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SUMMARY

wde |

&%ﬁa paper is concerned with flows in two-terminal
dynamic networks as defined by Pord and Fulkerson. These
autnors have shown how to construct for each pnsitive
integer k a flow ¢k'that maximizes tihe amount i shipped
from source to sink in k& time periods. Their method leads
to different functions ﬁk for different values of k. Tt
is here shown that the problem can be solved by mearns of
a single flow ; that at each time k maximizes the cumulatlive
amount shipped from source to sink; trhe concluclion holds
even when the capacitieg and transit timec in the network
are allowed to vary with time.

The results of this paper are applicavle, for lnstance,
to the analyeis of logilstics problems involving rallway

networks.
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TRANSIENT FLOWS IN NETWORKS

1. INTRODUCTION

FPord and Pulkerson {1] have introduced the notion of

dynamic flows in networks. A dynamic network consists of 2

cgraph 7. Corresponding to each edge e of [T 18 a nonnegative
integer y(e), called the capacity of the edge, and a second

nonnegative integer U(e), called the transit time of the

edge. In terms of transportation netwurks, the capacity vy
is tc be thought of as giving an upper touni S0 the amount
that can be shipped along an edge L, while the treansit time
T specifies how long it takes a shipment to traverse an
edege e. In thils framework, the above authors have ccnsidere!
the following question: Let [T be a dynamic neuwork, with
two distinguished terminals s and s', called the sourcc and
the sink, regpectively. Problem: to determine tire maximun
amount by that can be shipped from s tc s' in k time neriods.
In the work referred to, the authors describe an iarenlous
algorithm for obtaining M, for each integer k. More precisely,
they show for each lnteger k how to obtaln a flow ¢k, to he
thought of as a shipping achedule, that achieves the deusired
shipment Py from s to st.

Concerning the solution of Ford ané Pulkercon, the
following observation may be made. In order to achleve tne
maximum numbers, Hys Hos eoes Mo the authore construct a

sequence of flows #1» ¢2. et ¢V. It would be computationzliy
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advantageous if it turned out that ¢2 was a "continuation" of
ﬁi and, in general, ﬂ1+1 a continuation of ¢ . Put another
way, one might hope that the flow ¢k had the property that for
each time 1 { k the amount already shipped into s' would be

the maximum My In this way, the single flow dk would provide
a solution to the maximum problem, not only for k time periods,
but also for any smaller number of periods. [However, the flows
obtained by the authors do not have thiis desirzable propervy;

indeed, it 1s not clear from their work that such universal

maximal tlows exist. It is our purpose here to show that they
do, not only for the case treated by Ford and Fulkerson, but
also for the considerably more genersl case In which the
capacities vy and transit times T may vary with time.

A verbal example may help to clarify further what we
intend to show. Suppose one 1s concerned with shipment by
rail of automobiles from Detroit to Los Angeles, and SUPDOBY -
in view of the known schedules of freight trains -—-— it is
ascertained that separate shippine schemes can be arranted oo
that each of the following 15 possible:

20 cars arrive in los Angeles by Monisay,
30 cars arrive by Tuesday,
70 cars arrive by Wednesday,

105 cars arrive

(®)

¥y Thursday.

ot

-t

Our theorem applied to this situation asserta that 4t 14
then possille to ship in such a way that 20 cars are Geliyer.

e

on Monday, 10 more on Tuesday, 40 more on wednesday, and the



I

last 35 on Thursday.

2. A LEMMA ON STATIC NETWORK FLOWS

The result needed for proving the main theorem of this

paper (see Sec. 3) 15 the Feasibility Theorem obtained by the
author in [2]. We shall here record the definitions neededq

for a statement of that result. For motivation and interpreta--
tion of these definitions, the reader is referred to [2].

A network with a scurce is a triple (X, 8; v], where X

is a finite set of elements x, y, «esy called nodes; s i3 a
distinguished node of X called :the source; and vy, the capacity
of the network, 1s a function on pairs (x, y) of nodes, suoh
that y(x, y) 1s a honnegative integer or plus infinity.
A flow g on X i1s a function from pairs (x, y) to the

integers satisfying the conditions

g(x, v) + #(y, X) =0 (skew-symmetry),

g(x, y) < y(x, y) (feasibility).

