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). Introduction 

There ere a number of axioms in set theory such as the 

axiom of choice (AC), the continuum hypothesis (CH) and the 

prime ideal theorem for Boolean algebras (Pi) which have been 

studied extensively from various points of view. In particular, 

there exist detailed studies concerning the question which other 

axioms of set theory are effectively equivalent to these axioms. 

For such results the reader is referred to the book of Sierpinski 

on the continuum hypothesis (see [l]) and Rubin and Rubin’s 

book on the axiom of choice (see (2]). 

One of the main principles of functional analysis is the 

so-called Hahn-Banach extension theorem (HB). It was shown in 

[3] and [4] by different methods that (Pi) implies (HB). The 

earlier proofs of HB) were based on (AC). Thus we have 

(AC) =» (Pi) => (HB). It is known that the former implication 

cannot be reversed (see [5])whether the same holds for the 

latter implication seems to be an open question. In the present 

paper we are mainly Interested in the problem which other 

statements in mathematics can be shown to be effectively equiva¬ 

lent to (HB)? A number of such results are given below which 

culminate in the result that (HB) is effectively equivalent to the statemen 

that every Boolean algebra admits a non-trivial real measure. 

We do not include the well-known equivalent forms of (HB) which 

deal with results concerning separation of convex sets in locally 

convex spaces. 

Many of the proofs given below are based on the basic 



properties of reduced powers, so that Sections 2, 3 and li¬ 

are devoted to this concept. 
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For the present paper it is of importance to state explicity 

which axioms of set theory we shall assume to hold. These are 

the axiom groups A, B, C and D of Godel (see [6]). We shall not 

make any additional assumption if not otherwise stated. Thus 

the (AC) (Axiom E in [6]) or any of its weaker forms are not 

assumed to hold. For the sake of simplicity we shall denote 

the system of axioms of groups A, B, C and D of [6) by £• If 

a theorem in this paper is stated without further specification 

it means that it holds in £. Furthermore, we shall say (see 

above) that two statements are effectively equivalent whenever 

their logical equivalence can be shown in £. 

2. Reduced powers of mathematical structures. 

For terminology and notation not explained below we refer 

the reader to Chapter 1 of [7]. 

Let be a mathematical structure and let L denote a higher 

order language with type structure T. By K(Kq) we shall denote 

all sentences of L which are defined (hold) in ??; with respect 

to some correspondence between the constants of L and the entities 

of all finite types of TT. 

Let i) be a proper filter of subsets of an infinite set I. 

We shall now describe a new structure V which in some weak 

sense has the same properties as 77¡. As in Chapter 1 of [7], we 

shall denote by M^the set of all entities of type a of 77; and by 
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M « u(M : o c T) the set of all entities of all finite types 
o 

of X. Thus Mq denotes here the set of individuals of X. 

For the sake of convenience ve shall denote by 'M the set 

of all mappings of I into M. An element a c 'M will be called 

an admlssable entity of 'T7( whenever, there exists a type a € T 

such that ii : T (a(i)) holds in 71{] e fi, and in that case a 
o 

will be called an admlssable entity of type o. As usual we shall 

say that an admlssable entity a of type a of % is standard when¬ 

ever there exists an entity b of type a of 7? such that 

[i : a(i) * b} c With this definition a 1-1 imbedding of 

X into % is obtained. An entity a of X of type o ^ 0 is usually 

denoted by #a in funder this imbedding. Individuals, i.e., 

entities of type 0, of 7ft are usually denoted in '7ft by the same 

symbol. The reader should observe that if A is a set of entities 

of type a of 7ft, then a c 'A holds in '7ft if and only if 

{i : a(i) € A in 77,} € fi. In a similar fashion the atomic 

formulae are extended. For instance, if 0 is a relation of 

type (o^ ..., on) in 7ft, then ai> •••> an) holds in 

'7ft if and only if (i : •••> an(*)) holds in 

7ft) c £. 

It is obvious that all the individuals of '77, are admlssable 

entities of type 0. A set A whose elements are admlssable entities 

of type o of '7ft need not be itself admlssable. It is admlssable 

if and only if there exists an admlssable entity B of type (a) 

in '7ft such that a c A » [i : a(i) e B(i) in 7ft) e fl. 



Since ß is not necessarily an ultrafilter all the sentences 

of K0 do not necessarily hold in %. It can be shown, however, 

that the fundamental theorem holds in the following restricted 

sense (see [8], Lemma 2.1). A sentence $ of K is called a Horn 

sentence whenever written in its prenex normal form (see Section 

1+ of Chapter 2 of [9]) has a matrix which is a conjunction of 

(qualifier free) wff which are disjunctions of atonic formulas 

or negation of atonic formules, but where at least one atomic 

formula occurs unnegated. 

