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ABSTRACT

An externally pressurized spherical gas journal bearing,
which has multiple spherically surfaced pads, was designed
and fabricated for use as a three degree-of-freedom pivot
which will support large loads (100 1lbs). This inherently
compensated pool type bearing design proved to be pneumatically
unstable. The problem then was to determine a restrictor
configuration for this bearing which would insure pneu-
matic stability and a large load carrying capacity. Restrictor
configurations investigated were inherent compensating both .
with and without a pool and orifice compensating without a
pool.

The Reynolds equation and the equations for the
distributed film velocities are developed in the report
for spherical coordinates. Using these equations, theoretical
estimates of bearing pad static characteristics (load
carrying capacity, stiffness, etc.) were obtained for the
above listed restrictor configurations. The problem of
pneumatic instability was investigated using information
available in the literature. The operating conditions of
the bearing are such that the theoretical predictions are
subject to question. A model bearing, which duplicates the
lubricating film of a journal bearing pad, was, therefore,
constructed in order to obtain experimental data to verify
the theoretical predictions.

For this particular bearing configuration operating
at large supply pressures (800 psig), it was found that an
inherent compensating restrictor without a pool will ensure
pneumatic 'stability and maximum load carrying capacity.

This result is in agreement with theoretical predictions
of dynamic behavior and is in disagreement with theoretical
predictions of load carrying capacity.
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NOMENCLATURE

Area, in.2

Bearing parameter (Equation 20)

Normalized constant radial clearance (film thick-
ness), c/hr

Discharge coefficient

Specific heat at constant pressure, in.2/sec.2-°R

Constant radial clearance (film thickness), in.

Orifice diameter for inherent compensation; secondary
pool diameter for orifice compensation, in.

Orifice diameter, in.

Eccentricity function, sin 6(1 - ¢ cos 6)3

Normalized radial clearance (film thickness), h/hr

Radial clearance (film thickness), in.

Variable (Equation 33)

Constant

Constants, lb.2/in.4

Knudsen number, A\/h

Thermal conductivity, 1b.-sec./°R

Constants

Radial surface line lengath of arc, in.

Mach number

Mass flow, 1b. sec.2/in.-sec.

Normalized pressure, p/p2
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Pressure, lb./inc2

Bearing pad radii, in.

Re" Modified film Reynolds number, pﬁhz/Lsp

R Gas constant, in.2/sec.2-°R

T Spherical coordinate radius (rB + z), in.

Iy Radius of model bearing ball, in.

S Normalized film stiffness, shr/Tr(rB sin 9)2p2

s Film stiffness 1b./in.

T Temperature, °r

Tw Normalized time, wt

t Time, sec.

U Normalized velocity in the 6-direction, uh/vr

u Velocity in the B-direction, in./sec.

v Normalized velocity in the g-direction, v,/v_

v Velocity in the o-direction, in./sec.

W Normalized bearing load carrying capacity,
w/ﬂrg(sin 9)2p2

w Bearing load carrying capacity, lb.

w' Velocity in the r-direction, in./sec.

z Distance measured in the r-direction from the surface
of the ball (0 € z € h), in.

r Normalized density, p/p2

Y Ratio of specific heats

b Pool depth, in.

b* Secondary pool depth, in.



£ Eccentricity ratio, 1l-h/c

E Variable (Equation 35)

2] Normalized bearing coordinate, 6/62

8 Spherical coordinate, rad.

A Compressibility number, 6p2rvr/h3p2

N Mean free molecular path, in.

m Absolute viscostiy, lb.-sec./in.?

o Density, lb. sec.2/in.4

c Squeeze number, l2p2r2m/h§p2

T Tangent ratio, tan (6/2)/tan (62/2)

Q Normalized viscosity, p,/u2

) Spherical coordinate, rad.

w Reference circular frequency, rad./sec.

(™) Average value

(") First derivative with respect to time

Subscripts

c Critical flow conditions; i.e., conditions at which
the restrictor flow is sonic

F Film conditions

h Condition at z = h

M Maximum conditions

R Restrictor conditions

T Reference conditions

S Supply conditions

xi



Conditions at the entrance to the bearing film

Conditions at the bearing film exit (ambient)

xii



CHAPTER 1
INTRODUCTION
I. BACKGROUND INFORMATION

In recent times a demand has arisen for the develop-
ment of multi-degree-of-freedom methods for evaluating the
rigid body dynamics of model aerodynamic configurations in
wind tunnels. In answer to this demand, a three degree-of-
freedom captive model dynamic stability balance was devel-
oped. The pivot of this balance, a spherical gas journal
bearing, is the subject of this thesis. Gas bearings are
desirable for this application due to their extremely low
friction (l)l. As shown in Figure 1, this gas bearing con-
sists mainly of an outer movable bearing housing to which
models are attached, and an inner fixed bearing core through
which gas is supplied to the bearing surfaces. The inner
core has machined on it four spherically surfaced pads
arranged in a manner which allows the journal bearing to
both resist loads in any radial direction and center itself.
One pad faces forward and the remaining three pads are

located 120 degrees apart each being located 109.5 degrees

lNumbers in parentheses refer to similarly numbered
references in the bibliography.
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from the forward facing pad. The bearing allows unlimited
angular freedom about its axis of symmetry and +10 degrees
of angular freedom about any transverse axis through its
center. All of these capabilities are necessary for its
application.

