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NOTATION

Complete elliptic integral of the seconé kind
Distance factor

Complete elliptic integral of the first kind
Modulus of elliptic function, Equation (9)
Radius vector

Unit vectors

Propeller fadius

Radius of ring vortex

Cylindrical co-ordinates

Vector tangential to the vortex ring

Induced velocity

Axial induced velocity

Rectangular coordinates

Circulation

Advance ratioc
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ABSTRACT

\Thfi report gives the axial incduced velocity ahead of
an infinitely bladed propeller. The propeller is simulateéd
by a close succession of ring vortices whose strength vary
along the propeller radius and which extend from the propel-
ler plane to infinity. The results are compared with those

obtained for a propeller represented by a uniform sink disc.
INTRODUCTION

The fiow field in the vicinity of a propeller can be
calculated by replacing the propeller by means of flow singu-
larities. The usual representation has been to simulate an
infinitely bladed propeller in a steady inviscid incompressible
fluid by means of a distributed sink distribution over the
entire propeller disc. The problem was originally formulated
by Dickmanl for a propeller having a uniform distribution of
loadirg along the radius and the induced velocities resulting
for esuch a distribution hgs been given in the literaturea.
¥urthermore, a propeller with a radially varying distribution
hae algo been simulated by superimposing sink discs with a

3
common center”,

1,253 References are 1licted on page 16
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The approech of the present method has been to simulate
an infinitely bleded propeller with radial.y varying distri-
b.tion of lcading, by means of a series of ring vortices ex-
terd.ng from the propeller to infinity. Such a representation
1 10t expected to give radically different results from the
eink representation for relatively large distances from the
propeiler plane. In the vicinity of the propeller plane,
howeve:, the magnitude of the induced velocities will be sub-

stantially affected by the mathematical representation of the
propeller.

The present report is confined to the formulation and
calculation of the induced axial velocities for a propeller
having an optimum distribution of loading. Similar formula-

tions, however, can also be performed for both the tangential
and radial induced velocities.

Analysig

The induced velocitiec in the vieinity of a propeller
are a result of the system of free vortices which originate at
the propeller blades and constitute the propeller slipstream.
A propeller with a very levge number of blades (i.e., an

infinite number of blades) can be concidered as shedding a
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system of closely spaced helical vortex surfaces which are

- o 2
e

equivalent to a compact system of helical vortex cheets. These

helical surfaces can be resolved into two parts:; (1) a close

A

succession of transverse vortex rings with center at the propel-

ler axis and (2) a system of vortex lines vhich are parallel to

et A sty

the propeller axis (Figures la and 1b). The axial induced

-

velocity at any point in space 1s a result of only the vortex

of rings, as the parallel vortex lines do not induce an axial

;ﬁ component. Similarly, the tangential induced velocitles are

? induced only by the parallel vortex lines.

;‘:*

ff In order, therefore, to evaluate the axial velocitles we
!

7? willl consider a vortex ring of radius r!' with the coordinate

¢ystem r, &, 2z and x,y,z with z in the direction of the axis

o T

of the ring as shown in Figure 2.

By the law of Biot-Savart
dy. L Pxds
3

giving the velocity vector 6V induced by an element of length

ds = r*'d® ' at a point (r,6,2z) or (x,y,z). With the unit

; vectors T,F,i in the direction of x,y,z axes we can write

- $ <> | -
S - - swg | + cos¢ § o+ 0.k
) s
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and ? is the radius vector from the vortex element to the

point P.

P= ('zme-w.'me')’; + (‘lsin@-\:siu#)z - ZI

and

P =/ 2% v+ ¥*- 24 ws(0-6) (2)

Hence,
Px ds = 2cs6' T+ 2506’ I- [Q,c“(e-e')- g'l K

The z-component of the induced velocity will he obtained by
integrating the entire ring.

