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PF@FARATION OF PROBLENS FOR THE BRL CUULATIBIG AWHINES 

Project TB3-0007 

I - I N T R O D E  TION 

5;le Bal l i s t i c  Research hbora to r i e s  have i n  operat ixi  a t  present 
four large scale  calculating machines: THE ENIAC:, THE DELL RELAY C O M W -  
TER, !CHE I B M  RELAY CALCULFMRS and THE DIFFERENTIAL ANALYZER, The f i r s t  
three are digital machines, The l a s t  i s  an analogue machine. This re- 
port  i s  prepared fo r  t he  in f~rmat ion  of persons ppoposing problems f o r  
solution by these machines, It t r e a t s  the following two  re la ted topics: 

(a) determination of the  general s u i t a b i l i t y  . f o r  maehine execution 
of a proposed method of solution,  

(b)  general considerations on the preparation of the method for  
coding . 

The machine oomputing f a c i l i t e s  of t h e  Bal l i s t io  Research Laborato- 
r ies  a re  subject t o  frequent changes, due both t o  the addition of  new 
machines and the modiffeation of  exis t ing maehhes, Further, new teeh- 
nfquea fo r  using the exis t ing machines a r e  constantly being developed, 
even without ohanges in t h e i r  physical construction, This note repre- 
sents a f i r s t  attempt t o  formulate in general terms the composite ideas 
eonaerning problem s u i t a b i l i t y  and preparation of personnel engaged fn 
aperaking and preparing problems f o r  the  currently used BRL machines i n  
t h e i r  current condition. As sursh, the  information which it oontafns 
must be considered as ten ta t ive  When the  BRL computing f a c i l i t f  es change 
appreciably, or when addit ional operating experience leads t o  a fur ther  
c rys ta l l i za t ion  of ideas, t h i s  note w i l l  be revised accordingly. 

Our discussion of s u i t a b i l i t y  w i l l  be limited t o  the presentation 
of a s e t  of conditions designed t o  help answer the  following t w o  questions, 
First, i s  it physically possible t o  f i t  t h e  proposed method onto the 
maehine? Second, i f  so, what will be the expense i n  terms of maehine 
and personnel t i m e  of obtaining the required resu l t s?  YOe do not  attempt 
t o  discuss any of the o t h e ~  considerations upon which f i n a l  deciaion as 
t o  the acceptance o r  re ject ion of a problem i s  baeed. 

The second topie, npreparatfon of the method for  coding" is in -  
eludcd t o  give the  problem preparer some idea of the type of detailed in-  
formation whfoh he w i l l  be cal led upon t o  supply, A l l  o f  the  preparation 
and coding must be performed prior t o  putting t h e  problem on the  maohine, 
Extensive ohanges a f t e r  the problem is on the machine are expensive, 

Section6 I1 - IX o f  t h i s  report pertain t o  the three d i g i t a l  calcu* 
la t ing  maohines, The d i f f e r en t i a l  analyzer i s  treated separately i n  
Seotfon X, 



Descpiptions of the machines are limited here t o  operat ional  i n f a r -  
mation neoessary t o  appreciate the c r i t e r i a  o f  e u i t a b i l i t y  and the de t a i l 6  
o f  problem preparation d f  seus sed, Readers interested i n  the  p repa ra t ion  
of problems for a par t i cu la r  one o f  the  three d i g i t a l  machines may omi t  
the  sections on the  other  t w o  d i ~ i t a l  machines and the sect ion of  the 
d i f f e r e n t i a l  analyzer  without distuPb%ng the cont inui ty  of the r e p o r t ,  
Headers in teres ted in the  d i f f e r e n t i a l  analyzer only may omit sec t i sns  
I1 - IX, Mare complete descr ip t ions  o f  the four machines are given in 
references ( I )  - ( 8 ) ,  This l i s t  o f  references does not purport t o  be 
complete. 

( I)  The ENIAC, An'Eleetronie Computin~ Machine by D o  R. Hartme, 
Nature Magazine, October 1 2 ,  1946, 

. . - I 

(2 )  Description of the ENIAC and Comments on Electronio D ig i t a l  
C c e  r d  , 
( d p p t h e - l l p p l i e d  Mathematics Panel pf the National 

( 3 )  A Bel l  Telephone Laborato~ies Computing Machine by Franz Lo Alt, 
M T X ,  V3,  No ,  2 1  of Jan1, 1948, p o  If and MTAC V3, Ma. 22 of 
April 1948, p. 69f0 

(4)  The IBM Pluggable Segueace Relay Calcula tor  by W, J, Eckert, MTC 
V3 No ,  23, July 1948, 

( 5 )  Ins t ruct f  o m  f OF Operat ing the IBM Relay Calculators by F, L, A l t ,  
N ov, 1945 (Unpublished) , 

( 6 )  Programming Principles f o r  the I B l I  Relay Calcwlatorkl by J. Lyneh 
and C , E ,  Johns on, BHL Beport No, 705, 

(7 )  The Di f f e r en t i a l  Analyzer by V, Bush, Journal o f  t he  Franklfn 
k a t f t u t e  212, 193Po 

( 8 )  deport on the  Differential Analyzer by A, A, Bennett, IRL R e p o r t  
N o ,  319, 1942, 



XI-ORGMTIZATION 'JF A REMZESTb?TATIVE DIGITAL CALCULATING MACHINE 
- 

The three digital machines have very s fmf l a r  logf ca l  organizations 
and possess a number of features i n  common, To avoid unnecessary repe- 
titi on, we discuss the logical organization of a representatf ve digital 
calculating machine, where the term "representative d i g i t a l  calculating 
machine" w i l l  be understood t o  ~ e f e r  t o  any one of the three Ball is t io  
Re search Laboyat ories machines considered here. 

A simplified bloak diagram of  such a machine i s  given i n  Figure 1. 

Figure 1 - Block Diagram of the Representative Digi tal  
Calcula tor  

- - - - - - - - - - - - - - - - , , - - - - - - - - 7 
Unit 

L ------ I 
r-'------ f 

I I I I 
. I I 

I I I 

I I I I 
I I I I 
I I I 

I I 
I I I 

I I 
Y 

I I I 

I I 

I 
I 
I 
I 

I I 
Ihternal 
Storage 

- 

I 
I 
I 
I 
I 
I 

.. 
Functf on 
Tables 

" 
I 
I 
I 
I 
I 
I 

Input 

c ~ m p u t  ing 
Unf t 

I 
I 
I 
1 
I 
I 

-- 
Output 

Device Devioe 
BUSS 

I 

External 
- -  Sto rage  1 



The varioua block8 i n  the diagram represent the principal component8 of 
' the ealculator,  A f i n i t e  sequence of decimal d i g i t s  together with an 

algebraic sign and a decimal point w i l l  be called a '\qusmtityOm The solid 
Pines, including the heavy horizontal Pine Pabeled "bus st', represent paths 
over which quanti;tfes may be routed through the calculator.  The dotted 
l ines  indi  eate the control  exercf sed by t h e  programming meehanf em over the  
machinags other components, The following statements w i l l  serve t o  explain 
the diagram and t o  define some o f  the terms amployedo 

The computing uni t  i s  a component of t he  maehfne capable of perform- - 
ipg  the  arEthmetie operations of +, - , x, i , To These operations w i l l  
hereaf ter  be referred t o  as "the elementary arithmetic opera-bions." The 
elementary arithmetic operations a r e  automatic i n  the sense that  the  pro- 
gramming necessary t o  execute them i s  permanently wired in to  the machine, 
In nult ipTieation,  f o r  example, it i s  not necessary f o r  the coder t o  pro- 
gram each separate addition and sh i f t i ng  operation of which tha t  process 
consis ts ,  but only t o  give a s ingle  order saying wmultiply," The in te rna l  
- ? r~nnen% progrmming of the computer takes over from there ,  The compu- 
L . i  . i n i t  i s  designed t o  operate at a speed whieh i s  very great  compar~d 
t o  the speed of manual computation, 

In order t o  i n t ~ o d u ~ e  quant i t i es  t o  the computing uni t  a t  a speed 
consistent with i t s  speed of operation, an input device i s  provided, The 
problem data i s  placed manually Into the input device a t  the beginning 
of  the computati on. The i n p u t  device i s  automatic in the  sense- that  i t s  
data i s  fed out t o  the c omputfng uni t  ( o r  some other component of the 
machine) during the computation as and when required by the  machine, w i t h -  
o u t  the  intervention of  an operator, 

Sfmi-laply, an output device i s  ppovided by means o f  whieh t h e  ma- 
ahine automatically records i t s  f i n a l  resu l t s ,  

Suppose t h a t  it f s desired t o  evaluate the expre sf on ( a  4- b)/ 
( c  - d )  where the quant i t ies  a, b, e and d are  f o u ~  'h plaosd i n  
crdar i n  the input device, a and b a re  read into  the computfn~ uni t  and 
t h a t  unit i s  directed by the progranming uni t  t o  add these !quantities, 
Some means of holding the quantity a + b i s  required n m  while the eompu- 
t i n g  unff  i s  busy evaluating c - d o  The in te rna l  storage of  the  machine 
s a t i s f i e s  t h i s  requi~emont, The in te rna l  storage i s  then a component o f  
t h e  machine which wf l P  temporarily s tore  for  l a t e r  use' intermediate quan- 
ti t i e s  evaluated duping the e ourse of a compu.%ation, It consi s t s  of a 
number of compartments, i n  each of which a quanti ty may be storedo These 
eompa~tments are called stopage regi steps, o r  accumulato~s, depending 
upon the ealoulator in  which they occur, men referr ing t o  the repre- 
sentat ive d i g f b l  calculator,  they w i l l  be called storage registers, 
Quant i t i es  may be directed in to  and out of the storage yegistere auto- 
matfrsally under control  of the programmiag uni t ,  

I f  a p~obPem is suf f ic ien t ly  involved, a large number of quant i t ies  
w i l l  need t o  be stored; so many, i n  fac t ,  that it is .fmpossible t o  provide 
in te rna l ly  a l l  of the  storage capacity whieh may be required, The eval- 
uation of the solutions of a pa r t i a l  d i f f e r e n t i a l  equation by a stepwise 
procedure may, fo r  example, requf re  the  sfmultaneous storage of many dif  - 



f e r en t  quant i t fea  a t  each point of some region of a grid,  In cases where 
t h e  requirements exceed t h e  i n t e rna l  storage capacity available,  one f o l -  
lows the obvious procedure of d i rec t ing  the intermediate quan t i t i es  eompu- 
ted t o  the  output devi oe t o  be fed back i n to  t h e  machine l a t e r ,  v i a  the  
input device, This procedure i s  lmown a s  employing external  storage.  
I n  F f ~ u r e  1, then, the  block labeled "external  storage" represents paper 
tapes,  punched chrds, o r  some other s imi la r  medium, upon which i n t e m d i -  
ate r e su l t s  are recorded, 

The i n t e rna l  and external  storage fu rn i sh  t h e  ca lcu la to r  with the  
analogues of t h e  mathematical symbols of ( ), [ 1 , \ \  , and other desig- 
nations of associa t ion,  In general,  the  i n t e rna l  storage provides f o r  
t he  temporary storage o f  a l imfted number of intermediate quankit ies i n  
such a manner t h a t  they are ava i lab le  t o  t he  other componenta of t h e  ma- 
chine a t  a speed consistent  with t h e  speed of operation of the  computing 
un i t ,  The external  storage s ac r i f i c e s  t he  ava i l ab i l f t y  of  t he  quantf t iee  
stored i n  the  i n t e r e s t s  of proridfag a l a rge r  capacity f o r  storage. In  
comparing machine computing wi th  manual computing, we may l i ken  t h e  f n- 
ternal storage and external  storage respect ively  t o  the  memory of t he  
computer, and the data sheet  upon which he en te rs  intermediate r e su l t s ,  

