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This monograph covers all the basic subdivisions of the theory of surface radiowave propagation, that is, of radiowaves, for which the role of the ionosphere is immaterial. A thoery is expounded tor the plane and the spherical radiowaves, alongside with the theory ot events ind11ced by the electrical inhomogeneity and the irregularity of the surface constituting the divide between the ground and the at­mosphere, and that of the influence of the stratified inhomog@neity of t he tro~osphere; described also are the methods of accounting for the effects connected with its turbulence. 
The book is designed tor scientific workers, engineers, aspirants and graduate students 1n specializations covering radiophysics and radioengineering. 



PREFACE 

The study of the propagation process of radiowaves emitted by 

ground sources has been linked from the very beginning and for alre·ady 

more than balt a century with complex theoretical and, in particular, 

•theaatical problems. Even after the detection of the ionosphere in­

fluence and the successful separation of a range of phenomena not con­

nected with the ionosphere, the restricted ·area of the problem which 

we apecifically define as the theory of radiowave propagation along 

the terreatrail 1urface still remains vast. Solutions of major subct­

visions of the entire problem have been arrived at; however, each time 

new problems emerged. Rather than speaking in terms of refinements or 

ot "finish," there was always a question about new events, leading to 

a serious change or to a substantial enrichment of the earlier-acquir­

ed knowledge. 

The cause of the unexpected appearance of new major questions was 

to a significant extent connected with the fact that correct represent­

ations ot the process of radiowave propagation near the terrestrial . 
surface were absent here. A practical and descriptive approximate 

th~ory of diffraction was created at the outset by Fresnel-Kirchhoff in 

and one electrodynamic problem (diffraction on an absolutely conducting 

semiplane) could be resolved only many years later. The rigorous solu­

tion found was utilized mainly for the estimate of the limits of appli­

cability of the Fresnel-Kirchhoff theory. Contrary to that, in the 

problem of radiowave propagation a.long th€ ground surface, differing { 

from the ztandard optical problems "only" in that the source and t he 

2 -
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point of obse rvations are near the earth, descriptive representations 
were e ithe r abs ent or erroneous. Here the theory was developed at the 
outset in a rigorous mathematical formulation for sharply idealized 
schemes (homogenous plane or spherical earth). Despite the participa­
tion of front-line mathematicians, the development was painful and ¼a~ 
attended for years by persistent errors of principle. It could only 
succeed in the forties by working out an approxiaiate method and descrip­
tive r epresentations that allowed to obtain eas i ly the earlier correct 
r es ult ~ of complex theories and, above all, to resolve a series of new 
pr oblems ( such as inhomogenous soil and so forth). 

However, even after this, the trans ition in practice to shorter 
waves ha:; l ed to the revelation of entirely new factors, namely refrac­
t i on and s uperrefraction and scattering on chaotic inhomogeneities 1n 
t he tropo~phere. This, on the one hand, made the theoretical problems 
~ore complex, while strengthening the role of the statis tical treat­
ment on the other. It should be stressed that even now, the relative 
role of various factors is far from being always clear, and the theory 
continues to develop. 

I --------.--

Therefore, even neglecting the influence of the ionosphere, that 
i s , con l de r 1 n,, the tropospheric wave s (term proposed by M. P. Dolukhan-
o ) , we ~r e confronted with complex theoretical problem r equiring a 
mort pr o ~ound ~tudy. The practical ques tions t hat have to be ancwered 
by t he t heory are very diversified. They ar€ specific for radio broad­
cas tin~ und radio communicat ions (choice of the route, l evel fluctua­
tion:; ); fo r radar (d ir. tortion on account of d1f f ract l on around the 
cartt1, r efraction, ~cattering on the trregu lnr1tie3 of the earth• ~ : ur­
f ace and a l r i nhomogeneities ); fo-r televis ion (d1ffract1.on, refraction, 
scatter i ng i n t he tropos phere and enhancement becau~e of obGtacles ); 
fo r ra l o eoloey and rad i o~et eorol ogy. 

- 3 -



About ten years ago, ·a .L. Al'pert, V.L. Ginzb r L and the author ot the present monograph wrote the book "Radiowave Propagation" ( Goste- D khizdat, 1953). Reviewed in it were also the questions of radiowave 
propagation 1n the ionosphere and the que~tions directly connected with experiment. It is clear at present that it is nearly impossible to~~­compass this entire range of problems in a single book. As a result of revision and expansion of the second part of the book referred to, 
there appeared V.L. Ginzburg's monograph "Propagation of Electromagne-
tic Waves 1n the Plasma" (Fizmatgiz, :i.960), and from the third and the tourth parts there emerged the book by Ya.L. Al'pert "Propagation of 
Radlowavea and the Ionosphere" (Izd-vo AN SSSR, 1960), the first part having served as a basis for the present monograph. An attempt is made here to expound all the fundamental questtons within the framework of the above-indicated theme (propagation processes of radiowaves not sub-ject to the influence of the ionosphere. 

The only exception is probably the section on the influence of 
tro~usphere's turbulent inhomogeneity, to which broad literature is 
devoted (Chapter 10). Here we were compelled to limit ourselves to the consideration of methods of theory. However, as is easy to notice, the equilibrium is not always observed, even in systematic exposition of 
the remaining sections. In particular, relatively con:: iderable space 
in alloted to questions with which the author's sc ientif jc interects 
are to a greater degree linked (the role of the non uniformity of the 
terrentrial surface). 

As to the character of the exposition a certain duality may be 
noted here. On the one hand, the full the '_i·y, which may be acces s ible 
to and required only by the specialist, that is, the scientific worker, is the object of detailed treatment only in certain paragraphs . On t he other hand, there are included paragraphs and entire chapter s (C i:ap-

- 4 -
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ter 2, §§33-37 and so forth), in which the qualitative traits of the event are analyzed in detail. These spots are nearly superfluous tor the specialist. However, they may contribute to the development ot des­criptive phys ical representations allowing the orientation even 1n c-ases when there is a lack of complete theory (or when it is too com­plex), and it mus t facilitate the understanding of the sense ot the s trict theory' s formal results. Such a duality i s , generally speaking, risky. But it was admitted, and in the above-referred to book by three aut hors , a significant part of which w1:~ utilized here, as well as ac­cord ing to t es timonials obtained by me, it was Justified in general by t he practice of this book's use. At the same time, one is tempted to r,elieve that the unique style of the exposition was not then disrupted. When working on this book, I made use of remarks by P.G. Basa, D Ye. Vakman, M.A. I sakovtch, v.o. Nosov, v.r. Tatarsk1y and Ye.v. Chayevsk iy, who read a series of sections of the manuscript, and also of the counsel and th~ wishes of L.A. Vaynshteyn, M.P. Dolukhanov, Yu.K. Kalinin and M.M. Kobrin. To all or them I am very grateful. 

Ye.L. Feynberg 

- s -
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Chapter 1 

BASIC EQUATIONS 
A. DDl'BklitrJ:AL RELATIONSHIPS 

£o4uct1on. The Complex Dielectric Constant 
hken literally, the pr~blem of the theory of radiowave propaga­

ttcn ought to be reduced to the determination of the field of radio­
wavea 1n a certain region ~hen given, for example, at any part of its 
boundary. It is indeed often required to find the field on one side 
·ot an 1aag1nary surface, on which, as may be asserted according to · 
specttlc causes, it coincides with great precision with the field of 
a plane wave arriving from the other side. However, in many cases such 
a atateaent ot the problem is impossible, the field over the surface 
11 unknown, and the questton evolves about the necessity to find a 
radiowave field emitted by either source for a speclfic disposition 
and properties of the surrounding media. 

The current in the antenna depends not only on the ~upplied elec­
tromotive forc e , but also on the geometry and physical properties of 
the antenna itself, as well as of the surrounding bodies. This is why 
the problem of radiowave propaeation is undesirably intertwined with 
questions of the theory of antennas. In order to avoid eoine far into 
the latter, we sha 11 ans ume that the current in th emi tt inr~ antt?nna 
(or, to be more precise, its dis tribution) 1s known (it may, for exam­
ple, be measured). 

The re lay at the basts of the theory of radiowave propagat i on t he - -Maxwellian equations linking the s trengths E and Hof th lectric ana 
- 6 -
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magnet i c fields and their inductions D and iwith the densitites ot 
the current and of the charge: 

rot·a-f :,. + ':J+ ':~- ( 1. I) 
• t ,. . .': . 
rot£--.--.-~ ' .• • .. . • .... ·.· 

Clearly separated here from the densities of the current and ot 
the charge are their parts•jstor and pstor (different fro~ zero in the 
region of the emitting antenna), which differ from the remaining parts 
j and pin t hat they are determined by a l ten forces. In our case these 
also a r e electromagnetic fields (they are, however, not included in E ~ 

and H), sustaining the "outside" current and charge, which, owing to 
t hat, do not depend on conditions of radiowave propagation in the sur­
rounding space. 

From (l.I) and (l.III) follows the continuity equation (law of 
charge preservation) 

... dJJJ-~.., . 
evidently also se par3.tely valid for j st o r and ps t or 

For t h ~Y t ern of equations to be specific, three links mus t be 
known: etw en E and D, H and B, j and 'l. For media encounte r ed in the 
t ieor y of r adiowave propagation along t he Earth, it may be universally 
estimated that 

•-a. 
(LVI) 

At t he : ame t i me, he re Eq . (1. VI) is i n en sencc ~; upe rfluou:: : i t 
t Ems fr om Eq. (l.II), provided we apply to it t he operator div. Av t o 

t h rema inint, l inks, i t should be taken into account t hat t h~ az : 1~r.-
m t 0 1' t wo func t • on., 

t r c conductivity e and t h• uj l •ctr c r.:: cr :: t&J·1 t 
c lv ·· u ' i.c •nt o .Y o r i n tn t ely nlow prcr: •::": ;. jn J n ,ar &.rl d _. o­

- 7 -
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tropic !ftedtum: 

D • •(.t. 1, a)E, J • o(.t, 1, a)E. (1. VII) 
Aa to the region ot fast-varying fields (tor radiowaves in the 

ground 1n the ultra-short and shorter waves), it is, generally speak­
ing, 1mposaible, inasmuch as the dielectric polarization, for example, 
!'tlD.Y la,e behind the field. Consequently, the character of the link be­
tween "ff and 'I, j and 'f (and also between"! and H, provided B # H) de­
pend3 on the temporal regime. Generally speaking, it is impossible to 
DW.ke wse ot the t1eld equations 1n the form (l.I)-(1.VII). This is why 
a tHaporal regime ot specific type, t~e harmonic, 1s chosen, its use 
be1ng 11ilited to its study, and then, taking advantage of field equa­
tions linearity, any other process is represented as a superimposition 
of haraon1c processes. Obviously, from this standpoint an assortment of 
any other regimes, mathematically described by a complete orthogonal 
system ot tunctions, would be admissible. However, the harmonic regime 
has the advantage that, in the first place, many other real generator 
regimes are very close to it; secondly, the simple correlations (l.VII) 
are valid for it (in a sufficiently uniform medium); in these, E and 
~ are tunctions or the numerical parameter characterizing the given 
regime of frequency w: 

• - • (•). • - • <•) ... 

This 1s closely linked with the fact that, under the influence of the 
harmonic force, the charges of the medium too effect harmonic oscilla­
tionG. This is why in the following we shall consider only the propaga­
tion of a field harmonically dependent on time, and characterized in 
accord with this, by a specific frequency w. 

We shall utilize complex quantities, describing the dependence 
-1.wt on t ~e by the multiplier e . The real parts of the quantities ut i l-

i zed ~~11 have a real sense. It is well known that, precisely because 
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of that, we may utilize with equal right e+1Lot also. Both methods ot 
description are as frequently encountered in literature. However, when 
considering the propaga~ion of radiowaves along the Earth (Just as in 
general electrodynamic equations), the dependence e-wt, chosen by us, 
is util ized more often, whereas during thf.:· concideration of radtowave 
propae;at ion in t Le ionosphere, e+1Lot is us ed nearly always. As ide from 
the tradition, there is no reasonable basis fo ~ ei ther choice. For the 
sake of uni formity, a specific form of dependenc e was chosen in [l], 
namely, exp (+wt), for in the latter work it was a jotnt consideration 
of both questions. In order to pass from formulas obtained with the 
time dependence exp (-wt) to those obtained with the selection of 
exp (+:iwt), one ~hould simply pass to com .lex conjugate quantities, 
subs ti tutinr.: i by -i. This is why the formula::. of the present book 
will uif' fr.: r from the corresponding formulae of the first part of the 
book [l ] by t he cubctitution of 1 by -1. 

Now the fl.eld equations will take the form 

witr the continuity equation 

(l. le) 
llr' r'-' it i :-; tnr< en i nto account that for the ~ivcn frequency 

div (oE) • ,-,. (1. lf} 

:;u,: r l 'i•: : I u 1· born t y pe::; : tho~<..· ue · ne in pha:., L• w l tr rt H [term (41r)/ 
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/(c)OE] and those leading rot H in phase by n/ 2 t erm -(iU>)/(c)eE = 
• (w)/(c)Ee-i(n)/( 2}]. In the general case of inertia conductors and 

dielectrics, the conduction current and the dis~lacement current may 

not be able to keep up with the field, and this is why the phase shift 

or · these two vortex sources relative to rot H itself, may differ from 

the values O and n/2. Thus, for example, if the r eal fields E and H de­

pend on time, as cos wt, both the induction and the current may lag 

behind them: 
: / o-·l •IE.coa(wl-9,), J- lolE,cos(fOl-9.), 
I I . 

,-1 r,ere ,,, •cs are certain phase shifts. As may be easily verified, thi s 

may also be expressed in the complex notation by simply estimat~~g ~ 

and CS in Eqa. ( 1. la, c and e ) as complex quantities. In tr. : s case, 

two sources of vortex Hin (l.la} differ from one anotner by their 

phaae, but no longer by n/2. But then there is no longer any sense in 

making a distinction between E and o. In reality, having wr itten o = 
=cs•+ 1cs", E = T' + iE, we may rewrite Eq. (l.la} also in the form: 

( 1. 2) 

where the right-hand part is again expanded in the sources being i n ... ... 
phase with rot H, and sources leading rot H by n/2 (thus, here the 

most general case is taken into account). This is why the presence of 

the dielectric constant of the imaginary part i E" i s equivalent to 

the presence of the effective ohmic conduction: 

(1. 3) 

and, r n tti e other hand, th precencc of inertia i n ohm:i.c c:or1du ct ton 

is equlvalent to a ce rtain rco.l dicl ctric con :-.; tllnt: 

411... ... • '" • 
--u --• .... .... ---o. . ~ - ( 1. 4 ) 

This is why only t he total current jp = j - ( 1w )/ ( 4n )D = ( G - ims/ •TI )E 
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ha ~ a~y physical physical sense , and not eithe r of the displace~ent or conduction currents taken alone. It may be des cribed by either intro­
duction in the form jp = dl, the total complex conductance O 1n place 
of the s umo - 1mg/4n, or, which is customary, by introducing t t e tota: complex pe r meability 

in the form 

, 4111 
•+-o-+a • 

,. J. --..-•£. ( l. 6 ) 
One mieh t th 1nk that the equivalence of the imaginary part E and the real part 6 i s di s rupt ed by Eq. (1.1) clearly including precisely 

E and not 6. However, in reality this is not so. Whenever desired, we may relat e to t he number of basic equations either of the two Eqs. 
(1.lc) or (l.le ). If, for example, ir.stead of E and owe s ubstitute certa i n E and o, postulating at the same time 6 = O, whereas E differs from E, E = E + 6E, where ~E = (4ni)/(w)o, we shall respectively obtain from Eq s . (l.lc) and (1.le) 

( 1. 7) 
that i !"; , . ,-o. 

div(aE) - 4npC"f-div(4:~ iE) . . 
Ther f orr:: , th re will be no "real current," wh~ r ea ::. there will &.p-pea r a complementary polar ization 

1,
1 
i ti t ile • <·orr P~ponuinp; polarization c urrent 

J--.. ... - IP~--iwP ... -0£, 
in ,· 

1 

,d ·j n fi: ti 1<• ~i am ma~net le effects as the conduct ion current does. J>l ,t, ·r , to thP c- ontrary, we po tulated E -.: l , 
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,. 

/ 71' ( E - l ) , it w o u 1 d f o 11 w f r om t h c 01 t in i t y 

es by a certain quantity 6p, 

uatlo t nat f i ncreas-

(1. 8) 

-so that tor £ ~ E • 1 and p ~ p + 6p, we would obtain 

(1.7a) 

wh1ch, as is easy to be convinced, will again be equivalent to the 

initial Eq. (l.lc) at£# 1. Appearing here instead of the polarization 

t - l/4ff -r is the "real" charge Ap. 

As ls well known, according to field equations , the real conduc­

tion ot the medium and the currents (term (4, )/(c)j = (4n)/(c)oE link­

ed with it in (1.1), lead to the fact that, as an average, the work 

ell/at• 1/2 (Jr•) 2 (l)/{2)a&* is performed per unit of volume in the 

unit or time. The Joule-Lenz law indicates that this work is liberated 

1n the form ot heat: 

(1. 9) 

The presence of the inertial part iE" in the polar i zation natural­

ly leads also to the fact that the field in the dielectric performs 

the work 

(1. 10) 

Introducing the notation 

JP • •• : .... t -..a. 7- 4a .... •y&.&.,-. 
( 1. lOa) 

-where 6 ls the angle on the phase diagram showing the lag of vector D 

with respect to vector E, is written sometimes alzo as follows: 

( 1. 10b) 

For small 6, we have E' = IEI• Hence it may be s een why 6 is des ­

i ~natr d a s the los s angle. Morever, except for the rare cas e taking 
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place only in quite rarefied gases, where the polarization inertia 1s 
conditioned only by the so-called radiation reaction (radial tr1ct1on), 
this is also converted to heat and leads to heating of the dielectric. 
In case of action by only radial friction, this energy is again radia­
ted and leads to the scattering of the incident wave. Thus, tor exam­
ple, in real gases the energy transferred to atoms from the electromag­
netic wave trans forms to heat as a result of excited at<as' collisions. 
In case of oriented polarization, the transfer to heat is conditioned 
by the friction of oscillating dipoles, etc. 

Thus , if we admit the possibility of disQersion events, that is, 
if we admit the complexity of conductim and of the dielectric con­
s tant, the dintinction between these two physical q~antities becomes 
s trictly conventional: the imaginary component£ does not physically 
differ in any way from the real component 6, and vice-versa. Thus, for 
example, (see §15), it has been experimentally revealed that for quite 
high frequencies (f ~ 109-1010 Hz ) the dry faand behaves as if its 
conduct ion exceeded sharply that found during measurements 1n a perman­
ent fi eld, and attains 101° COSE. Obviously, this simply means that at 
such frequenc1e n t ,e polarization inertia is manifest substantially 
and t hat, according to ( L 3), it becomes E" >> 4·rre5/w. How0.ver, this 
event i s not distinguishable from the variation of conduction and is 
de3cr ibed an the increase of o. It is obvious that the subdivision of 
the total current into the displacement and conduction current, admit­
ted in the theory of radi.owave propagation, would be appropriately un­
derstood only as the subdivision of the total (complex) dielectric con­
s tant tnto the real (E') and imaginary (E" = 4no/w) parts in which 
6 1~ t h real parameter. It makes sense to introduce ~eparately f.' and 
o = (m )/( Ji.n) r:. " only becau3e the dependenc e of these quant i t 1cir_; on tr e 
• 'rcq , ·n • .Y in t h<. rad i obancl appear~ only ut t •• .r~t , freq 1,enc :i o:; , v tll•n the 
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wavelength in the air becom s bs tant·a11 

certain •d1a (see Table l in §1? ). l-l owev 'l', 1 na ::mlll'I :1: : :·.u • 11 :1 ,k­

pendence atlll exists and the superh 18h frequuwy banu p I :i,v:: a ::ti .I .I 

incre•alng role, we shall us e everywhere the notion of total complex 

dieleetr1c constant£, understanding by E' its real part, and by 4no/ 

/w • a" its imaginary part.* 

Therefore, Eqs. (l.la)-(1.ld) will be written in the following 

fol'II: _,, ___ !!.•(•)£+ u J-", 
. ' . . 

. ,. 
rot£- -;-H, 

. dlv(•'E>-•<P+..-.>. 
diYB--0. . 

• - •' + 4al ..!. ~ •' - Re•· . . . 

Let us take into account the continuity equation 

dlv J .- '1~ (0£) -1-,_ .. 

Then, Eq. (l.llc) will be transformed into the equation 

c1avcc£) ·-~. 

(1. 12) 

( 1.12a) 

and will be• corollary of Eq. (l.lla) (it could be obtained from it by 

applying the operator .rot, provided it is taken into account that for 

j st0rand pst0r the continuity equation 1s evidently valid also).** 

This is why Eqs. (l.llc) and (l.lld) may already no lon~er be consider­

ed among the basic ones and, denoting 
.. . 
• •--·· C 

we shall obtain the sy3tem of field equations 

rotH--ikaE+ ': ,-,, · 

rotE-llcH. 

1n the form 

( 1. 12b) 

(1. lja) 

( LJ -~b) 

) 

The continuity equation (1.12 ), by which th<'Y :; houlrJ be complcml'n- ( 
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ted so as to obtain Eq. (l.llc), may be simply considered as the de­te r mination of the quantity p which no longer appears anyvhere. The solution of these equations depends uron the material charac­teristics of the medium only through a unique parameter E· Even with 0 and E' being independent from frequency, E clearly depends en w. This 1s why we might have expected that for an ideal radiotransm1ss1on, when the field constitutes a superimposition of fields of various fre­quencies (for example, during artistic radiohroadcast &.l - 2Tr•l04), a difference in the conditions of propagation for various frequencies will lead to the distortion of radiotransmission. In principle, this i n obv i ously what actually takes place. However, usually the quantita­tive corre lations are such that, as we shall see in §27, the distor-t on remains entirely immaterial, and only in npecial cases (propaga­t ion of pulses and so forth), the dispersion affects the s hape of the wave. 

In the absence of alien forces the volume charges cannot be pre­sent inc. medium with conduction. Even if they were introduced at a certain moment of time with the density p0 (x, y, z), then, as follows from ttie equations 

(1. 14) t h~i r dens ity would decrease exponentially with time at every point 

(1. 15) 
i ndependently from how the part of the fi eld E, devoid of s ourcec , woul d vary a t eve ry point. 

IIowever, this cone lus ion i s in val id for a nonun i t'o r m med 1. um 1.f c ' and ti become functionw of t he point. 
In t h is case t he volume charges are a lso sub jec t t o t he continuity 
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\ equation 

¾•-d1vJ---4iv(•£)--div(7 D)- -7divD-(D, arad-;,) .. • 

and. according to (l.III), 

(1. 14a) 
•roa the solution ot this equation we may separate the part decreasing 
with time 

.... , --.,-, __ ,.. '· +,,. 
at the same time, p1 itself satisfies Eq. (1.14a). 

(1. 15a) 

Inasmuch as we consider fields harmonically dependent on time, w~ 
may postulate 3p1~t • -1mp1, so that Eq. (1.14a) takes the form 

,a-,!;-(o. pc17)~-~¼(D, aradln (7)). (L 15b) 
Consequently, the volume density contains a fluctuating part 

1
, disap­

pearing only in a medium 1n which the~ toe' ratio i s cons tant (or -varies only in a direction perpendicular to D). Thus , for example, nt 
the boundary between a conducting body and a die lectric 6/ e • t ~e :ratio var ­
ies trom a finite value to zero in a jump-like fashion. This is why 
there must arise at the jump point (that is, on the surface) an inf in­
itely great volume density. The integral from it over the normal i s 
finite and provides the s uperf i cial density of t he char~e varying wi t r 
t i me. Therefore, at boundaries of the divide between un iform media, t he 
charrres may exist in their superficial form. As to the charges in uni­
form media, they may exist only in places wher e thy are nu::; ta i ned by 
all en forces. 

§2. Sy" t ~m of Di f f e rential Equat i ons 

We shall consider an antenna in a medium whic h may be cons ider ed 
as uniform at points closely adjacent to it. 

Assume that the antenna, being a reg i on of act ion by a l1 e n r· e1as , 
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has a conduction o1 and a real dielectric constant E~ whereas the alien fields are absent 1n the surrounding medium a~d the characteristics of the medium are 6 and£', 

The field equations (1.13a), (1.13b) 1n the region occupied by the antenna, differ from the equations 1n the surrounding medium by the pr esence of the t erm j st O r and by the subs ti tut ion of E by 

•• , - -~ + .,.. . .. . 
For the antenna we ~hal~ represent the right-hand part of Eq. (1.13a) in the form 

u 4ft -''-"+-.,..--laE+-J .. -... . , (2.1) where 

(2.2) 
The antenna setup is always such that the currents 1n the anten­na are significantly greater than in the regions directly adjacent to it. Thus, for example, in the case of a conducting antenna, its con­

duction ls knowingly great by comparison with the conduction of the 
s urrounding medium. Even for a copper anteMa immersed in sea water, o1 ~ 10

17
, 6 - 10

11 
COSE, the o1 to 6 ratio has the order of 106. This cond i tion mus t be always observed, for in the opposite case, alien 

forces would not be excit i ng currents as much in the antenna as in the surrounding med i um (the same i obviously valid for die lectric anten­nas ). This lo why we have approximately 

In the region occupied by the antenna the sys tem of equations 

(2.3) 

ta; es the form 

. 
' u ~H--A&E+--;-J., 

rot E - llcH. 
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In this way we separated the main part of t he cu r r ent 10 in the 

antenna into a separate term, which evidently is much greater than the 

es,reaa1on-ike"! (which by o~der ot magnitude is equal to the total cur-

~ density 1n the surrounding medium). 

Sow it is obvious that the system of equations for the field in­

aide the antenna (2.4) ditters from the system of equations for the 
t1el4 1n the surrounding medium only by the presence in the right-hand 
part ot Bq. (2.4a) of the term 4ff/cj0. Conseq~ently, we may consider 

the entire apace, including the volume of the antenna, as a uniform 

apace, characterized by the electric constants 6 and E' of the surround­

ing aitdlwa; at the same time we must take into account the presence in 
the region occupied by the antenna ot the current Jo partially sustain­
ed by the t1eld, partially by alien forces (and also the presence of 
dena1t1es ot both, the volume Po and the surface 60 charges, unilater­
ally determined by it (see below (4.3a)). 

The determination ot the current, flowing in the antenna at given 
lateral forces, ot the date on geometry and properties of the media, 
constitutes 1n itself a subject of antenna theory, and we shall esti-• 
mate this part of the problem as resolved, that is, we shall consider 

the distribution of currents Jo (2. 2) in the antenna as known. 

The object of the theory of radiowave propagation is the determin­
ation of the fields on the condition that the current, flowing in the 
antenna, is given. This ls why the problem ts reduced to the solution 
of the system of Maxwellian equations (2.4) in a unifor~ medium with 
properties of the surrounding medium and sources g1.ven in the form of' 

a known function j 0 . 

Let us note that it 1s sufficient to find only one of the two 

ficld G, for example, E. The ot her 1s then obta ·inf•d hy ':irnple diffE: r cn-
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t1ation (from (2.4b)). 
9 §3. Potentials 

1. As 1s always the case 1·n electrodynamics, the search for the 
solution of Maxwellian equations tor a problem formulated in the case 
of a uniform medium may be substantially alleviated if we pass from 
these equations to certain potentials. They may be introduced by a 
method, which 1s s tandard for the theory of the electromagnetic field, 
and namely, by postulating, for example, 

H-rotA, 
t clA II. ... £- -1rad cp --- - - erad cp + ..,.. C fll . 

(3.1) 

(3.2) 
Equat i ons (2.4) will be sati s fied if the vector potential T and the 
scal0r potential~ satisfy the equations: 

(3-3) 

(3.4) 
(If here and in the following the expressions of the type v2r are re-

2 • cogn1zed as the result of action of the operator V on every component 
-+ 

... -
A, and not as the abbreviated denotation for grad div A - rot rot A, 
t he expres s i on (3.3) will be valid only in Descartes coordinates). 

Henc i t i s easy to obtain for~ the equation 

Wi lt . } ' • 

Inasmuch as according to ·Eq. (3.4), ts, however, unambiguously deter­
mi ned t hrough A, so that 

E- _ : .. 1raddiv A+ lU, ( 3- 5 ) 
trwr c• L .J no ncccr;:--, i ty of introducine a cpr~c1 a l 0.rp..int ·ion for q,. 

/\ t tr •<· :: am<' t j mc :1 f'urt h ·r r;1 mp lif"eat :ion i:; po :::: Gil, 1 ,_. l r, tr1 free 
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apace, inasmuch as, taking advantage of the certain rema ining liberty 

1n the choice of potentials ([16], §1.9} ("gauge invariance" of field ') 

equatlona), they may be so chosen that 
' 

div A - 9 - O. ( 3. 6) 

However, the tradition has been established in the theory of radic­

wave propagatlon to introduce somewhat different potentials. In essen­

ce, there is question only of different · te1111inology, as we now shall 

be convinced. It is linked with the fact that formerly we had to be 

concemed in most of the problems with a special form of currents• 10 
distribution, either in the form of a short, by comparison with the 

' 

wavelength, rectilinear antenna, equivalent to an oscillating dipole, 

or ln the form of a small frame (equivalent to a magnetic dipole). At 

the present time, with the passage to shorter waves and to emitters of 

complex configurations, even that justification stands no longer. Nev­

ertheless, potentials slightly different from A and~ are broadly ac­

cepted as formerly. Inasmuch as the d1st1nct1on amounts, in essence, 

to change ot denotations, this does not bring about addit ional compli­

cations. 

Depending upon the antenna configuration these potentials are in­

troduced by one of the following two methods. 

It the emitter is rectilinear, it is appropriate to consider the 

current j 0 as a current of certain polarization 10 , dis triuuted about 

the emitter's volume. Formally this means that we introduce an auxil­

iary vector -,0, linked with the current j 0 by a formula usually det~r­

mining the polarizat on current: 

(3-7) 

Then, it follows from the continuity equation (3.4b} that 

Pe- -divP .. ( 3, 8) 
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-This polarization P0 generates an identical electromagnetic field to 
the one that would be generated by the true charge Po and current j

0
. 

Let us now introduce the awciliary vectorlt, the so-called elec­tric Herz vector, according to formulas 

. H - - ii• rot n, 
£-1r&ddivD+_1 .. n- rotrotn+ VID + .. 'fl. 

' Compari son of (3.1) and (3.2) shows that we simply have 

(3-9) 

(3.10) 

.A -·_;·ii~ 'I> - -divD. (3. 11) 
It is therefore natural that at substitution of (3.9), (3. _10) in-to the field equations, they are satisfied, provided 

(3.12) (cf. (3-3)). 

Therefore, the utilization of the Hertz vector instead of the vec­
tor potential -is in essence a terminological factor indeed (the con­
stant factor -ikE 1n (3.11), is obviously immaterial). 

Thus, considering the current in the antenna as given, we must re­
solve three differential equations for three components or'lr (at bound­
ary conditions with which we shall be confronted subsequently), and 
then de t erm i~ wi th their aidE and H according to Formulas (3- 9) and (3,10). 

The convenience of the conducted transformation is manifest 1n 
t h ca3e of r ectilinear antenna, when 10 contains only one component, 
and this is why for infinitely ~xtended media, and also in numerous 
cases not disrupting the symmetry, in a nonuniform medium (vertical 
antenna on a plane or s pherical ground) if is also reduced to a single component. 

Before pa~sing to other cases, let us note that, acting upon Eq. 
( 1 • 1:

1

) 1y trj or era tor iki;: rot, we shall obtain y t ,-. s t r cnr~ t ~ o_ 
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Eq. (3. 9) 

• 4n (v'+.-a)H.•4aiirotP,---;-rotJ,. (3.9a) 

2 
But acting upon Eq. (3.12) by the operator grad div+ Ek, we 

shall have according to Eq. (3.10) 

(v'+A'a)B•-...!!..(eraddivP.+ u'PJ-• • ' 

~ '-' 
' 

(3.9b) . •:--;.(craddiv/e+ u'/1). 

Thia gives us two separate differential equations for t he fields E and 
'I. Having resolved one of them., the second field vector may b P foun d 
by either (2.4a) or (2.db). 

2. In case of anteMas of more complex configuration Eq. (3.12) 
will obviously be also valid; however., the correlations of the com­
ponents may become more complex. This is why it is appropriate to pro­
vide. at least for a form of anteMas often ncountered in practice, a 
more convenient transformation. We have in mind loop antennas (or 
which the dimensions are small by comparison with t he wavelength) . 

Here it is appropriate to substitute each current contour by a 
magnetic shell., that is., to estimate that it is tightened by a t hin 
layer., within thP. bounds of which there exists a certain magnetizati m '10 (varying with the same frequency w). 

Inasmuch as the total current I is constant along the contour' s 
length., the integral fromM0 over the volume of the shell., giving the 
total magnetic moment of the contour., will be simply equal to (1)/ 
/(c)is where Sis the surface of the contour . 

This "magnetization" is estimated to be given; at the given po int 
1 t is not proportional to H. -This is why one s hould write 

B-H +4df,. (3.1~) 
Therefore ., we s hall be compe l l ed to retu r n to Eq s . (l.I)-( 1.IV), con-
taining B. Out ~idc the loop we shall have, as previou~ly ., £1 0 . (2. l, ) 
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with 10 = O; but within the bounds of the imaginary ma(7let1zation lay­er, instead of (2.4) the field equations will give 

rot H - - Illa£, 

rot£ -1• (H + 4ffM1), 

div£-O. 
. . 

• d_iv H ~ - 4ncliv M., 
where evidently, the last two equations will be corollaries of the first ones . 

Inasmuch as now Eis oolenoidal, and not H (as in the case of rec­
tilinear ant enna), we shall int• ·oduce the Hertz magnetic vector Ilm by the formulas 

£-~rotn., (3.15) 
H -1nddivn_ + lk'O..-.rot rotn_ + V10.. + akin.~ (3.16) 

(the lat ~quality assuming again the decomposition of Ilm into rectan­gular c or!'lponents ). 

At su b tit ution of these expressions Eq. (3.14a) is fulfilled 
id nt ical : ; , whereas (3.14b) is satisfied, if rr:rn i s s 1Jb.:i":'ct to the qua tion 

(.3 .17) It i bvlous that this equatim is well adpated to the case of 
small flat loop, \>Jhen Mo is reduced to a s ingle component; rrm will al­s o e reduced to a single component. 

Analogously to that we could also introduce the magnetic, vector!--. al and scalar potentials Am and ~m' that are well adapted to the case. I t t:: • necct ,,a~ y to b0 convinced that by pos tu lat i nr: 

£-rot A., 

H - •1rad •• - lkaA., 
( 3,1 -:1 ) 

( -1,lJ ) w, • .. n. .11 ::QU.:: f'y ET'' · ( ] . 14) if we :-; b,j _ct 'i\'Tl and rpm t0 c·quat j_on8 
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t 
. ... ~.-clivA .. 

(3.20) 

(3-21) 

Hence tallows tor •m the equation, equivalent to Eq. (3.14d): 

(3.22) 

where the fictitious magnetic current j 0m and charge Pom are introduc­

ed: 

(3.22a) 

However, Eq. (3.22) is superfluous, inasmuch as there exists a si~ple 

relation (3.21). The correspondence between the correlations (3.l)­

(3.4a), on the one hand, and between (3.18)-(3.22) on the other, is 

obvious. The equations tor A and• formally coincide with equations 

tor Tm and •m. -This correspondly establishes the relation of Am and ~m with the 

Hertz magnetic vector lf'm: 

A.-IMI.. 
. t 
•• . - .• clivn •• . . 

which out to be compared with Formulas (3.11). 

(3.23) 

(3.24) 

The explicit expressions for the fields through the derivatives of 

the Hertz vector are as follows: 

for the electric Hertz vector: 
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f or t r.e magnetic Hertz vector: 

' ; ('"- ,11 ) 11n.. , ('11 I 111..,)· s.-a --::.::!!!. • H.--vau .. 1 +- ~r+,. . 
. ! "' . - • . . ... - ., . , 

r , .. ('"- ,11..,) 11 ,-n., 1 ('n .. : "'•) ~•- .. ..---i;- •• --van..+••• +-,, _-+.- . 
r • u, (~ ,n .. ) • ,-a.., , ('n,... 111_,) ... - • ._,, , H.--V'D..,+_..+1, .-+· . (3.25a) . I ., 

3, In case of spherical system of coordinates, which must be cho­
sen if we consider, for example, the emission of a vertical dipole 
(either electric or magnetic), placed above a spherical gro~d, v2fr 
in Eq. (3.10) and in other analogous formulas must be recognized as an 
abbreviated denotation for grad div n - rot rot 1t and so forth. The 
equations foril become considerably complicated, and it is convenient 
to choose for the potentials special Hertz vectors, the so-called Debye 
potentials. 

Let us consider, for example, Eq. (3.12). For a source, having 
t t e form of a vertical electric current, we have in the spherical sys­
tem of coordinates r, ~, ~, P = Pr, and introducing new scalar func­
tions~ and t, we may assume 

(3.26) 
Ho rot grad y = o. Consequently, the last addend has no effect on 

the values of the field it• -1kt rot it and E = rot rot 1t - (41r)/(E)P0 
(see (3-9) and (3.10), taking into account (3.12)). If we substitute 
(3.26) into (3.12), we may, utilizing the formulas of vectorial analy-... sis {in particular, formulas rot [grad u, r] = (rv) grad u - (grad uv) .. ... ... r + grad u•dtv r - r div grad u,and so forth), arrive in the last re-
Gort at the f ollowi~e result. 

If we superimpose on y the condition 

(3.27) 
also mu··t ~ntiG-<' y t d? equation 
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(3.28) 

Consequently, first of all, the substitution of (3.26) is possible only 
1n the case when Y0 ia directed along j, that is, for the vertical cur­
rent 1 0• Secondly, inasmuch as all the reasonings may be also transfer­
red to Y., a sillilar substitutiai 1n the Eq. (3.17) is possi.ble in the 
cue ot a vertical magnetic moment. For example, 1n the electric case 

(3.28a) 

Thirdly, it.!! has been found, 1 is determined from the condition 
(3.27). However, inasmuch as no matter what value is obtained for v, 
it does not affect the values of the fields and may therefore be disre­
gardttd. 

This is ·why it is possible to state that in case of vertical lin­
ear antenna we have the right to estimate simply that 

:D-ru(r). (3. 29} 
u(t} satisfying at the same time Eq. (3.28a). As to the case of hori-
zontal loop, we shall obtain analogously 

n.-.~(r). (3-30) 
v(r) satisfying at the same time the equation 

(3-31) 

The functions.!:! and :t. are designated as Debye functionn (for de­
tailo oee, for example, [4]). 

In these two cases, the fields, that is, the " electri1.:" and "mae­

netic" types, are endowed with different symmetry properties. It i~ ap­

propriate to write out their explicit expressions in free s pace (at 
points, where P0 nnd M0 are zero). From Formulas (3 . 29), (3-9) and 
(3.10) {for example, for an emitting antenna with a vertical e lectric 
current), it follows that 
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\ . • • , / "') 
• I/A • -)i"\llntr, 

Br ·".'9P' (ru) + u'ur - . ,ala• 
; 

11_ . t 1/A(ru) ... ---, , , .,, .. 
... 

n. -!!"'.,,. (3. 32) . , , •. 
On the other hand, from Formulas (3. 30), (3.15) and (3.16) (for 
ple, f or the horizontal loop) it follows that 

e,-o. 
, f '°). 

1/ACru\ • • ff\1lnt7 
H, -~ + lll'vr ~ - ,a.ai • 

. . 
'" •;> ·n 1 "Z> £·•·-- • .-~~ • . . " , . , ......... _(3. 33) 

exam-

4 . Up until now we considered the potentials for a field in wii-
form s pace. However, as will be seen in the following, the inhomogen­
eity of the electric properties of the terrestrial atmosphere (and 
also of the soil) must be taken into account 1n numerous cases. Gener­
ally s peaking , the transition from Ma~wellian to wave equations becomes 
here imposs ible. There exists, nonetheles s , an important particular 
case of tnhomo~ene ity wh~ch admits such a trans ition. It takes place 
when t he i nhomogeneities are characterized by a laminar structure, that 
is , when t he parameter£, characterizing the electrical properties of 
t he medi um, depend s only on a single coord t nat, th0 altitude above 
t he t e r restrial surfac e or t he depth under that :_; urface . If 1t5 is .1uf­
f ic ient to cons ider tre ground as plane, t his mplic~ that E dependn 
onl y cm a s ingle Descartes coordinate, say 

(3.34) 
wher ea.E when the ground's sphericity is significant, it depends on the 
r adial coordinate 



f 

Let us consider the Maxwell i an equat i ons i n f ree space (J
0 

-= O), 

using at the outset the Descartes coordinates. The field, having the D 
Chal"&Cter of the "electric" field, that is, induced, for example, by 

a current 1n a vertical antenna, may again be described by the Hertz 

vector lr, aa •aa done tor a uniform medium, with a single Cvdlponent 

n = D, d1tterent trom zero. To that errect it is sufficient to postu­
·• 

late 

'i-~¼•rot<~J • t<iraddi\:(•,n> ~,v•c•.n». 

N-lsat(iall) 

~~ .... 

(3. 36a) 

( -:: -=-6b) .., . -
(3.36c) 

and to substitute these expressions into Eq. (1.13b) (Eq. (1.13a) being 

identically satisfied under such a substitution). One can easily be 

persuaded that by substitutim of (3.36) the problem is resolved if TI 
ia the solution of the wave number~ depending on z: 

. V'll+i;'(z)n-o. _ (3-37a) 

I f ~)' t "••· a.. I, tJ1 t • - a., a.t ( ) N:-~--~,-•- +,-.;.- -•i- J.ua-.:• .", - ~ ' / z. (3. 37b) 

If, however, the field is generated by a hor i zontal loop (vert i cal 

magnetic dipole), the position is found to be still simpler. As i s easy 

to be persuaded, formulas (3.15), (3.16) and (3.17) preserve their 

strength; at the same time, in Eq. (3.17) one must simply take into 

account the de pendence of Eon z: 

(3.37c) 

Let us now pass to the case of spherical symmetry, when k~(r) = 
2 = k E(r). 

For the electric vertical current we may postulate 

E - .!- rot rot (kru). 
< 

H - Ur, rot (ru), 
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with u being., at these.me time., subject to equation 

vtM+t-:(r)u-0, 

"' t t-:(,)-t:-i, .. • , • 

(3-39a) 

(3.39b) 

which suggestc in an obvious fashion the case of plane lamination 

( 3 . 36 ) ., ( 3. 3 7) . 

For a vertical magnetic dipole the situat i on is again simplif"ied. 

As ic ea3y to be pe r suaded., at spherical laminat i on Formulas (3.29), 

(3. 30 ), (3. 31) conserve their strength., and one mus t s imply estimate 

ther E = c ( r )., t hat i s ., 

(3.39c) 

Therefore., at laminar inhomogene•ities., the field may be found 

from the solution of wave-type equations for a plane, as well as tor 

a 3pherical s tructure, but with a wave number dependent on a single 

coordinate . For a "magnetic type" field the s quare of the wave number 

is simply k2e:, a::; to a field of "electric type.," k!2· 

§4 . Boundary Conditions 

The differential equat ions mu:: t be complemented by boundary con­

di t l ons on the sur fac e of the divide between dif f rent media, for ex­

ample ., between a i r and ground. As is well known., the following condi­

t i ons stem from t r,e field equations for the fields. 

a ) The components of electric field's strength., tangential to the 

s rface of the divide., are identical on both sides of that surface: 

(4.1) 

Inasmuch a::; in the tangential plane the f ie ld may be decomposed 

int o t wo i ndependent components ., two condi t i on::; are , in ecsence , in­

cl11 d h r . For e xa.mple .. i f the :,urfacc of t he cllv i de i::; nor mal to 

t , ax ·.s ~ , we t.:.i.v e: E1 = E2x , E]y =- E2y . 

Th i ::; cond it i on i :-; obtai ned a t the ultimat t rnn ::; i t ion i'rom equa-
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tion rot E = ik H, not containing el ectric pn.rcunc t er:::; r t med i um, 

and thus valid, for example, at as great a conduction o ' one of the 

Mella aa desired. 

b) 'l'he norll&l vector lr component satisfies the condition for a 

"aupert1c1&1 divergence" of the shift: 

DiY D·• D-. + D.,.1 - 4ff6, (4.2) 

where tbe indices n1 and n2 indicate that the projection of the vector 
an the normal to the surface of the divide i s taken., respect ively di ­
rected either into the first medium (n1), or i nto the second one (n2) 

{Pig. 4.1); 6 is the density of the surface charge. 

c) The surface charge 6 may, generally speaking, be present inde­
pendently from that of the current in either mediu.'11. However., we shall 
aaaWDe everywhere that such a statistical charge is absent simply be­
cause the statistical field, induced by it {for example, the always ex­
isting statistical field of the ground) alongs i de with the f i elds in­
duced by it on various objects of statistical charge3, 1: ~~per i mpo3ed 
on the high-frequency radiowave field, but is not sensed by radiore-

0 

Fie;. J1. 1. Boundary conditions 
for the electric induction. 

cciver::; . That ir; why thf' :.; urfac e den.; ity of t he c· h .... r cc 6 mn.y be dc• t c·r­

mined f' rom the cont inu i ty equation., which fo r t he :~ uri'ttcc• Llcn~it y ha ~j 
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'6 
Ji ~-DiYJ, that is, 

Here again jln and J2n are the current projections 1n the first and 
1 1 

second media on the normals to the surface, respectively directed to the first and second medium. If only one of these media has a notice-able conduction, for example (Sl = O, the surface charge 

i s determined by thP field in the conducting medium. 
The conditions (4.2) and (4.3a) may appropriately be united, ex­cluding from them 6. We shall then obtain an important correlation, which, on the other hand, stems directly from Eq. (1.12a) tor the case pz

t
or = o after the usual Ultimate transition from the volume to the surface divergence: 

a,EMa + a.£... - O. ( 4. 4) d) In correspondence wit~ Eq. (l.ld) forB = it', the surface diver­gence of the magnetic field intensity vanishes: 

When projecting on one and the same normal, for example, the first 

H.._ +H-. ~o. (4.5) 
one, we hnve 

that i:; , thl• normal c:omponcnt of tt e mac;nct l e fj_c-l cl 1:.; c0nt lnuoui,. 
c) In c:a~e of finite conduction of the media, and, consequently, or fj n•tc volume density of the current, from Eq. (2.4a) follows the cor t i n , i.ty of any of the tangential components of the magnetic field: 

H H 
( l~.6) al - ti• 

Thi: ond .i. t ion 1.. .. di~ruptcd for an infin ··tr•ly erc ut ·oncluct:lon of 
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any o!' the media (1, 2) or, to be mor e prec L.,e , for ~:uch ereat a con­
ducttcn, that the sk1n-1&¥er becomes extremely thin and any measure- 0 
•nt near the aurtace 1s knowingly still conducted beyond the limits of 
this akin-layer (Pig. 4.2). It is natural that in such a case a j ump of 
the tangential campcnent ot the magnetic tield is possible. As is well 

I 

} ,,,,,,,. z ..,. ___ /_....,_ -.--.-----
. ,., . ,.. 

(I . 

Fig. 4.2. Boundary conditions for the magnetic field. A) Skin­layer. 

known. according to (2.4a), it is equal to (the denotatiais being those ot Pig. 4.2): 

(4.6a) 
where iN is the total current flowing in the direction perpendicular to 
the direction~ (which 1n the drawing is directed at the reader), com­
puted tor a unit of length laid in the direction~- However, the repre­
sentatim on the surface surrent at medium's boundary with infintely 
great conduction is practical only under ideal conditions used in cer­
tain npecial cases. But in the case of radiowave propagation alaig the 
ground the skin-layer is usually great, and the variations of the 
fleld within tts bounds offer an independent interest. This i s why it 
is _preferable to account everywhere for the continuous va.r i a.t :.on of' 
tangential components ofH, considering the current as distributed 
about a skin-layer of f inite t hickness and t hu,, a l way::: hav ing a finite 
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volume density. 

It would be natural to transfer the formulated boundary conditions 
for the fields E and it on the Hertz vectors IT and rrm. However, in the 
genera: case these conditions are obtained o\·c1·ly comph•x. 'l'lil'Y m •p 

simplified only in special cases owing to problem' s symmetry. Thus, for 
example, if the vector IT has only one component, n = nz•, which takes 
place for a vertical antenna and a plane boundary of the divide, z = o, 
of a uniform ground and atmosphere (e1 = const, e

2 
= co~st). Then it 

follows from Formula (3.25) 

•n. H.,- -Ula,,. 
Hence, as a cons equence of continuity of the tangential components of 
"it ( L~. 6) , we obtain 

• ..ancl) •n<•> " . . 1,7,- .. .,. 
Integrating this correlation over~ to ±m and taking into account that 
far off the source n(l) = nC 2 ) = o we obtain z z , 

(4.7) 
On the other hand, the continuity of the tangential components otE, 
means in particular, according to (3.25) 

i'nCa) fJIR'" 
_....!.._--!. at z = o. -- --Inteerating over~, we obtain the continuity condition for the normal 

ct •rivntivea of nz 

(4.8) 
(the utilization of the equality of EY component,. contributes nothing 

r1ew). The conditions (1,. 7) and (4.8) ar,~ used e::;::;entially in the fol-

l• ':i na .l .1 , Lc•t u:: L11·.i n [~ f'o :rth .... t i ll n.n t ilt •,· ·o ·m 0 1· 1Juundll. '(':J condi-
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tions, which we s nall ut i l ize i n t he fu rthes t. 

Prom the continuity or t1eld's tangential components, f or example, LJ 
or"I, it follows, that their derivatives in the tangential direction 
are continuous too, and this is why 

. 
...,_, W.I) ·• ,e.a> ·+· •71) at o .. . +., · 9¥ . ' Z= • 

At t~e same time, ~qs·. div E(l)° = .-~, div E( 2 ) = o take place. Sub-

tracting thea trom one another, we obtain 
.,.., ,e.ta 
-!..--.!.. for z = o. . -.. 

On the other hand, from the continuity of the tangential compon-
ents otif, and, consequently, of their derivatives in the tangential 
d1.rect1on, stems 

. rot.H(l)-rot.JP> at z = o, 
inasmuch as here enter only these derivatives. But then the Maxwellian 
equations (l.I), taken for each of the media, give 

e(I) 1 dt) ( 4. 10) •I'-• ....... 
I 

For a vertical magnetic dipole above flat ground, vector Tim i s re -
duced to a single vertical component. Requiring the continuity of tan­
gential components of E and H at z = O, we obtain exactly in the same 
way 

D~-D~, at z = O; 

111~ _•0 ~ at z ::: o. ,. ,.. 
(4.11) 

(4.12) 

For a dipole above a spherical surfacer= a = const, requiring 
the continuity of E", Ecp, H" and Hep, from FormuJ.as (3-32) and (3. 33) 
we obtain by the same method (here the integrat i on 1s effected over 
") for the vertical electric dipole 

at r . n; 
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for the vertical magnetic dipole 

.,ta> - .. ,. at r = a; 

f -'":'~ - ! ~~~ ,1 at r ~ a. 

(4.14) 

(4.15) 

(4.16) 
The boundary conditions for the Hertz vertical magnetic vector do not therefore contain medium's constants. 
The important correlation (4.10) shows that the electric field component, no rmal to the surface of the divide, drops sharply at tran­sition to the medium with great 1£1• This is why, for example, the re­ception over a vertical antenna wtll sharply deteriorate during the im­mersion of a submarine carrying such an antenna (£1 = O), air; le2 1 >> >> 1, sea water; see Table l in §15). However, the sinking of a verti­cal antenna into an extremely dry soil may not induce such bad conse­quences. 

On trie other hand, the horizontal components E are uninterrupted at transition through the boundary of the divide. This is why during reception on a horizontal loop, we shall not feel the transition through the plane z = 0. Hence, it is understood that it does not fol­low at ~11 a s yet (though in reality it is correct, see §30) that the recept i on under water on a horizontal loop will give a better result than the reception on a vertical antenna. The choice depends also on t he l(ind of correlation Et and En are subject to above the surface of the divide; this is a question requiring special consideration (with which we shall deal below in §21). 
B. INTEGRAL CORRELATIONS 
§? , Integral Form of the Wave Equation 

The r efo re , in case of uniform space our problem ic r educed to the olution of t hree independent equations (for exampl , ( 3, 3) or ( 3. ~2), 
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etc.) of the form 

(5.1) 
where.!!• tor example. is one ot the components of the Hertz vector; 
t

2 

• c(m
2

)/(c
2

); U 1s the given function. describing the sources (1n 
this ~ect1an .!! and~ are not necessarily denoting the Debye functions 
at all). 

Aaaume that we are required to find .!:! at the point it., u = u(R). 
Let us call attention to the fact that the function of the coordin­

ates ot two points is 

(5.2) 

1t U • 0 1at1st1es the equation (5.1) for all Rand R' (in relation to 
the d1tterent1at1on with respect to the components ofR., as well as 
tbat with respect to the components of 1f,)., aside from the case R ~if,., 
r ~ o. when the differentiation is impossible. 

Understanding by ~
1
the Laplace operator containing the differen 

t1at1on with respect to the components of vector it•., we may write 

(V2r +ii)" (R') - U (R1, (5-3) 
(V~+i')u(r) -o, aside from the point R = R'. (5. 4 ) 

According to the Green theorem., any two functions (and this means 
also_!:! and~)., that are continuous alongside with their first de r iva­
tives in a certain volume. V, satisfy the correlation 

~ (r,~r) V}r,,(R') V~•u(r))dV-j {u_(r)• ~R1 -u (R') '::',}dS', (5-5) 
where the integration from the right is spread over the :: urface cncom-
passin~ the volume V., and o/dn denotes the d1.fferentiat 1on with respect 
to the external normal. · We nhall choose th is volume in such a way that 
the point it, at which we search for.!:!, lay ins ide it. We ~hall furt her 
requi r e that t his vol ume be entirely situated i a uniform region of 
space, in whic h Eqs. (5-3) and (5.4) would be valid for a const ant k. 
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Then it will b~ possible to substitute v2 u and~! v by their expres-
R' H 1 

sions from {5,3) and (5.4). However_, the point R', coinciding with the 

obsE:rvation point it, at wh1.ch we wish to determine u(it), must be e1tcl\l­

ded from the integration region beforehand, tor here~ is not continu- . 

ous and Eq. (5.4) is not valid. To that effect we shall surround . the 

Fig. 5. L Integration volume. 

point R' = R by a small sphere of radius a and surface s0, so that we 

may recognize a uniform {by electrical properties) part of space, in­

cluded bet~een the surfaces Sand S', where S' is the external surtacr . 

Now the integral over Sis decomposed into two parts, respectively re­

lated to s0 and S', with the normal n being each time directed outward 

toward the cent e r of the sphere. Evidently, the surface S' may also 

cons ist in its turn of separate parts. If, for example, we wish to take 

into account that certain parts of space have differa,,t electric pro­

perties, so that Eqs. {5,3) and (5.4) are invalid 1n them, we may sur­

round these parts by new surfaces S", S"', .... Then, the volume V 

will be included between the surfaces s 0 , S', S", ... , as in Fig. 5. 1. 

Let us consider first of all the integral over s0 and, at the same 

time , ~i th i n limits wh n the radius of the sphere approaches zero. Here 

t he diffe rent i ation ove r ~ is reduced to -o/oa, that 1~, to -o/or (in­

~.:; much a c• a coinc i deo with r = fR - R' I). The funct i ons u(R• ) and 
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1rag to th~ ~~~umption, Eq. (5-3) i s valid everywhere. This ffie ans that 

both th~st• functions m~y be replaced by their mean V'.ilues on the sphere 

and taken out of the inteeral. To the contrary, v(r) and 

_____ ,.,. --+-.. • ( "' t) 
.. Ir .. • - • .. 

increue unlillit@dly with the decrease of.!· However, dS0 = a2d0 (where 

dD 1a the solid angle element) decreases at the same time at least as 

rapidly, ao that there will remain, at limit, a result different from 

zero only troa the term with l/a2 • We finally find 

1 ( ,_ "') { '"') Ir ,~ Hai •--11- d.S-lim l- \l_;_a'dQ-.... ... .. ............ : 1· 

-:-· (R) ~ .... ( 7 + ¼) ..-,o }-.~..,, (R). ( 5. 7) 

This is why, by substituting (5-3), (5.4) 1n~o the correlation 

(5-5), we obtain 

a(R)--1-JU(R')o(R, R')dV' + ·us 

where by S we shall understand all the surfaces encompassing the volume 

V 1n which the point of observation R is situated ( in Fig. 5. 1 these 

th f S I "'" S" I ) are e sur aces , ~., , , • • . • 

If, in particular, the uniform medium would spread boundlessly, 

S would be reduc ed to a singJ.e external surface and it should be possi­

ble to draw 1.t apart to infinity, con:-;idr.rinr; it, f'or innto.nce, an a 

sphere, describc<l by ro.cliu::; r around the obr:crvat ion point. liowcv ·I·, i t 

is not seen outright that the influence of such a zur f'ace at t hE: 01 ::: E:-T ­

vation point would disappear as t his takes place in analogo~E ca: es of 

the theory of the potential. In reality, althougn ~ wculd then decrease 
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as 1/r, the differentiation of ::t. with respect to the normal, •Which would amount here to a/ar gives tor great_r 

,. . ""'( t) • ,.,, -- - - IA-- =-sU&--:- • Ir , , , 

On the other hand, dS rises as r 2, and this is why the requ_irement 
Jim (ur} ... O. , .... 

(5-9) should be superimposed to the rate of l! ·decrP.ase. 
For real k, that is, in a nonconducting medium, this require111ent cannot be fulfilled, because, as is well known (and will be obtained below from computations), the radiation field decreases only as 'l/r, the field has the character e-ikr/r for the outgoing wave, and e1kr/r for the incoming wave. 

The solution, found long ago 1n optics, consists in the superim­posit i on of a new requirement, designated as the principle or cond1- · tion of radiation. It is analogous to the reJection of leading poten­tials. It is precisely required that at infinity, the field~ pass to the outgoing wave, that is, it behaves as eikr/r. 
However, in r~al1ty it is entirely sufficient to limit oneself to the re1uircment (5.9), as the purely material js is an idealization. We may al,-1ays assume the existence of a certain as low a cooduction (~omplexity of E) as is desired, owing to which the condition (5-9) wil l b(• fulfilled for the outgoing wave. As to the incoming wave, the fleld at infinity will increase boundlessly, the condition (5.9) will be disrupted and it will have to be rejected. 

In the f urtr1ect we shall con.cider this condition as fulfilled v .•rywh -•r . , nnd U 1 ·refore we sha.11 r eject all the integrals over an 1n­:i n ' t c,1 y r !l'lot c :.urfnc e. In particular, for a boundless uniform medium t hcr0 rcmD inc 
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(5.10) 

In th1a way. the physical sense of the tirst addend in the correlation 
(5.8) cona1ata 1n that it expresses a tield that the given sources 
would have induced at the point lt ot interest to us, had the medium 
been wiitora and bowidless. Thus, utilizing the Hertz electric vector, 
we aball have, according to Eq. (3·. 12), for any antenna in a boundless 
mentua. the tield 

• {'.:,.11) 

Utilizing the Hertz magnetic vector, and 1h accord with Eq. (3.17), we 
have tor any combination of loop antennas, under the condition that 
each one ot them may only be described by a constant magnetization M0, 

. ..,, : • 

O.(R)- ~ --;-M,(R')dV'. (5.12) 

The application ot the very same formula (5.10) to Eq&. (3-9a) 
and (3-9b) gives (for a uniform medium) an explicit expression for the 
fields through the charge and the current in the antenna: 

(5.13) 

Thus, in case of boundlessly extending uniform medium we reached 
the complete solution of the problem stated at the end of §2: to find 
the field by preassigned sources. However, in reality this is insuffi­
cient in many cases. Expanding the boundaries of the integration region 
we inescapably come across, on the one hand, the terrestrial surface, 
and the other hand, the ionosphere. Here it is not in any way evident, 
in which cane the• integral may be neglected. For a finite medium the 
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condit i ons (5.9) cannot be superimposed, for reflected waves will know­
ingly be arriving from the boundary line of the media· to the observa­
tion point. This is why, generally speaking, it will be necessary· tor 
-- s to utilize formula (5.8) in its complete form. 

Assembl i ng in vectorial form three formulas for the components ot 
IT, we may write 

O(R)-.!.C'P(R1_,aru + ..!,_~t~lll(.t'l __ •L!-O(R')}~.:(5.14) • ~ • , . •. . ·.. 411.i , .. • .. 

In such a formula there is no laiger any solution of the problem 
s tated by us, ~ince the function Il, of interest to us, enters also 1n 
t he right-pE.rt 1mder the integral. In essence, the whole characteristic 
of eithe r con~rttc problem of radiowave propagation for the given 
sources i s ir.cluded in this integral. Depending upon the properties 
and t he> disposition of boundaries with other properties than the re­
gion in which the observation point it, is s ituated, that i s , those 
charac t er i zed by another value of~, and on field. distributions over 
these fiurfaces, we shall be obtaining nifferent results. 

Note that if in the medium in which we s~arch for the field there 
are no sources , t hat is, they are taken out into anoth~r medium, the 
f irs t t erm to the right is absent and the field is determined exc1u­
s ively by i t s val ues (and the values of its normal de~1vat1ve) on the 
surfac e S, encompassing the point of observation and entirely disposed 
i n t he same medium (in particujar, in the one passing along the surface 
bounding t hi s medium). 

Tte vectorial formula (5.14) may be also written for the field 
ztrengt h. Thus , for example, in the absence of charges and currents, 
each componen t of E satisfies the wave equation, and this is why, 
a~s embl i ng three f ormulas for the components, we have 
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(5.14a) 
However, th1a tonnula 1a ~ot always practical, inasmuch as it con­

taina the derivative ot the vector Eal~ the direction or the normal, 
generally varying trom point to point. There exists an equivalent fc~­
•uJ.a• which may be obtained by direct integration of vectorial Maxwel­
i1an equations, if we take advantage ot a method, 1n principle quite 
analogous to that utilized when deriving formulas (5.8). Without ex­
pounding all toe operations (see, for example [16], §8.14), we shall 
indicate the final result (1n the absence of sources!) 

. •w-_i; I(~ Ul(R') •I +UE (R') •J 1rad "~ - (11£ (R')) 1rad V} dS'; ( 5 • 14b) 

H ~--J. t (-I-- (£CR') •I+ UH (R') ~J 1rad oJ-(•H (R1) erad v} dS' ·( 5. 14c) 

The integral equation (5.8) may be somewhat generalized for thP 
I cue ot nonuniform medium. Assume that we are confronted with the wav.c 

equation (5-3) with k 2 depending on the point 

(5.15) 

as this takes plac~ in a laminar medium (see §3). We shall utilize a 
Green function v( fit - RI) of the torm (5. 2) 

(5. 16) 
,-:here K is a certain constant number, having if only a small positive 
ima~inary part, that is,~ satisfies the radiation condition and, be­
side:._:, al::; o the wave- equa.tion 

(5.17) 
Thus, here, by repeating the reasoning for unifonn space, we 

obtain u(R)·- ~~ U (R') u(R, R')dV'. +~} {v(R, R') ilu~R') -11 (R') x 

~~•.:· R-)}dS + ~) "(R')(v~.v(R, R') + ·M'(R')u (R, R'))dV'. (5• 10) 
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• 

According to Eq. (5.17), the last integral in the Eq. (5.18) 1a 

;) ( .. (R')-«')u (R')o(R, R')H. (5.18a) 
This integral constitutes the measure of influence of space nonun­iformity. If k

2 
= const, we may choose 2, with K = k, and the integral will vanish. But in the general case, the question evolves about the integral equation for u(R). It may be utilized for various a1JU, it only for estimating the error arising when the medium's nonun1torm1ty is neglected, or when a nonuniform medium is substituted by a certain uniform medium with modified parameters, etc. 

