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NOTATION 

Inter.sity of erosion 
.. 

Average depth of erosion 

Time of erosion 

Erosion strength 

Collapse pressure of the bubble or impact pressure 

of the drop 

Density of the liquid 

Speed of sound in the liquid 

Intensity of impact 

Intensity of collapse 

The radial distance from the surface 

A proportionality constant with length as dimension 

Th~ attenuation exponent 

The efficiency of absorptiC'n of the impact energy 

by tht' material 

The maxtmum intensity of erosion at a given intensity 

of collapse Ic 

The time at which the intensity of erosion reaches 

a maximum; at t • t 1 , I • I . e max 

The effi ci en cy corresponding to the time t 1 

'l'h e normalized l ntensi ty of erosion, I II e' • max 
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T The normalized time, t/t1 

- 11/111 1l The normalized er ri ci ency, 

k • dn at 
dT T • l 

a The Weibull's shape parameter 

r1 The cumulative depth or erosion at time t1 

-r The normalized cumulative depth or erosion, r/r1 
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SUMMARY 

An elementary theory of erosion is derived based on the 

assumptions of "accumulation" and "attenuation'' of the er1ergies 

or impact causing erosion. This theory quantitatively predicts 

the relative intensity of erosion as a function or relative 

time and this prediction is in fair agreement with experimental 

observations. Since the intensity of collision, the distance 

of shock transmission and the material failure are all statis­

tical events, a generalization of the elementary theory is 
suggested. 

Some of the practical results of this theory are the pre­

dictions of the cumulative depth of erosion, the determination · 

of erosion strength and the method of correlation with other 

parameters such as liquid properties and hydrodynamic factors. 

Modjf1cations of this theory for brittle and viscoelastic ma­
terials are also suggested. 

Note: An abstract of this report was published by the Jet 

Propulsion Laborat~ry, California Institute of Technology, 

Pasadena following a lecture on this subJeci on Decem-

ber 30, 1966 at the Turbine Erosion Conference organized 
by JPL. 
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INTRODUCTION 

Recent research on cavitation erosion has led to the logical 

definition of the intensity of erosion as the power absorbed by 

a unit area of the eroded material (1,2). This definition was 

succe3sfully used to estimate the intensities of erosion of 

specimens in laboratory test devices as well as practical field 

systems and to compare their relationships (2,3). Ba3ed on this 

definitio~ a nomogram has been prepared to help designers select 

proper rrwterials (3). It has also been pointed out that the same 

approach may be adopted for other erosion problems such as turbine 
... 

erosion and rain erosion (4). However, these simple methods of 

solution to erosion problems are limited by the fact that the 

rate of ~rosion is time dependent. The importance of the effects 

of test duration (or operating time in field installations) was 

recognized and highlighted in a series of recent publications 

(2,5,6,7 and 8). These results are further confirmed by Plesset 

and Devine (9) and Hobbs (10) for cavitation erosion. Such ef­

fects are also observed in liquid impact erosion such as turbine 

erosion (11,12), Jet impact erosion (13) and rain erosion (14). 

It is necessary to understand and predict these non-linear time 

effects quantitatively in order to achieve meaningful correla­

tions in the laboratory and to extrapolate laboratory data to 

field systems. The following theories are developed with such 

objectives. 

• 
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The typical effect of the test duration on the rate of erosion 

of metals is shown in Figure 1. When the importance of this ef­

fect was recognized, this relationsnip sh~wn in Figure 1 was di­

vided into four zones, namely: 

1. Incubation zone, 

2. Accumulation zone, 

3. Attenuation zone, and 

4. Steady state zone. 

(Figure 2). The names of these zones were selected to represent 

the most significant physical mechanism controlljng that particu­

lar zone. Particularly the "accumulation" zone and the "attenua­

tion" zone are of specific interest for the present discussion. 

In the "accumulation" zone, it was thought the increasing rate 

of damage was due to eumulative energy storage and more efficient 

energy absorption in the material due to fatigue. Whereas in the 

"attenuation" zone, the bubble collapse energy was thought to be 

attenuated before reaching the surface due to the erosion of the 

surface material. It was also noted that the beginning of the 

attenuation zone was characterized by the formation of deep 

craters on the eroded surface. 

