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FOREWORD

This report was prepared by the Research Division of
American Optical Company, Southbridge, Massachusetts, under
contract Nonr U4875(00), Optical Inhomogeneities in Pumped Lasers,
for the Office of Naval Research, Washington, D. C., as part of
Project Defender.

Principal contributors to this report were C. J. Koester,
Introduction, Review of Previous Work and overall compilation of
material; E. Snitzer, Thermally Stable Cavities; L. W. Smith,
Calculation of Temperature Profile; S. M. Bergmann, Effect of the
Laser Field on the Index of Refraction of the Laser Rod; and
D.W. Cuff, End Region Stress Analysis.

The rerort is published in two volumes, the first

uiclassified and the second, a classified supplement entitled
optical Inhomogeneities in Pumped Lasers(U), Volume II.
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ABSTRACT

This report delineates efforts expended during the one
year period of contract Nonr 4875(00), entitled Optical Inhomo-
geneities in Pumped Lasers, which required an analysis in depth
of the...al distortion of wavefronts in large laser rcds and discs.
Two approaches for elimination of this distortion were considered:
(1) Establishment of a uniform temperature throughout the laser
during pumping and (2) Development of athermal glass parameters.
Elements of both approaches were found necegsary to solve the
problem. 1In separate sections of the report detailed treatments
are given to Thermally Stable Cavities, Temperature Prcfile
Calculations, the Effect of the Laser Field on Index of
Refraction of the Laser Rod, and finally an Analysis of End
Region Stress.

A classified supplement published separately as Volume II
of this report completes the research findings under this project.
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1. INTRODUCTION and SUMMARY

The effort in this program has been a theoretical
analysis of the thernal distortion problem in glass laser rods
and discs. The goal has been not merely analysis, however, but
rathier a more thorough understanding of the causes of wavefront
distortion, leading tr more effective athermalization.

There are two basic approaches to eliminating wavefront
distortion due to thermal effects: (1) Attempt to establish a
uniform temperature throughout the laser during pumping.

{2) Develop a glass in which the change in length due to

thermal expansion is balanced by the (negative) change in index
with temperature. The nature of the cavity must be considered in
arriving at the glass specifications. Also the effects of stress-
birefringence must be removed or reduced to an acceptable level.

For a numb2r of reasons it is desirable to use both
approaches. The first method by itself will probably not be
sufficient since it does not appear likely that a perfectly
uniform temperature distribution can be achieved. The second
approach is capable in principle of athermalizing an infinitely
long rod or a thin disc. But in any rod of finite length there
will be end effects which depend on the magnitude of the thermal
gradient. A method for calculating these end effects is developed
in Section 6.

Relativeiy uniform temperature distribution is desirable
for another reason. Both temperature distribution and distribution
of inversion are governed by the distribution of absorbed pumping
energy. If the latter is uniform, both of the former will be
uniform or very nearly so. And uniformity of inversion is
important to give a laser emission wavefront which is uniform
in intensity as well as in phase. Uniformity in intensity is
desirable to give the best possible far-field pattern, and to
reduce non-linear effects in the laser material which in turn
will cause phase distortion o the wavefront. The import of
non-linear effects is discussed in Section 5.

The calculation of temperature profiles in Section 4
was originally intended to (a) develop the method of calculation,
(b) show the magnitude of the temperature gradient problem, and
(c) provide input data for the end effect calculations. The
calculations showed that an unclad rod of radius R has a minimum
temperature at or near the surface, with a substantial gradient
in the vicinity of R/n, where n is the index of refraction
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Water or glass clad rods have a maximum tempe-ature just inside
the surface (at 0.8 R and 0.9 R respectively). The most uniform
+temperature distribution is for the glass clad rod. An ur~xpected
result of this wo.x was that it pointed out a potential method of
improving s'bstantially the pumping uniformity. That method is

to use a clzdling of about the same index as that of the laser
core glass but of a thickness somewhat less than that chosen for
the example /0.5 R). Additional calculations would be necessary
to establieh the optimum cladding thickness and index.

In Section 5 the formalism is developed to allow calcu-
lation of index of refraction changes due to electrostriction,
photoelastic effect, and Kerr effect whnn the laser field
distributior in the rod is giten.