§6. Point Source 

In the furthese we shall essentially base ourselves upon Formula (5. 14). But, for the moment, we shall somewhat s implify it suitably to one important case. Assume that the sources of the field are con­centrated in a very small volume, so small that the multiplier eikr/r . in the volume integral may be taken out of the integral sign. To that effect it is obviously necessary, on the one hand, that for the given -:t 
- -

... 
rt, the exponent 1kr = iklR - R' I vary little at the change or n near 

Fig. 6.1. The dip~le. 

:it :; <·•·rtn i 11 mean value R0 , 1. e., that the phases of the waves arriving aL t1 1t • b:.c• rvation point from various parts of the source, differ lit­tle among themselves. As to the factor 1/r, it will be, on the other - -ha'1d , :;u "fl c j ent J .Y c: on ;: tunt and ,_ 10::: <• t<J J /I,~ - I<() I, :I 1· the· po: ::: n,10 



values ot ft• - Re I, that is, if the dimensions o!' the source are 
aaall by comparison with.!:• • 

., The aeccmd require•nt Mana that we •hall be considering only the 
O-.enat1Qna points 1' tar ott the source, by a distance which is great 
~ ~0111p&rtaon with ita dillenalona. The tirat requirement will be satis­
t1e4 it tlw 41.aenaic:na ot the source~ su.l: by comparison with the 
•p1tu4e ot the order ot the wavelength in the given medium. In real-

' ity. it, tor example. the distance between the source and the linear 
antenna 11 ,, we may see that (Fig. 6.1) by selecting for the median 
point "fo 1 ta center, .!: varies on both sides and near r O = IR - it0 I by 
the quant1 ty 6r • J/2 s 1n a. 

Consequently, iltr varies by a quantity lesser than ikl(sin a)/ 
/(2) • 1w(J)/(~)s1n a. It th~ latter is quite small, we shall have e1kr • eikro. Thia 1s why it is necessary that we have 

'"- • 1 (6.1) ••• This means that it is sufficient to require for all angles J << << )/w, that is, the smallness of linear dimensims by comparison with the wavelength. But for the observation points located near the plane 
perpendicular to the antenna and passing through its center (a= O}, 
this requirement is sufficiEntly easing oft, and even a large antenna 
may be considered as a point antenna. It goes without saying that the 
correlation (6.1) is here no longer valid, for the difference r - r 0 is· equal to 1/2 sin a only with a precision to the terms of second or-

2 2 2 der int. For points near a= Owe shall obtain r ~ r0 + t, so that, 
inasmuch as r 0 >> J., 

Consequently, 1n order that the various points of the antenna emit 
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waves nearly in a single phase, it must be required that 
• . I 

l'<~ .• ,< .. @~ • y· .-:-. 
(6.2) 

This characteristic correlation will be encountered more than once. Ob-
viously, for sufficiently great r 0 even very large antennas may be 
treated as small ones for the observation points near the plane a• o. 
Let us stress that this is correct only for a rectilinear antenna. Gen­
e rally s peaking, however, we must have 

I f thes e conditions are observed, we may take out eikr/r from the 
integral sign, and having denoted 

(6.4) ... where pis the total dipole moment of the system, we shall obtain tor 
a boundless medium ~t the distance r0 from the source with a dipole ... moment p 

-The source, which is fully characterized by a s ingle ve~tor p, placed 
at an accordingl y s elected point, is called a poir.t electrid dipole. 

If t he ver·tical linear antenna is such a source, we may perform 
the integrat i on over the cross section S of the conducting wire by sub­
stituting the polarizat i on P by the current accord ing to Formula (3-7); 
this will give instead of t 11e density of the current j 0 the total cur-

-+ rent I(h) flowing through the given cross section, where!! is counted 
along the axi s of the wire. Postulating 

tN'-dSdh, 
we have 

· · • • s· • • · t . ·p _ r -J1 tU - ---:- \ I (h) dh. l·-lw -,w l 

------------------

(6.4a) 



!f the length of the dipole is small by comparison witr tne length of tne wave 21r/k, the quantity I is constant along the wi r e , as this is well .known from the theory or quasistationary currents, and it can be ~n out ot the integral sign: 

(6.4b) 

where~ ta thE length of the antenna. In the opposite case we may in­iroduce ~~he maximum value of the current Imaks' and denote the remain­ing integral by 

~-~::di&. 
(6.4c) 

Thia quantity is desigratedu the reduced or acting height. It is al­ways aMller than h. Usually, the subscripts "mak.s" and "eff" are re­jected, implying under I and h the indicated quantities. In the more general case-the acting height of the antenna ts de­termined by the formula (see Fig. 6.1) 

or by the real part of this expr.ession. 
. For medium and long waves and in numerous cases for short waves 

too, the real antennas may be considered as point ones, particularly 
if the observation point ·is located near the plane a= O and the anten­
na is rectilinear, so that the criterion for judging it is the formula 
(6.2) and not the formula (6.3). This last requirement must be fulfil­
led if the antenna consists cf several rectilinear portions, a1·bi trar­
ily disposed in space In particular, it is always fulfilled if we con­
sider the fi eld of the frame and apply the general corre l ation (5.8) 
to the Hertz magnetic vector. Indeed, the very ~l,lbstitution of the con­
tour by the magnetic moment is possible only when the dimem; i onc of the 
frame l are small by comparison with). (se . §3, p&.[':l· 2). ThiG is why 
the vnl·iouz portior1 s of the s urface of the magnetic s hE:-11 will be given 
a.t tl ic ob ~:c1·va.t lor. point by nearly inphasc o:.;cil lat i ons , and taking 
eikr/r oL·t of t he integral sign, we may de s i e;natc 

(6. 6) 
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-whe r e n1 is t he total magnetic moment of the frame, so that 

,,.,, 
n .. -m-. ,. 

Such a source 1s designated as a point magnetic dipole. 

We shall consider in the following only point sources. More com­
plex cases may be always obtained by superimposition of the ~lementary 
ones. 

Thus, for example, if we have to electri: dipoles of equal power 
and opposite sign, shifted relative to one another by a small vector 
7 {Fig. 6.2), the aggregate Hertz vector is 

n-L( .•l---¾-I -r ,-4i)--L1.!.~cos(lr.), (6.8) • I , I -+ , • ... ,. ,.-- .. -2 2 

where r0 is the distance from the median point of the vectori to the 
point of observation. 

Such a system is designated as the electric quadrupole. If vector - ... J, is directed along the axis p, for the axis~, we may see that the 
Hertz vector has a component 

(6.8a) 
differ i::nt from zero, where the index "Q" at~ shows that the diff'eren­
tiat ion t o. :<e s place along the "point of outflow," that is, along the ... coordinut • of the origin r

0
. 

Tr.o quantity 

q-2pl (6.8b) 
i ;· lie• {; j .•~n a.tr •ct a :..; th0 quach·upole moment. I l' /, i ;~ d :i rt ·ctcu, for example, -; < ,1 1 •" tl ,c• u xL; (and p uJonr: t he a.xi s~ , a3 previ0u:: ·1y), we have 

(G.9) 



• • ! • • • • • •: • . !• ~ • • I 

• i 

Fig. 6.2. Quadrupole. 

17• The HuYgens Principle 

The basic integral equatior. (5.14) allows a graphic interpreta­
tion. 

The first (volume) integral has an obvious sense: each volume ele­
ment dV' with total dipole moment dp = '1dV' sends to the ob~ervation 
point the same spherical wave ~s if we had a point dipole in infinite 
wi1.torm space. 

Superimposed on that field are fields emitted from the surface 
limiting the volume. At the same time, each element of the surface dS' 
has a dipole moment 3Il/on dS' and a quadrupole ~oment formed by the 
combination of dipole moments lf(dS')/(l), equal 1n magnitude and of op­
posite signs, shifted relative to one another along the normal to the 
3cgment l, equalling zero at limit. 

I :·, 1'or example , we consider a fi eld above ground, induced by a 
zou ce situated in the atmosphere, it i s possible to trace the surface 
Sin uuch a way that i t encompasses both the source O and the observa­
tion point A (Fig. 7.1), consisting at the same time of a plane adja­
cent tot · e ground surface (which, for the moment, we shall consider as 
plane ), and of an i nfinite hemisphere. At limit, the integral over the 
., rfucc of t he he :nisphe re van is he s ( s ee §5 ), whe r ea s the integral over 
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the ground surface remains. It precis~ly describes the influence the ground on the field in space. 

Accord ing to the above interpretation we may consider that ·aourcea 1n the form of dipoles and quadrupole& are induced on the terrestrial sur face. These secondary sources induce a field which is superimposed 
to the field of primary source. Since in the atmosphere t • 1, k • k

0 
• = w/c, we have 

O(A) L· f P~dV~+..!..C'{!!!.~-n-t~}dS'. (7.1) I ~, _'-i•, .. , 
But i f we are interested in the field undergroQ~d, we may con-3truct a surfaces• consisting of a plane g~ound surface and an infin­

ite hemi sphere, closing the volume from the othe:r side.* In the given 

Fig. 7.1. To the forr.Jlat ion of t he Huygeno principl • in t tc pre~enc e of ground. 
I 

I 
J ca~e , the r e are no sources i n the volwn, encompaus ed by the surfaces•, t h volume int egral 1s abs ent and the f f ?ld 1s 

I 

(7.2) 
wl 1c·1· 11

1 

-; ~; t t , , l·x t 0rnal normal relativf to t he ~ur f acc s•, that is, 
' 

,, 
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an tte grou.~d s rfice it is directed upward; k' 1s the w~ve number in 
the 1011: k' = v'£kJ; ~ is the distance from the current point of the 

obaervat1on point A'. 

leN the tteld 1a induced exclusively by secondary dipoles and 
luadl'UpOle•, theuelvea ~duced on the growid surface. 

It la obvioua that 1n r~ality the currents are excited not only on 
tie srouncs. but also along the entire thickness of the skin-layer, so 
that IA reality. the radiation is emitted to the point A' by all points .... 

/-· · 

"·" / . . •. . . . . . 

.. ·; ; . ,. :·. , . 

•. 

' 
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Fig. 7.2. Surface of virtual sources: a) sur­rounds the emitter· b) surrounds the observa­t1on point; cJ in !he case of spherical earth. 
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of the volume V'. The interference of these waves w1th the emiaaion 
by secondary surface dipoles and quadrupoles alters the velocity ot 
radiowaves at their propagation in the ground. This circumstance 1a al­
ready manifest in that k' differs from k0 . Thus we may indeed estllllate 
the fi ld in A' as being created by the secondary sources distributed 
over the terrestrial surface. 

However, formula (5.14) p~rm1ts a still broader interpretation. 
Lt us figure out the surface S . as lying entirely 1n the atsoa­

phere devoid of conduction and, at the aame time, in such a fashion 
tat th source O and the point of observation A be on different a11es 
of it (Fig. 7.2a and 7.2b). In that case the field in A is 

D(A) -..!. C {!!!.~~n !~sdS. (7-3) "'l •' ,., 
Since, generally speaking, the field 1f (A) is not zero at all, this 

means that such a surface should be visualized as filled by secondary 
emitters in vacuum too. 

The surface Smay be deformed arbitrarily, so that it pass through 
any po int of the field. This is why every point of the field is 1n 1t­
celf a ource of secondary spherical waves, as this should be the case 
acc ordtn , to the Huygens principle. 

It ::: hould be stressed that the integratiori munt be performed over 
t. cc t':re s urf a.c S, f or example, in t l"i enc reprc•::.cnte<l in Fig. 7.2a, 
and o i t:.:i cide "invisible" from the point A. 

Note o.lso that between the current point in th integral over the 
surface and the observation point, another medium rrw.y wedge 1n, through 
w ch lectromagnetic waves do not really pass, for exd.lllple, in the 
ca~e of vpherlcal earth, a~ this is shown in Fig. 7.2c. Nevertheless, 
hl r e too r 13 counted along the line linking the points ot the surface 
S wt t he obc crvution point A (at the am t'me th obviou~n ss ot the 
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interpretation i s lost). Subsequently, however, w~ shall see 
(Chapter 2) that not all the points of the surface Sare by an.y means 
Haentlal tor field rormat:\.cn at the point A. If the dimensions and 

c0ft4uct1on ot the "wedged in" body are sutt1ciently great, so that 
·0111.y a tnbly d1ttracted field aay reach the point of observation, the 
1ntesrat1on over the part ot the surtace invisible from A will provide 
an iulgn1t1cant contribution. 

,a. Tb! 9E!l9 Pynct1on 

Bquatlon (5.8) allows to compute the field at any point of the 
VOl\llN V, provided the sources located in it are known, and also the 
values of the tunct1on ~ sought for and of its derivative ou/on on the 
aurtace (or on surtacea) S encompassing the volume v. The deduction of 
th1a toraula was round to be possible because, when applying the Green 
theorem, the auxiliary function~ was chosen 1n a special fashion, 
nuael.y aa being ouch a function or the distance r between two points 
x, y, z and x•, y•, ~!, which a) satit..fies the wave equation v2v + 
+ k2v • O; b} aatiafies the radiation condition and c) when x becomes 
zero, it approaches the 1nt1n~ty 1n an entir ely special fashion, that 
is, aa 1/r. Had~ approached the infinity more rapidly than 1/r and, 
thia means its derivative, more rapidly than 1/r2 , the integration over 
the small sphere s0 , surrounding the point of observation, would have 
31 f:•n the infinity; if~ approached the infinity slower than 1/r, the 
integration would have given zero. Only because lim (r2(0v)/(dr) ) is a 

r-tO f nite number, different from zero, could we obtain at limit the term 
~1ru (It) by tak inc; out of the integral sign the m an value of u(ff•) on 
th • :, ph re sO. 

Obv1oucly, t t c• ·numerated condit1onc arc not only ~at i cf ted by 
t he f unction v ~ vO = (1 '/( r )eihr, hut alco, for ex mp l ' , any oth •r 
f nction satt ·fyin~ t he wav . equatlo and diff r ir f rom v0 by a mu l t -
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plier remaining finite at r .. o. True, if this multiplier should in­crease to infinity, we would not be able to draw apart boundlessly the surface S' that closes the volume. At the indicated limitations there still remains an ample choice allowing ~he a1mpl1f1cat1on ot the solu­tion of numerous problems by a auccesstul choice of -:t., and we shall take advantage of it in the following (see also.for example, Chapter 7). 

Consequently, we may take for the function -:t_ a function ot the form 

I • • - •. +. (.s, ,. I; ,. ,. f ~) ( 8 I 1) under th condition that cp satisfy the wave eq1atlon (v2 + k2 )cp • 0) and, furthermore, remain finite everywhere inside the volume v.• When inte rating over the sphere s0 , the addend cp will give zero at 11m1.t, when a- O. Instead of (5.8), we shall obtain 

11(R>--4i°~ Lf(R')(-.H)dV' + ¾}{<-.+'P)~;-u'!~T1
}dS', (8.2) 

If we succeeded in so choosing a complementary function• that S convert to zero everywhere on the surface S, for example, the aua v0 + +~,th . fir~t addend in the surface integral would disappear and tor t he dct r m· ut on of u(R) at any point we would have to know only tt.e o rces u in the volume and the field~ on the surface, but the know-1 dg of ou/on would not be required. But if we a~sorted cp 1n such a ·,-1 :. y thnt a/on(v0 + cp) vanish on the surfac, the :;econd tena would drop off arcl o ly ?.}u/on would have to be known on th ' :-: urf111.:c. In the rtr:::t cuLe v = v0 +~is somet mes designated as th Green runctlon, in the ~ccond case a e t e econd Green function or t h characteristic Neumann nct i on. 

It is es nt ial that such an assortment of the function• should 
, · 1 fnrm rte ,ive f or. of a surfac Sand for th e lven med1Wll 
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once. Knowin~ cp, it is poss1·0 .e to find .!: for any d • !:ipos i tions of the .. 
source and for any field u(R) assignments (or, correspondingly, of 
~~ on the surface) . This is why it is customary to speak of the 

tuncti~a tor the space inside the sphere, ot the Green fun~tim 
tor the halt-space, etc. Thus, the Green tunction may serve as the 
ctwMMl"iatlc ot the surfaces. This shows, on the other hand, that 1n 
the pneral cue too the field is determined unambiguously if, besides 
soureN 81111 limiting surfaces, we either assign on the surface J:! or 
~IAlan, but not both these quantities simultaneously, which could ap­
pear at the outset as compulsory. If we proceed by way of integral cor­
relation (5.8), only our incapability to select a Green function tor 
any ecntil',lr&tion complets us to assign, besides u, also ou/ou or the 
relatlonah1p betw~en them. It finally follows therefrom that two tunc­
t1o•·J! and a~n cannot be assigned on the surface independently trom 
one another. We shall tind the Green function for S of the following 
fora. Aaaae that S consists ot a plane z = o and of a hemisphere or 
intlnltely great radius, closing the half-space z > o. 

Selecting•• we may be guided by the following considerations. 
S'lnce the function cp must satisfy the wave equat ton, it can be inter­
preted as t he field of some fictive sources in a med i um with proper­
ties ot the one filling our volume V (half-space z > O). On the other 
hand, the field of cp must not ha,,e Gources within the limlt3 of v, in­
asmuch as the quation (v2 + k2) cp • 0 must be valid at all points of 
the volume. 

Consequently,, must be, for example, the field of imaginary sour­
ces placed by us outside the volu~ v. Finally, these imaginary sources 
should be so assorted that they either quench the field v0 = eikr/r 
en the surface Sor vanish on it alongside with v0. 

For the caze of half- upace cuch sourc ~ ar· n t dl f f cult to 
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el ct. If' t·1e , ee. ~ch f or t i r- eld at a point A(it), it is aut'ticient to have e. r epresentation of a point source at a point A
1

(1
1

) being the 

,. I' 

II 

mirror image of A relative to the Plane 
z • o, and at the same t*, auoh a 
source that its field 1n the plane z • O 
be exactly equal to -e1kr/r where I 1s 

Fig. 8.1. Deriving the Green fun ct ai for the Plane . 

the distance to the given point ot the 
plane z = o from the point of observa­
tion. Thus we as ume (Fig. 8.1): 

~1•,---1 
•- - I Ra-It' J , R- R(x, II, 1), R, - R,(.r, V, -,). • • ,A I 11-.- I 

1 11& I 11,-.- I 
1

a,, ..,, 11..+9-r, ------~~~----- . 
.. • • - j It-Ir f '"· -Ir J , '• ., . • . • ,-vex-?)•+ (11-111)• + (z-,')~ ,. -vec-i,• -r.u,-v',• + ,.? ,. ,·,•. 

(8.3) 

zero. 

Indeed, when if• denotes one of the points of t he surface z • o, v b comes zero. As to the surface of the h~mis phere, both addends sat isfy on it the radiation condition and thus convert the integral to 

F , ally , as may already be seen from the cons iderations ot symme-t r y, w t , ' d not i ne any point of the ourf ace z = o, we have ~.... ,,.., ------. .. ,, .. , I n real ty, 1!' by _n we Wlderste.nd -z •, t h 
orrelat1on 

1• v d, inasmuch as z• ente rs 1n i: and r• wi t h dl f ferent signs. On 
t he ot her han 

rj - r I Hence follows nl Do Formula (8.4). 
Z' :::O - 1 Z 1 =-O " 

T er ·for ·, t • r c ld of t e arb i trary •o.,,-,. c. lo ·:tt cd i n t he uppe r 

. , --------·----~----
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I ,a I •-R' I tJS ~~ -.-i ~ U(R')~_(R, R')dV' -j; \ "(K).; I lt-R' 1 • ( 8. 5) 
• . , ~ ! ~ . 

It 1• now ■uttic1ent to know (besides sources) the field in the 

plane z • o. in order to de~ermine the field universally. 

On the other hand we may postulate 

• . .... , a-R' I ,'kl a,-R'·l •'"-' •llr• ( 8. 6) ,+•-· -----+------+-. • • • I It-W I I R, - R' I • ' '' 
In the given case• when R' is the radius-vector of one of the 

points or the surface z = o. 3v+/~n vanishes on account of Formula 

(8.4). Thia is why the integral containing the unknown. function u(R1 ) 

on the surface S 

•ca>-l ¼ ~ U (R')o. (R, _R')dV' + k S • ;:1 ~ ~~-; 11 dS. ( 8. 7) 
. '8-1) 

will disappear also. 

It 1n particular the point of observation is situated in the plane 

z = 0 itself (tor example, it the question 1s about a plane separating 

the earth from the atmosphere, on the terrestrial surface), we have 

Let us compare this expression with Formula (5.8). We recall that 

the first integral in Formula (5.8) expresses a field, which the given 

sources U would have induced at the givefi point R, had th~ entire space 

been uniform and characterized by the propagation con:::; tant k (t, iat i~: , 

i f t h~ ~ource S could be moved to infinity). D notine thi3 "unperturbed' 

f l.e ld by u
0 (it), we ;.hall obtain in our case 
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• 1 s· ... (!J ,"" ~ (R) .... - 2u1 (~) + j;' • _7dS, , .... ) 
where the integral is spread over the plane z • o. In the tollowing this equation will be broadly utilized by us. 

The functions v+ and v Rre called Green function for the h&lt­space. 

However, the possibility of selection of npecial Green functions, f ac i l i tat ing the solution of particular problems, i s by no means ex­hausted by these exmples. As is clear from t he foregoing, any solution of t he wave equation satisfying either boundary conditions on the sur­face e ncompassing a region of space of int~rest to us, and having a peculiarity of the 1/r type characteristic for really materialized poi nt source fields, may serve as a Green function. Thus, any tunction describing a field, really possible in the presence ot a point source i a volume surrounded by a surface with either phys ical properties, may serve as a Green function. For example, v0 constitutes a point s ource field in boundless . vacuum. As will be seen in §20, v+ describes a vert i cally polarized electric field of a point source in half-space above an i dea l ly conducting plane, &nd v is a horizontally polarized f eld 1 t e ~ame ~pace. 

It wi ll be hown in §41 that a wide range of problems for a t1eld above an e lectrical ly inhoffiogeneouG surface may be i nvestigated provi­de d we choose for the Green function a function describing a field in n plane (and a lso upherical) surface of finite conduction {these func­t j on~ a r e dc T ved i n Chapter5 5 and 6). 
•J . • •c.: :p r oc ·ty hcor em 

:·nal l comp le t t h~• c onsideration of . 'ncral corr lat i onn by the 0xpo~· t 1un o t reciproc i t y theorem. Its q i t broad applicability 
!,\:1 ,· . ; t : .. •• t c- rem l t e u~eful in a se r i e~ o ~; rac t i cal ca ::;e::, . Exam-
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ples of its utilizat i on wil j_ be encountered mor 
lowing. 

t han once t n t he fol-

Aaaume that )fe have an a r bit.rg,ry volume f'illeci wit:.1 any coml'Jination 
ot media, of' which we sno.11 r eq1ii 1°(:: only that the Maxwe 11 ian eqne.tions, 
with values of £ 1 and o t ndependen.1:i from the field., ·re V.tlir.l at any of 
their points. We shall con.sid~r the field "f(l)., if(l) :,• tnductd by some 
system of' alien f'o~es distributed in the antenna and harmonic in time. 
In a particular case the electromotive force may be concentrated in a 
point dipole of moment p(l)., placed at a certain point A1. 

Asaume, on the other hand., that by switching off this electrano­
tive force we may apply a certain other alien field of same frequency, 
tor example., concentrated in the form of a dipole of moment p( 2), at 
a certain point A2 (it is essential that the switching on and off on 
these electromotive forces not be attended by any rearrangement of 
bodies, . for example., antennas). We shall obtain a certain new distri­
bution of the fields "f( 2 ) (x, y., z) and if( 2)(x, y, z). It is found that 
the fields 'f(l) and "f( 2 ) may be linked with outside electromotive for­
ces (in a particular case, with the moments p(l) and p( 2)) by a certain 
useful correlation derived below. This correlation precisely includes 
the reciprocity theorem. Since we wish the final result to be valid 
for variables in space e' and o, we cannot, generally speaking, start 
from wave equations, but we must revert to field equations., for example, 
in the form (l.I), (l.II) (assuming at the same time (1)/(c)(~)/(dt) = 
= -ik0 ): 
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rot e'a - Ut.H''a. 
rotlt">- -ialt1E"• +'•'.,:•a cw,, • 
rot~-ar.ff'•). 

(9-1) 

Here we assumed j(i)St or, where y(i)St or is. the intensity at the 

field of outside forces, of which the integral provides the outside 
electromc~ive force, which is valid so long as the anteM& conduction 
(that is, the conduction of the region where the o·utside forces ar~ 
applied} is great by comparison with that of the surround1J'lg medium. 

Multiplying scalarly these four equations by the vectors written 
out in the right-hand column and adding, we shall obtain by way ot 
formula A rot B - B rot 7 = div[1r] 

div (H", £'NJ -div 111'1, £'1>1 .. .!!!!. (El) ae, p}Sl - e<-> ~ ,:•~. ( 9 • 2) . ' 

Let the outside forces he distributed at the outset about the vol-
ume in a continuous fashion, so that the tields 1' and 1f nowhere con­
vert to infinity. The obtained equality will then be valid at all 
points, including also the antenna volume, where E (l}stor and "f( 2>st0r 

are not zero. 

Let us integrate Eq. (9.2) over the entire space. We shall show 
that the integral from the left-hand part vanishes. To that ettect we 
shall transform to the integral from [it(l)f( 2)] and [it{ 2 )f( 1 )] over n n 
the surface consisting of: a) the surfaces~•,~ outlining the disrup-
tion surface of electric constants S', S", (boundaries ot medium 
divide}, and b} the infinitely remote outer sphere s0 (Fig. 9.1). The in-

tegral over l: 1 , ~", vanishes, for though at transition through s•, 
S" the field vectors do undergo a break, the normal components ot 

~ (E(iftt(k) ]n of vectorial pro~ucts are continuous, inasmuch as they con-
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tain only the tangential components ot field vectors remaining contin­
uous, inasmuch as they contain only the tangential components of field 
vector• reMinin& continuoua. As to the integral over the infinitely 

it vanishes, u uaually, when all the sources are lc ­
cated at a t1n1te autual distance. Therefore, integrating the co!~r~:;.­

tion (9.2) over the volume, we shall obtain 
. . s el) ... el)o4V - ~ p:I) C., E4l)o4V. 

Pig. 9.1. Proof of the reciprocity theorem. A) Antenna l; B) medium l; C) medium II; D) medium III; E) antenna 2; F) region of continuous var­iation of medium properties. 

Here the integrals are taken over the entire space. In fact, how­
ever, they are distributed only in the region of action of alien elec­

tromotive forces: the le rt-hand integral over the "first" source, the 
right-hand one, over the "second." This is why it is convenient to re­
write the equality (9.3) as follows: 

Jo (1) £'1> ne, (1) E'I) ffllP ( l)tlV,.. ~ a (2) E'I) ffllP (2) £'') ffllP (2)dV,. 
,,, (1) 

Here a(l) and a(2) are the conductions in the region of action ot 
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respectively the first and the second outside electromotive torcea; 
E< 2\1) is the field in the volume or the "first" source induced at 
switching on the outside forces ot .£la)c1W>t in the "second" source; 
E(l)(2) is the field in the "second" source generated by the electromo­
tive force switched on to the "first" source. 

This equality constitutes precisely the reciprocity theorem•• con­
tent in the most general form. In practical cases it may be substanti­
ally simplified and concretized.• 

rne distribution or the current, Just as the distribution ot ist0r 
by t he antenna cross section, may obviously be nonuniform, since, tor 
example, because of skin-effect, the external field or the first source 
does not always penetrate into the second conductor. 

If, however, it were possible to estimate that Est0r is uniformly 
distributed along the cross section in both antennas, we might, atter 
having writt~n the volume element dV1 or the conductor in the torm 

where dh1 is an element or conductor's length, dS1 is the cross section 
element, we may, for any distribution j•>(l) - ~(l) £(ai(l), integrate over 
the cross section: 

where 

J'1>(h,) - J/•>.(l)dS, 

is the total current force in the first conductor, appearing in its 
cross section at the height h1 , when the electromotive force 1a 
s·t::.: cri ed on in the second conductor. Thus, we obtain tor the reciproci­
t:.,· theo rem the following ro~ m: 

. s i<•> (1&J·e 1> 'CftP (h,) dh, . - s 1"> (ha) e•> crop (h.) ""·· 
(l) . '9> . 

(9.7) 
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where it ia implied that the vectors are projected over the direction ot the conductor'• axia. 

It rtnallJ the electromotive rorce ia applied over a very small 
uia• ot the oonduotor, 1< 2>ch1 ) and I(l)(h2) may be taken out or the 
S;nt•1ral aign, while t he quantity 

• .. j, e'> ~ A- f''> (9.8) 

outside electromotive force. Then 

(9.9) 
wbere h0

1 and h0
2 are the points or application or outside electromo­

tive tore•• in the reapect3.ve conductora. 
Tberetore, the ronwlations (9.7, (9.9) are obtained only at spe­

o1t1o U■U11Ptiona on the electromotive torc~s fed and the distribution ot current■• However, in the reality these assumptions may no longer 
oorreapond to reality it only on account or skin-effects. Nevertheless, we aa, interpret the formula (903a), derived for the general case, if 
onlJ we limit ourselves to the consideration of electromotive forces 
ot, aimpleat or all, point electric dipoles. Then, on the other hand, we shall benefit by the generality or applications, tor, in the final 
reault, we shall have to deal with fields induced by antenna emission 
in apace, rather than with fields, induced by one antenna in the mate­
rial or another one. 

Por deriving the reciprocity theorem in thls case, we might, as is 
usually done, start as previously trom Eq. (9.2) but, integrating over • the volume of the lett-hand part, it would be necessary to outline the 
points A1 and A2 by small spheres, and then have the radii of the 
sphere approach zero. At the same time, we ought to substitute in the 
i ntegra l over small spheres the expresion for t he point dipole field, 
surrounded by a medium with certain El or E2 , characteristic of the me-
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dia surrounding the points A1 and A2 (see (6.5)). But we may alao aot 
differently, namely, by ertecting the ultimate transition trom the ou• or d1Etr1buted sources. 

We know that it the conduction ot antennas is autticientlJ &Nat by comparison with that ot the surrounding medium, Eqs. (2.~) take 
place; they are d1rrerent rrom Eqs. (9.1) only in that it 1111&8t be un­
derstood everywhere by, the complex dielectric constant or the •diwn at the given point, and that the total current j 0 in the given antenr.a must be substituted instead or afStor. 

In such a case Formula (9.3) takes the form 

~.t.1>e•> O>aV, - ~ ,;.•)£''' c2>dV, .. 
(I) . ci, 

(9.10) 

Here E(i)(k) is the field strength at the location or the _k1!:!, anteMa, when the outside electromotive torce ia switched on only at the place of location of the ili!, antenna, however computed in the aaaWlll)tion that the properties of the material in the volume ot both antennas coincide with the properties or the surrounding •dia (see 12). It may theretore be said that, tor example, i< 2>c1) is the field at the place ot loca­tion of the first antenna which would have been established, had the 
second antenna and the current j0 <2> been incuced at the place ot dis­position of the second antenna.• 

For the indicated sense or the quantity iCi)(k) it 1a clear that 
having to do with a point source, it 1a possible to take it out ot the integral sign. On the other hand, the remaining integral 1a expreaaed, according to Formula (6.4a), by a dipole moment or the source. Abbrevi­atine by 1/w both sides of the equations, we finally obtain 

(9.11) 
For two dipoles with identical effective height this correlation may be rewritten as follows: 
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I'1>z.1> (A.) - J':)~I) (A,), (9.12) 
Id.th 1<1> being the current amplitudes 1n tt.-e dipoles. 

!be•• two tol'llllllae represent the moat widespread torm ot the rec1-
prooltJ theorea. Let ua expound ita content once more.• 

Let ua place at p,:,inta A1 and A2 ot a apace arbitrarily nonuniform 
identical point dipoles directed alone certain axes. Assume that having 
1nduoed 1n one ot them an alternating moment with an amplitude value or 
current t< 1 >, we obtain at the point ot disposition ot the second di­
pole A2 a tield component E(l)(A2) along its axis. Then, having excited 
1n the aecond dipole a moment ot same treguency with an amplitude cur­
rent value t< 2> (when the electromotive torcea or the t1rat dipole are 
awitobed ott), we obtain at the point ot disposition ot the t1rat di­
pole A1 a tield E( 2)(A1 ) in the direction ot its axis. These fields and 
t: ie Ull)litude values ot the currents are precisely linked by the cor­
relation (9.12). It, in particular, these amplitude values or currents 
are equal, ao are the fields. In other words, the dipole placed in A1 
and directed along h1 induces at the point A2 along _ the direction h2 an 
electric tield equal to the one which would be created at the point A1 
in the direction h1 by that dipole placed in A2 and directed along h2 . 
Thia theorem 1s valid tor any conductions or the media, for which our 
initial tield Eqa. (2.4) remain valid. As 1a shown 1n 12, they are cor­
~ct it the conduction or the antenna ia much greater than that or the 
surrounding media.•• They are in principle incorrect, tor example, in 
the ionosphere, where the properties or the medium depend on the ampli­
tude or the t1eld and, therefore, the equations may be nonlinear. 

It should be noted that at times a somewhat different context is 
ascribed to the concept of "reciprocity theorem." Two fields !1 , n1 and 
l 2, ~2 are considered, created, shall we say, by different sources, or 
for various body dispositions. Thus, for example, one of them may be 
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the radar field in the absence or aim, and the other may constitute 1ta 1'1eld in the presence or a reflecting. target. Considering the r .. gion ot space ii& which the body disposition remains invariable and in wbich outside forces are absent, -e may again take advantage ot the equation (9.2). Integrating it over the volume and transforming the voluae inte­gral into surface, we shall again obtain zero from integral■ over die­continuity surfaces.(%', z• etc.}, so that there remaina 

where the integral extends over the surface encompassing the volume (and in case or necessity, over surfaces outlining inside the volume those regions in which alien currents are present, or in which the conditions vary, ror example, when there appears a new medium reflect­ing the target etc. at transition rrom the field (1) to the field (2). It the field f(l), a(l) is known, we extract therefrom, the reaults tor the field i< 2>, ftC 2>, provided we act with dexterity (see, tor example, (13], Appendix A, p. 686). 
The reciprocity theorem may also be ronnulated tor the fields in­duced by magnetic dipoles. In this case the Maxwellian equations have t he form (3.14) and, moreover, there exist the correlation■ (6.6), (6.7). The above reasonings, giving the reciprocity theorem (9.11), may be fully repeatea also in this case. They obviously will give 

,,ja> 11'1» (AJ - •'•»,ru (A.). ( 9 .16) that is, two magnetic dipoles ~(l) and -< 2>, placed at variouo points A1 and A2 , each giving such a magnetic field ~(l)(A2 ) or ft( 2)(A1 ) at the point of location ~r another dipole that the scalar product or this field by the moment or another dipole here located is one and the same in both cases . 
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53 

(Footnotes] 

Let ua stresa that these denotations are contrary to· the RnBtfD3Cti:fL'• Thus, in [1] and, generally in numerous books on ra opw s cs, c' is recognized as the co~lex dielectric oonatant, whicb we shall denote here by , (wthout the prime), and by c ita real part, which we shall denote here by,, . . 
It la aoMtimes a~sumed that the third Maxwellian equation ahould be divta'Z>-o , aa it follows from (1.1• for p • 0 and not lq. (1.12a), which in the absence or outside forces has the form div(~-q. However, according to (1.12), p • O oc-curs only at div!• O, that is, either in the absence or conduction or generally ot the imaginary part oft, or in a unifol'III 118dium (see below (l.156)). Then d,v(c'£>-dlv(c£>-O, and both formulations coincide. In the general case, however, one ahould utilize Pormula (1.12a). 

Let ua recall that in Pormula (5.14) the medium must be de­scribed by the saine complex dielectric constant in the entire volume encoq,assed by the surfaces. 

or. to be more precise, ir it does indeed go to infinity at so• point B, it must do so slower than 1/r, where r is the distance to the point B. In such a case, having outlined this point by the sphere s• 0 , we shall at any rate obtain zero at 
limit, when drawing s• 0 to the point B. 

56 We write v_(R, R') rather tht:.n v_(R. R'. R1), as R1 is unam­
biguously determined by the assignment of R. 

61 It evidently does not follow from Formula (9.3a) that the in­tegrands are equal (as is sometimes asuumed). Thia may be 

63 

seen in particular rrom the tact that anteMas land 2 may have ditterent shapes and in that case no sense of any kind can be ascribed to equality of the integrands. 
Strictly speaking, we neglect the influence of the idle 1th antenna upon the operation or the transmitting kth antenna. It both antennas are suft1c1ently small and tar apart, this influence is negligibly small. 

6-• Let us call attention to the fact that the constants of the media at points of antenna location are not clearly part of Relation (9.12). or the correctness of that result one may tind easily evidence as follows. Assume that the anteMas are in reality surrou~ded by arbitrary media. If then we should remove these media from the very thin layers surrounding each 

() 

or the anteMas, it is evident that this cannot influence the field of each antenna far from it. On the other hand, after (­that the antennas will be found to be in vacuum and the equality (9.12) must be valid. This means that it generally may not contain medium's constants. 
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Manu­
script 
Paee 
d o . 

64•• Formula (9.12) differs from tbe one sometimes brought up in literature as the expression or the reciprocity theorem tor point d1poles in a medium with conduction, when instead or 
(9.12) one g~nerally writes 

, , I I 
-;;- JCl) .. I) (AJ - ~ J'li P.4U (A.). ( 9. 13) Here t 1 , t• 1 and c2 , c• 2 are respectively the complex dielec­tric constant and its real part at t he location points ot the 

first and second dipoles. Thus, the difference in the formu­lation arises only in tb~ case wben tbA media at points A
1 

and A2 have conduction properties. The cause or this distinc­tion consists in that, in deriving (9.13), the electric field in the immediate vicinity or the dipole with the instantane­ous value or the moment£ was assumed to be e~ual to the electric field in the corresponding dielectric, i.e., tor ex­ample, at the distance A1 from the point l
1 

with a dipole mo-ment p, the field (at 1IIR,Vi:-f ~ 1): was asaumed to be equal to 
~ CR,) - ~ l&Ri) R, - ../!..}. ( 9 .14) .. l R: a: eanwhile, as may be seen from Formula (6.5), l/c

1 
should in reality stand in the formula (9.14) instead or l/c•
1

. It is obvious that Formula (9.12) could be obtained also be outlin­ing the dipoles by a small sphere and having their radii ap­proach zero, provided only we utilize fort the expression (9.14) with t• 1 , substituted by t
1 . The application or the incorrect formula may lead to significant errors (ct. 131). 

(Transliterated Symbols] 
~Top= stor = storonnyy • extraneous 
a~~= eff • effekt1vnyy • effective 

1 n = p = polnyy • t otal 
11 

110 H p •• -= 

1., 6 Mel.K C = 111aks - makoirr;:i l 'nyy • maxlrrum 

ur . = po lyar1zats1ya = p l ari2ation 
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Cl'lapter 2 

REGION OP SPACE 
BSSBNTIAL POR THE PROCESS OP RADIOWAVE PROPAGATION 

The cond1t1ona 1n which the propagation of radiowaves takes place 
near the ground are diversified and complex even if we limit ourselves 
to the cues when the influence or the ionosphere may be disregarded. 
Var101w tactora (such as the presence or the ground surface, its re­
liet, the inhomogeneity or the electrical properties or the soil, the 
air density varying with the altitude, the turbulent inhomogeneities 
ot the atmosphere, etc.) cannot, and usually need not be accounted for 
at once. They are manifest in various ways, depending upon the wave­
lencth ot the radiation and the disposition or the transmitter and re­
ceiver. 

In order to estimate the relative role or the various ractors, it 
1a neceaaary to know, first or all, which is the region or space sub­
stantially encompassed by the propagation process under given condi­
tions. To that effect we shall consider certain questions linking the 
theory or rad1owave propagation in a uniform medium with wave optics. 

The propagation or radiowaves near the ground is undoubtedly simi­
lar in a series or cases to those phenomena with which wave optics is 
concerned. Thus, t~e propagation of centimeter waves between points 
raised to the altitude of several hundred meters (towers of television 
and relaying stations) must to a considerable extent suggest the propa-
gation of a ray in free space. However, in this example we are already ) 
beset with peculiarities that become still more substantial when the 
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the question evolves toward longer waves. The principal peculiarities are the proximity of the source and (or) of the point of observation to the interface between media with different elec~rical- properties. We shall see that usually the mere smallness of the w~velength in one or. the me9ia by comparison with the distance to the interface cannot serve as a sufficient criterion: t e correspond:ing points may be remote from the ground surface by many wavelengths, but if the distance betwen them is very great, the conditions differ essentially from those usually en­countered in optics. True, while investigating the problems ot radio­telegraphy, L.I. Mandel'shtam pointed as early as in 1914 to an optical phenomenon in which analogous peculiarities appear owing to the prox­imity of the source to the interface between the two media [l]. This however, was an especially contrived exception. 
Despite these peculiarities, the requirement ot involving the op­tical theory of diffraction is nearly obvious. Attempts were made a long time ago to utilize the theory of diffraction from tr.~ edge or a plane screen in order to describe the errects of hills upon the propa­gation of ultrashort wa~es. However, the idealization applied was too far reaching. This path may be successful only in a limited number or cases (see 553). 

In the present chapter we shall extract from the theory ot dif­fraction not the complete solutions of separate problems, but only some semiquantitative criteria that niay be subsequently required tor esti­mating the influence of variations in the conditions or radiowave prop­agation on the wave field. 
§10 . RECTI~INEAR PROPAGATION OF LIGHT AND THE STATIONARY PHASE METHOD 1. We shall deal with the integral equation (7.1) for the Hertz ve ctor: 
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n (R) = s PudV + _!_ \ {!.!! C, - n !.'!..} dS. \i · 4ris clft ma 
( 10. 1 ) 

Here the volume integral extends over an arbitrary volume including the obaenatlo.~ point A(ft). or that volume it is required, generally speak-1nc, that it be tilled by a uniform medium characterized by the propa­gation conatant £;, is the polarization density linked with the cur­rent dena1ty in the sources by the formula 11 --i,tP'. !!. is the normal to tbe 1urtace S enclosing the volume V, and is external to the volume; • 1a the Green tunction, which may always be postulated equal to -
-!..,., • it may, however, be taken in a different form in sr?arate cas-
, 

ea. The same equation is valid for any field vector subject to the wave aq1.1ation; in particular, one may substitute E and H instead or n if p 1• aubatituted by the sources or the fields! and~ in accord with Eqs. (3.9a, b). 

As already mentioned, this formula contains the Huygens principle; a certain limiting case there stems from it, in particular, rectilinear propagation ot light. Disruptions and limitations of propagation recti­linearity, linked with diffraction phenomena, also follow from it. 
The Huygens principle may be obtained, for example, in the formu­lation following below. 

It it is known that there is located at a point O of uniform space a source of oscillations, giving on a certain surface S, closed around O, the field of the vector t • p•eikp/p, where pis the distance be­tween that point S of the surface, and O, the field of vector n may be considered as induced at any point A, situated outside the surface Sat the distance D from 0, by virtual dipoles and quadrupoles distributed in a peculiar manner over the surface S, and not by the real source. They also given• peikD/~. Therefore; at this external point relative to s, the field may arbitrarily be considered eit he r as t he r es ul t of 
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superimposition or spherical waves emitted by various elements ot the 
surface S, or to have arrived here directly along the line OA. 

We shall obtain this result trom Eq. (10.l) and take-advantage ot 
the conclusion itself in order to illustrate the application ot one 
mathematical procedure having a simple physical sense and being ex­tremely important for the following. 

; 
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I . Fig. 10.1. Rect!linear propagation of radiowaves. 

For definiteness we shabl consider at the outset k as real. Assume 
that the surfa ce S consists of an infinite plane perpendicular to the 
segment OA, and of an infinite hemisphere, resting upon that plane and 
clos in~ the: volume in which the source is located (Fig. 10.l). 

In the volume V, where the observation point is located, there are -► 

no sources, p • O. This is why, having selected the Green function by 
either of the two methods (v • v_ or v • v+)• as is shown in 18

1 
we may 

obtain two equally correct expressions for 1, see (8.5) and (8.7a): 

n (R) - - ~s D (R').!. ,a\ at-at• t dS', 
2a a. lR-R'I . (10.2) 

1 s an (R') .'" \ At-R' l dS'. O(R) -~ cln IR-R'I 
(10.3) 
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wher6 the 1ntegra.t1on is performed over the e t i re surface, with, at 
. . .. the aa• time,IR-R'\ .. r,R(R')-==p.!.-(in this way, owing to the special (._ J p 

••hape ot the aurtace, we may succeed in selecting a Green function such 
that the virt1.1&l aourcea are either only quadrupole a or only dipoles). 

Let ua conaider Bxpreaaiona (10.3). Here (see Fig. 10.l) 

.!!_ _ -.!!.., .!_£!_ - -(UE-..!..) ~ . ..e!.., .. , .. , pp p 
wbere Po ia the distance between the point O and the surface. Since the 
ob3ervation point in our case 11 always located in the wave zone, it 
may be eatimated that, though Po (and perhaps also r 0 ) is great by com­
pariaon with the wavelength, Po/A>> 1. This means, a fortiori, that 
p >> l, and aince k • 2•/A, we have the more so 

lip> 1. (10.4) 
Consequently, 1/p is small by comparison with ik and may be re­

jected. Thia is why 

(10.5) 

+ Thia integral has a peculiar character. It at integration rand p 
ahould vary, then owing to the condition (10.4) even a relatively small 
variation or p would induce a rapid fluctuation of the multiplier 
exp {ill .(r + p)} , that is, a frequent variation or the sign of both the \ 

real as well as the imaginary parts or the integrand. On the other 
hand, the remaining multipliers or the integrand too vary relatively 
little at relatively small variation or p and~· 

Aa will be seen in the following, these peculiar proparties of the 
integrable function are quite general for all those cases with which 
one has to deal in the theory of radiowave propagation. Nearly always 
if only one of the distances, either from the source or from the obser­
vation point to the surface over which one has to integrate applying 
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the relation (10.1), is great by comparison with the wavelength. Thia 
is still further stressed by the fact that the distance must be great 
by comparison with the wavelength distributed by 2w, and not with the 
wavelength as is, tor the great value must be the product ip. - 2.W1. 

We shall often denote the wavelength divided by 2• by the letter 

1 kas---. 
2a (10.4a) 

In the remote limit case, when the ratios or all distances to~ 
are so great that all the combinations or all possible distances are 
also extremely great, provided• stands in them in the denominator in 
some positive order, we shall in the very end eventually arrive at ge,;,­metric optics. In the theory of radiowave propagation along the ground the situation is generally intermediate: the relations ot the type 
(10.4) are valid, bu their left-hand parts are not great to the extent that the wave phenomena (diffraction) can be neglected. To the con­
trary, the accounting tor these phenomena precisely constitutes the 
subject of the theory. This is why the consideration or integrals with similar integrands has fundamental significance. 

2. It was found that these integrals may be computed with autti­cient (and at the same time controllable) precision with the help ot the stationary phase method. This method shows, in particular, that the most substantial integration region ia that where the exponent ot the oscillating function has an extreme, that is, where the phase ia sta­tionary relative to small shifts ·. Let us pause at this method at fur­ther length. 

At the outset we shall consider. it for a single variable, namely 
y examining the integral 
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------
• . -too . 
0 .. ~ ,'Pf(I) 1(1) di. · 

• 
(10. 6) --1n which 2 1■ a large number: p)) 1; cp(&} and t(t) are dimensionless 

or 41•na1onleaa variable(. It is convenient to assume that 
tbeJ haft an abaolute value or the order or the unity and derivatives 
ot •-order.However, the authentic conditions, which they must sat­
iety, are deacribed below. Aaaume that ~(,)has a unique extreme at a 
oertain point t 0 , and let this be, tor concreteness, the minimum: 

Let u1 introduce the new variable 

ao that the integration 111111ta will become 

au-JI p(«p( + oo)-cp(i.)}. 

(10.7) 

(10.8) 

(10.8a) 

(10.8b) 
Inaamuch as the function cp increases monotonically from the point 

t 0 on both aides, u1 and u2 are positive numbers and they are at the 
•- ti• great, since 2 is great. The incegral over~ may be broken 
1n two parts. Note that ~•(t) has different signs on both sides from 
the minimum point t 0 . This is why in the interval O < u < u1 , obtained 
rrom the interval - < t < t 0 , we have 'P'(l(u)) = -lcp'(l)J<O, and in the 
second integral O < u < u2 will be 9'(i(u))>O. Consequently, utilizing 
the equality (l0.8) 1 we may write 

·o - ~&.> 1~•,_., (l (u)) .!.. Pl ;"<& (u;> I + 
. • :£ • 

-. 

• ·+ t..-.i (I (u)) ilu • l ~~ G1 + G,. 
• _!_ II!'<& <•» 

(10.6a) 

i • ,- , I • 

Let us consider, for example, the first of these inteerals, a1 : 
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• • . . "" . 
G - -e'""->{" .,_. --. 

.& i e,• (l (u)) 

21<1 (ti)) 

(10.9) 

We shall expand the denominator in aeries in~ near the point u • O. 

It will be necessary to know the quantity 

Evaluating the indeterminate form, we obtain trom (10.8a) 

• • "" 
( ~) - lim ~ - lim 

24 
=--- (~) • • \-le ,~·(l) ,--:-1epcp•(t~ ,..(It) 4 ,-~· 
• 

so that 
0 

(S) .,/ "' 
Ila . l-le - Y P.91 (le) • (10.10) 

According to (10.10), we find (the prime meaning everywhere the 

differentiation with respect tot) 

£- .. ~ _., [ t"' (I,> _ 2/' <J,> ] ) I y ---;--_ /(le) + Pl (le) ,• (W ,r (le) u' -:r •••• { l O • l Oa 

Consequently, 

Thus, the denominatcr is found to be expanded in ~owera ot the 

quantity 

Regarding~ as a very large number, we obtain for zero approximation 

and having left in the denominator the unity only 

... 
G, == Ci! - - V, pcp•"'<w I ('e) eiM<\,) } ,.._. ""· {10.12) 

Tht integr .1 appearing here is reduced to the well known Fresnel inte­

~ra l ;•. It ls i mportant to uc that as u1 increas es , it rapidly approach­

' ~ a. CL: I ' ·a i n l i mit : 
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r _,,,tU--)'ii{ +- I+-+-+ ... , (10.13) 
• t • ;.• [' t 1•3 I ] 
l 2 2u u.- (2'x')' . . . 

If• ol>tain this eapanalon by separating the integral rrom o to• and 
·pertol'llin& maltiple integration by parts, estimating each time that 

, •• ~. 'l'bwa, it z +•,this integral is equal to -v"ii+o - • 
• ..JIii t ( t ) ' 
~ 2 • 

It we postulate I' - .!!..&•, we shall obtain another form: I 

i1,. 
Y .i ~ v,- ~ ,'"' [ t 1·3 ] ( ) _,-r •• 4•.L-+ --:- I+-+-+·•• , 10.13a ' tJ II 2i.Y 2Lfl (~)I 

This expression is called the Fresnel integral. Designated as 
Presnel integrals (or, respectively, Fresnel cosine-integral and Fres­
nel sing-integral) are also its real and imaginary parts taken sepa­
rately: 

Obviously [see (10.13b)] 

and generally 

I C(oo)-S (c») .. 
2

, 
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..,_ ,r,i- ,/7' ~ (l0.l3d) ~ ,.,.44 .. y ~- y •' •. --This formula is correct even tor complex o, provide~ lm•>O; We 
may indeed compute the square or this integral, passing at COJllll)utat1on 
to polar coordinates, did&'=- rdritf; &• + &._ _ r\ and then, uaWlling r 2 • • t: 

... ~ • M • -1•- ~ 4 ~ 4' "9<\'+l .. » - ~rdr ~dcp-~ - •),-di--;-·, - -- . . . Hence follows anew the relation (10.13d). 
Let us return to our integral O (10.6), (10.6a), (10.9). It it is admissible to limit ourselves to the unity in the denominator ot the 

integral (10.11), and provided u1 and u
2 

are t rriciently great, we have, according to Formula (10.13d) 

G st:: Y L, I(&.) ,'IJIJ(a.~. ,,.. (le) (10.l'-) 
Desiring to obtain correction or the order l/u

1 
or l/u

2
, we must take 

into account not only the correction terms in the expansion (10.13), 
but also the inequality or the denominator in (10.11) to unity. We may write 

r' __ (
1

,..-du{l- 1 ,••<I,> - 2( Cl->)u +••·J· (10.l'-a) ) - . J l'~• <le> •• <W / <W • • 
Herc the correction term gives an elementary integral. The condi­tion for its smallness formulates the requirements set forth to func­

tions ~ and fin the considered method. The correction ensuing there­
from vanishes when u1 • u2 , as is easy to find evidence. But, moreover 
this term is generally absent whenever ~and fare even functions or~ 
(ze O.lOa)). This is precisely the case which materializes in the 
problem or i ntcrc3t to us, as will be evident and borne in mind in the 
f o l owing , and which ls r elated to the type- (10. 5 ) inteerals. (This is 
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conditioned by ·,he tact that !: and p depend on t he guare or the inte-. 
gration variable~ or~; see below.) The subsequent terms or the expan-
•1on (10.lOa) baft already the order l/p1•(1.) and, it q> is limited, they 
are 11111ater1a1 by oompariaon with the terms or the order 

"!':::::::;;::::;:::::::::;;:;:, ooourring 1n the expansion (10.13}, which have to J' , .. e:t •J-• Lil 
be taken into aooount only in thia case: 

0••'' L 1(1.)r•w.,+[, + ( ,•! + .-'~ )•77'].<10.15) r ,,,,. (W t'ii-a ., .... 
The neglecting ot the square bracket is equivalent to the case 

u1 • u2 •••Thia •an• that we may shirt in the integrals (10.6a} or 
(10.12) the li111ta to 1ntinity with a precision to correction terms. 

We considered the particular and simplest case or type- (10.6) in­
tepala. Had the point i 0 been maximum and not minimum tort(&), ,•(&.><O, 
we ai&ht have introduced instead or u2 (10.8} the variable 

(10.16} 

(10.16a) 
and, repeating all the preceding reasonings, we would have arrived at 
the conclusion that 

(J,_,/ I ":°IWl~(l.),"9cl.l.C-1-[ 1 + (:-•! + :"::'.~ ] . (10 .17) Y , 9 • • • • • • · • r au, , 11u-.J · 

By its complexity the following case is that when the integral i n 
Formula (10.6} is taken in finite limits 

• 0 - 0 (a. b) - i / (s) eiiCU d,. (10.18) 
• 

Acting as before, that is, introducing a new variable~ according 
to Formula (10.8) or~ according to Formula (10.16), we shall be con­
cerned with the very same integrals (10.6a) or (10.12), with their in­
tegration limits, however, now being equal to 
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u
1 - y p {cp (a)-cp ('e)} , u. - V p (cp (b)- q> ('e)} ( 10 .19) (and analogously in Formulas (10.16), (10.17). · We assume that u1 and u2 are great, inasmuch as£ is great. For a more general case see the works (2, 3]. 

The inequality to the unity ot the square bracket in the relation (10.15) will now reflect the influence ot the finiteness ot the inte­gration interval. 

If the extreme lies inside the integration interval, but is not unique, the stationary phase n.<!thod may then be sometimes applied. To that effect the interval should be divided into smaller intervals in such a way that within the limits or each interval only one extreme remains; then to each or them either Formula (10.15) or (10.17) should be applied, which is admissible at limitations obvious from the above said. First of all it is necessary that ui and vi, corresronding to the boundaries of each small interval, be sufficiently great. 
The integral (10.13) ditters trom its value at infinite limits by less than 101 already at x a 8. Therefore, if this precision is suffi­cient, the region or values of~ near zero, in which u ~ 10 is eaaen­tial at integration over u. This is why, determining the limits ot in­tegration over~ it may be said that the essential region is the one in which <+> (~) differs from the value q,(t 0) in the extreme by a quantity or the orde r 100/p. If~ is great, this points in the scale oft to quite narrow limits for the essential region. 

Consequently, according to Formula (10.14}, for integrate of the type (10.18), oontainin9 th• produot of a rapidly ftwotuating •wttipti­er f(c), the Latter may be taken at th• point where th• ezpon•nt naa an eztreme, and taken out of th• integrai ei9n~ besides, in uiew of th• 

pande d to infinity. 
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Note that the application o the stationary phase method requires 
in essence that prp• {io) and not 2, be reat. This is why, even if the 

not have the torm Pf {i) 1 but has an extreme at a certain 
polllt , 0 , and variea rapidly over length A& <t J , this method is also 

tor example I it instead or :PfP (;) there stands in the expo­
nent •(VP&), where •<x) 11 recognized as a function having as also its 
clanntlfta a Yal.ue, generally speaking, or the order or the unity, and 
at tM •- ,1111e such that at variation or~ by a quantity or the order 
of the unity, •<x) also varies by a quantity of the order or the unity, 
but tor a anat 2 at variation or t by a small quantity the function 
•<.,-;ii)~ be aubject to numerous oscillations. This is why, repeating 
tbe prenoua rea1oninga 1 we shall obtain instead or Formula (10.9) the 
expreaalon 

-~ -
a _ r ~111,1 ,.>4 _ r .'~,,-,._>+"'' ----""-"--=,---. J ,. l y INP' (Vol) , ( :..o. 20) 

-- 2/ 
where _. -9(y'pl)-9(fp\.), and the prime denotes the dirr~rentiation 
witb reapeot to the argument. Taking into account that now, insteaa of 
(10.10), the tollowing relation will be valid: 

2· (g) - -
"" · ,-1. ,x,-<rPL> (10.21) 

and etfecting the same transformations, we shall obtain again 

a-= a - .. I i.-i, - ,.-~vp\,) I <'->· • y ,.. 0 1 Ple) 
(10.22) 

Such an approach to an integral containing a rapidly oscillating 
function is also possible when the stationary point lies beyond the 
(t1nite) integration interval a< t < b (for details see (2, 3]; for 
the case or double integrals see [I, 12; I, 11], (5-7]). 

In practice the stationary phase method is applied as follows. If 
the integral (10.18) is preassigned, ~(t) is expanded in s eries i n t he 
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neighborhood or the point t 0 with limitation to quadratic terms (cp' (~) = 0): 

• (l) - cp (;.>. + f cp• (lo)(, - 1.)1• 
(10.23) , I • Then 

(10.24) 
Taking the value or f(t) at the point t • t

0 
out or the inte$ral sign and applying Formula (10.13) for the Fresnel integrals, we obtain the result (10.17). It is evident that taking f(t) at the extreme point out of the integral sign and at the same preserving the second addend in parenthesis in (10.17) (or applying (10.15) is possible only in the case when the expansions of q,( t) as well as or f(t) do not contain 

terms that would make a contribution or same ord~r as the correction in (10.17) (cf. the remark made atter Formula (10.14a)). 
If f(t) varies not too weakly within the limits of integration, the result may be improved by setting /(r.) == exp(ln/(r.)) and 

,p , (,) + In (,) -. ,.., , ~, ._, . ~ , - ,, , • 1 • ·""" c·> 
• {<l> c· > _j_ (%)· ' 1·> c· 

• >1

} (10.25) 
wt.ere t 1 is a stationary point or the total phase, <J>'(,

1
)-= o. It ia then possible to apply the previous method. However, fictitiousness or the 

phase t may then spring up and we must ~alize this refining within the framework or a more general method (corresponding to the case ot com­
plex E. or cp (t)) , that is·, the Paddl• point (or steepest descent] method. 

It may be found that cp•(te) is small or even becomes zero. In such a case ~he expansion (10.23) must be extended, for example, 

By substitution 
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(10.27) 
tbe expanaion or t (;) is brought to a torm generally not containing 

'quadratic tenu. Arter that, taking out or the integral sign the value 
ot t(C) at ( • c0 (the adm11&1b111ty or this would require, generally 
•P•akinc, an additional basis, similarly to what was done above), we obtain [3b; 2] 

o· _ • -<.cw+ f Pfl!,lj. >, <&.> Y .. ~ ~ ,' ('•+·> u~ 
P'f (le) ( 1 O . 2 8 ) 

• t ,r~<15r V· i t - - T • < P'P'" <&.> • 
The integral figuring here is the Airy integral. Detailed tables 

are available tor it. At ,• (&.) - ~ (the stationary point is the inflex­ion point), taklng into account that (see [VI, 4a] 

' - -S•• a - 2 i cos~d.c - 2 Viv (0) -
1 

231 , C 10. 28a) 
• a . a•r l ¾) 

where v(O) • Im w(O), w(t) 1a an Airy function, v(O) • 0.62927 ... , we obtain 

(10.28b) 

However, another approach is also possible (4]. Instead or reduc­
ing this particular case to the tabulated integral, we may substitute~ 
by the sum or the trigonometrical and linear functions, inasmuch as, at 
any rate, the expansion (10.26) is valid only with a precision to cubic 
terms so that the integral ~111 take the form or integral representa­
tion or a Bessel function. As a result, G will be expressed by clindri-cal functions or great order from a great argument. Convenient asymp­totic representations for them are well known. 

Thus, for example, we may postulate 

- 82 -

I 
I 



I • 
where CO 1s determined by the condition tp' (&.) - 0. while the three con-s tan ts~.£ and• are determined In>■ the requirement that thi■ approa­~.--i?. .. ion convey 'q, Cl) with a precision to the terms ot third order re la-

(10.28c) 

t !. ve t o t - t 
0 

Assuming after that 

•'(i.)-b +cmcoscas. - 0, 
•• (t.) - - cm1 afn cas., 

•"' (&.) - - ca• 001 cas.. 

6 
- - == ccosca,. - v, • we bring the integral to the form 

s i"'l> di - t•'~(~t.>-v,ccJ-J>} ~ /l'Vfwcf•lint-•» dO. ( 10. 28d) With the corresponding choice or limits the remaining integral be a cylindrical function Z,,.,(pv·sec;\), (11); at the same time 

(10.28e) 
11,-t,,. ~~Se cp"' (l•) V -. - ( .h.)'cp• (;.) . ..,., ••<&.> , IS 

3, Up ur.til now we spoke ot integrals O (10,6) with purely real 2· If£ should be a purely imaginary number with positive sign, the above assertions wou d be valid to a still greater measure. Indeed, if in the 
integra l 

(10.29) t he function f(t) does not influence substantially the convergence of the integral, the function t(l) must be positive. Here f(t) may (con­trary to the case or real~) even increase so long as this increase is not too rapid. For such an integral it is evident that the essential region is the one adjacent to the extreme and at t he same time neces­sarily to the minimum, that 1s, the function rp(i). In troduc i ng again the variable u
2
- ' p JI<P(i)-q>('8)!, thi s circumstance 1:.; ca::;y t. o r·elat e: to t.he 
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rapid convergence or the Gaussian i ntegra 

(.-4' t11-~-•---[1--L+...!:!...-···]• (10.29a) i a 2.r ZA-• cir•>• 
Obtained troll (10.13) upon ~he substitution -it2 • t• 2. 

'1'be ditterence between the cases ot real and imaginary£ thus con­
al ta 1n that at imaginary 2. the m1nimm region is important, whereas 
at real 2 both the minimum and maximum regions are equally important. 

