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ABSTRACT

For large values of the pressure-gradient parameter B (i.e.,
highly accelerated flows), the order of the similarity equations gov-
erning the laminar boundary layer is reduced by two. Coles has shown
that this is a singular perturbation problem for which an inner solu-
tion and an outer solution must be obtained. In thie paper, inner and
outer solutions are presented which include the effects of a power-law
temperature-viscosity relation, nonunit Prandtl number, leading-edge
sweep, and surface mass transfer. An extremely accurate method is
described for estimating skin friction and heat transfcr for all posi-
tive values of B.

*Any views expressed in this paper a.e those of the author. They
should not be interpreted as reflecting the views of The RAND Corpora-
tion or the official opinion or policy of any of its govermnmental or

private researth sponsors. Papers are reproduced by The RAND Corpora-
tion as a courtesy to members of its staff.



SYMBOLS

2
a = constant of the inner solutions, 9, cos A/ts

¢ = fluid specific heat (taken to be constant across the
boundary layer)

f = wvariable related to streamwige velocity; £’ = u/ue

f, = surface mass transfer parameter, - [(pvw)/(pwuwue)] /TE

g8 = transverse velocity function, w/we

H = total enthalpy, h + u2/2

h = gtatic enthalpy, cpT

I, = (- cs)[11(1) - L] - Q- t,)1,(3) + 1,(Q2)

I, = [£'(1 - £'dn
0

1, = [f£'cl - £4yan
0

=<}

LW - fa- g2)dl

(=]

1L,(2) = {“ - £%yan

@

LG) = E)r(l - 8)d1

k = thermal conductivity
M = Mach number

Pr = Prandtl number

P = pressure

R = gas constant

8, = transformed velocity function defined by Eq. (24)

T = fluid temperature



free-strear. stagnation temperature, He/cp

transformed similarity variable defined by Eq. (24)

sweep parameter, [1 + {(Y - 1)/2}M: cos? A/ + {(y - 1)/2}Mi]
wall temperature ratio, “w/He or Tw/TO

free-stream velocity

flow velocity in the x-direction

flow velocity in the y-direction

flow velocity in the z-direction

constant defined by Eq. (15) "

coordinate in the direction of flow
coordinate normal to the surface

coordinate transverse to the flow direction

pressure-gradient parameter defined by the similarity re-
lation

1/2 d T
u, ~[(Te/'r0)§B] , l.e. B = éz ‘:'E (&%)

specific heat ratio
similarity variable defined by Eq. (3)
dimensionless total enthalpy (H - “w)/(He - Hw)

angle of sweep between leading edge and the normal to
the free-stream direction

density-viscosity ratio (pu/pwpw)
viscosity
transformed x-coordinate defined by Eq. (4)

fluid density



b

o = hypersonic parameter (U:IZHe)
o, = modified hypersonic parameter (Ui/ZHe) . (ue/um)2

2

o, = modified hypersonic parameter (Ui/Z}{e)[(ue/um)2 cos? A + sin? A

w = exponent in the temperature-viscosity law j ~ "

Subscrigts

( )e = value at the edge of the boundary layer

( )w = value at the wall

(), = value of the function in the free stream



I. INTRODUCTION

The similarity equations governing the laminar boundary layer are
well known. For a thermally and calorically perfect gas of homogeneous

composition, there are three:(lj

Streamwise Momentum Equation

QY+ £ = s{f’2 . {; [(1 -t )8 - (1 - t“)g2 + tw]} (1)

Transverse Momentum Equation

gy '+ f8° = 0

Energy Equation

(v—;\ e')' +£6' {(1—3"—:-; (P—: s 1) (£'¢ 'GE\? cos? A+ gg’ sin A]}ZZ)
w i -

In these equations, the quantities f', 8, and g are the normalized stream-

wise velocity, total enthalpy, and transverse velocity respectively, and
primes denote differertiation with respect to the transformed variable

N normal to the surface:

o
M = ——{pdy (3)

where

x
€ = f TR %)
0

i
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Other quantities are defined in the 1list of Symbols,

These equations are applicable only when the boundary layer is self-
similar, i.e., when derivatives of £, 8, and g with respect to € are zero.
Often, however, it is Possiblc to obtain reasonably accurate values for
boundary-layer pProperties (including the skin friction, heat-transfer

rate, and displacement thickness) by assuming that these properties are

In using the concept of local similarity in highly accelerated flows,
1t is useful to have solutions of the laminar-boundary-layer equations
for large values of B. The mathematical difficulties eéncountered in the

limit B >> | may be illustrated by writing the streamwise momentum equa-

tion in the form
%[(Kf”)'+ ') . {f’2 i tis [(1-cpe- (- t )8’ + cw]} = 0 (5)

In the limit B - ®, Eq. (5) reduces from third to first order:

/
;_i.:' £/ = [%s {(1 - )0 - (1 - ts)gz + tw}]l : (6)

The transverse momentum equation and the €nergy equation remain of sec-
ond order, Ag originally pointed out by Coles(z) and as later elaborated
by Beckwith and Cohen,(3) this leads to a singular perturbation problem

In which the thickness of the velocity layer is of order 8-1/2 with

*Discussion of this problem also appears in an abbreviated version
in Lagerstrom's article.(a)
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The appropriate method of solution is similar to that employed in de-
riving a uniformly valid approximation to the Navier-Stokes equations
in the limit of large Reynolds number (see Kaplun and Lagerstrom,(s)

Lagerstrom and Cole,(6) and the recent book by Van Dyke(7)).