End-effecc studies were undertaken to establish under
what conditions they are negligible, and what form they take when
they are non-negligible. In a typical rod configuration, the end
effects become important only when the glass has been athermalized.
However, in this important case the end effects can result in
several wavelengths distortion of the laser wavefront. For the
unclad rod; the steep temperature gradient gives rire to an optical
path distortion which is not proportional to the temperature distri-
bution. Therefore, it does not lend it-elf to correction by
adjusting the glass parameters. However, in cases where the
temperature gradient is less severe, the calculations indicate
that it would be possible to comper.sate for the end effects
almost completely by proper choice of glass parameters.
Specifically, a value of q is chosen which is slightly less
negative than the value a, which is optimum for an infinitely
long rod. The difference, a,-®, , dzpends, of c,urse, on the
length of the rod.

Analysis of the limiting cases of infinitely long rods
(plane strrin) and thin discs (plane stress) provides insight into
the athermalization problem. The analyses of Quellie! and of
Snitzer? have been utilized to compute the thermal coefficient
of optical path for several laser glasses in rod and immersed
disc cavities. This work confirms that athermalization is
possible for a long rod, but that it is substantially ea.ier
to accomplish for an immersed disc. The required indices for
the immersion fluid are close to that of water. Methods for
removing the stress-birefringence effect are given.

In all phases of the work it was assumed that essentially
a single pumping pulse is to be used. That is, no considerations
of cooling time, or steady state temperature distribution were
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entertained. The analyses would therefore apply to cases in which
the temperature cof the rod returns to ambient before the next shot
and in which the absorption of pumping light provides the only
heating effect during the time pericd of iaterest, namely the
period of lasing,
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2. REVIEW OF PREVIOUS WORK

The proklem of calcuiating optical path differences
induced by temperature gradients in pumped laser rods has been

formulated by Snitzer.® The analysis indicated that there exist
relations between the thermal expansion coefficient a, the index

coefficient a,, a~d other glars constants which will yield an
athermalized condition. 1In the writing of a proposal* for the
present contract this formulation was improveu ané extended to
include both radial and tangential polarization.

Walsh® has studied the photoelastic effects in a long
laser rod under the conditioi:s of constant heat production and
surface cooling. E-~ has also estimated the distortion of the
end face under these conditions. Quelle® has formulated the
calculation of optical path differences and has shown mathe-
matically that the athermalization condition c¢an be independent
of the temperature distributicn if a Pockels type glass is
assumed. This glass has a zerc value of the str::ss-optical
coefficient.

The distribution of pumpirg energy in a laser roAd has
been considered by several authors. McKenna’ treated the case
of an absorbing rod with a transparent sheath, the absorption
coefficient having a given value for all pumping wavelengths.
Sooy and Stitch® also tormulated the calculation of the pumping

energy distribution ir a laser . d with three-dimensional pumping.

Skinner? studied experimentally the distributicn of pumping
snergy in a ruby rod using two-dimensional pumping. Borrelli
and Charters!® calculated pumping energy distribution in unclad
glass laser rods.

Experimental determination >f thermal distortion of

wavefronts has been accomplished by Welling, Bick rt,and Andresen.l!

They have shown that single flashlamp pumping produces large

asymnetries in the optical path, but that four flashlamp pumping

produces 2 1early circular symmetric pattern. They have 3hown
experimentally the development of the path differeaces during
the pumpiio pulse, and their dependence on diameter, doping
concentration, and surface finish for ruby and neodymium glass.

Work at American Optical Company under contract

Nonr 3835(00) has been direc*>d in part toward the attairment of

a high c¢_*ical quality glas. which will also have a low thermal
distortion coefficient. Data for a few cf the glasse~ studied
under this contract are included in Section 3.
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5. THERMALLY STABLE CAVITIES

A serious problem in large lasers is the thermal
distortion of the cavity due to non-uniform pumping. Glasses
can be made with an index of refraction variation of no greater
than + 0.8 x 10"® across a 25 mm section, which corresponds to
2.5 fringes .n a one meter length rod. However, when the glass
is pumped, substantial changes in index of refraction occur.,!!
The result is the frequently encountered frustration in attempting
to produce a high intensity, diffraction limited beam. Just abo.e
thre: hold narrow beams are possible, but for increased pumping
the thermal distortions increase. More energy is produced but
in a wider beam. If a strong mode selection scheme!?® is used
the output rapidly levels off with increased pumping.