Baaentlal alao 1• the tact that the intluence or remote regions in 
ih• caae ot real 2. decreases only as 1/pt, whereas in the case or imag­
iner, 2 it does ao much more rapidly; exponentially. This is why if the 
lntesratlon intenal is not intinite, the position or the integration 
11111t tor a real 2. is manirest in the terms or the order l/pt1 , where 
, 1 ia tbe distance to the limit, whereas for an imaginary£ it is mani­
teat 1,n the tel'IIII ot the order exp(-pt 2

1), that is, much more reebly. 
In reality, both these cases are particular cases or a more gen­

eral cona1deration, valid tor integrals or the form (10.6) with£ being 
neither real nor imaginary. Moreover, there is no longer any sense here 
in limiting ourselves to the integration over real values or t. Let us 
theretore consider the integral 

O (p) - \ f(l) ,•cud;, cp == cp, + icp,, ( 10. 30) c taken over a certain contour C in the complex planet. The function~ 
into which we now have included the great parameter~, will be postu­
lated as rapidly varying with the variation or t. 

We are interested in the case when there exists in the planet at 
a t1n1te distance from the origin, a point t 0 such that the derivative 
~ in it becomes zero 

(10.31) 
It is well known fl'om the theory of complex variable function 
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that, generally speaking, 1rad91 (that is, the vector pointing at the 
direction of fastest variation or~ at each or the given points, la 
directed along the line over which ~2 is constant, and vice veraa. The 
point t • t 0 differs in that in it (provided .-~O)two llnea intersect 
at a right angle (and more than two it ,• -o ) , along which ~l la con­
stant and, simultaneously, two (or more) lines alone which~ la con­
stant. Consequently (see Fig. 10.2), the neighborhood or the point t 0 is firstly divided in tour sectors separated by the lines ta -•~R.>-
s cons t ) in which ~(t) is alternatively greater(~ and~) or aMller 
(£and~) than at the point t 0 . Ir we represent ,cc) in the torm ot 
r elief above the planet, the surtace ~(t) will descend trom the point 
t 0 onto two opposite sectors (band d) and ascend into two others dis­
posed crosswise relative to the tirat ones (at the point c0 1taelt both 
functions ~ and ~ have an extreme). Consequently, ,ct) tonu a sad­
dle-like surface that suggests at the same time the relier or a moun­
tain pass; ~2 also forms a saddle-like surface; however, at tne point 
t 0 the lines ~2 • const pass relative to lines ~l • conat at angles 
equal to 45°. 

Assume that the contour C passes through the point t 0 trom one 
se ctor wi th <v, < cp. c:cJ {say, from d) into another identical s,,ctor (2,). 
Toe ab s ol ute value of the function e.xp(cp (;), will pass through a maximum, 
and, evidently, the principal contribution to the integral wl.11 be made 
by the neighborhood or the point t 0 . 

It was mentioned above that the gradient direction, that ia the 
dire ction of the most rapid variation or~ generallj described as the 
d ' re ction of the steepest desoent, is also that of the invariable 
The contour C may pass exactly along that direction C • c1 . But even if 
th i s is not so, it may be shifted in most cases till it coincides with 
tha~ direction (as is well known, one should bear in mind only the 
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• 

poles crossed at such a shift). Then we shall have at any point of the 

oo~toax- c1 ·q,(;.) - tPa (I.) and this is wh.1 9 (I) - q, (le)+ cp1 (,)- q,1 (,0). Conse- -

quently, we may write 

a - t91W ~ ,..,,,-•• e1e, I <i> er.. 
~ 

(10.32) 

There atands u.~der the integral an exponential function, a rapidly 

Y&rJ1ng real exponent which has a zero maximum at~• t 0 . It t(t) var-

1ea ooaparativelJ slowly, only the direct neighborhood or the point t 0 

will be eaaential, and the value or t(t) at the point t • t 0 may be ta­

ken out of the integral. 

Moreover, the integration may be pertormed along an infinite line, 

tangent to c1 at the point t 0 at which we may denote 

I-le-~ . .c-11-1.1, f, ,_ arg(l-1.).,. const. (10. 33) . . 
Bzpanding 1 in seriea on thia line and limiting ourselves to 

quadratic terma (according to the condition (31) - (~) -o). we 
4 1-t. _,'t,u •-x, 

obtain 

.. w-,,<t.,c: .t ( '£!L) c,-~>· -= 
2 .,,. U0-11t c, , .... 

- .!. ( d'f, ) r'••r - .!.. .,: <~ A. .. , 
2 ..,.. a' ..... 2 

(10.33a) 

4-ei••dx, 

where ,;•(~ - !'f, <J,) < 0. Therefore, the integral ( 10. 32) is reduce d tc, 
u• 

the Gaussian integral 

G :a.. · ~.., / (i.) "~ ➔r I 7 .; , ..... dx = 1 Ir . 'L-i c•"·~ f (;.) ti••. ( l O . 3 ~ ) 
J., . y l •• <&.> I 

On the other hand, the contour of integration might have been giv­

en along the line c2, q,, .. const, or it might have been made to coincide 

with the line c2 (taking the sam~ precautions relative to poles). Then, 

reasoning quite analogously, we obtain 
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G =- ,,u., \ ,.-,,.cu-,.u.u / (,)di. 
(10.35) C. 

The oscillating function again separates as the moat •terial re-gion the neighborhood of the point t 0 it 2
Ct) varies rapidly (it 11 true, however, that here there is no longer any exponential decrease), and the integral may be taken along an 1nt1n1te line, tangent to c

2
. Assuming on c

2 

I-;..-~•, t, -const. 
(10.36) at the same time, since the angle between c

1 
and c

2 
•~ the point t

0 
11 1r/4, we have 

• ft ••.-t,-,, (10.J6a) expanding fPa(l) in series to quadratic terms and taking t{() at the 
point t 0 out of the integral, we arrive at the Fresnel integral (10.13) ... ,, . . 

G - ,.,._, I (i.) ~• ~ •••,cw--b -... 
(10.37) 

where ~l emerged because there stands in Formula (10.13) a general fac­tor If, while the equality (10.36a) 1a t~ken into account. 
Thus, t e stationary phase method is one or the extreme caaea for an integral or a rapidly varying function. Another extreme case 1a con­stituted by the integral of the exponentially decreasing function (10.29). Ir the contour C should occupy an intermediate position, it is po3G1bl, by ~hifting i~ to take advantage or any of the~e extreme cas­es; at the same time, as may be seen trom Formulas (10.34) and (10.37), the results will certainly coincide. Recognizing by~" a derivative 

with respect tot, and not~. and taking into account that ('9-) -
= e&i~ d2~ the result may be rewritten in the form 

.,, .. 
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(10.34a) 
\ . & -,re de,as.led oonaideration or the aaddle point [or steepest 

deaoent] •thod- oan be round 1n the boou • ·[7]. 
In practice, when applying thi■ method one must only search tor 

tbe point , 0 and utilize Pormula (10.3,a). At times, and in orde~ to 
que■tion ot ■ign aore preciae when extracting the root rrom 

the ooaplex quantitJ, one must still find the direction or the steepest I 

deaoent c1• which will detel'lline , 1 in Formula (10.34). A particular 
oaae ~ then be met with it the pole or the integrand is located near 
tbe contour (tb1■ preciaely takea place in the case ot radiowave propa­
pUon along the ground). Tb1■ question 11 considered in detail in the 
WON [I]. 

•• Lat ua return to the queat1on or rectilinear propagation or 
llpt and the Hu,gena principle. It waa reduced to the consideration of 
the integral (10.5), that prec1■ely incited us to turn to the station­
ar, phaae •thod. Thia integral ia two-dimensional, as a consequence of 
which the problem becomea aomewhat more complex. Now we have to seek on 
the integration aurtace a point, at which the phase would be stationary 
at ahitt in any direction, and to apply subsequently the method in each 
ot the two variables over which integration must be performed. Let us 
illustrate this procedure using the example ot the integral (10.5). 

We shall introduce on the plane S the rectangular coordinates x, 
y, z with origin at the point where the plane Sis intersected by the 
ray OA. The exponent k(r + p) may be written, tor example, in either of 
the two rorms 

i(r+p)-i(Yii+gi+r:+ V~+,1+P;}-.kr•h/ 1 + ~';,. + . . . . 
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+ y ~+"'+ "} .... {{ 4-+ .. ~,. +VI+ .. +;;}, ,: ,: Pi ,. ,: 
where r 0 and Po are the distances from the po1nta O and A to tbe or111n or the coordinates. 

Considering kr0 or kp 0 aa a great parameter 2
1 

entering in the 
stationary phase method, it is possible to transter here all the re­
sults obtained tor this method. Thus, in the integrand taken, tor exam­
ple, as a function ot A• essential will be the reb1on ot valuea ot A, near the point at which 

4 I • I -(, + p) - - + - - o. u , , 
that ia near the point x • 01 where the phase has a m1n1mua. Conaider-
1ng, on the other hand, the exponent as a function ot ~• we obtain 1n 
exactly the same way that at integration over~ the eaaent1al region 
will be that near the pointy• o. Thia ia why all the ractora, with 
the exception ot the O$cillating one, may be taken at the point x • y • 
• o, and taken out ot the integral. Considering that kr

0 
>>land 

k O >> 1 (the fundamental case; concerning the case kr
0 

~ l see below), we shall expand the exponent in series 

9 - i (r + p) - i { r • + .r';. ,a + ... + Pt + 19
:. 

119 + .. -}: ( 10. 38) 
and limiting ourselves to tel'IIIS, quadrative relative to~ and~• we have 

Por each or the integrals we may utilize Formula (10.13d). Thia 1s why 
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Therefore, it the source O had indeed induced in t h~ plane S the 
field /I;- .... , the virtual dipoles at the point A, distrubuted over s, 
would induce the tield D(A)-•~ the same as at direct reaching of · ' D • 
the wave. Thia 1a precisely where the content or the Huygens principle 
oan be aeen. The above aemonatration is valid, inasmuch as we neglect 
in either oraaula (10.11) or (10.14a) the terms or higher order rela­
tin to ·~ and, in particular, the terms or the order 

t (.t: !t..) l'~1<iJ •• - I · • 
taken at the extre• point. But here, according to Formula (10.38) 

•'"-r-o. w-• -+- . • (t' t) . . . ,. ,. 
'Dua 1a a corollary ot the parity or~ as functions or~ and~• to 
wb1oh it wu Nterred above. Consequently, the correction or the order 
1/y";;;' vaniahea and all the consideration is rightful with a precision 
to te1'118 ot the order 1/"(i.). It is obvious that, by the strength of 

·the general theorem (10.3), the result is exactly ·correct in reality. 
Aa ia well known trom elementary optics, the region near the point 

x • y • 0 ia isolated ~nits way or being essential, because the action 
ot more remote regions ia mutually annihilated. 

In reality, in the integral (10.5), extended over S, 

D (A) - p =..!! \ !! ,"'<,+,, llS, 
• 2a Jp '" • 

(10.5a) 
the plane ia broken up into concentric rings, such that at transition 
trom one ring to the other either the real or the imaginary part of the 
integral changes sign. The boundaries or these rings .are determined by 
the condition 

i {(r + p) ~ (r1 + p,)}:- m ~, m - 1, 2, ••• • (10.41) 

The virtual dipoles, located within the bounds of one r.i ng , emit 
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t o the observation point radiations, or which the phases ha1re an iden­tical sign, whereas the dipoles or the two neighboring rings •lllit radi­ations mutually compensating one another. An elementary, but not . too . rigorous a consideration shows that a nonvaru.shtng result re11&1na only from the first, central ring. The stationary phase method provides a rigorous demonstration or this. The rings themselves are called Preanel 
zones.• Let us compute their width. 

Assum.1ng x
2 

+ y
2 

• a 2
, we have [see (10.38)] 

l.~ (.!. + .!.) - .!!.m.· 2 ,. -Pt 2 that 1s, for the first zone, m • l (10.41a) 

(10.41b) 
where we denoted by R the smallest or the two instances, r

0 
and p

0
, Therefore, the width or the first zone 11 s1gn1f1cantly greater than the wave length tr "'• > I and Ap. > J: 

11 
~ JliR > k.; 

For more remote zones, tor which the width 4a 11 much smaller than the distance to the center or zones~. we shall obtain from Porauia 
(10.41a) 

(10.42) 

1. e., m4a -+- --. (
f t) • 
,. ,. 2 

•R < 48-----<a.-M • • Here R is everywhere the smallest or the two distances between the re-spective points and the planes. Thus, the width or these rings de-creases with increase or their ~umber. As to the area, it remains con-
stant: 

(10.43) 
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.. 

L·et us pause at one mathematical question, essential for some or 
the computations in the following. 

• We might colll)ute the integral (10.5) overs, taking into account 
Jem\lla (10.38) 1n polar coord1natea 1 having postulated 

% - •CIOI•• 11-asln •· 
'l'ben .. would have 

(10.44) 

subat1tut1on a2 • t, we obtain upon integration over; 

- ,.,, .!. + .!.) 
D(A) M .u· r •a\'• " ,u (10. 44a) - 2 "; J ( , ,,. , )''• • • s+,) ls+-'• \ ,: 'l'hia integral tro■ an oac1llating function would, contrary to In-

tegral (10.13) be improper at real k, it in the denominator no ractors 
•re tound to be 1ncreaa.1ng, though slowly, but nevertheless increasing 
with the riae ot 1 (that ia, it we ~imply substituted in the denomina­
tor£ and p by r 0 and Po• as was done earlier). OWing to them, the in­
tegral (10.44a) converges, but its value still does not depend on the 
exaot value or these tactors it they vary little, when the phase suc­
ceeds in changing by a quantity or the order or the unity. If, tor ex­
ample, 11 <,p~ the independence or the value or the integral from the 
exact torm or slow ractors takes place when 

~.!. :> .!. . 2 ,. ~ • that is, when kr0 >> 1, which is what we assumed trom the very begin-
ning. 

In this case, neglecting t/r2
0 and t/p 2

0 by comparison with the 
unity, we may compute the integral by introducing, for insuring conver-
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• 
-at gence , a f actor of another form: e with an infinitely small value ot 

the parameter a, that is, postulating• 

GD A¼~) - ,-..!.(-4 !..L., f 4' I '• '° .U - lim ~ I I ,, ,T .U - ;• ( \ I )' . .... -- -+-• • 2 . '• ,. 
which brings us exactly to the previous result (10.40). 

In the following we shall more than once encounter integrals con­
taining a slowly varying function, which is the only one to assure the 
convergence or the integral. Replacing this function by its value in 
the essential region, we will obtain sometimes, at real k and contrary 
to the case or the Fresnel integral, the improper integral 

We shall always recognize it precisely according to the rollowing 
terms: 

(i0.45) 

Up until now we assumed that not only Po, but also r 0 1s great by 
comparison with the wavelength. If such is not the case, it 1s easy to 
show that the conclusion derived 1s also correct (see [I.l], p. ). 

Thus, we have traced how this particular case or the Huygens prin­
ciple (10.1) stems from its general formulation. If, namely, we -con­
side r that virtual dipoles (virtual sources of spherical waves), dis­
tributed over the surface S, send waves to each given observation 
point, their aggregate field provides precisely the field of a directly 
arriving wave. It is obvious that these calculations maintai1 : their 
s trength even in the case when the surrace Sis not a plane. It is 
true , however, that for more complex configurations the computations 
may not always be performe d as simply, but the validity of t he Huygens 
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principle is guaranteed by the validity of the general relation (10.l}. 

In order to study in detail the - Jle or the essential region, we -
■hall paaa to the case or a physically bounded plane, namely to the 

paaaage ot electromagnetic oacillationa through an aperture in an 

opaque acreen. 

Pig. 10.2. Saddle point and stationary phase methods. 

111. DIPPRACTION FROM AN APERTURE IN A SCREEN (ESSENTIAL REGION FOR THE PASSAGE OF RADIATION IN A UNIFORM MEDIUM} 

Let the plane S represent a real, entirely opaque screen,• in 

which i s cut an aperture assumed rectangular at the outset and extend­

ing along the axis~ from Oto +a, along the axis l from -b to +b (Fig. 

11.1). Let us trace the axis! perpendicularly to the screen and postu­

late for simplicity that the source 0 is also located somewhere on the 

axis z at the point z • -z0 . We shall place the point or observation at 

a certain point A(xA, yA, zA), generally speaking not being on the ax13 

!· In this way, the plane or the screen here is not perpendicular to 

the line OA. We shall assume the distances from the source to the aper-
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ture (Pe=Zo) and from A to the screen (r0) quite great by comparison 
with the dimensions or the aperture. 

Applying the general formula (10.1), it is possible, bJ aeleot1ng 

r-i::=~::;=--'rz..,-.1.1 
~;._+--+-----~, 

Fig. 11.1. Diffraction on a rectangular 
aperture. 

a special torm or the Green function, to lay at the foundation Eq. 
(10.2). Further, we have 

so that 

n lit~,"" (A) - -- - D(S)dS 2,c , • 
(11.l) 

where Il(S) is the field in the plane ot the screen S, which ia unknown 
to us. The problem standing berore us is extremely complex in rigorous 
formulation. The total solution tor it was round by Sommerfeld [9] only 
for the case of a semi-infinlte screen (tor example, a, b-+oo). 

However, according to the Kirchhoff proposal, all classical prob­
lems of the diffraction theory are resolved with the help or the tol­
lowing approximate method (we shall discuss the limits or its applica­
bility subsequently, in §13). 
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Aaaume that at each point or the aperture's plane the field coin­
cide• with the unperturbed tield, which would take place here it the 
aoreen did not exiat in general, and that the t1eld on the dark aide or 
the acreen~• aurtace 1• zero. O~vioualy, these assumptions may not en­
tlrei, oorreapond to the reality, since, tor example, becawse or dir­
traotlon, tbe abaded aide or the screen must be partly illwninated, 
whereu in tbe plane ot the aperture, it only near its edges, the field 
IILlat undergo a perturbation. However, it may .be expected that in some 
caaea (n ahall aubaequently discuss in which ones) a good approxima.­
tlon can be obtained along this path. Comparison with the above-re­
ferred-to exact solution shows the validity or this expectation. 

Having adllitted the Kirchhott approximation, we must assume in the 
intesral ot (11.1) 

{ 

O ou~aide the aperture region; 
D(S)- .'., p- in the aperture region. , . 

(11.2) 

Por our rectangular aperture we obtain 

_,. s· . ~ .-,+,, 
D (A) - 2a p d.c S di ,, . • . ... 

(11.3) 

Eatimating the d1•naions or the aperture (a, b) small by compari-
son with r 0 and Po• we shall obtain 

(6-XA)'+ (i-1A)' p-.....,a.. + .rl +t. (11. 4) ,=as,,+ .. 2'1 • "' 2'e 
Therefore we again arrive at the Presnel integrals. Taking the slowly 
varying factors out ot the integral, we obtain 

Let us postulate 
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k f 
1

A )'( f 1) 11 k ( IA ) ( t t) ffr,I 
x- - -+- --u•· - v- - -+- --'i l t + '• '• Pt . 2 ' 2 \ t + ~ '• Pt ~ ( 11. 5) \ Pt 

Pt 

and correspondingly 

l; - -+- -- -- .-ua, 
I • ( t t ) ( 

1
A ) vff . y 2 't Pt t + .!! 2 _,. . 

V • ( t 1 ) ( IA ) v'n . - -+- -b-- -- -u1, 2 't Pt 1+.!! 2 
• Pt . 

I, t t)( • 1A) v°;i -1-+- a-- - ~u1; 2 \ '• Pt t + .!! 2 
Pt 

(11.5a) 

0.!. l.! + .!.) (b- ~) = V'nv .. 2 't • Pt '• 2 1+-
Pe Thus, u1 , u2 , v1 , v2 measure in a specific scale the distance trom the edges or the aperture or the plane's S point which is the proJection on S of the point of observation. All or them may have any sign, but they are positive when the proJection lies inside the aperture. 

The sense or the admitted scale is easy to establish. Por example, if ·P,>>'•• that is, it the source is quite remote (in other worda 1 it it may be considered that a ,1ane wave is incident upon the screen), we have, according to Formula (l0.4lb)
1 

• 
(11. 5b) i.e., i n this case the scale is the dimension or the first Presnel zone. 

Besides, taking into account that 

~ + ,~ Y( )' I .i . .- D '•+Pe+---== '•+Pe , x,l , I/A - , 2(re +Pe> 
whe r e D is the distance from the point Oto the point A along the 
: .. trai p;ht l i ne , we may r ewri te (effecting at the "'ame time the substitu-tj n ln the <..le nomina t or r

8 
+ Pe = D) 
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1-..0 ..... ~ +i:- · ~ .. 
n (A - ,i • , s • -'·• J . • d )--p---- ' .... ' u- (ll 6) 

2a • t t ' ) ,.;,. • • -+- .... -., . . . ,. ,. . 

. -TP,; (f("9)-F(-ui)) (F(a.)~F(-o,)), 

• ,!!.,,. 
1(u) ~ ~• • • --F(-u) 

1a the h'eanel ·1ntegral. It 11 obvious that 

,-a 
p~-0.(A) (ll. 7) 

1a the field at the point A that would take p~ace it the screen were 

reaoved and the entire apace were thus Wlitorm. 

'l'be presence or the screen induces a deviation from that ideal 

tield. However, 10 long as u1 , u2, v1 and v2, are positive and great by 

coapariaon with the unitJ, the perturbation 11 not great, tor in this 

cue expansion or the type (10.13b), in which the aeries containing the 

oac1llat1ng tactor, constitute a small correction, are valid. Indeed, 

in that cue 

"Ii' vr · c,(u.)-1(-ua)} (F(c,J-F(-oa)}:= 2yr' • 2~-2', 

ao that f • !0. But it, tor example u2 > O, with u1 < O and they are 

•-----.--------

Fig. 11.2. D1ttraction on a aemiplane. 

- 98 -



ar:ain r;re a t by module, we shall obtain in the e xpreas 1 on F ( u
2

) - P (-u 
1 

l. :J.
1
;r;,Jt•

1J r ::, to For mula (10.13b) 

which by module is quite small. 

According to Formula ·(ll.5a), the negative value or u
1 

ia obtained when xA < o. It is easy to see trom Fig. 11.l that at such a position or the point A it is situated in the geometric shadow. At the aaa 
time, the greater lu1 1, the deeper the shadow obtained. Therefore, the boundary between light and shadow is washed ott. 

We shall write the field in the form 

•.(xA)-= •-;;• (F(~1)-F(_;u,)), } 
.-,1'1• 

111, WA) - 'fl (F (r,a)- F (- V1)}, 

(11.8) 

(11.8a) 

where wx(xA), wy(yA) are the field attenuation factors, conditioned by the presence or the screen. Here, tor example, lwA(xA)l 2 indicates the course or intensity distortio. at shift along the axis~-
Let us consider the particular case or Fig. 11.2. Assume that the half-space x < O is shielded by the screen and the region x > 0 is 

free. In this case we have a • •, b • •, so that F(lla) - ~-.!':;and, 
,~ ,· J";, 

, . l '' . . } _,..!! • - • • • , _ t -1 . • • F (u ) ( 11. 8b) r.1. (.rA) "• (IA) ~ J"i v:r -. F (u,) - i . -w ' . ' 
At u1 • O, F(u1 ) becomes zero. Thia corresponds to the geometrical boundary or the shadow. As may be seen, here wx • 1/2, and, consequent­ly, the intensity is equal to one-quarter ot the intensity or the un­perturbed wave. The course or the function wx(xA)l 2 is represented in 
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. ' 

Pig. 11. 3. 

Other coordinates are otten used ror the diffraction on the recti­
linear edge ot a plane acreen. Instead ot conaidering the plane ot the 
acreen zO to be perpendicular to the line OT, drawn trom the source to 

l ·- . 2 --- .... ,..,..,, 
I I I I .S' II 

~t~r~!~· 
Pig. 11.3. Distribution or intensity in 
case ot dirrraction on a semi-plane. 1) 
Region or geometric shadow; 2) region or 
direct visibility. 

' I i 
Ir 

I 

a 

,, 

" A I/ 
l~' z. ,, 

Pig. 11.4. Dirtraction on the rectilinear edge ot a plane screen. a) When the plane of the screen is perpendicular to the line drawn from the source Oto the edge or the screen T; b) when the plane or the screen is perpendicular to the line linking the source O with the ob­servation point A. 
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it s ed0 e (Fig . 11.4a), as was done above (Fig. 11.2), we may, aa previ­
ously, integrating over the semi-plane S, arbitrarily lean the acreen, 
for example, shift it into the position t' (dashed lines in Pig. 11.4a) 
provided only the position or the edge T remains unchanged. It ia then 
obvious that nothing will be modified in the above-expounded deduction 
or the attenuation formula (11.8b). However, for the coordinates chosen 
above we would have been compelled to draw an~w the perpendiculars Po 
and r 0 from O and A to the screen for eve ry position of the latter. 
This is why, rather than express u1 by xA and r

0
, it is preferable to 

do it, say, by P0 Er1 and r 2 by the distance from the source O and the 
observation point A from the edge of the screen T, and by the d1ttrac­
tion angle ~: 

Consequently, 

6A y . W, • 11. ~ u,-- --::::=-11nw - . '• • Pe+te a,,+'• 
Cl 1. Sc) 

Here we substituted cos•:::=l, inasmuch as the whole theory i s correct 
only for small~ (ct. below 113). At times another expression is ap­
plied for u1 • If we take tor the base the line linking O and A, and if 
we dispose the screen perpendicularly to it (see Fig. 11.4b), aaawning 
as previously r,sin0t ;ar1 sinI). and introducing the distance H trom the 
edge of the screen T to the ~ine OA, we shall tind from the relations 

'f-= iX , ;3,cos 2. :::::;c:>s "1 ~ 1, sin,=::: ' 1 .a.'• sin ca~'•+ '•H, and this is why '• ,.,. 
Hy 11,,+r, (11.8d) u,-= - - . . , . .,. 

In the cases when the integral (10.13) is designated as the Pres-

ncl i nte~ral, and not (10.13b), the argument u
1 L , substltute d !Jy V}u,. 

Le t us now turn back to the general ca~e of a rectangular aper­
t r ~, an consider a field on the axis!, assuming xA • yA • o. 
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At the same time we shall consider, however, that t he aperture ex­

tencla along the axis A t'rom -e.1 to +a2 , along the axis y from -b1 to 

+b2• t.bat 1a, tbe aperture uy possibly be aaymetrically disposed rel­

attft to the line OA, the aoreen•s plane remaining, _ however, perpendic~ 

ulu- to tbe line OA. l'ol'llulU (11.8), (ll.8e,) will then remain valid, 

but u1, u2, ~1, v2 mat then be recognized as somewhat different from 

(11.5), nuely: 

• -. • :t Cli, / ! 1 l + .!. ) .. , v, - :1: ,,,y !. I.!. + .!.. ) , !i - 1 , 2. ( 11 . 9 ) r • \ '• ... a\'• flt • 

!be prox1111ty ot attenuation tunctions to the unity is determined 

by U'SUalDta• ui and v1 excess over unity. As is easy to see, these 

n\llllbeN aillply ahow how many zones can be fitted from the line OA in 

the d1Not1on ot each ot the axes to the corresponding boun~ary or the 

apertu.re. 

Tb• nWlber ■1 ot such zones 1a indeed determined by a formula 

analo1oua to l'ol'llula (10.41): 

I ((r, + p,)- (r ~~ P1~1 - "" : , (11.10) 

where r 1 , pi are respectively the distances from the points O and A to 

the corresponding edge ot the aperture. Expanding ri and Pi in series, 

we shall exactly obtain therefrom (;, - Y ,: + ~ + N}, p, =- VP;+~+ II~ ): 

A -'7+,, (!.+.!.)-nil~• 
2 ,. Pt;. 2 

and, consequently, respectively 

(11.11) 

tor the points xi• ai, yi • 0 or xi• O, Yi• b1 • Th• argum•nt of the 

att•nuation funotions is si,nptr th• square root of the number of Pres­

net aonBB that fit in th• apertur• plan• in the direotion of th• given 

azis between the direct ray OA and th• boundary of the aperture (this 

numoer may be different in the directions x and~). 
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Thus, the attenuation factor depends on the distances to the 
screen and on the dimensions or the aperture, taken in a specific com­
bination. 

Let us figure that, having taken the points Q and A in tree _apace 
for two foci, we will construct a system of confocal ellipsoids 

•Cr+ p)-kD &.~ m .!!.. 
2 

(11.12) 
(here Dis the distance between the points Q and A;~• pare the dis-
tances of the current point to each or them), imparting tom in succes-
sion the values l, ~, . . . (Fig. 11.5). If kD is very great, we shall 
obtain at the outset very prolate ellip~oids.• 

Let us place perpendicularl:, to the line QA an opaque screen with 
a transparent aperture in it in such a way that the axis QA pass 
through the screen. The diaphragm will condition a certain distortion 
at the observation point, determined by the number of zones encompassed 
by the aperture, as has Just been derived by us. Consequently, it we 

displace the screen along the line QA so that the dimensions or the 
aperture change simultaqeously, allowing the transmission or the same 

zones at any position or the screen, the field observed will not vary. 
Assume that the aperture is at the side or the axis. Then the ob-

served field (this is the tield in the geometrical shadow) will be 
found to be very weak. If, however, by shitting the screen the aperture 
1s deformed in such a way that its edges slide along invariable ellip­
soids , the field will remain invariable in this case too. Thia may be 
considered as a certain similarity law. 

Note still one more peculiarity or Formulas (11.6). They have a 
form as if each of the aperture edges induced a certain perturbing ef­
fect, the effects from opposite edges then adding up in a spec1tic 
~ashi on. Meanwhile we started from the consideration of the action or 
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the entire aperture area. This peculi a rity i s a part i c l ar case of the 
gene~ tbeorea1 according to which the aggregate effect of action or 9 

Pig. 11.5. Essential region in c~ae or diffraction on a rectan­gul ar aperture. 

• virtual dipoles, disposed over a portion of the surface, may be always 
represented as a result ~f integration of a certain function over its 
periphery. Both repres~ntations are equivalent. Because of this addi­
tivity ot actions or edges in case of eccentric po~ition or the aper­
ture, the predominating role will be played, generally speaking, by 
aperture regions adJ~cent to ellipsoids with the least m. This is why, 
upon transferring the aperture from one point to another, we shall, 
generally speaking, obtain a field amplification, if as a result of 
transfer, ellipsoids with~ smaller than prior to transfer hit the 
aperture, and, vice versa, attenuation of the field will set in if the 
least m for ellipsoids encompassed by the aperture, should ri se . 
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~ :i. 2. -~i::G r or ESSENTIAL FOR REFLECTION 

The cases of passage through ap~rtures are of little interest to 
us in the theory of radiowave propagation. However, the notion ot zones 
conserves even here its significance when determining the region, es­
sential for the formation of a perturbation. 

Let us consider, for instance, the field at the point A(xA, yA, 
zA) above the surface of a uniform and plane ground, when the source is 
located at the point O(x0 , y0 , z0 ), also above the interface. We may, 
wit hout any limitation of the generality, draw the axis of coordinates 
in such a way that we have x0 • O, YA• Yo• O. 

As previously, we shall apply Formula (10.1), understanding by in­
tegration volume the entire space above the interface between the two 
media. The surfaces consists of (plane) ground surface and or an in­
finitely remote hemisphere resting upon the interface and including in 
itself the entire open half-space. 

In this case, contrary to the former ones, the integral over field 
sources does not drop orr. According to Formula ( 10 .1) the field n, (A), 
which would have taken place for the given distribution of sources in a 
uniform atmosphere (in the absence of ground), and of a field, emitted 

Fig. 12.1. Essential region at reflection from a plane, when both corresponding points are raised. 
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by virtual di po l es ( and qua r 1.1poles) distri bute d ove r t he surface S. 
The integral over the hemisphere vanishes; as to that over the ground 
aurtace it provides the "reflected" field, which is superimposed on the 
t1eld directly arriving from the source. This integral will always con­
tain a product ot the type (eikr/r)D, no matter how the Green function 
ia selected by us. 

The t1eld Don the ground may always be considered to be the prod-
,,,., uct ot an wiperturbed field at the given point n11 == p- and a slowly 

p 
vary1nt tunct1on - the attenuation factor w. In this case we again are 
concerned with an integral from rapidly oscillating function or a well 
known type. This is why ~e may again attempt to isolate the most sub­
s tantial region or the surface. 

Let us consider the exponent of the oscillating function 
,9 - ik(r + p} on the integration surface ( x, y) (Fig. 12. l), and find the 
point x0 , Yo at which it attains the extreme. 

Since (see Fig. 12.l) 
r - (" (_z_A __ -x-)'_+_l'_+~t.=-A, P - Y .¥' + N1 + 4 

the extreme's conditions have the form 

(12.1) 

Consequently, first of all, the extreme point 1~ ::;ituated on th t­
ax j s ! ! Yo• O); secondly, at this point 

Xe X,4 -Xe ,.1, -c:----cos,., (12.2) Pt ,. 

"the angle of incidence is equal to the angle of reflection" ( ljl is the 
glidin~ angle). Therefore, the essential region lies near the correct 
mirror reflection (x

0
, y 0 , 0). Let us investigate t he behavi or of r;; 
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ne ar i t . ~o t hat effect we postulate 

, = X - Xo, 'l - II - Vo (12.3) and, considering ,._ 11 « ,, p, let us expand !: and p in series, limiting ourselves to the terms of second order in (and~= 

- , /((zA -z0)1 + z~J I 1 + -~ (.rA-..rL) e + 11 + 'I' -V L {IA -1.)•+a:. 

(12.4a) 

:::::: r.- lcos ,i, + I' sin•• 4-"', 
:u. 

(12.5) 
P:::::: Pe + ~ COS 1f) + &• 11

:: +"' • 
Thus, the phase has the form 

(12.5) 
q, = k (r + p) ~ k {Cr,+ Po)+ I' sin'}' +n• (,: + ~)} • 

and the extreme point is the point of phase minimum. The lines of equal phase q> Ct 11) = const have the form of ellipses described around the point of correct reflection. The oscillating factor changes the sign or ei­t her t he real or the imaginary part when transiting through the ellipse 
.!!.. (..!.. + ..!.. .) c,• sin• 1i> + '11) = m ~, m =- 1, 2,. . . ( 12. 6) 2 '• P•' 2 Thes e equations may be rewritten as follows 

t: ~2 I ___ .. ___ + ---- = . 
nm nm 

- t 1) •t 1) • • sin• t {- -t- - k I -+ -. ,r, P• • • • \re · P• 
(12.6a) 

or 

~ I .,1 __ ! _ _ + ...:.!,_ = I I 
ma• • (12.6b) 

whe ~e a 0 i s t he dimension of the first Fresnel zone at passage of l ight tn r ou1.:I t he a pe r t ure ( 10. 41b). 
'J ' l 11· :; L~111i:i x c· :; c., f tt1t:: ;c.• c ll l ps es are : 

- 107 -

-------



along t.he axh x 

' 1 {" m .,r- o• • 
a,.. -- -----== m-, liAf 1'l • t 1 • ..a. • 1 -+-

,. P• 
m - ,. 2, . . . . ( 12. 7) alone the axi• y 

V~ •· -rma.; i S l -+-,. ,. ·--
Th••• ellipaea serve as boundaries or the zones tor retlection. At gliding lncidence 1 when• is small, am>> bm• that is, the ellipses are atrongly prolate along the axis~• i.e. 1 along the propagation direc­tion. But tr! and!?_ are small by comparison with the 1.ntervals over wh1cb the remaining ("slowly varying") comultipliers entering into the integral undergo notable variations, the rapidl oscillating runction 

iq) 
• e determines the integration region that is most essential. The inte-gration over the plane (x 1 y) may be perrormed in variables Ct, n), and then the ractor 

(12.8) determines for such an essential region the area of the plane near the point of correct retlection, encompassing the first zones. Taking out or the integral the slowly varying ractors taken at the point t • n • • O, we shall again obtain the Fresnel integrals. 
It, tor example, we consider as essential the first eight zones, m • 8 (indeed, when the argument F(v) is equal to v =yin= VS. , the value of the integral differs, according to Formula (10.13b), from its value at infinite limits by the quantity 

. i :c .,. 
' a -c 

nu 1 yi I • = - - = .-;;- ==:::: 0,16, n ,n ~-i 

that is, only by 16%), the dimensions of the essential region consti­tute along the axis~ 
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and along the axis l 

2b,-4 (Hi. 
wh~re R is the smallest or the two distances, r

0 
and Po· Theae reaaon-

1ngs loose strength 1n two oases: r1ratly, 1r either r
0 

or Po becomes 
or the order ·Yi<i (or, which is the same, or the order A), tor in this case the value of (/R is not small and the expansicn or the phaae 
(12.4) is invalid; secondly, if the attenuation factor tor the ground 
is such that it varies notably within the limits vf one zone. Theos­
cillating factor does not appear to be more determining in either case. 

I 

Fig. 12.2. Essential region at reflection, when one of the corresponding points has been lowered to the plane. 

The second limitation is related to the properties or the soil. We shall deal wit h it subsequently (Chapter 7) and ascertain that it is 
immaterial in numerous practically encounte r ~d cases. As to the firs t 
limitation, it bears a purely geome tric ct,aracte r and may be already cons id r ed now. 

The zone may acquire a dimension or the order R, provided one or 
the corresponding points, O or A draws neare~ to ground. Let us consid-
er t he extreme case: assume A to be situated quite near the ground, 
sc that we may estimate zA • O. In this case r + p attains t he least 
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value at the point A, tha~ is, when x • xA, y • yA. Le~ us postulate 
1, • 0 and introduce t~r the points near A polar coordinates with the center at A (11g. 12.2) 

(12.9) 
lxpand1ng p and the whole phaae in series by!: near its minimum 

ftlUie, •• obtain, 111111ting ourselves to terms linear relativ to!:, 
. . ,.-Y xf'+,,. +4-y(x.,. + rcosa1)1 + /I'+ 4 • P,+ re01e1cost: 

19-~,. (; + p) =:: iltr>t-'- iltr ( I + cos 2 cos ,P). : 
At integration over the plane in polar coordinates!:, o, the fac-

tor e
1 

• ••rges again aa a 1·ast oscillating D'lult1plier, determining the 
110at eaffntial region. The boundaries or the zones are determined by the condition 

ff /,r ( I + COi ca cos 'I)) - m 'i' 
,u,fli , _____ _ 

s +co.•eo1· 

... ' 
(12.10) 

Thia 1a the ellipse equation with focus at the point r • o {at the 
point or observation A) and with the eccentricity E •cos~. It is de­
tel'lllined by the sliding angle or radiowaves. The maJor sem1ax1s or the 
ellipse is directed along the axis x and equal to 

nm 
U ms · (12.11) a.------1-1• li ain• ~ 

The minor sem1ax1a is directed along the axis~ and is equal to 

~• - VI -1• a .. - 2.::. • {12.lla) 
These ellipses are strongly prolate in the direction toward the 

field source {see Fig. 12.2). Counting along the axis~ in the direc­
tion at the source, the distance from to consecutive ellipses 1s 

(r) - m:c 
11
-• - 2k (1- cos~) 
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In the direction trom the source it is 

.. .11 
(r) .... - 2' (l + COi •> • 

In the transverse direction the dimension or the ellipse near the ob­
servation point is also tairly small: at o • •/2 we obtain r • mw/2k • 
• m>./4. 

Thus, at gliding tall (the low-placed transmitter,• is small), 
the first zones may already encompass a great part or the course on the 
segment between O and A. Outside this segment ("beyond the limits or 
the course") the ellipses converge quite closely, the distance between 
their boundaries having the order (co••=::: 1) 

~ - !. - .!!t, 
-~ 8 ' 

(12.l~) 
that 1s, the order or one-eighth of the wavelength. 

Thus, estimating the essential region by the number m • 81 we 
she.11 ot .. ain tor • • 15°, its dimensions in the direction toward the 
transmitter equal to !:!._!_=:::64A, · and from the transmitter .. >.; ·at • • ~ 't'/2 
• 30°, we shall respectively obtai::1 16A and -A, etc. 

It snould, however, be noted that if the details or the reflected 
ray offer no interest to us, the minimum required area for reflection 
may already be estimated from the values or the dimensions of one-two 
first ellipses if, for examplP-, we postulate m • 2. 

'I'hese considerations have a significance in case, for example, or 
sele ction of the area for radar installation (Leontovich, 1942). The 
radiowaves received arter reflection from the target may undergo aub­
stantial distortions if the ground surrounding the receiver is insuf­
ficiently smooth and uniform. Obviously, similar requirements must be 
set forth mainly to a few first zones (this is naturally valid only in 
the case when no sharp irregularities, such as high houses, masts, etc~ 
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• exist over more substantial distances, ror reflections from them might combine with the uaetul signal). 
We •1 aee tbat the repon behind the receiver la not as essential aa tbat Aa the obJect drawa tarther away, when• decreas-••• it becoaea more and 110re ditticult to satiaty the conditions of soo4 work. llenoe 11&1 tollow a limitation ot the installation's range or action. 

It ia evident that the_ aurtace acts as a plane only in the case, whereby lt does not diverge trom the plane within the bounds or the es­sential region (to be more precise, when it diverges in such a way that the path length or the rays varies by less than• on account or • the divergence). In particular, a correct mirror reflection over a well retlecting surtace may occur only in the case when its plane area near the point ot retlection encompasses ir only a few Fresnel zones. Simi­lar considerations help to estimate, ror example, in which cases a hilly aurtace or the surtace ot separate areas ot sea waves may be re­placed by a correspondingly inclined plane surface. 
The tormation ot bright shines on snow may serve here as an exam­ple kno:rn to all. In order to be able to see rrom a height or the order ot man's size ( -200 cm) the correct reflection or solar rays• (A•5. 10-1 cm) while the Sun is ."lot too high, from a group of conglomerate snow crystals, it is necessary that the dimension or the plane or such a group be or the order or several zones, that is, of the order 

Y 5• 10-1•2-101 =:0,1 CM. It is obvious that such a case materializes rather often. Finally, let us pass to the consideration of the configuration of zones forming when both, the transmitting and the receiving points are disposed at quite low heights, at limit - on the plane z • 0. In this case the boundaries of equiphase zones on the plane are determined by 
- 112 -

n 

r 



t he same requirement: 

kJr + p) - C'OIUt, (l.?.lj) 
where P, ! are the rays traced from two points O and A ot the same 
plane. But this is the equation or an ellipse with toci at O and A. 
Since the least value or the constant is attained at r + p • zA• the 
boundaries or the zones are defined by the condition 

. . .. . . 
_ • (r + p) - uA + na 2 , ,n -= I. 2, . • • . (12.13a) 

The major sem1axis or the mt~ ellipse is equal to 

"p+r IA ff 6 A ff~ a. --= - - it. ,n - - - + ,n- Ao 2 2 ~ 2· 4 
(12.lif) 

Behind the points O and A these ellipse_ dr,tw quite closely to one 
another and they are quite elongated. In reality, the minor aelllians 

. . (Fig. 12.3; see the footnote to page 103; the scale haa not been ob-
served in this drawing ei•cher) is equal to 

For small m 

Pig. 12.3. Essential region at re­
flection, when both corresponding 
points have been lowered on the plane. 
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In ,hia way the transverse dimensions of the elliptic zone are deter­
mined by relations well known to us. As always, if XA))~ which evi­
dantlJ la uauad, b. < XA, that is, the zone is narrow. 

It la obYioua that the tirat several ellipses, encompassing the 
point• ot d1apoa1t1on ot the receiver and transmitter by a narrow loop, 
detendne again the esaential region. The distances between the consec­
utive elllpaea behind the receiver and the transmitter are quite small. 
TbeJ are detel'lllned by the accretion ot the quantity .!.(p + r-xA) =- ~ == -2 · U 
••¾•that is, they constitute one-eighth or the wavelength. The dis-
tance between ellipses near~ and A in the transverse direction is also 
11111&11. 'l'hus, the distance qm along the axis~ from Oto the mth ellipse 
la deterllined by the relation (p - q.) 

i (y'° ~ + i.. + f•} - UA + m ~ • 
Since qm << xA, we hence obtain, neglecting q2m/2xA by comparison with 
qm• 

"'"" a, "• =- - =a na- • .,, ~ " (12.15b) 

These considerations allow us to introduce an important, though 
somewhat conditional idea of ~adio~ave oouPsB. The ~egion encompassed 
bM th• fiPet (or one of the first) ettipss may be regarded as being 
such a region. 

Thus we have round the essential zones for three cases: when both 
corresponding points are disposed sufficiently high, when one of them 
has been lowered to ground and when they both are on the ~roun<.l. Unify­
ing all these cases we may proceed in the following fashion. 

At arbitrary position of the points O and A in space above ground 
we must figure a system of confocal ellipsoids of revolution in space , 
having their common foci in 0 and A and being determined by t he equa-
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tion 

i(r+P)-il>+M~. M- 1.2 ••••• (12.16) 

where Dis the distance between the pointa O and A, and£ and pare the 
distances trom A and Oto the current points in apace. Starting tro■ a 
certain M • M1 , these ellip,soida will be intersected by the ground 
surface. The point where the tirst contact takes place will be the one 
in which takes place the correct reflection 

. . . 
i(r1 + Pt)- Id) +M,2 

(according to the properties or the ellipse, the rays, traced trca the 
foci to any or its points, torm identical angles with the normal), and 
the subsequent values M • M1 + m, m • 1, 2, ... , provide in the croaa 
section with the ground surface the contours or Presnel zones (we dis­
regard here the fact that M1 is not a whole number). 

Ir the heights or the points O and A are equal, concentric ellip­
ses will be obtained in the cross section (for small!) (Pig. 12.-a). 
But it either one or both points are situated on the ground, the cross 
sections will have the shape or ellipses with respectively either one 
(Fig. 12.4b) or two (Pig. 12.4c) c_onmon toci. 

As already stressed, it is obvious that the remark conceming the 
preferential value of the first zone region should be understood condi­
tionally: they are more substantial under other equal conditions. But 
if, for example, particularly well conducting portions or the aurtace 
are encountered in the more remote zones (this means, as will be seen 
further, that they are particularly well reflecting), they may exert in 
known cases a notable influence. The same refer~ to particularly large 
towers, masts, mountains, etc., situated in the more remote zones (see 
above). 

In conclusion we shall enumerate one,,? more the formulas in which 
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are shown the transverse and the longitudinal dimension~ of the essen-
tial zones (ellipses): tor both corresponding points raised - (12.7); 
t'or one point raised and the other lowered to ground - (12.11) and 
(12.lla); tor both points on the ground - (12.14), (12.15) and (12.15a). 

Fig. 12.4. Ellipsoids or the Fresnel zones at reflection. a) When both corresponding points are raised over the plane; b) when one or the points is lowered to the plane; c) when both correspondin~ points are located on the plane. 

113. LIMITS OF APPLICABILITY OF THE KIRCHHOFF APPHOXIMA'l' I Oi~ I N THE Ch:J i:. OF DIFFRACTION ON A SCREEN 

We shall consider as an \?xample or utilization or the conception 
or the most essential region the question as to wr1 E: n the Ki rcrihoff 
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method, applied by us when ~eviewing the diffraction from an aperture, 
is valid. 

To that effect we shall consider the simplest case, that is, the 
diffraction from a rectilinear edge or a sem1-inrinite screen (Pig. 
13.1), when the source is located at the point O, and the observer · 
somewhere near the boundary or the geometric shadow, or deeper in the 
shadow, at the point A

1
. 

Fig. 13.1. Role or various Fresnel zones for various positions or the point or ob­servation. 

When computing by the Kirchhoff method, it is assumed that the 
field is zero on its dark side, whereas in the plane of the aperture 
the field is equal to the unperturbed field 

n-n.-P.-,. 
p 

(13.1) 
that would take place here had the screen been absent. In reality, near 
the screen's edge the field in the aperture plane is always distorted. 
Let us examine this distortion. 

First of all we shall ascertain to what extent the assumption that 
the field is unperturbed in aperture plane, is valid. 
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f 

In accord with the Huygens principle, the field forma at a certain 
point ot the aperture A', di1tant trom the edge or the screen by the 

waft• reaohlnc here troll various points. Moat essential 
ut uae ~inti ot apaoe 1,1na w1th1n th• . 11111ta or the tirat ellip­
aos.ea. oonatNoted w1tb the points o and A' aa toci (see Pig. 13.1). 

'J.'be CU.atanoe to tme Ill!!!, ell1pae in the aperture plane is deter­
ldne4 ,, 1o1Wlla (12.15b). Pro■ it we may aee that near A' the ellip­
••• OOftftl'I• quite cloael1 to one another, a distance or the order A. 
!bl• 11 •hf we 111&1 aaaert that it the point A' is removed trom the edge 
ot the acreen by a d1at1U1ce 1 substantially exceeding the wavelength A, 
the tield in it 1a practically unperturbed by the presence or th~ 
acreen. Tb 1a, in particular, takes place in the case dear l"ibe,i in Fig. 
13.1. 

Indeed, direct calculation, carried out in the asswnrtion that 
tb1a perturbation is aaall, shows ([I.l), pp. 90-91, Formul~ (13.8)) 
that at the distance!! trom the screen's edge the field in the aperture 
plane ia 

(13.2) 

Therefore, the correction tor an unperturbed field has already the 
order tl-). at a distance (2n)-'-I5%. 

It remains to be clarified, to what extent is manifest at the ob­
servation point, that is, at the point A or Ai behind the screen, the 
tact that the field in the aperture, near its edge, still remains per­
turbed. To that ettect let us construct the first substantial ellip­
soids with points O and A, and also with points O and Ai tor foci. 
These ellipsoids define the region of space which participates in the 
formation of the field respectively at the points A and A1 . 
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In the aperture plane the dimenaiona ot the tirat sonea tor ,11e 
point A closely situated to the geometrical bounda~r 
rather great; they have an order (it>a;, wbere R ta the 
distances from th~ points O &J'.ld l to the screen. It, tor ezUlll)le, •• la 
:; t 1(, 'llfl ; r, :•'1;~ . 1~ . 1 . t l'le first such zone touches the acnon bJ lta edge 
only, the field is 1n truth unperturbed over nearly the entlretr or 
that zone. It cannot be given by Pormula (13.1) oni, in tta aars1nal 
part, at a distance of the order A. But this region conatitutea onl1 a 
fraction or the order 1/~ - fliR < I or the entire area ot the sone. 
Inasmuch as ali the points or one zone emit nearly cophual tlelda, the 
error hence emerging is correspondingly small. 

In this way one may consi der that tor points ot obaervatlon near 
the boundary or the shadow (and, a tort1ori in a well "illulllnated" re­
gion, considerably above the line OB in Pig. 13.l) the application ot 
the Kirchhoff method is Justified at distances R>i.. 

Ir. however, the point ot observation 1a located deep in tbe shad­
ow (pcint A1 ), the distance between the essential ellipaolda (dl•n­
sions of the essential zones 1n the ·aperture plane) m&J beco• amall. 
It corresponds to large numbers m and, according to Pormula• (1O.,2b), 
(10.41a), it is 

It is thus large by comparison with A only in the case when R>-.Con­
sequently, deep in the shadow the K1rchhotr method may prove to be in­
accurate. This also is seen from the simpler construction brought out 
i n Fig . 13.2. The rays, traced here trom the point ot observation to 
that of the aperture ditter in their wavelength. Consequently, tbe seg­
ment s cut by them on the axis x define the Fresnel zones. These &ones 
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'N t.heuelfta dimensions ot the order A, provid~d the angle between 

and the plane or the aoreen 8 11 not near , w/2. Consequently, 

D1ttract1on 
angle1. 

the t1eld in the entire tirst or the esaen­

tial &onea 11 ~11torted by the presence or 

the 1oreen, and thi1 1• why the lirchhott 

•tbod prondea the tield in A incorrectly. 

Thia will happen when 

-?!-J- I. 
2 

Note that the electrodynamic problem or 

dittraction on a semi-intinite 1creen is 

tully resolved in (9] and the results may 

be compared with the approximate solution by 

the Kirchhott method. The comparison con­

ft.11111 the Y&l1d1ty or the criterion derived by us:• tor a sem1-intin1te 

aoreen the Urohhott •thod is inapplicable only at (w/2) - 8 - 1. 

We haft not diaouaaed the second condition ot the Kirchhott meth­

naaely that ot tield vanishing on the shadow side or the opaque 

part ot the screen. It may be shown by analogous computations that its 

cona14erat1on adds nothing new. 

llJt. ISSBNTIAL REGION AT REPRACTION 

Let us now consider brietly the question which boundary region of 

the intertaoe between two •dia is essential at passage or radiation 

trom one •dium to the other. We shall analyze this question only for 

the case when the wave number~ in one medium (say, in th~t where the 

o~servat~on point ia located) is much greater by module than in the 

other. 

We shall consider th•! tield in the medium 2, characterized by the 

constant~. tor example, in the soil, when the source is disposed in 
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the medium 1, characterized by the wave number A.<lil, tor ezuaple, 
the air. In this caae the radiation arrives on the surface, apre&dins 
mostly in the medium 1, whereu the waves, arriving through the ao11, 
damp rapidly (thia will be shown in 131). 

Ir the source ia placed at the point O (O,o,z0), the rteld at a 
certain point A (xA,o,zA •~) ,may be expressed by Pol'lllula (10.2), 
more than once appl'ied by us, having assumed tor the surtace S the 
plane or th~ interrace z • o, complemented by the infinite hellisphere 
tna~ closes the lower halt-space (Pig. 14.1): 

g<•) C.CA. 0, -d) - - _!,_ r nc•, (.c, I/, - 0) !~a. . 211) .. , 

r - Y (x,1 - x)1 + ,• + d", dS - dz d11, • le - i 1 + '-t· 
By the strength or boun~,ry conditions, t< 2> are determined on the 
plane z • -o by the values or t<l) at the correap~nding points on the 
other side or the surtace . Thia ia why t< 2> varies substantially at 
shirt along the aurrace z • 0 on tne ae~;nent or the order ot the wave­
length in the air A0 • l/k0, while eikr may oscillate (or exponentially 
decrease) at shirt along the surface on an interval or the order or the 
width or the corresponding Fresnel zone, that is or the order Yl•ld. 
It may be considerably leas than the wavelength in the air it we limit 

ourselves to not too great depths !I,, ,t <ft\~ (which are, howenr, 

still great by comparison with the wavelength in the aoil). !At ua 
break down the expon~nt into real and 1•ginary parts: 

• '---- ' 
Ii, - ~v ... +( ..:· f-T-.., v ... + t-:· J'iin \. ( l u) 

X - arct1!!!. . ••• 
Two cases are possiole: 

a) The soi l may be "almost nonconduct i ng ," ~ <( 1. Thi s takes c'w ~ 
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r ultraanort wavea. In such a caae the exponential decrease ot 
or eikr ma1 be small, and the principal role will be played b7 

11 autfte1ent~ high conducting or the trequenciea 

i, low, !'!! > I, Ulen tb• exponential and the oaoillato17 de­~-
be aanite•t over ••s-nta ot single order. 

W ..... tbeN aeparatea in the integral (14i.l) aa the eaaen­
on oft~ aurtaoe • • o a Preanel 1one near the point, where 

la illnlllull. Thie region 11ea near the point tor which r • 

• 

Pig. 14.l. Eaaential region at 
retraction. 

Thus, at passage into a highly conducting (or "strongly dielec­
tric"): a'> I) medium, the essential role at observation at points sunk 

to the c!epth d, not exceedi rn~ Jtl1-- 1a played by the region or the 3ur­

facc :, ltuat<:: d above the ob~ervation point and having dlmerrnlon;; much 
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• 
smaller than the wavelength in the air. 'l'h1a 1• why it d.iapatGboa la 

its entirety nearly cophaaal oacillationa to the obaervation point • 

Let ua now obtain more rigorously the above-described reaulta ua-

1ng Formula (14.1). We ahall oona14er that the ellitter 1• a fti-tl•l 

dipol" and thia 11 whJ 1 i ~ reduced to a •1~1• vertical o~nt, and 

also that -'A >ro ( oc..Jl)aratively low-diapoaed ollitter) • 

zolv:J» >.,. 

Applying the boundary condition (4.7), we shall ezpreaa t<a) 1n 

(14.l) by t<l) on the aurtace ot the 1011 in the air. It la not .caul 

to the field in tree apace, tor auperimpoaed on it are the wafta re­

flected trom the 1nterrace and created by the currents, generated in 

the soil by the primary radiation incident trom the air. We ahall aub­

sequently see 119) that owing to that the total rield on the surface or 

the divid~ dlftera rrom the incident field only by the ractor l + t, 

where f is a constant nwnber, the reflection raotor dependent on fre­

quency, on the angle or incidence, on the polarization or the waft and 

on the properties or the ao11 and air. 'l'h1a ia why we ahall ua\11111 

nC&) (.C. f, 0) - p (1 + /) ~, p - ✓.I'+ ,. -t- .f,. ( l '- • 3) 
p 

Further, since we may consider ftld>I, and tor that reuon, the 

more so /if,> 1 , we shall obtain trom (14 .1) and ( 4. 7): 

nc•• (.1 ... 0.--cl)- - .!!. 11 , 1 + n r ~..,..., a,,. c 14 ... > 
211 l ,, 

Here, we aaawne in correspondence with the above-expoWlcled qualitative 

consideration that !:.=-s l. Por the same reaaona we may take out ot the .. 
integral p and£• taken at a certain errective point or the aW'tace 

near t he point ot observation (it 11 determined below with more preci­

sion). Therefore, we again arrive at the integral 

(14.5) 
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, however, d1tter1 trom the earlier •ncountered in that k - ko 
•"over, ! 1a complex. 

1atepat1on over~ la easily pertormed by the tormer •thod. 
re• o•er z 11 diapoaed at J • o, since the condition 

•~•-.+!!> -t.L + tL-o (14.6) ,, , , 
• O. Thia 1• why we r.ay expand the phaae by~. 
expana1on•1 quadratic term and obtain with the 

la cl1apoaed at COllll)lex ¼· We shall somewhat a1mpl1ty the further opera­
tlona (theJ 1111.ght be conducted by exactly the same scheme without this 
11ipl1ftoat1on), it we took into account, tirat ot all, that at : .sA >zo ,. 
we -, poatulate Y ,st+,& - .t-f ~. secondly, that because ot the factor k 
1n tbe 1econd ternt ot the exponent the ertect1ve values fxA-.sl<d, and 

(IA -z)I thla 1a wbJ we my consider y (XA -xf-,- ,P =t d + ~ . The ext:re• value 
x • x8 1• obtained, it the t1rst phase derivative with respect to x 1a equated to zero 1n the tol"II: 

(14.8) 
It, .. we consider, l•J-1•r1t:>I, we have x, ... xA• Therefore, within 

the limit tor very g:reat lcl the quantity x8 is real and the moat es-
••nt1al :region or the interface is disposed exactly above the point ot 
observation. However, at tin~te lcl the real part or x

8 
1a somewhat 

diaplaced toward the aide or the source (ao much the more when dis 
greater and lcl is smaller}, and, besides, the extreme point is some-
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what shirted into the complex plane. Thia 11 why we detorm the 

tion contour paaaing in the integral (14.7) along the materal u1a x. -
10 that 1t paaa through the point •s• and we apply the ■addle point 

•thod. Pirat or all we shall search tor the dlreotlon ot the at••P••t 

descent. To that ettect we postulate 

where t and n are real, and we shall conaider the whole tunction on the 

line passing in that direction (subject to determination). We aball 

namely postulate n • yt, where y ia the tangent or the inclination an­

gle ot the line with axis t. Now, expanding the exponent ln aer1•• by 

t, we shall obtain (neglecting at the same time the quantitJ k2
0 ln 

certain terms, which la small by comparison with k2, and the quantity 
2 k 0d/2k, small by comparison with the unity) 

., _ ,,,,.{ ~+4 +IIY(-'A -1'i1+Ja)~, (t.y' ~+4 + 
+,, f<.c.-1 -"'>•-t-,P) + (lAt.10) 

+ 5 (l (111 ( I -yl)- 2"sTJ - 1111 (I -yl) + ~TU• 

The direction or the steepest descent is determined by the tact that 

tor it we have a decrease without oscillations. Thia is why we ahall 

determine y trom the requirement 

l,1(1-T')-~:T -O, T. e. T- -~ +,. /1 + 1. (lAt.11) . ' V < 
The sign before the £•adical was 110 ch011en that at k2 • 0 we obtain 

y • +l (at y • -1 this wo•,ld have been the direction ot the ■oat rapid 

rise, and not decrease tor ). In particular, at k2 >> k1 we ll&J con­

sider y • k1/2k2. Assuming further in the pre-exponential tactora x • 

• x5 , we finally obtain (at -r~.zt. 1•,.sl>l•.1f~IAlrll etc.): 
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~ -G,1• . ,"a.ts+"'s, ,cf• (I +iT)4~2.-u---. (14.12) 
~ Ps 

=~:.~: •• f.+4·• ,,.y(i..-.,r,f +d' U!~J<l 0,D,are complex "distances" 
,._ lbe 1ouroe to the point (x8 ,o,o) and trom that point to the point 
ot OINMt.,.tlon. It in tbe fol'll\lla (1-.12) we divide the quantity 
: .... +ilra 111,0 Ille real and 1mqinar, parta, the former will provide the 

• ln ldenoe o r the path trom the source to the most essential re­
lbe 11die tao• lJing above the point or observation, but dis-

, ...... tbl aide of the aouroe, and then, from ther~ into the 
poln ot obaenat1on (duhed line in Pig. 14.1). The imaginary part or 

, propol't1anal to!, provides the damping as it spreads in the 
oll tl'ill tb1a repon to the point or observation. 

!he width of the ef'teotive region or the surface may be estimated 
tJPOII tbe fol'II of the integral over ( in Pormula (14.12); tor k2 >> k1 
we ~no• obtain 

• y-.:r Jf'il ~ ilu-M .. - ~- -- r,,1 -fid. (14.l~) ....... ~- ~e.r ,., ,. 
tberetore, thia width baa the order ot the width or the Fresnel zone 
relatift to the "wavelength in the soil"~• 1/lkl. Within the rrame­
wol'k of the above reserved condition we have d C: YT-ii., hence it tol­
lowa that 4¥, .. <l:e-

The parts lying beyond this essential region will dispatch to the 
point of observation waves damping still more as a consequence or the 
long path. Their relative role will decrease exponentially with the 
rise ot the number ot their zone. 

In case ot purely dielectric soil the more remote zones will dis­
patch mutually extinguishable radiation, which, however, will not un­
dergo exponential attenuation, and t his is why their role will decrease 
JDOre slowly with the rise or their number (inversely to the number, cf. 
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Formulas (10.13) and (10.29a). 

However, in the wavelength band and soil properties or interest to 

us the conduction still takes place, and the exponential damping is 

round to be quite significant. 

As ascertained by uo, the width or the region dispatching cophasal 

oscillations has the order ~O and therefore, is much greater than the 

depth£ of the point or observation. This is why we may visualize 

graphically that a plane wave arrives at the point or observation rrom 

the surface, damping as it propagates in the depth or the soil in the 

same fashion as at propagation in a uniform medium with properties or 

the soil. 

Therefore, the field in the soil is determined by its va!ues in 

the nearby-lying points or the surface, i.e., it is somehow tied up to 

the field in the air on the boundary or the interface and is carried 

over alongside with it. In particular, along the axis x the field in 

the ground varies notably on the segment or the order or the wavelength 

in the air. 

Let us stress that these considerations are valid with certain 

reservations even in ~ase of "almost dielectric" soil (or very high 

frequencies w). It is true, that inasmuch as here the role or remote 

zones is reduced only by a rather weak exponential damping, it may ap­

pear that the variation or field strength in the air, for exampl~, its 

amplification as it drifts toward the side or the source, would compen­

sate the quenching action or the zones. A more detailed analysis (131) 

~ws, however, that it is only necessary that the wave, moving 1n the 

oil from the source, have time to damp (in other words, that the expo­

nential dampin have time to manifest itsel f ). This condition is ob­

served even at low conduction of the soi at su fficiently great dis­

tance from the ~ourc~ . 