Subsequently two more significant papers appeared; one by 

Plesset and Devine (9) in which the authors emphasized the hydro­

dynamic interaction of the surface roughness on the bubble col­

lapse and the other by Heymann (15) in which the material response 

was the primary consideration. In addition, Hobbs (10) as well as 
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Plesset and Devine (9) emphasized the "flat" peak which they 

thought was more steady with respect to time than the so called 

"steady state zone." The theories developed in this pai::-;r not 

only take i~to account both the material response and the hydro­

dynamic attenuation of the shock, but also explain the observa­

tions of Hobbs (10) and Plesset and Devine (9) about the "flat 

peaks." Furthermore the theory provides quantitative results that 

could be used for engineering calculations. 

ELD1ENTARY THEORY 

The erosion c f materials such as cavitation erosion or drop 

impact erosion is caused by the localized high impact pressures 

r;lose to the si...rface of the material (Figure 3). It is generally 

known that this process of erosion is controlled by two opposing 
phenomena. The f1rst is the change in the efficiency of absorp­

tion of the impact energy by the material and how this efficiency 
of energy absorption changes with respect to time after repeated 

indentations. The sec0nd is the attenuation of the impact pres­
sures due to increasing d1stancP- of ~ravel as the surface gets 

eroded. The elem2ntary theory is developed by making two basic 

as~umption: for the above t~o phenome~a combined with the defini­

tion of tlt •:? 1ntensi ty of erosion. 

Definition of the Intensity of Erosion 

The intensity of erosion is defined as the power absorbed 

by unit eroded area of the material (2,3 and 4) and is given by 

r S 
I 

e 
e 

= t [ 1] 

' 
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r/t i s the rate of depth of erosion,and 

S is the erosion strength. 
e 

If the rate of depth of erosion is expres s ed in differential form 

then 

I = S dr 
e e dt 

[ 2] 

where r is the mean depth of erosion as measured from the original 

surface of the material (Figure 3). 

The Intensity of Collapse (or Collision) 

The intensity of collapse (or collision) depends up on the 

parameters controlling the dynamics of the bubble or drop. For 

example the intensity of bubble collapse is defined as the power 

transmitted by unit surface area of the bubble (16) and is given 

by 

where 

I = 
C 

pc is the collapse pressure of the bubble, and 

plCl is the acoustic impedance of the liquid. 

[ 3] 

Similarly the intensity of collision of water drops may be de­

fined either with water hammer pressure instead of the collapse 

pressure or from the energy flux of all the drops on unit area 

of eroded surface. 
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Basic Assumpt i ons 

The two basic assumptions of the theory are as follows : 

1. The attenuation of the intensity of collapse or 

collision is assumed to be inversely proport i onal to the nth power 
• 

of the radial dis tance. This may be mathemati cally stated as--~, 

where 

11 is the intensity of impact, 

I is intensity of collapse or collision, 
C 

r is t _he radial distance (Figure 3), 

A is a prop0rtionality constant with length as 

dimension, and 

n is the attenuation exponent. 

2. The second assumption is that the intensity of 

eros i on is related to the intensity of impact in the following 

manner 

[4] 

[ 5] 

where T) i s a mater i al property governing the efficiency of energy 

absorpt i on. It is also further assumed that the effic ~ency of 

absorpt i on , T) is time dependent 

T) = T)(t) 
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Differential Equation of Erosion 

Combining Equations [2), [4) and [5] the following differ­
ential equation of erosion may be derived (See Appendix A) 

2n+l 
dI I n 

I e 
+ k 

e ~ £!l. 0 [ 6] = dt 1 T} dt 
n T} 

where 

k = n 
1/n 

(AnI ) s 
C e 

Since the experimental observations show the intensity of erosion 
reaches a maximum and then decreases, the above differential 
equation is normalized with respect to this maximum intensity of 
erosion, Imax and the time ti at which this maximum occurs. 

At 

t = ti 
I = e 1max 

dI e 
0 = dt 

T} = T}i 
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The normalized parameters are given below 

t I 
i e - ..!l.. 't' = . .. Tl = . 

ti 
, 

I 
, 

Tll 
, 

max 
and 

ic = -9.i I 
d-r -r=l 

The normalized differential equation of erosion is given by 
(See Appendix A) 

2n+l 
n 

ic 1 _..L-9.i .. o 
- 1/n - d-r 
Tl 11 

[ 7] 

The general solution of this normalized differential equation is 
(See Append ~ x A) 

I • ------------ [ 8] 

In order to calculate I as a function of -r, the value of n and 
the funct i on 11(t) must be known. In under water explosions, it 
is known that the shock pressure attenuates inversely as the 

,. 
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distance travelled (17). Since the intensity varies as the square 

of the shock pressure, the value of n may be assumed to be 2. How­

ever calculations for n = 3 and n • 4 have also been made for the 

purposes of comparison as discussed later. 

