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TRANSIENT PLOWS IN NETWORKS 

1.     INTRODUCTION 

Ford and Pulkereon   [l]  have Introduced the notion of 

dynamic flows in networks.    A dynamlc network consists of a 

craph P.    Corresponding to each ed^e e of  T   is a nonnegative 

integer y{e),  called the capacity of the edge,  and a second 

nonnegative Integer r(e),   called the transit time of the 

edge.     In termfi of transportation networks,   the capacity y 

is to be thought of as giving an upper bound  to the amount 

that  can be shipped along an edge k,  while  the  transit time 

T  specifies how long it takes a shipment to traverse an 

e.dee  e.     In this framework,   the above authors have ccnsldere-i 

the following question:     Let   T  be a dynamic network,  with 

two distinguished terminals s and a',  called  the source and 

the sink»  respectively.     Problem:     to determine  the maximum 

amount ^ that can be shipped from s to  R'   in k time periods. 

In the work referred  to,   the authors describe an ingenious 

algorithm for obtaining ^   fo^ each Integer k.    More precisely, 

they show for each Integer k how to obtain a flow ^ .  to be 

thought of as a  shipping schedule,   that achieves  the deylreo 

shipment \L   from s to s'. 

Concerning the solution of Fot'd and Fulkereon,  the 

following observation may be made.    In order  to achieve the 

maximum numbers,   [i,,   p.«,   ...,  p. .   the authors  construct a 
X C iv 

sequence of flows ft,t  f^,   ..., ^k.     It would be  computstlonally 
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Ptaaibillty Theorem.    The demand R J_Q feasible   If ai.d 

only if,   for every subset S of X - s,   ft satrial'lea the rel^4-ion 

(1) X   5(y) ^     Z     Y(X. 7). 
ycS xeX-3 

yeS 

i^ 

fe  ' 

■4' 

ft'   • 

We shall need a simple corollary of t1.^  theorem. 

Lemma 1.    Let y,,   ...,  yn ^£. distinct nodes of X -- s,  atid 

let 6.,   ..,,  &n be feasible demands such that  b,{y4)  * 

^1 ^ öi+i^yi+i^  " ^i+l for ^   < n«    kejL 6 be tu^: demand euer. 

that 

öCYi)  - ^ - M-i^    for.    i > !» 

5(y)    « 0 otherwise. 

Then the demand b l£ feasible. 

Proof.    Let S be any subset of X - s,  atid ler.  k be the 

largest index for which y.   belongs to S.     Then 

(2) 1    6(y) i    T    5(y  )   = p. ] 
ycS i<k        1 K 

but »ince 6. is feasible, it follows from (l) that 

(3)      ^ - Ö. (yj ^ Z 6 (y) i     I  T(x, y). 
K   K K   ycS ^    xcX-^ 

ycS 

Combining (2) and (3),  we see that ö satisfies  (l)  and !e 

therefore feasible. 
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3.    THB TRANSIBjfT FLOW THBOREH 

As mentioned In the Introduction,  we intend to consider 

a generalization of the Pord-Tulkerson dynamic network In 

which capacities and transit times are allowed to vary with 

time.    This generalization would seem to be useful in terms 

of applications.    In rail networks,  for example,  it may happen 

that trains travel on some routes only on certain days of the 

week,  so that the capacity of such a route Is sharply increased 

on these occasions.    Likewise,  certain routes may sometimes be 

closed for periodic inspection, etc.    We shall therefore give 

a slightly different formulation of a dynamic network from 

that of [l]. 

* two—terminal network  [X,  s,  s»; 7]  is a network in the 

tense of the preceding section, having an additional 

distinguished node s«, called the sink.    For brevity,  we 

shall henceforth denote this network simply by X. 

A maximal demand 6 on such a network Is a feasible demand 

5 for which the value OCs')  is as  large as possible. 

Now,   let X be the set of nodes of a two-terminal network. 

We define X^^ to consist of all pairs (x,  l), where x is In X 

and i £ n is a nonnegative integer.    We shall,  for convenience, 

denote such a pair by x.. 

An rv-Btage two-terminal network is a network   pC,   s0»   s ; y], 

where, as before, y is a function on pairs (x4, y.)  into non- 
1      j 

negative integers or infinity,  which must also satisfy 
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FOP brevity, we henceforth denote this netv/ork by x . 

An explanatory word concerning this definition Is in 

order.    The number y{x^, yj gives an upper bound to the 

amount that can be shipped from node x at time i and arrive 

at node y at time J.    In view of this interpretation, one 

might expect the condition YCX,, yj   ^0 for J ^ i  'the 

irreverslblllty of time).    However,  since our argument is 

independent of this condition, there is no reason to Impose 

it.    Condition (Jf), above,  states that goods can always be 

held over for any number of time periods at the source or 

sink.    Notice that.  In this formulation,  no explicit mention 

is made cf transit times.    They are,  however,   .Implicitly 

included In the definition.    Thus If edge (x,  y) has capacity 

10 and transit time 3«  this would be  indicated by the relation 

y^i* yj) •10 for «J - i + 3* 
•    0    otherwise. 

For the network Xj,,  the notions of flow,   demand, feasible 

demand, and maximal demand are defined exactly as before. 

Finally, for any Integer k ^ n,  we define X^,  Ihe k-stage 

subnetwork of Xn,  to be the two-terminal network [X^, 80,  S^;  7] 

where y is the same function as that for X^ except that it Is 

restricted to pairs (x., y^) with l,  J ^ k. 
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Lenroa 2.    Let ^ be a maximal demand on Xk ar^d let 

^ " 6k^8k^'   S^SS he ^ hc+l ^21 *ü k < n. 

Proof.    I<et ^ be the maximal flow such that 

Now define a new demand 6    as follows: 

^(Cl) 

\(*l)    tor   ^i « Xj^»   «i / V 

otherwise. 

This demand Is feasible«  since It is satisfied by choosing 

the flow ft , where 

^ <8lc'  8k+l) 

^lc^xl'  yj)     for    1'  ^    ^ k' 

0      otherwise. 

k' 3 he' 

By definition of a maximal demand,  the conclusion of 

the lemma follows. 

Theorem.     Let 5,,   .,.,   6n be maximal demands on X,,   ....   X . 

and let n,   = 6.(6.).    Then the demand 6, where 5(3-,)  - u,, 

6(8^^)  » p..   — M-t_1 £pr i > 1,  and 5(x)  =-0 othei'wlse,   la  t'easiblc. 
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