A Horn sentence of K holds in ft if and only if it holds in 'y. 

Unfortunately, the proof of this result requires the axiom of 

choice. Since we will be studying equivalent of (HB) in a set 

theory without (AC) the above result cannot be used. We shall, 

in fact, only use the fact that the atomic formulas of K hold in 

y if and only if they hold in % A statement which holds by 

definition. 

3• Concurrent binary relations and reduced powers. 

Let 9?( be a mathematical structure. We recall (see [7], 

Section 3 of Chapter l) that a binary relation 0 of 77? of a 

certain type is said to be concurrent whenever for every finite 

set of entities a^, ..., a^ t dom(0) there is an entity 

b € ran(ß) such that ^(0, a^ b) and ••• and 5^(0, an, b) 

holds in 77¡. 

We continue with the following definition. 
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Let 7ft Le a mathematical structure and let ß be a concurrent 

binary relation of say type (a^ a^) of % A higher order 

reduced power ft. (I, fl) _of TTi is said to satisfy ß whenever 

there exists an admlssable entity b of type o^ of 'V[ such that 

'0, 'a, b) holds in '% foi al1 standard elements 'a of the 

domain cf 'ß, l.e., {i : {^(ß, a, b(i)) holds in ^:) € ¿I for 

all standard a ’n the domain of 0. 

We shall now prove the following simple theorem. 

THEOREM 3.1. Let TTt be a mathematical structure and let 

0 be a concurrent binary relation of 17; of type (c^, a^). Then 

the family of sets (Ba = {b : R^(ß,' a, b) holds in 9??} : ae domß) 

has the finite intersection property. Furthermore, the higher or 

order reduced power íj ■= 77(l,fi), where I = and Û is the filter 

generated by the family of sets {B : a € dcmß} satisfies ß. 

PROOF. Let a,, .... a € domß. Then ß being concurrent 
i n 

there is an element b * such that 2^(0» ^ holds in 

77i for i = 1, 2, ..., n, and so b € OB . This shows that the 

i=1 ai 

family (B : a c domß) has the finite intersection property. In 
81 

order to prove the second part of the theorem consider the 

identity map e of I = onto itself. Then e is an admissable 

entity of type of '% Furthermore, if a € domß, then 

(i : a, e(i)) holds in ???} = Ba € fl. Thus '^satisfies 'ß 

on the standard elements of its domain, and the proof is complete. 



It is easy to derive from the above theorem that if 

o 

•••> Op are a finite number of concurrent relations of 

type, then there exists a reduced power % with the property 

that ^ satisfies ..., simultaneously in the sense 

defined above. For this purpose consider the binary relation 

0*0^ X ••• X Op with domain dom|31 x x domO^. It is 

obvious that 0 is concurrent. Furthermore, any reduced power 

which satisfies 0 on its domain also satisfies 02, ..., and 

0 . Without the axiom of choice it does not seem possible to 
tr 

show that there are reduced powers which satisfies the elements 

of an infinite set of concurrent binary relation. If the axiom 

of choice holds, then the adequate filters introduced in Section 

3 of Chapter 1 of [7] can be used to satisfy all the concurrent 

binary relations in a reduced power. Fortunately,in the proofs 

which will follow below we shall only use one concurrent binary 

relation at a time. 

REMARK. If the set of individuals of a mathematical structure 

17l is infinite, then the binary relation "not (x *= y)" restricted 

to the set of individuals is concurrent, and conversely. Thus 

a reduced power which satisfies "not (x » y)" is a proper extension 

of the given mathematical structure. In that case, the filter fi 

is 5-incomplete (see [7], Section 4 of Chapter l). 

4. Reduced powers of the real number system. 

Let R denote the real number system and consider a higher 

order reduced power of the theory of real numbers with respect 



to some proper filter & of subsets of some set I. The set 

of individuals of this reduced power will be denoted by 'R. 

Thus R c 'R. The operations of addition and multiplication 

of R are extended to rR as well as the ordering of R. We 

recall the definition. If a, b, c e 'R, then a + b *= c holds 

in 'R if and only if {i : a(i) + b(i) « c(i)} e £>, and ab = c 

if and only if {i : a(i)b(i) = c(i)} c fi; and a < b if and 

only if {i : a(i) < b(i)} c jö. The reader can easily check 

that under these operations *R is an ordered commutative ring 

with a unit element, namely the unit 1 of R, of which R is a sub¬ 

field. Since £ is not necessarily an ultrafilter we cannot 

show that 'R has no divisors of zero. In general, 'R will 

have divisors of zero. Furthermore, the ordering of 'R does not 

in general totally orders 'R but it does satisfy the two basic 

properties of being translation invariant and a > 0, b > 0 

implies ab > 0. It is importantto observe that 'R is a lattice. 