In order t~ obtain diffraction limited beams from the
end of laser devices the cavity should not distort while pum; ing.
If the temperature of the laser rod changes uniformly durlng
pumping there will not be any distortion of the wavefront within
the rod. By placing flashtubes symmetrically about the rcd a non=-
uniform azimuthal heating can be avoided. A non-uniform radaial
heating of the rod is almost inevitable i reasonable rod sizes
and neodymium concentrations are used. However, by the proper
design of the total resonant cavity and with properly chosen
glass compositions one can minimize the effect of non-uniform
heating. :

Due to pumping of the laser a temperature gradient is
produced from the center to the edge. The distortion of the cavity
arises because of three factors. The change in terperature leads
to an elongation because of the finits coefficient of expansion of
the glass. With a change in temperature the index of refraction
in general also changes. Finally, thermal gradients wiuinin the
glass produce stresses which result in both a change in index of
refraction and birefringence. The expansion coefficient a and
‘he thermal coefficient of index @, are Iunctions only of t’.e

amperature of the point under consideration, but the indices of
refraction produced by the stiains are dependent on the shape of
the rod and the details »>f the temperature distribution.

For glasses, the index of refraction always increases
in compression, but @, can be positive or negative. The effects
producing the index change can be made to cancel each other by
an appropriate glass composition with the correct negative value

of a,.
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There are two geometries with cylindrical symmetry
that are of interest for which approximate solutions can readily
- be calculated. One is the long rod in which the length L is much
larger than the radius a. The other is the disc configuration
with L << a. The description is similar to that g.ven by
F. W. Quelle.!?

For the solid rod, the total optical pathlength Py(r)
for a typical ray parallel to the axis and displaced a distance r
from the center and with its plane of polarizaticn in the radial
direction is given by

P (r) = nL { 1+ [;nT -(% (e, +eg) + %-Er)] ; » (1)

wherz T is che difference in temperature between the center and a
poiat at a distanca r from the center. A cylindrical coordinate
system is used with the z direction along the rod axis. The €'s
are the strains. The quantities q/v and p/v are the strain-optic
coefficients which relate the change in index of refraction to the
strains in the directions parallel and perpendicular, respectively
to the plane of polarization of the light. The notation is the
same as used by Morey.!® The corresponding expression for
tangential polarization is

Pe(r) = nL {1 + [anT - (% (ez + er) + :I—’ee)]} . (2)

For an isotropic medium the prinzipal strains are
related to the stresses o byl4

B! - )
E_ = ] o, s(ae +0,)

= E-1 i
€g = E 0g s(cr + az)

]
] (3)

= 1 [ -
e, = E o, s(cr + ce)]

where £ is Young's modulus and s Poisson's ratio.

For a long rod with the end effects neglected, the
problem is one of plane strain. If the ends are free of traction
so that they can move in response to thke heating, the condition
that applies isl®

o, = 0_ + Og. (4)
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In arriving at Egs. (7) - (9) for the long rod end
effects were neglected. If the rod is very long the end effects
are small and the problem reasonably approximates that of plane
strain. On the other hand, if the length is much shorter than
the diameter the "end effects" predominate and the constraiuts
correspond fairly closely to plane stress.

Analysis of these equations shows that there are tlree
ways to achieve simultaneously athermalization and freedom from
stress-~birefringence. They are:

(1) Athermalize for either the radial or tangential
polarization. This would also require mode selection so that
only one polarization is able to oscillate.

Conditions Long Rod D.sc
Radial AP (r) =0 (Eq. 7) AP_‘(x) = O (Bq. 12)
. . r r
Polarization (15)
Tangential APe(r) = 0 (Eq. 8) APG’(r) = 0 (Eq. 13)
Polarization

(2) obtain a Pockels glass, i.e., a glass for which
P = g. Quelle® has shown that the condition for athermalization
for a long rod is then

2a P
n {an + I (1-2s) "7}- 0 (xrod) (16)
This expression is obtained from Quelle' s equation by noting that
9 p q = 2 -l 8 !
B, = g [(1-3) T8 V] 5 (1-2s) : for a Pockels glass.
Equation (16) can also be derived from Eq. (9) by letting p = q.

For the stacked disc case, athermalization of a Pockels
glass dictates the following relation

o +a {.n.gp_ (14s) + B (1-2s)} =0 (aisc) (17)

(3) Rectify the stress-birefringance effect.

On passing once through a rod with a radial temperature
distribution a phase difference [AP.(r) - APg(r)] is introduced
between the radially polarized ray and the tangenti~lly polarized
ray at the same ra’”.us r. Now if the two rays pass through a 90°
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polarization rotator, the radially polarized ray will be converted
to tangential polarlzation, and vice-versa. If the two rays are
rassed again through the same rod, or through an identical rod, the
phase difference betweven the two rays will be remcved.

For a single xrod the cavity is shown in Fig. 1. On each
round trip, the light parses through the 45° Faraday rotator,
thereby undergoing a 90° rotation of the plane of polarization.

End Reflactors

45° Faraday
Rotator

Figure 1. Schematic of a laser with a rectifying Faraday rotator.