The Outer Limit Equations

Since the mathematical justification of this singular perturba-
tion solution (more Popularly called an inner- and outer-expansion pro-
cedure) has been discussed in detail by Coles,(z) our purposes will be
served by a cursory development of the governing equations. The pre-
sent analysis extends the work of Beckwith and Cohen(a) to include a
pPover-law temperature-viscosity relation, a constant but nonunit Prandtl
number, and surface-mass transfer.

Assume that appropriate outer representations of the dependent

variables f, 0, g are of the following forms:

1
f = f0+mf1+aaaa,\

1
e = 90+ 9 +o¢¢a,

78 1

-

("N

1
8 = 80+TB.81+00000J



Substituting these representations into the momentum and energy equa-
= *
tions and dropping all terms of order B 1/2 and smaller, the following

"outer" equations are obtained:

(=2

- [Ba-g-a- e i}]” @

A I)l ' { Q¢ I
(Pr %) * %% * 1 (l E

- tw) Pr

e 2 N
[% G—e) cos’ A + =2 sin’ A] } o= o 9)

! 4
(Agp) "+ £gg; = 0 (10)

The appropriate boundary conditions are found (a) by requiring that
the outer equations satisfy the outer exact boundary conditions, and (b)
by exact matching of the inner and outer representations. The results

may be written

£(0) = £ 6,(0) = g (0) = oO; (™) = (=) = 1 (11)

Only one boundary condition on fo may be satisfied by the outer equa-
tions, because the outer limit equation for fo reduces to first order. The
exact boundary condition £ -1 as 1| ~ = ig automatically satisfied by Eq.
(8). The no-slip condition, £/ = 0 as N - 0, must be satisfied by an

*

The outer limit equations are properly obtained by applying the

limit B = = to the full equations expressed in outer variables, with
N held fixed. This gives identical results to those cited here.
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p= T

inner solution which is valid in a region of extent 5-1/2 with respect
tu the scale of the outer solution.

In this approximation, the density-viscosity ratio A = (pp/pwpw)
in the outer layer becomes

1l - 02

w-1
A= ?";( = ) {(1 - tw)e‘) - Q - ts)g(z) + tw}] (12)

where

v

2
u
e 2 2
o, = — | cos"A + sin“A
2 EHE (um)

and we have assumed that the viscosity is equal to a power function of
the temperature, i.e., u ~T". As M=0,A=-[Q - 02)/t:a]w-1 because
fé(O) = (t:w/t:s)ll2 and fé(O) is nonzero in general.* The energy and
transverse momentum equations are coupled through the implicit appear-
ance of both 60 and & in Eqs. (9) and (10). If Pr = 1, 90 = & and
the number of coupled ordinary differential equations is reduced from
three to two. Setting both the viscosity-temperature exponent w and
the Prandtl number Pr equal to unity reproduces the equations of Beck-
with and Cohen.(3) 1f 0y = 0 (i.e., the local Mach number is zero),
ts = ] and the transverse momentum and energy equations are again un-
coupled.

e

*It should be noted that the inner and outer expansion procedure
breaks down in the limit ty — 0, because the outer aolution for fo
satisifies the exact boundary conditions for the complete equations
and the inner solution for f’ is simply zero.
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One interesting case was pointed out by Coles and we extend his
result to generalized compressible flow. For L, = ts =1, A =0 so
2 2 - w=-1 $ S
that g, (Um/ZHe)(ue/um) =0, A= (1 01) , and fo 1 for all
M. 1In taking this limit with Pr # 1, the product of (féz)' and

(1 - tw)-l approaches 96 8o that the energy equation becomes

" -1 l-w 7
8 + (N + £ )Pr(1 o, (1 -Pr)T " (1 - a,) o = 0 (13)
with the boundary conditions
8(®) = 0; 8 (=) = 1 (14)

If we define the new variable X and the constants XO and W by

X = 7% = Xo?