Manual computers have fpequent occasion t o  refey t o  t ab les  of pre- 
c,omputed o r  empirical functions. To perform the analagous operation upon 
the  mpresen ta t ive  d i g i t a l  ca lcula t ing machine, funct ion t ab l e s  are pro- 
vided* A function t ab l e  i s  a component upon which e n t r i e x i n t e r p o -  
lational coef f ic ien t s  of a tabulated function can be set up manually- i n  
advance, An en t ry  and t h e  associated in te rpo la t iona l  coef f ic ien t s  COP- 

responding t o  an a rb i t r a ry  argument may then be read out t o  some other 
component of the machine automatically when required during the computa- 
t ion ,  

A funct ion t ab l e  d i f f e r s  i n  principle from an input device i n  the 
manner i n  whiah the various an t r i e s  a r e  ident i f ied .  Tne order i n  which 
quant i t i es  are to:W%ad f r o m  an input device are assumad lmown i n  
advance, Therefore, a t  t h e  beginning of a problem, the  input da ta  can 
be arranged manually i n  the  order i n  which the  various quan t i t i e s  w i l l  be 
ca l led  f o r .  But the order i n  whioh the e z t r w  of a tabulated funct ion 
will be called f o r  P B  not bbwn i n  advance, Each en t ry  required must, 
instead,  be iden t i f i ed  by an argument which generally a r i s e s  during t he  
course of the computation, For this reason, means a re  provided f o r  i n -  
dexing a function t ab l e  i n  such a way t ha t ,  once the argument i s  given, . 
t h e  calcula tor  w i l l  automatically se lec t  the e n t r i e s  associated with 
t h a t  argument, In  p~actfea, t h i s  d i s t i n c t i o n  between the  handling of a 
set of input d a t a  and a tabulated function i s  an over s impl i f icat ion,  
since much of  the saina equipment is used i n  each case. 

In order t o  t r ans f e r  quan t i t i es  from one par t  of t h e  ca lcu la to r  t o  
another, the var i  ous components of the  mml-line are  connected by means of 
a multi-conductor path known a s  a buss o r  ? % s i t  l ine o r  mul t ip le ,  The - -- 
t r ans f e r  of a  quant i ty  from one component t o  another i s  effected by re- 
quiring t h e  former eoiponent t o  emit i t s  quant i ty  t o  the buss, and-the 
latter com~onent t o  pick up the  quant i ty  appearing on t he  buss sizrmltane- 
OUS l y  c 



Finally,  the machine is equipped with  a program control  component 
which direets the other= components of the machine a s n c h  of t h e i ~  
operations they  should and when they should perform them, The 
program cont ro l  component i s  suoh t h a t  t h e  di rect ions  t o  the maehine are 
set up upon it manually i n  advance i n  t he  form of combinations of standard . 
orders, When the calcula t f  on  i s  s tar ted,  the  machine executes these orders 
i n  sequence, except when directed by a discrimination order t o  do otherwiseo 
In the  example of t h e  evaluation of (at b)/(c - d)  referred t o  above, the 
coder s e t s  up three orders as  followss 

(a) Read the  first t w o  quantf t i e s  from t h e  fnput  device t o  the compu- 
t i ng  un i t ,  add them, and t r ans f e r  the  r e s u l t  t o  Storage Register  la  

(b) Read the  next two quan t i t i e s  from the fnput device t o  the compu- 
t i ng  unit  ( t he  f i r s t  t w o  having now been disposed of), subtract  them, 
and t ransfer  the  r e s u l t  t o  S t o ~ a g e  Register 2 .  

( e )  Read the q u m t f t y  i n  Storage B q g i s t e ~  1 and the  quant i ty  i n  
Storage Regi s t e r  2 to the  oomputing unit, divide them and t r ans f e r  the 
r e s u l t  t o  the output device 

The discrimination order furnishes a means of d i rec t ing  the  maehine 
t o  decide f o r  i t s e l f  which of two a l te rna te  sequences of computations t o  
perform depending upon the  outcome of intermediate results, The maehine 
must be gfven ins t ruct ions  f o r  each of the  a l t e rna t e  sequences of compu- 
t a t ions  and must be furnished with a c r i t e r i o n  upon which t o  base i t s  
decision, This criterion must bo such tha t  the  maehine can choose between 
the a l t e rna t i ve  sequences according t o  whether an algebraic sign arf sing 
at some specified point i n  the computation i s  t o r  - . 

The process of  t r ans la t ing  the computing formulae t o  a se r ies  o f  coded 
orders  i n t e l l i g i b l e  t o  the maehine and of transcribing these o r d e ~ s  t o  a 
medium which may be set-up t he  progpam control  mechanism i s  ca l l ed  coding. 



III-CRITERIA OF SUITABILITY 

From the  above description of a representative d i g i t a l  calculat ing 
machine, we ma;r i n f e r  ce r ta in  necessary conditions whioh -a given method 
of solution must s a t i s f y  i n  order t o  be su i tab le  fo r  d i g i t a l  maohine 
execution- 

B e f o ~ e  s t a t i ng  these conditions, we pause t o  point out  exp l i c i t l y  
the fact t h a t  the  machine does not solve a problem i s  the sense i n  which 
the term "solve" i s  usually understood. The machine w i l l  execute a se- 
quencle of .ari thmetic operations designated by the problem preparer, It 
w i l l  s e lee t  one of several a l t e rna t e  sequences of operations t o  perform 
provided t h a t  it i s  given a c r i t e r i on  upon which t o  base i t s  selection.  
The machine w i l l  not invent the sequence o f  operations necessary t o  solve 
the problem, Thus t he  method of solution must be devised by the problem 
preparer, The machine w i l l  only execute the computations required by t h i s  
method. The conditions of s u i t a b i l i t y  t o  which we w i l l  refer are conditione 
upon the method of solution devised by the  problem preparer, not oonditions 
upon the  problem i t s e l f ,  

A f i r s t  necessary condition of s u i t a b i l i t y  which a method must s a t i s f y  
i s  t h a t  the expressions t o  be evaluated i n  i t s  exeoution are  expressible 
t o  a su f f i c i en t  degree of app~oximation, i n  terms of the  elementary oper- 
a t ions  and pretabulated functions. A method whioh s a t i s f i e e  t h i s  condi- 
t i o n  w i l l  be said t o  be reducible. 

A second condition which must be imposed upon a method f o r  solut ion 
i s  that it be containable, By t h i  s i s  meant t ha t  the capacity of the  
machine must not be exceeded the  requirements of t he  method. We use 
the  term capacity i n  three  d i s t i n c t  senses as  described below. 

In  the  th ree  0 p r a t i n g : d i g i t a l  BRL machines, a qyantity i s  represented 
by a f i n i t e  sequence of decimal d i g i t s *  an algebraic ' s ign,  and a d e ~ i m . 1  

( e i t h e r  e x p l i c i t l y  reprewnted o r  wderstood) . By digital- capacity 
i s  meant the  maximum number of 'decimal d i ~ i t s  whioh may be used t o  r e p -  
resent  a quanti ty.  The d i g i t a l  capacity var ies  with t he  machine c o r ~ l d e r e d  
and t o  some extent var ies  within an individual machine. The problem 
preparsr must h o w  the  digital papacity of the  machine with phich he i s  
working and must insure t h a t  h i s  mathod i s  such t h a t  t h i s  d i g f t a l  capacity 
w i l l  be suf f ic ien t  t o  insure t he  required accuracy of final resu l t s .  

By' storage capaoity i s  meant the number of such quant i t i es  which may i 
be s~multgneously stored f o r  l a t e r  use. In-ternal and External &orage - 

c a p c i t i  e i  a r e  again functions of t he  ind ividual naohine . 
Sequencing capaaity r e f e r s  t o  the numbers of various types of orders 

which may simultaneously be s e t  up upon the programming uni t ,  The prob- 
lem preparer w i l l  be concerned primarily wi th  the  t o t a l  number of orders 
which my be used and the m a x i m u m  number of d i  scrimination ordera which 
may be iaoluded among them. The sequencing mpac i ty  again depends upon 
t h e  individual machine, In order f o r  a method t o  be su i tab le  f o r  maohfne 
execution, the d i g i t a l  capacity, storage capaoity and sequencing capacity 
must not be exceeded. 



A t h i r d  condition f o r  s u i t a b i l i t y  i s  t h a t  the method be eeonomieal, 
To appreciate t h i s  fea tu re ,  it is necessary t o  have some understanding 
of the  steps t o  be taken t o  obtain a solut ion subsequent t o  the  Snven- 
t f on  of the  method of  solution,  and t o  have a rough estimate of the ex- 
pense of these various s teps .  F i r s t ,  the  problem muet be coded, This 
involves only the  s f f o r t s  of t h e  c  ode^. It d o e s  not  t i e  up the machine 
o r  personnel concerned s t r i c t l y 'w i th  operation, Second, t h e  machine must 
be physically prepared f o r  t h e  problem and the  coding must be operationally 
t e s ted .  This involves both machine time and the e o d e ~ ' a  t h e o  Third, 
the problem must be "solved" by the maehine, This requires  running timeo 
The machine, of oourse, i s  t i e d  up, bu t  the services of the coder are no 
longer neees.sary. 

Economy of the  c o d e r n  s time requires  t ha t  the method of solut ion be 
repetitive - r epe t i t i ve  i n  the  sense t h a t  the sane sequence of  ope~at ' ione 
be performed repeatedly, each time upon d i f f e r en t  numerical quantf t i e s ,  
Zf the method does not satfsfy thf s condition, the expenditure of manual 
eff ore by the coder outweighs the  saving o f  e f f  or% aahieved by automatic 
execution o f  t h e  plan of solut ion,  For any such p~oblam, hand computing 
is unquestionably c h e a p e ~ ~  

Economy i n  set-up requires  tha t  a su f f i c i en t l y  large p o r t i o n  of t h e  
problem be "solved" by one set-up t o  j u s t i e  t h e  manual e f f o r t  i n v o l v e d  
i n  making t ha t  set-up, Specif ica l ly ,  t h i s  means t h a t  i t  i s  uneconomical 
t o  solve problems involving small quan t i t i e s  o f  data which are  supplied 
a t  infrequent in te rva l s  and must be processed as soon as they are received, 
except when the  set-up t i m e  i s  small by compar i son  wi th  the time required 

, to process the  data by other methodso. 
\ 

Economy of machine t i n e  requ i res  t h a t  very l e q t h y  problems be exam- 
ined t o  insure  that the machine time consumed i s  warranted by the value 
of t he  r e su l t s  obtained, and t h a t ,  t h e  desf red r e s u l t s  w f l l  be  obtained 
before they have ceased t o  be of value, 

We have given three  general conditions involved i n  determination of 
the s u i t a b i l i t y  o f  a method fo r  machine solution;  namely, r educ ib i l i ty ,  
con ta inab i l i ty  and economyo These conditions have been dfseussed only 
i n  qua l i t a t i ve  t e r m .  To consider them quan t i t a t ive ly ,  w e  need more 
speoif ia  information concerning the s apab f l i t i e e  of the th ree  d i g i t a l  
machines, This informati on i s  best obtained by f ndividual oonsidara- 
t i o n  of the maehf nes , 



The ENIAC i s  unique among the three operating BRL d i g i t a l  maehfnss 
i n  tha t  i t s  computing, aontrol and in te rna l  storage cf roui ts  are com- 
plete ly  e lectronic ,  This feature  gives r i s e  t o  operating speeds many 
tfmes greater  than those of e i t h e r  of the two relay machines. 