Another m-thod can be used when tbere are two identical
laser rods in either an oscillator or an amplifier. It employs a
90° optical rotator between the two laser rods, as shown in Fig. 2.

AAAAANY

Mirror g0° Mirror
Rotator

Figure 2. Use of a 90° optically-active rotator to rectify
stress-birefringence in a laser system.

This rotator can be of crystalline quartz, for example, cut
perpendicular to the optic axis. Other optically active
materials can be used.
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In these cases, the birefringence is automatically
cancelled, and the athermalization conditions are found from
Egs. (9) and (14):

o [3-5sp 1-3s9
rod % *1-s [ 2 v 2 v ]- Y (18)
disc a_ +a [n;n' (14s) + 138 B4 L8 g.] =0 (19)

The possibilities of achieving athermalization by these
approaclies are explored more fully below. At this point some
general comments are in order,

The conditions for athermalization, Egs. (15) - (19),
can be regarded as requirements on the ratio on/a. This is
because s, p/v, and q/v do not depend strongly on the glass
composition. Bridgman!® measured several glasses, incluvding
Jead silicates, borosilicates, and alkali earth silicates and
found that Poisson's ratios, varies from 0.19 to 0.26. Furthermore,
the quantities in braces in Egs. (7) - (9), (12) - (14) are not
sensitively dependent on s. A number of references on the stiain-
optic coefficients are given in Morey.!* Pockel's measurements
indicate p/v = q/v = 0.42 for a silicate glass containing
approximately 754 by weight of Pb0.!7 Fror the more common
glasses the strain-optic coefficients are smaller; q/v decreases
more rapidly than p/v. A light rlint silicate (5&.3 wt ¢ Sio,,

33 Pbo, 1.5 B,0,, 3 Naj0, 8 K,0) has the values p/v = C.306
and q/v = 0.213, and for a borosilicate crown (68.2 wt ¢ sio,,
10 B,O,, 10 Na,0, 9.5 K,0, 2 Al,0,) p/v = 0.269 and q/v = 0.147.2°

To obtain an estimate of the regquirnd an to reduce the
various AP's to zero, typical values for the parameters are assumed.
The strain-optic parameters are taken as p/v = 0.3 and q/v = 0.21
and Poisson's ratio as s = 0.25. A linear expansion coefficient
of a = 1078 °C is assumed. If the temperature T varies as rp,
then R/T = 1/(p + 2); for a quadratic dependence of T on the radius,
p=2and R/T = 1/4. With these values for the parameters the
braces in Egs. (7) - (9) are equal to zero for a, = -42 x 1077 /°C,
-34 x 16-7 /°c, -38 x 1077 /°C, respectively. For the stacked discs
in air, the braces in Egs. (12) ~ (14) are equal to zero for
an = =56 x 10-7/°¢c, =50 x 10°7 /°¢c, -£3 x 1077 /°C, respectivaly.
Note that the required values of a, are all negative. In most
silicate glasses a, is not sufficiertly negative to satisfy any
of the conditions for zero pathlength difference between rays at
the center and at the edge of the rod. If the temperature is
higher at the edge than at the center the pathlength is greater

11
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at the edge and furthermore, radially polarized light propagates
mere slowly than light with tangential polarization. If the
quantity in the briuces is not zero but is reduced to 10°7/°C,
three fringes at 1.06 u would appear between center and edge if
T = 10°C for a meter length rod made from a material of index
n=1.5,

At low temperature Qp is negative because expansion of
the glass reduces the amount of polarizable material per unit volume
at high temperatures, this is more than offset by the increased
thermal population of higher vibration states of the ground
electronic state, which appears to shift the fundamental ab-
sorption band of the material to longer wavelengths and thereby
increases tre index of refraction. The temperature T, at which
on = 0 is a function of the glass compoaition and wavelength.

It increases with increasing N through the visible and near
infrared. For most glasses T, is less than room temperature
at 1 u, but it is above 300°K for a few, such as the silicates
with high barium content.

Molby?° and Prod' homme2?! give values of an in the visible
region of the spectrum for various glasses. Measurements were made
in this laboratory at 1.06 p by using a thin plate of the glass to
be measured as the end reflector of the laser cavity.?? Laser
emission occurs at those wavelengths at which the plate thickness
and index give an odd number of A/4. From the shift in wavelength
of the laser lines as a function of temperature of the plate and
by independent measurements of the expansion coefficient of the
glass, ¢, was determined. Room temperature valueg for various
glasses were between 29 y 10-7 /°C and -41 «x 10-7 /°c. The positive
values were for dense lead silicates. High barium content silicates
gave the large negative values.