The nature of the function Tl ( t) may be inferred from the 

definition of the erosion strength, S (4) as the energy absorbed 
e 

by unit volume of the material up to complete fracture and removal 

from the surface as a result of the repeated action of the erosive 

forces. If the unit volume of the material fractured is considered 

as a fatigue specimen, then the efficiency of absorption is asso­

ciated with the probability of failure of the unit volume after a 

given time. There are several statistical distributions of the 

life of the materials under fatigue. r.rhe one that is more gen-

eral and that has wide acceptance is the Weibull distribution (18) 

of the type 

T} • 1 - exp(--ra) [ 9] 

where a is the Weibull shape parameter and it depends upon the 

material as well as the stress level. As can be seen, the above 

distribution becomes a simple exponential distribution when a• 1 

and the Rayleigh distribution when a= 2 (19). It corresponds to 

a · nearly normal distribution when a= 3.57 (19). Figure 4 shows 

the variation of the relative intensity of erosion, I as a func­

tion of relative time, -r for different values of a in Equa­

tion [9] and for n = 2. Figures 5 and 6 show the same relation­

ships for n = 3 and for n = 4. While a has a large effect on 
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the r esul ts n does not as can be seen in Figure 7 wh ich shows a 
compar i son for o e value of a= 3.57. 

COMPARISON OF ELElt1ENTARY THEORY WITH EXPERIMENTAL DATA 

Th e early r es ul t s tr..at led to the re cognition of these time 
effe cts (5 ) shown i n Figure l were obta i ned in cav i tat i on erosion 
tests wi th a ma gnetostri ction apparatus using 304 sta inless steel 
and water at var i ous ampl i tudes. These data are reduced in the 
non-dimensional form and pls)tted in Figure 8 along wi.th the theo­
ret ical curve corresponding to the value of a c 3.57 (which is a 
nearly normal distribution). The agreement of experimental re­
sults with theory i s very good for T > 1. However for values of 
T < 1 the experimental results do not agree so well with the 
theory. 

While the above comparison shows that much more remains to 
be done by way of correlating experimental results with the theory, 
the general trend i s extremely en couraging. In addi t ion, the 
controversy abou t the "flat peak'' is resolved since the curve for 
the lowest ampl i tude whi ch exhibited the so called "flat peak" 
fa l ls in line with the other data as well as with the theory. 

GENERAL THEORY OF EROSI ON 

In the ele~entary t heory, only the effi ciency function ~( t) 
was as sumed to be a stat i sti ca l d i stribut i on . How ever , t he in­
tens ity o f collaps e , Ic' as well as the distanc e; r , a . .'e bo t h 
stat i st i a l quan t i ti es . For exampl e the i ntens ity of col l apse 

., 
\ , 

/ 

r 

' 
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Q 

depends upon the bubble size distribution (or drop size distribu­
tion} and the value of r would depend upon the roughness distribu­
tion on the sur face, Figure 9. Furthermore, the number of bubbles 
collapsing in a given area may be affected by the hydrodynamic 
interaction of the roughness of the surface which in turn depends 
upon the testing time (9). Thus, it may be a~sumed that 

I = I ~l ( t) Probability functions C C 
controlling the 0 

r = r <l>2 ( t) s t;atistical events. 
0 

and 11 = 11 t~d t) [ 10] 
0 

·rhen the original assumptions given by Equations [4] and [51 may 
be used to derive a new probability function ♦ which is the re­
sultant of the above three functions. It is suggested that this 
function, ~ is t he true erosion distribution as measured in an 
erosion test. Hence one of the purposes of an erosion tests it to 
determine the erosion distribution, t. 

PRACTICAL RESULTS OF THE EROSION THEORIES 

Prediction of Cumulative Depths of Erosio~ 

The erosion theories developed in the previous sections can 
be used to predict the cumulative depth of erosion taking into 
account the effec t of time and this result is very useful for 
practical applications. From Equation ( 2], 
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5 e dr ---= I dt max 

S • r1. 
e 

where r 1 is the depth of erosion at time ti corresponding to the 

peak intensity I max Hence, 

• 

[11] 

where 

As shown in the appendix 

-r • 
l 

l I dT 
0 

{12] 

Figure 10 shows the relationship between the relative dept~ of 

erosion, rand the relative time, T for various values of a in 

the Weibull type distributions shown in Figure 4. In fact the 

area under these curves in Figure 4 give the required integrals 

in Equation [12). 