- 127 -



The considerations expounded lay at the basis of an ext r emely er­
hct1ft approxiMte method which was succeasrully applied tu a great 
n ... r or proble• linked with the propagation or radiowaves above a 
avtac• with autticiently great lcl, or, in any case, at a sufficient y 

great 41atance tro■ the source. We shall examine it in Chapter 4 and 1t.e 

will ll&ke uae ot it subsequently more than once. 

Nanu­
acr1pt .... 
No. 

91 

93 

[Footnotes] 

The regions detined by a somewhat different condition: 

are otten called Fresnel zones. However, the determination .. (10. ,1) appears to ua in certain respects as being more prac­tical (aee, tor example, below (11.11)). 

The accuracy or such a determination or an improper integral ll&J be contirmed, on the one hand, by the fact that at such a determination the results is obtained coinciding with that of a knowingly correct calculation in rectangular coordinates; on the other hand, the case of real k is an idealization. We ll&J always consider that the medium Is always endowed with but quite low a conduction, as a result or which there will appear at~ a small imaginary part im, assuring the conver­gence ot the integral. It may be neglected atter the computa­tion. 

Thia means that it is made of inrinit ly conducting material. 
103 Por the sake or clarity of construction, ellipsoids are drawn in Pig. 11.5 1 as well as in subsequent drawings, very wide, which corresponds to such a wavelength to distance QA ratio, that ia not met with in the case or radiowave propagation. Usually the transverse dimensions or the first ellipsoids are quite small. 

120 A detailed analysis of certain cases of diffraction and anal­ysis or the admissibility or various approximations is in­cluded in the book by A.I. Potekhin (10]. 

[Transliterated Symbols ) 

126 3~~ ~ eff = effektivnyy = effective 
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Chapter 3 
PROPAGATION OF RADIOWAVES IN UNIFOr~ MEDIA AND 

REFRACTION ON THE PLANE BOUNDARY OP 
THE INTERPACE 

115. ELECTRICAL PROPERTIES OF MEDIA ENCOUNTERED IN THE THEORY OP RADIO­WAVE PROPAGATION 

1. The media, with which we are confronted in the theory ot radio­
wave propagation along the ground are the soil (to which we may also 
refer the water or seas, lakes and rivers) and the atmosphere. 

So long as practical interest was ottered only by long, •diu.m and 
shortwaves, it was considered during a long period ot time that each or 
these media may be approximately regarded as unit~rm. Then it wu shown 
that even in this band the presence or large-scale soil inhomogeneities 
(such as SP.a - dry land, etc.) may qwa1itativ•1~ modity the character 
or the process or radiowave propagation. Yet it was still telt that it 
we digress from the influence ot the ionosphere, the air, or which the 
dielectric constant is under standard conditions t • 1.0003, and the 
conduction i s extremely small, may be identified with vacuum. However, 
as the role or shorter wave bands increased, it was still better ascer­
tained that the inhomogeneities or the air play a tundallental role. 
Recognized first or all was the role ot normal decrease or air density 
with height, which always enhances the penetration or radiowaves beyond 
horizon. Then the inrluence was revealed or various kinda or inversions 
in this altitude course. Under apec1r1c conditions, and namely, tor 
ultrashort, decimeter and centimeter waves, stratified inhomogeneities 
in the form of waveguide channels may determine the ultraremote propa-
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gation. Pinally, aa or 1950 it was already found that irregular, turbu­

lat 1nhomseneitiea. always present in the atmosphere, intluence mo~t 
a'llbetant1ally the passage ot decimeter and centimeter waves in both the 
lllillts ot direct visibility, when the radiowave scattering induced by 

the■ hlndera tundallentally the propagation, and beyond the horizon, 
where the scattered radiation penetrates, with the result that the 
tield there 11 much stronger than might have been expected. It is not 
alwa,a eu1 to break down the intluence ot these tactors (though tor 
sutt1c1ently long waves the situation is in any case simplified). Be­
tore at~clJ1ng their joint ·action it is appropriate to conduct a sepa­
rate oonsideration, and analyze tirst or all the propagation or radio­
wayea in a uniform •dium with pr_operties corresponding to the mean 
properties ot either the atmosphere or the soil. 

2. 'l'he conduction or the lower layers or the atmosphere and the 
oorNspondinglJ· iuginary part care extremely small. It is standard 
praot1oe to consider them zero, c •,,.Because£ is not equal to the 
unitJ, the supple•ntary phase incidence over the path 1 is 

6t-M-AJ-t.(Yi'-l)l. Under standa1•d conditions, when t • 1.003, we 

have 4'.; 2a• l,5• JO-• Thererore, the phase shifts notably only over a -== 10-• -
path or hie orde1l-.103A0. However, in itself this shirt cannot lePd to 
anything substantial. It is equivalent to a certain variation or the 
distance 1 (by tractions or percont) and can be easily neglected. Only 
systematic or chaotic inhomogeneities, may lead to the distortion or 
the propagation direction and to radiowave scattering. 

• The value or , or ot the retraction coetticient 11-= V• in the at­
mosphere is determined experimentally 'uy special refractometers. It is 
d~pendcnt on the density of the air (in its turn dependent on tempera­
ture) and on water vapor content. The index of refraction is ;~iven by 
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the following formula 

(15.l) 
l 70( 480IM. 6)~ , n = ·-:- T Pd ~ T • ~0- . 

whe r e Pd. ar.d 1,:0 are the pressure or air and water vapor in ll1111bara 
I 

T is the absolute temperature. ne reduced index or retraction 

is oten utilized instead or~- Utilizing the baro•tric torlllLll.a tor the dependence ot-1 P1.:1 on the altitude !l above the sea level, we may hence obtain tor the sea level at T • 273° 

N - 10' (11- I). (15.2) 

(here the altitudes hM are taken in meters). 
The tirst term in braces describes the density decrease 1n the 

equilibrium dry atmosphere. Usually in dry (but nonequilibrium) atmos-phere 

a-
.--- 0,0098==-0,01 deg/m .. 

According to international agreement the "standard atmosphere" or the "radioatmosphere" is the atmosphere in a state, in which at sea level 

T-273+15•, ~': - -0,0065 deg/m. :·• • -0,0033mb/m. I - 10,.. -. . 
Hence is obtained the gradient or the index or retraction, constant in height 

• .. 10-1 -, - - --w• M • "" 
Similar conditions do indeed correspond to a certain averaged 

state of the atmosphere. However, in the altitude range or the order 
10-16 km even the mean linear course or tis disrupted (which is under­standable, since here n attains the value of the unity). Besides, the entire pattern varies strongly with the season and is generally very 
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often distorted. At certain altitlAdes gradient t may differ in absolute 
Y&lua bJ aeveral tactora trom that indicated by Formula ( 15. 4), ,.nd a.t 
••• 1,-, eyen differ in aign. Meanwhile, the presence or levels 
wltla different alsn• ot gradient c induce the emergence or layers hav­

Nlatlw to autticiently abort waves "waveguide" properties. Here a 
pe..Uar p!lenoaenon ••~• in, ot radiowave propagation inside such a 
ia,er, obannelln& them to quite large distances (see 157). Such inver-
• ona 1ft tbe courae ot , are otten observed near sea shores, particu-
lar~ 1n tbe troplca, and they are conditioned to a significant measure 
'1-J water yapor ah1tt. At the aame time the presence or one-sign gradi­
ent ( .,) 1a already the cause ot normal atmospheric refraction or ra­

'il.Olfafte tao111tating their penetration beyond horizon (see 156). 
laPll aoale oacfllations c, which are also measured directly by 

tbe diitnoea, are auperimpoaed to the large-scale inhomogeneities or the 
at•■pllere. Contrary to the latter, these oscillations fluctuate rapid­
lJ alao in t1M. It 1• customary to relate them with the development or 
turbulence in the atmaphere. According to the statistical theory or 
un1tol'III tUl'bulence by A.N. Kolmogorov and A.M. Obukhov (see, tor exam­
ple, [l, 2], large-scale motions with great Reynolds number in a vis­
coua •diua mwst break up and pass to turbulent vortices or still 
aaller d1mena1ona ao long aa the Reynolds number does not drop to the 
unity. Arter that the kinetic energy will no longer be expended on the 
creation ot tinier vortices, but will pass to heat at the expense or 
v1acoa1ty. Thus, tor the given density p and viscosity n the character­
istic velocity v

8 
and the characteristic dimensions 1

8 
in the smallest 

poaaible vortices are determined by the condition 

pc,, '• Re---1. 
" 

(15.5) 

Here, as everywhere in such a treatment, v has both the order of acer-
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tain mean velocity in the vortex or the given scale and that or the 
characteristic difference or velocities 0ver a distance or the order ot 
the dimensions or the v,,rtex I, (&:J1) 1-u,. 

At birth or a large-scale vortex with dimensions 10 and the char-
· ,-: acter1st1c velocity v0 , a kinetic energy of the order1T1 - 1 11 intro-

duc~d into the system per unit of volume. This may, for example, be the 
energy or the wind. Then v0 13 the wind velocity. The energy T0 , not 
being expended on heat, passes into smaller vortices; at the same time 
for vortices or scale 1 their total energy per unit of volume evidently 

pu} has the order T,--. Since this energy is not expended on anything else a 
(so long as 1 > 1

8
) and this transition is materialized during the time 

of the order t, _ _!_, we conclude that there takes place or each 1 the ., 
condition or constance or the redistribution rate of energy s1 , 

,., 
s, - - ·- c:onst. 

"•· Consequently, 

.,, _. 1/1 - -const, u,-l . 

' Therefore, the mean square or velocity fluctuation 

(15.6) 

or or the ditterence 
of velocities is proportional to the distance 1, over which thia dis­
tance is measured, taken in power 2/3 ("law or two-thirde"). Taking in­
to account (15.5) we hence obtain also the least u1mens1on of the vor­
tex: 

.,. ,.,. 
l - (!!.) .,!_ • p ,,.,, • 

• 
(15.7) 

wh re 10 is the value of 1 for the initial large-scale inhomogeneity. 
For more details on the theory or isotropic turbulence see (1, 2; X, 
2 J. 
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The velocity tluctuat1ona in the scale tare inescapably linked 

with the fluctuations or pressure, temperature and density. Consequent- e 
lJ, · tbey lead to fluctuations or the dielectric constant. Therefore, 

there ••t• in an electrical inhomogeneity or the medium influencing the 
• propaaat1on ot radiowaves (and also or light) and an acoustic inhomo-

pne1tJ 1ntluenc1ng the propagation or sound. The square or tluctua­

t1ona ot • at the given point (a,) 2 , and also the oo~~•lation funotion 

f ot tluotuations at two points distant by R • Ir - r'I from one anoth-

• er tJJ aem u a •uure or electrical inhomogeneity (in . case ot uni­

foM and ,eotPOpio tuPbut•no• depending only on Rand to which we limit 

our1elft1) 

k(r)•6•(r')- (oa,•F. (R), (15.7a) 

3uat ••-, do 10 the so-called etpuotuPat funotion for the tluctua­

t1ona ot ,, 

D,(R) - (• (r)-.a (r'))1• 
Ir we oonaider that 

1 (r) - · .. + 6• (r). '• - • (r), 61 (r) -= O, 

it 11 eaaJ to aee that 

D, (R) - 2 (611)1 ( I - F • (R)). 

(15.8) 

(15.8a) 

(15.8b) 

The theory or isotropic turbulence foretells for velocities and 

parameters not arrecting the development or turbulence (tor "passive 

admixtures"), like, or n-V&, a uniform structural function expressed, 

tor example, by the formula 

l 
C:f.'•( f. )' at R < I,. 

D.(R)-= 
.~R',. - .~,:11 (..!!. )''• at I,< R ~ 11• 

• '· ' 
(15.8c) 

Hert- c! is a constant. For other physical quantities or the type 

indicated only the constant ractor c2 will vary. At R >> t 0 the struc-

tural function D (R) remains constant. 
E 
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For the detennination ot the constant cit is round to be eztl'elle-ly essential to take into account the vertical gradients~• T and~. really taking place in the atmosphere. The mixing linked with the■ tbua influences the absolute value or tluctuationa. "-ly, 1t we•••-••• is shown in the work, (X, 2], 

and introduce the •p•oifto m~i•tur• q • 0.62 e/p, we have 
(15.8d) 

•~ -~ ~ 79
•tO-•P,.. (H 19( II' -~ r.-___!;,m !!..)· (15.8e) 

• T' T a 11~~-~f A 
•• • • • • 

t+·T 
The quantity M has the d1mena1onal1ty or the 1n~•rae length. It &

0 
and Rare measured in meters, h too must be measured in meters and ao fort h; a

2 
is a numerical factor ot the order ot unity, rema1n1ng incle-

c 

terminate; y is the above-mentioned temperature gradient tor the dry 

a 

(nonequilibrium) atmosphere; ya• 0.0098 grad/m. 
In the standard atmo•ph~r• the principal role in the second paren­thesis of Formula (l5.8e) ia played by the t1rat two tel'llla, aa ia easy to be convinced; according to the above-said, we have (dT/clh) + '• • .: -o. 0163 grad/m, that is, tor T • 288° at sea level (1:, _ 1000 Jib) 

M ;::= 0,79•t •• ~.10-e..,-1_2. 10-1 . .,-, - 2· 10-Hc.sr·•. T• 
For turbulences induced by the wind the following example.., be considered. Assume that 10 - 0.1 km, v

0 
- l m/sec. For the air~ -- 2•10-

4 
g/cm, p - 10-3 g/cm3 we have at the outset 

R f ... l.t()t.9()1 10' ·- . - • 2-10· Th~ dimension of the smallest vortice is 

1,-(~)l/e (U)I)',. -0,1 CM so-• . s01·•1• (near the reality we apparently have t
8 

- l cm). F'arther, 
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c.-10104°10---10-1"--- •• 

~r ~• delel'llination ot Tic1 2 it is necessary, according to 

(15.6b), to take D
1 

at the M&illWll distance, when P • o, that 

R .. 10 • Conaeq\18ntlr, 
• . t . 1 . . . . 

(lij'-1 0. (1.)-1 -10-N(lOl)-'I -2· 10-u. 

ot tbeae quantities are to a strongest degree dependent 

teoJIIOloetoal oond1t1ona at the given moment or time. Thus, direct 

near the ground layer or the atmosphere give 

~-t,kJ1-1Cr.u+ 1()-11, 

obaNoter1at1c cl1•ns1ons ot inhomogeneities having at the 

•- tSal an order 103-10- c•• and at the altitude or the order or 2-5 

b ['], tbeJ are (ln) 2 .. 10-13-2°10-12 . At the same time, the important 

p&l'Ulllter tor tbeor,, (an) 2/&, varies trom 10-16 to 10-19 cm-l (see 

Cbapter 10). '!'be close orders tor the values or 'ITnT /t stem rrom meas­

ure•nta 1n the near the ground layer [3], in which it was round, as 

prewioual.7 atated, lTnf2 .. 10-11-10-12 tort - 103-104 cm, which gives 

TiiT2/& .. 10-15-10-15 cm-1 . This shows we may take tor t 0 values con­

at1tut1ng tractions or kilometer with the then measured values or TTnT2 

agreeing not too poorly with those forecast by theory. However, the 

variation ot this quantity by one, two or even three orders as a func­

tion ot the meteorological environment and altitude above ground is 

quite normal. 

Aa will be seen below, such fluctuations or & should be considered 

quite significant; they may exert a very substantial influence upon the 

propagation or decimeter and shorter radiowaves. 

The question as to what extent the representations of the theory 

or isotropic turbulence correspond to the true pattern of turbulent 

tluctuations & cannot be considered as entirely clarified experimental-
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ly as yet. There exist direct measurements, in which an indication bu 
been obtained that the distribution or rluctuationa by d1mena1ona fol­
low the rorecasta or the~ry. However, this question haa not been atud­
ied to the end. 

Finally, a combined action or both rorms or 1nhomogene1t1•• 11 
possible, namely of the systematic course with the altitude and the 
turbulent fluctuations. 

It may already be seen rrom the above that statistical •thoda ot 
treatment must be applied at study of the influence ot air turbulence 
on the propagation or radiowaves. The essential region ot space (aee 
110) will inescapably include many such inhomogeneities, and the ob­
served field will always transmits certain average result ot their ac-

111; , ... 
,,.. _________ !'"""'I"' __ ....,. __ ____ 

; 
' 

.. • 
Fig. 15.l. Absolute value or the dielectric constant t and it■ imagi­nary part Im t for various soils and wavelengths. The inclined lines . indicate Im t. In the region of shorter waves t difters rrom Im&. A) Sea water; B) fresh water; C) moist ground; D) medium moist ground; E) sand; F) dry sand. 

tion. This result will depend not only on the mean wtatistical charac­
teristics of the medium, but also on others: on di persion, on the 
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relation function, etc. Thia is why the consideration of t hese ques­

tlom toraa the ohapter ot stattat1cal radiophysics. 

J. M to tbe ao11, there 11 observed here an extreme diversitica­

,1011 ot propert1••· It ia mainly determined by the low conduction of 

.., pound (o - 106cosE). Such a 1011 ia usually rich in salts and this 

1• wbJ 1ta oonduot1on varies sharply aa the amount or moisture increas­

••• Ae wlll be aeen, a comparatively thin superficial layer takes part 

1li Ille ndioaraw propagation along ,he ground, in which the moisture 

ooaletn 1n YU"loua places 11 quite ditterent. A sharp distinction in 

U. oon 1t1ona or propagation 11 contributed by regions covered by the 

Ma. Tbe conduction or salt sea water is thousands and tens of thousand 

tilllita ar,eater than that or the 10111. The experimental data are com­

piled 1n Tableland in Pig. 15.l (wherever the experimental points 

pl'Oflde the aoatter1ng, the solid curves have quite an approximate 

oharaoter). 'nleae data must be conaider~d as certain average, quite 

tentative onea. 'l'ha oacillations a two-three times in either side must 

be regarded aa standard. Moreover, it should be borne in mind that 

theae data are obtained on various installations, by different investi­

gators, otten characterizing the studied soil rather subjectively. This 

1• why we point in reterences to characteristics brought out by the au­

thors. 

A systematic determination or "ettective conductions" is effected 

in certain countries, as a result or which a chart is composed or the 

ettect1ve conductions tor the entire country. Thus, for example, in USA 

such a chart was composed in 1954 on the basis of measurements of field 

attenuation or a given transmitter and comparison or this attenuation 

with the theoretically torecast (for a uniform surface) at different 

conductions a (5). 7000 layouts were studied. The authors note that 

the aeff round are not only fluctuating as a function or season, weath­
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TABLE 1 
Tentative Values or Electrical Parameters or Various Media 

l 
~ 

-
yxoA PecoK 4 ·c 

5 rleCOK ••• 

6 C PUHtUH,-
IIIR 3rM.U 

7 8JaaJKHH 

MMJUI • • 

8 OpecHn 
IOAI . .. 

2 

•• 

2 
5 

to 

20 

80 

Aalt_.. CftAKH \ . 3 ~Mt 
■ -,.nKIIC ■u.lllW I 1-aw ,,, 

\ • I 
1-1,. 1-i.2 ,. 

.. \ •• I • I
~ Ca)_ '£11 l'i; • • • ~o 

I ; 4 2· 101 t50 700 ,. g. t()t 'J." 3-tc,· 
2-u, '° 70 

2-1or 80 0 

2• 10' 15 O 30 9-10' 24 6-101 

2-107 600 0 80 9-t01-9-t07 80 2· 101t•• 
Mopnaa 

s,s-1011·•• 1,,.t(, ..... aou . . . 80 , .101• 0,3 0 80 6$ 

9 

*"Dry soil" (sandy clayey soil). **"Water from water conduit." •••Four percent solution. "3alt water." ··••sea water at 28°c. 

Cl) ~-••for l•l . . 
I I I > 10 for 1;>>.CI). 

• 

l) Medium; 2) long, medium and shortwaves; 3) ultrashort waves; 4) dry sand; 5) sand; 6) medium-moist ground; 7) moist ground; 8) fresh water; 9) sea water. 

er, etc., but they differ too (by more than a factor or two), depending 
upon the direction of the course, the frequency the applied equipment, 
the method of measurements' interpretation, etc., even on the very s~me 
visibly unifo r m swrface. As will be shown in Chapter 8 (1148 and 51), 
the influence of surface irregularities is reduced in a series of cases 
to the variability or conduction, the substitution or the real conduc­
tion by a certain effective conduction, specifically dependent upon the 
wavelength. On the other hand, the presence or electrical inhomog~nei­
ties, even over a comparatively sma~l part or the course, may notably 
change the character or propagation (Chapter 7). This is why it is not 
surprisin& that the values or oerr obtained by the abov~-described 
met hod differ that much among themselves. At t he same time it is noted 
that for the given type of soils the values of the l ogari t hms or the 

- 139 -



ettective conductions are distri~uted according to the normal law with atandard error or 0.266 around the mean oerr· This means that in two­
tblrcla ot caaea the value ot oett lie between oerf"'l.85 and 1.85 oerr· It ll&J be aeen trom Table l that 1n the •/2• ~ 108 frequency band d1apen1onal properties ot certain media and the dependence of the dlel•ctl'ic conatant on trequency begin to manifest themselves. For th•• trequenciea the term -•al•, computed by the value or o tor w • o, beooaea too ■mall tor the soil; this 1s why it is ~onsidered that there ••rs•• the complex part or,, connected with the polarization inertia, which, aa already atated in 11, is not distinguishable from the conduc­tion. Conducting, tor example, measurements or the factor of ultra­ahortwavea• reflection trom the soil, this effect is •interpreted as a riae ot conduction. (It we take into ac ount the dissimilarity of mo­lecular •ohaniama, we may state, as pointed out in !l, that here oeff 1a Maaured.) Aa may be aeen trom Table 1, this conduction may exceed that •aaured at w • O by 100 times. 

However, there enter 1n the equation of theory not the c' and a 
them■elves, but the complex dielectric constant a=- a'+ 4:d ~. which d~­w pends strongly on frequency even for constant and real c' and a. This 1a why the surface laydr of the ground always behaves entirely differ­ently relative to waves or various frequencies. In a certain context we may say that it always constitutes a strongly dispersing medium. 

For autticiently short waves (but prior to onset of dispersion c ·') and small condu~tions the imaginary part of c becomes quite small by comparison wi~h c'. Correspondingly, c nearly c~ases to depend on wave­length, and the conditions of propagation for waves of various wave­lengths become, generally speaking, close. This remains valid even for centimeter waves, when o rises by many factors only in very high fre-

- 140 -

c,:-- ---..1!1111111111-------------~-- ·---- -



quencies (fresh water, sand). This case may be chosen as a criterion 

for the difference between long and short . waves [I, 5). 

Since the ratio of conduction currents' densitJ oE to that o,t dis-

placement currents -: E, is exactly equal to ·4:m!•'• • th1• partition 

points to the one playing the greater role: the displace•nt or the 

conduction currents. 

From this viewp-:>1nt "short" waves are those, tor which the greater 

role for a given soil conduction is played by the displace•nt currents 

(15.9) 

For the "lg,ng" waves, to the contrary. the principal role is played by 

the conduction currents: 

... ., > . - •. .. (15.10) 

The wavelength ~(l), at which lies the boundary between "short" and 

"long" waves, approximately equal to 2wc/•(l), where w(l) • -•o/c'• is 

also brought up in Table 1 for certain types of soils. 

In one extreme case (usually or very short but not ultrashort 

waves), when the dispersion disappears completely, the mediWD behaves 

as if it were "almost dielectric." In another extreme caae (of very 

long waves), when the real part inc may be entirely neglected, the me­

~ium behaves as ideally conducting (•-•>· 
This method or subdivision or waves into "long" and "abort" evi­

dently does not in many caaea coincide at all with the accepted well 

known radioengineering terminology. 

Finally, all the media encountered may be considered aa nonmagnet­

ic. In connection with thia we shall always postulate 

. "-· 1. (15.l) 

We shall see in the following that the value of the complex die-
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lectric constant plays a great role in the process of theoretical in­
weatipt1on. It Isl 1a great, a multitude or formulas are simplified. e 

reaulta ot theoey are valid only at .,; >I: This 1s 
1a -..ropr1at• to deterlline to~ each type or media the wave-

1-pb tor wbiob I c I Nally beco•• great. 
l oon41t1onally chooae tor the criterion ot the notion 

--• SN&Mr• the 1noreue by 10 ti••· Therefore, we introduce acer­
tain or1t1oal wavelength 1< 2> auch that tor it 1,1 • 10. Obviously if 
c• !. 10 1 lcl la "quite great" tor all wavelengths. In the remaining 
caaea (c' c 10) 

(15.12) 

The value ot 1< 2> tor various soils iR shown in Table l. 
There tore 1 1n the region ot short and longer waves nearly all the 

•d1a encountered in the problem ot radiowave propagation may be con­
a1dered aa having "quite great" lcl. Only soils with little moisture 
content (a' Cl.•< 10' and the still drier ones) do not tit this cr1 teri-
on. 

116. PLAHB WAVES IN A UNIPORM MEDIUM AND THEIR LINK WITH SPHERICAL VAVBS 

In a uniform Mdium, outside the region occupied by the sources, 
the equation tor the Hertz vector 

van+.-n--o. 
·-•' +4:u~. .. .. kt--. 

C 

admits the harmonic in time solution or the form 

(16.1) 

(16.la) 

(16.2) 
where kx, k

1
, kz are certain, generally speaking, complex numbers. The 

substitution into the equatlon shows that the only requirement that 
must be satisfiE·d by these numbers has the form 
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(16.3) 
Consequently, one two or them are arbitrary. Since tt~e~~ are coaplex 
numbers, the partial solution (16.2) contain• tour arb1trar, paraaetera 
(besides the &Jll)litude ot f 0 ), allowing to aatiaty the boundar, condi­
tions. Let us break down all~•• into real and 1mag1naey part~, that 
is, assume 

·•-'-+Its..} •.-•,.+a,..~ 
i.-• .. +u,., 
• -,+a. 

and, nK>reover, conceive the conjunction or three numbers (klx' k
11

, 
k1z) as being a certain real vector q, and the conjunction or the num-

+ 

+ be~s (k2x• k2y• k2z) a certain real vector p: 

••• - q ain O cos 9, " - p sin e1 cos '9 } 
••• - q ain Olin.,, t.. - p sin II lin 1 
1,1• - qc:osO, It., - PC01t1.. 

(16.5) 

In other words, in~tead ot six pa~ameters klx' ... , k
2
z• linked with 

the condition ( 16. 3), we shall introduce six parameters q, 0, •• p, Cl, .-, 

linked with the conditions stemming trom the substitution ot (16.5) in­
to the relation (16.3): 

pq cm I - llalt., 

ql-p' - •:-.:. 

(16.6a) 

(16.6b) 
where cost - cos(pq) - cos:Ocosa: + sin O sine1C10S(cp~ ii), that la, t is the angle 
between vectors q and p. Then the direc~ion ot each or them reMlns ar­
bitrary. 

Now the solution ot (16.2) has the rorm 

n - n.,~••--,-,•. 
where ~ is the radj us-vector or the point (R - - R(x, I/, z)I. 

+ + Selecting various directions or vectors q and pin s~ace, we may 
sort all the possible solutions or the type (16.2). 
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'Die tactor ~•:_.,,, indicates that each such solut on determines the 

••"• ot whlch the phase remains constant on surfaces 

(16.7a) 
+ on aurta••• •• - ttl + conat. perpendicular to the vector q. The 

ot tbeae aurtac•• at tw,o ditterent momnta or time 11 shown in 

v1oua that the 110tlon velocity or this surface (ln a 

diliitoUon no~J to 1t}. that 1•• the phase velocity, 1a 

•-~. (16. 7b) 
• ltl 

¥'• tbe factor,,._.._.,,. lndlcatea that we have to do with a plane wave, 
+ prop-t~ 1n a directlon detlned by the vector q . 

• 
.. 

/ . ,1,. 16.1. Propagation or 
the wave rront. A) Plane ot 
equal phases; B) plane or 
equal phases. 

Pig. 16. 2. Displacement oi' 
the plane or equal ampli­
tudes. A) Plane ot equal mag­
nitudes. 

The factor.~~ describes the exponential decrease or wave ampli­

tude. It takes place as the product p~ rises; consequently, we have on 

all planes 

pR-const ·(16.7c) 

a consta11t amplitude. This equation determines the plane perpendicular 

to the vector p (Fig. 16.2). Therefore, the factor e-Pff indicates that 

the exponential damping takes place in a direction defined by the vec-
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+ tor p. 

We see that the wave eq~ation admits the existence ot solution• 1n 
the torm ot plane waves, whose amplitude decrease take■ place not in 
the direction or propagation. 

At times such solutions are written in another torm, usWl1ng 

(16.8) 
where cos u, cos v, cos ware recognized as complex numbers (generally 
speaking not less than the unity in absolute value), whose value■ are 
easy to determine through kx• ky and kz. It is stated in auch a case 
that c~~plex direction cosines or a plane wave are introduced. Their 
real parts determine, in conjunction, the direction and the velocity or 

+ phase propagation (direction and value or the vector q), and their real 
parts the direction and the rate or amplitude decrease (direction and 

+ value of the vector p). At the same time, according to Formula (16.3), 
they must satisfy the standard condition ror the real direction cosines 

CIOl
1

M + t»S1 v +cos'• - I. 
One should not be led to believe that such solutions are possible 

only in a conducting medium, that is, only in case or complex~- Ac­
cording to the equality (16.6a), tor a real k the planes or equal phas­
es and the planes or equal amplitudes are mutually orthogonal. Thus, 
for example, the function 

n - n_,'I••--->-:-' c 16 • 9) 
is the solution or the wave equation tor real kx• Kand k2 , if only 

t:-x•-il. (16.9a) 
However, this function does not remain finite at ,-~oo: This is 

why it may describe the field only in a limited region of values of~• 
for example, at y > o. But it we write 

n ::a { "•"'··•-->-•• r or !I > o. } . n.e-c:.,..r-...t>+•• for !I< o. (16.9b) 
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auch a tunction will be a possible solution; however, for y • O it un­
and it thus corresponds to the presence or sources dis-

4 bJ an 1nt1n1tel1 th in layer in the plane y • o, and this is 
lt la the aolut1on ot an inhomogenoua wave equation and not of Eq. 

oaae, whereby at y > O the tunction (16.9) is in itself a so­
ot an 1nhoaogenoua equation 1a not surprising, inasmuch as it 

the torm or the integral 

n • n.~s· ,.,, .:... +I )-M . - ____ ,.......,.... . ~-,,•,-'-> (16.9c) 

ooapoaed ot nondallp1ng plane ·waves. (In order to be convinced or that 
lt 1a a1lft1c1ent to close in the integral (16.9c) the contour 
-00 < ·t. < + oo in the upper halt-plane or the complex variable ky by a 

aeato1rcuaterenoe or large radius and take the deduction at~- ix.) How­
eftr, tbe plane waves or normal type entering here respond to different 
wayelengtha, inasmuch as tor them the conditions k2 x + k

2
Y • k

2 do not 
ex1at (the integral is extended to infinite limits). It is obvious that 
a1111lar tields may be represented as a superimposition or standard 
plane wayes with different wavelengths, each or which is the solution 
ot the wave equation tor the same frequency (inasmuch as k2 in Eq. 
(16.1) emerged as a denotation or w2tc2 , where w is the single frequen­
cy tor all wavelengths); however, the phase velocities or these waves 
are different tor the various wavelengths (in the case (16.9c) 
·- .,;+1;)' 

Any field or given frequency w, satisfying not only the wave equa­
tion (16.1), but also the boundary conditions, can be formed from plane 
waves by way or superimposition. These boundary conditions are sharply 
divided into three groups: 
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l) the conditions at infinity, requiring that the condition ot emission be observed (an.d in any case that the field do not 1nereaae with the rise or R) • Thia means that tor large R the accNgate tield must pass to an outgoing wave; 

2) the conditions at interfaces ot uniform media are par,1cularly simple, provided these interfaces are planes; 
3) the conditions at points where point emitters are located. It, for example, the em1tter 1• a point dipole placed at the point A

0
, near it the field increases boundlessly and it thus must paaa into the field of the given emitter, stabilizing when it is situated in a boundleas uniform medium. Therefore, the field must pass into the field ot a spherical wave 

not only at infinity, but also when R- R, 
Now we shall be convinced that the conditions 1) and 3) cannot be satiat!ed by an assortment ot plane waves in which are present only waves with real kx• ky and kz and with one specific wavelength. In reality the three-variable tunction ~U./R· may be expanded into a triple Fourier integral 

(16.10) 
in which each or the superimposed plane waves 1a a solution ot the ho-mogenous equation 

* • • • Inasmuch as in the integral ,q., q,, q. run independently through all the real values, the waves with q', not equal to a certain unique apec1t1c q', for example q' • k, might drop out only at a apec1a1 form or A(q•), However, in the given case they do not drop out. Indeed, A(q') will be 
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determined uniquely, if both partb or Formula (16.10) ara multiplied by 
I e-s.qft and integrated over the entire space. We shall obtain at the e .. 

+- +• ~i A (f1 llt' ~~~ ,'(••-••• dR - (2 :i)i A (f ). - --
we may aiways postulate qR •qRcosi by taking advar1-

or 9., and integrate in spherical coordinates 
'nlia gives - • " -S cM RdR S _,.._. lin OdO J "' - 2:i ~ ,'lit (l't" _ r''") !! .. . . . . "' realitJ the mdiwn is always conducting, if only to an insig-

This is why~ always contains a small imaginary part, ahead ot which the sign is still not determined by Formula (16.la), but 
-■t be ao chosen that the tield would not increase at infinity; this ••• that k • k1 + 1k2 , where k2 > o. This is why we may formally sub­atltute !. by ·•+la, considering k to be real as previously, ••Cl> o~· Since such a small conduction in the region of finite distances from the 
source cannot manifest itself in the physical result, we may postulate at the end of all calculations .fl - o. 

Owing to this substitution the integral becomes convergent and the substitution of the upper limit gives zero. But substituting the lower limit we shall obta111,. 

A(f) t t 
- k'f'-l•-t-ica)• 

and the expansion or the spherical wave into plane ones acquires the 
torm 

~-..!..-m l(ta6+.,,.~ .. !..__dq"d1,d1.. (16.11) R 2-•~ •!+,;+,!-<•+'~>• 
where o will be subsequently postulated to be zero. 
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Therefore, plane waves with different :q:. V q! +q; + q: .. enter e■■•n­tially into the expansion. 
There is nothing surprising in this. Had the inverse ■ituation ta­ken place, that is, if all the plane waves belonged to the onlJ wave- · length A• 2w/k, they would constitute the solutions or the very aame homo~enous equation (16.1). Meanwhile, the spherical wave, haring ape­culiarity at R • o, is the solution or the corresponding inho110genoua equation, precise 1 y such an equation, in the right-hand part or which stands a point source. 

However, we may formally represent this expansion, aa was done in the case of mutually equivalent formulas (16.9) and (16.9b), aa a su­perimposition or plane waves with oompt•z wave numbers being the solu­tions or one and the same homogenous equation (16.1). First of all we shall perform one ot the integrations entering in­to the expansion (16.11), say, the integration over qz. To that ettect it is sufficient to supplement the contour-oo<q•< +ooby a aemicir­cumference, the integral or which vanlshes, and take the deduction at the pole. There are two poles: 

t: =-.±, v q! + q~-<• ;- ;~>•· For definiteness we shall consider that at extraction or the root, or the two of its values we shall take the one tor which the real part is positive. 

When we apply the result in the region z > O, the integral over the circumference vanishes if we close the contour in the upper halt­plane. But here i s located only one of the poles. Taking into account that near the pole the denominator has the form q!-(q:)'==:2q:(q,-q:),_ and directing a to zero if only now, we shall obtain (aswuming ·vit-~= =- -TY ••-tt>. 
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• '• IS ... .-att.,.,y ...... •~· . . . . , 
- 2.9 y •:...f! dq.dq .. 

(16.lla) 

&e-t. • 
Bila eapreaaion ~ be conaldered aa the expansion into plane waves 
"1th OCllplea q (in the region q! + q; > ~, qz becomes imaginary). 

It• Introduce in the plane qx• qy the polar coordinates v, ~. 

«. - vcos•• q, - ,, sin•• 
and 1il the plane,~.~ - the polar coordinates r, a, assuming 

z - rcosca, • I - r sin ca, 
and 1nu111&ob u t...r+q~-vrcos(,p-ca),_ performing the integration over qi 
(wbieh g1vea a &easel tunction or zero order), we shall obtain 

.,.. ~ /e (YI) -a 't';c.l' ~ - ( .., w , vdv. R J , Y'-..-· (16.12a) 
• 

• It la eaay to be convinced that in the case z < o, closing the integra-
t1on contour in the lower halt-plane, we shall have 

..- -r 1• Cvz) •• -,;c:;;r vdv, 
R i Yv•-.- (16.12b) 

provided the square root is taken everywhere with such a sign that 
there be 

ReYv'-k' ~ .o. (16.13) 
In the theory of radiowave propagation the representations of t he 

spherical wave in the tonn (16.12a) or (16.12b) is often utilized. 
Therefore, a spherical wave with wavelength 2w/k may be either 

repreGented as a superimposition or ordinary plane waves (16.11), with, 
however, the inescapable participation of waves with various wave­
lentths arbitrarily differing from 2w/k, or as a superimposition 
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(16.lla) admitting the part1c1p~ ion or plane waves with complex propa­
gation vector~• but such that each wave correspond to the specific 
wavelength (q1 =- q! +·q: + q! .- k1). In reality, if we break down the integra­tion in the relation (16.lla) into two parts, having separated the cas­
es when q! + q; < k', from those when q! + q; > lc1

, and if we choose tor each interval between the two forms that for which the subradical expression is positive, we shall obtain (at ~~0) 

(16.14) 

In the first term the factor at iz is ~eal; this term therefore 
represents the combination of -usual plane waves with wavelength 2 /k 
coinciding with the length or the spherical wave. But the second adaend consists of waves with a propagation direction lying in the plane~• l. (their wavelength in this plane is not equal to 2 /k), but exponential­ly damping along the axis ! when z- ± oo. He nce it may be seen that the presence of such damping waves in the spherical wave is necessary even in a nonconducting medium. All this is entirely analogous to the cor­

rectness of Formulas (16.9) and (16.9c). 
However, Just as in Formula (16.9c), every wave with given qx• qy entering into the relation (16.14) corresponds in fact to the presence of sources in the plane z • O, i.e., it is a solution of an inhomogen­ous wave equation. 

Evidently, we could have separated in the expansion (16.11) as the d:l. rection or damping not the axis z but either the axis x or l., if the 
i nte ~r at ion were performed not over qz but over qx or qy. Hence may be perceived t he conditionality of this representation , which , however, 1s 
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broadly utilized in the theory of radiowave propac;ation (see S32). 

The waves or the type (16.9) are sometimes called inhomogenoue 

plane ...... 

1or plane waves the relationship between electric and magnetic 

tielda 1• particularly simple. It f has a character ot a plane wave,! 

and 9 are also described by plane waves in accord with the basic formu­

la• (3.9), (3.10) etc., with the same propagation vector i=-i,Y.; This 

1• •bJ tbe Maxwellian equations (1.13a) and (1.13b) in free space give 

t ieE - - ~ (i.Hl, 

.. ,, - Ya li,EJ. 
117. ABSORPTION OP A PLANE WAVE 

Let ua consider a special case, in whic owing to boundary condi­

t1ona, aay, becauae ot conditions' symmetry, the decrease in intensity 

take• place in the propagation direction. Making coincide the axis x 

w1tb tbat direction we shall obtain 

(17.1) 

We shall introduce the denotations for the phase and the amplitude 

ot ~ which we shall utilize everywhere: 

where 

1•1-.. V •"+ l~)· .. 
4Aa 

x - arc td -;- • . ... (17.2) 

Por "long" waves we have ·x~~. 
2 

for "short" waves - X=::~-.o. • This is • w 

why in a dielectric medium (o-O)X -o, ~ i s purely r ea l , and the propa­

gation takes place without damping (without lo::rn t s to t,eat). (Evidt nt­

ly, for very short waves it will become complex on account or dispt r­

sion or£' itself, and dielectric losses will appear. Then a will be 
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substit uted by o, .. -;lma.)· 

This is why 

Consequently, the phase velocity 1a 

'WI u, I • 1 UJ) .. V •" + l'·;·) cos l i arct,;.: 

For "long" waves, when -~ > l, ..... . 

For "short" waves 

as this must be tor a nonmagnetic dielectric. 

(17.5) 

(17.6) 

The dependence ot the propagation velocity on frequency, expressed 

in these formulas, thus conatitutes the first criterion or a dispersing 

medium. 

On passing the characteristic segment 

.. ,- z •,tr•lliny 
(17-7) 

The values or the segment 1 and or its inverse value b • l/1
1 

hav­

ing the sense or the absorption coett1c1ent, are shown in Pig. 17.1, as 

functions of w for different,, and o. 

For great conductions and low frequencies 4 a>••••· 

, ... - {~· -! Ji¥. (17.7a) 

For low conductions and high frequencies arctan and sin may be replaced 
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by their arguments ao that 

l =-Ya'!.. 
ka (17.7b) 

lbe,etoN, with the 1ncreue ot frequency the constant 1 reaches its 
er1,s.oa1 Y&l.'8 for the giftn conduction. Let us draw attenti~n to the 

., A,11 • 

-
... 

..- • I j I , f 1 
t 1 • 

I . ~ O'~ . l I • - ' ; I I I I I 
. I ~ ..... .)..._,~ 1: j1 \ 1 , I 

•• •"'► •J-.-.!.- ~ ~1- .. -r.__ I .IJ.:.:..1- 1-ri..;.,J-• , , , l"'lii:l"' F1 , , r-:1 ,, , 
1 : I I 1 • 1- , 1' · 11 I 1 ' 

Pig. 17.1. Dependence or the depth ot penetration 1 and or the absorp­tion coett1c1ent b on frequency r (or on the wavelength A) tor various •d1a.· A) Dry sand; B) fresh water; C) medium-moist ground; D) sand; E) 1101st ground; P) sea. 

tact that 1n both extreme cases this constant decreases with the rise 
or conduction. The greater the medium's conduction, tt1e more rapidly 
the oscillations damp. The: greater the wave lcn,~th, the w,:,:;;ikcr the damp­
ing (this regularity is less manifest only for dry soils and very short 
waves). 

In a medium such as the sea the attenuation of radiowaves is ex-
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ceptionally strong. It renders nearly impossible the rad1000-.an1cat1on 
between submarines in the submerged state or between them and po1nta 1n 
the air. Radiotranam1ss1on 1a possible only at amall 1-Niona and 
even then in very long waves. 

On the other hand , the strong dependence or the propagation veloc­
ity as well as or the absorption on the character or the soil 1a the 
reason or utilization or radiomethoda in geologic inveat1gat1ona. 
118. FIELD OF A POINT DIPOLE 

In the following we shall be more than once compelled to utilise 
formulas expressing the rield or a point source. We shall compile them hP.re. 

According to Formula (6.5), a ·point electric dipole or ~•nt pat 
the distance R induces a field with a Hertz vector 

' 1 n--~..-. •R (18.1) 
We shall direct the polar ans or the spherical system or oool'd1-

nates {R,O.~} along the direction or the dipole. Then f will be d1rec-
ted everywhere along the axis z: 

n-n •. (18.2) 
I -

Fl ,~ . 18.1. Denotations in the adopted system or spherical coordinates. 
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Conaequently , hav1 ng directed the ax~s in the manner shown in Fig. 
11.1. we ahall obtain 

we t1nd 

• s· t) dlYD•-!--l.,-. •> ( Uc-- cosO. It •R R 
ezpreaaiona tor rot and grad in spherioal coordi-

account that, according to Formulas (3.9), (3.10), 

• E - 1raddiv n + •.: n. H - - Ike• rot n. 

E•--.!..!!..,-. •>{..!..-~}coso. • It R* R 

E• • -¼i ~.__..,,{ U:-; (-ik +¼)}sin 0, 

E.-o, 
H••O, 
H.-o, 

H• - -~,.cu~» (I,+ i) sin O. 

Separating the real part from the imaginary, for which we shall 
I 

postulatei-k, +"'8-k,Yfcje 1
~(it should be recalled that k,,k,>O), 

we obtain 
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where 

• •• H ·· o· :, • .. • . ,t - • . •. H. - ~• 11no,y' 1 + l~+ .~ )'x 
x·~{'[ - ·.t+tR+•+ arc~-•~:t!J}, 

_. .. us. 
x-•r1• -··--- -. . .. . 

.:-.:- ,·.:. 
2 ..... !!!.:. • • 

For the case ot a dipole in the air (vacuum), k2 • o, k • k0 , the 
expressions are simpl1t1ed and we obtain 

(18.4) 

t! .. ~ " ... ~ .. ....L __,, 
H•--f;-psinO V l + •~•• ._. • 

rhe region or "small distances" trom the dipole, ._R.< 1, toru a 
quasistatic zone where the tield coincides with the qua3istationa17 
field or the electric dipole, slowly varying its moment. 

The region of "great distances," 'k0R >> 1: forms the s o-called wave 
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I , , 
' . 

&one, where"' and H~ decrease inversely proportionally to R, while all 

the N•lning component• are at least k0R times smaller than these 

pl'lnolpal on••· 

1n Y&CllUll We haft 

leN, aa well aa everywhere, we should see to it that the field 

aatlat, the radiation condition at extraction from c or the square root 

in the -expreaaion i __ t. fa; in other words, we shall take the value or 

the root tor which 

lmi>O . • (18.5) 

The dipole tield must at times be known to us in Descartes compo­

nents. According to (3.25), in the wave zone, in the vacuum, we have 

E. - -.: !!.n. R' . 

E,--.:-~n. 
E.- - a.s ,zl+ r'n 

lie R' • 

H. -i!1. D, 
R 

H, - :.._ t:.!.n, 
R 

H.-o. 

(18.4c) 

Theretore, far off the source the influence or the medium is mani­

test only by the factor /'i in H~ and the complexity or the wave number. 

It should, however, be noted in the case or a conducting medium a cir­

cumatance essential tor the emission process or a dipole placed in that 
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medium. 

The fact or the matter· is that in the direct vicinity ot the source the field Eis proportional to l/R3. Consequently, the mediua­emitted heat, constituting per unit ot volume in a unit ot ti• oE2, wtll pass to infinity when integrating over the entire voluaa. 'l'bua, in order to sustain the oscillations or the point dipole with conatant am­plitude or the moment£ an infinitely great power should be ted. Thia absurd result is linked with the tact that we accounted tor neither the finiteness of dipole dimensions {on account ot which in reality at R + + o, ER3 + O too), nor that the dipole ia in tact otten placed in a nonconducting cavity. 
The consideration or the dipole emission in the cavity is beyond the framework or our problems. Thia is why we shall limit ourselves to the remark that energy consumptions in a nonwave zone may be n~glected only in the case when the cavity encompasses the entire nonwave sone. In vacuum the energy flux, pulsatin~ in magnitude at every point (but always directed trom the dipole), gives the average in time ex­pression {we substitute£ by f and h according to Formula {6.4b) ' • P =- - lh, passing to true expressions for the field and taking into ac­

._ . 

count that cos• (wt + x) - f > 
re ell • I'•• t ,1..a • erg s-- Ret:.K .-----~ •• 2 W- • H'cm /sec 

(18.6) 
As to the total energy emitted per unit or time, it is obtained upon multiplying by ·sin OdOd• and integrating over the surface ot a sphere of radius R. This gives 

,_. 1• ( ,. )'erg ( ,. ) 1 IF- -- -r --=40:&1 - ,. w, a • A ~eo a, 
uelng understood at the same time that in the last term I is expressed in amperes. 
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It the tield strength is expressed in practical units, we shall 
obtain tor the uplitude 

ILi - ••1
• llntv/m RA. 

(18.8) 

llbeN the aaplitu4e ot the current I is expressed in amperes and a_l 
the len1tha in •tera. 

Thia quantity is otten conveniently expressed through the emitted 
power. Collbinin& Pormulaa (18.7) and (18.8), we may obtain the formula 

IL I :_ o.s lin a Y ii - v /m - 3 • lOI sln • V It' .... µ. v /mi ( 18 . 9 ) , R.. . Ru 
where R la express~d in kilometers and the power in kilowatts. 

In order to estimate how substantially the tield attenuation with 
tae distance influences the possibility or reception, it is necessary 
to bear in mind that, generally speaking, PJmospheric and industrial 
eleotroaagnetic interterences hinder the reception or radiowaves in 
which the electric tield strength is below the level or several micro­
volts (or even several tens or microvolts) per meter. Only by applying 
special reception athoda (reception by means or space antennas and so 
torth) this limitation JDJ.y be diminished and then manifest becomes the 
limitation superimposed by noises in the tubes and other parts or the 
receiver (equivalent to less than tenths or microvolt fractions per 
meter). Por special purposes this limitation too may be overcome (by 
applying diversified modes or noiseproor feature improvement utilized, 
tor example, in radar and radioastronomy). Generally the required ex­
cess over the interference level is conditioned by the purpose or re­
ception: tor ar·tistic radiobroadcasting the field strenvth must exceed 
a great deal the average level or that or interferences. 

In real conditions, when the presence of the ground or of the ion­
osphere exerts influence, the :ield emitted by an elementary dipole 
will differ essentially from the field emitted by a dipole in a bound-
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less uniform medium. Obviously, we may always write this in the torm .-.-,, n-p---•(.r,g, z), R . (18.10) 
where w (x, y, z) is a certain function describing the inrluenoe or the g ound and of the ionosphere. 

The problem of the theory or radiowave propagation along the ground amount3 in substance to the determination or that "attanuation faotozo" when neglecting the lntluence or the ionosphere. We shall maintain the denotation w for that runction in tne gen­eral case. For the attenuation, introduced by a unirorm ground surrace, it is customary to use the denotation w • y or w • wy (we shall adhere to this denotation, for example, in Chapters 5, 7 and 8), or the deno­tation r. When accounting for its curvature, the influence or the ground is described by a function denoted by either V or 2W (Cha~ter 6). 

119. REFLECTION AND REFRACTION ON THE PLANE INTERFACE BETWEEN TWO UNI­
FORM MEDIA 

If two uniform media with penetration factors , 1 and , 2 are sepa­rated by a plane boundary, coinciding, tor example, with the plane z • • O, the propa~~tion or radiowaves in them is described in a broad ca­tegory or cases by simple formulas, which are called interf•r•no• (or either zoe/1..eotion 01• Freane t). They are valid when the receiver and transmitter are sufficiently removed from the interface, with the re­sult that the emission or a point (and generally concentrated) source may be represented in the form ot a plane wave. Here we have to do, in essence, with a standard problem or optics, and the consideration does not really differ from it in any way. The exact criteria of method's applicability have an essential significance. They will be obtained be­low. 

1. Assume tnat an homogenous plane wave of frequency w with elec­
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tMc and •gnetie vectors fCe) and ~Ce) or field strength and with the 
propqat1on vector ,i-1,y.;:; situated in the plane,~,~, is incident 

> 0). The total f.ield may always be represented as a 
aet ot plane wavea (inhomogenoua, if required); it is only necessary 
tbat auob a ••t ensure the observance ot boundary conditions at the in­
•rtaoe Ind tbat ia aatisty the emission conditions. There emerges no 
-.,1oaa1 condition in the source at such a consideration. It is in 
e1aence auperaedad bJ the admiaaion ot presence or only one wave, con­
t...Uoting tbe emission condition, which is the plane wave incident 

It 1a asserted that all these conditions may always be 
flllt111ed provided•• add to the incident wave only two waves: that re­
neoted by 1<r>, t<r) in the medium land the one retracted by f(g) and 
1<a) in the •d1a 2, having vectors ,<r) and k(g) that lie in the same 
plane !., !., with, at the same time, ~ •• yi;, 1,u> -k, }'a;. The electric 
field Ull)l1tudea ot the reflected and retracted waves differ r:r•om E(e ~ 
only bJ tbe 111.1ltipliera 

(19.l) 
independent trom the coordinates. The factor r may be called the re-
flection factor. The coetricients rand g depend on the an3le or inci­
dence, on the polarization or the incident wave and on constants char­
acterising both media. 

The boundary conditions (4.1), (4.4), (4.5), (4.6) are: 

By assumption 

. 
E .. -E... E-.-E.., •1E .. -1sEu} a~ ,-o. (19.2) Hu - Hu. H111 - H_, H .. - Hu 

(19.3) 
Pora plane wave with the propagation vector k, a is determined by t 
accordlng to formula rot£=-..!..~. that is, xl, Y1, zl are unitary , ti U1 
vectors. 
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Jt.H - (ltEJ = (k1E.-ll.E•)z1 + (lt.E,.-lt,.Ea)Y, + (lt_.E.-ll_E.)z,.(19 · 4) We may introduce the angles or incidence m, or reflection m• and or re-fraction B' (complex in the general caae) (Fig. 19.1), and the gliding angles (also called angles or encoanter) supplementing the• to •/2, 
_'Y - f- ~: ( 11' =- f-ca . • , - f-ca•,) 

• 

I 
I -:, 
I 
I 
I 
I 
I 

• I . 

Fig. 19.1. Reflection and refrac­tion or a plane wave. 

k. - .'l, COSf, 1t:> - It, cost\ 1ti1' .;_ It, cos 'I'; k, =z A-
1 

)f;;-; 

(19.5) 
•• - - k, sin;. 1,j'> - It, sin 1')', 1t!0 - -ks sin _'Y; ks - ke l'e;. 

Let us consider at the outset the incidence or a wave polarized perpendicularly to the incidence plane; omitting the temporal factor, 
we have 

(19.6) From the six boundary conditions three are satisfied automatically and the. remai ninf~ ( for EY, Hx and H~) give: 

.'"• • cia. • + / .L '1'• •ma•• == II J. i"- •.COi ., • 

• -.t1 sin•,"'••- • + .t1ain ••t..,"'-•-•• - -.t. sin 'l!gJ.,"'o•:-", ( 19 . 7) .t,·cos ,i,e"'• •-• + k1 -••t~I"••-.- -.t.CO< 'l'gJ.ea,,, ;,....,,_ 
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They may be aat1st1ed tor all~ only in the case when k
1 

cos~• 
• laC1D1♦--• t.C01 Y, 1.e. • firstly• when the "angle or incidence" is equal 

• -

to the •angle ot retlection"; secondly. i~ the Snellius law is observed 

•-•·· ia•t-A.c:m.'1', 1. e. ,COi. -ncoa 'I'. 
(19.8) 

(19.9) Introduced here ia the complex "coefficient ot refraction" 

n•-~. (19.10) 
It 1a obvious that 1n the general case, is complex and devoid or ordi­
nary aenae. Arte~ that the two remaining independent equations (19.7) give 

I + IJ. - 6.J., 
Aalin•(l-/J.)- .. sin 'V~~. 

wbence fop t~• hoPiaontai polariaation 

(19.11) 

(19.12) 

- I!') - Aallat-t,11n.- - aln!-Yn•-~. (19.13) IJ. S- •••• +A.aw If lln• + Y11•-ca11 W' 
In this way the field in the l!! and 2nd media are: 

Ea .. ec.-.c.s-•- ..... , + /."'•'"~•+•lin ·'>•_..,· 
Ea-•J.el"-c.s-•-••Y>- 1111• 

(19.14) 

(19.15) 
The case or polarization paraZl•Z to the incidence plane is the 

obJect ot identic~l consideration when 

EJ.4- E'lin·--· c.s-•-•11••>-'-', 
e:> - £1COl.llla(IICDl•-•lln •>-IW, £4;> - 0. (19.16) 

Alongside with the Snellius law (19.8) and (19.9), we obtain in exactly the same way 

t + 11 2nain• 6
1 - ·• - 111 aia • + t'n•-cos•-• ' 

/a_ 11•1in!- r'n·-<CK4.!_. ...... + ,,.._.,... 

(19.17) 

(19.18) 
Let us recall that in this case the coefficients gll and til give 

only the electric fi e ld amplitudes and not thos e of its separate compo-
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nents. Thus, contrary to (19 .14}, ( 19 .15} it;>:/:/,£':> etc. However, aucb a simple relation still takes place tor the only magnetic t1eld COllpo­nent that is not zero: If';>_/, JI..,,_ !.!'f _~
1
~.' 

It remains to s·ee to it that the ell1aa1c.,n condition 1• aat1at1ed. To that ettect it is necessary that the tield do not 1ncreue 1h tbe 
medium 2 when~-+ -oii. Consequently, when extracting the root tr011 ,

2
, we must choose the one which gives 

lmk~ <O, T. e. Im (Ir.a in 'I')-~ Im (Y a:-a:cos••) <O. (19.19) . I 
As to the medium 1, only the incident wave •Y increase at••+•, while the reflected wave must decrease: 

(19.20} We agreed that the incident wave is homogenous, that 1a, 1n 1t the directions ot amplitude decrease and or phase propagation coincide 
(this is expressed in that o is real}. The retlected wav~ will ban the same property, but, generally speaking, the retracted wave 1a deY01d ot it. 

Let us consider the incidence ot a wave !'rom the air on a plane 
surface or the soil,-.- a, •, -ie. n• - •• c:os'I' - .!.cos,i,. Since fnl> l (and • ror a sufficiently well conducting ao11 Inf :>-l).lcos'l'f <coa•; The retlec-ted wave has t~e form 

E"' - 6J.. •""· "" - ap {1.._ r .. - • - V , •• --••1• + ,~·a_,<->+ 
+ V1•·--■•>"+(¥)"u1nxia)]. 19.211 

X(•) -+arctc ., •. ::..,, (z<O). 

The amplitude decrease takes place in the negative direction of the ax­is~. and the phase propagation takes place at a certain angle y to that direction, 
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!be rate ot &111pl1twte decrease and alao the angle y depend on the 
iaetdenoe angle •• howe .. r, it ~• f - sin••¢: a' or sin••«":', and, con-
teqllelltl.J, 1n general, 1tlin1 cx<l•ILthe damping 1a not dependen~ on ~. 
and tbe ftlwt ot y 1• very aaall anci IILlch smaller than a. At the same 
tS.. • tbe, tield var1at1on along the axis x doe a not depend on the me-
411111'• propert1ea: 1n the ao11 the field 1s somehow tied up to the 
fteld at the aurtace and ia tranaterred alongside with it along that axia (ct. 1l4). 

Let ua now consider the inverse case, 1.e., the incidence from the 
ao11<•4111111) to the 1ntertace with the air (medium 2) Jr.J<l; 1n 

• tb1a cue we have 

.__,, ... ~Vi"w•;-k._- -t.lin'l'--.. Yl-acoslij,. 
It, c 1a real, k2z-, beco• purely imaginary. Under these conditions 
there would be only exponential damping along the axis~ in the air, 
and not propagation. Thia 1a the well known in optics total reflection 
tro■ the interface. It thua takes place at 

t . ~•-lincx>yt. (19.23) 
For a complex c the penetration becomes possible. 

Let us consider the retlected wave at inci dence from the air at turther length. 

At horizontal polarization r1 (19.13) tor a medium with a real n 
the reflection factor cannot become zero: r1 • o happens only torn• 
• 1, but ti • 0 at ~n•sin•· - n1 -:-cos1 t, that is, at incidence at the 

• Brewster angle cxa- y-•a: 

(19.24) 
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However, for complex lcl the retlection in that direction ot a wave with electric vector in the incidence plane beco•a possible, thougb r
11 

has precisely a minimum here (p••udo-BNwat•• ansle). Por certain media at wave incidence tram the air, the 110duli and the pbaaes ot the retlection tactors are shown in Piga. 19.2 and 19.3, where it is postulated 

,. - ,.,.... IJ. - PJ. .. J. (19.25) For large 1£1 the rerlecti~n coetficient r
11 (19.18) mQ be written as follows: 

f - l'i•ln •- 1 
. (19. 26) I )'a liat+l 

t Consequently, at IV•sin•I> l we have an ideal retlection: tu • 1. gM • o. Note, on the other hand, that at t-+0 we have /~., ..:.- l. Ii! J. -.o, that ia, total retlection into the lll medium takes place again, this time, however, already with a phase ah1tt by•· At the••• time the adm1aa1bility ot auch a t~a1t1on atili remains obscure it only because this result depends, aa can be aeen, on the order ot tran­sition to the limit ·n-. oo, •-.. o. 
2. The field substitution by a plane wave 1a obviously quite ad­missible when there is question, tor inatanoe, ot a well collillated ray 

\ 

or decimeter or centimeter waves trom a raised source. HoweYer, 1n the general case we are conrront.ed with sources or limited dimen1ion1. The surface region (112) essential tor retlection aay be ao large that within its boW1ds the incidence angle ot the ray trom the emitter may assume the most ditterent values. The ir,troduction tor them ot a unique reflection ractor may reau~t inadm1aa1ble. Thia 1a why it la neceaa&ri to especially ascertain to what extent it ia poaaible to represent, tor example, the tield or a point vertical dipole in the air in the torm ot a sum of direct a.~d reflected waves 
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• 

(19.27) 

Pig. 19.2. Moduli and phases or reflection factors for a plane wave, or whioh the electric vector lies in the plane_ of incidence ( p, :• ~ , · dot­and-daah lines), or is perpendicular to it _(?"-. 6J.; solid lines at inci­dence trom the air on a plane surface or land c'•4. a-9-10' cos£; the dashed line 1a the extreme case tor a• O. -

where z0 is the height or dipole ascent, R1 is the distance over the 
plane to the imaginary source, and r is the reflection factor. The re­
gion or approximate formula's applicability may be estimated to a full 
measure only knowing a more exact solution. However, we shall already 
be convlnccd now that Formula (19.27} may be obtained if' in the process 
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• 
of deduction speclfic approximations are made, namely, if 1) we aatiaty th~ boundary conditionF- not over the entire plane but only within the limits or the eaaentlal zone and_ 2) we admit that t and the amplitude 
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Pig. 19.3. Same as in Pig. 19.2, tor incidence tro■ the air on the sea aurtace .,~._ •:;ll. IOI' COSE 

of the passed wave are tvnc~iona or the point, but varying so slowlJ that at substitution or the tield into the wave equation, their deriva­tives may be neglected. We will show that the field n (19.27) and ~he fi eld of the refracted wave in the soil, n1 , provid~ at t hese admis-
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aiona a good approximation, and we will obtain a quantitative criterion approz1•t1on•a validity. 

Ve ab&ll expand R and R1 1n ser1ea near the correct mirror reflec­t1ofl point (z0 , •• O), ot which the distance to the point is ... t':a+a,: 

R == Re + (.c-.c.) cost + ' - z sin •• 
R,..,R.+ (.r-x_)cost & + zsin"7. Ve ahall aeek the tield in the soil not in the form eikr, which would be a1111>leat, whereas tor obtaining a greater precision we shall add tbe taotor 

Ji;" up{; (A-.R. - •~'"• + Ile t.} • 
little dependent on coordinates. We dhall namely assume 

a.(Re-L) D n • .... ', •• c.r-.. , + ,.,. _ •.-1 u- ·-· «. • • . (19.28) 
A:+ •; + •: - k' == k!c. 

'l'be aign ldnua, betore ~ corresponds to the condition (19.20). 
~or the function to aat1aty the wave equation in the soil we must have (substituting the value or (19.28) into the wave equation and re­Jecting the terms ot the order l/kR

0
): 

(19.29) 
-•:-•:-.:-.: i-2Jt.t,t +j' -o. 