Gas flows under pressure from the plenum through each
orifice (flow restrictor) then radially outward along the
surface of each pad through the clearance between the bear-
ing core outer diameter and the bearing housing inner
diameter. The resistance to gas flow through the thin
clearance over each pad produces a pressure gradient which
results in a force in the gas film which acts to keep the
bearing core and housing sevarated. As the clearance (film
thickness) decreases the resistance to flow increases thus
decreasing the mass flow and consequently the pressure drop
across the flow restrictor. Since the pressure drop across
the restrictor decreases with decreasing mass flow, the
force generated in the gas film increases with decreasing
clearance. This effect, known as compensation, will be dis-
cussed later in Chapter III. The type of compensation is

denoted by the type of flow restrictor.
II. STATEMENT OF THE PROBLEM

Unfortunately this gas bearing proved to be pneu-

matically unstable (see page 79). The task of determining



the modifications necessary to make it operable was assigned
to the author. It was decided that the only practical modi-
fication that could be made to this bearing, without com-
pletely machining the bearing surfaces, would be to change
the restrictor configuration. A restrictor configuration
was sought which would provide both high load capacity and
stiffness while insuring pneumatic stability. A secondary
consideration in the choice of a restrictor configuration
would be to obtain a low value of the mass flow. The bear-
ing restrictor was to be designed for the use of nitrogen
since a high pressure dry nitrogen supply system exists in
the facility where this bearing will be used. The methods
used in determining the restrictor configuration, and the
information obtained in this effort form the subject matter
of this thesis.

The geometry of this bearing makes it very difficult
to analyze using existing theoretical analyses like those
developed by Pan (2). A method was sought which could be
more easily applied. 1In the axial direction (along the axis
of symmetry) the journal bearing can be approximated as one
consisting of two identical spherically surfaced pads
horizontally opposed. Although this simplified theoretical
model cannot be used to determine the maximum journal bear-
ing load capacity in any radial direction, it does allow the

use of single pad load capacity versus radial clearance



characteristic curves in evaluating the relative load capac-
ity and stiffness produced by different journal bearing
restrictor configurations,

In order to develop the pad characteristics for use
with this model; and to gain a more thorough understanding
of gas lubrication theory, a basic theoretical study was
performed. Using methods similar to those which Gross (3)
used to develop the gas lubrication equations in cartesian
coordinates, equations for the distributed film velocities
and the isothermal Reynolds equation were developed in
spherical coordinates {Appendix A). From these a set of
equations was developed which describe the static character-
istics of spherically surfaced bearing pads (Chapter III).
Existing theoretical analyses were used to evaluate the
problem of pneumatic instability.

As a resulit of the small pad sizes, and the elevated
operating pressures necessary to gain load carrying capacity,
the validiiy of the viscous isothermal theoretical predic-
tions was questioned. An experimental investigation was
therefore conducted using a model representative of one
bearing pad to obtain data for comparison with theoretical

predictions.



CHAPTER 11
APPARATUS
I. MODEL BEARING

The purpose for fabricating the model bearing shown
in Figure 2 was to obtain a simple means by which an experi-
mental evaluation could be made of the performance of
restrictor configurations proposed for the journal bearing
pads. The model bearing was designed such that its lubricat-
ing film will be a duplicate of the film geometry over a
journal bearing pad. The model bearing pad is concave while
the journal bearing pads are convex and the pools are shaped
differently; however, these differences should have a
negligible effect on the relative performance. Both the pad
diameter and pool diameter (Figure 2) of this spherical pad
bearing are identical to those of the journal bearing
(Figure 1, page 2). The spherical surface of this pad was
obtained by lapping a 2.875 inch diameter hardened chrome
alloy precision steel sphere into it. This method of con-
struction caused the constant radial clearance of the model
to be smaller than that of the journal bearing. The constant
radial clearance of the model bearing was determined to be
approximately 0.0005 inches. This is approximately one

third the constant radial clearance of the journal bearing
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Bearing Pressure
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Note: All Dimensions in Inches

Figure 2. Model bearing.



pads; therefore, at clearances where the model bearing is
operating near zero eccentricity, the journal bearing will
be operating at large eccentricities.

The model bearing pool volume can be varied from zero
to an excess of the clearance volume by a movable core which
is positioned through the use of shims. An undesirable con-
sequence of making this core movable is the volume which
results from the difference in the core outer diameter and
the bearing case inner diameter. This increases the pool
volume which increases the chance of pneumatic instability.
In an effort to minimize this volume, the bearing was
designed with the following features:

l. The diametrical clearance between the two parts

was held below 0.0003 inches.

2. An "0O"-ring seal was placed as close to the

bearing surface as possible.

3. Seal pressure was applied to force the "O"-ring

into the upper portion of its grove.

The model bearing was designed to operate at seal
pressures and gas supply pressures up to 1000 psia. Gas is
supplied to the bearing clearance through an orifice located
in the hollow core. Orifice sizes and configurations were

changed by modifying the core section.



I1I. CALIBRATION APPARATUS

The experimental apparatus, shown schematically in
Figure 3, is designed so that loads can be applied to the
model bearing along'its axis of symmetry and the resulting
axial deflections determined. This avparatus consists of
the model bearing, a load bracket, calibration weights, and
a dial indicator with its support.

The load 'bracket consists of two flat circular disks
connected by three metal columns. The top disk has a cir-
cular opening in it which is contoured to fit the ball and
allows the ball to protrude through it. The bottom disk has
a hook located at its center from which the calibration
weights are suspended. This allows the load vector of the
calibration weights to lie approximately along the bearing
axis of symmetry.