If the cumulative depth becomes large enough to affect the 

bu l k chara cteristics of the erosion process, then the cumulative 

dep th curves will change shape due to such effects. For example 
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it is known for the case of rotating disk apparatus (1) that the 

damage rate increases after the steady state becomes the hole pro­

duced by cavitation damage acts as another source. In some ex­

periments such as the damage on hydrofoils the damage rates tend 

to become zero since the cumulative depth of erosion reaches the 

thickness of the foil (Figure 11). These conoiderations point out 

the fact that the extrapolation of the test results to predict 

long term cumulative depths have to be done with caution taking 

into account the realistic interacting influences. 

Determination of the Shape Parameter, a 

In order to make use or the theories or erosion in engineering 

calculations and experimental correlations, it becomes essential 

to determine the shape parameter, a. The results shown in Fig-

ure 4 are replotted in Figure 12 where relative intensity I ia 

plotted as a function or a for various values of T. This figure 

will enable us to select the most suitable a to fit a given set 

or experimental data. 

Determination of Erosion Rates as a Function of Time 

It has been suggested earlier (4,5,6 and 7) that the steady 

state rate of erosion be used for correlating other propet•ties 

of materials with erosion resistance. The reason was that the 

interacting influence of the testing time was not quantitatively 

understood and that it significantly affected correlations with 

other parameters. 
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However condu cting ea ch exper i ment up to steady state is 
qu i te t i me consumi n part icularly for strong mater i als. It may 
take as mu ch as 30 t o 40 hours for obtaining ea ch steady state 
eros i on rate. Furthermore, at lower intens i t i es, the rates con­
t i nue to de crease even after long test du~ations as shown in Fig­
ure 1. I n s ,.' ".!h cases it will be d :!. fficul t to a ccuratel y determine 
the s ~eady state ra t e of erosion. From the present theoretical 
cons i derat i ons, the above fact becomes obvious since the values 
of T for the lowes~ amplitude curve in Figure 1 are onty in the 
range of 1.5 to 2. 

If the quantitative understanding of the relationship be­
tween the rate of erosion and time of erosion as suggested by the 
theory i s fully established, then it is not necessary to t est for 
very long dur ations. However, it would . be still desirable to test 
beyond t he peak rate and to present the data in the normalized 
form. For t his reason, the peak rate of damage and the time at 
wt ich the peak rate occurs become very signifi cant measurements 
in an erosion t est. Hobbs (10) as well as Plesset and Devine (11) 
suggested t he us e of peak rates for correlations although for a 
differ -=nt r ea son . Tney thought that the peak was "fl at" and in­
dependent of test time a t least for some time before the rate of 
erosion s tar ted decr eas i ng and in that s ense the ' flat' peak was 
the s t eady s t a te . 

Determi nat i on of Eros i on Strength of Metals 

The erosion s ~rength is related to the peak rate of erosion 
in the fo l lowin manner (See Equation [A.22] of t he append i x. 

r. 
' 

• 
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[13] 
t a(r)3 1 max 

where 

M • a 
[e(e-1)]½ 

and 

(r)max •~~I at t • ti 
max 

Following an earlier suggestion by the author (4), the strain 

energy may be assumed to be identically equal to the erosion 

strength for a few metals for which such correlations are verified 
~ 

(7). Using one of these metals, erosion curves similar to Fig­

ure 1 may be · obtained. From these erosion curves, the values of 

A, a and I may be obtained for any erosion test device and ma-c 
terlal. After such a "calibration" of the test apparatus, the 

erosion strengths of different metals may be determined for the 

use in design calculations. This procedure may also be used to 

quantitatively evaluate the environmental interactions on the 
erosion strength of metals. Much more experimental research needs 
to be done in this area. 
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. Correlations Wi ·h Liquid and Hydrodynamie Parameters 

The values of A a nd I, thus evaluated from an erosion test 

may be used to correlate with different parameters affecting the 

erosion phenomenon. One such example ls an attempt to formulate 

the s ealing laws that govern the mechanism of cavitation damage 

(16). The steady state erosion rates were used in that case. In­

stead the peak values in ~erms of (A/r1 )
2 I may also be used for 

C 

such conditions. 