(Moreover, the derivatives trom g with respect to each ot the axes must be small by comparison respectively with kxg• kyg• and kzg). 
The terma entering here and depending on coordinates are very small within the bounds ot the essential zone. Indeed, if we neglect 

them, we shall obtain the usual value ~! + k; + k! =- , .... ak:. This is why the terms with v and y
2 

have• within the zone• 1. e. • so long as .g• ..-::, !! , IL 

•• 
the order 
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.. .,. •• , • ..r: t:(I --.<-. 2i.t,-<2r• -:;F.· R1 • Re Re r«. 
In this way they ditter trom the principal multipliere I ._!.. I< I and 
\ t' .:."• ( < I. Consequently, within the 11m1 ts or the ea■ent1&1 son• the 
function (19.28) adaitted by us, is sutticiently near the plane wave 
and it satisfies approximately the wave equation. 

With the help or the functions written it is eaay to alao ■at~aty 
within the limits or the essential zone the boundary conditions 

an, 111.. t o -.--.. a ,_ • (19.30) 
Substituting here the functions (19.27) and. (19.28), and neglect­

ing at d1fterent1at1on the terms or the order l/k0R01 we shall obtain -.c-.+~~.., 11••+&;> a.c-.+=J '" ~.-+•-,1 (1 +I>' "• - 11 ' Me • • -. • (19.31a) 

a.c-.+,•-..,·••+!;-> -.c-.+=-> ;,. ~+• 1c19.31b> Are ,1 - n' • "- . cm '1 - ' 1<e 6,,,. • ,. • 
Hence stem the previous tormulaa tor the laws ot retraction and 

reflection (19.9) 1 (19.17) and (19.18). But now we are in a position to 
evaluate the limits or their applicability, determined by the ne&1ects 
made at deduction (see (I.9]). 

Firstly, we simplified the relation (19.29) estimating that 
l feRel<el» 1. But we consider this condition as always observed. 

Secondly, the fields round must satisfy the wave equation. Since 
cost= Rz , then, , · 

as ~ and ~ - are 

for exaq,le, ~==- sint~, ~ - 0, •t ~ ••1,. Inaaauch . • . Ma it ct, Ji Ma """" . 
quantities of the order r. or g, this means that the 

wave equation too is approximately satisfied at iR,»I. 
Finally, and this is the most essential, the coett1cients t and & 

in the relations (19.31) were considered constant, while in the result 
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they wel'e obtained dependent on•· Therefore, it is necessary to re­

qld-ri .tut tbeir variation within ~he. bounds or the essential zone; 

.. llbeN ,11e -.ouodarf oond1t1ona ■uat be tult1lled, 1111.J be neglected. 

f.n order ,o aooount tor the variability or t within the bounds or • --
the ... n,1a1 sone 1n the boundary conditions (19.30), we must utilize 

no& tM ftllMt t(a)0 ot the function t(a) at tbe center or this zone, 

tor ·ea..;1., tbe eapana1on in aeries 

(19.32) 

Aa-, M •••n trom Pig. 19.4, the shirt along the axis~ from the 

polnt ot oorreot- renection ia ... 1--. -·· (19.33) 

ao that tor •x1111W1-remote point or the essential, zone ror which [see 

Pig. 19.4. To the deduction 
or the criterion of validity 
of int.erterence fora.alas . 

( 12. 7) J I - CIII ~. J/1t ; we have 

1 
l44l-l'•.M• • 

(19.34) 

Thia ia why we may neglect the 

variation or the factor (1 + r) in the 

relation (19.31a), provided 
. ' 

11 +:t.<«JI > Jt (ca.± v~. )-

1 
(19.35) 

- f.(ti.) • 

The terms or tirst order in 6a 

may be disregarded, ror having added 

them we would have obtained on the ground surface a complementary 

field, providing in the aggregate a zero result at the point or obser­

vation, inasmuch as it has in various halves of the zone an amplitude 

equal in magnitude but inverse by sign. This 1s why only the terms of 

second order have to be taken into account, that is, one must require 
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I 

that 

1 ii;i; r <-.> I < 11 + , ccaJ 1. (19.36) 
When computing the right-hand part we shall take into account that d1arupt1ons or reflection formulas may be expected only in caae ot 

small angles. This 1s why iln•.== 1,· but C01a-C101(y-t)-=•.' and 
• I .. -Y-,-T == .. +t'i':-1'' {19.37a) 

f'- 21't'i"=l ==- ~•J/El . {19.37b) -.. (•· + t' a - 11' r <•• + f • - 1)1 
Furthermore, we shall take into account that only the cases flt<I, 
are or interest, tor otherwise we would arrive at ideal retlection (er. (19.25)), and the rormulas for the reflection factor are knowinglJ cor­rect (or which we shall be convinced 1n 126). Thia 1a why,. in tbe de­nominator may be rejected, cona1der1ng that .V 1- l 1a in any caae a 
quantity or the order or the unity. With these neglects Correlation 
(19.36) takes the simple torm 

I , t~ l . l > I \I ~ ~:: •.R• l· 
that is, inasmuch as Ro•• z0, 

(19.38) 
The above expounded method 1s valid only when the essential zone haa a symmetrical shape. In the opposite case it 1s not possible to neglect 
the terms linear in t.a. This preauma that ! and z0 are ot a- order. However, 1n the tollow!ng we shall have the opportunity to ascertain 
that the emitter field is dependent only on the sum or emitter and ob­servation point heights (126). Thia 1s why the condition or applicabil­ity or the reflection factor method 1s the fulfillment or the inequali­ty 

(19.39) 
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A more rigorous consideration (see (26.28)) leads to the same re­ault. Tberetore. tbe 1nterterence ("retlection") formulas are applica­ble it tile souroe and tbe pq1nt ot observation are raised autticiently ~ abon the interface. In case ot long waves, when we have, moreov­•••l•l>I, it beo0111a d1tt1cult to satiety the criterion (19.39). An entirely 41tterant approach 1a required here, to which a series or sub­aeciuent ebaptera are devoted. At the s~ time, these tormulas are en­tirely a\ltt1c1ent tor the consideration or an enormous majority or proble• ar1a1ng at the study or the propagation or ultrashort and 
above ground in a uniform atmosphe1•e. ·Thus, even · tr c PM••• to c' and become s a quantity or the order or the unity even tor lane!. it 11 autticient that the source be raised by a rew wave­leqtha. Precisely thia ia always materialized in the indicated band . • 3. Let us consider the expression tor the field, st~milling from in-terference tol'IUlaa tor the case when the gliding angle is small, with tile reault that, according to Relations (19.13) and (19.18), the re­flection factor is quite near -1. Assume that within the bounds or an­gles ot interest to us the source emits a radiation independent rrom the angle. At the point of observation the field is composed or the di­rectly arrived wave (along the path OA • R) and or the reflected wave, with the reflection ractor r • -1, thus, in essence, simply with phase shift by w. It may be seen from Fig. 19.5 that the path or the reflec­ted ray from Oto A is equal to the path R' from the source's image O' in the plane z • 0 to A. We shall consider R==z>zo. .c>z".' Then 
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1A 10 R'.-·R~2-,r. 
Let us consider at the outset the horizontal polarization of the ray 

(19.40) 

E • EY. Then the field at the point of observation is 
•A ao • lh •A E-l:..

0 
(,~+/ae,...)-e,a,r(l-16 

,c )-£•(1-,• ~- ). (19.41) 

Pig. 19.5. Denotations in the quadratic f'ormula. 

For very small gliding angles, introducing the attenuation tactor w relative to the incident field E(e), we obtain 

E _ e.,_, e-•> ·== e-.''If. -~- 21•,,, 'A c 19. 42 > I ~ If we account tor the fact that the field EO itself decreases in-versely proportionally to th_e distance, it follows therefrom that tor maximum-small angles the field decreases inversely proportionally to the square ot the distance. This simple formula, obtained by B,A, Vve­denskiy (6), is one or the basic formulas for the calculation of ultra-
short wave fields. 

If the g liding angle is not small enough for the sine to be re-placed by the argument, it stems from formula 
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that 1a 1 

I EI - 2 J sin a Ra,, 11 E! I, (19.43) 
that u the 111.1tual diapoaition ot the corresponding points varies, the 
tield vanation acquires a quite complex character. Thus, it for given 
•o and R we vary zA (tor example, by shitting along a circumference 
With center at O), the tield will pass in sequence through maxima and 
mini•, whereas the corresponding pattern has a "petal-shaped" charac­
ter ("petal-shaped" pattern). The tirat petal does not encompass the 
ground aurtace. Accordingly, it .one moves along the horizontal at a 
apec1t1c height, the field variation will have the character of alter­
nating •xi.• and minima as one drifts away farther, so long as• does 
not beco• 10 small that the observation point is found to be located 
under the •nmwn ot the first petal. Arter that the field will de­
crease monotonically (inversely to the square or the distance). 

The mtter 1a somewhat more complex with vertical polarization of 
the ray. In the case of horizontal polarization we could consider 
·tJ.==-1, starting from Formula (19.13), for in the region or formula 
applicability according to Relation (19.38), the least admissible angle 
• baa the order t ;. ~l, so that for it sin 'I>« y n1 - cos~- Meanwhile, in 
Formula (19.18) we shall obtain tort east admissible + ·nlain..., ;;it TIP! 

,. '"" . and this quantity can be rejected as small oy comparison with l'n•-coa• only it 

(19.44) 
For ultrashort radiowaves above land (and for centimeter waves always), 
i.e., i n the most important region of applicabi l ity of r ufl t ct ion for-
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mulas, this is exactly what takes place. That is why we may again con­/, - - I and repeat all the previous reasonings leadin& to tbe ••17 same petal-shaped pattern. 
Only tor comparatively long waves, when lcl may be •&au.red bJ great numbers, particularly above the sea, can the inverae a1tuat1on spring up so that n1 ain1' will be greater than y,.-=;,. •• _-· Th•n we aball have fa - + I and instead or Pormula (19. 43) we shall obtain 

• •o•A 
• - I + .- ,c • • iR <I,.. I• (19.45) 

Thus, here the field on the ground surtace haa a maximum tor zA • O, w • 2, and the petal will be pressed against the ground . 
For a broad, graphic and nwaerical •terial on ref lection toraulaa illustrating their application see, tor example, the booka [I.2; I.6; I.7; I.8]. 

120. INFINITELY CONDUCTING PLANE SURJPACE 
We have considered at the end or the preceding section tbe partic­ular case, when the absolute value ot the dielectric conatant lcl 1a ao great that even at small gliding angles ror a vertically polarized wave the reflection ractor becomes +l, and tor a horizontally polarized wave it becomes -1. It is appropriate to pause at that case in more detail. Thus we shall consider the 1ntertace between ground and (uniform) atmo­sphere as plane, and the soil - as ideally conducting. 
It is almost obvious that ror aurticiently small distances between corresponding points we may neglect the_ ground curvature. Thia 1a in­deed admissible for waves longer than 100 m, as will be subsequently shown, at the very least through distances or the order or 100 km. 
It seems that in the wave band or interest to us it is also possi­ble to satisfy the Sf COnd condition, tor the conduction is not essen­tia l in itself but in the combination 4wa/w. Meanwhile, we have seen in 
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115 that uauallJ thia parameter is great. However, here the position is 
that ■1111Ple. BYen tor great valuea of par&111ter q,ro/w the field at 

tbe ll'O'll'd •1 extre•lJ strongly differ from a t1eld above an ideally 
oonduct1n& aurfaoe provided one move• sutt1ciently tar away trom the 
•ouroe. Ve haw aHn, indeed (aee (19.4q) and subsequent remarks), that 
ti beoOllla +l onlJ when the absolute value or tis so great that 
·a.la!>W~ that ia, when· the distance to the source is not too large. 
OnlJ after that, when conaidering the more general problem - a spheri­
oal and not ideally conducting ground, may we obtain more rigorous cri­
teria. 'l'beJ confirm the above-said, and therefore at sufficiently small 
d1atancea tl'om the source both simplifications are acceptable. 

Haring admitted these simplifications, we find ourselves confron­
ted wlth the problem ot field determination or the given sources (situ­
ated in the upper halt-apace) at boundary conditions stemming trom the 
conditions (4.1) and (4.5) as the extreme case. Inasmuch as in an ide­
ally conducting soil E • O (otherwise an infinitely dense current would 
be /lowing there), the tangential component or the electric field must 
vanish at the interface: 

E,-o.· (20.1) 
Prom equation rot E-il,'I follows the fact that the magnetic field too 
vanishes in the soil. This is why according to Formula (4.5) the normal 
component or the magnetic field vanishes also at the interface: 

H.-o. (20.2) 
The tangential component or the magnetic field does not vanish, 

tor according to Formula (4.6a) it is compensated by the superficial 
current, Just as does the normal component or~. compensated by pulsat­
in~ surf~ce charge (cf. (4.3b)). 

Introducin~ a system of rectangular coordinates~'~'~, in which 
the ground serves as the plane z • 0, we obtain 
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The required solution may oe obtain&d entirel1 ele•ntar117. 
Let us visualize (Pig. 20.1) an element ot current 1n the antenna, divided in two - the vert~cal Joz and the horizontal one, tor •zuiple, Jox• and let us consider them separately. It the vertical ourrent ele­ment Joz is completed b~ its retlection J~!) in the plane•• 0 with 

(20.3) 

the same direction or the current, each or the vertical dipole• will give on the surtace z • 0 only the horizontal component ot the •.-t10 field, as this is seen trom the axpresaiona (18.3b) tor a point dipole field, and, therefore satisfy the boundary condition (20.2). 

Pig. 20.1. Disposition or the source and or its "image." 

On the other. hand, the horizontal dipole Jox may also be comple­mented by its reflection, t,ut we shall change the sign at the retlec­tion. Then the vertical component ot the magnetic t1cld intensity at the ground surface (in the system or coordinates ut111z1ng in the for­mula of 118 this is~) will be exactly quenched by the dipole t1eld 1':1--ik• Consequently, the combination ot source J
0 

and 1g1 > will given in a boundless medium a t1eld, which satisfies on the surface z • • O the boundary conditions for a magnetic field above an ideally con­ducting ground. Moreover. this combination satisfies also the boundary 
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ooncl1t1on tor the electric field (20.1). As a matter or tact, utilizing 
(18.3). 1t ia eu1 to be cony1nced that the tangential compo­

lellta of ~ electri_o ~elda ot dipoles Jox and J~!) are mutually anni-111~ at an, point ot the aurraee 1 • o, Juat aa the tangential com­~ ot tb• tlelda ot aources Joz and J~!). Effecting a similar con­iltftot!N or ftnected aources tor all the elements or the antenna, we 
U. OOlll)lete aolut1on or the problem formulated, inasmuch as the fteJ.4 of uOb a collbinat1on ot sources satisfies the wave equation and 

1M DOIIIICIU, cond1tiona. 
'l'beretore, quite rigorously, without any neglects, tor example, 

aot onlJ in the wave zone or the emitter, but also in the nearer zone, 
tM tleld or any source (or any assortment or sources), above an ideal­
).)' conducting plane, is composed or the field of that source and or the 
tield ot ita "retlection" in the plane constructed according to a spe­
o1t1o rule: to eac&& or the points x' • y' • z' of the source• in which 
nowa the current with density J,(f..,. /.,. /w)~ it is necessary to Juxtapose a renected source at the point x', y', -z' with current density 
1,.,(-J.,,.-/.., /N). We shall designate at times this result as the rigor­ous theore■ on r-o~lection. We shall bring forth. tor reference, the ex­

plicit expressions tor fields or vertical and horizonta.l electric di­
poles above an ideally conducting surfacEi. 

Asa~ that there is disposed at the point o (O, o, z0) a vePtioaZ 
(index!) •leotPio dipot• ot moment~- It would give in a free space 

O O ikR (in vacuum) a tield with a one-component Hertz vector n • nz • pe /R 
(see (18.1)). According to the rigorous theorem on reflection. above 
an ideally reflecting plane we have 

w 
k ==-. 

C 
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(20.4) 
This is why, introducing tor the vectors A, and ~2 the polar angle• ~l 
and ,,2 (see Fig. 201.), and the general azimuth q>, and making uae. ot 
f',Jrmula::: (3.25) we obtain in the wave zone 

(20.4a) 

I I H-H. 
,r. - lt'p (11no1 ,;;"• + lin 01 ~) 1lncp I 

• t•R• ...... • •• ,r, - - ll'p ( sin 01 R&' + lin •• ~ ) cos cp 
Jr.- o. 

It is obvious that tor a hoPiaontai •teotrio dipot• (index~), oriented . ,, .. a tong the azis z, we have 1n tree apace n• - n. - p,- . This is why 
above an ideally conducting plane 

• • • ( ,u. ,"' .. ) n -.u: .• , -;;;--,c;- : 

C- + ll'p ( (1-aln101 cm'9) •:• -(l-1ln'O,cos'9) ~). 

,:,4 • ( ,,... . ,, ... ) ~.- -:l'p sin•o, ~-111110,..- lincpcos_cp. 

... ( ,u. •""-) 1-. --ll'p sin ·t 1cosJ1Ta'-1ln01 cos01-r. coacp. 

H!-o. 

H:-ll'p ( coa01 ~• -cm01 'i~). 

~--ll',(11001 ,:• -ilno, ,;:-)sin,. 
Finally, ror a horiaontai eteotrio dipot• oriented atong the azi• M, we 
have 
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;..·.-~P(eaat, -;:• -coat1 C-), 
r.-o. 
r. ••,{ala•• -;:• - lin t 1 •;:•) COi cp. 

• 

(20.4c) 

In l)&l't1cular, tor the points on the ~lane z •Owe have R
1 

• R
2

, 
.... ~ .. . NR, .. santa. costa--cos01. This is why, the tangential component~ 

electric tieid and the vertical component of the magnetic fiP.l ~ 
Yaniab •• muat be, while the vertical component of th~ electric field 
and the tangential components ot the magnetic field are doubled. 

Conaequentl.7, a vertical antenna placed on an ideally conducting 
aurtace lnducea the same tield as an antenna or doubled length would 
induce in the tree atmosphere (the antenna itself plus its "image").• 

Thia descriptive interpretation allows us to obtain still one more 
rather general theorem tor an ideally cond~cting surface. 

Let ua consider a protuberance Ton an ideally conducting surface 
and place &Love this surface an arbitrary emitter o (Fig. 20.2a). It 
may be asserted that above the plane z • 0 the field will be the same 
as in the following equivalent problem (Fig. ~02.2b). 

Assume that in the boundless empty space there is preserved only 
the protuberance T, or interest to us, completed by its reflection T' 
in the plane z • 0. Let there be further, besides the true source O, 
its image 0', in the sense described above. The field of these two 
sources in vacuum in the presence of a volume scatterer will precisely 
provide us with the solution of the problem sought for. In reality, 
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when the f : eld was considered at z • o, the presence of an ideally con-
ducting half-space waa manifest only ~n that the condition ot vanishing 

. 
l•I 

s sew :s s 

• ··-~ T . 
-#n;;osmu, l•I 

----'.:'·---G--j __ ----1-1 •• , . T' . ,. 

y lb 

Fig. 20.2. Emitter o in the presence or the protuberance Ton an infi­nitely conducting plane (a) and the equivalent problem: a source O and its image O' in the presence ot T and ot its reflection T' in the vac­
uum. 

of the electric field's tangential component was superimposed on the 
plane z • O. But in the equi~alent proolem described above the••• 
condition is fulfilled owing to problem's symmetry. In particular, ev­
ery djpole induced on the surface or the protuberance will emit a tield 
which must also satisfy the in~icated condition at z • 0. But thia too 
is assured by symmetry, since the dipole on the surface ot protuber­
ance's reflection T' will also eil11t a tield. It will act as a reflected source for the dipole induced on the protuberance. 

The simplest application or these considerations is related to the 
scattering of a plane wave by a plane screen with a rectilinear edge, 
which 1s placed on an ideally conducting plane (Fig. 20.3a). Here one 
may cons ider the field or two symmetrical waves incident upon the 
s creen in vacuum and completed by i t s reflection (Fi g . 20.3b). We ob­
se rve at the point of observation A the field of two waves, each of 
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,,_ 

which dittracta on the two eqea or the screen; in other worus, only 

tom' ra,a arrive: OTA, O'TA, O'T'A and O'l''A. It ia easy to see that, 

phyaioau,, the queatlon evolve■ here about raya (Pig. 2r.3a), or which 

• • 

T 

bl 

Pis. 20.3, Screen Ton an ideally conducting plane (a) and the equiva­
lent problem: screen T and its reflection T' in vacuum (b). 

one (O'l'A) dittracts directly on the rectilinear edge, the second (os1-

TA) 1a preliminarily reflected from the plane z • O ahead or the 

screen, the third (OTS2A) is reflected from the plane z • 0 after dif­

traction, and the fourth (os1Ts2A) is subject to two reflections. Fi­

nally, instead of considering in a single observation point A the dif­

fraction of the fields of two sources on a doubled s creen, we may con­

sider that we have only one edge of the screen T, but the field of the 

two sources O and O' is viewed as in the real observation point A, as 

well as in its image A'; at the same time, all the four fields add up. 

In such case to the above referred-to four rays correspond the rays 

OTA, O'TA, OTA', O'TA'. 

Such a consideration is particularly o:tte11 applied precisely for 

I 
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plane waves, when it is possible to speak of reflection at a spec1t1c 

angle or waves trom apecitic portions or the surface s1 and s2 . Reflec­

tion factors may 1n such a case be introduced tor the second, third and 

fourth rays. Thus, if there is question about a horizontally polarised 

gliding ray, the reflection factor tl becomes -1 at•+ O 1n accord 

with the relation (19, 13). Correspongingly the tield or a once retlec­

ted ray must be provided with a supplementary phase w. 

For the application of this method see, in particular 153. 

Note that if the protuberance is not an ideally conducting torma­

tion on an ideally conducting plan~, such a substitution ot one problem 

by another is also valid. Th is is why, tor example, it there 1a loca­

ted on the surface an object not ideally conducting and distorting the 

field, the latter may be searched tor as the field or a "doubled" 

source, scattered by the given object, supplemented by its image and 

placed in vacuum. 

In the particular case when the dimensions are small by comparison 

with the wavelen1~th, it is possible to find the fiel<1 according to the 

Rayleigh formula ro~ light scattered by a small particle. We shall con­

sider the scattering or "small" particles in 148. 

Note that this conclusion would also be valid for nonconducting 

soil with 1'-00, had such one existed. In reality, on the plane z • 0 1 

E • Ez will t ke place for it too. Consequently, in certain cases pro­

tuberances on the surface of a dielectric may also be studied approxi­

mately starting from the representation about images. This refers in 

particular to the case of the sea (t' • 80) for very short waves. 

The rigorous theorem on reflection may also be formul.ated somewhat 

diffe r ently. 

A3s ume that we are required to find a function~ satisfying at z > 

> O the wave equation 
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bnotton 

(20.5) 

d1atr1but1on tunctlon ot sources in the upper 

two oond1tiona on the plane z • O, either 

(20.5a) 

oue we shall find the solution with the aid or the 

to Pormula (8.7). Then, because of 

I. 

A°IIIJ 

,., -
A,f.\l 

', 
' 

AW 
I ,., 

/ 
1,f"J I 

Fig. 20.4. Substituticn ot the image of the point or observation (a) by 
the image ot the source (b). 

the condition (20.5a), the " 1Jrtace integral falls off and 

J " ••-•·• J ,11a 1• ,-r1 
u (R)-= ~pu.dV - p (R') TR-kl dR' + P (R") lR,-R'I dR'. ( 20. 6) 

However ( see Fig. 20.4), instead of taking the dist$Ulce from the 

source Oto the reflection A1 (~1 ) of the point of observation, we may 

take the distance from the point of observation A(R) to the r e fl e ct i on 
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I of the source o1 (~• 1 ), i.e., assume that )R,-R'f-=IR-R:1. But then the second of the integrals in Formula (20.6) may be recognized as the 
field of the reflected source taken exactly as a real one, but placed at t he point o1 . Consequently, the solution of Eq. (20.q) with the 
bowidary condition (20.5a) may be formulated as follows: let the eolu­tion of Eq. (20.5) for a boundless space be known. We shall denote this solution as follows: 

(20.7) 
where (p] denotes that this solution is obtained for a given distribu­tion of sources p (x0 , y0, z0 ). 

Then in the case of half-space and boundary condition (20.5a), the solution will have the form 

·" .. "• (x, y, z; [p (x,. 11 .. z1)1) + u1 (x, y. z; (p (x,, !I,, - z.)1), ( 20. 8) where we denoted by ·u,(x, !I, z; the field in boundless space induced (P(Xo, Ye, -z1)1) by the sources reflected in the plane z • O. 
But if the boundary condition has the form (20.5b), we shall take the Green funct i on v_ (8.3), as a consequence of which the solution 

will ~e expressed by Formula (8.5). The surface integral will vanish 
again, bu~ the result will differ from the sum (20.6) by the eign at 
the second addend. Consequently, here the solution will be 

u = u1 (x, !J, z; [ p (x1, IJo• z0)J) - U0 (x, !I, z; (p (x .. !lo, - Ze)J> :=:c 20. 9) eu1 (x, y, z; [p(x0,y0,z0))) +u,(x. !/, z; (-p(Xo, IJo• -z,)I). 
that is, the superimposing reflected field must be taken for sources of inverse sign (in the last case the fact was utilized, that sign varia­t i on of p 1~ equivalent to that of the field~). 

We r e solved above, in subs tance, the wave equations for the fields £ and H. Since one of them is determined by the other, it i s sufficient fo r xample, to seek H from the three equations 

- 187 -

I l 
. I 



f t 

(20.10) 
Tbe bOWld&ey condition for Hz waa written ((20.3)], and tor Hx and HY 
it-, be obtained trom the conditions tor Ex and EY. Indeed, according 
to lqualitJ (20.1) and the equation iotH--ilt.£, tor z • O rotxlt van­
iabea Jut aa doe■ rotyl. Opening their expresaicns and taking into ac­
count the equality (20.l), we obtain 

"'· ~ 0 .--.-. (20.11) 
Thia ta whJ Hx and HY are determined by Pormula ( 20. 8) 

1 
and Hz - by 

Poraaula (20.10). At the same time, for Hx and HY the sources pare 

and tor H• -

According to Poraala (20.9), in the first two cases these sources must 
•1ntain the sign, while in the third (20.10) they could change it to 
the inverse. This will precisely take place in the case it we subat.t­
tute Jox and Joy by -J 0x and -Joy• while Joz 1s mai~tained withoat 
changes. HeN: we should only take into account that, inasmuch as in the 
argument j, z0 is simultaneously substituted by -z

0
, a/az

0 
passes to 

-a/a~0• Trus we again obtain the above formulated rule of source's re­rlection. 
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[Footnotes] 

The same result would have been valid tor an "infin1tel.J di­
electric" medium, i.e.• tor a medium with o~o. ,, .... bad auch a 
medium existed, In reality, in boundary conditions, la pres­
ent everywhere and torr.:.. the horizontal component ot the 
electric tield in the air vanishes also, just as tor •-•; 

[Transliterated Symbols] 

131 u6 • mb •millibar• millibar 

138 3~~ •err• effekt1vnyy • effective 

160 KBm • kvt • k1lovatt 1.-. kilowatt 
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Chapter -

THE 1IBLD NEAR THE PLANE INTERPACE 
Bl'l'WBBN THZ GROUND AND THE ATMOSPHERE 

121. APPROXIMATE BOUNDARY CONDITIONS 
1. Ve oona1dered 1n Chapter 3 the tield :or a concentrated emitter, 

a dipole 1n an infinite un1torm •diwn~ and also the variation intro­
dl&oed in tbia tield by the presence or another uniform medium separated 
tl"oll the t1rat •diwn by a plane surface. However, the formulas ob­
tained are valid only in the case when the sources are disposed suffi­
olentl.J tar trom the interface {19.39). This most simple case trom the 
theoretical viewpoint is insutticient tor the study o.f the propagation 
ot abort and longer waves in the direct neighborhood or the ground sur­
taoe, even when the atmosphere may be considered as uniform. The prox-
1111tJ ot the ground surt&~e changes substantially the structure or the 
tield bJ comparison with that given by the above referred-to formulas. 
Por this case the theory is round to be considerably more complex. 

Prom the physical viewpoint the action of the ground is twotold. 
The currents excited by the radiowave field in the soil lead to energy 
losses to Joule heat and thus attenuate the field in the atmosphere. On 
the other hand, these currents shield the deeper regions or the soil 
and hinder the energy outflow into the lower hemisphere. This ampl.•.­
tieo the field in the atmosphere. A precise accounting for the combinea 
influence of both thes~ cases constitutes, in substance, the object of 
our consideration. 

In the general case the electro ynamic probl em consi s ts in the sl-
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multaneous cons1derat1on or fields in the atmosphere and in the ground during which it is necessary to provio ~ for the satistaction ot the 
boundary conditions on the ground surtace. Such ia the path ot claaai­cal methods (1131, 32). However, all these methods uauallJ lead to 
closed and visible results only in the case when we take into account certain specific peculiarities, characteristic tor the propqation ot 
radiowaves in terrestrial conditions. We have indeed seen in 115 <••• Table l) that the soils encountered are nearly always such that tor 
them c is substantially greater than the unity. Only by ettectlng the corresponding neglects in the general formulas may one be able to ob­
tain practical results. This is why it is natural to account tor this peculiarity or terrestrial conditions from the very beginning and cor­respo~rlingly simplify the formulation or the problem. It was shown in a series of works [I.10; l; 2; 3; 4; 5], almost simultaneously, that near the surface of a medium with ltl >> l certain approximate relations are valid for the field components. On the one hand, A.N. Shchukin [I.10] has shown that on the basis of these relations a greater clarity may be imparted to surface processes, and certain essential conclusions ot theory may be simply and suffioiently rigorously obtained (tor example, t he polarization ellipse; see 122), owing to which these relation& be­come useful facto.rs of engineering practice. On the other hand, t.hese relations were formulated, substantiated and applied as b 1mdary condi­tions of a boundary va:.ue problem, at which only a un1torm halt-apace, for example, the atmospnere may be considered without introducing into t he consideration the field in the ground at all, taking into account 

t he ground's influence only in the boundary conditions themselves (N.A. Le ontovich [2; 3; 4]). 

Thi s particular approach to the problem or r adiowave propagation has generated t he entire direc t ion in r ad i opty s ics . I t def i ned as a 
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new achievements or the theory of radiowave propa­

l lOII al.on& the around the rev1ew, the new tormulation ·as well as the 
• 

• • 111on ot tundalllnta\ old problems or the theory ~ ee 122 and 

CbapMN 5, 6, T and 8). Hence, in its tum emerged a ~Jear physical 

pat.._ ot the entire prooeaa or radiowave propagation (145), helping 

to aaenaiinate between the variety ot practical questions. 

!be •11 known ahortcoming ot all these conclusions as at the 
' 

ou,-.t Iba taot tbat they are valid only with a precision. to quantities 

ot tbe order 1,1-1 , and e1nce tor ultraviolet waves and dry soils lcl 

la Nduoed to c', and cannot be always considered very great, the re­

pon ot •tnod'• applicab111ty waa limited to the short, medium and 

lonpa9' banda. Meanwhile, it became "possible to attain a greater pre­

o1a1on bJ other Mthods (true only tor a uniform soil) and, by the same 

token, to encoma,aas all the possible cases in practice. However, subse­

quentlJ (aee below) it was ascertained that if this method were made 

aOMWhat 110re precise, the real criterion or its validity would be, 

strictly ■peaking, not the smallness or the quantity 1&1-l at all, but 

the condition whereby th• fi•td variation in tne horiaontai direotion 

Aa• th• ohGHOt•r of an wr p•rtwrbed wave. rnwttiptied bH a siowty-vary­

tng faotor. As is shown bry theory, this is what takes place indeed for 

great lcl, but it is round that in the wave aone the field has the 

chara~ter inherent to almost any lcl, and here, after a certain refine­

ment, the entire method becomes applicable practically always. In sub­

stance, the matter amounts to the possibility of neglecting in the wave 

zone the wave reaching the source through the soil. This car. i•c ~ be con­

sidered as a serious limitation for all really existing soils. 

2. For t he deduction or boundary conditions it l s suffici . nt t o 

consider the field over a s mall port i on of th ourf~ct , p r·uvided only a 

tew wavelen ths flt into it. We may cons1 e r t h t i r the ; J~n~ z • 0 

- 192 -

• 



and near it, the dependence ot all t1eld components oa A and~ 1a de­scribed by functions ot the type 

where! is the "attenuation tactor" (or the "attenuation tunotion"), which we already introduced in 1118 and 19. Here we shall torego the 
assumptions that the field depe.1ds on !• To the contrary, th1a depend­ence must be found. Relative to~ one may bring torth one important~•­sertio.n, in the validity ot which, in particular, we shall be convinced subsequently, when tinal results are obtained. Namely, it ma1 be as­

serted that thia faator vari•• ZittZ• ov•r. the ••g••nt •qwai tot~• 
"rJave Zu19th in the air" A0 • We shall adopt this fundamental stand trom 
the very outset, and then we shall determine from the conclusions ob­tained in which cases tt is incorrect. We shall ascertain that it is 
invalid only in the direct neighborhood or the source or in the region or sharp variation or the properti,s or the soil (or or the shape or the surface), where one rnay not neglect the wave arriving through the soil. 

(21.1) 

Therefore, it the axes~ and~ are directed along the 1ntertace between air and ground (assumed plane), we shall consider that the at­tenuation function! satisfies the conditions 

(21.2) This it, why 

(21.3) 
We shall cons i der at the outset that the axis xis directed in propaga­t i or, plane of an undi s torted wave, that is, in the plane containing t he source and t he given point or the interr~ce, so that k

01 
• O. 

In t his chapter we shall awnJ.t that the soil is uniform from the el ectric poi nt of view, putting oft the case or i nhomogenous soil till 
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Cbapter 8. 

Arter theae prel1minaey NMrka we ahall pus to the consideration 
ot boundal'J relat1ona tor the t1elda near the plane intertace between the IRdtona ground and the atmoaphere. 

the tollow1na equat1ona are valid reapectivel) in the atmosphere and ln the ll'OUDd • 

fG!.H • -a,.£: rotH, = -111.1£1; 

dlY ~ •0; dly £, =- 0 . ..... I, I are the t1elda 1n the atmoephere, '1• nl the fields in the 

(21.4) 

(21.5) 

IJIOIIDdl 1 1a the ground's complex dielectric constant, not dependent on 
OOOJldlnatea. l'or the air we m.lght not consider t • 1

1 
but because ot 

tb1a, the Nault would var, entirely immaterially. First ot all we 
aball det1ne tA• iaw of fi•Zd d•o~•a•• with d~•p•ning into th• •oiZ tor 
tbe oue when tho absolute value or ltl 11 sufficiently great (ct. (7, 1]). 

for the t1eld in the aoil E1 Eq. (3.9b) is valid 

'a'+ ,z, + ':• + •~£, == 0. (21.6) 
Ao~ord1ng to the condition (21.3) the field on the ground surtace var1ea with the distance nearly strictly periodically. As we saw 1n 

114, tor great ltl the field is determined at each given point above 
the surtace by the field in the near lying points or the surtace. This 
is why the field 1n the soil 1s "tied" to the field on the surf ace and 
1s carried along with it. The same result was obtained tor the .t•errac­
t1on or a plane wave ( ~ 19). Consequently I one may assert that tor the 
field t1 1n soil ( let us recall that we choose the direction or tne ax­is x 1n such a way that koy • O) 

~ ~ ;k.. £1 for z ==- 0. ( 21. 7) 
Thia is why the first two terms in Eq. (21.6) are smaller than the last 
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and also smaller than the third term in the relation 1/leJ.: 
Neglecting these small terms, we arrive at the equation 

CZ•+•~£. - o. (21.8) 
which is immediately resolved: 

£, (x, II, z) =- £, (z, V, 0) ~ -41l.~i1 • (21.9) whereupon of two possible signs in the exponent we choose the one, with which the field should remain finite at z--x. , it Ii is reco~nized in the sense 

411, X .. arcto,-. .... (21.10) 
Therefore, knowing the field on the surface z • O, we may write the field at any point of the soil outright. Note that in 119 we have obtained for the refracted wave \n the soil the expression (19.21), co­inciding with the expressions ( 21. 9) and ( 21.10), 1 r '( J) cos•~. Conse­quently, in this approximation the field in the soil has the character of a plane wave. 

The expression obtained shows that the field decreases rapidly at deepening in the ground, and so much the faster that the real part of the quantity -ikz is greater, i.e., 

The very same exponent characterized in 117 the propagation or radio­waves in a uniform absorbing medium. This is why the quantity & shown on the curves or Fig . 17.1 gives the depth of penetration in the ground or r ad iowaves propagating along its surface. We see that the waves of the r iobroadcast band (10 .11<Ao<G• IOS .11) usually p~netrate into the gr ound to depths of tens or meters. In sea water t he penetration dep t h 9 ' con,t1tutes c nt1met e r s and tens of centimete r s . 
~ e at tenuation of waves penetrating int o t he oil a re not casual-
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ly determined b~ identical parameters as the damping at propagation in 

s uniform medium. Thia is closely linked to the fact that the field in U 
the pound under tbe 1ntertace is determtned by the conditions only in 

the nearest portion ot the intertace. It was shown in 114 that the di­

•naiona ot this area aay be much smaller than the wavelength in the 

air and coapar ... ble with the "wavelength in the soil". This is why 

within its bounds the tield has one and the same phase. Consequently, 

each auch area, viewed trom the point or observati.on situated in the 

ground, la represented ~Yan equiphase surface - the plane wave front. 

lloolnf fPo• it into t~• gPoMnd is the wave, behaving in the neighbor-

lood oft~• point of obs•M1ation as a plane wave. It is natural that 

its attenuation also coincides with that or a plane wave in a uniform 

•d1wn. 

Knowing the law or field attenuation in the soil, we may, with the 

a1d ot the boundary conditions (4.9) and (4.10), having in our case the 

torm 

IE, 8£16 O 
,,---. at z- ; 

E, .. aE 1a at z == O, 

(21.12) 

(21. 13) 

obtain the necessary boundary condition for the field in the air. Sub­

stituting E1z from Formula (21.9) into the relations (21.12) and 

(21.13) and eliminating E1z (x, y, O), we obtain 

• IE~ • • • 1•• E at 0 -.-= -"- . z :,s • . ,. (21.14) 

This precisely is the boundary condition sought for, which is superim-

posed on the field in the air and allows , die r c33 lne , gener a lly ~peak­

ln~, from the investigation of the field in the soil, to consider the 

wave equation only ··.n the upper half-space, which 1s the Leontovich 

condition. It shows that in the air near t he ground the f i eld Ez vari es 
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along the vertical much more slowly than along the horizontal (cf. (21.3)). 

We may consider the field H exactly in the same way. Obviously, 
f or it relations of the type (21.1) are vall (inasmu h aa in th~ alr 
koll = (ko£}), the wave equation in the &oil of the type (21.o) (substi­
tuting l1 by H1 ) and the boundary conditions for Hz, stemming trom For­
mulas (4.Sa) and (4.6) after having taken into account that div A• • div H1 • 0: 

(21.12a) 

(21.13a) 
(where, ~ontrary to Formula (21.13), the coefficient c is absent). Re­
peating for Hz the reasonings made for Ez, we obtain 

iJH, . Ve - = -,k0 eH1 at z =0. 01 . (21.14a) 
3. This condition is valid with a precision to values or the order 

lcl-l (which is visible if only from the above comparison of Formulas 
(21.9) with the exact solution in case of plan~ waves (21.9) with the 
exact solution in case of plane waves (19.21)). For dry soils and short 
waves such a pr ec · ion is insufficient. However, as will now be shown, 
th i ~on ition may be refined withi n the framework of the same funda-
me ntal approximation, that i , if we neglect a wave having arrived 
t hrou i.:, the soil, so that the condition of such a form be correct for 
a y l c l [7]. Indeed, if it is correct that in the direct neighborhood 
of th e plane z a O the variation of the field along the axis~ is de­
t c rmi n d cy Formu l a (21.7), the wave equation in the soil (21.6) will t ;(e e f orm 

~21.15) It t on • obv ous ly t he func tion 
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( 21. 16 ) In order t o o;~ t a in a finite · expr~3Sion tor :i- -oo, it is necessary to 
choose the a:..gn rd.nus. Thua • the "~~ res a ion fc,r the tie ld in the 
ll'01u1d 1 IION pr.e ciae than (21.9) • ~.tH. f , t,-:~ i'orm: 

-~,,,·v ,-a.=t. £1 (.t. z) - £,. (Xi, 0), • , ( 21. 17) where 

•., cos,--.;. (21.18) 
'l'hia co1nc1dea exactly with the expression for a refracted wave in the 
soil (19.21). Hence, similarly with the way (21.14) was obtained, we 
11&7 obtain with the aid or (21.12) and (21.13) 

•• a. 
.;- - }'i-£. at z =- 0, 

•• .. _ •-ci.a·. 

Theretore, all the refining amounted to the substitution or Eby acer­
tain 'ett• whioh w• ehaZZ d•note h•~• and subs•qu•ntZy by £ 0 . Otten 
when lcl is sutticiently great, there is no particular sense in such a 
ret1ning. This is why we may utilize expressions valid with a precision 
to one, two or more terms of the series (21.20a). Thus, initially ((3] and ao torth), it was considered that 

cos_•~'•). _ (21.21a) 
Then it waa shown [I.1], that it is more accurate to consider 

yai - y·• + cos•,,, (...,...,,., ............ ,.. o1111 ...... a:?"). ( 21. 21b) 
Obviously, this precision is nearly always sufficient. However, if in 
the following we should use the exact expression 
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y'ai-,~. V ,-~ (21.21c) 
this would be not so much on account or quantitative refinement than because this formula admits transition even to the case t • l (absence of ground) and provides in Re l ation (21.19) a correct result (contrary to ent i rely senseless expressions obtained if we utilize the approxima­tions (21.21a) and (21.21b). Indeed, for c • l we obtain 

as should be for a plan~ wave incident upon the plane z •Oat the gliding angle~, 

On the other· hand, for quantitative counts the approximation (21.21b ) is quite sufficient. It is much more convenient than the exact formu l a, since by comparison with the entirely simple formula (21.21a), the variation only consists in that the real part or c increases by cos1 '1) ( or simply by the unity at .~=:: 0): The errors (relative) at utili-zation of Formulas (21.21a, b) are as follows: 

(21.Jla) . 

11. - 2 0,25 cos• ,r, 
I • I - 5 0, tO coss ,i; I • I - to _ o,oo cos•,ii 

(2&.216) 

0,03 co~• 
0, 005 cos• "1 
o,oot cos• ,i, 

he r e fore, these errors are so small that the precision or the ap­proximate formulas cannot be determined by the smallness or lcl. Under specific conditions the departure from Formula (21.3) may become more substantial (decreasing as distance from the source increases) and so may t he influence or the wave reaching through the soil (also droppine wi t h t nc d.stanc ). This last factor will be app raised i n §31. For the : .r • IJ <: lnr, w • may not.c tl • t t hi ..... condit ion i :. know in ~ly c; u f'rc ct not on-
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lJ at l•l> 1: but also a.t ·1•-II< 1, when the difference between the 

propertie3 or the media is vanishingly Sh'l&ll and this is why w will 

qaln Tar, with the distance much more slowly than exp(ik(x). As to the 

1ntluence ot the gliding angle•• inasmuch as at conclusion we utilized 

the relations taking place in a plane wave, (21.29) is correct in any 

cue in the region ot applicability or reflection formulas, that is, 

when iero>Ylal, where z0 is the height of tt~ source (see (19.38} for 

l •- ll .Ill 1)., Obviously I in reality it is correct in a wide range or an­

&1es. 

Let ua consider the variation or ltol at variation or t: 

(4•~)· ,.,. •·+ -;-
1 .. I - 1 a..:_., \ - , / 1 ('.,). • 

' y (•'-o,sl•) + -;-
(21. 22) 

When the absolute value or ltl is great, to does not differ rrom t. 
. J 

Howeyer, tor o -o and a=- I 

. t ' 
l_.l_. .-•· 

that is I tor •-o I c O I approaches infinity. The absolute value or £ 
0 

haa a minimum somewhere at la I.:_ I . Usually in that region 4x, << a' -cos••· 
w 

Thia 11 why I postulating G .,.. b we find that the minimum or I£ O I is lo-. , 
cated at c • 2 cos2 •· It is equal to 

I 1• 1- ,_ 4 cos• 11> at a ==- 2 cos• , (~ = 0), 

and at t - O ( the most important case) I a01 ...... = 4. 

(21.23) 

Therefore, we have a boundary condition valid with great precision 

tor all the existing soils and wavelengths, and allowing at considera­

tion of the field in the air to digress from the field in the soil and 

to limit ourselves to the solution or the wave equation in a uniform 

space, z > O. For;• 0 we have 

11 -1 •' 1 t:
11

, (21.22a) 
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(21.22b) 

4is, ~-, X - 2 arcte •'., - 1rct1 <•' - i) ., • (21.22c) 
As follows from (21.14), the relative variation or the field wjth 

the altitude in the air takes place slowly: the field varies notably 
only at ascent to an altitude of the order I t'ail -1-1 yiiJ, which 1a usu-•• ally much greater than the wavelength in the air •o· The better the 
soil's conduction (the greater lei), the more invariable along the axis 
~ the field component directed along it. In other words, on the av.rtace 
or a well conducting ground the r d 1 lmost uniform. 

Note that the real part or the derivative is negative, 

( • t '-') .R '( t ,e.) R llnE. ..CIQI T+2arct1 .... O e T.'11 - e--.- •----:-~ < • (21.24a) •.· y ... + (':')' 
i.e., at ascent above ground the field decreases. This may seem 
strange, inasmuch as we know that the ground must exert an attenuating 
action. However, this deduction is valid only near the ground itself, 
where the obtained amplification may be computed as a small correction, 
that ''is, at distances 

(21.24b) 
And, indeed, we shall see in the furthest that at great altitudes 

the field begins again to increase. The decrE:ase noted by us, however, 
takes place in J"eality. This means that in order to improve the recep­
tion it is necessary to ascend substantially above this attenuation 
zone, that i s , considerably more than by the quantity Az (21.24b). In 
the opposit t• case it is better to remain on the ground.• 

Not that for H (21.lija) the same r easonines lead to formula z 
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IH ---- • 0 ~- -Ult y 1-u,s•.., H. - -ike v-H• at z :a , (21.19a) . ~ 

lnatead ot Pol'lllula (21.19). The distinction trom Formula (21.14a) here 

1• aoaewhat more coaplex. 

Pi lly, we ahall paaa to the establishment or a relationship be­

tween the yertical and horizontal components or the fields. It the 

propagation direction ·coincides with the axis x, the ti~ld derivatives 

witb respect to~ may be not equal to zero only owing to wave rront 

dlnation tro■ the plane. Consequently, they must be or the order 1/ 

/k0R (where R 1a the distance rrom the source) relative to derivatives 

with respect to~ and may be dropped. This is why, starting from rela­

tion .U~a'._O and trom Pormula (21.19) we have 

1 .•.• 

as, as. ,.. E 
,~ J: -------::;= •• 
~- ... - , .. 

E. - CIN; .,_.E. at z =-0. (21.25) 

Analogously, dropping the derivative with respect to~ and utiliz-

ing Por1111las (21.19a), we obtain 

H.-_!_ • H.-v,-c:os•• H. at z-0. (21.25a) 
COi• y~ cos• 

Pinally, rrom rot.H - -lit.£. follows (in the same approximation): 

t 
H,--ciii'iE~ 

and trom fl>t.E- 'u,.H. we find in exa·ctly the same way 

B11-co!•H •• 

In the general case the relationship between EY and 

(21.25t.,) 

(21.25c) 

cannot be established. Contrary to the relations considered so tar, 

here we shall be compelled to draw a distinction between the cases of 
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different polarization. Thus, for example, Formula (21.25) shows that 

on the surface of a good conductor IE. I<( l·Ezl• This is indeed understand­

able, for on the surface of an ideal condu~tor the tangential tield 

components generally dir.appear. However, in case ot a horizontally po­

larized primary radiation on the surface or an ideal conductor aii the 

field components are zero, and to derive a conclusion on what kind or 

EY we shall have for a finite tis impossible. 

In case or ve~tioat polarization, we shall have for reasons or 
symmetry E; • o. Further, taking into account that the derivatives with 

respect to :t.. drop off, we find from rot E = ik0H 

(21.25d) 

Obviously, if the axis xis directed not in the propagation plane but 

forms with it an angle ~. we shall obtain 

t cos,£ E.-- v- •• cos•,.-
1 11n, E E,--v- • 

CIOI• r a• 

at% =-0. (21.26) 

In case of ho~iaontal polarization EY is the main component, Just 

as Hz is for the magnetic field of the wave, whereupon for reasons of 

symmetry HY• 0. This is shy, according to F rmulas (21.25b) and 

(21.25), we have also Ex• Ez • 0, and Hz is determined from EY accord­

ing to Formula (21.25c). At arbit~ary ori entation of the axis~• we 

have, analogously to Formulas (21.26) 

H.-!!?..va-cos•• Hz-cos'PY•-cos•;, E,, cat 
(~l.26a) 

When considering in 119 the reflection factc,r fo'!.· plane waves, we 

distinguished the case of "great" .,, • when I Ye sin"' I:> I , from that or 
11 S al l" 1jl, when 1 Y•~sin,pJ< 1. Since ·rv-,\ exceeds r,ubstantially (and at 

times extreme ly stron ly) the unity, the re ion of "large " angles may 
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in reality correspond to•• quite small by comparison with the unity. ~ 

But in any caae the region or "small" angles actually corresponds to 
quite amall •· Thia r~gion, essential at a very gliding propagation or 
Ndlowa•••• present■ the greatest ditticulties tor the theory. We see 
that 1n it•~ may consider•• O and consequently 1n the boundary con­
d1t1on (21.20) and 1n formulas giving (at vertical polarization) the 
relatlonabip between tangential and normal components, we may postulate 
coa • • 1: 

• j j . and at tbe •- ti• it may be considered that C014P - f, lin• - r'-· 
• • 

for not too ahort waves it is possible to neglect the distinction 
ot c•tt troll, and to utilize the approximate formulas [I, 10]. 

?' E C !!!!.! C E. - • .. .... =- l'• ,..z 
at z = O. (21.27b) 

Let ua now establish the boundary condltions ror th• tangentiat 
ooapoN•"t• of!. Taking into account the continuity or these components 
at transition through the intertace, it follows from the equation 
rot£.;. l/t1 ff, that 

~ -~ + UcJI • - Uc, cos·~E. + ilieff ar 
But tor z > 0 the variation of A1 with~ is described by the usual de-

lH • pendence ot the type (21.17), whereupon ,;=-0. This is why the equa-
tion ,f!'lH1 - -iliea£1 gives 

-lie r-Y 1- ~:• H,,,-= ilie•E ... 
Consequently, the condition tor Ex sought for has the form 
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0
:," -- ik1 yiiE. + iii. cos~£. t z = O. (21.28a) 

Taking also into account the equality (21.25c), we find in exactly the 
same way 

• 

If the field is emitted by a point source, it is convenient to intro­
duce cylindrical coordinates (,. cp, z)~ Then .the propagation direction 

+ will coincide at each point with the axis r, and these relations may 
be rewritten in the form 

~ = -ik, yii E, +ik1 cos \l' E.; 

8 t Z = o. 

(21.28c) 

(21.28d) 

4. In connection with the obtained boundary conditions, a tew re­
ma?'ks should be made. 

The first remark refers to the conditions in which it is admiaai-
0 ble to perform the refinement linked with the substitution ot, by, . 

We have seen that it is determined by the representation or the field 
in the form of a plane wave, feebly modulated in space. Only the solu­
tion or the whole problem, realized if only with the aid or approximate 
boundary conditions, may indicate whether or not this representation is 
justified. We shall obtain this solution in Chapter 5 and become con­
vinced that it is, generally speaking, in good agreement with the real­
ity; however, at times the coincidence takes place only in the case 
~hen the distanoe to the trans~itter is suffioiently great. Yet pre­
cisely in those cases in which such a refinement generally has sense, 
t 'rnt is , for not very great t ( short and ultrashort waves, poor conduc­
t i on), the refin· ment found by us is already correct beginning with a 
dizta ce of a few wavel~ngths. As the wavelength increase s , ~o does the 

0 · t ne e , but then the distinction b6tween c and c disap ~a r s in gen-
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eral. This is why we shi'.ll make use ..:verywhere or the quantity c
0 in­

stead of E, allowing for the fact that wherever such a sub s tit,ltion has 
any aense, 1t is practically correct in the entire wave zone or the 
tran3m1tter. 

The exact value or, for a given soil is generally rather indeter­
minate. The substitution or the real average t by a somewhat ditfe r.ent 
quantity can never be very material. This is why the meaning or refine­
ment pertormed should be seen t1rst of all in that, as already ascer­
tained, the whole structure or formulas, field dependence on distance 
etc., round tor great lcl, la fully meintained for the whortwave re­
gion, lt only the numerical parameter is changed. 

'l'he aeoond remark is related to the form or boundary conditions. 
'l'he above obtained conditions or first approximation may be written in 
a ditterent torm (3]. Namely, we may start from the fact that in a well 
conductlna aoll lJ•f>IJ the field has I as already ascertained, t he char­
acter or a plane wave; at the same time, the planes or equal phase are 
perpendicular to the axis z. Consequently, the electric and magnetic 
vectors are interconnected in it Just as they are in a standard plane 
wave propagating in a medium with u •land the given value o c: 

, t t H Eu '=- -YaH,,. E,, -; ;; .,; u• (21.29) 

But the field components entering here are tangent to the surface 
z • O and they t hus remain continuous at transition through the inter­
face. Consequently, in the atmosphere too we have 

E. - - J:H;, E, - ;. H. at z =- 0. (21. 30) 

Hence fo l lows again the condition (21.14). Indeed, differenti ating the 
first of t hese relations with respect to ! and the second wit l1 respe ct 
tot, arj ll n ~ up and utilizing the field equations 

div E == 0, rot H = - ik0E, 

206 -

0 



we obtain 

!_e! __ {a£. a£,,) ... 1_ (aH, _ aH.) _ =!:.E •. • \cir+ av )', ax lg )', (21.31) 
But differenticLting the first of the correlations ( 21. 30) with respect 
to y_ and the second with respect to ~, and subtracting one rrom. the 
other, we obtain the condition (21.14a). 

The refinement of this boundary condition, taking into account the 
terms of following order by 1/t, may also be obtained th~retrom on the 
basis of consecutive expansion by powers 1//c [l]. 

The refined boundary condition (21. 2 ) has the following fonn 
[3]:• 

(21.32) 

For a wave that may be approximately represented as plane, consid-
8!H o-iH • ering H.=-0, 011:-0. =;j;!-=-k!.H,,. we hence obtain the same result, which 

is given by Formula (21.29) at substitution of c by c 0 and when ac­
counting for the first correction term in Formula (21.20a). 

The form of the condition (21.32) differs from that or the condi­
tion (21.19) in t ' &tit does not include a direct indication on the 
form of the f i eld dependence on coordinates, thou h in reality, Judging 
from the conditions of deduction, both forms are equivalent. 

In general, uO long as we limit ourselves to the con ideration of 
Ez , for example, at vertical polarization of the radiation, the transi­
tion from the condition (21.14) to the condition (21.19) (substitution 
of c by to) is equivalent to the transition from Relations (21.30) t o 
r ._, ons 

1 1 E. - -l'iiH,. E,, = y;.H• ot z - 0. (21. 32a) 

I e d , h nee we a ain obtain, quite analo ously to the procedur~ 
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applied when deriving F rmula (21.31), the condit i on (2 •. 19). However, 

the aame approach will give at consideration of Hz (required in case of 

horizontal polarization) instead or the correct formula (21.19a) the 

relation 

"'• :• .. r:; H .--.... , •- •· 
Por the caae~•J>l! by introducing the vector of external normal 

+ to the soil aurrace n, we may rewrite the condition (21.29) in the form 

t . 
E- l'•'"• HJ. 

(21.32b) 

The considered types or boundary conditions bear the designation 

ot i111p•dano• oonditions, and the quantity I/l's orl/~ that of surface 

i111p•danoe 1 or eup•PfioiaZ impedano•. Designated as normal impedance is 

the ratio or the total values or tangential components to the interface 

aurtace Z •Et/Ht.Introducing the impedance as the universal load 

characteristic or the interface ~urface between media, we obtain the 

possibility or considering the field or a given source in one of the 

media ignoring the field in the other medium. In regard to this method 

in general, see [10]. If the lower medium is anisotropic, Formula 

(21.32b) contains the tensor impedano• (see [VlII, 10], §76). 

Pinally, note that if instead of electric field strength we as­

sumed tor the basis of computation the Hertz vectors, we could reduce 

the problem for the vertical dipole and a plane surface of uni f orm 

ground, as in uniform apace, to the search for a one-component vector 

n:-n.J tor which the boundary conditions are the same as for Ez: 

clIT arr, n :::, en.. a, = --;;;- a t z = o. 

(see (4.7) and (4.8)). 'l1hus, whatever was said about Ez refers also to 

t. Consequently, the approximate boundary condition may be written in 

the form (21.19), that is, 
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(21.33) 
We vhall util i ze th i s in the following. 

5 . Le t us cons ide r a field induced by a vertical magnetic dipole. 
In t he pr esence of plane ground it is convenient t o de s cribe it by a 
magne tic He rt z ve ctor with a unique nonzero vertical component itm (14). 
All t he expressions by means of which we obtained auove for l

1 
under­

ground t he e xpr ession (2J.17) may be repeated for tne vector nml in the 
soil. T is i s why 

011 '"'z .k a n ~. t z o - ·= - ' 0 ,/J "'" 0 == • iJz . '&• (21. 34) 
Since a ccording to Formulas (4.11), (4.12) rrmz and its nonnal deriva­
t i ve are continuous at transition through the interface, we have 

an,,.z • e (I .k y -~ fl (21. 35) - = -- !k0 ,,- ,,.. = - l o £ - COS 'I' mz• iJz '&• 

Tne ab0ve derived boundary conditions (21.19), (21.26) were ob-
tained in the special assumption relative t o the form of the field 
(21.1). Only at .laJ> ~ do we have the boundary conditions (21.30), 
( 21.31) free from assumptions about a concrete field form. However, a 
gene ral form of boundary condition for any ltl was indi~ated, from 
which stems a conse cutive method of approximations leading in some cas­
e~ t o t he condition (21.19), in others ~o the condition (21.31), but 
allowin to derive also other conclusions. We shall expound the deduc­
tion of th is condition, following the original work by F.G. Gass (8]. 

I~ r vertic a l fi e ld components in two media the wave equations 
(ou t 1 e t he ource) ar~ valid. From the exact boundary conditions 
( 21 . 13) , pr ovi e d we appl y to them the ope rator 

k!, + ~. 

( 21. 36) 
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tollows 

(21.37) 

whereupon aa a consequence ot the wave Eq. (21.6) 
.. 

-(~)-<t!a+~)Eu--;-Ck!•'. ~)£, .at z=O. (21.38) 

Let us now consider the runction...'2 in the ground. It obviously -aati1t1ea alao the wave equation and thus may be expressed by For:nula 

(8.7) through its normal derivative (this will be 02Eu on the plane z • a,~ 
• O. It ia essential, however, that the Green func ~ion will then be 

"• _ v. (R - R') + o, (R + R'). 

where 

(21.39) 

Theretore, it contains yi: in the exponent. This is why, substituting 

under the integral \ 11,!r) ... with the aid of Formula (21.38), we shall 

b i r ,ei. .,e. o tan the expression or_- at z • O or for the quantity• equal to 
it: 

( 21. 40) 

Postulating ,•-,-,. dr' =-d,, A~-A,. we have 

~--~(~+{A) ~~e'~•E.(r+ p)~ at z -o. (21. 41) 

Thia integral relation is in itself simply one of the possible ex­
pressions of the Huygens principle. However, because of the presence in 
the exponent of ya , when £ is essentially cc:nplex, the integration 
will be effectively limited by a small neighborhoo1 of the observation 

➔ point r. Consequently, Expression (21.4) has the ~haracter of a bound-
ary condition linkine the field's normal derivat i ve with the field it-
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self in the close vic!~lty. This condition is thus nonZooaZ. But it is 
valid for any£ and must be considered as a quite rigorous and general boundary condition for Ez. 

I n t he simplest case, if ·1•1 » l, so that v
0 varies under the inte­

gral sign much more rapidly than Ez• we may take the value or Ez at the 
point p == 0 . from the integral sign, and inasmuc.-. as 

SJ• t!'"• Yi9p dfl = _ 2a , 
p , •• Ve (21.42) 

we obtain the (local) condition 

•E• ilto (1 ' l A) E - ilt,, E t O (21 l•3) -;; = - V, ~ •;, u 1 - - v'i" z a l-= • • .. 
Tr.is is the Leontovi ~h condition (21.14). In regard to the field Ez 
utilized here is only the assumption that it varies little over the 
"wavelength in the soil," ·111Ezr«k:l1E~,. The concrete form or the field is indifferent. 

In order to obtain a consecutive method or approximations, it is 
+ 

convenient to expand in (21.41) E.(r+p) in series by p: 

00 't • E.(r + p) = ~ ,C,v,Y'E1(r). n. ·-· In essence, ~os~. enters into this expression, ~ belng the angle between ... 
p and the gradient or Ez. The odd powers or the integral over~ give ze ro, and for n • 2p 

(21.44) 
On the other hand, 

00 

~ ei"- r c,P"' dr, -·-
II, 

d.°"' ' 
d (Me Vc)'P ilte Ye 

'rh i s is why after certain calculations we obtain 

( 21. ~6) 
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f ' 

where it is symbolically denoted 

l ((1 ' (' ' l )' ~ :f ~ -1) ••• ":?"-11) .- -', )" ll+-4, -- ~-------\--=- . It
•• - -· •·. 
• ..... ... 11'· ' (21.47) 

In P&l't1oular, 1t 4.£,--(.:S+A:.)E,, aa we admitted this in the condi­
tion (21.19), 

•• c,, - - g:_(1 - 6=, + t!.) E. - - _';;. i l - cos• .t) E,, ( 21. 4 8) 
.. f'& ~• Fa \ 2a 

oorreapond1ngl7 to Pormula (21.21b). As we see, this result is correct not only tor the plane wave field. In reality, let the field have the ObaNoter ot a package composed ot elementary waves E;, being solutions ot the wave equation 

(21.49} where c nllllbers the solutions [above it was considered that•• (kox• k07), •! • c2
]. Substituting Ez into Fomula (21.~6), we shall obtain 

I -•• - ~ ~ r V <•> ( I + ::1•>) I £': (r) dx. ( 21 . 5 0) • .r• l . • 
It the package is sutticiently narrow and K lies within the limits 6K near a certain K0 , namely, if 

(21.51) then 

(21.52) 
In particular, this condition takes place also for the expansion by cylindrical functions. When expanding by plane waves or a field hav­inc the character of a nearly monochromatic wave (which precisely will take place if the field is described by the product or a plane wave by a slowly varying attenuation f unction), a 2 is simply substituted by 
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"'' = ": cos1 ,p, and we again arrive at the result ( 21. 48). 

Analogously to Relation (21.46), the boundary conditions (21.28a) 
and (21.28b) for the tangential components of~ may be written in a 
eneral form, not presuming the field torm [8]. To that ettect we must 

utilize the vectorial form of the Green theorem (5.14b). Applying it to 
the lower half-space, we may obtain 

lit s ,'lle°t'itr-r'J { (11£(r)J==-.-.! --- ln(nH(r')ll+ 
~ 1,-r1 

+ .;. (nvl (V (nll (r')])} dr' f or z =:=a O. 

-1 and expanding by powers£ , 

' --
(nE(r)) ... ;. (•+.;.A) • {l•l•IIU+ •i•l•vHvl•fll)}. 

If we utilize the Max~ellian equations, it will follow therefrom 

which for A--k!cos',t, passes into boundary conditions (21.28a), 
(21.28b). 