The ENIAC normally handles quantf t ies  consisting of ten deoimal 
d i g i t s  and algebraic sign, The l o e ~ t i o n  o f  the decimal point  for each 
quant i ty  computed i s  completely a rb i t ra ry  u n t i l  assigned by the coder, 
It then remains fixed throughout the problem and cannot be changed w i t h -  
out a l t e r ing  the  coding, In connection with the ENIAC, the  term "quan- 
tity" w i l l  hereaf ter  refer  t o  ten decimal d ig i t s  with algebraic sign 
and a r b i t s a r i l y  located decimal point. 

The in te rna l  s t o r a e  of t he  maohine consis ts  of 20 accumulators each 
of which i s  capable of storing one quantity. Six of the aecumuPators 
have some function other than memory and cannot be used f o r  long term 

Associated with the ENIAC are three function tables .  Each function 
tab la  consists of 104 "l ines",  together with related eontrol  equipment. 
A '"ine" consists of 14 d i a l  switches - twelve 10-place switches and 
t w o  - 2-place switches. A "linet '  of information i s  iden t i f ied  by the 

, computer by a 3 d i g i t  argument which generally a r i s e s  du r ing  the  eourse 
' of t he  oomputation. Both ins t ruc t iona l  and numerical information may 

be se t  .up upon the function tab le  switches, The totality of  312 lines 
m a y  be divided i n  any manner desired among tabulated functions, input 
quant i t i es  and orders. 

In s e t t i ng  up  a pretabulated function upon a  function tab le ,  the 
following eonsiderations are t o  be noted. 

The argument of the function must be 3 decimal digi  ts ,(where the 
f i r s t  d i g i t  generally specif ies  which function t ab l e  and t h e  l a s t  t w o  
the  l ine  number). Since computation i s  cheap and function table  spaee f @  . 
l imited,  it i s  generally bes t  t o  tabulate  only the ordinates of the func- 
t ion.  Differences, if required, can be computed by the machine i t s e l f  
when needed during the course of the computatf on, 1 

When en t r i e s  can be res t r ic ted  t 3  s i x  digits and algebraic sign, 
then two  en t r ies  can be so t  up upon each l i ne ,  otherwise only one 
en t ry  pey l i n e  may be used, InterpoIatf  on with c ontinucmsly varying 
iptervala i s ,  i n  general, impractical, However, it i s  feas ib le  t o  use 
different tabular in te rva ls  within d i f fe ren t  zones of the  tabulated func- 
t ion.  

The EJIAC receives i t s  instrl let ions f r o m  orders which are s e t  up upon 
the a ~ f t c h e s  of t h e  func t i  on tables .  The t o t a l i t y  of possible orders 

r t  which may be employed i s  knmn as the code", The code provides orders 
b 

for performing the elementary arf  thrnetic operations upon quantf t ies spec - 
i f i e d  by the i r  location i n  the machine, for controll ing the input and 



Inpu-t q u a n t i t i e s  other than .tho ct~.-Lri( :~ 3f a pretab~xla-tod funct ion  
rnay 5e introduced t o  t ho  machine i n  three ways - f r o m  an IBM ccnrd reader,  
from .hvo manually se t  r e g i s t e r s  o f  d i a l  switches, e ~ c h  nS ,which will 
h o l d  one quant i ty ,  o r  from .the funct ion  tables, The I'YA card reader 
and the  two r e g i s t o r s  of d i a l  w i t c h e s  are  associa ted  with a r e l a y  and 
(md switch stornk;e u n i t  cnl'led the  constant  t r ansmi t t e r .  Upon s i g n a l  
f r o r n  t h e  pr~gramnnning mechanism, t h e  ENIAC w i l l  read 8 q u a n t i t i e s  frorn 
a ca rd  and s to re  them i n  tho  relays o f  -Lhe constant  t r a n s m i t t e r ,  Once 
R ce.1-d lzns been read ( a  mechanical and the re fo re  r e l a t i v e l y  slow oper- 
).-l::i::,r~ -- ..# 1:>:1:t, , 6  ::ecnnds), i t s  information i s  available t o  the  o ther  

carnponents xi.: 1;') 7: computer a t  e l ec t ron ic  speeds. The conb,tn$ht ~ , t rupdf . t ter  
retains t he  quantities from t he  card u n t i l  t hey  a r e  no longer  needed, 
a t  which time annther  card may be c a l l e d  f 3 r .  The two quantities s e t  
u p  upon the ~ e g i s t e r s  of d i a l  switches are re ta ined by the  cons-Lank 
transrnftker until the switches a re  manually resot by the operator which 
clearly cannot be done while t he  machine i s  c~mput ing .  Input quant i t f  es  
may be s e t  up upon t h e  fu,nctf  on t a b l e s  in the same manner as upon the  
switch r e g i - ~ t e r s  o f  the  constant  t r ansmi t t e r .  The d i f ference  i s  t h a t  
tho f unctf  nn - table quali,kities n r o  called for by variable a r c u ~ n t s ,  
whereas Yne s ~ ~ i t c h  r e g i s , t o r s  must bo c a l l e d  f o r  by rixtjd re:,;i.si;ok" 
i d e n t i f y i n g  symbol?. 

In general ,  the -two switch regis ters  are used f o r  i n p u t  q u a n t i t i e s  
which remain ahs o lu to ly  constant  throughout a computation, The card 
readers and f m d t i o n  t a b l e s  may a l so  be used f o r  t h i s  purpose when t h e i r  
f u l l  capaci t ies  arc no t    the mi se u t i l i z e d ,  Q u a n t i t i e s  which change 
from cycle t o  cyc le  o f  a computation, such as  f o r  example datum numbers, 
are invariablv introducad through the  card feeds ,  Q u a n t i t i e s  which 
m u s t  be ident;j.S'ied by R var iable  argument may be introduaed only through 
the  func t ion  t a b l e s .  

Al.1 output q u a n t i t i e s  are recorded upon IllM cards.  The card 1~.::!(::-1 
and its associated c o n t r o l  equipment are h o r n  a s  t h e  p r i n t e r ,  Tho 
coder can program the machine t o  punoh out  any des i r ed  q u a n t i t i e s .  
Punching i s  again a  mechanical process requir ing about .6 seoonds, To 
utilize f u l l y  t h e  enormous e l e c t r o n i c  speed of operat ion of t h e  E N M ,  
card punching must he held t o  a minimum,  Output q u a n t i t i e s  recorded 
llpnn, otirds may lator be p r in t ed  as a separate operat ion by an I@d 
L:.l.:I,J:l, .lbW d 

No s p e c i a l  provision i s  made f o r  e x t e r n a l  s torage* Tka e x i s t e n t  
card punch and card  feed ape used f o r  this purpose. The operator manu- 
a l l y  t r a n s f e r s  the c a r d s  from t h e  punch t o  feed .  This i s  e n t i r e l y  
s a t i s f a c t o r y  in cases where the  t r a n s f e r  of ex ternnl  ly s l;r,red q u a n t i t i e s  
from punch t o  f oed i s  required only a t  i n f r e q u m t  i n t e r v a l s  - i ~ e . ,  
when r e l a t i v e l y  long term s torage  i s  needed, Short  term ex te rna l  
s torage  cannot be used without s a c r i f i c i n g  some of t h e  e l ec t ron ic  speed  
of the ENIAC lC, 



The capacity for orders, capaoity f o r  en t r i es  of  tabulated func- 
tions and capacity for constants are interrelated. Constants can, 
and usually are, introduced by the constant t ransmitter .  This leaves 
the 312 l ines  of the function tables as the limiting value for the  sum 
of the number of orders and the  numher of functional entries which may 
be used i n  a single set-up. There i s  no limitation upon the  propor- 
tion of discrimination orders whith may be included in the total number 
of orders used. 



V-THE BELL RELAY COMPlTTER 

The Bell  Relay Computer employs standard telephone re lays  f o r  
computational and i n t e rna l  storage purposes. It a input, output and 
program cont ro l  devices consis t  of unmodif'ied pr int ing telegraph equip- 
ment. The Computer i s  completely self-checking throughout. It i s  de- 
signed t o  run unattended f o r  long periods of time. The BRL i n s t a l l a -  
t i o n  consis ts  of t w o  complete iden t ica l  computing systems of t he  t y p  
desoribed below. They are  operated simultaneously on d i f fe ren t  problem$. 
The h a  systems are not used t o  cheok each other. 

The d i g i t a l  capacity of the Eel1 Relay Computer i s  seven s ign i f i c an t  
f igures .  A l l  quan t i t i e s  handled by t he  machine a re  i n  the standard 
f ~ r m  +- . yxxxxxx . 10 kix  whey4 y i s  an a rb i t r a ry  non-zero decimal d i g i t ,  
the x ' s  a r e  a rb i t r a ry  decimal d i g i t s  and i i s  an a rb i t r a ry  binary digit0 
Thus the machine handles a l l  seven s ign i f iaan t  d i g i t  quan t i t i es  whose 
absolute values l i e  between t .1000000 x 10-l9 and + ,9999999 x 10+19 
inclusive.  The i n t e rva l  [ .. -9999999 x 10-19, + .9999999 x w i l l  
be cal led t h e  "range" o f  the machine. 

The computing un i t  performs the elementary operations upon quant i -  
t i e s  i n  standard form, and automatically normalizes the r e s u l t  of any 
elementary operation t o  s tandard  form, That i s  t o  say, the computer 
employs a f l oa t i ng  decimal point. The r e s u l t  of any elementary oper- 
a t ion  is ~ u t o m a t i c a - n m  t h e  nearest  7th s ign i f ican t  d i g i t *  No 
provision i s  made for- retain in^ t h e  less  s i gn i f i c an t - f i gu re s  of  a 7 x 7 
mul t ip l icat ion nor f o r  s tor ing the remainder a f t e r  a seven s ign i f ican t  
d i ~ i t ;  quot ient ,  Thus calculntions requiring more than seven s ign i f ican t  
d i g i t s  are not feas ib le  upon this rnachi.ne. 