The dial indicator is aligned to read deflections
along the bearing axis of symmetry. It reads off that por-
tion of the ball which protrudes through the upper load
bracket disk. The dial indicator support is attached to the
bearing case to insure accuracy in the deflection measure-

ments.
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Figure 3. Calibration apparatus.
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CHAPTER 111
THEORETICAL ANALYSIS AND DISCUSSION

This chapter will be used to develop the relations
which are fundamental in the design of a hydrostatic spheri-
cal bearing pad of the type shown in Figure 2, page 7. It
will be assumed that the bearing surfaces remain concentric
and that there is no relative motion between them. These
conditions eliminate the pressure gradient in the ¢ direc-
tion; therefore;, the equations given in Appendix A for the
velocity distribution in the viscous film (Equations A-10
and A-11) reduce to

1 dp

u = P z[z - h], (1)

v = 0,

and the normalized viscous isothermal Reynolds equation

(Equation A-14) becomes

d
de

3] dP
[(sin 8) H p]—— =0, (2)
do

These equations together with information from exist-

ing references will be used to develop the relations for the

11



mass flow, inlet pressure, pressure distribution, load
capacity and stiffness. These relations will be developed
primarily for the case of constant radial clearance; however,
more general forms of some will be investigated.

An analysis of air hammer or pneumatic instability
will not be presented. The information contained in Refer-
ences (4) through (9) will be used to identify the respon-
sible parameters and their undesirable trends. The
geometries of the configurations considered in these refer-
ences do not match the geometry of the present configuration;
however, they are sufficiently close, so that the predicted
trends should be valid.

I. FLOW RESTRICTORS

Certainly the external flow restrictor is one of the
more important portions of a hydrostatic gas bearing. It
produces the gas film stiffness, which enables the bearing
to compensate for changes in load. Restrictors used in
these bearings may be grouped in three basic categories:

1. Laminar restrictors,

2. Fixed orifice restrictors (orifice compensation),

and

3. Variable or inherent orifice restrictors (inher-

ent compensation).

12



A fourth possible type, which will not be considered,
is a variable servomechanism device. Figure 4 gives the
geometries of the flow restrictors listed above.

Laminar restrictors, which include both capillary and
porous restrictors, are less desirable than the remaining
types as they are more susceptible to pneumatic instability
and also because they provide less stiffness while operating
at the same supply pressure (10). For these reasons laminar
restrictors will not be considered in the following analysis.

Only orifice type restrictors will be considered in
the following study. For orifice compensation the fixed
orifice area (AR = vd§/4) is the restrictor. In the case of
inherent compensation the circumference of the orifice
together with the variable clearance height form the
restricting area (AR = wdh). Using Figure 5, page 15, the
following expressions can be written for the possible
restricting areas formed by a circular orifice for bearing
configurations with and without a pool.

Case 1, Pool (& > 0}:

la. Ap = wd§/4,

b, Ay =md[h + 3],

lc. Ap = vdo[h + 8 + 6*], and
1d. AR = 2ﬂth.

13
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Capillary Restrictor Porous Restrictor

a. Laminar restrictors.

vena contracta
Orifice Restrictor Inherent Restrictor

b. Fixed and variable orifice restrictors.

Figure 4. Bearing flow restrictor configuration.

14



Pool

1b., or 2b. when 6 =0
1c., or 2c. when § = 0

/"%
., or2a whend =0

Figure 5. Possible orifice type restrictors.
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Case 2, No Pool (b5 = 0):

. 2

2b. A

R mdh, and

1

2. A = wdo[h + b*].

Only cases la, lb, 2a, and 2b will be considered.
Cases lc and 2c must be taken into consideration when
attempting to design an orifice restrictor. Case 1ld is
undesirable for our purposes due to the possibility of high
mass flows. For most pool bearings Ry > d.

The conditions which ensure orifice compensation are
as follows:

With = O,

2
d > do/4hmin (AR for 2a < A, for 2b),

R

5%
y > do/4 - hmin (AR for 2a < AR for 2c¢).
With & > O,
d> d2/4[h + b] (A, for la < A, for lb)
0 min R R 2

*
5 > do/4 - [6 + hmin] (AR for la < AR for lc).

where hmi is the minimum expected radial clearance over an

n
orifice,

16



For many pool bearings

do/4-[b - h ]> 0;

min
therefore, a second pool is required to obtain orifice com-

pensation (Figure 5, page 15). This feature is often

undesirable due to the resulting increase in pool volume.
II. MASS FLOW

In order to describe the mass flow through a hydro-
static bearing it is necessary to develop separate relations
for the flow through the restrictor and the flow through the
bearing clearance. For the assumed case of no relative
surface motion the mass flow through these separate portions

is equal when the gas flow is steady.

Restrictor flow. The gas flow through the restrictor

is assumed to be one-dimensional and isentropic. For these
conditions Reference (ll) gives the following relations for
a perfect gas which can be combined to form a theoretical

expression for the mass flow.

my = PRURAR > (3)
PR © pRﬁTR 5 (4)

3R ='\/—Y-R—TR_’ (5)‘

17



GR = Mgap (6)

-1
_T_R_=[1+("'” 2] , (7)
TS 2
-Yl
- (Y' )
_E.&_=[1+ v - 1) Mg] (8)
Pg 2

Rearranging Equations 4, 5, and 6, and then substi-

tuting into Equation 3,

Y
mg = AgPRMg / ar
R

Solve Equation 8 for Mpi then substitute the result and

Equation 7 into the above expression. After some algebraic

manipulation

N

2 (v+1)

