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ABSTRACT 

For large values of the pressure-gradient parameter P (i.e., 

highly accelerated flows), the order of the similarity equations gov- 

erning the laminar boundary layer is reduced by two.  Coles has shown 

that this is a singular perturbation problem for which an inner solu- 

tion and an outer solution must be obtained.  In this paper, inner and 

outer solutions are presented which include the effects of a power-law 

temperature-viscosity relation, nonunit Prandtl number, leading-edge 

sweep, and surface mass transfer.  An extremely accurate method is 

»described for estimating skin friction and heat transfer for all posi- 

tive values of ß. 

Any views expressed in this paper a^e  those of the author.  They 
should not be interpreted as reflecting the views of The RAND Corpora- 
tion or the official opinion or policy of any of its governmental or 
private research sponsors.  Papers are reproduced by The RAND Corpora- 
tion as a courtesy to members of its staff. 



SYMBOLS 

a    »     constant of  the  inner  solutions,  a„  cos2A/t 
2 s 

c       -     fluid  specific heat   (taken  to be constant across   the 
boundary layer) 

f    =     variable related   to streamwise velocity;  f ' =  u/u 
e 

«      =     surface mass  transfer  parameter,   -  [(pv )/(p  u u  )1 JTl 
w        w w e 

e 
g    =     transverse velocity function,  w/w 

H    =     total  enthalpy,  h + u2/2 

h    ■     static  enthalpy,  c T 
P 

h    '     ^  -   VCl^l)  ■   Ijd)]   -   (1  -   tJ^O) ♦  1^2) 

h  '  /f/<1 - f/)dTi 
0 
00 

h " ^/(1 - f/2)dTi 
0 
00 

»lU)    ■    /(I - g2)dTl 
0 
00 

i1(2) -  r(i. f/2)dTi 
Ö 

00 

1^3)    -    /(I  -   9)dTl 
0 

k = thermal conductivity 

M ■ Mach number 

Pr ■ Prandtl number 

P ■ pressure 

R ■ gas  constant 

80 " transfo"ied velocity  function defined  by Eq.   (24) 

T ■ fluid  temperature 
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free-strear. stagnation temperature, H /c 

transformed similarity variable defined by Eq. (24) 

sweep parameter, [1 + {(Y - l)/2}Mf cos2 A]/[l + {(Y - 1)/2}M2] 

wall temperature ratio, Hw/He or Tw/T0 

free-stream velocity 

flow velocity in the x-direction 

flow velocity in the y-direction 

flow velocity in the z-direction 

constant defined by Eq. (15) 

coordinate in the direction of flow 

coordinate normal to the surface 

coordinate trarsverse to the flow direction 

pressure-gradient parameter defined by the similarity re- 
lation 

.1/2 du ,T, 

%~[wT.-*-^(?) 
Y = specific heat ratio 

T] - similarity variable defined by Eq. (3) 

6 ■ dimensionless total enthalpy (H - H )/(H - H ) 

A - angle of sweep between leading edge and the normal to 
the free-stream direction 

X ■ density-viscosity ratio (Pn/P u ) 

p, - viscosity 

§ => transformed x-coordinate defined by Eq. (4) 

p ■ fluid density 



2 
a ■ hypersonic parameter (U /2H ) 

2 9 
a.  - modified hypersonic parameter (U /2H ) • (u /u ) 

2 2   2       2 
a- - modified hypersonic parameter (U /2H )[(a /u )  cos A + sin Al 

ID ■  exponent in the temperature-viscosity law ^ ~ T^ 

Subscripts 

( )  ■  value at the edge of the boundary layer 

( )  » value at the wall 
w 

( )« "  value of the function in the free stream 

—■" 
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I.  INTRODUCTION 

The similarity equations governing the laminar boundary layer are 

well known.  For a thermally and calorically perfect gas of homogeneous 

composition, there are three:^ ' 