DISCUSSION

(1) Athermalization for radial or tangential polari-
zation. 1t is necessary to mode-select a field distribution with
axially symmetric polarization, such as the TE,, or TM,, modes.
For example, the TM,, mode is radially polarized in the electric
vector.

Its intensity distribution is [J,(u,r/a)]®, where u, is
the first zero at 3.832 of the first order Bessel function J,. If
one end of the glass rod is cut in the form of a Brewster angle
cone and a plane mirror placed at the proper distance, all the
modes excapt the family T, (m > 1) are discriminated against.

The lowest order member of this family could then be selected
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by other means, such as a limited aperture at the other reflector.
This approach has several disadvantages. First, it is difficult
to make cones with good optical quality. Second, the beam is a
hollow cone, which is not as desirable as the lowest order HE,,
mode. Third, the requirements on an depend on R and hence on the
details of the temperature distribution.

(2) For a Pockels gliss, the required values of a, are
calculated as follows. In Egs. (16) and (17) substitute the
typical values p/v = 0.45 and s = .25, n = 1.5, n’ = 1.33.

From Eq. (16): a = -0.6 a (rod)
From Eq. (17): a = -.367 a (disc)

The original Pockels glass has a positive value of a,. Efforts

to obtain a negative value for a, in a Pockels glass will be
reported under contract Nonr 3835(00).

- (3) Rectification of the stress-birefringence effect
appears at present to be the most promising approach. In order to
compare the various possible configurations and available glasses,
the thermal coefficient of optical pathlength, _1 dPf , is

nL 4T
i _abulated below. The expressions are obtained from Egs. (9) and

(14) for the average optical path P, for the rod and immersed disc
cases respectively.

(rod) ;1;%-‘; =c t 3 ‘;_s) [(3-53) §+ (1-3s) %]
~a + .383 a
a (disc) :—LZ—E'- @ +a [n;n' (1-8) + 1;38 _‘1?’_+ 1_;_5_%]
L ~a_ +a [&!';’l'— 125 + .1162]
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TABLE I

Thermal Coefficient of Optical Path for a Long Rod, a Disc in Air
(n’ = 1.0), and a Disc Immersed in Water (n’ = 1.33)

(Rod) (pisc)
1 gp 1 ge’
Glass n o % nL 4T AL dT

n'=1.0 n'=1.33
3835¢ 1.51 103-10-7 ~22:10-7 11.8:10°7 14107 -3.1-10"7

1203 1.52 122 -28 18.8 38.2 5.3
1204 1.57 119 -41 4.6 26.8 -4
1263 1.52 1il2 =32 11 28.8 -1.5
1270 1.53 114 -36 7.7 2.3 -%.,2
1276 1.62 111 -28 14.6 38 9.9

Constants used: % = .30, %.. .21, s = .25, except 3835.

*For 3835 B _ a5 1. 13, 5 = .205.
v v

Several conclusions are apparent from this table. For
the rod case a number of experimentzl glasses have a lower thermal
coefficient than the standard 3835 glass, number 1204 being a
factor of three lower. The disc in air is considerably poorer
than the long rod. But the disc immersed in water (n’ = 1.33)
appears very attractive. The value -1.5 * 107 for glass
number 1263 means that for a 1 m length of glass, nL = 1.52 m,

a 20°C temperature differential between center and edge of the
disce would produce an optical path difference of

AP’ = nL g_g’m = 1.52 ¢« 10° (-1.5 - 10-7)
* "N = 4,56+ 10 cm = 4.56 nm

Furthermore, the numbers in the last column of the table
suggest that it may be possible to find either (a) a glases compo-
sition which is precisely athermalized ( 1 gp’

nL 4T

for the water immersed disc, or (b) an immersion liquid with
index n’ which will exactly athermalize an existing glass.
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For the constants p/v, q/v, and s assumed above, the
required index nL for the immersion liquid is given by

a + .116 «
n‘=nj|l + n

1.25 a
The required indices for a few gla.ses are listed below

Glass Required n’
3835 1.36

1203 1.38

1263 1.34

The required indices are all within the range attainable
with water solutions of inorganic materials.