2y pr |7 p Y
my = Acpg ( R) (—-R— . (9)
(y - l)‘RTS Pg Pg

Equation 9 is corrected for deviations from the
theoretical assumptions by multiplying it by the experimen-
tally determined discharge coefficient which is defined as

18



Actual mass flow

Theoretical mass flow (Equation 9)

The mass flow through the restrictor for unchoked flow is,

therefore, given as
1
Y+1 Z

2y P Y Y
mg = AgPsCy . ) - (——R )
(y - 1)RTq Pg Pg

The critical pressure ratio, or pressure ratio that

<IN

(10)

initiates sonic flow through the restrictor, is obtained by

letting Mp = 1l in Equation 8,

X
2 v-1
p = | PR . , (11)
¢ Pg (y + 1)
Cc

For constant AR’ Pgs and TS’ the mass flow remains constant
when pR/pS < Pc; therefore, for choked flow, the mass flow

through the restrictor is

_p Y| . (12)

Bearing flow. For the bearing configuration under

consideration the mass flow through the clearance is in the

19



f-direction. A relationship describing this condition may

be derived by using the expression
Mp = PRUEAR » (13)

where EF is the average film velocity at a particular cross
section of the clearance whose area is AF' Using Equation 1
the average velocity for the viscous laminar film is obtained

as follows:

2
--—5— Uy (parabolic velocity profile) ,

h
u=u at z = — ;
M 2

therefore,

_ -h? dp
up = . (14)
12ur  d@

Since the radius of curvature (rB) is large compared
to the film thickness (h) the cross sectional area of the

film, as a function of 8, may be written as
Ap = 2rrh sin 0 .

Substituting this expression and Equation 14 into Equation

13 yields

20



m | h” sin 0 dp
mF = p . (15)
6 " do

For steady flow conditions this equation may be differen-
tiated with respect to 6 to yield the 6-component of the

Reynolds equation

d | n3sino dp
o
dé 11 dé

]
o

This approach to obtaining the Reynolds equation has
been used by many authors. Pan (2) derived the steady flow
Reynolds equation in spherical coordinates using this method.

Substituting the equation of state (Equation A-8)
into Equation 15 results in

-7h> sin ¢ dp

mg = p . (16)
6Ru T de

For a constant radial clearance (h = const.) and steady

viscous isothermal flow

d
(sin 8)p ——E—'= Ky o (17)
dd

Integrating



Using the above equation and the boundary conditions

p=p at 6 = 61 R

L
D

p=p, at 3]
(see Figure 2, page 7) K, is determined to be

foBee2]

Kp = = P
tan( 2 )W
2
2 1ln 6i
tan( )
P

— =

Combining this relation with Equations 16 and 17

31 2 2
-Th™|py - P
mg = [ l_ 2] , (18)
12puRT ln Tl
where
8
tan 1 )
c. = 2
n - 3]
tan( 2 )
2

III. FILM INLET PRESSURE

In developing an expression for the inlet pressure to

the film, the following assumptions will be made:
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l. h = constant,

2. P] = PR» and

3. T = TS'

It should be noted that some of the kinetic energy
imparted to the flow as it exits the restrictor is recovered
and is not completely lost as assumed (assumption 2); there-
fore, Py > PR and TR < TK Ts. The second assumption given
above yields sufficiently accurate results for many problems;
however, the pressure recovery should be taken into consid-
eration when designing a bearing to attain a particular
stiffness level and mass flow at a given supply pressure.
Vohr has demonstrated this in References (10) and (12). The
third assumption given above, which is widely used in the
literature, is in error at most 17 per cent when nitrogen
is used.

Assuming that the mass flow is constant, Equations 10

and 18 can be equated and rearranged to obtain:

N~

) (‘ 2 Y+l
Y Y
(_El_ -1 =B Ps ( Pl ) - (—El—) . (19)

Pg P2 l_ Ps Ps

The bearing parameter (B) is defined as:
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B = — |/ . (20)
P, h (y - 1)

-124Cy 1n(z,) [AR] 2yRT

The normalized inlet pressure for unchoked restrictor
flow is obtained from Equation 19 after some algebraic
manipulation as:

P
2

N

Y-1 1} y-1 Y-1
P . (21)

= 2 pYlp. ¥ - Y

Using the same approach, the expression for Pl at the

choked restrictor condition can be obtained and is given as:

N

1
2

1 Y-1
= . Yl - Y
P, 1 +BPgP_ T|1 - P_ . (22)

where for a given type gas P. is a constant defined by
Equation 11. Equations 21 and 22 were given previously by
Tang and Gross (13).

The bearing parameter at which the flow becomes

choked (B_) is obtained by substituting the identity

Pl = PcPS

into Equation 22 and rearranging terms to get
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for choked flow B < Bc.
The functional dependence of the normalized inlet

pressure is given as
Pl = Pl(B, Ps, v).

Figure 6 gives Pl as a function of B and y at constant Ps
for both choked and unchoked flows. Effects of changing PS
are not shown in this fugure; however, as would be expected

Pl increases with increasing Pg.
IV. PRESSURE PROFILES

In this section pressure profiles for viscous
isothermal flow will be developed. The bearing configura-
tion under consideration may be operated at pressures which
violate these flow conditions; therefore, a portion of this
section will be used to describe the effects that fluid
inertia (viscous-inertial flow) and compressibility (inviscid
supersonic flow) have on the assumed viscous pressure pro-

file.

lLetters contained in parentheses following a parame-
ter indicate the functional dependence of that parameter.
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Figure 6, Theoretical bearing film inlet pressure.