Indeed, let a,b e 'R, then the mapping i -♦ c(i) = max(a(i), b(i)) 

of I into R determines an element c € ;R such that c * max(a,b), 

and similarly min(a, b) exists. For every a e 7R we shall 

write a+ « max(a, 0), a' = max(-a, 0). Then a * a+ - a" and 

we denote a + a by |a|. To the structure of 'R one usually 

refers to as the structure of a commutative Riesz ring with 

unit, which in our case has the additional property that it is 

an extension of R. 

'R as a Riesz space is not Archimedean (a > 0 and na < 1 

for all n * 1, 2, ... implies a * 0) if and only if ¡Û is ô-incomplete. 

I 
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This Justifies the following definition. An element a e 'R 

will be called an Infinitesimal whenever |a| < r for all 

real numbers 0 < r c R. The set of all infinitesimal elements 

will be denoted by ^. An element a € ^ is called finite 

whenever there exists a positive real number 0 r e R such 

that |a| < r. The set of all finite elements of 'R will be 

denoted by It is easy to see that is a Riesz subring 

of 'R and that is an ideal of with the property that 

a € ^ and |b| < |a| implies b € £,. From now on we shall 

consider as a lattice ordered vector space (= Riesz space) 

over P. 

In the Riesz space ^ the multiplicative unit 1 is a 

strong order unit e, i.e., for every a £ ¿q there exists a 

real number 0 < r c ft such that |a| < re. This shows that 

s£q is a very special Riesz space. We can Introduce on f 

Riesz semi-norm by means of the following definition. 

(*) For every a c we define p(a) = inf(r : 0 < r e R and |ôj < 

Then it is easy to verify that p has the following properties. 

i) For all a e p(a) = p(|a|) and for all 0<reR, p(r) = 

ii) p is a seminorm and p(a) = 0 if and only if a € . 

iii) p is submultiplicative, i.e., p(ab) > p(a)p(b) for all 

a, b € £q. 

iv) p(max(|a|, |b|) = max p(|a|, |b|) for all a, b c 

The reader will recognize immediately that the Riesz space 

p) is an abstract M- space in the sense of Kakutani (see 

[10], p. 100), and is the corresponding Archimedean 
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quotient space containing R. The space p) will play a 

fundamental role in what follows. 

5* The Hahn-Bnach extension theorem. 

The Hahn-Banach extension theorem which we have been 

referring to is the following result. 

I 
THEOREM (HB). Let V be a linear subspace of a real linear 

space E and let p be a subllnear functional on E (i.e., 

p(x + y) < p(x) + p(y) for all x, y e E and p(rx) = rp(x) 

for all 0<|r e R and x e E). If is a linear functional 

dgflned on V such that <f(x) < p(x) for all x € V, then there 

exists a linear functional ÿ on E such that i) * cp on V and 

$(x) < p(x) for all x c E. 

The proof of this result is based on the following 

weaker form of it due to Banach, (see [11), p.27). 

THEOREM (B). Under the same hypothesis as in the H.B. 

extension theorem, if x,, ..., x_ € E and if V_ is the linear 
« n —. n    

subspace generated by V and the elements x^ ..., xn, then there 

exists a linear functional on V_ such that cd = A on V and 
n n ' T vn .. 

$Jx) < p(x) for all X € V . n --n 

(HB) follows from (B) upon the application of (AC) or 

(PI) (see [3] and [4]). Whereas the proof of theorem (B) is 

constructive in the sense that the existence of A can be 
vn 

shown in £. 

If we examine Theorem B a little closer then we will 

1 

I 
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recognize that it expresses the fact that the following binary 

relation is concurrent, "x is an element of E and $ is a 

linear functional defined on some linear subspace of E such 

that V c dom\jr and cp e on V and x c donujr and (¡r < p on domiÿ." 

Thus from Theorem 3*1 tbe following kind of extension 

theorem holds in ¡C. 

THEOREM 5*1. Let V be a linear subspace of E and let p 

be a sublinear functional defined on E. If cp is a linear functional 

defined on V such that <f(x) < p(x) for all x € V, then there 

exists a higher order reduced power structure of the theory of 

real numbers and a linear mapping of T of E Into such that 

T «= <p on V and T(x) < p(x) for x c E. 

This shows that in Z we can only prove the above weaker 

form of (HB). 