. The general expression of the required index, n’, is
obtained from Bq. (19)

]
[-l‘- + 148 + 2238
a 2
The assumption has been made that the index of the
liquid does not change during the pumping cycle. B8ince there
.. can be very little heat transfer to the liquid from the laser
glass during the pumping period, the assumption implies that the
. liquid is non~absorbing to the pumping radiation.

n

. (pisc) n’

[Te]

P,1s
A (20)

<

e

o WML R A
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4, CALCULATION OF TEMPEKATURE PROFILE

4.1 ASSUMPTIONS AND DEFINITIONS

If we may assume that the tempera*ure change in a laser
rod is proportional to the radiation-heating effect due to ab-
sorption of radiation from an adjacent flashtube, then the
calculation of the temperature profile reduces to a calculation
of the distribution of heat production in the laser rod.
Measurements on a large variety of glasses®3'?* ghow that the
specific heat capacity is sufficiently constaiut over the tempera-
ture range expected in the laser rod so that the proportionality
may be assumed.

A computer program has been written by which to calculate
the distribution of heat producticn. The program, written in the
FORTRAN language for an IBM-360-30 computer, allows for three
different homogeneous media to be placed between the flashtube
and the laser rod. Cylindrical geometry and polished refracting
sur faces ave assumed so that all boundaries between media form
infinitely 'ong, cylindrical surfaces concentric with an
infinitely long, cylindrical laser rod.

It is assumed that the flashtube and reflector produce
a volume of isotropic radiation (called the source hereafter) in
which the rod and its cladding media are immersed (no variation
with azimuth about the axis of the laser rod).

It is assumed that the radiant flux absorbed by the
laser material goes entirely into exciting the doping ions to
higher energy levels plus a radiative decay that produces the
laser radiation,

It is assumed that each photon absorbed results in a
photon of laser radiation while the rest of the energy is converted
to heat.

It is assumed that the transmissivity of the laser
material does not change significantly with change in populaticn
density of excited states of any of the ions.

The effect of multiple passes of the radiation through
the rod are not taken into account by the program. This effect
will be most noticeable for weakly absorbing and/or small diameter
rods. Partial compensation for this omission can be carried out
by (1) increasing the overall energy content of the flashtube
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spectrum and (2) adjusting the spectrum to favor the weakly
absorbed wavelengths.

Parameters, which affect the distribution of heat
production, and whach must be specified at the time the program
is run, are: (1) the product of the radius times the absorption
coefficient for the laser rod and each layer of its cladding,
(2) the refractive indices of the media, and (3) the spectral
radiance of the sourc~.

The following definitions have been aduapted from
references (25, 26):

radiant flux - rate of transfer of radiant enerrv, specified in
watts

radiant trgnsmittance - or simply transmittance, is the ratio We /Wi
of the transmitted flux tc¢ the incident radiant flux.

spectral transmittance - the radiant transmittance evaluated for
a particular wavelength of the incident energy.

transmissivity = the value of the internal transmittance for a
unit thickness of a non-diffusing substance.

absorption coefficient - Bouger's law stztes that equal layers of
an imperfectly transparent material will absorb equal fractions
of the radiant energy entering them. If this law is zpplied
to infinitesimal layers and if the losses are integrated, the
radiant flux at a distance x within the medium, for the
wavelength A, is found to be P = P, exp(-a(2)x), where P,
is the flux of wavelength A entering the first layer and
a(M) is the absorption coefficient.

radiangce - the radiant flux or power per unit solid-angle-in-the-
direction~-of-a-ray per unit projected-area-~perpencicular-to-
the-ray. It has the same value at any point along th2 ray
within an isotropic medium in the absence c¢f losses by
absorption, scattering, or reflection. (It may be helpful
to note that radiance is analogous to the photometric
quantity luminance or photometric brightness).

spectral radiance - the radiance at any specific wavelength.
Typical units are watts/cm®-steradian per millimicron.

spectral irradiance - radiant flux incident per unit area of a
surface at any specific wavelength. Typical units are
watts/cm® per millimicron.
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4.2 CERIVATION OF THE BASIC EQUATION

tical pumping of laser rods subjects the laser material
to a distr._ution of energy density; power is extracted from the
radiation field in the form of heat and laser radiation. Cons:ider,
then, the simple one-dimensional case of an elemental volume of
cross section dA and length df. Let the energy density due to
radiation in the wavelength incerval dM centered on the wavelength
% be unifcrm and of strength dE in the volume GA * df. Let it
ar:se from collimated radiation propagating along the direction
df. Then the radiation in the volume dA * df will move a
distance At * c/n, in time At, where n; is the refractive index
of the medium aad ¢ is the velocity of light in vacuum. If the
medium is absorbing with a linear absorp.’:: coefficient a, (7),
the energv W = dE * dA * df will be diminished to

W = anacht/n1 (21)

in its passage through the medium. The energy absorbed will be

Wi W=W =W (l-e-acht/nl) 2 (22)
or, for a short time interwve.

w & W, = at, (23)

n,
That is, the energy absorbed per unit of time, or the r :r loss
will be

w/At = Wa,c/n, . (24)

This power loss occurs in the volume dA *+ df, so the power loss
per unit volume is

Ap’ = w/At/(dA © df) = @,cdE/n, . (25)
of <his loss, only the fraction (1-A/A,) goes into thermal
agitation of the medium, where Ay is the wavelength of the laser

radiation. The heat production per unit volume due to the radi-
ation in the waveleagth interval dA is

dp = a, é%~dE(1-A/ke) watts /em? (26)

where dE is termed the spectral energy density.