Constant radial clearance. For the bearing configura-

tion under consideration operating under conditions of
constant radial clearance (h = ¢ = const.) and viscous

rsothzrmal flow, Equation 2 reduced to

dP
(sin 8) P ——| =10 ; (23)
dé df _
therefore,
( ) i
sinf) P— =1 .
do A

The normalized pressure is obtained by integrating

this equation

p2 8
—— =L, 1n tan Ly . (24)

Using this equation and the boundary conditions

F = Pl at 8 =9, ,

P=1 at A =

1
[ ]
[\
-

(see Figure 2, page 7) the constants L, and Ly are determined
to be

GRS

A ]
2 1ln T

L
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L1
2

L =—:— 1 - [#1 - 1] ln(T) :

D
1n T T

The following expression for the normalized film
pressure is obtained after substituting the above constants

in Equation 24 and rearranging terms

(25)

o
i
h v
ot
=
+
e
0
|l \V]
1
—
[ S |
—
=
p———
q
e

where

wWhen the radial clearance is constant,
P = p(es T, B,v, Tps ps)-

Figure 7 gives the theoretical pad pressure distributions
which demonstrate the trends of the pressure when Ps and R2
are held constant. The magnitude of the pressure is
increased by decreasing 6. For a bearing with fixed radius
of curvature (rB) the area under pressure curve is increased

by increasing B, Tys Y and PS. Holding the inner and outer
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boundary radii (R1 and R2) fixed and decreasing the radius
of curvature results in increased surface area. Even though
T is decreased using this procedure, the area under the
pressure curve is increased, thereby increasing the load

carrying capacity of the bearing.

Variable radial clearance. A more general pressure

profile is obtained by letting the radial clearance vary in
the f-direction. This situation is shown graphically in

Figure 8 where the radial clearance is given as
h = c[l - € COS G].

The eccentricity ratio (€¢) is defined at 8 = 0 as

The radial clearance relation given above is nor-

malized by dividing through by h_ to get
H = C[l - € cos 9] .
Recalling Equation 2 we can write

[sin.e) W k.
do

Substituting Equation 26 into this relation and integrating

using the bearing inlet conditions as a reference:

30



/) /

a. Constant radial clearance, h = c.

b. Variable radial clearance, h = ¢c(l - € cos 8).

Figure 8. Bearing film geometry.
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¢
2K dé -
92=P§+ 3f = - (27)
C 6 sin 9[1 - £ COS 9]

For nonzero € numerical integration techniques were used to
evaluate the above integral.

Using the above equation and the normalized boundary
conditions given on page 27, the constant K is determined to
be:

-1

K = itk pl] l-f sin 0[1 -dz cos 8]° ] .

Substituting this constant into Equation 27 yields

the following expression for the normalized film pressure

1
—_ 12
[1 - #] °
P=P |1+ 92T A G(8) df , (28)
pf] G(6) a8 1
3]
= 1 =
where
1

G(e) =

sin 9[1 - € coS 6]3
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Note that Equations 21 and 22 are not directly appli-
cable for determining the normalized bearing inlet pressure
in this case since constant radial clearance has been assumed
in the development of these equations. For € = 0, Equation
28 reduces to the constant radial clearance form, Equation
25.

In Figure 9 pressure profiles for a spherical bearing
pad are presented at eccentricity ratios of 0.4 and 0.8. It
was assumed that the bearing was machinec with a constant
racdial clearance of ¢ = 0.0015 inches. These pressure pro-
files are compared with pressure profiles that were derived
assuming that the radial clearance was constant and equal to
the average of the variable radial clearance. The dramatic
effect of large eccentricity is clearly demonstrated in this

tigure.

Viscous inertial flow. At large film thicknesses or

under conditions of high mass flow, inertia forces in the
laminar gas film may become important {Re* ~ 1}. Under
these conditions the equations for gas lubrication developed
in Appendix A are no longer valid. For the bearing con-
figuration under consicderation operating at these conditions
the equations given in Appendix A which describe the flow

reduce to:
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Figure 9. Pressure reduction due to eccentricity.
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Momentum,

u du 1 dp 2 du _
P + = B ; (29)
r a6 r 06 az 0z
Continuity,
o)
—— (pu sin 8) = 0 ;
Energy,
u a(c T) u dp 1 3 5 0T
P P = t—> Tk +
T a6 r a6 T 8z 8z

[ - ]2
lL L]
dz

An exact solution for the pressure distribution of
the film under these conditions would require numerical pro-
cedures since the above equations. are coupled. Approximate
analyses of this problem have been performed by many authors.
Gross (3) and Comolet (14, 15) have obtained approximate
solutions in cylindrical coordinates assuming that the film
is polytropic and the velocity profile is parabolic. The
last assumption requires that the inertia effects be small.
This type analysis is easily adaptable to spherical coordi-

nates; however, the effects of fluid inertia on the pressure
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profile can be determined using Equation 29 without going
through this lengthy process.

Rearranging Equation 29,

dp du a du
— = - pu +r B .
z

26 a0 a dz

For a parabolic velocity profile the last term on the right
hand side of the above equation is negative (see Equation
14). 1In order that a lubricating film exist, it is neces-
sary that 3p/d0 < 0. The larger 8p/d6 is in absolute value,
the greater the pressure produced“by the film. Since 3u/d0
< 0, it is apparent that the inertia effects decrease the
absolute value of the pressure gradient and, therefore,

reduce the magnitude of the pressure produced by the film.