§22. POLARIZATION ELLIPSE 

By adding to the above obtained relation (21.27) for a wave, glid-
-iwt i ng along the interface, the temporal multiplier e , the former may 

be r epresented in the form (the axis~ being directed along the propa­
gation direction so that (kox • k0 ) 

whe re 
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4:ia i 4.;i, 1 t 41n x. - arcte ;,;- - 2 arctg <•' _ I) .. ::::: 2 arc i <•' + 0 w 

The last expressions correspond to the substitution c•=::1+1-, ... 
and, as we know, assure the precision or the order _l/(8f1r)a 

Puaing to real values, we have 

£.-Aeo1(.t-•>• E. -y·,: ... , cos ( wt-\t, + ½x.) · (22. 3) 

Theretore, Ex and Ez have not only dirterent amplitudes, but are also 
shirted in phaae relative to one another by the quantity xe/2. Had such 
a shirt not ex!ftted, the resulting riald would have always been in­
clined at a speciric small angle a to the vertical 

(22.4) 

pulsating in magnitude with a period equal to 2w/w. The presence or 
phaae 1hitt implies that the end or vector l describes with a frequency 
• an ellipse, whose major axis is inclined to the vertical (Fig. 22.1). 
In order to obtain the parameters or this ellipse, we must rind its 
equation and then reduce this equation to main axes. 

Let ua denote Ex• X, Ez •Zand reject the immaterial general 
ractor l1 

z ·-= cos (wl - \t,), 

X =- icos ( wt-\t, + ~ x.) ,_.:.: 

t{ X. ( ) • x~l .. 'z ~ "'l .Z' • X.l - ... cos(wt-•)cos"i'-si~ wt-11' smTJ = '\ cosy- r - san:;r 

Rationalizing in the second relation by raising the ditrerence 

X. X-ilcosy. to the power of two, we obtain 

• xs+ ;Z'cos'i-2~Zcosi- := ,
1 (1 -ZS)sin•~ • 

or 
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t ., ·1 X 
XI ?t - vz '~ • I ' i' + ,- -"f 1' cos:r = sm :f. 

Considering this equation as the equation of a curve in rectangular co­
ordinates X, Z, we thus arrive at the equation tor the ellipse de­
scribed by the end or vector!. Let us now reduce Eq. (22.1) to main 

l 

Fig. 22.1. The polarization ellipse. 

axes. To that effect we shall rotate the system or coordinates by a 
certain angle m (see Fig. 22.1). 

X = X' COS(&+ Z' sin ex, 
Z -= - X' sin aL + Z' cos aL, 

(22.5a) 

and require ti~at at such a substitution the mixed term disappear. As a 
result of the substitution, the factor at the mixed term X'Z' will be 
obtained equal to 

? X. p 2 sin ca cosa1 - 2 sin~ COS al - i cos T (cos• ca --sin'«). 

Equating it to zero, we obtain the angle m, by which should be rotate d 
t he system of coordinates 

(22.6) 
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It th~ absolute value of lei is sufficiently great, this approximately 

gift■ (we also neglect here the distinction·or cerr trom c) 

' _.1. . 2 ·-~-/ ,. ,., - .1. z (22.7) 

-- 1 -~ • ,vr a .. 1 -conducting ground, when•<-, x==-• we simply have 
• 2 

• - .rz__ -wlI. Y iai' r ,, (22.7a) 

Here tbe trequency .f - -f; is introduced. 

l'or a poorly conducting but "strongly dielectric" ground, when 

·,> .. , . -• and •'> I. we have X .. o. Thia is why 

t 
•-== r:t· (22.7b) 

Aa alreadJ Mntioned above, in th1s case the ellipse degenerates into a 

atra1sbt line, inasmuch as the phase shift disappears. 

Note that these results have been obtained in [I, 10] in the as­

s~tion tbat the absolute value or lei is great. Thus they are valid 

onlJ to the extent that the angle a is obtained small. But in real con­

c:l1tiona the absolute value ot lcl has a range or 2-5 only in exception­

al cases (dry sand, short waves), but usually it does not descend below 

10. Consequently the angle a on the interface air-ground does not ex­

ceed about 20 degrees either.• 

Therefore, tor a given frequency r, the angle a is unambiguously 

and simply linked with soil conduction. This circumstance may be uti­

lized tor the measurement or soil conduction by the following method. 

Having installed a rectilinear receiving antenna approximately 

vertically, one should rotate it so long as no maximum current value in 

the receiver is noted. Evidently, at such a position the antenna will 

be directed along the major axis of the ellipse. 
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However, in case of good conduction small angles are then ob­
tained. Thus, for a medium-moist soil1- 300 M CJ- 10-)and for the wave­length a - 5-10' COSE, 

It is difficult to measure such angles with great precision, and 
the more so since the maximum obtained is still not very sharp. 

That is why it was proposed in [9) to measure not 0
1 

but the ratio 
of ellipse's axes b/a • K; namely, to find at one time the position of 
bes t audibility, and at another the worst one and to measure the cu1•­rent ratio in the receiver. 

This axes' ratio will be obtained if we extract the square root 
from the ratio of coefficients at x2 and z2 in the equation of the el­
lipse reduced to maln axes. For great lei, i.e., tor small a the ratio 
of axes may be obtained also in a simpler fashion. It may be stated 
that the minor semiaxia or the ellipse is the value or E oota1ned at 
the moment of time t when E • 0 1 that is, at wt - • • •/2. At that mo-- z 
ment or time E:::::E,. - .. ~i:'\sin.l .. Since the maximum value or E is equal to • r I• 2-

about A (major semiax1s), the semiaxes' ratio is ~11n.J., that is, ac-
f.a•a 2 cordin 

and the re fore 
For a well-conducting ground 1- .!!.. 

2 

• K---ca. • • (22.8) 
Consequently, the measurement or semiaxea• ratio at great conduc­

•1~n tion gi ves the very same quantity 0 1 equal to FY -:S· 
At small conduction K sharply differs from a. Owing to this we may 

~imul taneously determine c as well as a by measuring simultaneously K and a. 

Note i n conclusion that the angle a is pos itive, that l s , the 
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lines of torce lean forward. This 1s i ndeed under~t anctuul~ : :.;inc~ t he 

magnetic tield ftctor 11 perpendicular to Ex and Ez, the energy flux e 
vector I (Pig. 22.2) will be not horizontal, but inclined, as an aver-

age, at an angle a to the aurtace, which means energy influx into the 

• • - . . 

Pig. 22.2. Direction or energy tlux on the surface or the interface. 

1011 (to be more precise,~ will pulsate in the course or one period in 

magnitude and ao•what oscillate in direction, so long as the end or 

yector ! deacl"ibes the ellipse. But its value will be precisely least 

at the mo•nta or time when§ has an optimum deviation from its average 

direction). 

The energy absorbed per unit or surface in average per unit or 

time will be obtained by averaging Sz tor a single period T. It is (in­

asmuch aa =-H •-£.) 

r r ½~ s.tU - 'r SReE.ReH.tU== . "" . 
r 

A1
1 • ( • X) a::s- __ \"cos(~-,t,)cos cot-,r, +- dl -

411Tt't,ll . . 2 • 
(22.9) 

__ A':_ cos.l.==-~.!,.111 _ -a.S. 
la rt,l 2 8a J y G . 

It is obvious that these results may be made more precise by ac-

counting for the terms of higher order relative to 1/c if we utilize . 

Formula (22.6) in the full form, without neglecting the difference be-
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,. 

tween, and cerr· In particular, s s t i tuting •--r•-l•+q.·we obt a in 

(22.10) where 

Plotted in Pig. 22.4 are the curves for the angle a, computed by 
Pormula (22.10) tor various soils and wavelengths and borrowed from the 

A 

♦I fl 8 • I I I • I • Z • I Ill Z 4 611111 Z 4 INIIIIJIJ 4 ,v, 
Pig. 22.4. Inclination angle a of the major sem1ax-1s or the polarization ellipse for small values or , • A) Degrees. 

works [V, 5] and [7]. According to a more precise formula (21.21c), the 
calculation of the angle a provides curves for the values of c' very 
close to the unity and a• O (see (7]). 

Manu­
script 
Page 
No. 

201 

[Footnotes] 

Evidently, at times the improvement takes place because a t ascent the perturbing action of surrounding objects is elim­inated. Our reasonings are related to the case of ideally plane and uniform g round surface. 
207 In the work (3] Formula (14) contains a few mi sprints. 
216 Within the framework of this conclusion, no absurd re s ul t rr~y 
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Manu­
script 
Page 
o. 

be obtained, which would correspond to the incorrect theory 
of Zenneck [V.l], and according to which on the interface be­
tween two identical media the angle a becomes equal to 45°. 
In reality, if we postulate in the formula (22.4), understood 
literally, £err• l (it was considered in Zenneck's work that it has an exact value for any a), we would have a• w/4. But 
in reality, if we postulate c + 1, it becomes necessary to utilize for ,a the more complete expression (21.21c), and we 
shall obtain that £err+~ (as for a metallic, reflecting surface), a+ O. At variation of c from~ to J, the angle a 
increases at the outset to a certain value «max• and then de-creases again to zero. This value amax may be found only af­
ter cumbersome operations. 

[Transliterated Symbols] 198 3~ = eff = effektivnyy = effective 200 MHH = in = minima 1 'nyy = . inimum 
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Chapter 5 

DIPOLE NEAR A PLANE GROUND SURFACE 
§23. PRELIMINARY REMARKS 

We pass to the consideration or one ot the fundamental and "clas­
sical" questions or theory ot radiowave propagation along the ground. 
It is the problem ot radiowave propagation in a uniform atmosphere 
along the ground, idealized in the form or uniform medium with the 
plane surtaoe, when the source is located at the interface between me­
dia, or near it, so near that the interference formulas ot §19 are in­
sutticient. Formulas which will be obtained may be applied only to ra­
dio transmission over rather small distances, so long one may neglect 
the surtace curvature. The quantitative criterion determining these 
distances •Y be obtained trom the following considerations. 

on the one hand, the deviatior. of the observation point from a 
plane surface does not manifest itself if the rise 6z is small by com­
parison with Ar1 ~ ~Yief-l~ (see (21.24)); on the other hand, the 
tield does not vary during asceqt, even for an ideally conducting sur­
face tor which 6z1 becomes infinite, provided only 6z1 is small b~ com­
parison with the dimensions of the Fresnel zone constructed in the ver­
tical plane 4r, - ¥Ni. where R is the distance to the source. Let us de­
note by a the radius or the ground surface. The range from the source 
counted along the ground surface and the distance from the observa~ion 
point to the plane tangent to the ground at the point of the s ource, 
llz, are linked by th6 relation 
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. R• Az.::::::::Rsancx::::::-, 
• 

where a= R/a is the angular distance between the source and the point 
or observation. Obviously, tor the possibility ot substituting the 
ground s 11rface by the plane it is necessary that Az be small by compar­
ison with 6z1 , as well as with 6z2 : 

. . • 4z<Az,, 1. e. R< Vak t'J-:') ,_ ,/'a•"A.•~ r I • • 

a 
Az<Az1, 1 . e. R-« y'7a. 

We shall pos tpone to Chapter 6 a more detailed analysis of the condi­
tions in which the ground may be considered as plane. 

Despite the limited region ot application, the problem ot radio­
wave propagation along the ground surtace occupies in theory a particu­
larly important place as a consequence ot its tundamental stgniticance. 

In order to estimate the delicacy ot the question, we shall con­
sider one method ot treatment that appears to be quite natural and 
nonetheless profoundly incorrect. It was actually applied about halt a 
century ago, when the problem was fonnulated at first and the erronecus 
conclus ions obtained on that basis continued to exert in the course of 
decades the i r rf luence in scientific investigations as well as in the 
pract i ce of radio communication. 

Cons idering a region of the ground surface situated not too close 
to the emitter, one may attempt to assume that here, where the wave 
front curvature is not great, the field must have the torm ot a plane 
wave, gliding along the interface. We me.y namely assume that it the ax­
is~ i s directed along the surface of the interface in the propagation 
direction, and the axis! vertically upward, we must have in the atmos­
phere* 

( 23. la) 
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in the soil 

D - 11.. - U.- Aa....«--+•••) , J 
,-.. --. ia-Y.ke, . . • 

(23. lb) 

wbere on the strength ot wave equations tor "Ir we must have 

(23.2) 
Therefore, a1 , a 2, ~land ~2 may be interpreted as the direction 

coalnes ot the propagation vectors V1 and V2 (complex in the general 
case, ct. S16). Because ot ~z addends, the gliding wave propagates also 
alone the vertical. 

The proposed torm ot solution seems rather natural, for under con­
dition (23.2) this solution constitutes the exact solution or wave 
equations beyond the region ot the source, whereas the errors, stemming 
from the substitution ot a cylindrical wave by a plane wave, must de­
creaae as the distance trom the source increases, and they must not be great at large distances. However, in reality two arbitrary admissions 
are Mde here. Ftrst, it is implied that the wave front inclination, 
determined by the ratio ot the constant numbers ~land a1 in the air, 
does not depend on~; second, it is understood that the field variation 
with x has a purely exponential character. Both these assumptions are 
erroneous as we shall see subsequently from the exact solution. 

Besides the two conditions (23.2) imposed on the coefficients a1 , 
... , ~2, there still are tor z = 0 two boundary conditions (4.7) and 
(4.8) 

Ila - cIIa, 
1n, _ an1 • 

- a, 
Hence in the first place from condition (23.3a) we obtain 

(23.3a) 

(23.3b) 

(23.4) 
Equating the exponents and the coefficients, we find outright two con-
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d tlon::; i mposed on the "direct i on cosine s " and t he amplitudes: 
Cl . /t . . · - •• I · ·, ~ - ..!. =- ,/ I , • Cl - ._,,,_:. 

&. y • I --a• 
•• •1 

Ai _;·•A.• 

Second, from condition (23.3b) we obtain 

~k,A, - ~As. 

(23.5a) 

(23-Sb) 

(23.6a) 
which alongside with conditions (23.2) and (23.5) gives on raising to 
the second power 

i~ ( 1 ...::, cx:l k! .;.· ( i" ~ ~) it:: ( 23. 6b) 
Hence, and from condition (23.5a) we tind 

•• Ya t . l 
:«1

:~-t'~::t-.~ :·.· : .· -~ --Y~+1 ~ \ 'J· 
' • t i· : Ve '3i ,_ --=-===~ - Cit· Pa -· ~ - e1,. l'•+t }'c+t 

(23.7) 

Now the solution (23.1) is seemingly fully detined: it satisties 
the wave equation and the boundary conditions at z = O. However, trom a 
formal point of view this is not so: the conditions at the location of 
the s urce were not taken into acco~nt, tor example, the required char­
acter of field singularity in the case of a point dip~le. 

In §19 we also began with the consideration ot a plane wave. How­
ever, t here t he que s tion of field attenuation with the distance trom 
t he s ource was not raised, whereas mathemat i,:ally, aside from the inci­
den t and refracted wave, the reflected wave was also taken into ac­
count. This is why no incorrect deductions have been obtained there. 

Let us analyze the result obtained here. It' the properties ot the 
~econd medium (s oil) approach the properties of the first medium, which 
meanw that the plane z = 0 becomes the imag!nary interface in an in­
finite ly extended atmosphere, that i s , if E - l, it follows from tormu­
la (23.7) that 
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i ~ : .. 1 ~ . C11 - - :a..-:: Cla :a--..,,. y'r . ' . vT (23.8) 
·• 

Therefore, it appears that in these conditions the wave propagates 
at an angle of 45• to the i•ginary interface. Meanwhile, from cons1d­
erationa ot synmetry it follows that the tteld ot a vertical dipole 
placed on the plane z • O must then pass into a type ~ plane wave 
Rropasating along the axis~- This is why the result obtained is clear­
ly abaurd. Conae,._uently, the solution cannot have the proposed form and 
the entire treat•nt is incorrect. 

Thia circumstance releases us trom the requ1rement or discussing 
the further conclusions in detail. It should however be noted that in 
another extreme case, a .... , a result compatible with the rigorous th -
orea on reflection is obtained. Namely, as t ... • 

(23.9) 
Thus, a plane wave is obtained, which propagates with the wave 

nUllber k0 , i.e., with the speed or light along the interface, while the 
field in the ground vanishes. Evidently, the soundness or the solution 
at limit a ... • suggested at the t1me 1 that it has a physical sense it on­
ly ·tor -great lal. It in su~h a case we postulate 

the solution in the air will have the form 

(23.10) 

whereupon when extracting the root we select ot the two possible signs 
for ~l the one that does not lead to exponential increase with the rise 
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of z. 

':'hus, the speed of radiowave propagation is found to be dependent 
on the properties or the soil: for the propagation along the axis! it 
1a greater than the apeed of light anrl i s equal to 

c' - w >c. 
.f. ( t ~ ;7.f) (23.11) 

Moreover, in propagation the wa.ve attenuates, and this attenuation is 
described by the exponential factor 

(23.12) 

On the whole it may be said that in this incorrect solution, as we have 
seen, the influence or the soil is manifest at z = 0 in the appearance 
of the ·factor y = e-sx. e-P, 

P • • • ., • t,z ( y • • Y) -u-,--:-- ,_ COSA-,,m,,.. 
u ,\tl (23.13) 

A real significance was given tor a long time to the indicated 
difference between the propagation velocity and the speed of light£, 
and also to the exponential decrease with the distance. However, in 
reality these conclusions are erroneous, just as 1.s the whole described 
solution. The field on the ground surface cannot be described by a 
plane was of the type (23.1). As we shall see, in reality, though the 
wave attenuation (slow for great IEI) takes place over a characteristic 
distance _!_)) l 1 , it does not have an exponential character. The wave \. \ 
front bends ascent above the surface, whereupon this change in inclina-
tion i s performed in ascent to a height, much smaller by order or mag­
nitude than the distance to the source. This is why, substituting the 
r eal wave by a plane one, we commit an error considerably greater than 
t hat re sul t ing from the substitution of a cylindrical wave by a plane 
one . As i v shown by the complete elution (Somme~feld [2), Weyl [3] a nG 
others ; fo r detail~ see below), the error i s ~ani fe s t precisely in the 
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terms containing the very e ssence of the solution . 

In this and in certain subsequent chapters we laid at the basis ot 
the consideration a method allowing to investigate comparatively simply 
and on a single foundation the "classical" problems, resolved long ago 
(s~Jh aa the question ot unltorm plane or spherical ground), as we~l as 
more ccaplex questions (inhomogeneous soll, etc., tor the solution or 
which it was, strictly speaking, precisely worked out). The idea or 
this Mthod ste■s tram two cases, always taking place in practically 
the most 1ntereat1ng problems: Pirst, the distance between the source 
and the point ot observation is large by comparison with the wave­
longthJ seoond, the soil conduction is always signiticant. In tradi­
tional •thods (SOIIIID8rteld, Weyl, van der Pol and others) the problem 
is pnerally formulated quite rigorously, and only at a certain stage 
ot the aolutlon, usually almost at the very end, the indicated cases 
are utilized tor obtaining approximate practical conclusions, otherwise 
l.lnattainable. 

Another method, to which it is reterred, utilizes these cases from 
the very beginning. The following tour points are at the foundation or 
that method. 

Pirst or all, instead ot seeking the field, say E, it is reason­
able to write from the very beginning 

(23.14) 

where ·R 1s the distance trom the source (assumed to be~ point source), 
and! is the attenuation function, which reverts to the unity tor R = 
. o. The latter is precisely that ottering interest. r.haracteristic for 
it is the case, whereby it varies little over the wavelength, that ts, 
it modulates smoothly in space the wave field exp(ikR). In traditional 
methods the total field is sought for, and the function w is separated 
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only at the end. Meanwhile it is appropriate to take into account the 
relative slowness or its variation from the very beginning. We •Y then 
pass to the approximate equation tor! (which is then found to be a 
parabolic type equation, see §38) [IV, 4; VI, 6J, either by substitut­
ing expression (23.14) into the wave equation, or to obtain a practical 
integral equation tor~ by applying to the field the Green formula 
[VII, 2; VII, 3]. 

In the second place, if I£ I >> 1, we may utilize the Leontov1ch 
boundary condition (21.14) [IV, 31 (but if the absolute value l&I is 
even not great, whereas~ still varies slowly, we may ~ ~e condition 
(21.19) generalizing it), which is an impedance-type condition, thus 
allowing to seek the solution in one halt-space (in the air), not in­
cluding into the consideration the field in the other halt-space. In 
case of inhomogeneous soil it is necessary (and possible) to corre­
spondingly generalize this condition (§40). 

Third, utilizing the integral equation method (i.e., the Huygens 
principle, in substance), we may reduce the integration over the ground 
s urface to integration over a line. This is possible, tor on the 
strengt h of the condition kR >> 1, not all the integration surface 
plays an identically substantial role, the most essential being the 
first Fresnel zone (§12), which, the other conditions being equal, may 
be conditionally considered as the "radiowave course." Therefore, we 
obtain tor the determination ot wan integral equation with one inde--r 
pendent variable [VII, 2; VII, 3]. 

Finally (and this is essential in problems of 1~homogeneous soil), 
f ormulating the Green theorem in place ot the Green function 
(1/R)exp(ikR), physically corresponding to a dipole field in vacuum or 
above an l deally conducting plane, i s appropriate t~ take the dipole 
r · 1 (1/R)exp( i kr)·w0(R) above a uniform uurface of the same form a c 

- 229 -

.. _,...... __ _ 



in the given concrete prob m (pl ane or sphere), b tw i t ' a certain ar­
bitrary characteristic e0 (see remarks at the end of § , and also §41) 
[VII, 2J VII, 3]. Disposing ot the value ot the arbitrary parameter e0 , 
we •Yin a series of practically important cases pass at once trom the 
integral equation tor! to its expres3ion in quadratures. 

It ahould be stressed that all these simplitications and neglects 
correspond to standard ones tor traditional methods, so that no de­
oreaae in the precision ot the result then occurs (which is contirmed 
by ccmparison ~t the conclusions obtained by ditterent methods in those 
cases when it is possible). 

In the following two sections we shall give the solution ot the 
problem of a vertical dipole field above a plane surface ot the inter­
face between unitorm ground and uniform atmosphere on the basis ot the 
method described. The method ot integral equation will be formulated at 
the outaet (§24) (which will be subsequently generalized in §41 tor the 
case ot 1nhomogenous soil, and will lie at the foundation or theory or 
radiowave propagation along a nonuniform and uneven surface). 

The solution ot this integral equation will be obtained in §25. 
Then, in §26 the solution will be obtained in a more general form by 
the method which we designate as the method of reflected source. The 
solution is analyzed in §27. In §28 it is generalized tor the case or a 
vertical magnetic dipole, and in §29 - tor horizontal electric and mag­
netic dipoles. The tield ot an underground emitter is considered 1n 
§30. Other methods are brought out in §§31 and 32; these methods are 
necessary to us 1n particular, and also because either of them admit 
generalizations to certain cases or disruption or the i ndicated ideal 
conditions (stratified atmosphere, see Chapter 9), and al s o allows us 
to e stimate more accurately the error or the method of approximate 
boundary conditions . 
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§24. I .TEGRAL EQUATION FOR THE ATTENUATION FUNCTION 
Fi r st of a ll we shall obtain the integral equation for the attenu­

at i on functi on w i n the case when the source i s a vertical dipole l o­
cated on the ground or at a certain altitude z

0 
above it, and the 

point or observation i s situated in the plane z = 0 or the interface. 
In thi s case the field may be described by the Hertz vec.~or with the 
unique nonzero component ,r = 'Trz. If the dielectric constant a were in­
finitely great, the field would have been, as we know, twice as great 
as that i nduced by the very same dipole in the ab sence of ground. It 
would ha ve the form cons t·{eikR/R). Let us select a cons tant factor, 
such that in case of vacuum {we then limit ourselves to the study ot the wave zone everywhere) 

t ,-R nc~.11. o>- 7 .T. 
Then, in the presence or ground with£= oo we would have 

,il,R D - n•(x. /I, 0) ==-. 
R {24.1) 

Wi th£,/ oo the real field would differ by a certain "attenuation factor" w which we must find: 

' , , ,'11.R Il (x, II, 0) =- W (x~ JI, Zo)-. 
R (24.2) 

We shall express the field at an arbitrary point or the plane with 
the a id of tne Green function v+ according to formula {8.7). In the 
given case z' = O, 1f and 1f1 coincide. Without any limitation ot gener­
ality we may cons ider that at the point of observation ya O. This is why 

Il (x, 0, 0) = _..!., r u. ,,., dV' + _!._ r !!!. ,'•, dS'. 
2.-i l ;a ;ui .l ctn P 

P-Y<.r-.r·t +v·•. dS' =dx'dy'. 

Acr.ording to boundary cond1t i n (21. J4 ), 
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on ik -----=-n a t z-o. a. .., ... (24.4) 
c,rr 

we would have in case of ideally ccnducting ground - == o , so that the on lntesral over the surface would vanish. As to the volume integral, it la independent ot a and. by way ot consequence, it gives ,rO (24.1). Thia la why 

• ~ "• >-·-•· &MU 
D( 0 eM + 1• _ s~ n.1~'dg'. R 2-r_. P 

'!'he •lll'faoe integral shows to what extent the departure of soil conduc­tion frCII ideal attenuates the field and generally distorts it. OWing to relation (24.4) (valid ot ! is a sutticiently slowly varying func­tion. whloh must be subsequently Justified by the solution obtained; thla taba place ln the wave zone}. we obtained the integral equation tor one unknown function ot '!r. This method, allowing us to avoid the lnolYalon lnto the count the field in the soil, was first utilized by Leantovloh [Chapter 4. 4] and also by Greenberg [Chapter 7, 1). We ahall be convinced ot its fruitfulness in the following. 
Substituting the value ot (24.2) into Eq. (24.s), we obtain the equation 

• (D; Zo) - I + 1
•
0 

_ r /'<R+,-D) !:!: cc, (.c' • 11'; zo), 
2- Y _. J rp ___ (24.6) 

ll - y' _... + I"+ 4 P - if ex - .r'J" +v•, D - J' z' + II" - .r. 
It •Y be seen from the meaning of formula (24.4) deduction that it 1s also correct tor a dielectric constant E dependent on the point, i.e., tor a nonuniform ground. Detailed consideration shows that it is only necessary tor the quantity£ to vary not too rapidly, namely that its relative variation over a segment equal to "wavelength in the soil" be small (for detailo see Chapter 7; as to the pos s ibility of neglecting the nonwave zone, see below}: 
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(24.4a) 
This i s an easily fulfillable condition, as a consequence of which EO may be maintained under the integral, and it may be considered that 0 0-::"\ E = £ ( r,. However, in the present chapter we cone ider the soil as uniform: EO = cons t. 

The int e gr .. • .i. , s tanding in the right-hand part of the equation, be­l ongs t o a t ype more than once encountered by us . The rapidly oscillat­i ng function exp[ik(R + p - D)) i s multiplied by comparatively slowly va r y ing ~ and 1/rp. It outlines on the surface an e ssential r ~gion wh ich we already cons idered in §12; if both corresponding point s are ituated in the plane z = O, such a region has the shape of an ellipse encompas s ing these points (see Fig. 12.3, and al s o Fig. 24.l and formu­las (1 2.14), (12.15); if one of the points i s rai sed, it has the shape of an e llipse, in one of ~hose foci [or f ocuses) is located the point remain i ng on the ground (see Fig. 12.2 and formulas (1 2.11), (12.lla)). 
II 

Fig . 24 .1. Denotations meant for deriving the integral equation tor the a t tenuation function. In the cases of practical interest the ellipses are cons iderably more elongated than those shown in the sketch. 

Le t u ~ cons i der at the out set the fir s t case. As ·ume t hat the 
~ urce L, 0 L uated on t h ground , z 0 = 0. 

Fur x < 0 and x > D, that 1:..; , out :..; ide t he r e ion t hat ma y be c n ­:; _(jl; r d a :; "ra l owa ve c our "' e ," the e l l pse.,) :.; epa r at i n ~ var ou :; Fre :..; nE: ~ 
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zones, converge very close - to dis tances of t he or er A (for wave­

lengths and distances, really encountered in pract ice, these ellipses 
are COl'l&iderably narrower than those shown in Fig. 24.1). According to 
formula (12.15&), the ratio ot the tirst· zone's width, ba;..!..'J"w, to J r AU 

ita length D, 

la quite ••11 at all times. Thus, in the essential region ot values x• 

and y' •• have 

The exception ls constituted by reg~ons with dimensions or the order A 
each, adjacent to the points O and A. However, the intluence ot these 
regions may generally be neglected as this will be seen from the fol­
lowing. cm the other hand, the attenuation function~ depends compara­
tively teebly on the distance, and this dependence on y• is particular­
ly teeble tor a constant x• within the bounds or the firs~ zones. Con­
sequently, similarly to what was done in§§ 10-12, we may materialize 
a series ot usetul simplifications, as a result or which the integral 
equation tor the tunction ot two variables will be transfonned into an 
&quation tor a single variable function, so that the integral in the 
right-hand part will be extended not over the plane, but over the line. 
First, we may expand the exponent in series by y' and limit ourselves 
to first nonvanishing terms: 

R-.r -Y .c·• + 11•••.c' + ~. . 21' 

,-Y(D-.c')1 + llii=D-.c' + ,.. 
2(0-z') 

Besides, it may be considered that 

"'(r) - w (.c'). (24.8) 

We may substitute in the denominator£ by x', p by x - x•. 
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Fina lly , we may perform t, e i ntegration over .x' t, ~; 1.,; ] I' not. 1't·um 

-oo to +oo, but, say, from Oto D. The exact pos ition ot' tl1ese l:lm1tt. tu 
immaterial. We might have changed 1 t by a quant it of the order ~ t. o 
ether ,:, ide, rt rod c1ng b· the ame token, as may be s hown, an error 

of the order Vsi. « 1 ( see ( 24. 11)). 

Thus we transform Eq. ( 24. 6) for the case z0 = 0 into the toll ow­
ing approximate equation: 

The integral over y' is the Fresnel integral (10.13); it is equal to 

v~ f z'(U-.r'), l'f -/7, 

s o that 

V
-o 

a, (D) - I :- ..!!!!_ J w C.r') - dx'. 
2act. r.r•~- .. ·> (24.10) 

Let us introduce the quantity~, which is extremely important tor the 
following: 

' 

• • ,. ,. - 1) 
- - Sas ------- • 2&• 2&• . (24.11) 

Then the equation will take the form 

V
-o 

w(D) - I+ i !I!. J "''11 
dx', 

11 • t' x' (U -.r') 
zo :a 0. (24.12) 

This i ~ the final integral equation ~or the attenuation function~ 
searched for in the case z0 ~ 0. Hence 1t may be seen at once that it 
is dependent on D and on electrical characteri s t i c G of the notl only a:.:; 
a fu nction of the produc t s D: 

• (D; 0) - ro (JD). (24.13) 
The re s ult expressed by this formula is very substantial. Indeed , 

ince the leas t value !e•I = \e\-t 1s equa l to 4 (and i s attained for \. ,. 
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Iii• 2, s9e (21.23)), but s · :y m c grea t er la 
our, w have 

(24.14) 
C~:;equently, the abs olute value Is I is always substantially smaller 
t.h&r, k and thi:; 1~ why the tunotion w varie s over a segment equal to 

- -~ • k-l very little (in reality, the situation is still better than in-· dioated by tormula (24.14), see (26.31)). This is why, so long as one 
11a7 neglect the derivatives ot 1/r in tormula (24.2), relation (21.2), 171nl at the basis ot the method ot approximate boundary conditions, is always valid. This is known to be possible in the wave zone. Conse­quently. the •thod is correot 1n the entire wave zone. 

Let us now turn to the case z0 IO. Then we shall consider ·!L- Ila•< I • As previously, here the es sent 1al zone 1s re lat1 ve ly 
•• 

narrow. (<V .c"+,& (see Pig. 12.2), and this is why 

• (.i'. ,t; ro)-. • (.i'; Zo). 
Substituting these expressions into Eq. (24.6), performing the in-tegraticn over y• and neglecting in pre-exponential factors the quanti­ty z~ • which is small by comparison with x2, we obtain 

§25. DERIVATION OF THE ATTENUATION FUNCTION FOR A VERTICAL DIPOLE BY THE INTEGRAL EQUATION ME'l'HOD 

Let us consider to begin with Eq. (24.12) (both the source and the point ot observation are located in the plane z = 0). 
We may obtain outright the expansion in series of the function w 
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pract cal ly val i d for di s tance at which the difference between wand 1 
is s t ill not gr ea t . To that eff~ct it is suffic i ent to postulate in the first place w = 1 under the integral. Since 

we have 

o b' • S ---·•· • r .... '° - •·> • . 

_n • l •D 1•DC1-t) liD 111,1- ----------- =- • :.e a• 2l •+ t +-;-~···} 

(25.1) 

(25.2) 

The quantity sD is called numerical distance corresponding to the 
real distance D. It is a complex dimensionless quantity, so much the 
smaller for a given D that EO is greater (i.e., for example, that the 
soil conducts better) and that the longer is the wavelength. The de­
pendence on the wavelength is particularly sharp, for it is taken into 
account twice: through k and through£. It we neglect the shitting cur­
rents, that is, if we consider I• I> J, 1 -~ , . , the numerical distance becomes material: • 

• tot • ~ D ID---D----- . a,u 2 al' (25. 2a) 
According to formula (25.1), the smaller the numerical distance tor a 
given D, the closer the field to the field above an ideally conducting 
s urface. Thus the smallness of sD is the measure of the extent the de­
parture of soil conduction from ideal is essential for the given D. For 
a wavelength X = 1000 m and a= 2-108 we find from formula (25.2&) 

• 3-tnat 1 •-- ----•2•J0-fCM-a ----. 2 2-IO'(IO·)' 6W ,us 

'J'hus , f' or example, at the d tstance D = 5 km, sD will be equal to only 
0.01 and the s oil may still be considered as ideally conducting. Por 
X = 100 m t he same distance of 5 km will correspond to the numerir;al 
d1 tance sD = 1. Generally, expressing X in meters and o in units COSE, 
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we shall obtain in recipr ocal Ki ome r s 

(25.3) 
Por the determination ors in the general case, one should utilize -(at _. _ _,£_ ) tormula 

•-t 

(25.4) where 

• 
25. 5a) 

• a a ,., t 4111 6-ara•- 1 -X- 2 -2arct1;-+an:1 (a'-I)• • (25.5b) 
Por '!!!?.> I we may consider 6=~-....... ~< 1 . For ~<l we may ~- 2 --.. .., ... aubatitute arc tg by its argument, and then 

• ,, • ..., •'-2 • ----_ __,;, ___ _ 
(25.5c) ; a • ., <•· - t) 2 

The values Isl in icm-l tor various values or X, £ 1 and a are com-piled in Table 2. 

The approximation following (25.1) may be obtained by substitut ing 
again the value (25.l) found into the integral in Eq. (24.12).- This gives 

We may proceed further in the same manner. However, the series then ob­
tained will converge well only tor small sD, that i s , so long aE the 
n1.111erical distance between the points O and A is small. Precisely in 
this case the departure from ideal conduction is insignificant and the result is ot little practical interest. 

he total solution or the integral equation (24.12), valid tor any 
distance~, may be sought for either by direct method of 3umm1ng up the 
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TABLE 2 

o-t•I"' I ••t•IO' 1 .• 
I 1' 

I IO 

••-a 10 ••-a 5 IO • 
• -1,0 
. 2,0 . 

$,US•t0-1 s,o 
t,77-to-t 3,34-t()-I t,29-tO"'I to t,27-10-1 t,99-to-t 3,5'-t0·• 1,10-10-• 2,02-to-t 3,56·10-• 6,71-t0·• 2,58-1()-1 20 2,50-10·1 3,98-10·1 7,~•t0·• 2,48-10·1 4,2S· to·• 7,26-t0-1 1.~-10·1 5,t&-10-1 50 5,89-10·1 o,os. 10-• 

1

,. n. 10-1 1,u-10-1 l ,42-10-1 1,IM• 10-1 3,51-t0-1 t,29 100 1,11-10-1 2,02-t0·I 3,S7•J0·• ,,33.10-1 4,M• 10·• 5,50· 10-1 7,92-tO-• 2,61_ 200 2,48-10·1 4,2S-t0·• 17 ,26-t0·• 1,71 1,74 l,M 2,Uf. • 5,43 soo 1, 14 l,42 2,04 I ,06· 10 1,07,10 t,07-10 1, tt-to t ,65• t0 1000 4,32 4,65 5,51 4,27-10 4,ZS-10 4,28· 10 4.29-10 4,96-t0 2000 1,71-10 1,74-10 J,M-10 1 ,69-1()1 l,69-101 1,69.• 1()1 1, 70-1()1 1,11:101 sooo l ,06• lOI 1,07-1()1 t,08-t()I t,08-t()i 1 ,06-1()1 t,06-1()1 l,08-t()I t ,07 •_lOI - -.. .. . .. . . .. 

·-·· .... >. .• 
I I I I I 

•·-2 I IO tJ • ··-· 40 IO 
t,0 

2,58-tO-• 8,52·10·• 8,59-10-1 8,87•1~ 2,0 
t,3S-10·1 5, 18·10-1 3,40-10·• 3.41-tO·• 3,43-t0-1 5,0 t,14-to-t t,42-tO•I 2,03· 10-1 3,51-t0-• 1,30-10-1 2, 11-10~.• 2,tt 2,U 10 4,32-10·1 4,64-t0·• ·5~47 • t0·• j7 ,92-t0·• 2,R2-tO-• 8,49 8,49 8,49 20 t,71-10-1 1,74-10-1 l,8\,10·• 2,15·10·1 5,43-tO-I 3,40-t0 3,40-10 3,40-t<, so 1,06 t,06 t,07 l,12· l,87 2,tt-t()I 2,tt-1()1 2,tl-t()I 100 4,26 4,2ft 4,28 4,32 -i,96 8,49-1()1 8,49-t()I 8,49-t()I ioo 1, 70-10 t,70-10 l,70,10 l, 72-10 J, 78-10 3,40-1()1 3,40-t()I 3,..0· t()I 500 l ,07, IOI t ,07-1()1 J ,07- 102 1,07 • lOl 1,07,ttP 2,11-t()I 2,u-1oa 2,11 -1<'1 1000 4,26· JOS 4,26-10: "· 2'\, 10: 4,26· 101 -i,2G· tOI 2000 1,70-tQI l,70-lQI I, iO, tQI l, 70-1()1 I, 70, IOI 5000 t,06·1~ t,06· IOI 1,06,t()& l ,06-10& l,00-tOI I 

. . 
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series reterred to, for e~ample , ·bstitut n r t he resol vent [Chapter 

7,, 3d], which is simple but very cumbersome, or by applying the Laplace 

tranatoraation (see below §36), or, s implest ot all, by passing trom 

integral to ditterential equation. 

With this in view we shall transtonn Eq. (24.12) trom the begi~­

n!.ng; -in aubat 1.tutlng under the integral in place or w (x') the 

right-hand part ot this equation: 

0 

. •(0)- i+rf TS {~ ... ,o~ ... , + 
• • • (25.7) 

The tirat integral is equal to ff; changing the order or integra­

tion 1n the second, we shall obtain 

lows: 

0 

~ ru,-..,7ii'-P, -
(25.8) 

Thia is why Eq. (24.12) acquires another, fully equivalent tonn 

0 

•<D)-1 +,y...,. -•VU~ :!!? u·. 
. • r~ 

(25.9) 

Introducing a new function w, Eq. (25.9) may be rewritten as fol-

(25.10) 

Ditterentiating this equatton with respect to D and substituting! 

by w, we nhall obtain 

•' (D) + - (D) + V -is- - o. (25.11) 

This equation is integrated by the substituti~n 
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whence (25.12) 

'I' (D)--JI -i, .-0, ( 25.13) 
C J"lr 

'I (D) - Y, ~ .-0 t"tt - 2 Y, s ,.,. •. • j " (25.14) 

Here C i s an integration ccns tant. Therefore 

~ i.(D) - y..i • (D) + I ~,I + 2 y.i" _.. j. ,-,du. ( 25.15) 

Breaking the integra l in two parts - from Oto ..rn and from Oto ..re, Eq. (25.15) may be rewri en as follows: 
n- .. .,,,. 

•(D)-·1+2}'u.,...-.o. ~ ,..-du-2yi).-.o S ...... (25.16) • • Since according to Eq. (25.9) (or (25.1)), as D- 0 the solution 
must pas s into 1 + l yi:in (the last addend in (25.16) gives a term of higher order relative to D), we must have 

~ 

2 Y, ~ -~ctu:-,y.. (25.16a) • • 

Consequently, it C may be s o chosen that this condition is ob­served, the attenuation function will have the form 

tor any ! (and tor z 0 • zA • 0). 

But C may be s o chosen. Indeed, let us pos tulate 

I• Y,u -lo-•••· 
Then condi tion (25.16a) wi ll pass into 

2 
)Ii 

241 

(25.17) 

( 25.16b) 



This equality will be observed, in particular, int e case when the up­per llllit is +•s 

(25.16c) 

Then aooording to tormula ( 25. 5b) 

Obviously, condition {25.16b) will be tultilled not only tor that 
value ot C, but also 1n the case when the upper limit's argument tlif­
tera trc:a zero in any direction by a quantity not exceeding ff/4. We may 
then -in reduce the integral to the integral over the material axis, 
by distorting the contour. This is why the value ot arg ..re in the in­terval 

(25.16d) •Y be taken ad libitum. 

Obviously, this is always possible. In particular, inasmuch as x 
llea between zero {tor a• 0) and ff/2 {tor a••), we may postulate arg ..re • 1r/2, 1. e. , ..re • 1•. 

Consequently, tunction {25.17) is a solution tor any soils. The 
integral entering here is not taken in elementary functions. The formu­
la obtained thus ls the final expression for the attenuation runct1on 
or the tield ot radiowaves emitted by a vertical dipole located on the 
surtaoe ot a plane and uniform ground, and observed at the distance x 
tr0111 it also on that surface. This formula is usually written somewhat 
ditterently, denoting~ by y(sx) and substituting in the integral su 2 = 
• v

2
• The integral is then taken over a certain line on the complex plane between the points O and ..rsx: 
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'" •(.s) - ~(u) - I + I yiii e-u - 2 y.ii' ru ~ .,- ,Jr,. ( 25. 18) • It is seen here that the tunction•s argument is the numerical distance p = sx. The attenuation function (25.18), usually denoted by the letter 1, plays a fundamental role in the problem or radiowave propagation. It is otten called the Sommerfeld function (Sommerfeld himself obtained it with imprecision: the incorrect sign of the seconu term). We shall re­fer to it as the normal attenuation function. We shall obtain the value "fr of the field itself by multiplying w(x) = y(sx) by eikx/x. It 1n for­mula (21.15) it 1s already postulated su2 = v2 , .fc = 1•, x • D, we shall obtain 

~ii 
1(u)- l-2}'ii r• ~ e"dv. - (25.18a) 

For small p we may expand the integral and the exponential tactors in formula (25.18) in series, which will again give formula (25.6). On the other hand, tor great IPI we may take advantage ot the form or (25.18a) and integrate bf parts, as in computation or Fresnel inte­grals: 

that 1s , 

(25.19) 
where 

Substi t uting expansion (25.19) into tormula (25.18a), we see that i f lsxl·>> l, it may be postulated 
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f I 

(25 .20) A more complete expansion tor y(sx) has the form 

t . a ts , (p) - - ~ - i l;i -:- ""i;I . . . . (25. 20a) I Thus. at very great distances! trom the source, so great that the nu­Mrloal distance exceeds in absolute value the unity, the only nonzero vertical component ot the Hertz vector is 

Here tonaula {25.5b) was taken into account. 
Therefore. at great distances the field amplit.ude begins to de­

crease as l/x
2 

and not as 1/x {case ot free atmosphere or ideal conduc­tion). whereas the phase shifts by a certain constant quantity 

(25.22) 
equal to ff tor a well conducting soil. Consequently the propagation ve­locity re•ins equal to c. Hence may be seen in particular the talli-- . bility ot the attenuation function {23.10). 

In the intermediate region ot values lsxl the computation of the attenuatiCl'l function may be conducted only by way of numerical integra­tion. Plotted in Pigs. 25.1 and 25.2 are the absolute value and the 
phase of the attenuation function y(p), computed in the works (4] and (51 in the approximation e0 • e + 1. 

2. Let us now pass to the spatial case, z
0 

Io, and resolve Eq. (24.15). Acting exactly as with Eq. (24.12), we shall substitute the entire right-hand part of this equation instead of~ under the inte­gral. We shall encounter first of all the integral 
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• A <r•~,-.1•) I '* t • 11x·- r ' c11 . i fl,1-..-Jf ..... , ..'Ut-U -
j \ • • . - , __ 

-/•.S • :+:o - •[I~ CD {J/-17 ) ] . (25. 23) • I • 

Here we have expanded tirst ot all the exponent by powers z~ /x •2. This 
ia admissible, inasmuch as the expansion might have introduced errors 
tor s•ll x•, (zo/x) - 1, but this region constitutes a small part of 
the entire integration interval O < x• < x, tor zg/x 2 . Second, there 
was the denotation a• (l/2)kz~ and, third, upon substitution of the 
integration variable x• • x~ = xv-2, the integral was reduced to the 
integral ot errors 

(25.23a) 

With __ ..,._O we have ~(O) = 0 and we shall obtain the second term of 
the right-hand part in (25.9). 

Purther, with the substitution ot ! into the right-hand part or 
Eq. (24.15), there arises a double integral, as in formula (25.7). We 
shall intervert in it the order ot integration, as in formula (25.8), 
and we shall pertorm one ot the integrations. As a result, instead of 
Eq. (24.15) we shall obtain the equation 

•-1+_1,y"u,-1: [1-co(y' ~i+ )]-. : . . 
(25.24) 

2 2 Inasmuch as here z0 << x , we have expanded the exponents everywhere, 
retaining the first term of each expansion. 

We form the function 

o-•-.! ,,1 _,y.S [,._cz,·(v-i~ )]- .. r;f· .,.,,,:7 }'a.r ~ r•J {7 
• • dx'. ( 25. 25) 
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Differentiating this equation wi th respect to x and substituting again ~ by n, we obtain the equation for n: 

G'+.a~.'-¾(E-£) - ·o. 11•1. . •• ,. (25.26) 
Effect i ng the s ub s titution O--r-ac , we find 

C' _ •u+-17 ( l'ia _ · fi) _.:-,. ~ ... (~+ ~)'(£ -Y.) t_. ( 25. 27) 
.. ,. ..,. 

: . . ,. 
arg Y(JIJ, I/IOI A ·-

~ ~' 
.,,,,. ---

/ ~ ~' ~- - L 

'/ ~ ~ i----- .l_ ,,,,,. 
-" 'M V ~-

I 

~ II/ti -' --

b•ts1 ~ 
~ ~-~ V -II -----~ ~ 1v-~ 

:..-----,,. --
~ V" 

---

II 

, , , • s 6 7 I I 01 ,, Fig. 25.2. Phase of the at tenuation function, arg y (p) as a function of 
the abs olute value of the numerical distance lpl for various ~- A) deg. 

whence ( ntroducing into the integral a new integration variable ru+Jf 4 - 0> .. . 

(25.28) 
i t i u ~a ~~ t~ see that 

(25,29) 
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whereas B' i s det erm_ne 

t1nally obtain 

, ... t he am • C i .... q . ( 25 . 15 ). We 

The attenuation tunction round does not constitute the most gener­
al solution ot the dipole problem above a unifonn plane surface in that 
it does not encompass the cases when the source, as well as the point 
ot observation, are raised above ground. It is true, however, that 
tunction ! depends on the height z0 ot the source only in the combina­
tion lint-.!!. This conveys the hint that, generally speaking , only • 
the retlection angle 1 1s mate ial, so that for the generalization of 
the tormula this angle should nly be replaced by i ts value for the 
case when both z0 and zA = z are not zero. According to Fig. 19. 5 

lilit- .,,:,•A~ -a+•A JE .,,+, . (25.31) 
1' 1' 

It this is the way we understand the meaning of sin yin formula 
(25.30), ! will provide the field in the most general case. We shall 
not rigorously demonstrate this result by the method adopted in thi s 
section. It will be o tained below by a different method (§26). 

3. The entire derivation or the attenuation function might be con­
ducted not torn, but tor Ez. This is particularly clear tor the case 
z0 • 0 (dipole and point of observation located on the ground), inas­
much a s here n° and E~ coincide with a precision to the factor -k2. If, 
in particular, we utilized in the integral equation (24.12) the condi­
tion 

,e. ;• ..-=- rii" E., 

Eq. (24.12) would have exactly the same form. 

The integral equations (24.12) and (24.15) will sub sequently pl ay 
a great role in our cons ideration. This i s why it i s nece s ~arJ t o ana­
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yze a ttent ive ly t he admiss ions made during their derivation. The tun­damental one of them is r oncealed in the substitution 

o r 

valid, as we are aware, only in the wave zone. Meanwhile the integra­tion encompas ses the entire plane z = O, including also the region where Ez 1s varying as l/r3 (in the immediate vicinity of the dipole). 
1£ 

However, our inference is correct. Indeed, the quantity -.f- near the vertical dipole becomes exactly zero at z = 0 (see below). This is why in the rigorous initial integral equation (24.3) the region ot small£ 
•E has no part. Subs tituting in this region --.f- with the help of the small (and ina smuch as we s ub t1tute E. ==IO(r)L) i nte grable quantity , -ik 

y;. E., , we cannot obtain an error. 
A1 analogous integral equation for the horizontal dipole may also be cons idered. Here a well-known caution must be exercised. We ~hall consider the field of a static charge and a horizontal dipole, placed on the surface of a dielectric. 'l'he chal'"ge potential !!!_ at the p0int R(x, y, z) wil l be equal to 

s o tha a t z = 0 

E 21.r 
.c =- (l + lj 1(1 ' 

z. ·, • 
•:a-e+TT• 

E. -= 0, 

(25.32) 

For a vertical dipole of moment~, disposed at z = O, the field, al s o observed at ~= o, has the form 

E.c =- O. E, =- 0, 
( 25,34) 

...; ':) t he dipole of moment E,, oriented along the axis !, 

E, =0, 
If we utlli2ed the Green function v+ for the hori zont al dipole, 
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f, 

Just as tor the vertical, we wo d ttain he 

t s IE •a, E. -c- ¥11 .. ,t1r,,·. 
(25.36) 

Th h 1 th 
ha 

i 1 1e. - ,. 

oug n e wave zone we ve, as prev ous y, -• = --==-E , ·.-:e ,, .. . could not ettect a similar substitution in the integral, for by t he same token we would have neglected the role of the nonwave zone, while here ~ is Pllrticularly great, and z l s sman. 
This is why it is more practical to utilize here for the vertical component the Green function v_. for Ez Will enter into the correspond­

ing e,:uatton 

and the role ot the region near the source may be neglected, inasmuch as here Ez • 0, Consequently, we consider that under the integral E. • ~•(r), where w(r) ts a slowly varying function. For the same 

, 
reasons v_ cannot be chosen for Ex and Ey• for here the nonwave zone 
may prove to be essential. 

On the other hand, when computing Ez for the vertical dipole, the 
use or the Green function v i s improper. 

4. We utilized in all 'ormulas for the complex dielectric cons tant a the ertective expression £
0
• It ls evident, however, that the at t enu­ation function then found is by no means valid for all£. In reality, 

0 as £ - l, we have £ - "• s - O, and the formulas derived above give y - 1, '..n exactly the same way as when £ - "• that i s , Just a s for an ideal conductor. Meanwhile£ - l implies the trans ition to tree space, and we should have obtained y -1/2. The erroneous result is linked with the fact that as£ decreases, the region or validity of the ap­proximate boundary condition with £o = £2/(£ - 1) (24.4) shifts farther and farther from the source, for farther reaches the field propagating 
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th rou h t he s oil. At limit, .'or £ = 1, this condit i on i s valid only at i fin ty . Meantime, when deriving t he integral equation (24.12), it s pecif i cally a a urned that t he boundary condition is valid for the gr eater part of the course. Therefore, as is already clear trcm physt-cal cons iderations, we in fact assumed everywhere a departure ot e the unity s ufficien t ly great f0r the wave, propagating through the s oil, to damp over those effective distances reff' where the boundary condition i • utilized. For z0 = zA = O, the e ssential zone covers the entire course, reff - D, and we must have 

Im Y••kD> I. 
For a rai sed point of observation, when t he essential zone is pre. sed 

(25.38) 

agains t the s ource, ,,..._D,sin• « D, the condition becomes more rigid. Only with fulfillment of this condition will the att•~nuation function 0 
containing£ be correct (this condition will be rigor0usly obtained in 31). However, in practice this limitation is not very serious in propagation along the ground. 

The above-said refers al s o to the subsequent ch&pters , where at­tenuation functions for other cases (spherical ground, nonuniform sur­face and others ) wi l be obtained. Let us not once more (see §21), that it i s s uffic ent t o recognize£+ 1 for e0 almost everywhere. 

§26. METHOD OF REFLECTED SOURCE 

1. A very simple method of deriv i ng the normal attenuat t on tune­i on may be based upon the combination of the approximate boundary con­di t on o (21.19} wi th the representation of an imaginary s oul'ce dis-pat chin the ground surface-reflected wave, which i s customary, for examp e , in case of ideally reflecting s urface. In connection with t hl ~ le u~, turn to §20. 

W have zeen that when the que tion ar i ~e ~ abou t t e ~elution ~ 
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the wave equat.1on for a certa in ~ca ar funcllor !_ , . ; :.:1 • :: r . Li t: lh~ con-
d1t1on that on the plane z • 0 either the normal derivative function D 
(20.Sa). or tunotlon (20.5b) 1tselt vanish. the solution is expres sed 
through the sum ot the tlelds ot the real source in boundless space and 
ot lts retleotton. constructed according to a specific rule (formulas 
(20.8) and (20.9) respectively). 

As was shown by O.D. Malyuzhinets [6]. this consideration may also 
be generalized to the case when the boundary condition for the function 
u has the torm - .. ,. 

.---~~ at u-0. . . t'• 

It ls valld. as we know, tor the vertical component or the elec­
tric tleld (u • Ez)• and in the case of vertical electric dipole 1t is 
also valld tor the unique nonzero component or the Hertz vector (u = 
- ,r - lr,)· 

We must tlnd the solution or the wave equation 

v'u +.,, - - 4np. 
where p 1s a certain source. 

We shall seek it in the form 

•-·u.+u., 

(26.2) 

(26.3) 
where u0 is a field emitted by the given source and located 1n bound­
less atmosphere. tor example, at the point (O, o, z

0
), 

(26.4) 

The complementary field u1 may be called the reflected field. It 
satisfies the wave equation (26. 2) everywhere for z > O. flarJ the bo,m,J­
ary condition had the form 

u-0 Bt z-0, (26. 5) 
the reflected field would have been, as we know (see (20.9)), the field 
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of ref lected s ources , taken w th inverse sign: 

"• - - "• (x, g, z; (p (.ro. ,o. - Zo)J). (26.6) 
Further, since! and z0 are part ot u0 (the field ot a source in 

boundless atmosphere) only in the combination (z - z
0

) 2, the sign vari­
at on at z0 is equivalent to sign variation ot !, i.e., it may be writ­
ten: 

"• - -11e(z, 11, -r. IPCXo. 110. Zo)D-= --.~. ,. -a). 
(26.6a) 

Therefore, tor the boundary oondition (26.5) the _solution is 
sought very simply. 

Let us bring to this soheme our problem with boundary condition 
(26.1). Let us consider to that effect the function 1, obtained trom u 
by way of such a transformation 

•- 0(11), (26. 7) 
that a type (26.5) boundary condition be obtained for 1, and that at 
the same time 1 satisfy Eq. (26.2). This is found to be feasible. Name­
ly, as s ume 

( 26. 8) 

Since every addend in 1 must satisfy the wave equation, 1 must also be 
subord i nated to it. In particular, to the source in boundless spaoe 
corresponds v = v0 , where 

(26.9) 
It 1:.:; further e•.rident that on the strength of condit ton (26.1), 

the boundary condition 

o-O a t z =-0. 
( 26 .10) is superimpo ed on v. 

Therefore, we are concerned with the finding of a functi on 1, sat ­
<• f ying the wave equation and the boundary cond11.1on ( ' 6 . 10) (and af-
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terwards finding from 1t the func tion~ requ i red by u ). But the solu­
tlan ot this problem is given by formulas (26.3), (26.6a), after which 
we ahall 11tillae torm11la (26.8): 

•--.+-.. 
• • h· , ( --w•) ... - .. cs. •. _,,- _, ,,-.,. -.(.r • •• -~• • 

1 .•. , 

(26.11) 

(26. lla) 

(26.llb) 
Having detemined !• we may find u too. In reality, it follows from 
tor■ula (26.8) that 

(26.12) 

The lower limit of the integral will be chosen subsequently. In 
any oaae one must so choose it that the integral co~verge; consequent-
11, at lower limit the integrand must vanish. It will be shown below 
that there must be C • 1•. We shall substitute this value at once. This 
is whJ, s11bst ~~uting expressions (26.lla) and (26.llb) into formula 
(26.12) and integrating by parts, we obtain 

. . . . . 
' ' ~ "!-rec--.. 

•a --.ts.,.-•>- ,,._ S•'.. ...<-c. ,. -t)cft. . , .. _ (26 . 13) 

Therefore the total field is 

. . ••cc-., . . 
,. - a..~,, z)+,,_(.c. 1,-1)- '"'· S•W "e(.c, ,, -t)cft. (26.14) , .. - ' 

In the case when the source is located at the point (O, o, z0 ) and 
is a point dipole, this gives 

" ,. • [.:+ i::] n-+.,.R. + ! e+ ,._ S, ,. .. i. 
J I • 11(1 r .. a .... (26.15) 

where R, ~ y' x• + y• + (z-zo)• is the distance from the point of observa­
tion to the s ource, R,=-(x•+y•+(z+zo,* i s the dis tance t o i ts reflec-
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t -:.,n r the: plar e z = 0; R~ = yxi +JI~+,.;+ '0/' . 'J1 he tnte ural expre · ·e s 
t he c0rre ct . o to a f i eld that would be obta1 ned in the case or an 
ideally conducting s urface. 

This formula, at times called Weyl formula (or Weyl lemma), was 
obtained earlier from a rigorous cumbersome theory [2b], [31, [7] only 
after complex computations and also neglect s equivalent to the admis-

ion that the ab solute value 1£1 is sufficiently great. Its deduction, 
brought up here [6], is unquestionably simple, and, inasmuch as it 
re s t only upon an approximate boundary ~ondition, it stems from the 
same ad s s ion as does the whole theory; this is why it is in any case 
valid in the wave zone of the emitter f or all the soils encountered in 
nature. The generalization of the method described, allowing to consid­
er in case of impedance boundary condition (26.1) a broader range of 
problems, was given by M.D. Khaskind (18). The propagation or electro­
magnetic waves above a plane surface of an ani s otropic medium was in­
vestigated by the method described above in the work (19]. 

We shall now demonstrate that hence may be very simply obtained 
the express ion for a normal attem,at ion function. 

Let us con ider the integr&l in formula (26.15). Inasmuch as 
Rey e0 > O , t he i ntegrand will rapidly (exponentially) decrease as C 

var i e s from z along the direction toward~= c. This is why at inte-
r tio~ the main role is played by the region of values of~. directly 

ad a cent t o the point C = z. Consequently, we may transfonn R~, taking 
tr.to account that le - zl is small. 

'l'he 

We s hall introduce a new variable 

I- C-z. 

Fr ~m Fig . 26.1 we ma y see t ha t r1 +(z+zo)1 -R:, 1+zo=-R1 sin1). Tni.~ 
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1s why. expanding by powers;, we shall obta i n 

R;==R,+lsin• + ;c:DS••· (26.17) 

We ahall 1111tt ourselves to the terms written. The terms or second 

order 1n t must. generally speaking, be retained, inasmuch as the 

points ot obaervation. tor which,= o. may be or interest to us 

(points at ground level. when the source is also on the ground), and 

the tel'III ot first order in, drops out. 

.. , 
I 
I 
I 

:z 
I 
I 
I 

r • 

Fig. 26.1. Denotations for for­
mula ( 26. 20) . 

In such a case there appears under the integral in formula (26.15) 

an exponential factor with an exponent which may be transformed as 

follows: 

(26.18) 

Substituting R2 by R2 in the pre-exponential factor and introduc­

ing into the integral a new integration vartable 

(26.18a) 

we obtain 
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..!.!_ ~ '" (R; + _!__) - • '• 
y •• j t • ii d~ = 2 l' P t-, ca+,,i'i 1111 .,, N!C1 

• ~ • e''dt _ 
• R, cos. ,,,,a+,,_.-., ... ,_.• 

( " l> I 9) 'ma+t'ii .... , .. • • • - '!!: ,-,c..+Jii •.,.__.•(I + :: ~ ,-.- th) -

- '!;~•+>;'"••s-aca•(I + Cl>(i yP(l + }'a1 sin•>-=•»• 
. ' . . . 

where ¢(x) is the integral of errors, in the given case from a complex 

argument. ~tailed tables exist for it [8]. Consequently, if we denote 

by (f - 1)/2 the entire expression (26.19), we shall have 

' ; t 
, •, i'. 

• t { M, .... ,,11«,\ 
n ==- !.,_+- +<1- 1>-;rf• · 

, it Ra N, • 
(26.20) -' 

• 4 )'p -,ca+,,..a "" .,. •• • C e'1 dt f- I =- - , . . _l • 
l:DI. t',ia+Y .. 1111 ♦,NC. 

( 26. 20a) 

1+1 -
• P :s iiR, sin ... = ~ • R, ---= V x• + y" + (z-zo)•. 

2&• • 'I' "• 
( 26. 20b) 

The fir st term in parenthe ses in f ormula (26.20) gives t he field, wr. ... c:-. 

given source would have induced in a boundless free space. The seco~d 

term repre sents the field of an identical (imaginary) source at the 

point (0, 0, -z0 ). mogethP.r, these two terms consequently give the 

fi eld of a vertical dipole above an ideally conducting surface. Indeed, 

0 
a ~ E - oo when E - oo and p - 0, we have f 1 - 0, and the la :; t terrr, r 

µarent 8.;es in formula ( 26. 20) disappe~r r; . It .)rovlde ::; the correcti 0r. 

de t rmi ed by the "nonideality" of soil conduction. 'l'ogether, the Dec ­

ond and thu third terms give the field reflected from such at real z 0 

( 26. 0c) 

, 

and , c~nseque t l y , f i s the reflection factor. In order for thi3 f0 r .~ ­

l a to provide the earlier found attenuation function (25.18a) at 

z=z.,=0, Rl=R,=x, (cos;>=l, sin'i)=O), it is nece ssary ta 
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f. 

( 26. 20d) 
the upper limit of t he i ntegral in fo rmula (26. 20a) be ing pos t ulated J 
equal to 1• (which has already been done). This is precisely what de­
teraines the choice ot the constant C (in essence, it was simply . taken 
into account here that at z • z0 • 0 and x - 0, expansion (25.1) must 
be obtained. 

In this formula enters the quantity Eo, which includes cos,, 1r 
the absolute value lel is not great. In the process of the deduction 
we neglected the corresponding additional dependence on coordinate 3. 
This is indeed admissible with good precision. In reality, the quanti ty 
e0 emerged tram the boundary condition (26.1). The latter must be sat­
isfied, first ot all, within the limits of the essential region (see 
the corresponding reasonings in §19). This 1~ why we recocnize for the 
angle 1, entering into e0 

& constant value, coinciding with the angle 
,, which figures in ~ther exprPssions in, formula (26.20). The substi­
tution of cos 21 in EO by a conctant may .seem to be incorrect only at 
z = z0 • 0, when the essential region encompasses the entire course. 
However, in this case cos 2, becomes equal to the unity precisely for 
all the points. 