Streamwise Momentum Equation 

(Xf'V+ff- - i{«4-f [o-v«- ^-V'^sJ} (1) 

Transverse Momentum Equation 

(^g ') ' + fg ' - 0 

Energy Equation 

W OD 

In these equations,  the quantities  f',   9,  and g are the normalized stream- 

wise velocity,   total  enthalpy,  and  transverse velocity respectively,  and 

primes denote differentiation with resoect to  the transformed variable 

Tl normal   to  the surface: 

'■7slp<,y ™ 
where 

x 

0 
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Other entitle, are def,„ed in the  y,, o£ .^^ 

The»e e,„atl0^ are appllcabIe only ^ the ^^^  ^  is  ^ 

—,  .....  „hen derivative8 of £    ,(  ^^  ( ^^ ^    ^ |  ^ ^ 
Often,  houcvei,   lt  u  poS8lbu  to ^^^ ^^^^^ ^^^^ ^  ^     • 

k-^-u,« prop„tle, (1IKluding the skin £cictioti] heat_traMfer 

r.te, .„d dupuc^nt thlckne88) by „^ ^ ^ ^^ ^ 

8ive„ by the SInUar  8olutlon corre5i>ondlrig  io  ^  iocai ^^^ ^ B 

t«.   t.   etc. W      8 

I«  U uaeful   to have 8olutlo„8 o£  the  u„inar.boundary_Uyer ^^^^ 

for  urge value8 of ,.     Ihe Mthmatlcal ^^^ ^^ ^ ^ 

limit 0 » i may be  iiiustrated .     wri  . 
« oy writing   the  streamwise momentum equa- 

tion  in the form 

I        ta L(i- tw)e- (i . ts)g^+ gj  B   0   (5) 

In  the   limit 0 - »    F0     /r^   ,0. 
. Eq. (5) reduces from third to first order: 

^f' ■ %k * V» • a - v.»♦ «Jf" (6) 

The  tran8verae ^„^ eqijatlon ^  the ^^ ^^ ^ ^ ^ 

o- «*«.     A, orl8l„auy ^^ out  by Cole8(2,  ^ a8  iater aiaborata(i 

by Beckwlth and Cohen  ^3)   n,,«   i..j 
-en, this  lead,  to a aingular perturbation probU« 

in which  the  thlchnea. of  the velocity  iayor  U of order r™ with 

reapect  to  total  enthaip, and  tra„,vera. velocity layc,a of order  onlty.* 

'Dlacoaalon of  thl. proh.e» a.ao app..r8  ta  an ahhrevlatcd veralon 
in Lagerstrom's  article.W version 
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The appropriate method of solution is  similar  to  that  employed in de- 

riving a uniformly valid approximation to the Navier-Stokes equations 

in the  limit of  large Reynolds  number  (see Kaplun and Lagerstrom.(5) 

Lagerstrom and Cole.(6)  and  the recent book by Van Dyke(7)). 

The Outer  Limit Equations 

Since the mathematical  Justification of this  singular perturba- 

tion solution (more popularly called an inner- and outer-expansion pro- 

cedure)  has been discussed in detail  by Coles/2)  our purposes will  be 

served by a cursory development of  the governing equations.     The pre- 

•ent analysis  extends  the work of Beckwith and Cohen(3)   to include a 

power-law temperature-viscosity relation,  a constant but  nonunit Prandtl 

number,  and surface-mass  transfer. 