A demand 5 1s a2 function from X -- s to nomegative integers.
ol

The demand & 13 called feasible if there exlists a flow & such
that

6(y) < XZX g(x, v)
€

for all y in X - s,

The main result of [2] states the following:

g
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Peasibility Theorem. The demund i js 1':a5

————— P
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+

only 1{, for every subset S of X - 8, » satjatles tine resstiun

e st e e S man G e S————

(1) 2 8(y) < X v(x, ).
ye€S xeX-3
yesS

We shall need a simple corollary of this thecremn.

Lemma 1. Let y,» ..., ¥, be distinct nodes ¢f X -z, aud

let 6., ..., bn be feasible demands such fhat bi(y,) =

b
By < 61+1(y1+1) = Hy,q for 1 { n. Let & be the demand sucl
that

b(yl) = Wy
6(yi) =My =Wy g for 1 > 1,
6(y) =0 otherwise.

Then the demand 6 is feasible.

Proof. Let S be any subset of X — s, and let k be the

largest index for which Y belongs to §S. Tahen

(2) ygs 6(y) < ék 6(y,) = w;

.but since 5 18 feasible, it follows from (1) that

(3) we = O(v) < yZ:S o, (¥) xe%gs v(x, ¥).
ye

Combining (2) and (3), we see that 6 satisfies (1) and e

therefore feasible.
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3. _THE TRANSILNT FLOW PHMEOREM

A8 mentioned in the Introduction, we intend to consider
a genesralization of the Pord-Fulkerson dynamic network in
which capacities and transit times are alloweé to vary with
" time. This generalization would seem to be useful in terms
of applications. In rail networks, for example, it may happen

that trains travel on some routes only on certain days of the

week, 80 that the capacity of such a route is sharply inc¢reased

4 y#' on these occasions. Likewise, certain routes may sometimes be
; | closed for ﬁeriodic inspection, etc. We shall therefore give R
% a slightly different formulation of a dynamic network from ?E
& that of [1]. y
: A two—terminal network [X, s, s'; y] is a network in the

: i: sense of the preceding seotion, having an additional
e, distinguished node s', called the sink. Por brevity, we
b

shall henceforth denote this network simply by X.
A maximal demand 6 on such & network is a feasible demand

8 for which the value 6(s') is as large as possible.

Now, let X be the set of nodes of a two-terminal network.

We define X, to consist of all pairs (x, 1), where x 1s in X
- and 1 { n 18 a nonnegative integer. We shall, for convenience,
denote such a pair by Xy

An n—stage two-terminal network 1s a network [xn, 841 s;; y],

i where, as before, vy is a function on pairs (x, yJ) into non-

) negative integers or infinity, which must also satisfy

0 o) |2 4t s SRR PR v O > 17 sdinc e
o alBR N Al T 2 B st AT G S el S Rl

o

fc'(.

, :
R 0T R ] s Nab i o, ] o wiy i b
S AT o YR g Sate B




i wz{

s de PR B
fal® TravTR
3 3

2- o
P

o

-
P
s

b

o ?
TN
¥ :

o

: 2

=T ?57 $
ety
b2

=
R e NC i ST
& 5

AEN

AR e
oS

T T S

%

a7
>

R R o
: 4

™

& 3
~

L

€I
e

e

3 - . WMT It
ot
" ~

.
»

-
5

R 3

al
B4

Poes . & <

e
e
N

TS o 23
PP -

-
*

oG
~

——
ARt
P 2
. AT
c

o
v Vi

‘.
g .
1Aty

e W e e (gt ip b, GIRSIE S RS L B S Tes -

. Finally, for any integer k { n, we define X, the k-stage

—

subnetwork of X, to be the two-terminal network [X,, 85, 8,; 7],

where ¥y 1s the same function as that for X,, except that it 1s
restricted to pairs (xi. yJ) with 1, J { k.
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(») (s, 8 ,0) = (s, s;ﬂ) = o. B