Inviscid supersonic flow. Sonic velocity can exist

at the inlet to the lubricating film (16, 17, 18, 19),
particularly for radial flows, when the mass flow or bearing
clearance is large. Under these conditions the flow behaves
as though it were expanding through a nozzle. At the proper
conditions the flow will become supersonic which results in
drastically reduced static pressure due to the large kinetic
energy. A system of shock waves will occur followed by lower
velocity and increased pressure. It is obvious that viscos-

ity can only slightly affect the flow in the immediate
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vicinity of the inlet; therefore, inviscid, viscous-inertial
and viscous regions can exist in the film. The low pressure
supersonic region and the loss in total pressure through the
shock waves decrease the pressure produced by the film com-
pared to the viscous predictions.

Mori (20) obtained a solution for the radial gas flow
between two parallel disks by assuming that only a supersonic
region and a viscous region exist. This solution has been

confirmed experimentally.,
V. LOAD CARRYING CAPACITY

The load carrying capacity of the model bearing
(Figure 2, page 7) is defined here as the resultant film
force which acts along the axis of symmetry of the pad to
resist external loads placed on the bearing. For the bear-
ing configuration under consideration the load carrying
capacity is given as

2
6

8, 2m

2

2
Jr prgR cos 6 de d® - "R5p, ,
l o

where
R = rg sin 0

Factoring this expression and performing the first
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integration, the normalized load carrying capacity is

obtained in general form as

8
sin 0, 7° 2 2
W= |—— Pl + —— PsinfBcosfdd - 1 ,
sin 92 (sin 92) 91

(30)

where

w

2. 2 2
WrB(51n 92) Py

A general expression for the load carrying capacity
of the bearing is obtained by substituting Equation 28 into

Equation 30

2
sin 6 2P
W= L|p + L
sin 8, (sin 62)
- -1
3] 2
0, [1 - pf] f G(p) de
)
f l + 3 1 sin & cos 6 d6 - 1 ,
2
e
R l -
where
1
G(0) =

sin 6(1 - € cos 9)3
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Substituting Equation 25 into Equation 30, or letting
€ = 0 in Equation 31, an expression for the load carrying
capacity of a bearing with constant radial clearance is

obtained as

sin912 2P,
W= el B Y —, 7 X
sin 62 (sin 62)
0 pi
2 [PE-a] e\
1l + 5 1n sin 6 cos 8 df - 1 .
91 Pl 1In T T

(32)

There are no closed form solutions for the integrals
in Equations 31 and  32; therefore, numerical integration
methods are required. .

Equation' 32 may be reduced to an approximate form
which is similar to the form given in References (3) and (13)
for the load carrying capacity of a flat circular pad. This
approximate solution has a limited range of applicability.
It involves numerical integration; however, the integrals
are in a form for which tables of solutions exist in haﬁd-
books.

If it is assumed that 92 is small, then Equation 32

may be reduced to
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P 2
®2
[#2 - 1]
1+ 6 dg - 1
2
P ln
91 1
Let
)
2 1
-2pl ln(—g;)
I= % ’ (33)
Pl -1
then
1
: 2 2] 2
2
W=PBOT + 2P 1-—1n ®doe -1, (34)
171 1 I e
e 1
1
where
6
e = csm—
8,
Now let
L
3 2 e \1°
=11 - 1n ’ (35)
V I I 91
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then

2
¢
52 =] - ln( ) R
Shl

Using the above equality as the exponent of e, then taking
the square root and manipulating the expression algebra-
ically

2
=5~
@ = @le e . (36)

N2

Substitute this result and Equation 35 into Equation 34 to

obtain
21 &2
2P.BTe 2
w=pe?.  —LL1 £2e-E%g - 1 . (37)
VI £

Applying the small angle assumption to Equation 25
and combining it with Equations 33 and 35 yields

P
g=VI —. (38)
Py

The limits of integration in Equation 37 are determined

using this expression and the following boundary conditions:
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at 6 el,E=Ellp—

|
‘o
—
@
n
®
[

at 6 62, E = 52, P =

t
—
6

"
[

Reversing the limits of integration and integrating

by parts Equation 37 becomes:

W= dE . (39)

Pi@fel fﬁ -E2
Vi 4T

Py

This expression reduces to:

W= plefelﬂ :I {erf(VI—)- erf ( :/l—l_)} . (40)

Values of the error function in the above equation are found

tabulated in many mathematical tables.

Figure 10 gives a comparison between the solutions
obtained from Equations 32 and 40. Flat pad theory from
Reference (13) is also presented. For this comparison the
pad boundary radii (Rl and R2) were held constant; therefore,
6, was varied by changing the radius of curvature (rB) of
the bearing.

This figure shows the increased load carrying capacity
of a spherically surfaced pad over a flat pad. Flat pad

theory is shown to yiéld a better approximation to the
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results from Equation 32 than the simplified load carrying
capacity theory of Equation 40. The simplified theory yields
a 10 per cent error in load carrying capacity at 92 = 47.5
degrees, while the flat pad theory yields this same error

at 92 = 65 degrees. The trend predicted by Equation 40 is
opposite to that predicted by Equation 32,

For constant radial clearance
w = W(B, Tis Tpr Yo Ps)

Figure 11 shows that W increases continuously with B for
constant y and Pg. At the higher values of B this increase
appears to become asymptotic. For a constant radius of
curvature W increases with increasing B, Tir Y and Ps. As
discussed previously, the pad surface area is increased when
the radius of curvature is decreased with the pad boundary
radii being held constant. This results in decreased T, and
increased load capacity. Figure 10, page 43, shows that the
load capacity for a fixed size pad is maximized when its

geometry is hemispherical.
VI. STIFENESS

The bearing stiffness is defined as the slope of the
load carrying capacity versus radial clearance curve. For a
hydrostatic bearing, operating with constant Ps and v, it

can be determined as follows:
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dw dw dPl dB

81 = = . (41)
dh dPl " dB dh

The stiffness is affected by the method of bearing compensa-
tion through the derivative dB/dh.