2w (9 :) ’L'
v‘_(’l'l)--.—['_. S b Cos16-9) - 3 da’
9 ° {\[z"-f v Y_',‘— 2.\,!‘ Cos(e-e')}
(3)
Thie Integration can be performed by means of complete
elliptic integrals (Ref. 4) to give
I R - &.'«_(_\_(i E
wlod) =3 Zte (R0 - EW [ STl )
\
where k? e AN (5)

254 (Rav)*
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and where K(k) and E(k) are the complete elliptic integrals ;i ?
of the first and second kind. '
;
Yor a vortex ring placed at the axial position z,,
Equation (%) becomes ;
1625 |
nde [ \ e [ e 2 ler) 7 }
L Ears écn‘)‘{k(k) EQ L - gy ®)
vhere
’ }
: A (7)
k @-z)"+ (ne2')>
For a propeller having an infinite number of blades, the )
optimum circulation distribution along the radius is given by .
Y L}
(le) s X .
Where C is a constant, A 1s the advance ratio and R is the
propeller radius. -
In order, therefore, to find the induced axial velocity
for the entire system of ring vortices, Equation (6) can be
written as: !
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_E()[1+ 2808 H 43 dn,

(a7 By
vhere t =r'/E
1 =2z,/R
d = z/R
(»
and 2 4% \ /R)

N OTPI

(8)

(9)

The infuced velocity at any point (r/R,d) 1is given by

Eauations (8} and (9). This velocity can be normalized in

termes of the axial induced velocity at the propeller disc.

For points ahead of the propeller, we can write

: Vol 2., 4)
o ™ YN LYR,0)

where g, is known as a distance factor for the axial velocity.
Similar expressiong can easily be obtained for the tanyential
induced velocity by coneidering the system of bound vortices

and line vortices.

(10)
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Table I (Cont.)

r/k = 0.3

2.0 3.0 4,0 5.0
0.04%1 0.043 0.0k 0.045
e e R
083 O:d  omay  Sake
0.950 0.561 0.566 0.569
0.624 0.634 0.639 0.6u2
0.683 0.693 0.697 0.7C0
0.731 0.733 o.ghh 0.746
0.801 0.80 0.812 0.814
0.849 0.854 0.857 0.859
0.906 0.910 0.912 0.913

0.937 0.939 0.941 0.941

/R = 0.4
0.042 0.043 0.042 0.041
0.192 0.194% 0.193 0.191
0.3%1 O.E 3 0.343 0.3%2
0. 5g 0.460 0.460 0.459
0.54 0.552 0.553 C.552
0.621 0.624% 0.625 0.625
0.679 0.682 0.683 0.683

. 9 . 9 L] 99 .
0803 obis ok 0:6%2
0.901 0.90 0.903 0.904
0.933 0.93 0.935 0.935
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Table I (Cont.)

r/R = 0.5

Q
&

1.0 2.0 3.0 4.0 5.0

0,042 0.042 0.0%41 0,040 0.040
8'19% 8.§§J7. 8.18& 8.138 8'%623%
0. %1 0.451 0.337 o.&u3 0.44]
0.539 0.540 0.53g 0.533 0.531
0.609 0.611 0.60 0.60%5 0.603
0.662 0.667 0.665 0.663 0.661
0.712 0.714 0.712 0.710 0.708

D'\ 0 S GV MO
O%OOOOS%OOI\J

. 0.782 0,783 0.782 0.781 0.780
. 0.830 0.832 0.8131 0.830 0.829
. 0.891 0.892 0.892 0.891 0.891
. 0.925  0.926 0.926 0.926 0.925

r/R = 0.6
0.02 0.04 0.04%2 0.040 0.039 0.037
0.10 0.19 0.187 0.17 0.175 0.172
0.20 O.E&g 0.328 0.31 0.311 0.307
0.30 0. 0.436 0.425 0.418 0.4k
0.40 .0.932 0.521 0.511 0.504% 0.500
0.50 0.600 0.589 0.580 0.574 0.570
0.60 0.654 0.645 0.637 0.631 0.628
0.70 0.693 0.691 0.684 0.679 0.675
0.90 0.76 0.762 0.756 0.752 0.750
1.10 0.817 0.812 0.808 0.805 0.803
1.50 0.880 0.877 0.874 0.873 0.871
1.90 0.917 0.915 0.913 0.912 0.911