1 )R

»or previty. we henceforth denote this network by xn' %
An explanatory word concerning this definition is in ,.3

order. 'I'hg number y(xi, yJ) gives an upper bound to the "3
amount that can be shipped from node x at time i and arrive ‘
,:,Aat nqqle y at time J. In view of this interpretation, one &,
mish.t expect the condition 'y(xi, yJ) =0 for J {1 {the i
1rre\yeraib111ty of time). However, since our argument is ¥
_1nd¢pondent of this condition, there 18 no reason to impose :f
g 1t7~ Condition (4), above, states that goods can always bhe I?
'hold over for any number of time periods at the source or ’
-8ink. Notice that, in this formulation, no explicit mention *:,
is made ¢f transit times. They are, however, implicitly w;
included in the definition. Thus if edge (x, v) has capacity ,

| 10 and transit time 3, this would be indicated by the relation ;
Y(x;s ¥4) =10 for J =1+ 3, @

= 0 otherwise. P

1

For the network X,,» the notions of flow, demand, feasible :;

| d_emnd, and maximal demand are defined exactly as before. {“1
{
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lemma 2. Let 8, be a maximal demand on X, and let

e = Bycl&yc) . Them iy Sty ,y for all k Cn.

Proof. let "k be the maximal flow such that

e = O(8) = xgxk Aelxs ).

Now define a new demand b' as follows:
] [}
5 (xi) = bk(xi) for x, € X, x, ¥ 8,

b.(°l::4»1) = Wy "

' b'(xi) =0 otherwise.

This demand 18 feasihle, since it is satisfied by choosing
the flow ¢ , where

belxg, vy) for 1, 5 <X,

g (xys 3y
Bl (0 By) = = 8 (5,10 80) = i

0 otherwlse.,

ﬁ' (xi" yJ)

By definition of a maximal demand, the conciusion of

the lemma follows.

Theorem. Let 51, S 6n be niarima: demands on Xj_, A S

; . RS Tty : 3
SAme. a4k m..’.‘uk-.“iuzm.&tg PY
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In view of Lemma 2] the kneoren ls, In fact, simply a

speclial case of Lemma 1 and the precof is therefove lnued ate,

4. REMARKS

(a) The problem of a universal meximal Jiow makes consg
for the case where there 1s not one, but several sources in
the network: Sys eres 8- The ansloprocus theorem is trus &
this case; namely, there exists a dynamic Ilow from the sources
815 cees 8y into s8' that 1s maximal at all times 1 { n. I
fact, thls case 18 easily reduced to une case of a single
source by the standard device of introdu-ings a new souvce
into the network and defining tne capacitics w(sO, si} ts e
infinite, and of translit time ..

(v) One might hope that the theorem on universal macimal
flows wculd extend to the case where tiere 1z more thun one
sink. A natural generalization would be: a2t bB., ..., I: he
feasible demands on X,, ..., X =suech that &1(11) < 3‘f:(*1-;
for all x. Can one then prove the frag!htility of the demand
defined by these functions? The defining cyuctions are

g 'xl) = 6] (xl)’
S(xi) = 6:(x1) -5, (x, .) for 1, 1.

E ot * Mgy’ |

The simple example lllustratved in Fipg. 1 snows Lihat U

5

is not the case. Here the cdzea (s, x) ard{x, v) Loib

capacities and transit times equa! to 1. The ~rapn of X. is
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shiown in PFig. 2. Now define o, and 5, as follows:
51(X1) =1, bl(yJ) = 0,
52("1) = 0, 52(5'1) =0, 0.(xy) =1, 9,(y,) = L.

Clearly, both 51 and 62 are feasible, but this iz not the
case for the demand © defined by
a(xl) = 1, S(yl) = 0,

5(x2) = 0, 5(5’2) = 1,

as the reader will see on referring to Rig. 2.
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(¢) Por the case t}reated by Ford and Fulkerson, in waich
capacities are independent of time, these authors showed tnat
a dynamic maximal flow could be achleved that did rot invelve
"holdovers"; in our notation, éhe maximal flow f, had tiic
property that ¢k(x1, x1+1) = 0 for all x, other than 8 and ¢'.
In view of their result, the same tning ‘s true for the case
of universal maximal flows when capacltiec are constant with
time. Namely, one simply defines the capéaity v 80 tnat
Y(xio x1+l) =0 for x ¥ 8, 8', arnd the oranf is &xactly as
before.

(d) Por the case of constant capzclties, Ford and
Fulkerson have given a simple computational method for indl
maximal filows. The proof given nere does not lead to sucnh 4
procedurs. We suspect that some miid modiflcation cf the
Ford—Pulkerson algorithm will actually ailow the 2alculatlon
of universal maximal flcws. Por the present, nowever, thlc

is pure conjecture.
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