MODIFICA'rIONS OF THE THEORY FOR BRITTLE 
AND VISCOELASTIC MATERIALS 

The present theory of erosion can be extended to the cases 

of brittle materials such as rocks and concrete as well as to the 

viscoelastic materials such as elastomeric coatings. The major 

requirement for such an extension is the knowledge of the effi­

ciency function~ - Figure 13 show the variation of cavitation 

erosion rate of polished stone as a function of test duration 

(20). While this relationship is similar to that of metals, Fig­
ure 14 shows some test results for concrete (20) . In this case, 
it appears that the rate of damage is a maximum at zero time or 

at least the value of ti is very small. Such results are also 

observed for the refrac t ory metal, TZM at 4oo°F in liquid sodium 
( 8). 

The fo llowing treatment may be Jseful in dealing with some 

of the above results . 
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Assume~= constant (independent of time). Then the equation of 

erosion [6] becomes for n = 2 

dI I 5/2 
e dt + k 

e = 0 

The solution is 

.J. kt 
1 2 

I 3/2 • -~,- + C 
e 

If we assume Ie • I
0 

at t = 0 

C • 1 
I 3/2 

0 

1 
.i 1 2 kt 

I 3/2 
e 

- I 3/2 • 7 
0 

I 3/2 
0 ----1-

I 3/2 
e 

t [ 14] 

Equation [20) may 'be used for the analysis of brittle materials 

which start with a maximum rate of damage. 
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Si milarly, the theory for the vis coelasti c mat erial~ can be 

developed from the lcnowledge of Tl as ~ fun ction of time. The 

vis coelast i c mat er i a ls behave as brittle materia ls at h igh strain 

rat es corres ponding to high intensities of erosion. In su ch cases 

the theory for brit tle materials may be used. At lower strain 

rat es, add i t i onal problems such as adhesion failure and tearing 

will have to be considered. Further experimental research is needed 

i n this ar ea also. 

CONCLUSIONS 

The following significant conclusions may be drawn from the 

present investigations: 

1. The elementary theory based on the assumptions of 

"a ccumulation" and "attenuation" of energy of bubble collapse or 

drop collision corre ctly predicts the shape of the erosion curves 

observed for metals. 

2. In the elementary theory using Weibull type dis­

t r i but i ons, th e value of the shape parameter, a, has a large ef­

fect on the erosion curves. However, the attenuation exponent 

does not affect the erosion curves significantly when n = 2, 3 

or 4. 

3, On e set of experimental data for 304 stainless steel 

shows good correl ation with theory when a= 3,57 (]orresponding 

to a nearl y normal distribution for the efficiency). 

... 



.. 
HYDRONAUTICS, Incorporated 

-19-

4. The theory also predicts the cumulative depths of 

erosion as a function of eroslon time. 

5. A general theory of erosion can also be developed 

with a function called erosion distribut on. It is suggested 

that the normalized erosion curve actually reprEsents this erosion 

distribution. 

6. Practical uses of these theories are : 

a. Prediction of cumulative depths, 

b. Understanding the influence of erosion time 

on erosion rate, 

c. Correlations with other liquid and flow 

parameters, and 

d. Determination of erosion strength. 
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APPENDIX-A 

DERI VATION OF THE DIFFERENTIAL EQUA TI ON OF EROSION 

Assumpt i ons 

1 . Att enuat i on of the intensity of i mpa ct 

[Al] 

2. Effici ency of energy absorption 

[A2] 

[A3] 

Defin i t i on of the Intensity of Eros i on 

I s ctr [A4J = e e dt 

Different i at i ng Equation [ A2], we get 

dI 
s!!l. dii e [A5] -- - dt Ii + T} 

• dt dt 
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Differentiat i ng Equation [Al J, 'tie get 

-- = dt 

Furthermore from E4uation [Al] 

(-n ) dr 
(r·+r )n+ l dt 

C 

n+l 

(r+rc)n+l ~ (A::c) n 

From Equation [A4] 

Hence Equation (A6] becomes 

dii AnI I 
(-n) 

C e 
-- :::: 

{n+l)/n dt s 

( A:: Cl 

e 

-n AnI C 

=----n+l 

(An1
0
)0 

(n+l)/n 

(I;) 

[ A6] 

[A7] 

[A8] 

[A9] 
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I 
Since Ii 

e 
=-

T) 
from Equation [A2]. 