6. On the existence of positive linear functionals on ^ 

Let 'R be the set of numbers of some higher order reduced 

power of the theory of real numbers. Since p) is a linear 

space with a semi-norm it is natural to inquire whether there 

there do exist linear functionals on ^ which are bounded by p, 

The answer is contained in the following theorem. 

M* 

THEOREM 6.1. The Hahn-Banach extension theorem is effectively 

equivalent to the statement. For every reduced power of the 

theory of real numbers there exists a real linear functional 
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t on the Rlesz space (^, p) such that l(a) > 0 for aU 

° < a c -¿Q, |'l(a)| < p(a) for all a c ^ and -t(l) ■ 1 • 

PROOF. Assume first that (HB) holds. Then for every 

a c ^ we define p(a) = p(a+). Then it is easy to see that 

p is sublinear. Indeed, for all a, b € ^ and 0 < r € R we 

have p(a + b) * p(a + b)+) < p(a+ + b+) < p(a+) + p(b ) = p(a)+ p(b) 

and p(ra) * p((ra)+) = p(ra+) * rp(a+) = rp(a). Furthermore, 

p(l) = p(l) «= 1, and a e =£, impDies p(a) = p(a+) * 0. Let V 

be the linear subspace of E generated by 1 * e and let cp be the 

linear functional on V satisfying cp(r) *= r for axl re V - R. 

Then <p < p on V, and so, by (HB), there exists a real linear 

functional ¿ on ¡¿q such that ¿(a) < p(a) for all a e and 

t « cp on R, and so t(l) - 1. In order to prove that t is 

positive observe that if 0 < a e then (-a)+ = 0, and so 

-¿(a) « L(-a) < p(-a) « p(l-a)+) = p(0) * 0 implies ¿(a) > 0. 

This completes the proof of the first half. For the proof of 

the second half we use Theorem 5*1* Thus there is a linear 

transformation T of E into U0, p) satisfying T « <p on V and 

T < p. New let ¿ be a positive linear functional on -¿0 such 

that ¿(1) = 1. Then i¡t « ¿ « T is a real linear functional on 

E satisfying ^ctoT = L»cp-=cponVand 

x) * .l(T(x)) < L(p(x) = p(x) for all x e E. Thus (HB) holds; and 

the proof is finished. 

The above proof also shows that the following result holds. 
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THEOREM 6.2. The Hahn-Banach extension theorem Is 

effectively equivalent to the following statement. For every 

reduced power of the theory of R and every 0 < a e such 

—-at a ¿ '-¿i there exists a positive linear functional l on 

g^ch that ¿(a) > 0, ¿(1) = 1 and t < o. 

T* The main theorem. 

The p\orpose of this section is to establish the equivalence 

in E of (HB) and the statement there exists a (non-trivial) 

measure on every Boolean algebra. To this end, we shall first 

present the following introductory remarks. 

For the terminology concerning Boolean algebras which is 

not explained below we refer to [12]. We shall consider only 

non-degenerate Boolean algebras. A mapping m of a Boolean 

algebra 0 into R is called a measure whenever m satisfies the 

following conditions: i) m(x) > 0 for all x c .3. ü) x a y * 0 

implies m(x V y) * m(x) + m(y) for all x, y c /3 (additivity), 

iii) m0) > where 1 is the unit element of 0. 

We shall first prove the following Lemma. 

LEMMA 7.1. The following statements are effectively equivalent. 

•*-) !lhcre exists a measure on every Boolean algebra. 

ii) gor every proper filter 7 of elements of a Boolean 

algebra 0 there exists a measure m on Æ such that m(x) * 1 

for all x s 

iij-) For every proper Ideal jof elements of a Boolean 

algebra ,3 there exists a measure m on /3 such that m(x) = 0 for 

all x € 

T 
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iv) For every Boolean algebra Q and for every o Ierren t 

0 = X € /? there exists a measure m on Æ such that tn(x) -f 0. 

PROOF. The only implication which needs to be shown is 

i =» ii). If J is a proper filter of elements of a Boolean 

algebra 3, then the set of the complements of the elements of 

J1 is a proper Ideal J, Then i) implies that there exists a 

measure m on the quotient algebra B/& such that m(l) = 1- 

Then this measure defines a measure on ß by saturation with 

respect to J which is equal to 1 on the elements of 7, and the 

proof is finished. 

According to a result of Tarski it can be shown in £ ^bat 

to every Boolean algebra ß there corresponds a set algebra 

AÍ#), l.e., a subalgebra of the Boolean algebra of all subsets 

of a set, and a Boolean homomorphism h of A(#) onto ß. Indeed, 

we may take for h(ß) the subalgebra of the Boolean algebra of 

all subsets of 3 generated by the principal ideals of D with an 

obvious definition of h. On the basis of this result we have 

the following theorem. 