X = ~ £ /A% (15)

l-w
(1 = ol)

(1 -0 (T -P0)fer

then Eqs. (13) and (14) are satisfied by the solution

8 = [erf(x//2) + erf (xol/i)]/[l + erf (xo//i)] (16)

For X < 0, we note the identity

erf (-x) = -erf (y) (17)

The corresponding solution for g . is found from Eq. (16) by setti
0 ng

Pr = ],
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Equations (8) to (10) with the boundary conditions of Eq. (11)
represent a two-point boundary-value problem for the complete solution

of the outer limit equations. The derivatives 86(0) and gé(O), along

0’ eo’

and g in place of f, 68, and 8, are given in Table 1. The integral 1

with the integrals 12’ 11(1), 11(2), and 11(3) evaluated using f
1

1s identically zero. Beckwith and Cohen(s) calculated several of these
quantities for the special case of Pr=w=1, fw = 0, and nonunit val-

ues of t .
S

The Inner Limit Equations

Inasmuch as the order of the energy and transverse momentum equa-
tions are not reduced in taking the 1limit p - @, the outer equations
(Eqs. (9) to (11)), represent complete solutions for the total enthalpy
and transverse-velocity profiles for large B. The terms fo and (féz),
which appear in the outer equations, differ from the exact solutions f
and (f'z) only in a region which 1is ﬁ-l/z smaller in extent than the
region of applicability of the outer equations. Therefore, the outer
equations asymptotically represent the complete solutions for 6 and g
as B~ @, and in this limit the inner solutions for 6 and g are identi-
cally zero.

The no-slip condition f'(O) = 0 is satisfied by the inner limic
equations for f; the inner equations for 6 and 8, as noted previously,
reduce to 6 = g = 0. To examine the inner streamwise momentum equation,
it 18 necessary to introduce a new independent variable‘ﬁ and an inner

representation for f;

o= Mg fw+;—a_?o(?f)+ (18)
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so that
~y ’ u
£ = £y - W (19)

After rearrangement, the inner equation for f.' becomes

0
0Ty + 177 - @t 9
o) * 7 ffp 0 E )

and dropping terms of order 1//F and smaller, the result is

t
(X?g)’ . (Eg)z # ;3 = 0 (21)
8
where
lo] cos2 A - w=-1
A o [1 - ————tw (fo) ] (22)

The boundary conditions on f6 are found from the exact boundary condi-
*

tions at the wall and the matching condition that the inner and outer

representations of f agree in the limit /P ~ = with‘ﬁ large but fixed.

The following boundary conditions for the inner equations result;

£(0 = 0; E(0) = 0; T (=) = t,/tg (23)

*

The matching condition applied here is elaborated by Van Dyke:(7)
Inner representation of (outer representation) = outer representation
of (inner representation).
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Since Eqs. (21) and (22) involve only ;g and not ?b, they repre-
sent a well-posed second-order two-point boundary-value problem. A

more symmetrical form may be obtained by applying the transformation

ts ~y 1/4
508 =& Bt = (g /e )T (24)
w

Then the problem may be written

(Aso’) ! - 8(2) +1 = 0 (25)
A [1 2]“
= - as, (26)
55(0) = 05 s,(=) = 1 (27)
where the constant a is given by
a = (o1 coszl\)/t8 (28)

Values of 30’(0) satisfying E¢s. (25) to (27) are given in Table 2
for several values of w and a. By using a simple transformation sug-
gested by J. Aroesty* the two-point boundary-value problem of Eqs. (25)
to (27) 1is reduced to the numerically simpler problem of a double quad-

rature from 0 to t. Define a new variable « by the relation

so’ = ds /dt = «a (29)

so that the transformation (so,t) - (so,a) is

*
The RAND Corporation, private communication.
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d d
r - Sl -y (30)
0
and hence
d D
ad—so()\a)-so+1 = 0 (31)

A subsequent transformation (so,a) - (so,T) is defined by
T = At (32)
and upon multiplying Eq. (31) by A, we have

dT + X(so)[l - sé]dso = 0 (33)

with the single boundary condition T(so = 1) = 0. Separating variables

and integrating Eq. (33) from s, = 1 to YL have

0

w-1

T(so) = {ZI (1 - as* ) (F*z - i)ds*} (34)

A final quadrature of Eq. (34) suffices to compute t(so); noting that

T= A(dso/dt) and so(t = 0) = 0, we obtain
%0
t(sg) = [ (M) /7(s™)1ds” (35)
0

The quadratures of Eqs. (34) and (35) are rapidly accomplished
using standard numerical integration formulas. The skin-friction
derivative 96(0) is found from the quadrature of Eq. (34); because

A(0) = 0 for all w and a,
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8(0) = (0) = T(sy = 0) (36)

For the special case of w= 1, Coles(z) pointed out that an analytic

solution of Eq. (25) may be found in the form

8, = -3 sechz(t//7'+ tanh-1J273) 37

Using either the analytic solution for w = 1 or the numerical solutions
for w # 1, the surface skin friction derivation f: is then found by re-

versing the previous transformations:

3/4

m o )
SRL ol IENO (38)

B “w

In general, 36(0) depends on the three parameters, Gys w, and ts; for

w = 1, the value of 36(0) is 4/3.
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II. DISCUSSION

It is very difficult to obtain exact numerical solutions of the
laminar boundary-layer equations for values of B greater than 2. The
reason is simply that the singular behavior of £/(M) near the wall
which exists for B —« » becomes dominant even for moderate values of
B. Conversely, the results obtained for P = = ghould be good repre-
sentations of the behavior of the boundary layer for large but finite
values of B. One of the important results that we wish to demonstrate
is that, by combining the exact numerical results of Ref. 1 for B <5
and the limiting solutions for P — » given in Tables 1 and 2, it is
possible to estimate accurstely the skin-friction and heat-trﬁnsfer
derivatives f:, g;, and 8; for all positive values of B.

The skin-friction results for p = o are displayed in Fig. 1. The
influences of the two parameters w and a on the inner solutions for
'6(0) are seen to be relatively small. For 0.5 < w < 1.0 and
0 <a <1.,0, the value of 36(0) may be found by interpolation to
better than 0.25 percent.

The skin friction parameter f:B-l/z(tw/ta)-3/4 approaches the
limit of 36(0) as B -+ o, The difficulties that were observed pre-

(1) in calculating exact solutions for B > 2 imply that this

viously
limit is approached very rapidly with increasing B. This supposition
is borne out by Figs. 2 to 4, where the skin friction parameter is

/2. The limit pacameter 8-1/2 is suggested

shown as a function of B-l
by the ordering procedure used to obtain the inner and outer equations.
Solid lines indicate exact numerical solutions from Ref. 1 and dashed

lines are extrapolations.
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Figure 2 illustrates the approach of the skin-friction parameter
to its asymptotic limit 86(0) for different wall temperatures. The
limiting value is approached most rapidly for high wall temperatures.
This result is to be expected from the behavior of the outer equations.
Large values of t, increase the magnitude of the velocity difference
across the inner layer, whereas for tw = 0, the distinction between
the inner and outer layers breaks down and no pProper limit is obtained.
It has also been found empirically(l) that exact solutions are more
difficult to obtain for large L,

The approach of the skin-friction parameter to its limiting value
with increasing B is illustrated in Fig. 3 for several values of the
sweep parameter t:s. From a numerical point of view, the accuracy of
the present extrapolation procedure increases with increasing sweep.

It is of interest to examine the behavior of the inner and outer
equations with mass injection at the wall. Applications of these re-
sults include mass transfer cooling of rocket nozzles (Back and Witte
(8)) and blunt hypervelocity vehicles. The outer equations determine
the heat transfer derivative 6; and they contain the boundary condi-
tion fo('q =0) = fw' Thus, surface mass transfer (fw < 0) acts to re-
duce 9‘: and consequently surface heat transfer even in the limit B — =,
On the contrary, the skin friction derivative f"; 18 found from the in-
ner solution for E'(O), Eq. (21), and the solution of this equation
is independent of the value of fw' In highly accelerated flows, there-
fore, the effects of blowing on skin friction become negligible in the
limit B = » with fw fixed.

Figure 4 illustrates the behavior of the skin-friction parameter

as a function of the injection parameter fw' The limit is approached
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/2

smoothly with decreasing values of 8-1 for all fw' and accurate es-
timations of fa may be obtained for all B by comparing the exact solu-
tions of Ref. 1 for B <5 and the inner limit solutions of Fig. 1l.

The wall heat transfer is related by the modified Stewartson and
Howarth-Dorodnitsyn transformations (Eqs. (3) and (4)) to 6;. Inas-
much as 90 and 8, represent the complete solutions for © and g as
B - o, the values of 96(0) and gé(O) represent the asymptotic limits
of 9; and gé as B ~ ®, A comparison between our present results and
Ref. 1 suggests that the asymptotic values are within a few percent of
the exact answers for B2 7. It should be emphasized that 94 and gé
become indepcndent of B as B —+ =, demonstrating that the heat trans-
fer predicted by a local similarity analysis is highly accelerated
flows approaches a limiting value.

Figure 5 shows the typical behavior of the heat-transfer deriva-
tive 9; with increasing values of B. The behavior of 94 with decreas-

/2 is seen to be smooth and (at least for the case of

9

ing values of 8-1
& = 0) monotonic. In an earlier paper, we demonstrated that the
proper parameter to use in comparing different heat-transfer calcula-

! - - . - -
tions is Gw[(l t:w)/(t:aw tw)] For o 0 and €, 1, the adiabatic

1
wall temperature taw is unity for all Pr so that the heat transfer pa-
rameter reduces to 6;. Although we have not been able to prove it an-
alytically, it appears that taw = 1.0 for all values of Pr, t3, w, and
o in the limit B = », This {8 a very surp-vising result and should be
examined further.