Bui l t  i n t o  t he  maohine a s  permanently wired connections are  t a b l e s  
of t h e  functions s i n  x, arc t an  x, log x and I@. For t h e  purposes of 
the pr3blem preparer, these functions may be considered as tabulated over 
the entire i n t e rva l  f o r  which both t h e  a r~umen t  and the functional  value 
are trithin the range of the machine. The un i t  o f  angle i s  900. Entries 
from the  permament tables are  made avai lable  t o  the other components of 
the maclline by switching operations and a r e  thus obtainable without 
appreciable time delay. 

v 

In  addit ion t o  the permanently b u i l t  i n  function tables,  any s ingle  
entry tabulated function may be spec ia l ly  prepared f o r  use with a specific 
problem. Double en t ry  t ab l e s  are a l so  possible, but are i n  general diffi- 
cult t o  handle. The arguments and entries of spec ia l  t a b l e s  are coded 
on paper tapes  and read t o  the  other component8 of the maohine under con- 
t r ~ l  of t h e  programing uni t .  Complete automatic control  fea tu res  f o r  
f indinq the entry associated with an a rb i t r a ry  argument are b u i l t  ino 
The machine locates  the desired argument of a specia l  t ab l e  by scanning 
the  arguments appearing on the  tape upon which the t ab l e  i s  coded, This 
i s  a r e l a t i ve ly  slow operation. The form of t he  t a b l e  i s  subject  t o  t h e  
following l imi ta t ions  e 

(a) Arguments must l i e  within the range 0000-9999. They need not  , . 
be equally spaoed, 



(b) Entries and Pnterpolat ional  coef f i c ien t s  must l i e  within  
the range of the machi ne , 

The i n t e rna l  storage of the  machine consis ts  of 15 storage reg i s te r s  
and eight s ign r eg i s t e r s ,  Eaoh of the storage r eg i s t e r s  holds a seven 
s ign i f i can t  d i g i t  quan t i ty  i n  standard form. Each s ign  r e g i s t e r  holds ' 

a  s ingle  algebraic s ign  t o  be used f o r  discrimination purposeso 

External storage cons i s t s  o f  an input mechanism and an output mech- 
anism associated i n  such a w a y  t h a t  the output quan t i t i e s  are  automatic- 
a l l y  t ransferred t o  a posit ion where they are avai lable  t o  t he  input 
mechanismwithout the  in tervent ion of an operator, The capaoity o f  ex- 
ternal storage i s  unlimited, 

The programming un i t  reads i t s  orders from coded paper tapes,  
Repst i t ive  sequences o f   pera at ions are put on closed tapeso Sequences o f  
operations t o  be performed b u t  once per  problem a r e  placed upon two ended 
tapes, The t o t a l  capaoity f o~ orders i s  unlimited, About 30 discPimS- 
nation orders may be included without inconveniencing tho coder, Addition- 
a l  df scrimination orders may be added ad inffnitum w i t h  the  complexity 
of t he  c  odf ng increasing rapidly  with number o f  addi t ional  discrimina- 
t i o n  orders included, 

Input quantf t i e s  whf ch remai n absolute ly  constant throughout the 
course of a problem may be intpoduced t o  the mashine on the programing 
tapes,  Input quan t i t i e s  which vary with successfve i t e r a t i o n s  of a ss- 
quence of operations a re  introduee.d on special  paper tapes i n  the same 
manner as spec ia l  tabulated functions, N3 provision i a  made f o r  in t ro -  
ducing input  quan t i t i e s  v i a  switch s e t t i ngs  as may be done on the  ENIK 
and the IBM Relay Calculators. A l l  input  quan t i t i e s  must be of t he  stand- 
a r d  seven s i gn i f i c an t  d i g i t  formo 

Output quan t i t i e s  may be punched on paper t ape  f o p  later t ransor ip-  
t i o n  t o  pr in ted form o r  be printed d i r e c t l y  on a typewriter as  they are 
c omputed 



Among t h e  high speed computing machines present ly  operating i n  t he  
C r~mputing Laboratory the re  are two IBM Relay Calculators,  These machines, 
i d e n t i c a l  i n  every respect ,  were b u i l t  by t he  Internat ional  Business Ma- 
c h i n e ~  Corporation and i n s t a l l e d  a t  Aberdeen Roving Ground, Maryland, 
e a r l y  in 1945. They have been i n  continuous operation ever sinca,  ex- 
cept f o r  occasional s h w t  periods of time when t h e  incorporation of cer- 
t a i n  improvements necess i ta ted  t h e i r  shut-down, 

Following i s  a desc r ip t ion  of c e r t a i n  fea tu res  of t he  machinee, a 
knowledgo of which w i l l  ma te r ia l ly  a s s i s t  anyone who i s  in te res ted  i n  the  
preparation of problems t o  be solved by means of them, The, reader who i s  
concerned with a more de ta i l ed  knowledge of these ca l cu l a to r s  would do 
well  t o  consul t  references ( 4 ) ,  (5) ,  ( 6 ) .  

Data t o  be introduced i n t o  the machine must be punched on standard 
I B M  cards of  80 columns, and then read i n t o  storage o r  computing counters 
by means af the two separate card  feeding un i t s ,  which may read as many 
a s  f ~ u r  cards s imul tane~us ly ,  while punching r e s u l t s  on a f i f t h  card. 
This reading and punching act ion goes on a t  t h e  r a t e  o f  100 cards o f  80 
columns each a  minute. There a re ,  f u r t he r ,  24 d i a l  switches allowing f o r  
the  intro'duction i n t o  the machine o f  24 d i g i t s  t h a t  may be used as  con- 
stant fac to rs .  

A l l  quan t i t i e s  enter the machine i n  the normal decimal notat ion;  each 
qumbor may have up t o  twelve digf ts with a  plus o r  a minus sign. Since 
maay mathematical functions,  such as trigonometric, exponential,  logar i th -  
inic functions,  and many others, a r e  used very f requent ly  on problems put 
on the maahine, they have bean punched on cards ,  and a re  thus ava i l ab le  
i n  permanent form. The l i s t  o f  functions thus  avai lable ,  while t o o  lengthy 
t 3  be given here, may be had on request ,  In  cases where special func- 
t i o n s  must be employed they can, i f  not  t 33 extensive, e a s i l y  be punched. 
However, t o  e f f e c t  an economy i n  the  time needed f o r  t a b l e  look-up t he  
arguments should best  be arranged i n  monotonic order. While r e s u l t s  of 
ca lcu la t ions  obtained on the  machine a r e  always punched on cards,  they 
may a l so  be l i s t e d  on sheets of  paper o f  any des i red length,  o r ,  i n  cases 
where t h e  r e s u l t s  can be arranged i n  tabular  form, they can be printed by 
means of the alectromatic typewri ter ,   o or a desc r ip t ion  of t h i s  machine 
see the artf c l e  by E c h r t  and Haupt, The h i n t i n g  of Math Tables, MTAC 
Vol. 11, No, 17, Jan, 47.) 

The machine performs a l l  operations (receiving,  t ransmitt ing,  c om- 
paring, sh i f t ing ,  rounding, and recording of data)  and calcula t ions  
(addi t ion,  subtract ion,  mul t ip l ica t ion,  d ivis ion,  and square rooting) 
by means o f  elec tro-mechanical relays arranged i n  36 groups, t he  "counters". 

26 mrrt5"effe of these counters can ac~ornmodate numbers wi th  not  more than 
s ix  d i g i t s ,  and t h e i r  sign, plus o r  minus; the  other f i v e  counters can 
s t o r e  twelve d i p i t  n m b ~ r s .  A negative number i a  stored i n  R counter RE 

i t s  complsm&nf, wfth respec t  t o  999 999. These groups o f  relays, i n  con- 
junction with twenty-dial tches mentioned above, permi t  an i n t e rna l  

?b i n  cases where b3th ca lcu la to rs  a r e  storage of up 3W d i g i t s ,  o r  
hooked up s o  as t o  operate as  a s i ng l e  u n i t ,  



The machine receives i t s  operational  ins t ruc t ions  mainly from t w o  
removable plug-boards The three-pane 1 board generally assigns t h e  
channels through which the  reading and punching of data  i s  controlled,  
while the two-panel board serves t o  control  the sequencing of operations, 
These boards have t o  be wired manually fo r  d i f f e r en t  types of problems, 
but ,  once prog~ammad, the sat-up may be stored away i n  symbolical f o m  
f o r  future  use on s imi lar  problems, , , 

Whf le, a s  described above, apparently s ornewhat l imi ted i n  i n t e r n a l  
s t o r n m  capacity the maehine i s ,  nevertheless, very e f f i c i e n t  i n  that it 
has grea t  overal l  speed of operation, i s  very f l ex ib l e  i n  i t s  programming, 
card rcading and racerding f a c i l i t i e s ,  and i s  r e l a t i ve ly  easy t o  operate. 

The timing of a l l  operations performed within t h e  machine i s  provided 
by a sha f t  i n  the  card reading un i t  ro ta t ing  a t  the r a t e  of 100 rpm, 
During each revolution of t h i s  shaf t ,  while one card i s  being read OP 

pmched,  t w o  timing c i r c u i t s  produce impulses t h a t  may be used to set re- 
la2s o r  i n i t i a t e  the reading o r  punching of c srds, The 48 impulses gener- 
ated b,r one of these t h i n g  c i r c u i t s ,  occurring a t  0.0125 second in te rva ls ,  
f o r m  the basic sequence of "poiats" in the  t i m i n g  schedule of the  machineo 
The t i m  required f o r  a re lay  t o  function properly i s  approximately one 
sequence point ,  

On ce r t a i n  sequence points i n  the 48 point cycle - o r ,  i f  desired,  
in the 96 po in t  double-cycle representad by two revolut ions  of the  timing 
shaft  - the maehine can be made t o  perform c e r t a i n  o p r a t i o n s ,  which a r e  
than repeated during each following cycle ,  The sequence of operatf ons 
which the machine ca r r i e s  out i s  thus pariodio, the perfod being of 48 
( OF 96) sequence points duration,  

A s  t o  ePamentsry operations, it- t akes  t w o  sequence points t o  add or 
sub t rac t  numbers of as many as 1 2  d fg f t s ,  Mul t ip l ica t f  on i s  l imited t o  
factors o f  s ix  d ig i t s ;  the  twelve d i g i t s  product i s  avai lable  16 sequenae 
points, i,e,, 0,20 seconds, later, However, it i s  poss ible  t o  spaee 
successive mul t ip l iea t fons  i n  such a way as t o  e f f ec t  a time saving of 
0,05 seconds, Division i s  l imited t o  a twelve d i g i t  numerator and a 
six d i g i t  denomfna t~r ;  the average d'ividing time i s  0,2 seconds per 
quot ient  df g i t ,  of which there  may ,be t w e l ~ e ,  Finally, square rooting 
is  i imited t o  a twelve d i g i t  square and a s ix  d i g i t  r o o t ;  it takes about 
the  same amount of t i m e  t o  g e t  a root  d i g i t  ,as it does t o  get a quot ient  
d i g i t ,  

Nwnbars read 3ut of certain counters may a l s o  be sh i f t ed  up t o  six 
places t o  the  r i g h t  o r  t o  t h e  l e f t ,  Rounding of posi t ive  numbers i s  e a s i l y  
achieved by simply a d d i n g  a five i n t o  the  decimal place t o  be dropped.  
F inal ly ,  two  nwbers  may be compared, and the machine programmed t o  ca r ry  
out a l t e r n a t e  sequences depending on the  result o f  t h i  s comparison, 

Since t h e  maehins can perform only the o-lementary mathematical oper- 
a t i ons  c i t e d  above it i s  thus obviously ~ e q u i r o d  to break down a l l  nee- 
assary mathematfeal manipulations - w i t h  t h e  exception of functions punched 
on cards i n  permanent f o r m  - i n t o  combinations of f i n i t e  numbers of alemen- 
t a r y  operat i  one, 



While the Relay Calculators can do c e r t a i n  types of jobs more  easi ly  
and e f f i c i e n t l y  than other machines the amount of w o r k  involved i n  the 
actual preparation and coding of a par t i cu la r  job  can be quite considerableo 
First a time char t  of the operations has to be drawn up. Next a plug 
board diagram has t o  be made up, and then the actual  wiring of the  plug 
board made o n  the basis of this program. 