The obtained formula (26.20) is the most general tor the chosen 
formulation or the quA~tion. 

Its quite important property is the fact that the heights of the 
point vf observation and ot the source enter into the reflection fact or !. only in the c01hbination z + z0 (through sin , = (z + z0 )/R2 ). This 
is why the retlection tactor will not vary if one of the corresponding 
point~ is raised and the other lowered by one and the same quanti ~~-

For a source disposed on the ground (R1 = R2), and not too great 
t(c:mt ::::cos'JJ,:::::: i) formula (26. 20) may be written in the form ( for t he 

attenuation function we introduce the denotat i on y(r, z; z0 ), where t he 
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arg rnE:r:- ~ den~ e £ a the horizontal distance from l he :;olu'ce, 1;: ~;; L :' .... 

altitude of the point of observation above ground, z
0 

a ihe height of 
the source): 

(26.21) -f(r, z; 0) - I + 2 Y. S ,--a,(a+t'ii••>'tlo, ( 26. 22) 
t".:Ca+t'ii 9'n ., 

2,c,. z)-1 -f (r, z). 
(26. 22a) 

2. Let us r.on~ider f for the case when the numerical distance is 
great: 

(26.23) 
integrating by part s in relation (26.20a), as in fonnula (25.19), re- . I 
jecting the small terms, we obtatn 

2 c:os• f = 2a, - I - I - )' .. sin• -t- t - - u (I + t' .- sin •>' - • •. ( 26. 24 ) 
Consequently, when the numerical distance i s great, by retaining the 
first two terms and ut111z ~ng formula (21.20) we have 

f fie sin• - t ! sin~ - I'! - c.-o- • tt, 
::::::: t' &• sin • + l = I sin f + r & ;- C:O)' t a-: / I ' (26.25) 

a must be for the reflection of a wave polarized in the incidence 
plane (cf. (19. 18)). Th is obviou ly doe s not mean that at great numeri­
cal di s tance s one generally may utilize instead of the attenuation 
fun ction (26. 20) the addition of plane waves with the reflection tactor 
(19.18). For very small j and great lsxl tonnula (26.22a) together with 
( ;.?6. 24) ri:i ve s 

Th i ~ r ~ult l~ lmpossibla to obtain from the interference formulas 
(,~; vim~ he r e a L. ro f i eld lf n / 00). The l atte r may obviously be uti l -
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1zed only in the case when the t hi rd t erm in t he rtsht - hand part or 
tormula (26. 24) is sma l l by comparison with t he s um of the first two, 
1.. e. , lt 

01' 

(26.27) 
Since at rl'i'•tl> I we arrive at the ideal retlection (when the in­
terterenoe tormulas are knowingly correct), tor the estimate in the re­
gion ot amall angles we are interested in the case y'iisln't)<I and 

t'i'llat in parentheses may be rejected. As a result we obtain the 
critorlon ot applicability of interference fonnulas 

i(I + l'o) > I fii"1-l 1/ -!':._I, y •-- t (26.28) 
coinciding with the criterion (19.38) obtained earlier from other con­
siderations. 

Now it is pertinent to analyze the question about the physical 
senae ot the condition allowing to pass in fonnula (19.18) (or (26.24)), 
as well as in tonnula (19.13) t~ the extreme case or reflection 
Ua-1, f.1..--I). As maybe seen, this transition takes place for 

ll'ii••l> I. (26.29) 
At the raised point of observation (see Fig. 26.2), the field is formed 
by addition of the direct field or the source and or field of secondary 
emitters, fundamentally those which are created within the bounds of 
the ~ssentlal region or the surface z • O (shaded ellipse in the fig­
ure). It is clear that it within the limits of this region the primary 
tleld. exciting the secondary emitters, is not yet attenuated and i ~ 
the same as above an ideally reflecting s urface, t he :...econdar.v fi e l d:: 
too, and consequently also the aggregate field at the po i nt or ob serva­
tion A will be the same as above an ideally reflect i ng s urface . We 
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Fig. 26.2. Formation of the field at the raised point ot observation. The o~oss­hatohed ellipse, situated near the source in the plane z = o, ~etines the essent!al region. 

have determined earlier the dimensions of u.~ essential zone: according 
to formula (12.11) the length of the crosshatched region is equal to 
2a1 -== •s•=•• • At that distance the field will be the same as above an 

ideally reflecting surface provided the corresponding nun erical dis­
tance is much less than the unity, that is, if ( see ( 25. 1) ) 

or 

r, ..... ,-vi ... ::. ·J.-1 < ,. 

(26.30) 
But this 1s practically the same as condition (26.29). 
Thus, at the raised point the field coincides with the t1eld ab~ve 

an ideal reflector, provided it i s rais,,d s uff1c iently high tor the e s -
sential region, pressed agains the f"D1itter (located on the ground)., to 
bec ome s ufficiently small., so small that within its bounds the tleld . 
s liding along the ground., still remain unaffected by the departure of I£ I from oo. 

T ' ref ore, the problem of field determinat i on above t he lnterrace 
ma y be cons idered as resolved. The attenuat iC1n fun ction of the field '._, f' 

a t pol placed on the ground surface decreane ~, ac the ~ource drift ~ 
fart te r al on~ t he i nt erface, from the un it ' , be Ri nnin - wi t r dl ~t anoe c 
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tor which the numerioal dis tance lpl 1 o! the order f lne un1ty, 
whereupon, be~innin~ from Ip I • 5 , t.h t. ... deorca: .;c l :; cun v0.,·c<J y the 0 
tactor -l/2p. Cunuequently, at lpl >> l, the derivative ow/ctr Lu a 

quantity ot the order lw/rl. This is why, provided we limit ourselves 
to the •ve sone k0r >> l, this decrease takes place slowly over an in­
terval ot the order ot the wavelength, and the assumption ot slowness ot 
I vartaticn (aee (21.2)), which we lie at the basis ot the whole con­
aideraticn, 1a found to be valid. A doubt may be aroused only by the 
re1ion lpl S 1. In th1a region!! and w• are ot the order ot the unity, 
or, to be ■ore precise, as 1a shown by the numerical oaloulations, 

Ccnaequently, condition (21.2) is satistied if the value 10le0 1 is suf­
t1c1ently great. But this is not always so. 

Por very short waves and dry soils, we practically always find 
ourselves in the region lpl >> l, in which it 1s sufficient to utilize 
the aayaptot1o tormula y(p) • -(l/2p). The attenuation is found to be 
quite strong (the field amplitude decreases invers~ly proportionally to 
the square of the distance). This is why transmission by spatial radio­
wave (reflected trom the ionosphere, or raising the corresponding 
points above ground so as to atte~uate its influence (tor waves shorter 
than about 10 ■, not reflecting trcm the ionosphere) are here more of­
ten applied. 

S27. EXPRESSICl(S FOR THE INTENSITIES OF THE FIELDS OF VEHTICAL EL t'CTRI­CAL DIPOLE 

The expression tor 'lf, obtained in §26 allows to obtain by way uf' a 
somewhat cumbersome ditterentiat1~n the components ~and lT or the 
fields. They are usually computed by rejecting the terms of the order 

- 262 -

---------

I 

I . 



(1/£0 )2 relative to the principal ones, but retaining the terms of the 

Qrder 1/£0. However, it may at times become necessary to account also 

for t he nonwave part of the field, Le., the terms or tt .- e order 1/kr 

relative to principal ones, tor at distance from the source their ratio 

to the term containing y(sr), influences the value of Er in a correc­

tion of the order l/e0. 

The resulting expressions again contain the function y(r, z; z0 ), 

not reducible to elementary ones. The integral, figuring in it, 1s 

nothing but the integral of errors from complex argument. As already 

mentioned, sufficiently complete tables for its phase and amplitude are 

available [8]. Moreover, special nwnerical calculations were completed 

in older works on the theory of radiowave propagation; tables and 

graphs were given for certain special cases. It is qui t e often sutti­

cient to utilize asymptotic expansions for small and great values of 

the argument (see §10, formula (10.13) in particular, and also formula s 

( 25. 6), ( 25. 20) and ( 26. 26) ) . 

In our formulas for the attenuation function y(r, z; z0 ) figure 

not£, but eeff or £0. The substitution of£ by to is essential to us 

first of all not because at real computations of the tield we must sub­

stitute in place or£, say£+ l (which is equival~nt to substituting 

he real dielectric constant £ 1 by £ 1 + 1) or, still more precisely, 

r,l/(t. -cos•~) . Practically, this rettnement contributes little, inas­

much as the values or £' for soils a .t'e generally 1 .. ather indeterminate 

quantitie s and are most often measured precisely by radiowave attenua­

t ion, or by inclination or t he lines or force on the ~urrace, or by any 

Qt her method utilizing the theory of rad1owave propagation, that i s , 

meas ured in fact is £err· 

The value of the refinement performed con~ ists fir s t of all in 

t al t he form of t he olution ls pre served in term or t e order 1/E 

- 263 -



r t 

and still turther, as we have been convinced. In rea l ity it might have t" 

occurred that the solution's refinement woul d lead to the substitution 
ot function y(p) by another one, which, as we shall see, does take 
place lt we pursue the retinement ot the re~ult (see §31). 

Thia is why we •Y be aatistied by this general conclusion, and 
utiliH at field computation the attenuation function, neglecting the 
tenu ot the order 1/c, i.e., neglecting the ditterence between e and 
••tt• Nore complete expressions tor the derivatives ot the function l 
and tor field intensity components, valid also in the nonwave zone and 
acoountlng tor the terms ot the order l/e0 , may be round, tor example, 
1n the works by K. Norton (5, 9] and P.A. Ryazina [4].* We limit our­
selvea here (when computing the field intensity) to the case, when the vertloal electric dipole is located on the ground surface. 

Differentiating formula (26.22) with the indicated precision, we obtains 

¼-;lo + ·yli1ln•>1+lA_lint, (27• 18 ) 

¾ ~,{( ..... -1)1-)'ii~ln ... (fiilin•-1)),. (27. lb) 

•" • ,;,,,, ( .. sin'. - 1)((1 + ;iilln •>I+ ;iilln ~), ( 27. l c) 

9 • ;-¾((t+Jl'aillntJ',-t'ii,m t (I+ }'iisln .)).. (27. ld) 

Let us note that according ,~o formula (27.lb), we have in reality 

(27.le) 
as required when deriving the bounjary conditions i n correspondence 
with relation (21.2). This is also ~orrect even for f )'e•sint,/» I , when 

i== ~•nit <,-1), 
tor in this case, according to fonnula. s (26.24) and (26. 25), 
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a~d relat i on (27.le) i s aga in valid. 

Note further that at z = 0 we obtain 

(27.2) 
i.e., l obviously satisfies the boundary condition i mposed on lf. 

Pa s s ing to the calculation of the field s with the aid of relations 
110 "" ,Alf E.-.,. +.-a, E,-;;;;-, n- 7 ,(,, z; 0), (27.3) 

we obtain wi t h the same precision, rejecting the terms of the order or higher than l/11, 1/ltr and sin•t =:: 1:'= 

~R{ } E. - ll'R !I (r, z; 0) - sin1 11' + 1t.~ , (27.4) 

E, - 1,1,; {.,~ I (r, z; 0)- sin•}. 
(27.5) 

0 
An elegan t form may be imparted to the expre ss ions for the field 

[9] by representing the field'!' in the form of s uperimpos ition of t wo waves : the "::; urface" and the "s patial" waves . 

With this in view, we shall in t roduce ins tead of our at t enuatio1 function (26.22) t he function 

~ 
,.(•)-1-2~ .--s ..... . . ,. ( 27. 6) 

l 7°6a) The function y*(w) differs from y(r, z; 0) by the factor 
I+ yiisint before the integral. This is why it coincides with the 

f unc t ion y (r, O; 0) in which r i s s ubst:r.tuted by r(~+}'aisint)': 
1•(•)-I -(I+ ·•'iisin.)(g- J). (27. 7) 

nc:: ldc :: , we :: ha ll ut 11 lze the formula for t he Fl'e s nel reflect i on !'act ur ui' t he wave , of whi ch t he electric 
ct or lle~ in the ln~ ide nc0 
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Then we have 

(27,9) 
the attenuation tunction broke up into two parts, ot which the second 
on the ground surtace (t -o, f1 - -1) disappears, and the first is, to 
the contrary, maximum. 

Now tonnulas (27.4) and (27.5) will take the form {we again limit 
ourselves to the terms ot lowest order relative to 1/eo) 

B _ 1,1~{ t-t11 ,- + t +111 } 
• R 2 2 ' { 27. lOa) 

{ 27. 10b) 
; - -Let us introduce the vectors •I, z1 , r 1 , directed along the axes 

Y, ! and r. There exista between them the relation 

tr- ••cos•-r1sin•===•1-r1 sin t, (27.11) 
Utilizing it, the tield component s may be so grouped, that two 

vectors be forming, ot which one is '-':·oportional to Y*{w), dependent on 
the numerical distance, decreases with the height or the point of ob­
servation and thus may be called "surface" wave. The other vector doe s 
not contain y*(w), vanishes on the plane z = O, is directed perpendi­
cularly to the radius-vector, and thus may be called "spatial" wave: 

( 27 .12b) 

Indeed, at , = O, we have /1 - - I and '!prostr = O. 1tpr.os tr may be 
interpreted as a superimposition of two wave s , the directed and the re-
flectP-d wave, the latter with reflection factor fl!' As v r ises, the re­
flection factor approaches the unity, and Epov corre spon d:'.. ngly t c t ria 
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vani hes . 

The electric field components may be computed by t he Hertz vector (26.21) wit h greater precision too, taking into account the terms ot t he following order relative to 1/£0 and sin 
and ot t he !'orm [9] 

E.. - ,,. ';' ~ ~'tlf"C•) [,.,+,.,ms• (I+-:•)+.,], (27.13a) 

,Alf t +I" e.,..LJ, _ ,,.T cost 2 +,. 
whereupon here by fll we qhould understand the expres sion (26.25): 

(27.13b) 

(27.13c) Thi s breakdown int o the "spatial" and "surfac'!!" wave is already includ­ed i n the breakdown of l (27.9). 

All t he se formulas refer t o the case when t rie s ource 1s located on the gr ound s urface. A generalization to the caae of arbi t ra~y z
0 

may be obtained if we t ake into account that in the ene ra l f ormula (26. 20) f ,, i a functi on of only the s um z + z0 . This is why f mu s t be cons td~r G a s a f unc t J 01 of sin•_ •+ 'a and, more over, d :; t lnriuich t he angl e "#
1 

f r ~m i/t , sin,&,1 = -- C:OS,J,coscp-= --, cost,cos, = -- . Therefore, if we 

,-,o ( . Ra ,_,o z- zo) R, Ra R, r e:e ct t he t erms of t he order J/R:, J/R:, sin•~. sin't, and 1/£ relative t o the abandoned or.e s, we have 

.. f. ,"&R, ~ E: (..r, ,. z; O, 
1
J. Zo) -= - cos••• - + /,;cos•• - + 2 R, Ra 

( ?'( . J 4a) 
re •: { ,lftR, ,"R, 
c., (x, /I, z; 0, 0, zo) =- - ~ sin 1' 1 cos•• - + /u sin t cos• - -2 R, Ra 
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(e.- coscp e, ~ -=sinq,e) whe r e , • ear -·b -Ln rr. . ::.d ~ .... b ·· quent cases , we 
have denot ed by the index 1 that reference i s made to the ve r t ical 
electric dipole. 

Lat.1;,) t ,y it has been customary in Soviet literature on rad ~o to des­
ignate 'b y spat tal wave the tield of waves reflected by the ionosphere, 
and by ~urt acti- ~·ave the field settling above ground in the absence of 
influence ot the ionosphere [I, 14). With such a terminology the "spa­
tial" and the "surtace" wavE"s (in quote s ) of thi s section form together 
the surtace wave. 

The space amplitude and phase dependence of the vert ical dipole 
tield was represented in the torm of graphs [4] with the help of spe­
cially constructed convenient series for y*(w). These calculations were 
moreover not limi ted to the wave zone only. As a rule, Eo was postulat­
ed to be equal to either£+ 1, or E + cos 2v, which, according to the 
above considerations, assures a sufficient precis ion. 

Reproduced in Figs. 27.1, 27.2 and 27.3 are certain results of 
these calculations in the form of polar diagrams of electric field 
strength. Each curve shows the amplitude variation of the normal to the 
radius-vector ot the component of electric field strength IE1 1 at shift 
along a circle of radius R, described in the vertical plane around t he 
source taken tor the center. The curves are plotted for various dis­
tances from the source Rand for various ~oils and corresponding them 
different numerical distances p-1 ~R /. Taken for the unity is the 2(1 + I) 
intensity that would be obtained in boundless space. The curves for 
long waves (great 1£1, Fig. 27.1) show that the field on the ground i s 
two times greater than in the absence of ground. As the numerical di s ­
tance increases, the field on the ground declines . For an ideal conduc­
tor the diagram would have the shape of a semic i rcumference of rad i us 
equal to the uni t y and with it v diameter ly ing on the hor1zontaJ ax l 3 . 
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From the curves it may be seen that all the curves become such a 
c i rcumference already fur small,. This corresponds precisely to the 
condition that f'ur Ya+ I sin ,i, I» I the attenuation function and the 
reflection factor become equal to the unity. 

Because of that, in practice, as we underscored more than once, it 
is sufficient to study the attenuation function tor small,. 

I t ~ further seen from the curves that with the increase ot the 
altitude, the field begins at first to decrease correspondingly to the 
attenuation of the surface wave (as follows, in particular, from the 
bounda ry condition (see (21.24)), reache s the minimum at a certain al­
titude, and then, when the spatial wave accrues, it begins to increase 
rapidly. 

Besides, we shall bring forth formulas for the magnetic field. 

•• 

H-- --II~ t-/u cost (1 + 11
"

1
•)1•(c,)t1, R 2 2 

D 

ll•IIA 
,-us 

I ,'Alt t +/11 N,,,_,. - - I, - -__,;,i,, cos.,,. R 2 

b 

u 
ll•161A 
p•U 

,'•II; u.._., w 

(27.15a) 

( 27. l5b) 

Fi g. 27.1. Polar diagram of electric field amplitude in the vertical plane at various distances from the source in case of prevalence of conduction currents. 

-~he re ~l is a unitary vector oriented along the direction of increa e 
of the azimuthal angle~. 

According to the re sult s obtained, the condit i ons of propagation 

• 



' I 

a 

~Q. 
,., u .. , . .-. . ., . ., ,., 

11•.JlA ,.,., 
••1.,Y,I • .. ..... IAJ. 

Pig. 'Z(.2. Same as in J.'ig. 27.1, for a smaller le:I. 

... UIA ,.,,,, ll•ISA ,.,., 
,, ••. ¥1·• 

• f•IISA 
,-u 

Pig. 'Z(.3. Same as in Fig. 27.1, but for a smaller le:l and with prevalence ot displacement currents. 

are essentially ditterent tor the various frequencies, i.e., dispersion 
takes place. Thus, according to formula (26.26), at great distances the 
attenuation is proportional to the square of frequency (s - w2) for 
long waves. The frequency bands used ir ~actice are so narrow that 
this does not provoke the distortion of signals' shape. However, atten­
tion is more and more drawn by the question of pulse propagation and of 
their tront distortion caused by the indicated dispersion (emission of 
thunderstorm discharges, and so forth), (see [16; 17]). 

The experimental verification confirmed the correctness of the 
theoretical res~lts. The checking of foreca s ts relative to phase varia­
tion of radiowaves with the distance had a particular significance, for. 
this variation influences the observed phase velocity of radiowaves, 
which becomes in this way a function of distance to the emitter throu eh 
distances of lsrl - 10 and greater (for dry voils). However, aG empha-
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s ized in connection with formula (25.22), at great distances it attains the value of c. 

Careful mea s urement s gave a perfect agreement with the theory. In particul r, the value of£ obtained from measurements by L.M. Mandel•­shtam, N.D. Papaleksi, E.Ya. Shchegolev, Ya.L. Al'pert and v.v. Mi · 4 n (10; 11) had a precision close to that or optical measurements, and differ i ng from the fi gure obtained by optical methods by Michelson by the fourth decimal (10) (for details see (1, 2). 

§28 . VERTICAL MAGNETIC DIPOLE 

Knowing the field of a vertical electric dipole, one may easily write al s o the expressions for a vertical magnetic dipole. We shall de- , scribe it by its magnetic Hertz vector ,rm= ,rmz· The departure ot the vertical electric dipole field from the field n arises only because for '1 at z = o (21. 35) J/•-c:m•• enters into the boundary conditions in­stead of J/Vii (21.19). This i s why all the reasonings of §§ 24-26 may be repeated, and the expression r or '1 w 111 dif te r trom Tr by (• -cm•*)-•, in particular, by the substitution of the numerical distance by the "magnet l e numerical di s tance" ( for the horizontal distance, t • 0) 

,_,. - ~(a - l)r. ( 28. l) 2 
It 1.:, obv i ou ... this "magnetic numerical distance" iz alwa.) large i n th enti r e wave zone of the emitter. Accordinf" to formul· (c6. 20), we ther:=~fore obtain for a dipole, giving in vacuum the f'l eld n .. ..!_ e'llf 

I R 

that is, according to (6.7), having a moment m = 1/2, 

n.-- -+1.-. 
' •• {,.. .. ,. .. } 

: I Ra R, (28. 2) 
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1 .•. , 

-1 2. / - ------
1+ • ''"• 
, t'•-ew+ 

cos ' .; ____ ___,:, ____ + .... 

,_, { S + sin• )' 
>'•--cos•t 

,. 2e:;f.L - -· 
i i • ., ' t + .... + )' \ ,,_ .... ' 

(28.4) 

(see (19.13)). But lln+ is always rather small, while fs,..r/» I. 
l'•-c:w+ 

This 1s why, abandoning the first two terms, we have 

(28.5) 

which coincides with the expression for the reflection factor of a hor­

izontally polarized wave (19.13). This, obviously, must be, for in the 

case ot a vertical magnetic dipole only the horizontal component of the 

eleotrlo field (perpendicular to the incidence plane, see below (28.6)) 

1s not zero. Thus, the singularity of the considered case by comparison 

with that ot an electric dipole consists in that here the numerical 

distance 1s always great, if only£ exceeds the unity by several time s . 

This is why in case or moist soils, for a low-disposed magnetic dipole 

we always find ourselves in a region where Y- (-2s,,.r_)-•, l. e., the field 

is subject to quadratic decrease with the distance. Only at greater 

heights ot the point of observations and/or the source, when the "spa­

tial wave" begins to manifest itself, the interference fonnulas become 

applicable and the field may decrease inversely to the first power of 

distance. 

Doubt may arise in the applicability of approximate boundary con­

ditions (21.35) to the case under consid~ration, inasmuch as in the 

near-by zone the decrease will be rapid and condition (21.2) will not 

be fulfllled. However, this region encompasses only a small part of t he 

zone, eG ~ential for propagation, and this is why it cannot affect the 
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final result. As to the remaining region, 

, __ _!,_ .... .!l.-L<1t1. ,.., Ir , 

Let us pass to the expre~sions for the field. According l o formula s 
(3.25) and (3.25a), utilizirig formulas (27.15), it is easy to write the 
expres s ions for the electric tield ot a vertical magnetic dipole W:, 
which 1s equal to ik rot lrm. To that efteot lt i s sufficient to substi­
tute in H' ' (27.15) (equal to -ike rot'Tr, where Eis related to the air 
and thus is equal to 1) ! by fm = fL according to either formula (28.3) 
or (28.5) and change the common sign: 

I 

·••-'-'(1+ lln+ )• R=R,eR,. • Y•-cos•+ 
We practically always have ls..rf> I, sin., <IY•-cos•• I and 
according to (27.7), 

,•(•.):a-~- sin+ • 
Ja.,r Ya-CUI•+ 

(28. 6b) 

(28.60) 

this is why, 

As to t he magnetic field, and inasmuch as 1t is expressed by~ 1n 
exactly the same way E' of the electric dipole is expressed by lr, we 
obtain fr om formula (27.12) 

(28. 8b) 

§29. HORIZONTAL ELECTRIC AND MAGNETIC DIPOLES 
In certain respec t s the field of a horizontal electric d i pole 1-
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more complex t han t ha t of a vert l c· • pole. Her he axial symmetry of 

the problem is disrupted, and th is i s why, i n part i cula r , t he Hertz 

vector oaMot be reduced to a single component, and at l~ast two of its 
0011ponenta have to be taken into account. The wave equations may be re­

solved in this case also [2). However, we shall take another path and, 
utilizing the already round equations tor the vertical electric and 
•gnetic dipoles and the reciprocity theorem, we shall obtain all the 

data required by us almost without computations. 

Any horizontal dipole may be decomposed into two dipoies, of which 

one is oriented along the direction toward the point of observation, 
and the other across it. We shall study their fields separately. 

AasWl8 that the dipole is located at the point (0, o, z0 ), i.e., 

it la raised to the altitude zO, while observation is conducted in the 
plane xz. Thus, the propagation direction coincides with the axis x. 

Let us consider at the outset the tield Ehx of a dipole directed 

along the axis x. 

Let us find, first of all, the vertical z-component of its eJ.e,, ­
tric field at the point (x, y, z) 

~ (.t, ,, r. Xo. '°' zo). 

According to the reciprocity theorem, it is equal to the x-component of 
the field at the point x0 , y0 , z0 , which induces an identical dipole , 
oriented vertically (index 1) and placed at the point (x, y, z): 

(29.1) 
According to formula (27.14b), we obtain for y = O (it must be taken 
into account that when substituting xyz by xoY0z0 t he quantity s in jl 

changes s ign) 

~(., O .. [ ,u, · ,"Ra • x, • z; 0, 0, Zo) =-:- -sin fa cos"'i -/11 -sint cos•h + :i& Ra R
1 ,, 
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(29.2) 

(29.3) 

hx 
Thi s formula allows us to write, 1n particular, the value _or Ez 

alzo in the plane z = O, and by virtue of the link between the tteld 
components, expressed by formula (21.25), the other components may be 
written too (it s hould be remembered that at Z=-0, sirt•

1
--sint and, 

moreover, R1-= R •. - R,._ V<z-.to)1 + w-11,J' + l' ): 
,.,.. ,,. [ ' • ' ,.,, ] ,"If c6 (x, 0, O; 0, 0, zc,) - - -(I + /11) sin• + (I -1,1).,._ - ---:- cos•• 

2 • • (ci . ·R • ( 29. 4a ) 

•• ' It' [ (I - I )lln ~ _. (•) ] • ,M • · E. (.r, o,o; O, O, z.,)~T - J._ +(l-M7 y, (29,4b) 
' 

~· (.c. o. o; o. o. zJ - o. (29.40) 
In the case when the source is located on the ground, z

0 
= O, 

while the observation point ts raised, the expression for E~ stems 
from formula (29.2), where we must simply consider Y = ,

1
, R

1 
• R

2 
• R, 

and the expression for E~x coincides with tonnula (29.4b), as follows 
from the reciprocity theorem. If in this last formula we still take in­
to account t ha t l+f11-V'iisin.(l-/i&), we obtain 

e.a(.s,o,r, 0.0,0)- ~1•-r.if a1nu ~;] ': -·· (29,Sa) 

e.a (.s, 0. r, 0. 0, 0> - ~ (l-f1l (-11n•, + ':!91] ~ , (29. Sb) 

E:,S (.t, 0, z; 0, 0, 0) - 0. ( 29. Sc ) 
~n particular, on the ground surface (y = 0) the field 1s pres nt 

only owing to the inequality of £Oto~, whereupon its main component 
i di r e ct ed alon t he ax is ~, th ugh the dipol e i devo i d of the z-
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component. This means that the dipol e exc ite ~ i nt e 6 r ound vertical 
currents, which induce namely the ob served fiel d. 

Let us now obtain the field ~Y of the horizontal dipole, raised 
to the altitude z0 , and directed along the axis y. We shall t ake advan­
tage to that effect ot the a .ready found vertical magnetic dipole f i eld 
(§28). Such a •gnetic dipole may be represented without any loss of 
its general character in the fonn of a square frame, of wh i ch two sides 
(! and i) are parallel to the axis!, and the two others (b, d) to the 
axis 1, whereupon they all have, say a length l (small by compari~on 
with the wavelength) and each is displaced from the axis! by l/2 (Fig. 
29.1). Its t1eld is a simple superimposition of f ields o·:· four horizon­
tal dipoles, which are the four sides of the frame. InaE;much as l << X, 
their currents are cophasal. Each of -chese fields has a t the point A(x, 
O, 0) the torm 

.ca ,.., 
G~· -±•,, (R,)-R,, . l-a, b, c, d, 

( 29. 6) 

where R...-}' .a'+f +zl • R•-4-y"(x+ ~ )+z&; the at t enuation function 
w(i) 1s a very slow function of coordinates and it may be replaced by 
•(R), R- Y .z' + z& . . The signs before ~ are taken di f.' ferent for ! and 

.2,, and also for E_ and!!, inasmuch as in them the currents have opposite 
directions. Consequently, the field of each pair is obtained by differ­
e.,tiation with respect to the coordinates of the sciurce of the electric 
dipole field. 

It is obvious that the dipoles a and c are mt·,tually annihilated , 
since 

ea•+ E4" •-• (R.) I..!. /lit ::= .,C•t (R.) illl 10 ,'ltlf - O ltro R . Rt R • 
011 the other hand (_!_ - - .!.) . 

•o Ir 
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• 

e•> + e'- == ... (R.) I ,l_ I'• == - ... (R.)"" ~ ,"It - _,,,,cos. E)lt;. •o R . R1 R 

Con ~equently, thi s expression is precisely equa l to E~. 

6 

• 

A(Z, .. I} 
L--------------0,----,~ 

Fig. 29.1. Magnetic dipole and it ~ equiva­
lent frame. 

Therefore, the f~.eld of a vertical ma gnetic dipole differs from 

the field E(d) of the horizontal electric dipole, of interest to us, 

and directed along the axis i, by the factor -ikl cos•· But the mag -
/S I net ic moment of the frame i s m • - - -1', where I is the cut'rent in , , 

the frame, Sis . t s area, and, according to formula (6.4b), it may be 

expre !.i.:ied by the dipole moment s p-..!!. of each of the frame's side s , ---iw 
m - - Ip - - iltlp. e 

Consequently, 

e~- t E!. - L__!_ E:.. 
_ ,., COi + "' tos • (29.7) 

If for E~ we s ub stitute the formulas of §28 , written form = 11~~ I 

we s hal~ obtain the field of a horizontal electr c dipole with p = ' / ' > ,_ . 
A.; a r e s ult, acc ord ing to f'.)rmulas (28.6), rejecting the terms conta n ­

i ng y•(w,,.)=::: -(2s .. ,)-1, as being proportional to r-2, we obtain on the ax-

1 x the field of a horizontal electric dipole dire~ted along the ax i s 
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l (the axi s ~ coi nciding wit h i t) 

I • 

( 29. 8a) 

(29 . 8b) ~ ~ ~ • (x. 0, O; 0, 0, zJ-~•(.c, 0, z; 0, 0,0) --;-(I+ IJ.)-. ( 
8 

) 
2 R 29. c 

In this way the field of the horizon t al dipole in the plane per­
pendicular to the dipole axis is reduced t o the field that gives re­tleotion by the interference formulas. 

Now we may write the field of an arbitrarily oriented horizonta l 
dipole. It it forms an angle~ with the axi s ~, we may, decompos i ng it 
into two dipoles, one along the axis!, and the ot her alon~ the axis l, 
with moments respectively proportional to cos~ and sin~, combine the 
tields ot these dipoles. To that effect we shall multiply the right­
hand parts ot formulas (29.Sa)-(29.Sc) by cos~, and the right-hand parts ot formulas (29.8a)-(29.8c) by sin~ and add up. 

Instead of considering in the formulas obtained the dipole d i rec­tion as variable (angle cp), and the point of observation as fixed (on 
the axis!), we shall take for the axis x the direction of the dipole, 
while the point of observation will be taken in cylindrical coordinates r, ~, z. In such a case we mus t simply substitu t e~ by-~, after which E~ will give E~, and E~ -E~. In t his way, 

E! (r, •• ,: 0, 0) ~ ~ ( I -111) [ r• <•> + sin• ] ~cos• cos"• ( 29. 9a ) 2 }'.. R . 

... - ,,. r··'•> J ~ r., (r, t, ,: 0, 0) ~ -(I - 111) - sin•• - cos cp, 2 •• R (29.9b) ,,. , .. ~ (r, t, ,: 0, 0) - -:-{I + I .i.)- sin cp. 2 R ( 29. 9c) 
The structure of these formulas clearly s hows how they mus t be 

modified if the source ls al s o raised above gr ound. Indeed, the addends 
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(l - fu) sin¢ cos 'I' in formula ( 29 . 9a), (l - /,,' sin~ 'P in formula ( 29. 9b) and 

expre :, ~lon (29.9c) c l early g i ve the fiel d of t 1e :ncident wave, re­

fl ected wit h a reflection fac t or r
11 

for the component lying in the in­

c i den se plane, and f~ for the perpendicular component. or this, in par­

ticular, it i s eas y to be convinced by comparing the enumerated formu­

las with what i s gi ven by formulas (20.4a), (20.4b) and (20.4c) in the 

ca s e of ideal reflection. Thi s i s why when z0 / O, they must have the 

s tructure of these last formula s , but with reflectiun factors generally 
:; peak l:1~ not equaling :t,l ( it may be said that they mus t form the solu­

tion of the wave equation passing into the re s pective addends in 

(29.9a)-( 29 .9c) a s z - O. As to the remain ing adde nds containing y•(w), 

it i s s ufficient to recognize (z + z0 )/R2 for s in v. Therefore, at any 

arbitrary poi nt ~r, ~, z) the field of a hcrizontal dipole, placed at 

the po i nt (0, z0 ) and oriented along the axis~, i s 

• It' {(t -1,,> cos+ ,'l&R, ,"R• E. - 2 cos• ~ g•(w) -t-sin.,cos.1 ~-. . r... R, . . . . . I 

.'l&R•} -fusin•cos•- , 
' R, (29.10) 

,... ,,. { (t - l ) ,'lllt, • ,'U• .... } 
Cr =- - COS cp II y• (u,) - - sin1 

·• - + f u sin1
• - , 2 .. • R, Ra Re 

~ =- ~ -sincp { ,Mf, + f J. t•R, } , 
2 Ra R, 

with the denotations of (29. 3) (cos~1 coscp = ~, cos•cos•- .!_}. 
Ra R, 

Similarly to formulas (27.12), grouping the components so as to 

obtain the "s urface" and spatial" waves, we may write instead ot formu­

l~ J (2~.9a)-( 29.9c) (wit h a somewhat greater precision) [9] 

•' ·u 
~ponp = - ~ {cos q, sin 1'> ( l - f11) ti + sin cp ( 1 + /.1) ,,> 2 R ( ?.9 . llb) 



I. 
I 

( for a s ource located er. t he ro na ). 

Let us now pass to t he horizont al magrit ~ .u: d ! po e w1 t h axes 01'1-
ented along the axis l· We shall replace it by a square frame in the 
plane xoz with a side l consisting or two vertical and two horizontal 
electric dipoles, the latter lying along the axis x. Differentiating 
tormulas (27.12) and (29.10) tor their tields, it is easy to obtain the 
tield ot the trame. At the same time, we should take into account that 
it the •gnetic moment is oriented along the axis l, the current will 
be positive in the horizontal dipole closer to the observation point 
(upper dipole} and negative in the closer vertical dipole. This is why, ditterentiating as usual only the factor exp{ikR), we have 

r..-1coa,-/ie+1 :
0 

r. 
Besides, when differentiating over z

0 it mus t be taken into account 
that as the source shitts upward along the axi s ~, it s reflection is 
displaced downward. This 1& why_!_=---!.- -iksin"" mus t be taken for lie, - ,., the incident field, wl:ile for the reflected field (containing r .L) we . ·, . must take IJJ- "o - +,; = t•sjn•. As a result or the substitution, re-
jecting the terms ot the order sin2, and ••11'i-, and dropping the factor ikl • -m/p, we obtain 

. ,,. . . . . . 

C.- - - 2 ~ (l-fu>11•(•)als•{ 1, + t'~"•I· (29.12a) ,,.. ,,.. 
C...-..- - 2 R{C014p(~ +/q)f1-sinq,sin• (I -/.1)f1).(29.12b) 

It is obvious that in certain cases, when the fields written in the 
fonnulaJ of lhe present section vanish, the terms of se cond order re l a-
t1ve to 1/r may be material. More detailed formulas may be found i n the work under reference [5 1. 
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:30. SOURCE IN THE SOIL 

I n t hi section we shall investigate the field of an emitter, an 
~11 1•:tric dipole, placed into a medium with a sufficiently great I£ I 
(z < 0), separated by a plane interface from the medium with£• 1 
(z > 0). This case offers a substantial interest, inasmuch as it en­
compasses such phenomena as transmission through an underwater antenna, 
e t c. It ma y be studied without difficulty with the help of solutions 
for a sc.~ .'Ce in the air, already obtained by us , provided we ut 1lize in 
the first place the r~~iprocity theorem (§9), second, the fact of expo­
nential field variation in the ground •mder the surface, expressed by 
formula (21.17) (here we limit ourselves to the precision of represen­
tation of Eo, corresponding to formula (21.26b), and third, the bound­
ary conditions (4.1), (21.13) and (21.26). 

a) Vertical dipole at the point (O, o, -z0 ). 
We shall consider the vertical component of the field of this di­

pole in the air at z = 0 at the point (x, O, +O).* According to the re­
ciprocity theorem (9.11), it is equal to the vertical component of the 
field, that an identical dipole, placed at the potnt (x, O, +O), would 
have induced at t he point (0, O, -z0 ). But thi s last field differs from 
the field induced by the ame dipole (placed in the air) at tne point 
( ) llt'.=i• ( ) 
o, O, -0 only by the factor e o for a gliding wave -; = O ; thi s 

field di ffer s in it s t 11rn from its field at the point (0, O, +O) by the 
fac tor 1/E; this last fleld i s equal (at specific normalization of the ,tu power of the d i pole) to -y(sx). Assembling all the ... e factor s togeth-, 
er, we obta in for the vertical field component of the dipole placed at 
the poi nt (0, 0, -z0 ) (and having such a product ion of current•s f orc e 
o l it , act.ins height that in a boundle s s atmo phere i t s f i eld would be 
-' t'"R_)' 
l R . 

---- - ------
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Since 

• ,.._ ___ __,,......._ I ••o Y • - I - 'V (a' - I)' + I ~}' , 7 .etc ca•-,,.• 
\ • I the dependence on z0 contains the exponential decrease: 

ap {-•o YI • -11 ain i.), X' - arctg 4
•' • 2 (c'-1)• 

( 30. 1) 

Thefetore, the sinking of the vertical dipole in the 5011 to the 
depth z0 tor the field 1 observed in the air, leads to the same re sult 
as the variation ot the dipole moment by a factor of i-•exp(iiy'a=l zo>. 
This ls correct tor the point A(x, O, +O) of the surface itself z = O, 
and since the t1eld in the space z > 0 is determined exclusively by the 
tleld 1n the plane z = o, this is valid also at any point z > o. In 
other words, to obtain the field in space, it is sufficient to add in 
tormulas ( 27. 13) the tact or •-• exp (ik y;=. zo) only. 

Let us consider now the field under :he s urface z = O, at the 
point Z(x, O, -0). According to formula (21.13), it differs from the 
tield in the air above the surface by still another factor E-1 : 

. 1 t'.::i ,;ru E. (.r, O. -0) == - ,'It •-• 10 - !I (sx), 
•• I (30.2) 

and for the horizontal component, we obta~n according to formula 
(21. 26) 

. E. (.r, 0, - 0) a:.: E. (x, 0, +O) =-

- 1 £. (.r, 0, +0) =- __!_',11e•+t'i=i10) f'lsz). Y•+• •YS- I 

Finally, the field at a depth -lzl under the surface will be ex­
pressed, according to ( 21 .17), by the formulas 

(30.4) 
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E. (.r, 0, -1 z I) = --1-:-- ,,,,. ... r .-uzo+ 111,1 "ls.r) • •Y•• . I 
E, (x, 0, - f i-1) = 0. 

(30.5) 

(30.6) 
Therefore, in the soil the horizontal component is greater than 

the vertical by .fe times at all points. The method of deduction itself and the structure of the formulas obtained suggest the physical treat­ment of the re s ult: in view of the fact that while propagating in the 
th ickness of t he ground the wave s damp exponentially, the effective 
path of radiowave passage i s the following . From t he immersed source a wa ve propaga t e s upward, attenuating as i t progres ses. The direction of i t propagation does not quite coincide with the vertical. In order to f i nd t t we mus t separate the real part of wave•s phase, and then deter­mi ne the direction of the normal to the plane of equal phases. We con­

s idered thi s question in §14 and found that the effective region of the i nterface, that i s , the region where the radiation basically originates, is somewhat di s placed from the vertical toward the s ide of the corre­s ponding point . Thi s region approaches the vert teal only a s £ .,. ao. In tha t region the wave induces virtual dipoles which cons titute the 
s ource of radiowaves then propagating in the air (factor eihx/x) and 
at tenua tin~ in the way t he wa ves in the air should damp above a plane 
conduc ting ·otl (factory ( sx)). There appear at each point of the s ur­face z = 0 virtual dipole s induced by that wa ve. Up until now we con­
s i dered t he field of these dipoles (in tact the currents 1n the surface layer) only in the air. Now we se~ that they di s patch the waves also in t he de pt h of t he s oil. At the point of ob servat ion z = -lzl the fie ld ~•; exp{ikfi="ilzl) tlrr.e s sma ller t han the field wh i ch se t tle s at the 
point of t he ~~rface situated above the point of observat i on (A.I. 
Berg , 1928 ). 

Thi~ r e J ul t may a l s s be obta i ned fr om form ul a s (30.4)-( 30.6). In 

~--------
------ -- ----



reality, we shall find t he propa gation direction of t he wa ve arriving 
at the point A(x, O, -lzj). For the sake of s impl i c i ty we ~hall consid- L) er the distance! so great that lsxl >> l, and, ~herefore y(sx) = 
• -(2sx)-

1
• This means that the wave phase contains the terms dependent 

on! and l only 1n the torm '•-tt(.r+Y•-fizo. The real part ot cp 1s 

lbl•-t.rH J/<•'-1)"+ l~J"-f (zJ­

-•V• + Jl<•'-1)'+ l ~ J' (zlinl+ lz(QISI), 
where 9 1s the angle tormed by the direction of propagation with the vertical. Hence 

etc• -V <·· - •r+ ( ~ r-(½ • ..,1, , •. :i:,.) . c 30. 1 i 
For great 1£1 the angle 9 is really very small. The amplitude of the wave decreases exponentially in another direction (see §16). 

It we take the horizontal numerical distance smaller, lsxl - 1, the argument y(sx) will contribute to the phase the part dependent on the distance, and the formula for 8 will be somewhat changed. 
Evidently, the propagation path of electromagnetic energy is such only in the case when the damping over vertical segments is less than the attenuation of a direct wave in the soil over the path OA (Fig. 30.1). But since the radiat i on of the immersed source is worth cons id­ering only when the depths z0 and lzl are not too great by compari s on 

with ;ya-tr' , and the horizontal segment of the path x i s considered by us a s great by comparison with the "wavelength" in the a ".. r 1/k, the relation x >> z0 + lzl is known beforehand to be fulf il l~-
In connection with fonnulas (3u.1)-(30.6) i t s hould be recalled what was said after formula (18.5). Following the reciprocity t he orem, 
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. / 7,~ ///,' ~//,: 1///////4 
Fig. 30.1. To the computation of the field induced by a source immersed in the ground. A) Point of ob serva­tion. 

we re;iuired that the amplitude of the current I and the acting height h of the dipole, immersed in the soil, be sustained the ame as those in a uniform atmosphere assuring at the distance R from the dipole a field (l/2R)eikR. It is, however, not necessary to believe that the power expended in s uch an immersed dipole will coinc i de with the ex­pended power of an identical dipole in the air. Indeed, in the air t he con 3 mption of power is determir.ed by the radiation only, and is given by the expression f 8r the field in the wave zone. Contrary to that, n a cond uctin 0 medlum, aside from power expenditure in the wave zone (by virtue of damping it will be determined by the inte gral over the entire s pace of expendi t ures on Joule heat), there exi s ts a significant energy expend t ure on the nonwave zone, where the intensity of the field, and, consequently, the current density vary inver ely t o the cube of the distance to the dipole. This is why in practice one must take into ac­count t he finitene sLl of dipole dimensions , or to place the dipole in a !;::mcond ct i ng cavit y . Only in the case whe n thi s cavit y encompasses the 1 r nonwave zone s o that there are no l os s e s .r it, will the power C '.Jir;e;, e t r tha t emitted by a dipole of ~ame momc n · ~ the a r. I n 
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the opposite case, maintaining the neces sary va r ab le moment in the 
dipole, it is necessary by the same token, t o s us tain the quasistation­
ary currents in the conducting portions ot the nonwave zone. Since in 
the formulation ot the reciprocity theorem the constant~ of the med ium 
are not encountered, the placement ot the dipole in the cavity does not 
affect the formulas obtained and only the relation between the consumed 
power and the dipole moment will vary. 

b) Horizontal dipole at the point (o, o, -zol· 
According to formula (27.5), a vertical dipole, placed at the 

point (x, o, +o), induces at the point (0, o, +0) the horizontal compo­
nent of the tield, oriented along the negative direction or the axis! 
and provided the dipole moment is the same as in the previous part of 
this section, is equal to 

The component oriented along the axis l disappears. Under the surface, 
at the point (0, O, -0) the horizontal component is identical, wherea s 
at the depth z0 at the point (0, 0, -z0 ), it differs by an exponential 
tactor ot the standard type. Treating the reasonings with the help of 
the reciprocity theorem, we obtain the following expression tor the 
vertical tield component of the dipole directed along the positive ori­
entation or the axis! and placed at the point (0, o, -z0 ): 

E: (.c. O, + 0) ~ 2-~ •'l<•+t'i=uol f (u) . 
..,.. X (30.8) 

At that point the horizontal field component is still .JeO time s smal l -
er: 

(30.9) 

At the point (x, 0, -0) the vertical component is smaller t han E: (x, O, 
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~o) by a fac t or of E (30. 8), whereas the horizontal component (oriented 

al o~: ~hL ax t3 !) coincide s with the component (30.9). In depth, at the 
- point (x, O, z) = (x, O, lzl) the factor exp{ikYe=Tlzl> adds up to 

these expre ssions. The dipole oriented along the axis i, at points dis­
posed on the axis!, induces no field. Thi s l s why if the horizontal 
dipole forms with the axis x a certain angle~, by decomposing it along 
the axe s x and l into dipoles with moment s proportional to cost and 

sin ~, and taking into account that the field of the second of these 
moment s may be neglected, we arrive at the f ollowing final expressions 
for the field of the horizontal dipole: 

~ (x, o. - I z I> - o. 

(30.11) 

(30.12) 
All the remarks concerning the e ~1ergy trans fer and the implied value of 
the dipole moment, made in conr,ection with the formulas for the verti­
cal immersed dipole, obvious ly refer here too. 

Compari on of formula (30.1) and (30.8) hows that for equal di­
pole mome nt s he .. or izontal immersed ante nna induces on the ground a 
f _e l d tiy'et t i.me s greater than the vertica l a nte na. Further, from for­
m a s (30. 4 ) and (30. 5 ), and al s o from ( 30. 10 ) an (30.11) it may be 
:.; e cr r a t the recept ion underground of mmer :..; ed an t enna rad tat ton L ; 
be: tte i· realized on a horizontal antenna. The d if ference 1::: given by the 
factor 1/(~. Obvious ly, on the ground s urface the vertical component 
r ema i r :..; grea er than the horizontal. 

~i mi l arly to the ca ve of vertical dipole, t e field in the air 

above round is obta i ned from formulas for a ground horiz0ntal dipole 
by i m nt r hin the d i pole moment. However, thi s cha nge i s given by t he 

1' ct or exp(ik}" £ - l zo), w • c 1..; E t i me • greater tha n in the cas e of ver -
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tical dipole and t hl w y , e1~v he ;:, l t ua ti on L:; 1 r f avorab l e. 

§31. SOLUTION OF THE PROBLEM OF VERTICAL DI POLE BY SEPARATION OF VARI­ABLES IN CYLINDRICAL COORDINATES 
1. Expounded in this and the follo11ing sect ions wi ll be two meth­

ods ot treatment ot the problem about a vert teal electric dipole or1 the 
ground surtace, which are different fr m the method util i zed earl i er. 
The tirst ot them was historically the first rigorous method appl i ed t o I 

the indicated probl6m. It belongs to Sommerfeld [2] and was devel oped 
by Van der Pol [7]. The second method is that of plane ,.-,ave s , envi ­
sioned by Sommerteld and applied by Weyl [3). 

The description ot these classica l methods is necessary not only 
with the view ot completeness, but also because the results obtained 
here admit the generalization to cases (stratified atmosphere and wave­
guide propagation, Chapter 9), which cannot be considered within the 
tramework ot the method utilized above. Besides, we shall obtain cer­
tain results which will help in the refining of t he e s t i mate ~f ne­
glects made while utilizing the method of approximate bour.dary cond i ­
tions. 

On the one hand, it is possible to start fr~m the fact that t he 
field ot a vertical dipole on plane ground has a cylindr i cal symmetry , 
and to resolve the wave equation by the method of variable separat i on 
in cylindrical coordinates, whic . is standard for boundary value prob­
lems (Sommerteld, [2]). The solution has the form of a specific inte­
gral (see below (31.9)). However, the evaluation of this integral, re­
alized by a rather complex method of deductions , i s feasible only f or 
the case of not too small 1£1 (which i s , as we know, the mos t important 
in practice). 

At first, the solution of the problem considered by u wa s ob -
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t ained prec ise ly t hat way . True, this solution contained in the f i nal 

re su l t a small error, that went unnoticed for a long time. 

Sub sequently , the i ntegral expression (31.9) wa s the starting 

po i nt of various computations ((12; 4; 5; 9] and others), with the view 
of again obtaining the final formula for the field. 

A t reat ment of another kind (Weyl (3)) s tart s from the representa­
t i on of t he s olu t ion of the wave equation in the form of s uperimposi­
ti on of partial s olutions of a n entirely different type, i.e., that of 
plane wave s . Sati fyin g the boundary condition for each of the plane 
wave s , wh i ch is simple, the uperimpos ition of s olutions is then 

matched in a way that would guarantee the required behavior near the 
s ource ( 32 ). The formula obtained, which is precisely called by us 

the normal at t enuation function, was also initially limited to the con­
dit i on· . :) • [3]. It did not include the error that appeared in the 

f inal formula of the work [2a]. Both conclus i ons were s o complex that 
we at t empted to resolve the question as to which expre ss ion is correct 
by £lperimental mean s (and obvious ly resolved it in favor of the formu­
la of [3)). A s ub s tantial share of reasons of such an unsatisfactory 
sit uation con i s ted in that in the Sommerfeld' s s olution an exponen­
t i a l l y damp ir. r s urface wave was included as one of the addends (§23), 
whi ch wa s c onsidered a s nearly indispensable through erroneous con­
ce pts . oweve r , on the one hand, Van der Pol, havin conducted thi~ 

i ~vestigation by a somewhat different method in cylindrical coordinate ~ 
[7] , ha s ob t a i ned here an attenuation function i n c orrect form also. On 
the ot he r ha nd , whe n ec i t i ng the Ru ss ian trans lation of the Sommer-
f • d ' ., work , V. A. F'Jk [ 2b ] re vealed i t "nonr igor l :.; rr,," c orrec t ed t he 

c u clu .; i on , a r.d obt a i ned a correct re sul t .* In t he follow in t he met hod 
of plane wa ve wa • a ppl ied in a s~rie s of work~ , n part icu l ar i n t~e 

~~rk~ ~ j L. M. Brekhov ki kh [Cha pt e r 1 , 9; Chap ~e r 9, 3] , ha vi ng gen r -
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alized the s olution to cert a in pr ... r., ·· (. ,t ra ti.i' . ea rr.l;;!u:JHi ar.d others; 
see Chapter 9). It s houl d be not ed that f or the 'i 1dlt j uf' t he s olu­
t1.on then obtained, 1t was not required, s trictly s peak i ng , that the 
absolute value of !el be really very great. The solution takes place at 
great kr, but of£ it is only required that a sufficiently rapid damp­
ingot the wave directly propagating through the soil be assured (see 
below). Finally, the method of approximate boundary conditions was ap­
plied tor obtaining the normal attenuation funct i on with the aid of the 
differential (and not integral, as in §25) field equation by M.A. Leon­
tcvich [Chapter 4, 4]. We do not bring forth this solution, for subse­
quently, the same method was applied for deriving the attenuation func­
tion above a spherical ground, and we give this solution in §38. 

Assume, as usual, that a vertical dipole is placed at the point 
(0, O, +O) and that it is required to find the expression for the Hertz 
vector (unique nonzero component 'Tr= 'Trz) at bour.dary cond itions (4.7), 
(4.8): 

D (r, ,. 0) =- an, (r, cp, 0), 
an c,. 411 , O) an1 c,. !· O) - =- . n i>z 

(31. 1) 

(31. 2) 

where lf is related to the atmosphere (upper half-space), and 1!'1 to the 
soil. The equations for l!' and 1!'1 in variables r, <p, z will have the 
form 

v-n+~n=o, 
V'D1 + k'D1 == O, k' == ek!, 

V'= IP+.!.!.+.!~+~. ,rt r W tSilffS jzS 
(31. 3 ) 

These equat i on n arc invalid at the point r = z = O, and the ~elution 
must have a s ingu arit y determined by the ::; truct ure of t he s ource ( n 
our case a point d ipole). 

We shall seek the s olution b y ::;eparat ing t he var i ab e ~; , _r_ tr, E: 
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form o ~u per l mpos 1t 1on of the partial s olutions 

I . (vr)•-•Y.--'i! > O •. ~ . • z . 
(31. 4a) 

wi1ere J 0 i s a zero order Bessel function from the argument vr, where v is the separation cons tant. It is possible to be convinced that these 

(31. 4b) 

expre ss ions satisfy it, i.e., that they are really partial solutions, by direct substitution into the wave equation. 
For the solution to satisfy also the radiat i on condition, they must i n any case remai~ bounded at infinity. This is why the square root s must be recognized in a sence, whereby the ob ~c rvation of the re-

quirerr.ent 

Re V v•-•::>o. Re V V1 ~k1 :> 0. 
i s as s ured. Then as z-. + 00 the upper solution, and as Z-+-00 the 

(31. 5) 
lower solution will remain bounded. 

The superimposition of expressions of the form (31.4) for various v must moreover satisfy specific requirements near the dipole. Since while£ and~ approach zero simultaneously the field, directly emitted by t he dipole, acquire s a prevalent value, it may be required that as r, z - O the s ol li on has the character of the field of a solitary d i ­• ~: e n =::: )'~ - .!. • I nstead or that, 1 t could be required that as £ -

, -~ z~ R 

- 1 t e obtained s olution pass to a dipole field ln free atmosphere. We ,;hall see t hat the s olution obtained at the condition lim(RR) - const, ,, ... will also satisfy this second condition. Under both assumptions it 1::,; appropriate to separate from the total sol~~lon the type of dipole r 1e · ct n f ree a t mos phere. In order that beside s , thi s t erm fumish t he la l • .; olut1on a s E - 1, it may be provided with corres ponding factor ::; . 'l'hl ·. 1::; wr.y, s umm :!. n up the partial s oluti ons vJi l h the arbi t rary fac-1 ~ r~ f(v ) and r1 (v ),* we arr v~ at the f ol l ow1 ~~ form 0r thG ~olutlon 
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searched for: 

(3.16a) 

(31. 6b) 

(the addition ot the integral over negative v contributes nothing new 
on account ot the parity of J 0 and of the entire partial solution). 

The separated terms also satisfy the wave equations in both solu­
tions. It is now necessary to satisfy the boundary conditions (31.1), 
(31.2) by way of assortment of correct functions f and f

1
. T~ that ef­

fect it is convenient to expand the first addend s i n the s olutions 
(31.6} into an integral over zero order Bessel functions, making use of tormula (16.12a, b): 

At the same time we may combine both integrals together, so as to obtain 

D - !{7 Y v + /(v)} J,(vr)e-•Yv•-•!dv, • •+ v'-•: -n, - ~{.:Ir.:_ .. + /,M} J.(vr)e ...... _.. dv. 

(31. 7a) 

(31. 7b) 

Sub s tituting these expressions into formula s (31.1) and (31.2) and 
taking into account the orthogonality of Bessel functions related to 
various v, we obtain t wo equations for the determination of two func­
tions f and f 1 from which it follows 

(31. 8a) 
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a r.d !': r.ally 

(31. 9a) -n,- ~ ¼,.,.,, .. ,,~.,,. 
• (31. 9b) 

N-• Yv•-t:+ Vv•-.-. 
(31. 9c) 

In the extreme case k = k0 , e: = 1, we have N-2 Yv•-t: and, ac­
cording to relati on (16.12), together both formulas give 

.. , 
t ~~ ,r • z1 D - D, - - - • R =- r r +. 2 R ( 31. 10) 

i.e., the dipole field in boundles a t mo phere. On the other hand, as 
E - oo, we have 1/N - 0 and .!..-. 1 s o that 

N i'w•-•:• .-.. D--, z>O, R 

D1 =-0. z<O. 
( 31. 11) 

a s mu t be for a c ipole field above an ideally reflecting surface. 
Therefore, in principle the solution i s obtained for any£ and ex­

pressed by f ormulas (31.9). However, in reality this result is for the 
time being practically useless. Moreover, the exterior view of this 
(qu ite r i gorou l y obtained) solution does not even s uggest the required 
oluti on : the product of the "unperturbed" s olution (31.11) by a slow­

ly -vary i n~ a tt e nuation function. The obta l nin~ of thi Ll attenuation 
s till remains a fairly complex problem. 

3. Taking advantage of the parity of the i nte grand relative to v, 
1 -\ 1-t-!'° 1s pos sib l e t o sub s titute J by 

2 ~ . After t hat, having expre s s ed . -the Be se l funct i on by the half-s um of Hanke l f unct _;_ on · of firs t a d 
ce c or.a ~rae r , i t i poss ible t o close the c ont our by a s emic i rcumfer­
ence and apply the s ubtraction method. It i s then nece ssary to careful­
Y bypa ~s t:e t wo po nt ~ of branching (at~ - k

0
, and v = k) and take 
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into account the pol e N = O. It id r~un · to e wa l er al ~ha t one of the 
branching points lies near t he pole (t he neg ec t lns of t hi::.: case wa s 
precisely the cause of the error in t he work [2a]). Utilizing , besides, 
the saddle polnt method ~nd neglecting the terms of the order 1/£, we 
succeed in obtaining a closed formula (for detail s see [2b; Chapter 1, 
9]. 

. 
However, it is still much simpler to transform the integral (31. 9 ) 

toward the expression of interest to us by another method [12), which 
allows, moreover, to account very simply for the terms of the order 1/E 
and generally estimate the error committed [5]. 

We shall limit ourselves here to the case z = o, i.e., we ohall 
obtain the attenuation function for points on the ground surface. 

We namely shall take into account that the identity 
.-.-

• ·--
.!. _ _E. s• I d I • " • _.. v~-•i,.,,. vua=-r 

I • ·-• (31.12) 

takes place; here .!.-1 +.f, r; f the validity of which one may be eas t ­•• . 
ly convinced by direct integration with t he help of the s ubst1.tution of t . 
~.--~-•. OWing to this identity, we may write ins tead of fonnula t'••-1 
(31. 9a) 

(31. 13) 

Changing ihe order of integration, and by vi rtue of formula 
(16.1 2a), giv1.n~ the expan::.:l on af the ::; pheri cal wave b y Be ::.:se l func­
tions we obtain 

.-.-_ 
••--ra+• • 

•''• ~ I _..,... I D-- -~-~··d -· • · t - ... r Y ,,. - 1 
I ,r--r ·--, ·~ • • 
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c r:e , ~cc t s a nd a s sumptions re l ative to £ are yet made i n this expres-~ ~r . I t · ~ qu t e preci e. Since the quantity a i z complex in the gen-eral ca r, e , the integration i s performed over a certain path in the com-pl ex plane of t he variable u . For (cl» 1 we have 

t t 3 . t cs---:-:=~-1--+-- ... ~l--
vt

- t 21 ... 2a +- . • (31. 15) 

and c onsequently, the value of a is close to unity. The lower limtt of the i ntegra l i s then also located near the poi nt u = 1. The upper limit i ~, to the c ontrary, s i t uated in the re g ion of great lul. 
Let us break the integral into two parts (Fig . 31.1): 

.,. u-.-. (/,-/,), -•· ..... 
'• - . r 1...,.." • . J, f••-• •• .!. • ··-- . 

(31. 16a) 

(31. 16b) 

(31. 16c) 
and con i der them separat~ly , utilizing the above referred-to property of limi t and a l s v the fact that we may always cons i der k

0
r >> 1. On th e s trengt of ' h i la s t condit i on the integrand conta i ns the rapidly ­·;ary in_ f unc ti on exp{.-..,.a) , which decreas e s exponent lally a s u varie s wi t h i - approac hing the lim i t u = 1~. 

Let us consider r1 • Here the principal re ~lon of va l ue:..: l e the r~ ­g i on of'~, cJ o:..: e t o the l owe r llmlt, whic h l. ;..; i t self' clo:..:e to unity. 'l' •• i why we may po:.tulate 

11-1-;r,1 
and co 0 i der t he reg ions of small v a s effective. At lowe r l i mit wit h u =- u, :a..! , we ha ve ( tak i ng into account ( 31. 15)) cs 

(31. 17a) 
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Fig. 31.1. Breaking up the path of in­tegration. 

At the upper limit v - 1•. Let us expand the Pre-exponential func­tton in series by _y. This gives 

~ 

" 
J • • { f io 3 } l' = ~-" - ,-' - - - c,I ,-· -z ··- f • ,. 2 o -6 32 ••• 

,~ . . 
• • ' ( • ; 9 - 7z - ;; + 4 - 32 ol -f:- • • · / du. 

Theretore, (31.17c) 

.~ . ..,. ,. 
'•- • • r ~f-.!.+.!..-.!..,-+ ... J•-,t'i' l ,,. ' az Iii • . 

• ~ . -
_,;;..-.,.Ylvo• ~ ,•'d•{--!.+-1...-.!~+ ... J, (31.18) • ,,-2 t7 • ~ az.~>' . . , · .. 

P-0:..,o - iie,(J -o). ·c3. i 9 ) Let us introduce the already well known to us denotation 
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. r, 
l(P) == 1-2 y,,-, 1,.-rJw. (31. 20&) 

Below we shall return to the question, with what precision the p figur­
ing here coincides with our former numerical di s tance. Now, by integra­
t ion by part s , all the addends in 11 may be reduced to integrals con­
tain i ng y(p). Thus, for example, 

(31. 20b) 

(31. 20c) 

etc. Thi s i s why 11 take s the form 

/ 1-- ~ ,./ cs fg(p)+.!.!..::.! p(p)-I +.!.{!.=.!)'.!.+ .. •)• (31.21) , r 2 u - a> l a cs , " , cs , 
Since, according to formula (31.15) the ratio~~.!., Le., it is 

G ~ 
small, thi s expansion contains consecutively decreasing terms. Preserv-
ing only the first of them, we commit a relative error of the order 

.!. .!. 1 (;,)- t .!. . ( 31. 22a) 
• ~ 1(;,) , 

As we know, for small p 1(p)~l+i)"iip, consequently, this is a quanti­
ty of t he order 

(31. 22b) 

At great p we may consider 1(P)~- l/2p; consequently, the error 
has t he order 

t t -2- -. ... .. ( 31. 22c) 

'J'he r e f ur e ., a ssuming that 1•1>2, t_r>4, and pre:..;erv i ng only the 
f irs t te rm , ..• : the expans ion, we shall be commi tt i ng , even for wave., a · 
s hort a s de ~irable and the driest soils., a n error in no way exceed ing 
~1_//., . l ' r e :~ ~c vlni:~ the :.;econd t e rm., we ma.'/ i.mprove lhe pr e c i.::; :.on s til l 



turther. 