Assume  taat appropriate outer representations of  the dependent 

variables  f,  6,  g are of the following form.: 

£0 ^ /F f1 + ••••! 

eo + i9i + 

"    80+7f8l + 

(7) 



Substituting these representations Into the momentum and energy equa- 

tions and dropping all terms of order ß"1/2 and smaller,* the following 

"outer" equations are obtained: 

f0 - [f {O - tw)90 - (1 - t^gj * tJJ 

VPr Oj   * t0 0  + 1(1 - t ) k* frj 
w 

(8) 

(9) 

(^n) ' ♦ Ub! =  0 0; + r0g0 "  U <10) 

The appropriate boundary conditions are found (a) by requiring that 

the outer equations satisfy the outer exact boundary conditions, and (b) 

by exact matching of the inner and outer representations.  The results 

may be written 

^(0) V 9o(0) ' 8o(0) = 0; 9o(a,) " 8o(00) ■ 1   C") 

Only one boundary condition on f0 may be satisfied by the outer equa- 

tions, because the outer limit equation for f reduces to first order.  The 

exact boundary condition f - 1 as T] -♦ » U automatically satisfied by Eq. 

(8). The no-slip condition, f' - 0 as 1] - 0, must be satisfied by an 

The outer limit equations are properly obtained by applying the 
limit 0 - " to the full equations expressed in outer variables, with 
T] held fixed.  This gives identical results to those cited here. 



inner solution which is valid  in a region of extent ß'1/2 with respect 

to  the scale of the outer  solution. 

In this  approximation,   the density-viscosity ratio \ -  (ppi/p u ) 

in the outer  layer becomes 

where 

1  - o. 
m (D-l 

{(i - tw)e0 - (i . t^ ♦ tj (12) 

1e 1 2 2 
—      cos A + sin A 

00 / 

and we have assumed  that  the viscosity is equal  to  a power function of 

the  temperature,   i.e.,  ^ ~ xr     As T] ^ 0,  X - [(1  - ,J/t -f
1 because 

f0(0) "  ^W     ■   and f0(0)   i8 nonrero in general.*    The energy and 

transverse momentum equations are coupled  through  the  implicit appear- 

ance of both e0 and g0  in Eqs.   (9)  and  (10).     If Pr -  1,   90 - «    and 

the number of coupled ordinary differential equations is reduced from 

three to  two.     Setting both the viscosity-temperature exponent ■ and 

the Prandtl number Pr equal  to unity reproduces  the equations of Beck- 

with and Cohen (3) If a2 - 0 (i'e» the local Mach number is rero), 

tg - 1 and the transverse momentum and energy equations are again un- 

coupled. 

It should be noted that the inner and outer expansion procedure 
breaks down in the limit ty - 0, because the outer «olution for fn 
satlsifies the exact boundary conditions for the coaplete equations 
and the inner solution for f' is simply zero. 
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One interesting case was pointed out by Coles and we extend his 

result to generalized compressible flow. For t - t - 1. A - 0 so 
ws 

that a2 - (uf/aiy^/uj2 ■ 91V X . (1 . a/-1, and f^ -  1  for all 

T).    In taking this  limit with Pr +  1,   the product of (f /2) ' and 

(1  -  tw)       approaches 9^ so  that  the  energy equation becomes 

e0 + (T1 + VMl -^(1 - Pr)]-1  (1 -a/"* 9o'    -    o (n) 

with the boundary conditions 

•0(0)   -   o;        e0(»)   -   i (14) 

If we define the new variable x and the constants y^ and W by 

\    -    " V^ (15) 

- (1  - al>1"') 

Ll - a^l  - Pr)]Pr 

then Eqs.   (13) and (14) are satisfied by the solution 

9    -    Cerf(x//I) + erf (l^A/Dl/Cl + erf (^//l)] (16) 

For x^j < 0, we note the identity 

erf (-x)    -    -erf (x) (17) 

The corresponding solution for g0 is  found from Eq.   (16)  by setting 

Pr - 1. 