THEOREM 7.2. The following two statements are effectively 

equivalent. 

i) Hiere exists a measure on every Boolean algebra, 

ii) For every non-empty set X and for every proper 

filter J of subsets of X, there exists a measure m on the 

Boolean algebra of all subsets of X such that m(E) = 1 for 

all E € ^. 



iii) For every non-empty set X and for every proper 

J of subsets of X, there exists a measure m on the 

Boolean algebra of all subsets of X such that m(A) «= 0 

for all A e 

PROOF. We have only to show that ii) =» i). To this 

end, let /9 be a Boolean algebra. Then by Tarski's theorem 

there exists a subalgebra A of the Boolean algebra of all 

subsets of r? such that /7 is a Boolean homomorph ‘ c image of 

A. Let JJq be the kernel of that homomorphism h. Then 

is a proper ideal of A (6 is non-degenerate). Let J be the 

ideal in the Boolean algebra of all subsets of B generated 

by JQ. Then J is also a proper ideal. Hence, by iii) which 

is obviously equivalent to ii) there is a measure m on the 

Boolean algebra of all subsets of B such that m(j) « 0. 

Then the restriction mQ of this measure m to A is non-trivial 

since m(a) ^ {0);and m0(j?0) « 0. Since A/j>0 is isomorphic 

to Q it follows that B admits a measure in the sense defined 

above; and the proof is finished. 

REMARK. It is not without interest to observe that 

the above results in this section are analogous to the 

following list of effectively equivalent statements (see [12], 

paragraph 47). 

a) Every Boolean algebra has a prime ideal. 

b) Every Boolean algebra has a two-valued measure. 

c) Every ideal is contained in a prime ideal. 
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d) Every proper filter of subsets of a non-empty set 

is contained in an ultrafilter. 

We are now in a position to prove the main theorem of 

this paper. 

THEOREM T.3. The Hahn-Banach extension theorem is 

effectively equivalent to the statement that every Boolean 

algebra admits a (non-trivial) measure. 

PROOF. Assume that the Hann-Banach xtension theorem 

holds. In order to prove that every Boolean algebra admits 

a measure it is sufficient to show according to Theorem 7-2 

that for every non-empty set X and every proper ideal J) of 

subsets of X there exists a measure m on the Boolean algebra 

of all subsets of X such that m(A) * 0 for all A c J). To 

this end, consider the Banach space B(X) of all bounded 

real functions on X with the sup norm. Let V = (f : fe B(x) 

and [y: f(x)/0) c J].Then V is a proper closed linear sub¬ 

space of B(X) such that f c V implies |f| £ V. Hence, it 

follows from the Hahn-Banach extension theorem applied to 

B(X), V and p(f) * sup(f+(x) : x t X) that there exists 

a positive linear functional 9 on B(X) such that cf(l) = 1 

and cf(v) = 0. Define m(E) = cpic^), where is the 

characteristic function of E c X. Then m is the required 

measure. 

The converse is a little harder to show. According 

to Theorem 6.1 we have to show that for every reduced 
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power of the theory of R there exists a positive linear 

functional I on (^, p) 8uch that * 0 and 

^-(1)-1. From the hypothesis it follows that there 

exists a measure m on the Boolean algebra of all subsets 

of I such that m(D) . 0 for all D € For every finitely 

valued real function s=£n sc_ F r- r 1 
i-1 sicEi' ^<=11=1,2, ..., n 

define c^s) _ s^mÍE^). Then defines a positive 

linear functional on the Riesz space S(l) of all the real 

step functions. Since every bounded res function can be 

uniformly approximated by elements of S it follows innnediately 

that y can be extended uniquely by limits to B(l). Then 

for every a c ^ we define l(a) = cp(a). In order to 

justify this definition we have to show that a « b € ^ 

implies ¿(a) = ¿(b). But a . b if and only if 

U : a(i) « b(i)J e £, and so tfa) = ^b). Furthermore, 

it is easy to see that ¿ is a positive linear functional 

on (^, p) such that ¿(1) « 1. Then also ¿(a) = 0 when- 

ever a e ^ foliows readily. This completes the proof of 

the theorem. 

subalgebra O0 of a Boolean al^br. /} than there exist..; . 

EÊMHÏS " 22 3 SSlLthat t * *o 22 30 »hd the ranne m(a) of 

” — ^botbtnea In the closure of the range of m0. l„ fact, 

he ahoved that this extension theoren, for rasures is 

. 
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effectively equivalent to the prime ideal theorem for Boolean 

algebras. For a proof of Tarski's result using ultrapowers 

the reader is referred to [lU]; Section 4 of Chapter 6. 