*
The boundary-layer displacement thickness 8§ 1is defined by the re-

lation
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&= I:(l "Ei @ = ﬁd—:)[ll'éfplzj (39

where the integrals I1 and I2 are given in the list of Symbols. For

P = », the integral I1 is identically zerv and the integral I2

1, = [ £ -g9a (40)

is recorded in Table 2. 1In the absence of sweep, the velocity profile
is monotonic and 0 < £/ < 1, so that the integral I2 is positive and
the displacement thickness is negative. With sweep (t. < 1), there

is often an overshoot in the velocity profile so that £’ > 1 for some

range of T and I, becomes negative. With sweep, therefore, the dis-

2
placement thickness may be either positive or negative, depending upon
the particular parameters being considered. Numerical comparison
between the calculated results of Ref. 1 for moderate B and the pre-
sent results for B = o suggests that 6* monotonically decreases with
increasing B. In the special case when B = ® and L, = ts =1, f'= 1

* i
and § 1is of the order of B e times the scale of boundary layer dis-

placement thickness for B = 0.



95 o
3 HZ
802 ) mﬂ 3 -
Vv z Z Nb
»
L9ST1°1 194 0°1
1661°1 0000° 1
UL 1 0Z6%°0
6L91°1 0so%°0
6091°1 §%0Z°0
LYS1°1 0 SL°0
£€ST°1 0000°1
S881°1 0Z6%°0
91811 0s0%°0
CL91°1 §Z0Z°0
LYS1°1 ] S°0
0 m
(0), "

® ~ § 904 SNOIIVIDI
IINIT ¥ANNI FHI 40 NOILIIOS

. -isTI



21«

9902 0°0  zve': 0°0  6809°0 60£9°0 | 0°1
090°T  6£29°0  TSE'T 8961°0  6SES°0  SO06S°0 | 9-0

8S0'T  0S€9°0  ZYE'1 €8.2Z°0  Z%8%°0 9€€S°0 | %0

0T0°T 88$8°0  Z92°T OTEE'0  68LE°0 SLI7°0 | ST°0 (0  --  ¢-p

956" 1 00 8z1'Z 0'0 9,990 6.60°0 | o°1
9996°0  998€°0  €91°1 S6L1°0  €/85°0 2z0,°0 | 9°0
€596°0  26/5°0  OYI'T 8€SZ°0  60ESTO  S¥€9°0 | 40
S1Z6°0  €£8.°0  8O°1 610€°0  ¥SI%°0  $96%°0 | ST°0 £0  -- 0 1
0S8°0  6Z€°1-  061°T 68%.°0- 6209°0 21270 | 90
1288°0  868/°0-  68I°1 89Z%°0- 08090 220/°0 | -0
SS58°0  19£0°0-  6ZI'T  S8Y0°0- 8S/7°0  S6YS°0 | S1°0 0  s-0
ELL'O  S80°T-  £00°T  6609°0- %60L°0 Z%26°0 | 9°0
Z8L°0  €€19°0-  T10°T  [6Z€°0- 01%9°0 15€8°C | %-0
87970 (8000  80L6°0 6£00°0- 9T0S°0 SES9°0 | SI1°0 /-0 0 1
€206°0  62S°1-  BYE'l €298°0-  €SZ9°0 0¥89°0 | 90
98/6°0 092670~  Y¥E'T  9105°0-  0S95°0  1819°0 | %-0
957670  6LZ1°0-  69Z°1  %9,0°0- 1Zv%°0 /€870 | €10  s-0 1 60 €£6e°0
9890  €%0°9-  1.£6°0  950°%-  6£68°0  0S0°1 | 90

169°0  T%9°%- 0860  BOOC- [/0B'0 68Y6°0 | ©°0 10 -0
ZS65°0  SS0°S-  7928°0  €BEE-  £826°0  6%Z1 | 90
£909°0  9S8°€- 0E€8'0  (8%°Z- 88€8°0  BZI'T | %0 /-0 0 1
ZS6S°0  SS0°S-  2978°0  €8E°€-  €826°0  6%2°1 | 970
L909°0  98*€-  0CL8'0  (8Y°Z- 88EB'O0  ZI'T | %0 -0 1 60 10 0 <o
1 @1 ‘1 (0.6 (.2 " 1z (L) o % I
n
Z

om 11
® = 8 ¥0d SNOIIVNDI IIWIT WIINO FHI 40 NOIIN10S

¢ 2lqel



-22:

c0Z°¢ 0°0 8%6°2Z 0°‘0 L89%°0 6106°0 0°1
ZSC°1 8006°0 L6S°1 81€2°0 696€°0 0€EZ%°0 9°0
6L2°1 9.9/.°0 129°1 y9ee0 €9%€°0 SL9€°0 7°0
60€°1 E1T1°1 0£9°1 712%°0 I%%2°0 L6SZ°0 S1°0 L°0 - S0
b4 ) T 4 0°0 8€€° ¢ 0°0 1006°0 6196°0 0°1
191°1  799%°0 %61  6%1Z°0  91Z9°0 68990 | 9-0
681°1  %ETL*0  9Z9°1  90Ic°0  %99€°0 (e07'0 | 90
GZZ°1 I70° 1 09%°1 LE6E"0 166¢2°0 0€L2°0 S1°0 L°0 i 0 1 %°0-
VA4 0°0 701°¢ 0°0 G6.0°0 Z60%°0 0°1
86G6°1 2€29°0 (A G A 0682Z°0 68%¢€°0 6G6G6E°0 9°0
89S'1  11%6°0  STI°Z  9I1v°0  8116°0 or1c°0 | %0
£€s°1 €0E°1 810°¢ S66%°0 09¢€z°0 gove- o0 S1°0 L°0 -- 6°0
¢cl ¢ 0°0 1792 0°0 L9€S°0 9¢€8S°0 01
IST1°1 €09%°0 89%° 1 2€12°0 o%9%°0 SE0S°0 9°0
Z91°1 ZL69°0 €L7°1 L70€°0 9Z1%°0 69%%°0 2°0
(71°1 8%7.6°0 1e£97°1 L2LE°0 080¢€°0 61€£€°0 ST1°0 L°0 - S0
0€0°2 0°0  8zz'z 0°0 11850 15£9°0 | o1
8S0°T  z€Z%°0 192°1  2961°0  %10s°0 1085°0 | 9-0
0/0°T  81%9°0  €Z°T %082°0  1S%%°0  6z1°0 | %0
650°T  £006°0 €SZ°1  6€Y€°0  90E€°0  99/€°0 | SI°0 (-0 - 0 1 zo-
6%v°¢ 0°0 L00°¢ 0°0 76EYv°0 L(8%%°0 01
89%° 1 2(8S°0 600°2 9¢2L2°0 L98€°0 6%76¢€°0 9°0
L9Y%° 1 0088°0 986°1 968¢€°0 6%7€°0 896¢€°0 20
o0o%°1 061°1 £S8° 1 L8S%°0 €L 0 26L2°0 S1°0 L°0 -- 6°0 1 0 S0
- -]
1 A n s M
©'1 (@ (0 'x ¢ (0,86  (0),8 R F O i 3 3" @
n
FA

*Juod ‘g aiqeg



-23-

7$6° 1 0°0 8z1°2 0°0  9/99°0 6L6,°0 | 0°1
€586°0  1v6€£°0 891°T  T€BI'0  666S°0 €STL°0 | 9°0
0000°T  0009°0 S81°T  L€92°0  0€SS°0  2859°0 | %°0
9966°0 1.%8°0 0BI°1 €T€E°0  86S%°0 0SYS°0 | ST1°0 (°0 == 0 1
LY18°0  0€Z°1-  %0T1°1 8€69°0- 602L°0 62€8°0 | 9°0
BSEB'O0  S/YL°0-  9ZI°T  1%0%°0- €299°0 6%9.°0 | %°0
L678°0  0260°0-  6Z1°T  6S50°0- L9%S°0 80£9°0 | ST°0 (°0 <0
LOLL0  SLO°T1- 8666°0 8%09°0- T180L°0 1€26°0 | 90
626L°0  £0Z9°0-  %Z0°1 8E€EE*0- 00S9°0 89%8°0 | %°0
91180  9€00°0-  9€0°1  T0T0°0- [SES°0 9969°0 | ST°0 (°0 0 1
8098°0  SvE'T1-  681'T  96S.°0- SSOL°O 61LL°0 | 9-0
0S0°T  T7€8°0-  TIZ°T 0ZSY°0- €8%9°0 160L°0 | %°0
BE6B O  96€T°0-  602°1 Z180°0- SSES'0  SSBS°0 | SI°0  /°0 T 6°0 €€€€°0
0629°0  S€7°S-  S€88°0  899°€- 98%6°0  %II'T | 9-0
76%9°0  9SZ°%-  8S06°0  1/L°Z- 8698°0  120°1 | %°0
609970 9/S°Z-  6916°0  ZLS°1- 2STL0  S6€8°0 | ST°0 [0 <0
€E8S°0  698°%- 866.°0  WLZ'E- 28160  SEZ'1 | 90
6709°0  0BL°€- €€Z8°0  6%%°Z- ZI¥8'0  1€1°1 | %0
(829°0  1€2°Z- LI78°0  (¥E'1- 6689°0 6926°0 | SI°0 /-0 0 1
€€8S°0  698°%- 866.°0  wLZ'€- 2816°0  S€z°1 | 90
6%709°0  08L°€- €£28°0  6%%°Z- ZI¥8'0  I€1°1 | %°0
SSEL°0  S0S"Z-  6ZL6°0  91S°T- 89S0  [£89°0 | S1°0 (-0 T 60 1°0 (AL
7092 0°0 L0z-€ 0°0  ZS9£°0  %1L€0 | o°1
$S9°T  6199°0 9Z°z  990£°0  O€TE0  181€°0 | 9-0
089°T  800°T $6Z°Z  66€%°0  09/Z°0 %08Z°0 | %0
789°T  1€%°1 ¢0Z°Z  1S%S°0  210Z°0 0%0Z°0 | ST°0 £°0 == 60 1 %0- ¢°0
85 S n
M
w's wh (M % (0,8  (0).8 3 1q > ® 3 1 -
n
4