X  ■   J- 
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Equations (8) to (10) with the boundary conditions of Eq. (U) 

represent a two-point boundary-value problem for the complete solution 

of the outer limit equations.  The derivatives 9^(0) and g^O) . along 

with the integrals I,,. 1^,, ^ and ^   evaluated ^^  ^    ^ 

and g0 in place of f. 6, and g. are given in Table 1.  The integral I 

is identically zero.  Beckwith and Cohen(3) calculated several of these 

quantities for the special case of Pr - . = 1. ^ = Q. and nonunit val- 

ues of t 
s 

The Inner Limit Equations 

Inasmuch as the order of the energy and transverse momentum equa- 

tions are not reduced in taking the limit $  ^ -, the outer equations 

(Eqs. ^9) to (11)). represent complete solutions for the total enthalpy 

and transverse-velocity profiles for large *.     The terms f0 and (f/2), 

which appear in the outer equations, differ from the exact solutions f 

and (f'2) only in a region which is ß-1/2 smaller in extent than the 

region of applicability of the outer equations.  Therefore, the outer 

equations asymptotically represent the complete solutions for 9 and g 

as 0- ». and in this limit the inner solutions for 9 and g are identi- 

cally zero. 

The no-slip condition f'(0) - 0 is satisfied by the inner limit 

equations for f; the inner equation, for 9 and g. as noted previously, 

reduce to 9 - g = 0.  To examine the inner strea^ise amentum equation, 

it is necessary to introduce a new independent variable J\  and an inner 

representation for f: 
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so that 

T'dT)   -   t'm   .  JL ouu   "  r l»») I 

After rearrangement, the inner equation for f' becomes 

8 
0 (20) 

and dropping  terms of order   1//^   and smaller,   the result  ii 

<*5)' - (f„')2 ♦ > 0'     T   ■    0 (21) 

where 

2 
r     ai C08  A uu-i 
L^ - ^r— (?ö>2] (22) 

The boundary conditions on fj are found from the exact boundary condi- 

tions at the wall and the matching condition* that the inner and outer 

representations of f agree in the limit/5 - » with ^ large but fixed. 

The  following boundary conditions   for  the inner  equations  result: 

VO)    -    0; 1^0)    -    0;  f («)    =   /TTT (23) 
• ws 

The matching condition applied here is elaborated by Van Dyke-(7) 

Inner representation of (outer representation) - outer representation 
of (inner representation). 
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Since Eqs. (21) and (22) Involve only TJ and not "f  they repre- 

sent a well-posed second-order two-point boundary-value problem,  A 

more symmetrical form may be obtained by applying the transformation 

V') -VH'^ - c./'/'S- (24) 

Then the problem may be written 

^ ' ■ 80 + 1 " 0 (25) 

X " L1 ■ ""O-T (26) 

80(0) - 0; s0(») -  1 (27) 

where  the constant a is given by 

2 
a    -    (o1 cos A)/tg (28) 

Values of 8^(0) satisfying Ecs. (25) to (27) are given in Table 2 

for several values of w and a.     By using a simple transformation sug- 

gested by J. Aroesty* the two-point boundary-value problem of Eqs. (25) 

to (27) is reduced to the numerically simpler problem of a double quad- 

rature from 0 to t.  Define a new variable a  by the relation 

80 " d80/dt H ■ (29) 

•o that the transformation  (s-.t)  - (s   ,a)  ia 

* 
The RAND Corporation,  private comnunication. 
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dt d80 
if- (30) 

and hence 

a dT (^ - 8o + 1   "   0 (31) 

A subsequent  transformation (8n,cr) -• (8n,T)   is defined by 

T    -    Xa (32) 

and upon multiplying Eq.   (31)   by X, we have 

-dT + X(s0)[l -  8Q]ds0    =    0 (33) 

with  the single boundary condition T(s    =  1)  =  0.     Separating variables 

and  integrating Eq.   (33)   from s« =  1 to s0,  we have 

80/ J*l.J ^1/2 T<8o> = i2! {l -aa*)   (8* - ty**} (34) 