Tarski's result is based on the following theorem which 

is related to Tarski's theorem as Theorem (B) is related to (HB). 

Let Qq be a subalgebra of a Boolean algebra Q and let m^ be 

a measure on Then for every flni'-.e set of elements x1, • • • > \ 

of <9 there exists a measure on the Boolean alr-bra penerated 

by and the set such that m^ « on 8n, and_the 

range of is contained xn the closure of the range of mn. 

As in the case of Theorem B of Section 5 ve recognize that 

the above theorem is equivalent to the statement that the following 

binary relation is concurrent. 

"x is an element of 0 and m is a measure defined on some subalgebra 

3' of 9 such that 0O C0', m - m0 on 0O and x e 3'and m(S') <= • 

Tims using Theorem 3.1 we obtain the following weaker revision 

of Tarski's theorem in E. 

THEOREM 8.1. Let BQ be a subalgebra of a Boolean algebra ß 

and let mQ be a measure on ßQ. Then there exists a reduced power 

of the theory of R and a measure m on 0 with values In p) 

such that m = m0 on 0O and m(0) c '(mo(0o)), where the latter 

denotes the closure of the range of m^ in 'R. 

If (HB) holds, then according to Theorem 6.1 there exists a 

positive linear functional t on the Rlesz space of the finite 

elements of the (l, i)- reduced powers of R such that t(l) = 1 

and I¿(a)I < p(a) for all a « The positive linear functional 
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l induces on B(l) the space of bounded real functions a positive 

linear functional l' by saturation with respect to fi. Using 

then the simple fact that ¿'(a) is contained in the closed convex 

hull of the range of a we obtain immediately the following lemma. 

LEMMA 8.2. For every A C R the set {t(a) : a € 'A 0 -¿0) 

is equal to the closed convex hull of A. 

From Theorem 8.1, Theorem 7’3> Theorem 6.1 and Lemma 8.1 the 

following result follows. 

THEOREM 8.3. The following two statements are effectively 

equivalent. 

i) The Hahn-Banach extension theorem. 

ii) Let /?0 be a subalgebra of a Boolean algebra Q and let 

iDq be a real measure on /9^. Then there exists a real measure 

m ££ Æ such that m = m0 on /5q and the range of m is contained 

in the closed convex hull of the range of m^. 

It is interesting to compare Theorem 8.3 with Tarski’s result 

quoted above. The only difference is that on the basis of (HB) 

we can no longer show that there is an extension whose range is 

in the closure of the range of the given measure. This somehow 

illustrates the difference between the existence of measures on 

Boolean algebras and the existence of two-valued measures (* prime 

ideals) on Boolean algebras. 

9. On the existence of strictly positive measures. 

A measure m on a Boolean algebra is called strictly positive 
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whenever m(a) * 0 implies a » 0. 

It is well-known that there do exist Boolean algebras which 

do not admit strictly positive real-valued measures (see Section 5 

of Chapter 6 of [14)). Nikodym showed, however, that for every 

Boolean algebra 13 there exists a totally ordered field F with the 

property that ß admits a strictly positive F-valued measure 

(see [15] and [lU]). It was pointed out by Professor A. Tarski 

at the meeting on Boolean algebras in Oberwolfach !.n the summer 

of 1962 that Nikodym's result is an immediate co sequence of the 

compactness principle of model theory. This bases Nikodym's 

result on the prime ideal theorem for Boolean algebras rather 

than on the axiom of choice as in the case in Nikodym's proof. 

Tarski's proof in the form of ultrapowers was presented in [^] and 

[11*]. 

If we now assume that the Hahn-Banach extension theorem holds, 

then we can still prove the following weaker form of Nikodym‘s 

theorem. 

THEOREM 9.1. If the Hahn-Banach extension theorem holds, then 

for every Boolean algebra ß there exists a (l, A) - reduced power 

of R such that ? admits a strictly positive measure with values 

In (=^, p)* 

PROOF. From Lemma 7.I and Theorem 7-3 it follows that the 

following binary relation is concurrent. 

"x is an element of ß and m is a real-valued measure on ß such 

that m(x) > 0". 
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Thus the result follows immediately from Theorem 3»1• 

10, A lemma of D. Scott 

Let X he a non-empty set. Then by n we shall denote the 

Riesz space of all real functions on X which vanish off a finite 
X 

set. For every f c R and every u> € 0 we define 

o(f) = £x€X u>(x)f(x). Then by means of this definition a defines 
X 

an order bounded linear functional on the Riesz smce R . 