A great many d i f f e r en t  types of problems havet been solved on these 
machines. To mention only a few: 

Solution. crf Prirtial Di f fe ren t ia l  Equntions of the E-Ieat Conduction 
Type by S c h m i d t ' s  Method. 

Snlution of Large Systems o f  Simultaneous Linear Equations by 
kuss-Jordant  s Method. 

Cons-t;ruetion of  Tables of t he  Incomplete Beta Function by Recursion 
F or~nulas . 

The solution of these and many other p r o b l e m s  became p o s s i b l e  only a f t e r  
due consideration of the c r i t e r i a  s ta ted in section 111; t o  the reader 
wh3 has a problem of his own, we recommend a careful scrutiny o f  the  
pertinent parts of t ha t  section. 



It was pointed out i n  sectibn 111, t h a t  i n  order t o  be su i tab le  f o r  
execution by a d i g i t a l  c a l c u l n t h g  machine, a method f o r  the solut ion of 
a problem must satisfy conditions of roducibfl i ty,  con ta inab i l i ty  and 
economy. The discussions of t he  individual machines given i n  sactfons 
IV; V, and VI are intended t o  provide the quant i ta t ive  information nea- 
essary t o  apply these conditions to a p a r t i c u l a r  method of  solut ion 
proposed f o r  a par t icular  machine. In  Table 1, we summarize t h e  principal  
machine c h a p ~ c t e r i s t i c s  upon which the abrrve enumerated canditions of 
s u i t a b i l i t y  depend. 

TABLE I 

DE E N D E K E  OF SUITABILITY C O N D I T I O N S  
U P3N MAC ?IINE C HNlAC TERI S TIC S 

-- - 

C o n d i t i o r s ;  of  
31:i tability 

Reducibil i ty 

C on ta inab i l i ty  
Dig i ta l  Capacity 

Internal  Storage 

External Storage 

~ ~r o g , r rning C apac i t y 
I 

Ec onomy 

Coding Tim 

Testing and Set-Up 

Machine C haracter is t f  cs  
Eniac I Bell Relay I IB31 ~ e l a ~  

C omputer Calculators 

I +, -, x, f .< and pretabulatsd fuooti m a  

- -- - 

=b 
20 quant i t i es  1 16 q u a n t i t i s i  iH 6-digit  

G o r  12  d i g i t s  
ff xe? decimal 
po in t  

10 d i g i t s  
fixed decimal 
point 

7 d i g i t s  
floating 
decimal p t .  

(200 d i g i t s )  

Unlimited 
(manual access) 

Limited 

(105 d i g i t s )  

,-- 

Several Days 

quant i t i es  
5 12-digit 

quant i t i es  
(216 d i g i t s )  

Unlimited 
(automatic 

access) 
Unlimited 

Unlimited 
(manual access) 

Limited 

Several hour 

-2  seer per 
- m u l t ,  

Several hours 

.012 sac. - 
pep mult* 

Several hours 
for 1st sat-up 
zero-time for  
subsequent 
set-ups 

1 sac per 
mult . 



Methods sui table  fo r  one machine a r e  not naeassar i ly  sui table  for 
another, Methods su i tab le  f o r  a l l  machines are frequently more su i tab le  
f m  one machine than f o~ anothere 

If a method appears t o  c a l l  f o r  soveral months o f  manual compufm++ on 
by a large s t v f f  nf computers, one might start thfnking of the Eniac, . 
If a n o n - r e p e t i t i ~ e  method c a l l s  only f O F  seve~aP man hours of computa- 
t f  on, no machine w i l l  he su i tab le ,  Mwbhode lying somewhere between these 
extremes may be su i tab le  f o r  the Ball Relay C omputer and the  IBM Relay 
Calculators,  

Methods requiring ex t~emely  lengthy schedules of operations t o  be 
performed m y  be unsuf t e d  f o r  the Eniaa and the  I B M  Relay Calculators 
due t o  p r o g ~ w i n g  capacity requirements i n  excess of those available,  
The Bell Relay Computer i s  not subject t o  t h i s  type of l fmitatfon,  

Problems requiring the  handling of large quantfkias of d a t i a r e  
bast sui ted t o  the IBM Relay Calculators provided that other considera- 
t ions  of s u i t a b i l i t y  are equal, Handling of input and output i s  m o r e  
bothersome on the  Bell Machine, Input and output can be read i ly  handled 
by the Eniae, However, i f  extensive input and output i s  required f o r  a 
small amount of computing, the  e laetronic  spead of the  machine i s  wasted - 
f o r  the most part s ince  the whole problem i s  slowed down t o  card handling 
spseda,  

Problems requi ping frequent set-up, such as t h e  processing of i n t e r -  
mi t ten t ly  reeeivad data are best su i ted  t o  the  Bell Relay Computer unless 
th computation i t s e l f  i s  t o o  time consuming. The set-up times of t he  
Enfao and I B M  computers, make it uneconomical f o r  those maehfnes t o  pro- 
ee ss small quant i t i es  of data f n t e ~ m f t t e n t l y  . 

The intermediate o r  f i n a l  r e su l t s  of some computations may vary con- 
siderably i n  magnitude from cycle t o  cycle. In problem of thf s nature, 
the Bell  Relay Computer has a d i s t i n c t  advantage over t he  other two 
df  g i t a P  machines i n  tha t  i t s  floating decimal f e a t m e  obviates t he  nec- 
e s s i t y  fo r  extensive use of' scale fae tors ,  It i s  theore t ica l ly  possible 
t o  program- a f loa t ing  decimal point on the  Eniac, but p rac t ica l  eonsidar- 
ations make this type of programming rarely, i f  aver, feas ib leo  

Certain dodges a m  poss ib l e  t o  modify a method of xolu%%on So  as t o  
make it more adaptable t o  a machine. Since the  Enf ac has 
r e l a t i ve ly  small sequencing and storage capacity but high spead of oper- 
a t ion ,  it i s  usually desirable t o  carry out stepwise approximtiona on 
t h i s  machine by using low order app~oximatfons,  small in te rva l s  and many 
steps.  Sfnee the  Bell Machine has unlimited sequencing capacity, large 
automatic external storage but slow speed of opepation, it i s  generally 
best  f o r  t h i s  machine t o  use high order approximati ons, large in te rva l s  
and few steps The I B M  Relay Calculators l i e  s omwhere i n  between the 
Eniae and the Bell Relay Computer i n  this respaat ,  



VI I1 -Ill?OFMATION RJRUIRED BY CODER 

In ordar t o  code f o r  machine execution a method f o r  the solut ion 
of a problem, the coder must have a t  hand the spec i f ic  information 
l i s t a d  below: 

(a) A l i s t  of formulas expressing a l l  quan t i t i es  t o  be computed 
i n  terms of the  elamentary operations ( + , -, x, + ,$) and pretabulated 
functf ons . 

(b) Accuracy required of intermediate and f i n a l  values, 

( o )  An exaet  c r i t e r i o n  f o r  each discrimination required, 

(d )  The approximate range of a l l  i n i t i a l ,  intermediate and 
f i n a l  quan t i t i s  s o  

( e )  d l i s t  of input qu&t i t fes ,  including pretabulatad functione, 
c l a s s i f i ed  according t o  the frequency with whf eh they change, 

( f )  A l i s t  of tha quan t i t i es  which the  problem preparer desires 
t o  have printed,  

I n  addi t ion t o  t h e  above information required by the  c o d e r ,  it w i l l  be 
neces sa ry tha t  a sample run be cornputad by other means before set-up 
and t e s t i ng  can be undertaken. 

Collecting these items of information requires  a high degree of 
cooperation between t h e  problem preparer and the coder. If t h e  method 
t o  be coded requires  subsidiary o era t ions  f o r  which standard well known 
numricsal methods are available, f such as ,  f o r  example, j nterpolation,  
numerical d i f f e r en t i a t i on  and in tegrat ion,  solution of algebraic equa- 
tions, evaluation of determinants, a tc . ) ,  than the  se lec t ion  of t h a t  
standard method best sui ted t o  the  maahine t o  be used, and t he  reduction 
of t h a t  standard method t o  elementary operations i s  usually bes t  l a f t  t o  
t he  coder, Suggestions from the problem preparer are always helpful ,  
howevs r , 

The accuracy required of intermediate and final values must be speci- 
f i e d  for several purposes, F i r s t ,  it i s  needad f o r  all maehinss i n  
ordep t o  determine the number of t e r m  o r  the number of  i t e r a t i o n s  re- 
quirad o f  approximate formulas, Second, f o r  the f ixed dcoimal point 
maohines, it i s  naaded i n  conjunction wi th  i n f  ormation on t h e  range of 
quan t i t fas  computed i n  order t o  determine su i tab le  scala fac tors ,  Third, 
it i s  neoessary fo r  t he  IBM Relay Calculators i n  order t o  determine 
whether t o  employ s ix  o r  twelve d i g i t  quan t i t i a s  i n  t h e  computation, 

Discriminations are usad t o  d i r ec t  ';ha machine as t o  whioh of two 
a l t e rna t e  sequences of operations t o  perform. Tha machinass decision i s  
usually based upon a comparison of  t w o  quan t i t i es ,  one o r  both of whfoh 
a r i s e  during t he  course of t he  computation, The quant i t i es  t o  be eom- 
pared must be specified f o r  each discrimination, - * 



Sfnee t h e  Be l l  Relay Computer employs a floating deaimal point, 
the only estimatf on of range required fo r  t h i s  machine i s the  assurance 
that a l l  quan t i t i es  l i e  between - ,9999999 x 10+19 and i- ,9999999 x lod9 
inclusive,  For the  other t w o  machines, a mueh closcp estimate of range 
i s  necessary i f  f u l l  d i g i t a l  c a p a o i t y i a  t o  be real ized,  The dacimal 
p o i n t  i n  each r eg i s t e r  must be located su f f i c i en t l y  far t o  the r igh t  t h a t  
the l e f t m o s t  f igures  of the lmges t  quant i ty  entering the  r eg f s t e r  a r e  
not  l o s t .  A t  the  same time, the deelmal point must be loeatad sufffefsntPy 
far t o  the left t h a t  the required number of s i sn i f  %cant d i g i t s  of t he  
=e l les t  quan t iw  entering the r eg i s t e r  i s  re ta inad,  If the var iab le  
quantity t o  whieh tha t  pegi s t a r  i s  assigned changes appreciably i n  magni- 
tude during the computation, var iable  scale  f a c t o r s  may have t o  be am- 
ployed t o  satisfy both of thase eonditfons. The problem preparer need 
not list ranges of quan-tities whose m a g i  tudes are immadiately obvf ous 
from the  computing formulae, For example, If t h e  range o f  x i s  given, 
the coder can supply seale f a c t o r s  necessary t o  keep I/( 1 - x ]  within  
range wfthouk ins t ruc t ions  f r o m  the problem preparer, But i n  many cases, 
the ranges of intarmediate and f i n a l  values cannot be comanfantly p ~ e -  
d i e t e d  from the  computing fomu1a.s-alone, In these  cases, the rangea 
should be fupnished by the  problem preparer, The phyaicnl in te rpre ta t ion  
of the var iables  i n  question w i l l  frequently help him t o  determine their 
ranga, I n  easae where spproxfmatfons are employed, range information i a  
usual ly  avai lable  as a by product of the investf gation o f  the order of 
approximation required, 

1 

The method  ohosan by t ha  coder t o  introduce input  quan t i t i es  t o  
the  machine usual ly  depends upon how f requent ly  these quan t i t i es  change, 
For t h i s  reason, input  quan t i t fas  should be c l a s s i f i ed  according t o  this 
a t  tri bute , 

Since these machines d o  not automatically keep a record of i n t e r -  
m e d i a t e  quan t i t i es  computed, once they have been used, the problem pre- 
parer must e l ea r ly  specify  which r e s u l t s  ha desi res  t o  have printed, 

The hand oomputed sample run i s  required t o  chaok the coding and 
set-up, One appl icat ion of each formula with a representative s e t  of 
numar i~a l  values should be suf f ic ien t ,  Checking t he  machine i t s e l f  i s  
accomplished by other mans whieh need n o t  concern t he  problem praparer,  
It is usual ly  desirable t o  compute t h e  canned run only a f t e r  the  deta i led 
computing formulas have been agroad upon o 



The conditions of su i t ab i l i t y  and the information necessary fo r  
ooding w i l l  be i l l u s t r a t ed  by a numerical example. The authors are  
smawhat embarrassed by the f a c t  tha t  a method simple enough t o  be 
analyzed i n  a few pages i s  i n  general so simple as hardly t o  m r r a n t  
the use of a large scale machine. Nevertheless, it is believed tha t  
such an example w i l l  be valuable i n  clarifying same of the notions 
previously introduced. 

