, which has been abbreviated ir. i wmarer

similar to system (20):

o.9h8605a0'- .+« - 0.134882e, - 0.10k902a_ = . - 0.5B8359

0.3155298, + « - « = 0.188816% - o.13h86ha5 = <« 0.2T7345
0.18915615{0 R 0.31!;679% - 0.18880235 = ~ 0.182980
00135050&0 + o0 o = 0.9“&01’48)4 - O.3ll$661485 = - 00138“‘7

0.105009a5 + « » o + 0.944001a), - 0.91&‘398335 = - 0.11k113

(21}

o.oesgoan + o0 o+ 0.3114661;&,+ + o.9h3977a5 = - 0.,106107
The corresponding values of the ai's are:
ao(6) = - 0.7H8TL
“ al(S) = - 0.10k04
ae(h) = - 0.045590
a3(3) = - 0.027276
" a.h(e) = - 0.018947
as(l) = - 0.014426

Desk-machine calculations were terminated with the solution of the

following system of seven simultaneoue equations:

10




numerical coefficients of the equations is more formidable, and must

0.948605e,, -
C.3155292, +
0.189156a, +
0.1350508q +
0.1050098, +
0.(585900&0 +
0.07267143.0 +

A

+ » - 0.104902a; - 0.085827a; = - 0.587328
e o« - 0.13486ka; - 0,104892ag = - 0,27608F
-« =-0.188802a5 - 0.13485Tag = - 0.181360
. « - 0.31466ka; - 0.18879Tag = - 0.136179
- 0.943983a5 - 0.314659ag = - 0.110333
+ 0.94397Tag - 0.943972a5 = - 0.004767
..+oaﬁ$&5+m%wm%- - 0.090127

The corresponding roots are:

Further calculations of this type, involving increasingly larger

systems of equations,

electronic computetrs.

30(7) = - C6.74793
31(6) = - 0.10361
ay(5) = - 0.0k5235
2™ = - 0.0269%0
ah(3) = - 0.018580

a5(2) - 0.013992

8.6(1) - 0,011220

cen be expeditiously performed by high~-speed

However, the preliminary calculation of the

necessarily be programmed and carried out as a separate operation.

L e "M
i

(22)




The relatively slov rate of convergence may be deduced frcm the
following condensed table of successive approximations ts the systex (12).

n a0(11) ﬁ(n) gz(n) as(n) ;h(n) ;S(n) aé(n)

1 -0.7631 -0.1093 -0.0482 -0.0287 - 0.0195 - 0.0l - 0.0112
2 -0.1572 -0.1068 -0.0469 -0.0278 -0.0189 - 0.01%0

3 -0.7535 - 0.1055 -0.0461 - 0.0273 - 0.0186

kL -0.7513 - 0.1046 - 0.0456 - 0.0269

5 «0.7498 - 0.1060 - 0.0452

6 -0.487 - 0.1036

T =~ 0.7479

™e convergence of each sequence { &.(n)} is accelerated by applying
the Altken ¢ 2 protess () » that 1s, the associated sequence {b.(n)}
ie formed according to the formmla

\ 2
bm(n) i} a&n’l'em(“"l) - a (n) (23)

aP1) 2 (2) 4 g (002)

The sequentes {%(n)} s = 0, 1’ 2’ o o oy yield the follo‘ﬂng
accurate approximations to the roots of the infinite system (12):




- 0.7:53
- 0.102:}

S -
]

- 0.0%k%

= - 0.%62

- 0.0179

(!

- 9.0133

=G S S\ S
\

- 0.0105

Ve define £ Dy the relation
e

*
€=a—2&

v . Keod

(24)

In the particular nurerical case under consideration, 6”‘ asmumes

the following values, deduced fran equation (6} in conjunction with the

preceding set of finel approximations to the a.n'

€ = -0.0535
é, = + 0.0130
6-2 = 0.C0T5
63 = 0.0047
64 = 0.0031
g_ = 0.0022
§ = 0.0015

The € 's thus derived are then used to evaluate:the Kapteyn series

appearing in the right member of equation (1).

13

To this end we write

_ e N vt . et vt~




.ﬁ_ﬁﬁ 2 a __ﬂmgf" i ;._z_ 14- "‘za;: Lerf 44
s Mfwm R Y e T
+,—¢~ﬁ.€- ¢ T frrier]

A

(25)

The motivation for this representation of the Kapteyn series lies in

the fact that the series comprising the first term of the right side

of equation (25) has been evaluated by the UNIVAC for p = 3(1)6,

M = 0.25(0.25)2.0(0.5)6.0, and )4,445 = 0,2(0.1)0.8(0.05)0.95, 0.975.
2

The multiplicative factor -’_”ttg'_ appears in ecuation (25) because

the ultimate goal of the calculation is the evaluation ‘of the Goldstein

factor K , where, as already stated in equation (3),

K= dFp pTw
Ay

The effect on K of introducing the correct coefficients a, in
place of the approximate coefficients a ¥ may be inferred from an
examination of the following table.

1k




rhs

7/

0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.85
0.9
0.95
0.975

TABIE 2

Goldstein Yactor K for p = 3 and P =15

. val
e

1.4268
1,0972
0.9163
0.7964
0.7016
0.6123
0.5124
0.4516
0.3766
0.2723
0.1932

K (accurate value
based on ay)
1.ko3k
1.0756
0.8945
0.T131
0.6760
0.5837
0.4808
0.k191
0.3442
0.2428
0.1678

The relative error in the above values of K baszd on the

approximate coefficients amf increases fram about 2 percent to more

than 15 percent as /"74"*5 approaches unity. On the other hand, the

absolute error in the approximete values of K remains fairly constant,

varying frem 2.16 X 102 %o 3.25 X 102,

15
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Appended to this report are tables of

1+ 8 ) T, ppaylit e
W F”‘” (-‘Lm+l)£ -

and

+

— P

P e wﬁﬁwg»pﬂ

1+ 45 2 2 a_ Lypmryfrt B4

derived from similar results computed by UNIVAC in the solution of
Applied Mathematics Laboratory Problem 42 - 54.

These data can be used as the basis for further camputation of
accurate values of K in the manner illustrated in this report.

An investigation was also made of the applicability of published
theorems of von Koch(7) and March (8) to the problem of determining the
existence of & solution to the infinite system (2). The sufficient
conditions contained in these theorems are ‘too restrictive to be satisfied
by the aystem under consideration in this report, and consequently, the
theorems do not apply. A rigorous proof of the existence of a solution
of & aystem such as (2) apparently is not yet available.

I should like to conclude with an acknowledgment of the material
asgistance rendered by Mrs. Anita B. Milam by her extensive calculations
of the modified Bessel functions of half-odd-integer orders, which
| | entered into the evaluation of the coefficients of the mumerical system

of equations treated in this report.
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(1)
(2)

\3)

(%)
(5)
(6)
(7)

(8)
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