In order to evaluate the bearing stiffness, each of
the derivatives in the above chain will be investigated
separately. For any particular set of conditions these
separate terms will be evaluated then substituted into Equa-

tion 41 to obtain the stiffness.

The derivative dw/dPl. Differentiatiﬁg Equation 32

with respect to P, yields dW/dPl for constant radial

clearance
dw sin 61 2 2
= + X
. . 2
dP, sin 62 (sin 92)
£ 1
2 =
[P2-1] = P
1+ 5 ln( ] sin 6 cos 6 df
91 Pl 1In T T,
2
+ X

2 2
Pl(sin 92) In T,
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T
ln( ) sin 6 cos 6 df
£y

2
Py - 1 T
9 [1+ [21 ] ln( )]
Pl 1n T 11

. (42)

Nl

There are no closed form solutions for the above integrals;
therefore, numerical integration methods are once again
required.

Equation 42 can be reduced to an approximate form
which is similar to the form given in Reference (3) and (13)
for the derivative dw/dPl of a flat circular pad. The range
of applicability of this solution will be limited to the
applicable range of Equation 40. The final result will
require the evaluation of Equation 40 which is accomplished
using numerical tables. - |

Assuming that 62 is small, using Equation 33 and the

definition of ®, Equation 41 can be reduced to

1
1

2
dw o 2 e
= @l + 2 l -—1In © do -
dPl 91 I @l
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1
l R
2 2 e \14 e
v 1l - 1n 2 ln( © do .
1(p{ - l] e, 1 9 | €1

Substitute Equations 3% and 36 into this relation.

Use Equation 38 and the boundary conditions on page 42 to
determine the new limits of integration. After reversing

the limits of integration this procedure results in

Vi
2 1
= t—v— | Y= e~ dE -
dP, VI Py - 1
__VI
Py

21 1
2P ©7e" 1 [ 2p1 ] B2 4
v I PT - 1
1 Vi
Py

Integrating the first integral by parts and recalling
Equation 39

dw P, 21 e -

where W is obtained from Equation 40.
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The derivative dPl/dB. For the unchoked flow condi-

tion the bearing inlet pressure is given by Equation 21l.
This equation is more easily differentiated after it has
been rearranged. The following forms of Equation 21 prove

useful in obtaining the final expression of the derivative

y-1 'L“V/ Y-1 Y-1
2 = 2f p Y Y Y
S L A
ps - Pl = -l l 'Y (21.2)
2rp Y
BPg “T P,
Y-1 2
B2p. Y p,Y 1
S 1 _
92 - T Yl Yl (21.3)
P2 - 1

Differentiate Equation 21.1 with respect to B and
substitute Equation 21.2 into the result:

2pl = -
dB YPl dB

ap,  [p2 - 1] , [pf -1 ap,
B

Y-1 1

17 B2, Tp.' 4
[ Y - ] Pg Py Py

2y [p%-1] e
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Factoring this equation and substituting Equation 21.3 yields

2 2
ap,  [#2- 1] . 2 .51] )
dB 2p B 2yP?
- ~8-L
(y - 1) 1
1+ Y (44)

Col )

This gives the derivative when the flow is not choked.
For the choked flow condition, Equation 22 gives the
bearing inlet pressure. This equation is operated on and

rearranged to obtain the followiﬁg useful relations:

1 Y-1
2 = Y Y
Pl - 1 - Bpspc l - Pc [ [y . (22.1)
Y-1 [ 2 ]
pL=— % PS = 1
Y =1
Wv/l - P I - (22.2)
Y
BPSPC

Differentiating Equation 22.1 with respect to B and
substituting Equation 22.2

2
dP Py -« 1
1 1 : (45)
dB 2PlB

This gives the derivative when the flow is choked.
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The derivative dB/dh. The bearing parameter is given

in Equation 20. Only the term AR/h3 in this equation is a
function of h. The method of bearing compensation determines
the manner in which this term varies with h; therefore, the
derivative dB/dh is dependent on the method of bearing com-
pensation.

For the inherently compensated bearing with a pool,
case lb on page 13,

Ag md[h + b]
3 - 3

h

Substituting this into Equation 20 and differentiating with

respect to h,

dB -3B ( 1 ) 1
1 - .
dh h 3 (1 . _3_)
h

]

(46)

For an inherently compensated bearing without a pool,

case 2b on page 16,

AR ) md
3 h2
dB -2B
= : (47)
dh h
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The final case in an orifice compensated bearing

without a pool, case 2a on page 16,

2
AR ) wdo
1}
h° an°
dB -3B
e = . (48)
dh h

The effect of the restrictor on bearing stiffness is

demonstrated by forming the ratio of Equation 47 and 48:

( dB ) -2B

9h Iinherent = h = 5

( dB -3B 3
dh Orifice h

This ratio shows that the inherent compensated bearing has
only two thirds the stiffness of the orifice compensated
bearing.

For constant radial clearance
S = S(B, Tis Tpr Yo Ps).