*3uod ‘gz aiqel



«24-

Wil 2 0°0 8€C 2z 0°0  100S°0 6195°0 | 0-1
LLT°T  01L90 91%°1 2812°0  8z€v'0 L0870 | 9°0

612°1 11€L°0 [9%°1 €61€°0  €98€°0 (%290 | %0

182°1 6801 OvS*1  2Z81%°0  1v6Z°0 6%1€°0 | SI°0 £°0 0 1 %0-
(z2°2 0-0 2692 0°0  %€6v°0 920S°0 | 0°T

602°1 ST1S°0 69L°1 9LEZ°0  €LEY0 1SY%°0 | 90

80€°T (%870 9L(°1 179€°0  €86€-0 €S0%°0 | %0

1€€°T  T€1°1 8/L°1 %6€%°0  80ZE'0 192€°0 | SI*0 £°0 670

250°2 0-0 1562 0°0  669S°0 0619°0 | 0-1

860°T  %6€%°0 90%°1 8€0Z°0  9£0S°0 2ZS%S0 | 9°0

SZI°T  0S.9°0 SEY'T  8S62°0  9LS%°0  1%6%°0 | %0

691°1 89060 2591 68L£°0  €99€°0 6Z6€°0 | ST°0 (0 -0

0£0°Z 00 822°2 0°0  118S°0 15.9°0 | 0°1

90°1  %0€%°0 $82°1 9661°0  €£1S°0 9265°0 | 9°0

Z01°1  €199°0 L1€°T 8682°0  £99%°0 SSES°0 | %°0

9Z1°1  $1$6°0 SYE1  YILE'0  6ZLE"0  LZZ7°0 | S1°0 £°0 0 1 z0-
151°2 0°0 7652 0°0  1£55°0 6%95°0 | 0°1

681°1 LSL%°0 %€9°'1  012z'0  146%°0 S.0S°0 | 90

L0Z°1  Z%2L°0 (%91 €81€'0  Z8SY"0 LL9%°0 | %°0

€02°1  2zz0°1 819°T 86660  OIBE"0 (88E°0 | SI°0 L°0 6°0

96" 1 0°0 2522 0°0  9z59°0 161.°0 | 0°1

800°T  Z€0%°0 682°1 €/81°0  S985°0 %S%9°0 | 90
2808°0 €190 %0€°1 86920  90%5°0 E96S°0 | %°0

610°1 99980 682°1 68£€°0  S6%9°0 1£6%°0 | SI°0 £°0 -0 1 0 (0

M
@®1 @ M 2 (0,6  (0),3 2 14 o Py ®

*3u0d ‘z 3rqel



3%

6L6L°0 0°0 821°1 0°0 6L6L°0 6L6L°0 01
7698°0 LZEY"O0 02¢°1 G961°0 0ezL-0 ogeL-0 S0

010°1 010°1 CIv1 L96€°0 8686°0 868S6°0 0 1 1 1
LT1€L°0 £€229°0- LEO" T L1€E"0- £6/48°0 £6.8°0 0°1
266L°0 28¢0°0- 0o£1°1 2020°0- C16L°0 C16L°0 S0
%056°0 0zZZL°0 1€€°1 L%92°0 92¢9°0 92¢€9°0 0 1 1 629°0

S%%9°0 2¢€8°1- 1916°0 201°1- 010°1 010°1 01
860L°0 eL76°0- 900°1 6926°0- 8206°0 8206°0 c°0
S198°0 S%91°0 0121 9¢€0°0 £€90L°0 £€90L°0 0 1 1 gEeeEe-0
%60 C9Z°"%- £€6LL°0 c88°¢Z- 802°1 802" 1 01
%€09°0 9GL°Z- cLS8°0 9¢L°1- cL0°0 CLo0°1 ¢*0