in Equation [A5] 

where 

dI I d 
___!:. = ~ S!!l. + 

dt T) dt 

(2n+l)/n 
kie 

1/n 
T) 

Substituting Equation [A9] 

I 
e 

s e 

Hence the differential equation of erosion is given by 

(2n+1Vn 
dI kI __ e + _e ___ _ 
dt 1/n 

Tl 

I 
~£!1-o 

Tl dt - [AlO) 

--- ... ,: 
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NORMALIZED DIFFERENTIAL EQUATI ON 

The EquatiorJ LAJ.O j can be normal iz ,-- wl espect t o the 
parameters corresponding to the maximum in t ensi t y of damage ob­
served in experiments. At 

t = t 1 

I = I e ma.x 

die 
0 -- = dt 

Tl = '11 

Then 
t 

d-r dt 
't" = . = ti 

, 
t i 

I dI r e 
dI e = ; -I I max max 

; 

Since 

dl e 
d t = 0 at t = t 1. 

----·-------·------

• 
I 
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Equat i on [AlO] becomes 

2n+l 
n 

kimax 
1/n 

ill 

k • 

-24-

I 
_ (n~l) 

max 
n-1 

n 

Now Equation [AlO] may be written as 

2n+l 
n 2n+l 

I max dI kI 
I 

n I - -
~ _I_ !l.i. £!l. = max ---+ 

t i d-r 
'T) l 

Hence, 

dl -.- ~ 
(lf 

where 

1/n -1/n 
T) 

2n+l 

-

n+l 
n 

T)l 

k I ti max k :-: ___ 1_/ __ n_ 

Tll 

- t :L dT 
Tl 

[All] 

0 . 

[Al2] 
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(from Equa tion [All]) 

_ (n~l) n+ l -n 
1max I 

ti 5!!1.1 max - n-1 1/n dt t 1 T} J. 
T}J n 

= h.~1 
T}l dt t1 

Hence, 

ic ril • dT T•l 

GENERAL SOLUTION OF THE NORMALIZED DIFFERENTIAL EQUATION 

Let 
_ ,n~l l 

z = f 

ln+l) dz • - n 

Equation [Al2] becomes 

i 

• 

-2n-l 
n dI 

[A13] 
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(n+l)/ri 
exp[/fi (ij)dT] = (ij) 

n+l 

F(;) J- l1 n+l k -
' I z.: T) • - ~ dT :: k 

n =l;n 
T) 

Hence the general solution becomes 

i = ---------n 

] 

r.+ 1 

fijdT 

Boundary conditions : 

-

n+l -n 

At T = 1 ; f =- 1 .: l) :. 1. 

f -'1 dT 

(Al4] 

J r • 
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n 
n+l I 

2n+l --n 
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2n+l 
-n-

k I 
dz + __ _ 
dT - 1/n 

1) 

- -
_I_ £!l - 0 

- dT -
1j 

dz+ n+l l £!l z n+l k 
dT r - dT =-;- -1/n 

1) Tl 

This is of the form 

dz (-) 
dT + f1 1j 

Gen eral solution of this equation is 

n+l 
n 

n+l :.: - ln 
n 

-11 

n+l 

1 
-
Tl 

- n 

~d d-r T 
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1 

C + n~ l k J ~d-r = l 

C = 1 -

0 

1 

n+nl k-J 
0 

Hence [Al4] becomes 

i=--------~-------

I = 
n 

t + /~dT] 
n+l 

n+l --k 
n 

If n s 2 

-
f = !l ~d] 2/3 ~ + 

1 -1-r 2 k 
1 

[Al5] 
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When Wei bul l type d i stribut i ons are us ed, 

T} = 1 - exp ( - -r a) [Al6] 

At T = 1 l 
1 e - 1 

T}1 = - - = -e e 

- e ( 1 exp(-,: 0
) ) 11 = -e-1 

dn e-1 Cl-1 ( Cl) ] ~ = -- [a·r exp -T 
dT e 

At T -= 1 

dn1 · e Cl 
d-r T=l = e-1 • e 

Hence 

e [ 1 Cl 

e-1 
exp ( - T ) ] 