PROBIB4 - It i s  required t o  tabulate the family of Wctions 

for the range 0 5 x 5 I0 by intervals  of A x s .  l t o  within an error of 
5 x 1 0 ~ ~ ~  where 0 5 a5 5 by Oa= . l ,and q(t) i s  an empirical f'unction 
given by the following tables 

We suppose the tabulation of Cf (t) t o  represent a function which i s  
monotonic and continuous and possesses continuous bounded derivatives 
of a l l  orders upon the interval  0 5 f 5 10 . Devise a method suitable 
for machine execution and l i s t  a l l  information necessary f o r  coding. 

following method i s  proposed: 

Express t = v!Y, where Y 
formula - 

= 100 - at by the i t e ra t ive  

I- = l,2,3;. . 

We leave the method o f  selection of the  1st approximation 
and the number of i t e ra t ions  a rb i t ra ry  for the present. 

Represent 9 ( t )  by a family of  interpolational polynomials of 
the nth degree (n may be equal t o  zero), each of which w i l l  
serve as an approximation t o  (t) on some sub-interval of the 
ranze of t . The degree of  the interpolational polynomials 
and tha  ~ i z e  o f  the sub-intervals w i l l  ba seleet$d'later. 

T\= 
Approximate T, (x) = J f ,(t )& where fa(t\ = q(tv- 100 - ~t 
by a mechanical cpadratOure formula expressing ~ ~ ( 1 )  as a 
linear combination with constant coefficients of selected 



equally spaced values o f  the integrand f =(x). 

The order,  rn , of the quadratur"e formula w i l l  be se l ec ted  
l a t e r ,  

Te define a wpoint"  t o  be the com~ufa t ion  of a s ing le  value of 
(x) f o r  arbitrary a and a r b i t r a r y  x ; a "run" t o  be the  evalua t ion  

of Fa(=) f o r  a s ingle  a r b i t r a r y  value of a and a l l  requi red  va lues  of 
x ; the n p r o b l e m ' ~ o  be t h e  evalua t ion  of  F, (x) f o r  a l l  - a and all x . 

The proposed method is c l e a r l y  reducible.  We w i l l  examine i t s  
c o ~ t a i n a b i l i t y  and economy, 

We f i r s t  consider  c o n t a i n a b i l i t y  as regards t o  sequencing capaci ty,  
The fo l lowing  purely arithmetic operat ions are required:  

(1) i divis ion ,  1 add i t ion  and  abo11-t 6 mul t ip l i ca t ions  par  
i t e r a t i o n  to extract a r e c i p r a m l  cube r o o t  according t o '  . 
formula (11, 

(2) n m u l t i p l i c a t i o n s  and n add i t ions  t o  obta in  an i n t e r p o l a t e d  
value of  9 (t), where n i s  the order of i n t e r p o l a t i o n  employsd. 

(13) n rnultiplica-tions and n + 1 a d d i t i o n s  t o  evalua te  the quadra- 
ture formula, where n i s  the  number o f  ord ina tes  t o  be used i n  
a s ing le  app l i ca t ion  of formula (2). 

In add i t ion  t o  t h e s e  a r i thmet i c  operations, t h e  machine w i l l  have 
t o  perform var ious  miscellaneous operations for  t he  f o l l m i n g  purposes: 

Obtaining a f i r  s t  approximAtion t o  t he  reoiprooal  cubs roo t .  

Deciding upon t h e  number of i t e r a t i o n s  requi red  f o r  the 
reciprocal cube r o o t ,  

Selecting Prom t h e  h c t i o n  t a b l e  the proper cmff5cients of 
t h e  polynomials approximating (g ( t  ) . 
Deeivering t o  and e x t r a c t i n g  f rm i n t e r n a l  s torage  successive 
va lues  o f  the intagrand. 

Changing the parameter - a ' f rm one run t o  t h e  next ,  

denerat ing succassive values of the independent variable x , 

Dklfvering f i n a l  computed values o f  F, (t) t o  t h e  outpuli. 

Without going into f u r t h e r  d e t a i l ,  it may be seen that t h e  performance 
of the above l i s t e d  operations are w e l l  within the sequencing capacity 
of all t h r e e  machines, f o r  any reasonable orders  of i n t e r p o l a t i o n  and 
quadrature. 



Let us now consider con ta inab i l i ty  a s  regards t o  d i g i t a l  capacity. 
Since 9 (tl is continuous, and /;/ 100 - does  not change sign on 
the  in te rvn l  0 t o  x , 

where 0 I f 5 x . Furthermore, 9 ( t )  i s  monotonic and increasing. 
Therefore, 

Nm & !looY. -'(100 - QX)='*]. increases with both increasing - a and 
inaroaslng x . A l s o  (q ( 0 )  = 1 and 9 (10) = 70. Therefore, 

Clearly, six s ign i f ican t  figures are suf f ic ien t  t o  represent F, (x) to 
the required accuracy of 3 decimals. Several ex t ra  places should be 
allowed, however, fo r  the accumulation of round off  e r ro r  i n  adding the . 
quant i t i es  Ci f a c t  - i ~ t ' )  a Thus, t he  r e g i s t e r  used t o  accumulate F, ( x )  
should have a t  l e a s t  7, perferably  8, places. This  requirement i s  e a s i l y  
s a t i s f i e d  by the  digital capacity of t he  Eniac. It i s  barely  s a t i s f i e d  
by t he  d i g i t a l  capacity of t h e  Bell Relay Computer. On the  IW Relay 
Computers, it w i l l  be necessary t o  use a double length (12 - d i g i t )  
r e g i s t e r  f o r  the  accumulation of  F&(x)~ 

The intagrand, f ,(t) 5 ~(t) /y-  var ies  from 0.21 f o r  t = 0 
and all a + o  1 9  f o r  t =  10, a = 5. Ci i s  of t h e  order of Ax = .I. 
~ h s r e f o r c  Ci?,(t-  ink)  w i l l  be expected t o  be of a t  most several  units 
i n  size for  a l l  a and a l l  t . The quant i ty  Ci?,(t - t o  5 decimals 
can therefore  be contained i n  a r eg i s t e r  of s i r  f i r e d  J i g i t s .  

Since C i  f, (t- iat) i s  a t  most several  u n i t s  i n  s i r e ,  an accuracy 
of 6 significant f igures  w i l l  y ie ld  the required accuracy of 5 decimals. 
We should than have at l e a s t  6 sf n i f i c an t  f igures  of accuracy i n  each 
of the f ac to r s  ( t )  and I .  We can ce r t a in ly  -obtain ( t )  
ern a f'unction t o  6 s ign i f ican t  f igures  without any d i f f i o u l t y  as 
t o  d i g i t a l  capaci t  . Also f / ' . / ~ o o - ~ t  may be obtained by repeated applica- 
t i o n  of formula (1 3 without more than 6 f ixed d i g i t s  i n  any component 
quant i ty  of t h a t  formula. 

Thus the method i s  containable f o r  a l l  three machines s o  far as 
digital capacity i s  concerned, subject  t o  the following limitations: 

(a) A 12-digit r e g i s t e r  must be used f o r  accumulating F, (x) on 
t he  IBM r e l a y  calcula tors ,  

(b) There w i l l  be some doubt as t o  t he  l a s t  f igure  of F&(r) fo r  
large a and large x when computed by the  Bell  Relay Computers 

-., 

Let us now exwine the  s to rage  capaoity required. Clear ly  the 
quant i t i es  computed every run are independent .of those computed on a l l  



other runs, except poasfbly t h a t  the  q u a n t i t y  a may be generated by 
adding na t o  the value usad i n  the preceding f;n, A t  most one quantity 
need be s to red  from one run t o  the  next.  

Each value of t h e  i n t e g r a l  computed r equ i re s  severa l  values of the 
fn tegrand ,  The exact number depends upon t h e  order of t h e  quadrature 
farmula employed. We do not wish t o  recmpute  any values of the  inte- 
grand, We are t h e r e f o r e  requi red  t o  s t o r e  in tegrand va lues  f h m  one 
poin t  t o  t h e  next, If x i s  t o  be generated from point  t o  point ,  we 
s h a l l  need a r e g i s t e r  i n  which it may be stored,  If we are t o  obta in  
t h e  f i rs t  approximation t o  l/w Srom the f i n a l  approximation of 
a t  t h e  previous pa in t ,  a r e g i s t e r  w i l l  be needed in which t h i s  q u a n t i t y  
may be s tored ,  To compute F,(x) we need a l s o  t o  s t o r e  from a previous 
point -f6(-r- * O X )  Apparently, something under 10 regis te rs  will be 
s u f f i c i e n t  f o r  a l l  s torage  from point  t o  point, 

For tm orary  s torage  a t  a point  we need t o  hold either CQ ( t )  m 
I /</-khile the other  one of' thoso q u a n t i t i e s  i s  being ccanputsd. 
We need several working r e g i s t e r s  for evaluat ing  t h e  i n t e r p o l a t i o n  
formufa f o r  Cf (t). These same working r e g i s t e r s  may be used f o r  
manipulating the, oanponents of if, = (a\( t:-,+ \) / 3 2 :-, and aounting 
t h e  number of i t e r a t i o n s  required,  lfe can a l s o  use these working 
r e g i s t e r s  to evaluate the quadrature formula. 

It appears  t h a t  15  storage r e g i s t e r s  i n  a l l  w i l l  be s u f f i c i e n t  t o  
take care of all variable s torage  requi red ,  both long term and s h o r t  
term, Thus on any of' t h e  three machines, the storage can be handled 
internally. The method is containable f rom a s t o r a g e  poin t  of' view. 

Let us now consider some of the aconmic  a spec t s  of the  problem, 
Several days n o t  involving t h e  machine w i l l  be r e q u i r e d  f o r  coding. 
Sevsra,l hours of machine time w i l l  be needed f o r  set-up and t e s t i n g ,  
Since t h e  see-up need be performed but once, there i s  no need t o  con- 
sider subsequent set-up t i m e ,  

The Eniac w i l l  probably r e q u i r e  sewral  seconda running time per- 
po in t ,  For PO0 po in t s  per run and 50 runs, two 24 hour Eniac days 
should be s u f f i c i e n t  t o  complete the problem, including set-up and 
t e s t i n g  and allowing f o r  a considerable number of uriforesaen delays. 