Seme time ago, Professor Scott kindly poir:?d out to me 

that the Hahn-Banach extension theorem is a special case of the 

following lemma which itself is an immediate consequence of the 

Tychcnov product theorem for compact Hausdorff space (* the prime 

ideal theorem for Boolean algebras (see [161)). 

LEMMA 10.1 (D. Scott). Let Oq be an arbitrary subset of 0 

and let gQ, fQ c R be such that gQ(x) < f0(x) for all x € X. 

If for every finite subset {ui1, » (on ) Oq there exists an 

element h€H=[h:g0<h< fç} such that 

ui^h) > 0 for i c 1, 2, ..., n, then there exists an element 

h0 € H such that a^l^) >0 for all «j c 0Q. 

From the Tychono-y product theorem for compact Hausdorff 
X 

spaces it follows immediately that H is a compact subset of R in 

its product topology. Since for every m € 0 the set 

H «= (f : X f s H and u)(f) >0) is a closed convex subset of 

the compact subset H it follows from the aypothesis, namely the 

family [H^ : œ £ has the finite intersection property, that 

n(H : w € 0^) / 0, and so the conclusion of the lemma follows. 
0) \J ' r ' 



21 

We shall now prove, however, that D. Scott's lemma Is 

effectively equivalent to the Hahn-Banach extension theorem. 

THEOREM 10.2. The Hahn-Banach extension theorem is effectively 

equivalent to D. Scott's lemma. 

PROOF. We shall first present Scott's proof of the fact that 

the Hahn-Banach extension theorem is a consequence of Scott's 

lemma. To this end, assume that cpQ is a linear functional defined 

on a linear subspace V of a real linear space E such that 

cp0 < p on V, where p is a sublinear functional on E. Then in 

order to apply the lemma we take for X the set E; and f^ are 

defined as follows: g0(x) -= -p(-x), x ¿ V, gQ(x) = c^(x), x e V, 

ÍqÍx) c p(x), x e V, and ÍqÍ*) = x) f01" x € v5 t>ie system 

00 consists of all linear expressions of the type 

k k 
£ x^ - f(£il=1 r1x1) - 0, where ..., Xj^ c E and 

1-=1 

r , ..., r e R. Then Theorem B of section 5 shows that the hypothesis 

of Scott's lemma are satisfied, and so there exists a mapping 

(=) of E into R such that gQ(x) < cf(x) < f(x) for all x e E and 

Ei*ï rixi) for a11 V ^ € E and 

r , .... r, € R. Thus œ is linear, x € V implies cf(x) = cpn(x) 
I1 ' k T u 

and cp(x) < p(x) for all x € E. Hence (HB) holds. 

Inorder to prove the converse we observe that Scott's 

lemma is equivalent to the statement that the following binary 

relation is concurrent. 

"oj is an element of f>0 and f is an element of H such that u)(f) >0.” 

¡ 
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Hence, it follows from Theorem 3*1 that there exists a reduced 

power ^ of R and a mapping h of X into /R such that '» 

gQ(x) < h(x) < f(x) for all x € X and at(h) > 0 for all 

<ju e Gl. The former condition implies that h(x) e ^ for all 

x t X. Since (HB) holds,there exists, by Theorem 6.1, a 

positive linear functional l on ^ such that i(l) c 1* Hence, 

K ¿ o h is a mapping of X into R such that SqÍ^Í^^Íx) 

for all x c X, i.e., e H and 0)(^) = 0 h) « ¿(uXb)) > 0 

for all (0 € Qq. This shows that Scott's lemma holds and the 

proof is finished. 

11. Convex compactness. 

Let E be a normed linear space over R and let E ' be the 

Banach duel of E, i.e., E' is the Banach space of all bounded 

linear functionals on E. Then a well-known and important 

theorem of Bourbaki and Alaoglu (see [17] and [l8])states that 

the unit ball Ej = {x' : x' € E; and M < 1} is compact in 

the weak dual topology oÍE7, E). It is interesting, however, 

that the theorem of Bourbaki and Alaoglu is effectively 

equivalent to the prime ideal theorem for Boolean algebras as 

was shown in [l6]. This suggests the question whether it is 

possible to formulate a property of E^ which will turn out to 

be effectively equivalent to the Hahn-Banach extension theorem? 

The purpose of this section is to give an answer to this 

question. The details are as follows. 
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A subset A of a topological linear space E will be called 

convex compact whenever for any family of closed convex sets 

C , T € T. of E such that the family {A H C : r c T) has the 

finite intersection property D (A fl Ct : t e T) / 0. 