In addition, as demonstrated above, stiffness also depends
on the method of bearing compensation. The theoretical
information presented in Figure 12 was obtained for the

spherical model bearing (R2 = 0.75 inches and rp = 1.438
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inches). This figure demonstrates that with v, Igs Tps and
Ps constant the stiffness increases with B until it reaches

a maximum, then decreases with increasing B. It is important
to note that with B, Tps T1» and PS held constant, increasing
v decreases the stiffness level. The small increase in y
caused a considerable reduction in the maximum stiffness
level. Although not shown, the trends of stiffness with Ip»
T and Pg will be similar to the trends of the load carry-
ing capacity with these same variables. For a given con-
figuration, as predicted above, orifice compensation is shown
to increase the stiffness level over that obtained using

inherent compensation by a factor of 1.5.
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CHAPTER 1V
EXPERIMENTAL TECHNIQUE
I. « PROCEDURE

An experimental investigation was conducted to verify
theoretical predictions of the static and dynamic character-
istics of the model bearing for different restrictor con-
figurations. The parameters which were varied in this
investigation are given as follows:

1. Supply pressure (pg),

2. Bearing load (w),

3. Pool depth (3),

4, Restrictor type (inherent and orifice),

5. Gas type (nitrogen and helium), and

6. Restrictor size.

Model configurations used in these studies are given in
Table I.

The object of this experimental investigation was to
determine the actual load capacity of each configuration and
to observe its dynamic behavior when nitrogen is used as the
working gas. Helium was used only to obtain additional data
from these configurations for theoretical comparison.

Bearing dynamic stability and load capacity were

determined for a given configuration at a given load by
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TABLE I

MODEL BEARING CONFIGURATIONS

0,

P

Conf@g- - d .o R Compen-
uration 1 in. in. in. rad. rad. sation
A 0.0179  0.029 0,029 0.0 0.01008 0.5488 Inherent
B 0.0179 0.029 0.005 0 0.01008 0.5488 Orifice
C 0.471 0.029 0.029 0.0005 0.2639 0.5488 Inherent
D 0.02902 0.047 0.047 0 0.01634 0.5488 Inherent
E 0.03458 0.055 0.055 0 0.01947 0.5488 Inherent
F 0.471 0,029 0,029 0.001 0.2639 0.5488 Inherent
G 0.471 0.029 0.029 0.002 0.2639 0.5488 Inherent
H 0.471 0.039 0.039 0.0005 0.2639 0.5488 Inherent

rg = 1.438 in.




measuring the bearing deflection at supply pressures ranging
from approximately 850 psig down to the pressure at which
either air hammer instability resulted or the film collapsed.
This was usually done in 50 psi steps. A complete list of

the experiments which were conducted is given in Table II.
II. PRECISION OF RESULTS

The accuracies of both the bearing deflection measure-
ments and the physical dimensions of each bearing configura-
tion were of primary concern. In order to improve the
accuracy of the deflection measurements, both the dial
indicator-calibration and alignment were checked periodi-
cally. When configuration changes were made, the bearing
was set up in the shop and adjusted until the dimensions
given in Table I, page 56, were assured. This adjustment
quite often involved re-lapping the bearing surfaces. Esti-
mates of the accuracy of the quantities measured in this

investigation are given in Table III, page 59.

57



TABLE II
LIST OF EXPERIMENTS

Load Range Load Increment
Configuration 1b. 1b. Gas
A 25 - 225 25 N,
A 50 - 200 50 He
B 25 - 225 25 N,
B 25 - 275 50 He
c 25 - 250 25 N,
C 75 - 225 150 He
D 25 - 250 25 N2
E 25 - 250 25 Ny
F 25 - 50 25 N,
F 25 - 50 25 He
G 25 25 N,
G 25 25 He
H 25 - 75 25 N2
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TABLE III
DATA PRECISION

Measurement Magnitude of Measurement Estimated Error
d,do 0.005 to 0.055 in. £0.0001 in.

h 0 to 0.003 in. £0,00003 in.

p 0 to 850 psig 2.5 psi

w 25 to 275 1b. 0.2 1b.

b 0.0005 to 0.002 in. -0.0001 in.
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CHAPTER V
RESULTS AND DISCUSSION

The object of this study was to determine a restrictor
configuration which would maximize the load capacity and
stiffness of the journal bearing while insuring pneumatic
stability. It was also considered desirable to minimize the
mass flow; however, this was a secondary consideration. |
Laminar restrictors were eliminated from consideration since
they are known to be more susceptible to pneumatic insta-
bility and provide less stiffness than orifice type
restrictors (10). Preliminary tests using the model bearing
indicated that slight pneumatic instabilities existed with
inherent compensation even at the smallest available pool
volume. An orifice compensated pool type bearing was there-
fore not considered since its characteristics would tend to
increase the possibility of pneumatic instability. The
restrictor configurations considered were, therefore, inher-
ent compensating both with and without a pool and orifice

compensating without a pool.
I. STATIC CHARACTERISTICS

The journal bearing shown in Figure 1, page 2, should

have been constructed such that each pad is operating at its
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maximum stiffness level when there is no external load on

the bearing. Under this condition the bearing will undergo

a minimum deflection from its zero load position to compen-
sate for a change in external load. This can be pictured
with the aid of the single pad load characteristics presented
in Figure 13 if the journal bearing is thought of as consist-
ing of two horizontally opposed spherical thrust pads. The
load carrying capacity of a simplified journal bearing of
this type is obtained from a pad characteristic curve by
taking the difference in the loads at the smaller and larger
clearances of the deflected journal bearing. The difference
in these clearances is in