The Bel l  Rs'lay Computer w i l l  probably require seve ra l  minutes per 
point or say 150 hours running time f o r  t h e  whole problsrn, llwo weeks 
around the clock f o r  one of the two dup l i ca te  o m p u t e r s  should be 
s u f f i c i e n t  t o  complete t h e  Job, including set-up, t e s t i n g ,  running and 
unforeseen delaysl . 

The IBhrI computers would probably r equ i re  about one minute per poin t ,  
With a 40 hour week, two weeks should again be ample f o r  set-up, t e s t i n g ,  
running and some unpredic tably  delays. 

We will no* at tempt here  t o  estimate t h e  time requi red  f o r  manual 
canputat ion of the  problem excbpt t o  poin t  out t h a t  i n  t h i s  case, the 
manual cmput ing  time w i l l  not be v e r y  g r e a t  canparad qith the- rnaohine 
running time, Thia is true for several reasons, First ,  only 6 digits 



accuracy are  required of most of t he  quan t i t i es  computed. Second, cube 
roots may be obtained much more simply by hand camputer than by machine. 
In  fact, l inear  in terpola t ion i n  Barluws' Tables w i l l  give more than 
enough accuracy throughout the whole range o f  the independent variables. 
Third, t ab le  look-upe i n  the  (P (t) t ab la  w i l l  be extremely simple fo r  
the  hand camputar and can be obtained without interpolation.  

On the  other hand, the  r e s u l t s  obtained by machine w i l l  be per fec t ly  
s e l f  consistent  with regard t o  how quant i t i es  a r e  rounded, and how much 
accuracy i s  re ta ined a t  each step. This i s  d i f f i c u l t  t o  accmpl i sh  by 
hand. 

Considering a l l  of the  above points, we are inclined t o  believe t h a t  
the problem, as solved by t h i s  method, i s  su i tab le  fo r  machine execution 
only i n  the  event t h a t  t he  suf f ic ien t  number of hand computers necessary 
t o  obtain the required numerical r e s u l t s  i n  time a r e  unavailable. 

. . 

However, for  .the sake of oontfnuing the discussion, l e t  us supFcse 
t h a t  su f f ic ien t  hand computers a r e  not avai lable  and that it has been 
decided that the problem should be solved by machine. In  t h i s  event, we 
would r e c m e n d  the  IBBd r e l a y  calcula tors  as baing most sui table  f o r  the  
problem. The addi t ional  f l e x i b i l i t y  of the  Bell machine i s  unnscassary 
here, and t he  addi t ional  expense required t o  operate the  Eniac is not 
j u s t i f i ed  by the saving of machine time effected.  

Before considering information necessary for coding, l e t  us inquire 
as t o  t he  e f f e c t  on s u i t a b i l i t y  of modifying the  problem i n  various ways, 

F i r s t ,  suppose t h a t  only 5 or  10 runs are required instead of 50, 
In  +hie case, running times for a l l  of the  machines are proportionately 
less, but coding, set-up and t e s t i ng  times remain t he  same. It i s  nuw 
even l e s s  economical t o  execute the solution by machine. 

Second, suppose, on the other hand, t h a t  two independent variable 
parameters, a and b enter under the in tegra l  sign, and t ha t  it i s  
required to Fake 5$ = 2500 runs instead of only 50 runs. In  t h i s  casa, 
50 times a s  much cmputing i s  required. Th now have a problem of Eniac 
dimensions. The problem would be even more sui table  for  the  Eniac i f  

S t  were required t o  t abu la te  only the f'uncticm a s 

a f'unctim of a ins tead of  - 
r e l a t i v e l y  l o n g  time neoessary t o  punch out a s ingle  value of the 
i n t eg ra l  (,6 sscs) would be required only once per run, ins tead of once 
per point, 

Fourth, suppose t h a t  the  function t o  be tabulated i s  

The argument 10 sin Qx of (f no longer increases mcmot onioally with 
ttr 

t, In f ac t ,  fo r  small values of a, i t  osc i l l a t e s  rapidly.  Since the  
, 1l3M cmputers  can automatically c;eult a f'unction t ab l e  with non- 

monotonic argument, only with t he  manual in tervent ion of the  operator, 
t h i s  introduces a serious d i f f i c u l t y  for these machines. I n  t h i s  casa, 



the only reasonable p o s s i b i l i t i e s  are t h e  Eniac or the  Bel l  Relay 
Computer, On these l a t t e r  two machines, l i t t l e  d i f f i c u l t y  i s  en- 
countered i n  handling functions with o s c i l l a t i n g  arguments. 

F i n a l l y  suppose t h a t  n i s  allowed t o  rangs *om 0 t o  10 ins t ead  
of 0 t o  5, The i n t e g r a l  sTill e x i s t s ,  though it i s  improper for  
x = 10, a = 10, The method, as given, i s  now unsuited f o r  machine 

execution (and unsuited f o r  manual execution too)  due t o  t h e  fact 
t h a t  the integrand grows without l i m i t  wi th  increas ing  x and a. This 
d i f f i c u l t y  can be removed by employing an expansion of the integrand 
in p m r s  of a t  throughout p a r t  of the  range, and integrating t h e  first 
seve ra l  t e r r n ~ ~ ~ l i c i t l ~ .  Even so, however, the integrands w i l l  vary 
g r e a t l y  i n  size with  both a and t. In  t h i s  case, the Bel l  Relay Corn- 
puter  has a distinct advanFage ovkr t h e  other  two machines i n  t h a t  i t s  
f l o a t i n g  decimal f e a t u r e  e l iminates  the n e c s s e i t y  f o r  extensive use of 
sca le  f a c t o r s .  

On the assumption tha t  the problem i s  t o  be run on the IaEa com- 
puters,  l e t  u s  now proceed t o  information requi red  f o r  coding, It is 
f i r s t  necessary  to determine specifically those f ea tu res  of the method 
which wepa left a r b i t r a r y  upon first consideration, Let us decide that; 
f o r  the first approximation t o  Z a t  any point ,  we w i l l  use the final 
approximation t o  Z a t  t he  p r o ~ i o u s  p o i n t ,  and that the iteration a t  a 
point will be continued u n t i l  t h e  difference i n  absolu te  values of t w o  
successive a p p r a x i ~ a t i o n s  i s  less than t h e  prescr ibed  tolerance o f  
6 x 10-6m Values of t h e  function 9 (t) are nssded f o r  only fifty 
discrete values of t. For the IEM computers, it i s  more advantageous 
t o  s to re  a l l  50 of t h e s e  va lues  and t hus  avoid i n t e r p o l a t i o n ,  than  t o  
condense the table and thus save function table spaoe, Let us suppose 
that the nature of the  h n c t i o n  $4(t) i s  such t h a t  "3-ordinate in te -  
gration': a t  t h e  prescr ibed  interval of A X  = .1 w i l l  give s u f f i c i e n t  
accuracny.' Under these conditions, a l i s t  of reduced formulas suitable' 
for uoding is given i n  tabla 11. 

We have already considered the ranges of  most of the  q u a n t i t i e s  
cmputed,  and the m a x f m w n  allowable errors  of t h e  quan t i t i e s .  For t h e  
convenience of t h e  coder, the ranges and maximum al lowable a r r o r s  of 
these  and a f e w  other  quant i t ies  are co l l ec ted  in t a b l e  111. Input 
q u a n t i t i e s  a r e  l i s t a d  i n  t a b l a  IV, and des i r ed  output i n  t a b l e  V. The 
f i r a t  savaril po in t s  of a canned run are given in table VI, Clearly,  
computation o f  t h r e e  va lues  of the  integral  (a = .3, x = 0), (a = .3, 
x = .I) and (a - -3 ,  x = *2), require t h e  evalua t ion  of each formula 
employed at least once, and are  thus s u f f i c i e n t  f o r  a check on the 
oodfng, I f ,  i n  addi t ion ,  t h e  problem preparer  d e s i r e s  t o  check his 
a n a l y s i s  of ranges, e r r o r s  and formula reduct ions ,  ha should c m p l e t e  
the canned run, 



TABLE I1 - REDUCED FORRmLhS 
. . 

Start with a. = 0, increase a by s teps  of & a  = .1 through a = 5. 
For each value of' a, s ta r t  w i t h  x = 0, increase x by steps of A X  = -1 
through x = 10. 

where 

CQ (x) = Value read directly frw func t ion  t a b l e  without interpolation 

rf (I) = last of the sequence of quantities Er(x)  
ZJX) = Z(sf-=)  f i r s t  approximation t o  Z Cx) 

- 2 Y  kW., ( x j  + \ &(d - r = 1,2,3 ,.... 
3'((=) z;-, Cx) 

\ - - 6 %to  
- 6 i te ra t ing  u n t i l  



TABU3 I11 - RANGES AND MAXlXiUM ALLOWABLE ERRORS 

A l l  variables l i s t e d  are monotonic fmotions of both x and a - 

Variable Value at 
x = O  

Value t 
x = 10, a = 5 

Maximum Allowable 
Err or 

Exact 

Exact 



T O L E  IV - INPITT QUANTITIES 

-*: (0) 1,' - ; G r  

0 

x Y O  
0 

5 = upper limit of x 

10 = upper l i m i t  of r 

Aa = .1 

A X  = 01 

3-  T = 1 x tolerance for ~ / J Y  

TABLE V - OUTIUT QUANTITIES 



Y = 99,97 
r =  0 

Z, = .215 443 
£,y = 21,537 8 
E = 4,640 17 
z;"u = ,999 692 

3yz: = 13,920 5 
~ ' ( 3 :  + I = 2,999 38 

E,,, = ,215 465 

zw\- & = .OOO 022 



X - TIE DIFFERENTIAL ANALYZER 

The Aberdeen Different ia l  Analyzer resembles i n  i t s  main char- 
a c t e r i s t i c s  the ~ r i g i n a l  analyzer invented by Bush, and constructed a t  
M.I.T. i n  the  years 1930-31, IQile nei ther  qui te  as f a s t  nor as aceur- 
ate a6 the large scale computers discussed i n  the foregoing sections 
the  machine is ,  nevertheless, very e f f i c i en t  and time-saving, especially 
i n  cases where the study of ordinary d i f f e r en t i a l  equations i s  called 
f o r .  