A  final  quadrature  of Eq.   (34)   suffices  to compute  t(sn) ; noting that 

T -  X(d80/dt)  and  s0(t - 0)   = 0,  we obtain 

t(80)      "      /   [M8*)/T(s*)]ds* (35) 
0 

The quadratures  of Eqs.   (34)  and  (35)   are  rapidly accomplished 

using standard numerical   integration formulas.     The  skin-friction 

derivative 8.(0)   is  found from the quadrature  of  Eq.   (34); because 

X(0)  » 0  for all tu and  a, 
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8^(0)  -  «(O)  -  T(80  =  0) (36) 

For the special case of u) - 1, Coles( ' pointed out that an analytic 

solution of Eq. (25) may be found in the form 

s0 =  1-3 sech2(t//T+ tanh"1/!/!) (37) 

Using either the analytic solution for ou - 1 or the numerical solutions 

for UJ j< 1, the surface skin friction derivation f^ is then found by re- 

versing  the previous  transformations: 

ß^> f
w    =    /P — 

I   s 

3/4 

•0'<©) (38) 

In general,   8'(0)  depends on the  three parameters,  a_,  UJ,  and t  ;  for 
U 2 8 

a) -  1,   the value of s'(0)   is 4/3. 

i 
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II.     DISCUSSION 

It Is very difficult  to obtain exact  numerical solutions of  the 

laminar boundary-layer equations for values  of | greater than 2.     The 

reason is simply that  the singular behavior of f'(T))  near the wall 

which exists  for  ß - » becomes dominant even for moderate values  of 

0.    Conversely,   the results obtained for  ß - » should be good repre- 

sentations of  the behavior of the boundary  layer for  large but finite 

values of 0.     One of the important results  that we wish to danonstrate 

is that,  by combining  the exact numerical  results of Ref.   1 for  0^5 

and the  limiting  solutions  for  p - » given in Tables  1 and 2,   it  is 

possible to estimate accurately the skin-friction and heat-transfer 

derivatives  f^,  gj,  and Oj for all positive values of ß. 

The skin-friction results  for ß - » are displayed in Fig.   1.     The 

Influences of  the  two parameters uu and a on the inner solutions  for 

s0(0> are seen to be relatively small.     For 0.5 -e UJ <: 1.0 and 

0 < a < 1.0,   the value of s^O) may be  found by interpolation to 

better than 0.25 percent. 

The skin friction parameter ^0"1/2(tw/tg)"3/4 approaches  the 

limit of s^O)  as  ß - «.    The difficulties  that were observed pre- 

viously        in calculating exact solutions  for ß ^ 2 imply that  this 

limit is approached very rapidly with increasing ß.    This supposition 

is borne out by Figs.   2  to 4, where the skin friction parameter  is 

shown as a function of ß"1'2.    The  limit psvameter  ß'1/2 is suggested 

by „he ordering procedure used to obtain the  inner and outer equations. 

Solid  lines  indicate exact numerical  solutions  from Ref.   1 and dashed 

lines are extrapolations. 
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Figure 2 Illustrates  the approach of the  skln-frtction parameter 

to  its asymptotic  limit  s^O)   for different wall  temperatures.    The 

limiting value is approached most rapidly for  high wall  temperatures. 

This  result is  to be expected from the behavior  of the outer equations. 

Large values of ^ increase  the magnitude of  the velocity difference 

across  the inner  layer,   whereas for ^ - 0,   the distinction between 

the  inner and outer   layers  breaks down and no proper  limit is obtained. 

It has also been found empirically(1)  that exact  solutions are more 

difficult to obtain for   larce t . 
w 

The approach of  the skin-friction parameter  to  its  limiting value 

with increasing | is  illustrated in Fig.  3 for  several values of the 

sweep parameter  t^     From a numerical point of view,   the accuracy of 

the present extrapolation procedure increases with  increasing sweep. 

It is of interest to examine the behavior of the inner and outer 

equations with mass injection at the wall. Applications of these re- 

sults include mass transfer cooling of rocket nozzles (Back and Witte 
(8). 