18




The spectral energy density at a point M can bhe found
as follows; Let the pointi be contained in a surface element dA
tvrough whicli the spectral irradiance is Hy(A). The partial

energy density due to that raaiation is

aE() = H,(N) n, (A)/e (27)

The total spectral energy density for incoherent radiation would
be found by adding up 211 such contributions at the point M.
Suppose, however, that the spectral irradiance Hv(A) is due to
radiation contained in a solid angle dw centered around the normal
g to the surface element dA. Then the spectral irradiance Hy(M)
at M, being the {lux dF passing through dA could be exXpressed as

HM(A) = dF/dA = NM(7.,0) do, (28)

where Ny(M,0) is the spectral irradiance at M due to radiation in
the wavelength interval dA. That is, Ny(7,0) is the radiant flux
per unit solid angle in the direction of the normal per unit
projected area perpendicular to the normal. The summation of

all such contributions at the wavelength N bacomes

ae, (M) =2 [ 5,00 ao. (29)

Now, NyiA,0) is the spectral radiance at the point M
withir the laser rod and is ~ot known directly. But, in the
homogeneous medium of the rod with index ni(K) and absorption
coefficient a, (A\) the spectrai radiance along a given ray
diminishes according to the exponential decay law exp(-a, £).
Thus, the spectral radiance NM in a given direction at M must

be a diminution of the spectral radiance N, in the same direction
just inside the surface of the laser rod;

NM(A;U) = N, (N,0) exp ["'01 (A)d1(°)] s (30)

where d, (o) is the pathlength of the ray from the surface to the
point M.

in the absence of reflection los. ~s, the spectral radiance
N, would be?33

N1 = Na(n1/n2)2: (31)

where N, is the spectral radian~e in the direction specified by
g and Snell's law, and n, is the refractive index of the material

19

ﬂﬂﬂh Y Wb




i
—

surrourding the laser rod. N, is dininished from this value by
the Fresnel coefficient of transmiseion T{g).

3
Do (M), ()

1
N, (2,0) = 2(0) N, (2,0) = (32)
3
The ray may be traced baci. through the various cladding media, in
this way, to the isotropic source volume., €Such a source, by
definition, has a spectral radiance N,(A) which is independent

of the angle of exit from the source.

For a general jth ray,
B0 ) = L) n? exe [~ e e |, (33)

where Tj(?\) is the product of the transmission coefficients at
the interfaces encountered by the jth ray, om(?) is the absorption
coefficient of the m_h medium along the ray, and d(m,j) is the
pathlength in that medium for that ray.

Equations (29) and (33) yield

3
n,

@y (M) = = [7,00) 5,(0) exp [- Se (Malm,3) 4o, (3%)

The integration indicated in Eq. (34) was done numeri-
cally by dividing the angular space about M into anvula. intervals
and summing the contributions from all the intervals. Because of
symmetry we need integrate over only one quarter of the space so
it becomes convenient to express dw in terms of the polar angles vy
and a, where Yy is measured from the axis of the laser rod and a is
measured in a plane normal to the axis. Thus,

dw = sinydady. (35)

Let a »e incremented in the fashion

1/2 oo (8a) 180°-1/2 Aa, (36)
and let y be decremented in the fashion

90° ~i/24y (By) 1/2 &y, (37)

Then no ray with polar angles (a,y) lies in any of the planes Xy,
yz or xz, (a measured from the x-axis, y measured from the z-aris),
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yet the intervals are regularly spaced about M. Equation (34%)
becomes
n ()

dE,, = -

2; Tj(R)No(K)sinyjAaAy
]
. @ - K ’- 8
xp [ %“m( )a(m J)] (38)

The total b2at production per unit volume in the laser
rod can be found by substituting Eq. (38) into Eq. (26) and inte-
grating over the wavelength range of the radiation from the scurce
contributing to the energy density EM'

B, = fo (A (1-2/2) 0,2 (0) daby

L T 005,00 exp [- Zam(')\)d(m,j)] simyah. (39
3 m

Equation (39) is the basic equation for the computation
of the distribution of heat production in the laser rod. The
integration over wavelength was done numerically using Simpson's
rule. The operations required to apply the equation form a four-
fold nest of loops:

1. Trace the selected ray from the point M(x,0,0)
in the laser rod back to the source for a chosen
wavelength. Compute the transmission coefficizats
at each of the interfaces, and evaluate the contri-
bution of the flux arriving at P from the selected
direction (innermost loop).