The reader who is familiar with Smulian's notion of convex 

compactness which deals with decreasing sequences of closed 

convex sets should observe that the above notion of convex 

compactness is strenger. 

We shall now formulate an answer to the question raised 

above. 

THEOREM 11.1 The Hahn-Banach extension theorem is 

effectively equivalent to the statement that for every normed 

space E the unit ball of E' is convex ccmpact in the oÍE7^)- 

topology. 

PROOF. We shall first assume that (HB) holds. Let 

{C : t c T) be a family of oÍE', E/ - closed subsets of E', 

the unit ball of E'. We shall first show that for every t e T 

there exists a subset fiT of E such that 

C « n ( x' : x' € E' and (x, x') < 1 for all x s 0T) 
T 

To this end, we have to show that for every x^ i there 

exists an element x^ € E such that 1 < xo^ an^ 

(x , x') < 1 for all x' e Ct. Since is o(E', E) - closed 

and x ' 0 C there exist elements x., ..., x_ € E such that 
n t i h 
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niax(|(x^, x' - Xq)| : i *= 1, 2, ..., n) < 1 implies x' / C^. 

It is obvious that there is no loss in generality to assume 

that the elements ..., xr are linearly independent. 

Consider then the mapping x' ((x^ x'), ..., (x^, x')) of 

E7 into Rn. This mapping maps Ct into a convex subset Kt of 

Rn and x7 is mapped into an element yA of Rn such that yA / K 

and there exists a sphere with center y^ which rioes not inter¬ 

sect Kt- Then the Minkowski separation theorem for finite 

dimensional spaces implies that there exists an element e Rn 

such that (y^, z^) > 1 and (y, z^) < 1 for all y c Kt. Thus 

there exist real constants c,, ..., c in R such that 
n I n 

(y, Zq) <= ( E c^x^, x7) for all x7 e E7, where y is the image 
i=1 n 

of x under the mapping defined above, and so E c.x is the 
i=1 1 1 

required element. Now, let 0A = H (O : T e T). Then sinci 
U T 

the family {Ct : t £ T} has the finite intersection property 

it follows that Oq has the following property. For every finite 

subset {x^, ..., x^} of there exists an element x7 € E.7 

such that (x^ x7) < 1, ..., (x^, x7) < 1. Then it follows 

from Lemma 10.1 and Theorem 10.2 that there exists an element 

x7 c E7 such that (x, x7) < 1 for all x € Oq. Hence, 

x7 £ n(CT : t € T) which shows that E7 is convex compact. 

In order to prove the converse we have to show by Theorem 7.3 

and Theorem 7*2 that for every proper filter of subsets of a 

non-empty set X there exists a measure m on the Boolean algebra 

of all subsets of X such that m(F) * 1 for all F e J. To this 

end, let B(X) be the Banach space of all bounded real functions 



on X, and let denote the unit hall of the dual space of B(X*. 

It is easy to see that the trapping x f(x), f € B maps X into 

B; in a one-to-one manner. Then consider the family of those 

subsets of Bj which are the cKB7, B) - closed convex hulls of 

the elements of Since this family has the finite intersection 

property (j is proper) and B' is 0(6', B) - convex compact 

there exists an element 9 e B' which is an element of every 

set of the family. Then we define m(E)s where c^, is the 

characteristic function of E c X. Since cp is linear and 

positive, the latter follows from the fact that cp is a a(E', E) - 

limit point of a set of positive linear point functionals, m 

is a measure on the Boolean algebra of all subsets of X. In 

order to complete the proof we have to show that m(F) = 1 for 

all F e 7. To this end, we shall denote by Fc the a(B', B) - 

closed convex hull of F as a subset of B/. Since cp € F it 

follows that for every e > 0 and every f € B there exist 

elements x^, ..., x in F and positive constants c^, ..., cn 

such that c^l and (Ec^fix^) - tf(f)| < £• For f = Cp, 

we obtain |e cicp(x1) - cp(cF)| = |l - cf(cF)l c M “ ^(^)1 < e 

for all e > 0, and so m(F) = 1; and the proof is finished. 

REMARKS. 1. The some method can be used to show that 

the prime ideal theorem for Boolean algebras is effectively 

equivalent to the theorem of Bourbaki and Alaoglu. 

2. In the theory of locally convex spaces the theorem 

of Bourbaki and Alaoglu takes the form. If U is a neighbor- 
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hood of 0 of a locally convex space E, then its polar set 

U° is compact in the oÍE', E) - topology. 

With the technique of this section it can readily be 

shown that this result is effectively equivalent to (Pi). 

Furthermore, if we replace compact by convex compact in the 

above statement, then it becomes a statement which is effectively 

equivalent to (HB). 
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