11
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0.10
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Table I (Cont.)

r/R = 0.7

3.0

0.036
0.16
0.28

O.Eeh
0.463
o5
0.634%
0.711
0.768

0.845
0.891

0:340

4.0

0.034
0.157
0.277
Ooe73
0.453
0. 520
0.577
0.626
0. 704
0.763
0.841
0.888

0.026
0.111
0.196
0.270

0.4o%
0.463
0.517
0.607
0.678
0.778
0.84%1

5.0

0.03%

0.153
0.272

0.367
0.0k
0.51k%
0.571
0.621
0.700
0.760
0.839
0.887

0.024
0.106
0.188
0.261
0.331
0.395
0.455
0.508
0.600
0.672
0.774
0.838

0..024
0.203
0.18
0025
0,325

0
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Table I (Cont.) P
T/R = 0.9 ‘1

|
N\ |
d llo 200 300 )‘*oo 500 600 i

0.02 0.006 -0.016 -0.022 -0.026 -0.028 -0.029
0.10 0.011 -0.051 -0.079 -0.093 -0.101 -0.105
0.20 0.032 -0.057 -0.099 -0.121 -0.133 -0.141
0.30 0.080 0,020 -0.069 -0.095 -0,111 ~0.120
O. 0 0.1"}2 00039 "00012 -0.0 l -00057 -00068
0.60 0.272 0.176 0.126 0.099 0.083 0.072

0.70 O.E&; 0.244 0.197 0.170 0.1%5 0.145

0.90 0. 0.367 0.326 0.304 0.290 0.281
1.10 0.536 0.470 0.436 0.416 0.40%5 0.397
1.50 0.671 0.624% 0.599 0,585 0.577 0.572
1.90 0.753 0.726 0.707 0.697 0.691 0.687

13 | A Y,
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Results

The distance factor gz, has heen computed, using

Eouations (8), (9), and (10), on the IBM 704 Computer for
values of r/R from O to 0.9, 4 from O to 1.9 and '/g‘ from
1.0 to 6.0. The results are given in Table I, computed to
an accuracy of 0.001.

The results can be compared with those obtained from
a sink disc representation of a propeller of uniform loading.
The comparicson 1s made in Table II, and it is noticed that the
difference is considerable, particularly in the vicinity of
the dise. This 1s primarily due to relatively large ehange of
the axial velocity component near the propeller plane, indi-

cating that the approximation of uniform lcading along the

Table II
Comparison of gg with uniform sink disc

r/R = 0.6 r/k = 0.8
i
d yA.' = 100 /a’ = 6.0 Sink diac ‘/a, = 100 I/a‘. = 6.0 Sink disc
0.3 0.448 0.411 0.373 0.358 0.256 0.47T7
0.5 0,600 0,567 0.536 0.490 0.389 0.617
0.7 0.69% 0.673 0.646 06592 0.503 0,700

14




Propeller radius, leads to inaccuracies of the induced
velocity field. Examination of the results, shows that the
distance factor gg is larger than that obtained from a uni-
form disc representation for propeller radii smaller than

0.6, however, for propeller radii of 0.8 or larger the
distance factor is smalier. This would indicate that although
the sink distribution representation may result in the correct
total effect, the radial distribution of such velocity is a
sensitive function of the radial distribution of loading.

Conclucions

Comparison of the axial induced velocity in the vicinity
of a propeller indicates that the loading distribution is
important for points near the propeller plane. The velocities
have teen calculated for an optimum loading distribution which
in general is not too different from the radial distribution
vsually used. In specific instances, however, it may be
necessary to use the actual circulation distribution and
this can most easily be performed "y calculating the induced
velocity resulting from the differences in lcading between

the actual and optimum distribution.
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