2. Change thes angles specifying the ray anc. do
(1) again. Keep repeating these operations until
all the flux in the interval dM arriving at M has
been accounted for.

3. Add the energy from this wavelength interval
to the energy contributed by other intervals
according to Simpson's rule for numerical inte=-
gration. Repeat the entire loop for each of the
wavelength intervals required to cover the
operative spectrum of the source. 5

. 4, Repeat the entire calculation for various
points M(x,0,0) along the radius of the laser
rod selected to best show the distrikution of
= heat production.

o
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4.3 POLISHED IASER ROD WITH CLADDING AND ISOTROPIC RADIATION
WITHOUT MULTIPLE REFLECTIONS

Basic Ray-Tracing Equations

Let the laser rod of index n. be immersed in a medium
of index n,. Let the infinitely long rod be 7 cylinder of radius
R, . Let the flashtube be approximated by a uniformly radiant gas
volume separated from the laser rod cladding by a transparent
envelope forming an infinitely long cylindrical cavity concentric
with the laser rod. The cavity has radius R, and index n,. This
geometry is illustrated in Fig. 3, which includes a rectangular
coordinate system with z-axis coincident with the axis of the
laser rod. We wish to consider a typical point P in the laser
rod and trace ravs from it to the surface of the surrounding
gas volume.

Gas Volume

Transparent

Envelope 221//

Figure 3. Geomatry of the laser rod, cladding layers and source.

The point P of observation can be taken on the positive
x-axis without loss of generality; P = P(x,0,0). The xz-plane and
the xy-plane ars planes of symmetry. The total radiation arriving
at P can be obtained by ray tracing in the sector y < 0, z > O only,
as long as we neglect reflected rays. An arbitrary point on the
surface of the laser rod, in this sector, will be called
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P,(x,, v,, 2,), where the equation of the surface of thL: rod is
Fo (%, v, 2,) =0=2x7+y? -R?. (40)
The geometrical distance from P, to P is
d, = [(x-xl)"‘ +y,% + zla]% (4%1)

The optical direction cosines of the ray proceeding from
P, to P are

P, =1y p @y = by T = m = (¥2)
4, a, 4,

The ray which is bent alcng this direction by refrantion at the
surface has optical directicn cosines (pz, qa,ra) related to
(p, ,q,,r,) by Snell's law:

oF, oF, oF,
P, =P, = E;qg-q1=c-a-§;ra-r1=cazl: (43)

where £ is an (as yet) undetermired multiplier. Such a ray
proceeds from the source point Pg(xa, Yo za) with

X -~ X Yn - Y2 z, - 2,
Po =M~ %M g Tt T g (44)
where
& = [ - )+ - )+ (s - 207 | b (45)

Finally, we add the conditions thut

(46)

P.® + q® + 1r,® =n,?

in order to complete the system of equations. We will solve the

system in the sense that -- given the par-.seters x, n,, n,, R,, R;,

find p,, 9;, ¥,, 4, and d; as functions of p,, q,, r, .

We find X,, y,, 2, by solving Eqs. (40) and (42)
simultaneously. Thus,

X, =X +¥P/q (47)
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so that
R,> =% +y,2{p, /q,)2 + 2 xy, (P, /qy) + v,° (48)
v,?2 [1 +(p,/9,)%)] +2xp, /9, v, +% =R? =0 (49)

P, /9, P, /9, 2 R,? - x? ]%
== — X = X + 0
" 1+ (p/a,)° [{1 + (py/9,)? } 1+ (p,/q,)? (50)

The negative root is chosen in order to work only with
the radiation coming toward p from the negative half space y < O.
It is desirable to use Eq. (50) whenever |p,| < |g;,|, obtaining
x, from the relation

X =X - (y = Y]_) p]_/q'_ (51)
and obtaining z, from the relation
2z, =+yr/q9. (52)

when |p,| > |q,], Egs. (%#0) and (42) may be solved to
yield

v = (@ /0 )" x4 [{ (q, /P, )2x }a Nl G }3]5(53)
1+ (q,/p,)? 1+ (q,/p,)2 1+ (a,/p, i

if sgn(pn) = sgn(x - x,)

-
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