I = ~/3 [Al7) 

t 
T 

+ l.:..2S!. J _J:._ (1 - exp(--r
0

)ct~~ e-1 e-1 

1 
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From Equat i on (A l 7 ] , I is cal culated as a function of ·r for various 

values of a as shown in Figure 4. Figures 5 and 6 show the ·same 

relationships when n = 3 and 4 respectively. Whe~ Gumbel type 

distributions are used 

Hen ce 

Tl1 = exp[ - ~] e 

-
Tl 

I = 

.L 
e [ exp (- ~)] 

[Al8] 

Fi gure 15 shows the variation of I with T for three val ues of~-
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I 
e I•--=-

I max 

-31-

CUMULATIVE DEPTH OF EROSION 

s 
e 

I max 

dr 
dt 

. , I max 

Boundary condi t ions, 

I'hen 

Hence 

_s_e_r_i __ r = J '! 

t 1 I max 
0 

I d-r + C 

Bounda r y conditions, 

~ ~ 0 j r = 0 ; T = 0 ; l = 0 ; r = 0 · 

Hence 

C =- O. 

... 
[ Al 9) 



HYDRONAUTICS, In corpora ted 

-32-

Again at 
-t =ti ,~= 1, r = 1 

Equation [Al9) becomes 

JT I d1 

- 0 r = 

OJ 

1 
f d·r 

-The variat i on of r with T for various values of a wh en~ = 2 is 

shown in Figure 10. 

RELA 'II ONSHI P BEI'WEEN THE MAXIMUM INTENSITY OF 
ER0SI ON AND ·rHE INT'ENSI'I'Y OF COL!.,APSE 

From Equation lA l J] 

I max 

(n+l) 
n 

n-1 
'T) :i. n 
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Using Weibull type distributions and the value n z 2 

where 

Hence 

-3/2 (e-1)' Imax - e- a 
ti ( e-1) 

I 3/2 = __ a __ 

max 2[e(e-1)]½ 

I l / 2 SA 
C e 

ti 

RELATIONSHIP BETWEEN EROSION STRENGTH 
AND MAXIMUM RATE OF EROSION 

From Equation [A21] 

3/2 3/2 •MI 1/2 A 
3

e (r ) s max . e c ti 

a 
M • -----

[e(e-l)]t 

A2 I M2 
C s ------e t a (r )3 1 max 

[A21] 

[A22] 
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FIGURE 3 - DEFINITION SKETCH

FIGURE 4 - THEORETICAL PREDICTION OF THE EFFECT OF TIME ON INTENSITY OF 
EROSION WHEN n = 2
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ttw 1ro~ ■---r. Aleo, wlw11 .,.liceble, ahow that ophunal 

-kins• h•ve bHn •• f• Group 3 •• Group 4 •• euthur• 

ind. 

3. RIPOltT Tm.&: KN• the c--.1 ... Nlpl>ft UUe an ell 

capital lett•e. Tldca la all caH• ahould ba WM:INi.ified. 

U a ... ...,Ill title ca-I ba NIKtcd without daaaific• 

Uon, allow Ude dHalfic•ion i11 all c,.pll•I• in , .. •h•i• 

lllllM:IYlelJ foUo•illl tlie title, 

4, DEICRIPTIVlt NOJ'D U appropriat•, lln ... t the lftlll <,f 

report, ... , ••erll:il, ,,..,. ••• .._,, ..... a1, or 1111111, 

Give ta. illc:ltaaiwe detH ..._ • apeciflc res,ortina period i• 

cowered. 

5, AUTHDll(l)I Enter ttw uaa(a) ol 11111r..>.(a) •• .JI&, ..ill on 

or UI the ttporl, It•• I•• .... , firet u.e, iaaddle initial. 

U eUituy, .._w ,_. Mid braell of aer,,ice. TM .... of 

ttie pra-.-i eutllar •• u IINGI•• allUlllta• rllqllireaent. 

o. KEPORT DATE; Enler the date of th• ,.,.,.,.., •• lier, 

• ~llih. ye•; or molll;l. rear, If -• than one date appeMS 

oa the NIJOft, '-•• date of publk:atio,"I. 

7., 10TAL NUIIBU OP PA.GD Ttw ,.,, .. p..., c.:CMI• 

ahodd follow no,_al paclllllliOII ptocedw'II•, i. ... enter the 

nulllb• of P•1•• cu•••lftc ialortnatio>11, 

'711 . NU_,ER OF •~Pl'.RltNCD Ent., tlw total --- ef 

,eferer.ce• cit.d ill the rtlpOlt, 

I• CONT.ACT Oil GRANT NUllllltR: II approp.late, --• 

ttw ~lkable ••• of the contract or ., .. tallder ... icll 

the repon •• wrilta. 