)  and blunt hypervelocity vehicles.    The outer  equations determine 

the heat transfer derivative Gj and they contain the boundary condi- 

tion f0(Tl - 0) - f ,     Thus,   surface mass transfer  (f    < 0) acts to re- 
w 

duce Gj and consequently surface heat transfer  even in the  limit  0 - •. 

On the contrary,  the  skin friction derivative  ^   is  found from the in- 

ner  solution for  f'(O),   Eq.   (21),  and the solution of  this equation 

is  independent of  the value of f^    in highly accelerated flows,  there- 

fore,   the effects of blowing on skin friction become negligible in the 

limit  0 - • with f     fixed, 
w 

Figure 4 illustrates  the behavior of the skin-friction parameter 

as a  function of the  injection parameter fw.     The   limit  is approached 



-18- 

-1/2 smoothly with decreasing values  of  ß       '  for all  f  ,  and accurate es- 

timations  of f" may be obtained  for all  ß by comparing the exact solu- 

tions  of Ref.   1 for ß « 5 and  the inner  limit solutions  of Fig.   1. 

The wall heat  transfer is related by the modified Stewartson and 

Howarth-Dorodnitsyn transformations  (Eqs.   (3)  and (4))   to 9'.     Inas- 
w 

much as  6    and g    represent  the complete solutions for 3 and g as 

ß -• »,   the values of 9Q(0) and g^CO)  represent the asymptotic  limits 

of 3    and g    as ß -> <».    A comparison between our present results and 

Ref.   1  suggests that  the asymptotic values are within a  few percent of 

the exact answers  for ß > 7.    It  should be emphasized that  3' and g/ 

become independent of ß as ß -• <»,   demonstrating that the heat  trans- 

fer predicted by a  local similarity analysis is highly accelerated 

flows approaches a  limiting value. 

Figure 5  shows the typical behavior of the heat-transfer  deriva- 

tive 8' with increasing values of  ß.     The behavior of 3' with decreas- w ^ w 
-1/2 ing values  of ß is seen to be  smooth and  (at  least for  the case of 

(9) 
j    - 0)  monotonic.    In an earlier paper,        we demonstrated that the 

proper parameter  to use in comparing different heat-transfer calcula- 

tions  is  9'[(I  - t  )/(t      - t  )].     For a,  - 0 and t    -  1,   the adiabatic w w        aw        w 1 s 

wall  temperature t      is unity  for all Pr  so  that the heat  transfer pa- aw ^ r 

rameter  reduces  to 3/.    Although we have not been able to prove it an- 

alytically,   it appears that t      *  1.0 for all values of Fr,   t  ,  uo,  and 
aw S 

a in the  limit ß ■ <*>.    This is a very surprising result and should be 

examined  further. 

The  boundary-layer displacement  thickness  6    is defined by  the re- 

lation 
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* 

^■^■^t1'-^     (W 

where the integrals I1 and I2 are given in the  list of Symbols.     For 

0 - %   the integral I1  is  identically zero and the integral 1 

I2    - f'(l  -  £')   <|| (40) 

is recorded in Table 2.     In the absence of  sweep,   the velocity profile 

is monotonic and 0 < f ' < 1,  so that  the integral I    is positive and 

the displacement  thickness is negative.     With sweep (t    < 1),   there 

is often an overshoot  in the velocity profile so  that  f' > 1 for some 

range of 1| and I    becomes  negative.    With sweep,   therefore,  the dis- 

placement thickness may be either positive or  negative,  depending upon 

the particular  parameters being considered.     Numerical comparison 

between the calculated results of Ref.   1 for  moderate 0 and the pre- 

sent results  for   0 - «  suggests  that  |     raonotonically decreases with 

increasing 0.     In the special case when 0 = « and  t    -t    -1    f'-l 
w        s        * 

-1/2 
and 6    is of the order of ß times  the scale of boundary layer dis- 

placement  thickness   for  0 « 0. 
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