19%L°0 61£6°0- 160°1 6S%6°0- 86280 8628°0 0 1 1 8¢S1°0
626%°0 LZ2€°9- 0€0L°0 82G6°v- 6€EL°1 6e€°1 01

18%6°0 812°%- 86LL°0 8- 681°1 681°1 ¢°0

9289°0 781~ 6296°0 C11°1- 9.06°0 9.06°0 0 1 1 1°0 0 1
60€°¢ 0°0 L6L°2 0°0 89¢%°0 LEY°0 01

LLE" T 016¢°0 (81 £6GC'0 608¢°0 C98¢°0 9°0

ocy 1 £268°0 216°1 LCLE O 1Z%€°0 69%¢°0 %0

8L%°1 1S2°1 096°1 w98%°0 £692°0 £€892°0 ¢C1°0 L°0 6°0

9¢1°¢ 0°0 09%°¢ 0°0 £Cc6%°0 86¢S°0 01

00Z2°1 86.%°0 CES* 1 FA XA AN c9Z%°0 62S%°0 9°0

721 SHY2L°0 2861 262¢°0 018¢°0 (4 0i/AN0) 7°0

£0e"1 LO0T1°1 99°1 ceZY°0 8062°0 1€0€°0 ¢1°0 L°0 ¢°0 1 7°0- L°0
1 @h m °y 0,8 (0,8 ™ 1g o 3 s ™

*3u0d ‘g ?rqel



S'otO)

3 p-l/z o
:S

-3/4

226=

Limit solutions
ﬂ—-— @

1.20

(o) (o

Fig.1—1Inner solutions for g—= o

R .



3%

5

g abue| o) 83.8852 [1em ylm uonoiay urys jo uoneisep —z b4

N\TQ ‘19jowoind Hwi

I | | | | I | | | l | | I |

o

ey
»

0'¢

)M_g Ty ‘1319woind CEITETRIRTTR

Sy
24

r/c-(



28~

T \r | -
A g_
i A
: \ll 2 1

SR
j .
m - 3 2 \ \ \\ fE 7
el A\ =
o \Q\ .
L \ _
| | | | I | | | | o

B-l/2

Limit parometer,

Fig.3—Variation of skin friction with t, for large 8



=29

|
hr [
o
— i~00 -
i & oo
| I | |
o @ ™~ 0 i)
o o o o o

1.0

(o) ‘,‘g/(g ) ™9 1aysuouy

103y pazi|owiop

.

1

1.0

0.5

. =1
Limit porometer, 8 &

Fig.4—Variation of heat transfer with wall temperature for large 8



-30-

g abie| Joj uoipdalul Upm UONDILY UIYS Jo uonersep—g big

g ‘1935woind j1winy

/1=
01 G0 0
T _ T T T _ T T T T T
0 %o
) & F
9°0 "4 —
L°0=%™- 4
fﬂ..%
—
¥ 0- -l.-l.lll.l.l.i.l..l |
———
lllunl.lulll#
LpSL | fm—-—g run R S G

9°0

80

)er

<t
A

"

} ‘18jawpiod UOLI1I}-UIXS

M
"

53
i



s§l-

REFERENCES

Dewey, C. F. Jr. and J. F. Gross, "Exact Similar Solutions of the
Laminar Boundary-Layer Equations," Advances in Heat Transfer,
Vol. 4, J. P. Hartnett and T. F. Irvine, Jr. (eds.), Academic
Press, 1967.

Coles, D. E., "The Laminar Boundary Layer Near a Sonic Throat,"
Proc. 1957 Heat Transfer and Fluid Mechanics Institute, Stanford
University Press, 1957, pp. 119-137.

Beckwith, J. E. and N. B. Cohen, "Application of Similar Solutions
to Calculation of Laminar Heat Transfer on Bodies With Yaw and
Large Pressure Gradient in High-Speed Flow," NASA TN-D-625,
January 1961,

Lagerstrom, P. A., "Laminar Flow Theory," Theory of Laminar Flows,
Vol. 4, F. K. Moore (ed.), Princeton University Press, Princeton,
1964, pp. 125-129.

Kaplun, S. and P. A. Lagerstrom, "Asymptotic Expansions of Navier-
Stokes Solutions for Small Reynolds Numbers; Low Reynolds Number
Flow Past a Circular Cylinder; Note on the Preceding two papers,"
J. Math. Mech., vol. 6, 1957, pp. 585-606.

Lagerstrom, P. A. and J, D. Cole, "Examples Illustrating Expansion
Procedures for the Navier-Stokes Equations," J. National Mech.
Analysis, Vol. 4, 1955, pp. 817-882.

Van Dyke, M., Perturbation Methods in Fluid Mechanics, Academic
Press, New York, 1964,

Back, L. H. and A. B. Witte, "Prediction of Heat Transfer From
Laminar Boundary Layers, With Emphasis on Large Free-Stream
Velocity Gradients and Highly Cooled Walls," ASME Paper
65-HT-62, August 1965.