... I,;, • U. PIK>JKCT NU-lllt £mer the aa,propri•• 

ail . ,.,;o ..,.,. .... i•••ifiueloa, euch H proj-=t --•• 

•• ,ojec:t .... .,, ., ................. n....,, etc. 

9e. OlilGINATOll'I REPOIIT Nll-D(I); --• the offt• 

cl•I r..,ort ...,._ br whlc:h Ille don .... wall ba l .... lfl.d 

Md c:oMrolled bJ the or&alnatilll ec:Uwttr, TM• ......, -•• 

IH 1111iq- lo lhla repo,t. 

... ,,. OTltl!JI REPOkT NUIIBElt(I): II the: r9PO" h• been 

• •uianecl 1111)" oth• report • ....,. (eitlte, ,,,, tlte odli,..., 

o, by rite -,,011eo,), alao ... ., tlll• -bar(•). 

I'>. AVAILABILITY/LIMITATION NOTICD Sater •r It. 

1t•11on• on further diaeealftellOII of the report, otMr than thoH 
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i111poaecl br aecurlt, claHlflcauo-. uina lllandard ata1 .... ,a 

auch ••= 
( I) "QlaalUiecl req119111era _, al»taill coplea of tllla 

report from DOC. " 

(2) "Foreip ennoun~-•• •• cllHeainetloa of tide 

report bJ DDC i• Mt authorised. " 

(3) "U. I. GowemtMnt acet1elN .. , .... coplH of 

thia report dltecdr &oa DDC. 0th• ...awect DDC 
llHH ahall ...-eat tlwoup 

------------------ ... 
(4) "U. I. lllilltu, ..... c1 .. 11111, obtaill coplH of 1111• 

report tUrectlr froa DOC. Other ••llfl• taa•• 
...... reqvHI tllroup __________________ ... 

(5) ,.All dlatrlbutlOII of 1111• report la coatroll-. Qlaal• 

iflH DDC ll ......... r...-.. duoush .. ------------------. 
If the NPOfl ha• be1111 fwnlahed to the Office of Tecllluc:al 

lenicH, Dtpert .... of Co-•ce, for ule to Illa ,•11c, lad6-

c•• tide fact a.a NI• Ille price, if llllO .. 

IL IUPPLBMltNTAltY NOTD: Uu f• eddlt1oul eapl_. 

tor, not•• 

IZ, IPONIDIUNO IIILITA•Y ACTIVITY: Eater the •-- of 

the dlpMtanu1 pt'Oject office or lllllorMorJ IPOUOrilll (pa,­

i,r, lot) the fffllarch Nd dewelopa•t. lacltade ...... 

13. A-TltACT: ltll•r 1111 abetMct al•ua1 • brief Md factual 

..... ,, of die docu-• ladlcaUwe of the report, .... ,...._.. 

U •a, alao •PPHr elaewllere ill die bodJ of tlie teclullcel ,.. 

port. If •dcliUOIIIII •pace .. ,...,re4,. COlltlautloa ...... 8Mll 

lie attacllecl . 

It ia lalalalr dealrllble that the ••net of cleaaiftN ,...... 

ba IIIICleHiflH. ltecll pare ... ph of die eNtract allllll Nd witll 

•• ledicatloa of Ille allltafJ aect1rlt, cla-■lflcalioll of Illa la• 

f.,..Uoa la Ille pare ... pll, ......... ed •• (f'I), (I>, (C>, er (U) . 

There la ■o U.lteUoa • die ..._.. of Illa aNtracl, How• 

ewer, die •---••eel ..... la &oa 150 to 225 ...... 

14. UY WOIIDS: .., •Oft&• ere tecll■iallJ .......,..1 ..... 

or ahort ..,. ... tllat cllaracteriae • report _, • ., N ue4 •• 

illdea •lriH for cateloelas die report. .., ..,.._ -•• N 

.. aected ao 111111 ■o aecllrlt, claeelftcaUoa la .....,.... W..tl• 

,. ... , •taeh .. ~ ........ aodel •• , ... uoa, .... --· aillta,, 

.-.,.Ct code -••• •opaplllc locaUOII, .. , be •ad H u, 
__.. lllat wtll ba foll-114 ~ • ladlcadoa of tecluucel coa-
teat, ............... ,.,11■11 ......................... . 
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