The analyzer i s  based on principles en t i r e ly  d i f f e r en t  f r o m  those 
governing the d i g i t a l  machines, It i s  an "analoguet' machine, ia., it 
duplicates physical s i tuat ions  by means of mechanical devices, i n  a 
manner t o  be described l a t e r ,  The machine w i l l  .solve reasonably compli- 
cated d i f f e ren t i a l  equations of my order  up t o  t h e  t en th  - theore t ica l ly  
a t  l e a s t  but ra re ly  i n  practice - within a r e l a t i ve ly  s,hort time, t o  an 
accuracy of 3 - 4 d ig i t s ,  I t s  ruggedness, f l e x i b i l i t y ,  and ease of 
handling have made it a valuable t o o l  i n  the f i e l d  of mathematical and 
physical rese~trch,  

For detai led discussions of the analyzer the  reader i s  advised t o  
eonsult references (7 )  and ( 8 1  given in  the Bibli ography, 

As already stated the  d i f f e r en t i a l  analyzer solves mathematical 
problems by constpucting their  physical analogue as followsr t o  eaoh 
value of  every s ignif icant  quanti ty occurring i n  the mathematical de- 
scr ipt ion there i s  assigned a position of a rotat ing shaft  i n  the  ma- 
chine, s o  t h a t  changes i n  values are represented by clockwise o r  counter- 
clockwise rotat ions  of shaf t s  through corresponding angleso By means of 
ppopep linkages and inter-connections and the use o f  ce r ta in  basic uni ts ,  
the  shaf ts  can be oonst~ained $0 ro ta te  i n  accordance with the re la t ions  
prsscrf bed i n  the  mathematical formulation, The rotat ion of the shaf t  
representing the independent variable - brought about by a m o t o r  - w i l l  
then dr ive everything else, 

The b a s h  uni ts  referred t o  abom, and most frequently employed, 
a re  input tables ,  integrators,  adders, and output mechanisms, 4 h o w n  
functional relationship m y  be introduced in to  the machine e i t he r  ana- 
l y t i c a l l y  by generating it on t h e  basis of subsidiary d i f f e r en t i a l  equa- 
ti onn, suoh as, f o r  example, y q  y for y = exp through the interconnection 
of appropriate analy7er components, o r  graphicallyp by means of a fune- 
t i o n  table.  Many analytic functions sueh as xn, ex, s i n  x, e t c , ,  may 
be generated qui te  eas i ly ,  

A function tab le  has essen t ia l ly  t w o  shafts with revolutions x and 
y, the  f i r s t  s h i f t  moving a pointer  horizontally i n  the d i rec t ion  of 
abscissas, the  other one moving it ve r t i ca l ly  i n  the direction of 
ordinates across the  plot  y = f ( x )  spread out on the function tab lao  
Constant coefficients can be taken care of  e i t he r  by means of one of 
these function tables ,  O P  by the use of spur gears o r  t r a in s  of sueh gearso 

The fundamental component of the analyzer i s  the  integrator ,  It is 
essen t ia l ly  a planimeter, i , a ,  a device t h a t  produces a lower-order 
derivative f r a m  a higher-order one, It has t w o  shafts fo r  inputs u and 



v, and one f o r  output w, arranged suoh tha t  the thme quant i t ies  u, v, 
w are  re la ted t o  each other fn  the  form dw s kudv, k being a cer ta in  
constant, These integrators m y  be used t o  per fo~m many di f fe ren t  dut ies ,  
Thus, e,g., multiplication may be accomplish-d by mans o f  uv = fudv + 

Jvdu. Simlarly, the quotient &/v of t w o  quant i t ies  i s  f o m d  as the 
product u(l/~), where the r e c i p r o c a l  1 / ~  can be datermined in a var ie ty  
of ways 

The adder i s  actual ly  a planetary d i f fe ren t ia l  gear, It can be 
connected t o  three shafts i n  suoh a manner tht the number of r e v o l u ~ i o m  
of  one equals the  sum o f  the numbere of revolutions of the othep two; 
algebraically the thrae quant i t ies  are related by u+ v+ w = 0, if the 
b e n s e ~  of rota t ion are  also taken in to  account, 

Finally, the output of the analyzer may be obtained e i the r  graph- 
ically by means o f  the output table ,  a device very similar t o  the input 
table ,  o r  numarieally, by using the raoordsr, a device whioh tabulates 
suocessfve values of as many as six variables as functiom of, one of theri, 
for  equal intervale of tha t  chosen variable, 

The basic uni ts  jus t  mentioned - and a few not  described here, such 
as the combined polar input tabla  and mult ipl ier ,  and tha vector tab la  - 
suffice t o  carry out the  baeie operations of addit ion,  subtraction, multi- 
plication,  d f  vision,  i n t eg ra t i  on, and generation of f u n c t i o n ~  

Lee us now b r i e f l y  descrlbe the technique employed i n  setting-up 
the analyzer fo r  the solution o f  an  ordinary d i f f e r en t i a l  equation, Be- 
fore  going i n t o  d e t a i l  it i s  pbrhaps worth-while stating that the method 
of solving problems on the analyzer, a s  on any of the large scale maehinaa, 
is not a regidly fixed one, but tha t  a largo variety of approachas i n  the  
t r e a b e n t  of  many problem i s  possible, 

Considering, then, suoh a problem as F(dny/dxn, dn-ly/dxnwl, . . . . .9dy/dx, y, x) = 0, the  f i r s t  step consis ts  i n  the solution o f  
FI-0 fop the  highest order prasentr d%/dxn E 

G (dn'ly/dxn-l-y ,x) . However, the proparty of the equation ??SO t o  
permit c onvsn!i&t ii. elat ion of the highest order derivative present i s  
not a necessary r=aquirknent f o r  its t r a c t a b i l i t y  on the analyzer, 

Next the  axprsssion G (dn-ly/dxn-l, ovdy/dx ,  y, x) must be broken 
d m u  i n to  basic operations of the  type the mohiaa components can perfom, 
Finally, the individual cohponents must be fnteroonneeted in such a manner 
that the grouping o f  t e r n  and the re la t ions  among them are smh as  t o  
sstfsfy the d i f f e r en t i a l  equationo A l l  these inte~aonneotions must s a t i s f y  
the rule of torques, whSch may be stated thuer 

An analyzer assembly i s  oparabla w5an all the mathamatical re la t ions  
required by the equation have been established among the variables repre- 
sented, and when every operating shaf t  f s connected t o  one and only one 
souros of torque, 

In  practice, the solution of a problem on t h e  analyzer s t a r t s  with 
the p~epa ra t ion  of a connection diagram, In  such a diagram the various 



s ignif icant  variables oc.cur~ing i n  t he  problem are  assigned individual 
shaf ts  i n  the machine., Than the essen t ia l  connections a r e  established 
i n  acoordance with the governing equation, accompanied by close obser- 
vance of the r u l e  o f  torques mentioned above, Finally,  a second diagram 
i~ drawn, differ ing from the f i p s t  one only i n  t h a t  scale  fac tors  and 
gear ra t ios  a re  now int~oduced. A scale  f ac to r  assigned t o  a shaf t  speci- 
f i e s  the numbep of  evolutions of t h a t  shaf t  whioh equals one u n i t  of the 
quanti ty rep~asented ,  When connections a r e  established t o  integratprs ,  
input o r  output tables ,  e t c , ,  account must be taken of fixed scale factors  
given by t h e  lead ssrews of these components, A laad  screw i r  a shaft 
threaded so as t o  effect ively oonsti tute a long screw. 

Nhile scale faotors  a re  t o  some extent a rb i t r a ry  and m a y  be chosen 
oonvaniently, there a re  ce r t a in  oondi t ions  resu l t ing  from the sat-up, 
the various un i t s  employed, eteo, tha t  mist be considered. Thus, when 
the f i n a l  conneatiom of the analyzer assembly a re  made there a re  obtainei  
e q u a l i k h s  which muat be sa t i s f i ed  by the various soale factors ,  Thus, 
fo r  example, t he  scale f ac to r  of the output quant i ty  of an adder must 
be equal t o  the scale fac tors  of the inputs,  I f ,  then, one of the input 
quant i t ies  of suoh an adder i s ,  say, (n&)' sin y, the other input quant i ty  
i s  ( q ~ ) ~ l ,  then necessarily I@ s n2E. Further,displacenants o f  integra- 
t o re  and f u n o t i o n  tables must be kept within the l i m i t s  of t he i r  design. 
The lead screw of an integrator ,  f o r  example, admits only 40 turns. I n  
this manner there are then introduced ce r t a in  inequal i t ies  f o r  the soale 
fac tors ,  

1 

In addi t ion t o  these, ce r t a in  other considerations a l so  affecrt the  
f i n a l  choiae of the fac tors ,  It i s  obvious tha t  a quant i ty  inr determined 
with greater precision if the number of revolutf ons of i t e  shaf t  t h a t  i s  
t o  equalA unity is made larger ,  On the other hand one des i res  the  time 
required for  a solution t o  be reasonably low, 

When the  factora have thus been determined a f i &  diagram i s  made, 
scale fac tors  and p a r  ratios are indicated, the direot ion of rotation of 
each shaf t  f a  shmn, p lo t s  are made f o r  the functions t o  be placed on the  
function tables ,  i n i t i a l  values are se t  on the lead screws of function 
uni ts ,  in tegrators ,  pr int ing eountars, etc., and the maehin'diis about 
ready t o  operate, The tima required t o  work out a d i f f e r en t i a l  analyzer 
assembly t h a t  w i l l  solve a given problem depends, naturally, on the  type 
of problem eonsfdared, A s imple  equation may be sat up within s. f e w  hours, 
A more eornp1f:o~ted onq, however, espec ia l ly  if P t  i s  d i f fe ren t  f r o m a o s t  
of the equations dea l t  with praviously, may take several daysn work t o  
be set up i n  a reasonably good way, 

Torking out a good assambly'is important not only f o r  the solut ion 
of the  equation as a whole but a lso beoause it has soma a f f ec t  on the  
time raquired for the running off of each par t icular  solution of the 
problem, V a ~ y i n g  betwean a few minutes t o  more than an hour, depending 
on the nature and range of the solution itself, the running time qui te  
obviously beeomas important especially i n  eases where large numbers of 
solutions are desired,  



On the basis of  the foregoing descr ipt ion ft i s  a p p a ~ s n t  what f n f o r -  
mation must be required of a problem tha t  i s  t o  go on the  malyzar ,  This 
information is about of the same kind as thSt expected of t h e  d i g i t a l  ma- 
chine. Enough i n i t i a l  data must be provided t o  f i x  the  sofution,  Fur 
the proper assignment of scale fac tors ,  consistent  with accuracy require-  
ments, it i s  necessary t o  knows a t  l e a s t  approximately, the ranges of a l l  
the variable quan t i t i es  involved, Final ly ,  f t is very desi rable  t o  have 
on hand a pra-computed t yp i ca l  case i n  o rde r  t o  oheok first results ob- 
tained on the rnaehine 

A f i n a l  w o r d  on the types of problem best  sui ted for  the  differ- 
e n t i a l  analyzer . Dif f s r a n t i a l  equations requiring many mul t ip l i ca t i  on8 
o r  d i v i s i m s  - operations t h a t  t i e  up many in tegra to r s  - may frequently 
not  be su i tab le ,  especia l ly  f f  t h e i r  order is ~ e l a t i v e l y  high, Problem 
where only f e w  solutions ara defined are usually not  suitad f o r  t he  ma- 
chine since i n  suoh cases the  time required t o  work out a set-up may be 
out of proportion as compared wi th  the  actual  running time. Further, 
soPutions where high aceuraay i s  demanded may be imposoible of aohievs- 
mant , 

m i l a  each partiaular problem must be examined individually,  the 
 ama arks just made do p o i n t  out certain general chwacterf s t ics  that 
should ba kept i n  mfnd, 

During the  l a s t  war the  d i f f e r e n t i a l  analyzer was the only large 
scale computing device avai lable  a t  the  Ballistf  c Re searah Laboratories, 
It w a s  then used almost excslusively f o r  the computation of t ra jac tor fes  
t ha t  go i n t o  the maHng of f f  r ing tab les ,  Since the  end of t h e  war, t he  
maehf ne has been suceassfully put t o  work on a wide var ie ty  of problems 
arising fn the  f i e l d  of ballf  a t i o  researoh, 
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