Being satisfied with the precisi on ind 1cated , \\l e n:a .- cor.s ider 

Let us pass to 12. As we shall be convinced, this integral wil l 
contribute a small correction to the result, required in es sence only 
tor the estimate ot the error committed at its re jection. This is why 

we ma~ limit ourselves to the first approximation. 

Taking into account, namely, that here too the value of the inte­
grand function is material only near the lower limit, we may expand the 
pre-exponential tactor in series and preserve only the first addend, 
taking its value at•- t'i' (there is no difficulty in taking into ac-• count the furthest terms of the series also, these serie s being by pow-
ers l/£k0r and converging well): 

" f - ~ .. ~ .,,,, - - Ya 11 

i'•·-1 , .. -•>''• <,.:-0•1, <•-a•>•,,""· 
Thia is why 

,. 
.-rs r 

'• - - '8-••>''• l .,. ·­• 
and consequently, 

n -~ ,.., I_!_ , (?) 

•·- I , t':f ,/ V ' r s+--t • 

(31. 24) 

Leavi ng in the pre-exponential factors only the terms or the or.der 1/£ 
relative to the principal ones, we obtain 

fi - ( I + ~·) ~ {g(p) +; I -t I .'(•-._,, J • . , . . ,. .., (31.26) 

where k-ll• = ie(Yc- I) 13 the difference of wave numbers • n t he ground 
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and i n the air. 

Therefore, we obtained the final expression for the field in the ai r in t he form of two terms. One of them, the principal, h,1s a famil­iar form and contains the normal attenuation function. The other de­scribes a wave, propagating from the source to the observation point with 3 wave number~- Y•••, characterizing the propagation in the soil. This is the wave, reaching the observation point through the ground. 

The found expression (31.25) is valid with a precision to terms 1/8£ in the region of large numerical di s tances p (31.22c) or to terms 1/8V•r• (in the region or small numerical distances (31.22b)). The transition to formula (31.26) is linked with additional (as may be eas­ily seen, little substantial) neglect in pre-exponential factors, name­ly with the neglect in terms or the order l/e2. Obviously, this may be also omitted. 

Let us pass now to the comparison of the result obtained with our previous expression for the attenuativn function (25.18). 
It may be seen first of all that the term, describing the passage of radiowaves through the ground, was absent in our earlier considera­ttons. This term describes a wave, investigated in detail in a series or works ([13; 14; 15]; see Chapter 1, 9) for the case when the trans­mitter ar.d the receiver are located in a medium with a great lel (for example, in the ground). It was proposed to call it the "lateral wave." In particular, the solution, round by us above for a source in the ground (§30), is reduced entirely to a wave mainly propagating outside the medium in which the emitter is located. Consequently, according to thic terminology it is reduced to a lateral wave in the atmos phere. Here t he wave corres ponding to the term I 1 , that ts, the directly ar­riving, has l i me to damp. In case of an emitter •ituated in the air, 
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provided the ground is s ~ff i c i e ntly cond ct i ng , t his t erm will be small 
because of t he usual attenuation tak i ng place du rin wave propagation LJ 
in an absorbing medium, i.e., it will be exponentially small. Its damp-
ing 1a described by the exponent 

.. ~ ... -_.. ...... ::r-: , ..... 
In certain cases the damping may result insignificant. Thus, it ~<<l, 

•'• the attenuation tactor obtained will be of the order 

(31. 27) 

which, tor the driest soils, a:::::: lO'CGSE, 1 :::::: ·2. gives a damping by e 
ti•a over a path ot the order or 40 m. True, in reality dispersion be­
gins to •nitest 1tselt p~ecisely 1n the region of superhigh rrequen­
c1ea, a rises sharply, and the true damping becomes still greater. The 
additional taotor l/k0r in this term does not affect the situation, for 

I I I ia the tirst addend y (p) tor small E , reverts to - -::::::- already for 2p .,, 
rather small values. However, the ratio or the second term to the prin-, 
cipal still has the order ~:. •• 1+• and for E = 2 t his ratio will b~ I ~, 

• I 

nearly 15• already with r 20 m. For E = 3 it 1s ab out 6~ at the same 
distance. 

In the case of all such difficulties we may ut i lize the more com­
plete formula ~ (31.26) or (31.25), clearly taking into account all the 
required terms. 

In our previous solution the absence of a wave passing through the 
ground was quite legitimate: when deriving the boundary conditions ly­
ing at the basis of the entire solution, we started in Chapter 4 from 
the tact that this wave may be neglected and th&t near t he s urface the 
field variation i s described by the function ,a~•(x) with the s lowly 
varying factor w(x). The wave pass ing t hrough the gr ound does not ~at­
isfy thi z condition. Howe ver, this , a 3 we ha ve ~een, may be ma t erial 
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only near the s ource. In thi s region, therefore, the boundary condition (~1. 20) doe ~ not pretend to de~cribe the field. 
Let us now t .urn to the question as to what extent the numerical di stance (31.19) coinc i des with the nume ical di s tance (25.2) which we heretofore considered as being the argument of the attenuation func­tion. From formula (31.19) we have 

P=Pa•=it.,(1-~) · (31. 28a) 

Expanding p1 in powers 1/E and limiting ourselves to the terms or fir st order, we shall obtain 

Pa==:,...,- 1-- ==----. •j, ., t ( 3 ) , • ., 
2a 4a 2(1+ /J Meanwhile, we considered heretofore that 

(31. 28b) 

(31. 29) 

From a practical viewpoint the departure i s insignificant. It i ~ s o much the more immaterial that it could manifest itself only tor 
small 1£1, when the attenuation function may be replaced by its asymp­totic express ion -l/2p already at a distance of one wavelength from the source, so t hat (if we neglect the wave propagating through the ground) formula (31. 26) will give 

3 
•""' ( t ) • + 4 ,'ftc, ,. ( 7 ) D==- l+- --:-~--I+-, , . .. _,.., , . ., ... (31.30) 

while our previous solution (24.22), (25.20) is 

n ..., /1 ( I) ~-- I+-- . r t., C (31. 31) Consequently, the relative error is equal to 1/8£, which means the n ­~roduction of a correction of the order of 6%, independent or the di s -ance , even for the driest s oil s . 
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Therefore, the ne glect of s dis t nct ion wi be man i f est in the 
same quantities, as the neglec t of t he terms of the order l/E2. 

It should be noted in general that expressions , s omewhat differing 
by the terms or higher order r~lative to 1/E, are recognized for the 
numerical distance in various works. Thus in the works [2; 4), t he 
product ot ik0r by the ractJr 

t!(il-t~- •~t t • I .. - -- ~ ----.----.--.. 21• 21' 2a( t+ ! + !.+ ... )" (31. 32) 

1s recognized for the numerical distance. As may be seen, this coin­
cides with what was given by formula (31.29), which we obtained in the 
solution baaed on an approximate boundary condition and which we util­
ized everywhere. 

In the exact solution, brought up in the present section ([12; 5;* 13]), formula (31.28a) is obtained instead of that which, as we have 
seen, is practically coinciding with formulas (31.29) and (31.32). 

Finally, in the work [2b] instead of he fact~r (31.32) figures 

(31. 33) 

As already st ressed more than once, inasmuch as the value of Eis 
e s tablished from ~omparison of experimental data with the deductions of 
theory, the really measured quantity i s a certa i n effecti ve value Eeff 
(that is, Eo, £ + 3/4, E + 1/2 or£+ 1, depending upon which theoret­
ical formula is used). The refinement of the solution obtained by way 
of accounting for these small additions has only the sense whereb~· it 
proves the applicab il i ty of the normal attenuation f unct i on down to the 
driest soil s and s hortest wave s . 

We do not bring up the corre s pond i ng conclusi on f or a field i n 
space or for a s ource rai sed above ground [51 (see a l s o §58. 2). It i s 
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obv iu~~ that t he field in s pace · ~ determined b the field on the sur­
f ace. ~hl.:i : - 1\lhy t he coincidence of solutions for z = 0 prt.Jetermtnes tn~~ r c o ~c - dence at z / 0 also. 

§32, METHOD OF INHOMOGENEOUS PLANE WAVES 

The baste problem of theory of radtowave propagation may be also 
re s olved in the case when the partial solutions of the wave equation 
are taken in the form of plane waves [2; 3]. As is shown 1n §16

1 
the 

field of a point emitter in a uniform medium may be represented by as-
s ortment of plane waves only in the case when waves with complex propa-
gation vecto r are present 1n it 1 ~~, which is the same, with complex direction cosines (16.lla): 

t "-.~ , s j◄ :»j. , f •.•+.fh"• y ~-,:-.• J ,1q.,i,, n.----=-- , • -:-,====:;;;;:a:=r (3 ) 2 · R 2 2'I -- ¥•:-,:-~ • 2. 1 

This i s why the presence of such waves is inescapable even 1n the complete solution for an emitter above ground. 
Ass uming 

q. - •• sin e1 cos,, q, =- •• sin e1 sin f, q. :::s i
1 
cos cz, 

we shall pa ss t o i nt e ration variables (a,~). As is easy to vertty
1 t ' e acobia n of this transformation is equal to k:sina&cosr.c . Considering hat~ varieu from Oto 2n, we shall obtain 

(32. 2a) 
The que ~tion of limit of the integral over a or, to be more precise, 
ul' t he lnte ,'.: rat on pat h r in the complex plane a ls resolved by break-
i, 1: •: 1,r \ ill ) int c,!;ral over qx ' qy Ln two part r; . It in materialized tn 
f'ur111u.1a ( JG . L' I ). So l orn?; a n q!+,;==-k:sin'r.c<k!, lt may be considered 
U-iat , cover•· a ll the value n from O to n/2. In the region q 2 + q2 > k

0
2 

X y ~-.J • · 11111 • • 1 c· t 11 1:; ! tft ' 1' sincx> I. C:.m :;cquently, ln order tu de!:crtbe the 1 1 e .. 
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gration over t he ent ire plane of v- r i ble ~ (qx, qy ), we must add to the 
integral over a, taken from O to -rr/2, the integra l over the path from 
Tr/2 to !!.. ±loo. The requirement of finiteness as Z-+'00 compels us to 2 
choose the sign minus. We thus finally obtain that the contour r begins 
at the point a • 0 and drifts toward ex-= !.-100. In view of the absence 2 
ot poles in the integrand it may be deformed in the plane a in an arbi-
trary fashion, provided the terminal remains fixed at a= O. 

Asswae now that the source is located not at the point x = y = z = 
• O, but is raised to the altitude z0. Then we must distinguish the 
cases z > z0 and z < z0 even in the region of only positive~- In the 
tormer we simply shift the origin of the couut. But in the region 
z < z0 , the sign at z should be reversed in agreement with what was 
said in §16. This 1s why, instead of formula (31.2a) we shall have 

~ .. 
n. -½i!)•..ts I ,,..., ... ,-+ .. -.±C•-•0-1 (• ii:!•~)- (32. 2b) 

The method consists, therefore, in replacing the field of the 
source by a group of plane waves. Considering the reflection and re­
traction of each of them on tne surface of medium interface, we may ob­
tain the total field in the presence of ground. 

Each of the plane waves, incident upon the interface, generates a 
reflected plane wave, differing from the incident wave by a complex 
factor f and change of the sign at z in the exponent, inasmuch as a re­
flected wave propagates from the ground. Every refracted wave is d is ­
tinguished by the complex factor gll, by the substitution of k0 by 
1-=lr,VS (inasmuch as it must satisfy the wave equation in the lower 

medium) and by substitution of a,~ by certain a',~•, which are func­
tions of the first. Consequently, it is described by the function 

(32.3) 
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Each set of t hree such wave s must satisfy the boundary condi tions 
(31 .1), (31. 2) at z = O. We already considered this question earlier 
(see §19.1) and we found that hence follows the standard law of retrac­
t ion, valid, as is easily seen, also tor "complex incident angles" ot 
the plane wave. For f•l 1 and ••••• and also tor a they are expressed 
by Fre snel formulas (19.9), (19.17) a~d (19.18). Inasmuch as 1 and! 

' • • 19 • , 

enter ing i n t hem are expressed by a and a , - --ca, T - --ca, we have 
Z 2 . 

(32.4) 

(32.5) 
1 + /1 2cos• ,,------~--:--:-:7==-=:=;:= I ICDI• + )'1-ain'a 

(32. 6) 
Adding the incident and the reflectec waves for every a and then 

i ntegra t ing over a, we find the fie :' d in the upper medium tor z > z
0 and, i n particular, postulating z

0 
= 0 for z > 0: 

••• n-fi! ~am•~ d•<: +fa c«n,-., .......... +,.,.., •• +->. (32. 7) r • 
Integrat i ng over a the expres sions for the refracted wave, we obtai . , 
however, f or the field ln the ground 

•• 
D, -½i;ji•inmd,a ~ dt6a(11)el"-'--•-•+-"-=-i.1, (32.8) • • 

where by virtue of formula (3 '1
• 4) Yasin ca' and V,cosca' in the exponent 

are re s p~ctively s ubs t ituted by s in a a i"!d Y•-sin•~. 
Sub seque nt ly, we may proceed 1.n two ways. 

First of all, the formulas obtained may be r ed11ced to an already 
know r. expans ion by Bessel functions (31.9). To t hat effect we shall , ~; tu ate 

x- rcosr, 11-= rsin T, 
. ; _, t .Jat we :., hall ha ve in the exponent:.; of f~ ,r r , ]a:; ( -~; • . ·() :1nrJ ( J2 . ,q 
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.clin~coscp + g sin ~sin q, = r sin 2 cos (rp- r). 
Now performing the integration over~, we ave .. 

~~•-Y>dcp - 2nJ1 (1te1sin~). . . . (32.9) 
and then postulating 

we obtain 

(32.10) 
But (ct. (31.9c)) 

Therefore., the resul t coit'"Jcides indeed wi t h formula (31.9a). Anal­ogously it may be shown that formulas (32. 8 ) and ( 31. 9b) coincide also. 
However, instead of t hi s it ls poss i ble u pe rform the integration directly in variables a,~- Thi m~thod wa ~ a ppl ie al3o to other prob­lems, maintaining the problem' s ,·ymmetry a :-id :n Lhe first place to the problem of a stratified-nonuniform med ium , import a t in particular for the study of propa ~atlon of very hort wa ve in a nonuniform atmosphere., in w. ic , t he properties of the medium are cons i de red to be dependent only on a ing e coordinate! (§55). 

Manu­
s cript 
Page 
No. 

223 

264 

[F'ootnote s ) 

n ne o own~ we ~ua re ec ~ ~ 
I t f 11 i 

I,.. 11 j ' he t me fac ◄ or e- lwt every-
wre r e . 

Then 1 t hould be borne in mind t ha ~r. f' ormul ;-; , f igurlng in 
r c:.1 . expre s ion -· of the t ype~ = 1_ ,/,_ co~l"' are E::n coun-. Jlr.n V& • 
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t ered, whicn may be subst ituted by 1/f•+l ( i nasmuch as all 
the calculations were performed with a precision to the terms 
of the order 1/E inclusive) and expressions containing the 
terms of the order l/e2 which 1n suc.h a case may be dropped. 281 The argument +o indicates that we consider the field in the 

plane z = o in the air, whereas the argument -0 denotes the 
consideration of a point directly under the plane z • 0 1n · 

the soil. 

289 In the text of the Russian edition of (2b), page 954, a ref­
erence present in the German edition was inadvertently main­
tained, i n which it is stated that the result would coincide 
with t hat obtained by Sommerfeld in 1~09. 291 They should not be mixed up with the reflection factors or 
other sections. 

302 In the text of the work (SJ, with which the conclusion co in -
cides in essence with that or this section, formula (31.28a) 
is utilized. However, passing to the numerical data (5, page 
1385], the author utilizes formula (31.29), without pausing 
at the immaterial change then made. 

(Transliterated Symbols] 251 3 ~~ = eff = effektivnyy = effective 266 noB • pov = poverkhnostnyy • surface 266 npocTp = prostr • prostranstvennyy a spatial 
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Chap1;er 6 
DIPOLE NEAR A SPHERICAL GROUND SURFACE 

§33. INTRODUCTORY REMARKS 
The spherical shape ot the earth must be taken into account in the 

moat general case ot the theory ot radio-wave propagation above the 
ground in an electrically homogeneous atmosphere. The history of the 
problem can be broken down into two periods as re gards the objectives 
with which the theory was confronted. 

In the very first years of the development of radio, in the middle 
ot the t1rst decade ot the XX Century, when it unexpectedly became pos­
sible to establish radio communications between Europe and America, the 
question arose as to whether radio waves emitted by a source on the 
ground could follow the curvature of the earth' s s ur face. The optical 
analogies suggested that s uch s ignif cant diffractive penetration of 
the radiation i n t he re gion of the geometr i cal s had 0w was i mpossible 
(if the dimens ionJ are changed proportionally, radio wave s with a 
length of the order of 1 km would no more be capable of encircling the 
globe t han a light on the surface of a cherrystone could illuminate its 
opposit e side). This immediately ga·,e rise to the hypothes is of the ex­
istence of an ionized layer in the upper regions of the atmosphere 
a layer which, reflecting the radio waves, channels them through a rel­
at i vely thin layer near the earth. 

The boldne ~s of this hypot he ts and the lack of a confirmation for 
lt ga v ~ r ise to many attempt s over the year s to find an exact mathemat­
i ca so t on 0f the d i ffract' or1 prob em. Th0 ract that a cyl lndrical 
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wi re serves a s an axis along which a wave can propagate on the one 
:1and, and, on the other, the irregular Zenneck solution for the ·plane wave, which apparently would confirm the hypothesis that such~ surface wave does exist at the plane (see §23), gave rise to the erroneous idea that part of the field radiated in the form of a wave ''clinging to the surface of the globe might follow this surface over a considerable part of its circumference. 

A rather long time elapsed before this concept was refuted and it was ascertained that the field diminishes exponentially with distance over long distances. Since this decrease, like any other ditfractive 
attenuation of a field in shadow, is less noticeable for long waves 
(see §39 below), interest was concentrated on the problem of long waves up to 10-20 km) and considerable angular distances (considerable trac­tions of the earth's circumference. 

When it was found by experiment that the true mechanism of radio 
wave propagation around the world is precisely reflection from the ion­osphere, and radio communications over long distances began to follow a trend toward shorter wavelengths, propagation of the ~urface or ground wave ("daytime field") with consideration ot the curvature came to at­tract special interest tor precisely the short waves and, with the de­velopment of radar, for ultrashort waves. The distances that had come to plaJ the principal role in theory were accordingly shortened, and it ma j be considered at the present time that in the problem ot the homo­geneous atmosphere, as long as we disregard the beam reflected from the ionosphere, we are interested basically only in distances between cor­re sponding points that are very short as compared with the earth's ra­

dius. 

I n one of the early papers [l) on diffraction of radio waves 
around the earth, Wat s on used an ordinary expans ion i n orthogonal 

- 309 -



(spherical) tunctions to obtain a solution in the form of a series, 
which, however, showed very poor convergence. The only result round () 
troa 1t waa an asymptotic expression tor the tleld ot very long waves 
at the earth's surface over very long distances tran the source. It 
brousht out tbe expanential nature ot the decrease in field amplitude, 
and it waa thus proven that we may not explain the propagation ot radio 
waves around the world by dittraction alone. 

Th1■ aeries was transformed to practically useful ronnulas at 
first by substituting various asymptotic expressions tor certain of the 
tu.notions that appeared in it. These substitutions were frequently made 
without adequate Justification, were mutually contradictory and did not 
permit estimation ot the error incurred. 

A sequential formula that permitted approximate calculation or the 
attenuation function tor ground or finite conductivity with diffraction 
taken into account was obtained by B. A. Vvedenskiy [2] in 1935-1937. 
Diaaram• constructed on the basis of this formula were used extensive­
ly, and their role in practice was very important. Then van der Pol and 
Brummer [3; I, 11] used moN exact asymptotic expressions tor the sub­
stituted functions and obtained a general regular formula (see (39.20) 
below). They presented it in the form or diagrams tor a large number or 
practical cases. 

The important problem ot the transitional region near the geomet­
rical boundary ot the shadow was not adequately analyzed in these stud­
ies, and the range ot admissibility or the approximations adopted re­
mained unclear. These problems were investigated by V.A. Fok [4], in 
which he submitted a very complete solution to the problem. The basic 
final formulas obtained by Fok are in agreement with the van der Pol 
and Bremmer formulas. 

) 
It was every important fact tor practical applications that Fok 
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reduced the solution i n series form (which converges poorly near the , boundary of the shadow) to an integral (see Formula (39.2)). Together with the results of subsequent tabulation of the functions appearing in the solution [4; 51, these results may be regarded as a firm basis for the necessary numerical calculations and as the culmination of the en­tire problem. Soon afterwards, the identical solution was obtained by M. A. Leontovich and V.A. Fok [61 by a totally different and much simp­ler method that used the Leontovich approximate boundary condition (§21) as a starting point. 
At the present time, therefore, the problem or radio-wave propa­gation in a homogeneous atmosphere near an electrically homogeneous and smooth s pherical earth's surface may be regarded as solved. Iowever, before setting forth its solution, we shall present a semiquantitative analysis in order to ascertain the relative importance of the various factors that enter into the problem and to obtain some­thing of a vantage point in our treatment of the process. 

§34. ESTIMATES AND DETERMINATION OF THE BASIC PARAMETERS The basic fact responsible for the possibility of various simpli­fications in the problem under study is the shortness or the wave­lengths of all of the radio waves of interest to us as compared with the rad i us of curvature of the earth's surface. This radius, which we shall denote by the letter!, may be regarded as equal on the average to 6370 km~ 6.4•108 cm. The quantity ka is the large new geometrical parameter of the problem, which is added to the electrical (usually large) parameter£ that we already have. 
The presence of two large parameters complicates classification of the various particular cases to some degree, because bot h t he i r rat i os and t he ratios of the various powers of these parameters may appear in 
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r, 

the solution . 
• It •s stated 1n §33 that we are usually interested in segments of 

the earth'• aurtace whose linear dimensions are small as compared with 

the earth's radius. Hence it the central angle (Fig. 34.1} is taken as 

the coordinate ot a poin~ on the surface, this angle may everywhere be 

considered small and we •Y accordingly replace sin~ by~ or, in the 

extre• case,~ - (~/6, 3nd cos~ by l or by 1 - (~2/2}. 

It we pass a plane xy tangent to a certain point on the surface ot 

the earth and direct the vertical axis! along a radius into the atmos­

phere (Pig. 34.1), the equation ot the surface may be written in ap­

proximation in rectangular coordinates as follows: 

(34.1} 

(Actually, the exact equation would be a2 = x2 + y2 +(a+ z) 2, i.e., 

, _ _ ..-+r_+a1 . But .c'+g'-a•o:. while zl ~ ~ a•ft:, and 'hence we may 

drop z2 tor small ~1.} 

Fig. 34.1. Symbols to §34. 

Just as in analysis of the field near a flat round surface, we may 

limit ourselves to consideration of the field Qutside the earth if we 
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i nt r oduce the Leontovi ch approximate boundary cond i tion for the f i eld 
at t he ~urface. The admissibility of using this boundary condition in a 
nonplanar case is explained by the fact that the radius of curvature of 
t he s ur face is very large as compared with the depth of penetration of 
the field i nt o the ground. Here also, therefore, the field in the 
ground is determined near its surface by the field at the surface in 
the vicinity of t he observation point, on a segment that may be regard­
ed as flat. 

The applicability criterion for a nonplanar ground can be deter­
mined more exactly on the basis of the following considerations. 

We saw in §14 that a plane wave is propagated from the surface in­
t o the interior in a ground with a high specific inductive capacitance 
E. It is e ssential that, at depths of the order of the depth of pene-

l tration yi' its front is created b in-phase osc illations of the f i eld 
at the ground surface. To retain this picture in t he case or a curved 
surface, it i s important that within the limit s of a segment whose 
length is at least of the order of the penetration depth, the surface 
fall away from the plane by an amount that is still small as compared 

l with t he "wavelengt h" in the soil 11 -­,. I I I 
Let us place the origin of the rectangular coordinate system xyz 

ln coincidence with the middle of the segment under consideration in 
such a way that Eq. (34.1) wlll be the equation of the surtace. Then, 

l• acc or d i ng to the above, it is necessary that f'.:>r x' + g1 =- - the s11b-
l I I ~t dence z of the earth's surface from the plane be very small as com-

pared wit h l./yjaj , 1. e. , that 

2-vfal ;., 1 . (34.2) 
i t 1s readily seen from this that if we disregard the curvature, the 

t e r ror ln t he boundary cond ition will be of the order of --=-- ([IV, 3 ), u, \al nee (40 . 13 ) be low). Thi s condition is always more tha n zat t Ll f i ed. 
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Below we shall consider the field of electrical and magn~ttc ver­
tical dipoles. In both of these oases, the field in spherical coordi­
nate■ oan be described by the Hertzian single-component vector nor nm 
or the related Debye function u(r) and v(r), in accordance with Formu­
las (3.29) and (3.30) and the wave equations (3.28a) and (3.31). The 
oaaponents ot the electric and m£.gnet1c fields are determined by the 
Debye tunctions trom Formulas (3.32) and (3.33). 

To the extent that the approximate boundary conditions (21.33) and 
(21.35) apply (criterion (34.2) 1s satisfied with an enormous margin}, 
we •Y simply rewrite t1. Jm, substituting nz by ru and rrmz by rv: 

for r=-a; 

(34.4) 
However, at the earth's surface, r = a, taking advantage of the 

tact that up to~ - 10 km even over the ocean surface, and for even 
longer wavelength13 over land 

we •Y use the boundary conditions for~ and v in the simpler form - ,. ----u Ir )"i1 fq r r-= a. (34.5) 

(34.sa) 
We can combine these two cases, considering a funct i on u that sat­

isties the wave equation and a boundary condition .. 
---i .. ufor r-a Ir .... . • 

t 11-t:f for a vertical electric dipole, 

11-Y •-cos•• for a vertical magnetic dipole. 

(34.6) 

(34.6a) 

( 34. 6b) 
The field of sources at the surface mu t be de fi ned t r. ~u~h a way 

that it will merge at short di s tances from t he : ource s in t o t he f i eld 
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found f or the plane wave. Hence we need not write out the s ources in explicit form. 

Let us imagine a source at a certain point above the surtace. This case is illustrated in Fig. 34.1 with a distinct distortion ot the scales (t~e elevation of the source and of the observation point almost never exceed fractions of a per cent of the earth's radius; exception~ are radio communications with satellites and comets and radio astronomy tn general). The difference between the radial coordinate r of the point and the earth's radius a will be denoted by h0 for the source, and by hA or simply by~ for the observation potnt: 

lao-ro-a, 
I& - laA - r -a < a. 

The angular distance between the source O and the observ~ ..... ion point A will be denoted by~, and the line~r distance by R. The distance along the arc of the great circle between the projections of these points on the surface ts D = a~. 
If we suppose that the source is emitting rays that propagate in accordance with the laws of geometrical optics, it is obvious that the horizon plane OC', i.e., the plane passing through the source O tangen­t i ally to the s phere, plays a fundamental role. In the approximation of geometrical optics, the surface of the sphere is tlluminated to the left or point C', while the rest of the surface (to the right or C') is in shadow, below the horizon. This, however, may occur only tor in­finitesimally short wavelengths. For finite A• 1iffraction will blur t he boundary of the shadow. It the bollndary were formed by the sharp edge of a screen, as was considered in §11, the field strength would dimini sh as we approached t he observation point below the plane of the hori zon , following the curve of Fresnel diffraction from the edge of the ., creen shown i n Fig. 11. 3 , wh i le the att ,~n ua t:.-:i. function would 
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vary in accordance with Formula (11.7a), i.e., in inverse proportion ,.. . to the distance to the plane of the horizon (see (ll.8c);~-sin+): . ,, 

• ·1/II t t_\ la~ 
·-:- r • l~+,J •+!1 • ,, 

where (Pig. 34.2) hA is the distance to the "plane of the horizon," 
p1 • OC and r 1 = AC are the d1.stances to the edge of the screen. Thus, 
we should have (for r 1 - p1 ) 

l•J-+ • /~. 
"A V 

and the attenuation would be measured in terms of the number of Fresnel 
zones in the vertical plane that can be fitted between the observation 
point and the horizon. 

As was shown by V.A. Fok [7], this actuall~ is the case, but only 
in the immediate vicinity of the horizon, where h' is small and repre­
sents a small fraction of the distance from the horizon plane to the 
ground surface at the place in question (for greater detail, see §39, 
subsection 3). As hA increases further, the field diminishes much more 
rapidly with increasing lh;_I (exponentially, see §39), and this is es­
sentially due to the fact that the Kirchhoff method is inapplicable to 
the present case. That is to say, integration in the Kirchhoff method 
would be carried out over the "plane of the hole," i.e., over plane CD 
above point C, and the field would be assumed equal to zero on the rest 
of the surfa ...;e around the observation point (the "shadow side of the 
screen"). At the same time, due to the slight curvature of the earth, 
the field penetrates along the earth's surface considerably beyond 
point C, and for this reason the integral over the "shadow part" of the 
ground surf ace cannot be dropped, as it was for tne screen. Hence it 
will be correct to substitute a sharp screen edge for t !-1(; s pherical 
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earth in the calculation only in certain cases. 

Let us now turn to the question ot . the extent to which the tield 
on the illuminated part ot the sphere may be regarded as undisturbed. 

To obtain the bounds, we shall start from the same integral rela-

, 

I 

,I 
I 
I 
I 
•C 

I I 
I I 
I I • 

Fig. 34.2. Substitution of wedge for spherical surface. 

tionship (5.14) that served us tor analysis of the field above a plane. 
Assuming that the surface S coincides with the surface of the earth and 
us ing r' to denote the distance ot the observation point from the cur­
rent point on the surface, we rewrite this relationship for~ (all con­
clusions are, of course, equally applicable for 1) in the form 

u-u,+- ----u-- dS' 
t I{,,.,. .. ~ ~,,.,.} 

41' ,. c)n c)n ~ • (34.8) 
where differe~tiatio~ is with respect to the outer normal, i.e., o/on = 
= -(o/or). Substituting ou/on from the boundary condition (34.5), we have 

I ~ ,,v ( //1 • I ) I,• } u-u,+- u- --ikfl-- - dS'. u ,. }'ii \ ;.,. c)n s . I 
(34.9) 

'I'he lerms in braces are relatively slowly varying function s of the 
presert c oordinates, and~ may be written in the form 

("4.10) where w 1s a relatively slowly varying attenuat i on funct i on a nd u
0 

1s 
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the t1eld that would be created by t he source in quest ion in t he ab­
sence ot the earth. Selecting a source power such that in tree space .... ..... -. 

R 
(34.11) 

where R ls the distance to the source (tor the present points on the 
surface,•• denote R • p ! ). we see that even here the relative impor­
tance ot the various j_ntegration segments is determined primarily by 
the multiplier exp(ik(r' +· p' )), which delineates zones on the ground 
that are nonplanar 1n the present case. Obvious ly, the influence of the 
curvature 1s determined by the shape distortion of the first few zones 
as compared with those that we studied i n the case of the plane. We 
note that the value or u0 that we have selected (34.11) corresponds to 
n,-,Uo,.Gllo • which d ffers by the factor 2a from that used in Chapter 
5, see (24.0). 

Fig. 34. 3. Role of surface cur­
vature within e s sent ial zone . 
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Suppose, for example, that the source is on the ground and that 
for t hi s rea s on the plane of the horizon coincides with the tangent 
plane at the point of the source. As in Fig . . 34.1, we shall introduce t he Cartesian coordinates x, y for this plane and! along the normal io it (Fig . 34. 3 ). Equation.(34.1) will again be the equation of the earth ' s s urface. 

Let us cons ider two cases separately. 
Suppose at first that the observation point A i s elevated above the hor i zon. If the earth could be regarded as flat, then, as we know 

(Formu l a (1 2 . 11), Fig. 12.2 or 26.2), the essential point would be val-ue s of x' s uch as woulc fit into the first zone, which is cut out on 
the plane by an ellipsoid. That is to say , at significant heights!, t he ob ervat i on po i nts 

z' ,2a === " 1 
•sin•t' (34.12) 

where 'I/I i s the elevation angle. For small 1, the zone covers all d:ts-tances , x' ~ x. Thi s occurs for 

. .,. Y• 2 
san,, - Y•x - t'•x • (34.13) 

The i nt erference (re f lection) formulas are, in particular, valid tor 
large enougn ~- Obviously, the curvature of the earth is nonessential and will not a f f ect the res ult obtained for a flat earth it within the limit s of this essent i a l zone the s urface drops away from the plane in .. sig ,i ficantly, i.e., by ~o much that substitution or a curved zone for 

the plane zone wil l i ntroduce, even ~t its end, a small phase lead~ on a pa h OSA, 6'1>~:t. But for a wave pa~~ ing at an angle 1 to the hor l -
• c . , with a wa ve number k == k t .i.n ,; on the z -axl ::: , this addi­z t ;__ na :.. p · •• ~· ., lead amount s to 

(34.14) ·.-: • • , 

1 

i. :: l i1L: cJ i .. t. ance of t he point on the ground surface from the 
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~y-plane at the end or the zone. According to Formulas (34.1) and 
( 34.12)., 

~-~- .. 
29 ~ain••' (34.15) 

and the condition assumes the torm 

ACD .. H -........... .. (34.16) 

or 

(34.17) 

I Here p1 denotes the large dimensionless parameter fka, which i s of im-
portance tor the entire the ory and appears here for the first time. 
Since these considerations have applied to the case of ::; uff i c l ently 
high observation points, i.e., in any event to the re gion 

. 2 • ••n•>--=-, f&r ( 34.17a) 

it will not make sense to speak of Condition (34.l 'l ) at a_ : unlesb it 
proves to be a new limitation, i.e., if 

or, in other words, unle ss t he f ol lowing c ondi t i on l::; 3ati~fied for R 
new di mensionlesu quantity p~: 

,:;, 

(34.18) 

This parameter p2 i s also of great importance for theory . Expre ss ing 
d t::; tance in ki lometers, xkm, and wavele ngth i n met e r ::. , Am' th t :..; param­
eter, a ~; ::; um i n~ a == 6 .4·103 km, is convenient ly expre :::;sed a s follows : 

( 34.18a) 

The de r i va t1 0r o f (34 .16) may be se t f -:.; r t h l n r~r ea t e r d e t a il. Jt' 0 r 
th is purpos e: , let uc c':.ln:::; 1.ci e r t hC; ~um 01' tr1 c; i:,:i t. h:; r ' + r ' 1· ·,r ~..1. c;u r-
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-
rent point , fi r s tly on the plane xy and ..,econdl on tl1e ::urf~ce 01' t Ja, , earth. 

For a point on the plane., we have x' << x t'or the case ot consid­erable z and 

For a point on the sphere 

+ y .... +11'"+( ···:,·• )'~ (34.19a) 
' ,.+~ ~ + f ,t I + a + 1'1ll 

-..z -, 
2 , .r' (ll-.r") 2 (I - .r') ISG• (.r - .r") ' whe re we have dropped r.1ghur-order terms (we are assuming that y' << << x'). Consequently., -.':he pha.3e excess obtained by rnul t iplying the dif-ference between these two ~xpressions by~ is., as assumed in Formula (34.16) (the last term in (34.19a) is small and x' is substituted from Formula (34.12) equal to: 

Let us now consider the case of small height s ., in the vicinity of z = O, i.e., the case in which the observation point is in the plane of the horizon . Here we obtain instead of Formula (34.19a) 
·• t r' + p' ::=x + C 

1 + - 1 ex·•+ 1l')1• ( 34. 19b) • 2 .... , ... _.,., aai .... (.r-.r') 
As s uming that the first zone now covers the region of all x' up to x' ~ x, wit h all of them generally playin~ the vame role, we put 

Thi::; f~ives ~'-x-x-x'. 
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Consequently, tor the 
• 

curvature to exert no i nfluence we mus t have ..... .• 

(34.20) Pa- - < I • ... . 
Thus, swmnarizing Conditions (34.17), (34.18) and (34. 20), we may 

•ke the tollowing statement. 
It the dimensionless parameter p2 = 1cx3/8a2, where!, the pro jec­

tion ot the distance to the observation point onto the plane of the 
horizon, is small, the curvature will be nonessential even for observa­
tion points lying in this plane. It it i s large, the curvature will not 
make itselt felt tor observation points elevated to a he ight s uch that 
the glancing angle 1 satisfies Condition (34.17). 

Using the reciprocity theorem, we may als o make the following 
statement. It the source is located above the plane of the horizon or 
on it, then the fie~d that it creates at the surface of the earth will 
not differ from the field that would be created here if this point were 
on the plane of the horizon, which coincides with the tangent {at the 
observation point) plane provided either that p2 << 1 or, if p2 ~ 1, 

t that the glancing angle of the incident rays,~, exceeds,---. 
yici Thus, the range of distances! (from a s ource at the s urface) in ,,,, . the tangent plane t hat satisfy the conditi on -=p1((1, may be regarded Ba• as undisturbed. The result for an elevated observat i on po i nt can there-

fore be obtained from the following simple cons i derations : for curva­
ture not to be a factor at an elevated point, i t is neces sary that the 

2 region of the surface x' 1" --- e ssential f or i t (compare (34.12)) •1in•• _ 
fit into the undisturbed zone z'<Ji'~'. Condition (34.17) follows di-
rectly from this. 

Up to thi s point, we have s poken only of t he r~eometr cal paramE: ­
ters. But it is al s o obvious that the curvatu re v,1 1 1 ma ni fe st to a 
greater or lesser degree depend ing on how ra pi dly the fie l d s attenu-
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a e~ wi th incr ea s i ng distance due to the poor electrical properties of the soil. That iu to say, it is essential which of the two attenuations - geometrical or electrical - comes into evidence first as we increase our di s tance on the actual surface from a source on the surface ot the earth. This may be formulated somewhat differently as follows: has£ begun to differ from infinity when the curvature begins to appear, a 
Le ., at di s t a nce; ~~ x-f8:J'? To answer this question, it is necessary to determine whether the corresponding numerical distance 1s greater or les s than unit y . The situation will, of course, be different for elec-

1•x 
trical and magnetic dipoles, since the numerical distances,-- (25.2) 2a• and p .. = '; (£ - l)x (28.1) for these will be related differently to the ge-ometrical di stance x. We denote for the vertical electric dipole 

-t ==--1 (34.21) 
yi"q 

(the parameter 6 figures in Bremmer [I, 11], while~ figures 1n V.A. Fok [IX, 18); in their essentials, they are also encountered in earlier papers on diffraction of radio waves around the earth, for example, in B.A. Vvedenskiy). 

The numerical distance of interest to us is 

Va - .. }-lit Ila' . , 11-a' - i . 1,1 • sx,-- --,-=-=-,·2'q1 ~-· ,, •• 4)1 • 
(34.22) 

Thus , if the parameter 6 is large (wavelengths , sea zurface, the geometrical decrease will be the principal factor. The parameter 6 1z small, i.e., the corresponding numerical dis tance 1s large, for short and ultrashort waves over dry land. The parameter 6 i s also a very im­portant factor in theory. Let us assume that ~»c' (although this is w : o l usually true for ultrashort waves). In s uch a ca Ll e 

(34 . 23) 
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.. Otten, in computing this parame t er, a is expressed in electromag-
netic units and X in kilometers. Then 

or. 

, vu; r· - o,23• •o'~SM~. ( 34. 24 > 
u! where x0 is taken trom the condition~== 1. 

As the complete investigation shows, cases wit h IVsx.l~ I actual l:,' 
ditter sharply as regards the form of the solution (compare [I, 6, page 
199] , [I, 11, page 4 7 ]) . 

For a vertical magnetic dipole, on the other hand, the action ~r 
the electrical parameters of •.he ground as se rt.., tt sel r at much shorter 
distances. Accordingly, we introduce 

{34.25) 
The numerical distance is 

{34.26) 

If the conductivity is so that tha t 4:la))£•, then 

(34.27) 

or 

§35. INTERFERENCE (REFLECTION) FORMULAS AND THE DIVERGENCE FACTOR 
Let us turn to determination of the f ield tn t he ill uminated par~ 

of ::; pace . 

A!.: wa 8 already a r:: certatned in §34, we may cl i :: cu::;r; (Jr, :; E.;r·;;:;,,1, _ (Jr , 

point :; cm the 1:: r ound :..; ur fac c here only whe:n tnc.: :;~urt;O 
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since otherwise the entire surface or the earth would be in the penum­bra or umbra. 

For large enough glancing angles 1 (34.17), we may consider the field a t any point on the surface equal to that which would obtain if the surface coincided with the tangential plane in the neighborhood or thi s point. But in this case the field would be composed or the inci­dent f ield and a reflected field with a Fresnel reflection coefficient f-= fa • Introducing the Debye function ~ (§34}, we shall have around point C (Fig. 34.1) 

" - u, + u, - (I+ l)u .. (35.1) where (see (34.11)) 

., .. 
u.- -. p (35.2) At a certain elevated observation point A, the field will in the general case differ from that which would be obtained on reflection from a plane tangential to a sphere at point c. This is accounted ror by the fact that the zone essential for the field on the s urface of the s phere ma y become so large that the curvature may assert itself on i t. For the calculations, we return to Eq. (34.9). In this case 

(35.3) due to which, on substitution of Expressions (35.1) and (35.2), we ob­tain (here, in accordance with the principles of the reflection-formula method, we consider Y to be constant for the entire essent .~l region of i nt egration and take all expressions containing y out of the integrand, con s idering that kr0 >> 1): 

(35 .4a) 
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The integral is extended over the surface of the s phere. 
Let us use a rectangular coordinate system x', y', z' (with its 

origin at the reflection point C}, in which the source and the observa­
tion point have the coordinates x0, O, z0 and xA, o, zA. Expanding r' + 
+ p' 1n powers or x', y' and z' near point C, we have 

Replacing the coordinate z' by its value on the s ur face , z' = 
= -[(x

12 
+ y

12
}/2a], and replacing r'p' i n the multipl ie r before t~e 

exponential function in I by r 0 p
0 , we arrive at two Fr E:: s nE::l int e gral s 

(over x' and over y'}. Using the formula f or the se integral s , (10.13), 
we obtain 

(35.6) 
where R' = r 0 + p0 i s the total path traversed by the reflected wave. 

Fig. 35.1. Origin of d i ­
vergence fact or. 

On reflection from a flat s urface, 
a=~, this lat multiplier (the 3quare 
root) bec ome~ nlty . Ir t h i s cas e , the 
form ula ha ~ the s~a ~ c l ~ar ~lgni fi cance: 
In addition to the dire ct wave, a reflect­
c:; d wave arrives a t the ob :c;er a ti or po l nt, 

attenu, t ed by he r efle ~tior coeffic ient f and with a total pha s e lead 
kR' correspond ing t o t h~ di sta nce t rave l ed. The d i ffe re nce between the 
de nom L-,a tor s R and R' of the two terms al o has a simple significance. 
A~y uu ndlc uf ray s em i tt ed by a s ource d1verg8~ a~ a cone a nd t s ener-
1:,.v i:; c ~:; l r ;_LuLC:<J uv0r an c.1.rea pr0purttur,c.1. J t o , : 1 - •• q 11arr.: ur the path 
,{ t !" '-i •r:~ c.;d . Cvn..: t: 1.H.: i l ly , t..he i'ield ampll Lu uc· ( 1t1 h " r.: h i :. µrup'.;rt lunal 
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( ee Fig. 35.1). This is what accounts for the factor R/R', which mtght 
be called the divergence factor for reflection from a plane. In the 
case of a sphere, the divergence wil~ obviously be greater. Hence the 
last factor in Formula (35.6), which i~ smaller than unity and is also 
common~y known as the factor (or coefficient) of divergence for a 
sphere. 

In the case of the field of a horizontal electric or a vertical 
magnetic dipole, thes~ purely geometrical considerations retain their 
f orce. Consequently, without repeating the entire derivation, we may 
state that in this case also the formulas f ~r reflection from a plane 
may be used on addition of the same divergence factor to the reflected 
wave. Actually, the divergence coefficient appeared in our work when we 

, . .r'' . integrated over the surface, since a new term, z sm"1 -= --sinm, not 2.a ,. 
enc ountered in tte case of the plane appeared in the phase expansion 
plan (35.5), and its effect appears in the Fresnel ~.ntegral over x'. It 
i s obvious that in calculation with the integral formula (34.8), thi s 
re s ult will be obtained for any source and any field component . It i s 
connect ed exclusively with the curvature of the surface on which the 
zones are drawn. 

F~r a detailed exposition of particular case s and the technique 
of usi ·:g he reflection formulas, see the books [ I , 6], [I, 7] and 
[I, 8] . 

The divergence coefficient 

dLfE::r~ ::3 ub :.; t a ntie. lly from unit y only for very :;mal l i/1, 

"<.!!..!!.<~« I. R a • 

(35,7) 

F~r practi cal ~e , the formulas pre sented ab ove mu ~t be rewrit te~ 
i n s ~ct a way tha t i/1, r 0 , p0 , and R' do ~ot appear tn t ~ rn , bu t are re ­
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placed by the quant1t1es h0 , hA and i>, which are assigned dtreclly b,y 

practical conditions. Hence we shall take into account the fact that 

Consequently. 

) 

I ,. -• .. r, - -•-A-. ...... . ... .. 
I _._. _ ,._,, + ,,caa• - R'caat. 

It also follows trom this that 

(35.8a) 

(35. 8b) 

(35.9) 

,_.!!__ ... /t+('°+'A )1 
=:d+!_ (~+AA)' (35.10a) -• V· .. . 2 .. • 

while 

(35.lOb) 

Consequently• 

(35.10c) 

and the divergence coett1cient may be written as follows (a s suming here 

that-•-•>= 

··- t {35.11) 

§36. FIELL AT THE GROtr,-lD SURFACE IN THE CASE OF A SMALL CURVA'l'URE EF­
FECT 

Under this heading, we shall consider the field created at the 

ground by a vertical dipole that is also on this surface, with special 

interest in source distances so small that the influence of curvature 

enter ... as a small correction. The re :;ult obtained wi ll enable u:; 1:e,; de:-

termlne the range of applicab lllty of' th 

regarded as flat. 

theory i n which the eart h 1~ 

·Ne have already retained the corresponding criter i on (see (34 . 20)) 
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from very s 1mple considerations. In the preser.t paras,raph. we shall ob­ta in a more exact evaluation that will enable us to estimate the error. 
Let us consider Eq. (34.9) tor an observation point on the ground surface. Here a certain amount ot caution is in order. This is because in the second term in the integral 

(36.1) · there are terms that appear to diverge tor an observation point on the sphere hA = O. We shall transform them. assuming hA, o. and then go to the limit hA = 0. 

Fig. 36.1. Symbols to §36. 

We introduce tor the time being a 
spherical coordinate system passing 
through the obzervation point A. wit h 
the polar angle 0 (Fig. 36.1). From tri­
angle ABC (point Bis a variable point 
at a distance£ from c). we have tor the 
distance r" from A to point B 

,,. _(a+ AJ1 + ,._2r(a + AJcoal, 

It' (~) e-<•+AIA)call ( ..16, 2 ) --- ~ -----....----.. fir ,.. ,, 

where (or'/on)0 denotes the isolated part of or' /on that does not vanish as hA - O and does not depend on hA. As we see, 

We shall show that the integral remaining after thi s separation i z equal in the limit to-2au. Indeed, dS'-2na'llo. and ~ince r• 2 = 
== ( 1~" ! ) == h

2 
+ 2a(a + hA)(l - co:..: 0). th<:n r'dr';;;;a'O:JO, ar<J h~nce hi:; 

r ==a A 
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re•1ning integral is equal to 

l!.'!.S,, ( a-7) ~ (-~)2u'c1t' -
(36.4) -.. llm (-WJ S • (1t-.!.).f:::..dr'. a..,.. IA ,' ,' 

Since 

- .,,, •• ,"II" -S ~,.,.dr' -.L.• I - S (.!!.+ll•u)-dr'. {36.5) .. ,' . l,t IA f,' ,' 

then, oonaidering that the quantity au/ar• is bounded and that u van-
1ahes on the substitution r' =•,introducing this result into Integral 
(36.4) and letting hA go to zero, we obtain 

~ • ¼~dS'- ~• ( IAt-j-) ~ (: ),dS' - 2au. (36. 6) 

We •Y aet k >> 1/r' in the remaining integral. Actually, the term 1/r ' 
does not cause divergence as r' .. o, since, according to Formula (36.3), 
aa r' .. 0 we shall have (!!:.) --L, tlS' - 2:v'dr' and r' will cancel. At .. • 2a 
the same time, the t1rst term in the parentheses in Integral (36.6) 
will contain kr'. Hence the main contribution will be made by precise­
ly this term, which increases with r : . Keeping only thi s term, we in­
troduce the value or (36.6) into Formula (34.9), substitute~--.!! .. ., 
with the aid or Formula (34.3) and obtain (it is also necessary to 
transfer ½i to the left member and multiply the entire equation by 2) 
tor observation potnts on the surface of the sphere in tne ca :::; e of a 
vertical electric dipole 

;t S ,'"'
0 

( t m• ) u-2t,1 +- u- ~-- dS'. 2a ,, f •• OIi 

we have dropped the subscript zero on or' /on, :;:lnce it L:; ra ow clear 
that r • connect s two polnts on the s phere: the prt :.; E::nt p01 rit and the 
point or observation. For a magnetic vertical dipole Ji ~ ts replaced # 

by V1-l. Here the integral extends over the s urface of the round. 
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Fig. 36.2. Passage to a 
distance reckoned along 
the arc of a great cir­
cle. 

The term u0 expresses the tield that the 
source in question would set up in the ab­
sence ot the ground. Let us set (which 
agrees with (34.ll) to w1th1n a factor 1/2) 

t /'It "• - 7 T· ( 36. 8) 

It is essential that the distance R be 
reckoned along the straight line OA connect­
ing the source and receiver points, i.e., 
passing in this case through the ground. The 

same applies for the distance r' between point A and the present point 
s ' ( F 1. g. 36 . 2 ) • 

In practice, however, the distance is reckoned al ng the surface 
of the earth, i.e., along an arc. The difference between the se two di s ­
tance measures is highly essential. We introduce the di.s tance AO reck­
oned along the arc 

D-ao, ( 36. 9) 
where~ is the central angle. For the present po t nt s• on arc OA, w 
ha ve 

S' nce 

IY- at'. 

R ft- • ~ t .. , 1)8 -61111n-~aO----D--2 I I Ma1 

and by analogy for any point on arc OA 

(36.10) 

(36.11) 

(36.lla) 

where l he secon terms are always small for zmall ~, then, ::;olv1nr~ 
e J equ~t ons approximately for D and D - D' w~ obtain 
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Further, acc~rding to Pol'lllula (36.3), 

It' t-4• D-o• -----------. la 2 211 {36.14) 
Ve introduce, as u■ual, the attenuation function (with respect to 

dlatanoe reokoned along the arc) 

{36.15) 
where D1 la the distance along the arc ot the great circle from the 
aouroe to the present point. We substitute all these expressions into 
Bq. (36.7) tor u, which then becomes the tollow1ng equation for w: - -•• ,.,._o, +J!:.oS(~+D-D,)/"CD,+r"-oa•tD,ldS•. (36.l6 ) _/! z. I'•• 2a ,·o. D . 

Por integration over the surtace we introduce the following some-
what unconventional orthogonal coordinates. Cons i dering the great cir­
cle ot which the . arc OA is a part as the equator, we draw latitude cir­
cles parallel to it and then a corresponding grid of mer i dians , wh i ch 
pass perpendicular to arc OA at each ot its points. Then i n a narro:·r 
region near arc 0A ( only this region is effect 1 ve on integrat i on), we 
obtain an almost rectilinear coordinate grid (D', y'), where y' meas ­
ures the distance or the parallels from the "equator," the arc OA. In 
this coordinates s tem we shall have 

dS' - dD' d11', 
• y I ,a • 11•1 ,o - D')I ,•• r - '•+u ==r, +---,.. =::::D-D'----+---, (36 .17) • :U• :l4e• 2 (D- D•) 

D - 'fl, o·• j. ,.. - "" • ,.. I - r , -. u -r -W-. 

Dropping the quantity y• 2 in the mult1pl1erz or the exponential 
tunctions and in the argument of w(D1 ), s ince lt 1 smal l a s c~mpared 
with 0

12 
and wl t h (D - o•) 2, and also dropping the quant i ty ll'/2441 , a z 

small by compari s on with unity, we reduce Eq. (36.16) to the form 
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-A 0,, 

10- 1't' ♦ lltO .. 
•<D>-• w +~s ( L + D- D')•(D·)'('IY .-A ........ m:w::.,,. ·c36. 16a) 

·211 t'•~ 2a D'(D-,D') 

Integrating as usual over y• 2, we obtain the final fOl'll ot the 
equation: 

>c (36. 18) 

where L) has its usual significance: s-(llt/2e'). 
This equation differs fran the equation for a flat berth (24.12) not only in the substitution of distance recko~ed along an arc tor or­izontal distance, but also 1n two multipliers under the integral sign: 

one or them - the exponential 

dicate a region ot integration over D• that is effective in a certain 

1s purely geometrical 1n nature. It 1n-sense, as it 
given by the ellipsoid corre ponding to the first zone. It i shown in Fig. 36. 2 tor the case of lar •e Pt a (•D'/8a1), when the ellips oid ic extremely prolate. It Will be seen from the drawing, there are t wo "effect 1 ve" regions: at point o and at point A, 

IJl-(D-D')'<~. 
we ver the s tuation is tar from being so simple as in the case of a a t earth . On the one hand, the influence ~r the segment around the ob e r va 1 on point is s uppressed b; the Pres,., co u the multi pl ler w ( D • ). en a flat earth, it varies in the least favorable case only in lnveroe proport ion to distance. Here, however, tr the point A is tar into t • umbra, t is exponent l all smau. on the Qt h r hand, e s peoia ll:, 11' J •• ! ' o lar e , the mu lplier D - D1 "trevc o the rok or segments remu•.~ f rom • he s ource. Hence separation or these "effective" regionc is r r 

f om a lway 
f dec1s1ve s1gn 1t1cance. 

• 

, he ca e of small p2 , thi ellipsoi d c ver the e t : re arc A. 
- 3 3 -



r I 

Then tne exponential multiplier 1s near unit y f or all D' and curvat ure 

can make itselt telt only by virtue ot the second multiplier in the in-
v:10-0' t,grand: I+ , .-

11 • This tactor is particularly essential tor rela-

tively large 1 .. 1. In the limit, theretore, tor an infinitely conductive 

eart~, we obtain, setting D • D(, 

• _..!l!, 1 · ,/i'ii:i""' . /- ,•oa ,,_ 0-1,1 I 
~(D) - , .... I + I y ~ ~ • (DI) y 1 ~ 1 , .;r d& . ( 36. 19) 

Prem this it i clear that in the case of an ideally conducting 

earth, when all of the attenuation results s olely from geometrical dis­

tortion ot the Fresnel zones, the attenuation function wi ll depend on 

distance only in the combination Pa- (kD'/8a1) and will tend to unity 

when p2 tends to zero. 

EQ.uation (36.19) can be solved by expansion of? in series in pow­

ers ot the square root of p2 , this series converg:ng well for not very 

large Pt, Pa<2. In the case of a poorly conducting eart h, i t may be 

round that w(D') under the integral dimini she s with distance more rap­

idly than the oscillations of the expone t i al fact or ar,d t hat he mul-

t ipl 1er w(D') makes itself felt even wit h 

this to happen, a s we know (see §34), the parame t er 

(36. 20) 

must be ·mall. 

This case i s of part i cular int erest for ultrashort ,:.:i ves. 

In der1v1n_ Eqs . (36.1 ) and '36.19), we have not imposed any l i m­

i tations on th . .; ize of t he di s ta ce D (apar t f r om smallne s s by compar-

1 n w h !) and , in t his ense, the equat ons •.1b ta tned are exact ( in 

t u wave zon · ) . 10W w s ha l pass tr.., examinat on of t he ques tion a ::; to 

ow ex· c ·~ y t e f'urm a :.; <:: r • ved fo r e- fla eart h are va · i • Fr...,r t r.lr; 

p l".'po:..~e , we ::; ha C r t 

--- --------



settin accordingly 

u,, Pt--< I . ... (36.21) 
The differ~nce of the exponential multipliers in Eq. (36.18) from 

unity can produce errors only of the order of p
2

. On the other hand, 
the term .,,..,.-o-o· , as we shall see below, gives a larger correction. 2a 

He~ce we may substitute unity tor e 1P2 and examine the remaining a1mp-ler equation 

We divide the entire equation by ..rn and apply the Laplace trans ­
formation to it, i.e., we multiply the equation by e-pD and integrate 
over D from Oto~. In the right member, the integration over D' and 
over Dare interchangeable. Then, applying -~ ,-"~ - .. rz. ; r& Y -; 

we obtain for the Laplace-transformed funct1vn -g(p) .. ~ ;'t •-~dD • 
The simple algebraic equation 

From his , 

(36.23) 

(36. 24) 

g (p) - t'-, I . ( 36. 26) _.,._,.,. ___ ,. 
a Jhe "primor tul " function of interes t to uc 1:.; obl ain cJ, :.; WE: krow, ~1' -ier the l nve r ... e tran format ion 

where 

• 

•(D) t· t'+-ro -~ ( O(p)c"°dp. r'>O. r .... 
te rati n 1 ... p~rformed over a st rai rl n pac ::; 
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:,1. t :. '.Jl' 1ma~ nar1E:::: at a smal cii t.. a ;.ce 'Y' rror.i :· . 

We shall evaluate this integral only for l arge numer i cal distances 
(l.01>1) and, moreover, considering the smallness or aD. That is to 

say, setting pD • P', sD • p and aD • a• and dropping the prime, we ob­
tain 

)7" 1+- ,.-,p 
•(D) - .~1 ~• Cl ) - 1-• p'/1 - I }'p(p + 2 (36.28) 

For a• O, we obtain the attenuation function for a flat earth y(sD) 
(25.17) (applying Formula (2.9) from the handbook [8] or integrating 
independently). 

1 We expand the integrand in powers of y;-= 

,,. , I r ,,.,p 1 J ,p'!•~"dp ) 
•(Z,,- ~ .,-; JP+f - l'P (H ;(···· - (36.29) 

- 2;- }'-; {la- ;P /, + ... }. 
The first integral is simply defined if we close the contour on the 
left wi ~h a semicircle of infinite radius , a d s expressed in terms of 

a a rezi.due at t he point p = - ~: 

• 
la -2ai (-f) ,-•::::;-iu.. (36. 30) 

The second i nt egral contains the branch poi nt p = O. However, 
, •• ince we are • nteres t ed only i n t he re .,ul for ~mal l a , we ma.y expand 
l ln power~ of a / 2 : 

,. - ,,,o>+ (.,t- )_ T + ... 
a n 1 mi~ oursel ves t o the f irst term, which i independe nt of a (z ince 
th · t erm ( 6. 0) 1~ manife r t ed more s t r on~l y n he expans i cn of 
( 6 . 9), 
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1+IOD 

/,(0) - ~ yP~tlp. , __ 
I t i s def 1.ned by the substitutionp-111: 

,.--,yi': 
Consequ ntly, 

•(D) =- _ J.. (I+ lt1 y'np), 2., 

(36.32) 

(36.33) 

(36.34) 
where we have dropped te r,4'> that have the relative principal order 1/p, 
the order a and the order p

2
. 

Subs tituting the values of a and p, we obtain 

•(D) ~ - J.. (1 + j y ,:cµ, ), l ~p 

i•(D)f:::::_!_ (1- ,./~)· 21.,, y 2 

Thus, it i~ found that the correction appears in the term of order 

In s ummary, we may .,tate that the normal a t tenuation fun ct ion cal­
culated for a flat earth, y(p), remains correct for the earth's surface with the sin le restriction: 

(36. 36) 
If we can sa 1 fy ourseI ves with an error of, let us say, 1~, thi s 
mea s ha the formula is valid up to a distance 

The di s tance at which p2 = 1 may be written au follows (compare ( 34. 18a)): 

t ~ ~ a ~s umed in (36.37) and (36.38) tha t the wavelengt r At ex­press d i n meters. 
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§37. FIELD NEAR THE HCRIZON PLANE AT GREAT D TANCE 
For short wave and ultrashort wave practice, the case in which t he 

jzl distance .!"rom the P.ource is great, Le., Pa- iii> 1 1s highly important 
(this mean.~ that ~>17a:fi ~ but the observation point i s near the 

Fig. 37 .1. simbols to deri vat ior1 or Eq. ( 37. 3 J. 

plane ot the horizon, in the region or the penumbra, where t he field 
attenuation due to the CL,rvature of the eart h i s t 111 not very great . 
In this section, we shall content ourselves wi th derivat on of the a t ­
tenuation function for this case. Moreover, with s pec al interest n 
the short-wave reg1 on we sha 11 assume that I 6 J .;._ l ~~: l « I ( see Formulas (34.21) and (34. 25)). 

Let the source be on the surface of t he earth . We may agair1 u.c e 
Eq. (34.9) for~ and u0 given by Formulas (34.10) and (34.11), where, 
since the height or the observation point above t he ground .surface i s 
always very great (as compared with the wavelen t h ) under t he cond i ­
tion::; !'low of nteres t t o us , the term l/t k

0
r' can bC= disre'.;!;arded. C0n ­

seque ntly, t e equation take s the f orm ( for the ::Jmbol ::; , ~: o.::r:: F1 ,~ . -~·r. l ) 
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U. ·ing rectangular coordinate s with the (x, y) plane tangent to the ,,. sphere a t the l ocation of the source, and setting .-==:.-1. tor the pre se nt point, we obt~in in approximation 

• r+_P-R-y (..c-..c')9+1,.+(z~z1•+ Y x,.+J/'+z,._ Y ,.cl + zl ._ 1 ,t I + .. 1' + ,-■ II.a ( 37 2) - ----r, :.:,"_,,, ii,-11 '1.a(.r-.r') + ... c,-.?1· • 
Further, the factor or/on before the exponential function can be 

determined in approximation, e.g., for a point lying in the plane or 
the horizon, z = 0. In this case, it follows from Fig. 37.1 that 

or, replacing the s ine and tangent by the argument, 

(37.2a) 
After the usual integration over Y', we obtain 

This equation is as yet quite exact (here we have assumed only 
tha t z << x and that other similar quite easy condittons are satisfied). 

If we now a s sume that the distance from the source i s very great, 

(37.4) 
the exponential factor containing this parameter wi ll effectively llm-
l l lnte~rat i on to t he range of very small x•, ~pec1 f1 ca1 Jy tho~e ~uch 

(37.4a) 1 . e. , 
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where, in virtue ot the very frequent oscillations a s x• increaces 
above this value, the importance of the larger x• drop~ sharply. It ic 
easily seen that this speed ot attenuation in regions of x• remote trom 
the source is due to the tact that the earth's surface, dropping away 
trom the plane ot the horizon, very suddenly leaves the Fresnel zone 
constructed in the vertical plane. Hence x• that are small by compari­
son with x may be dropped everywhere in the expressions x - x•. More-

-
over, it tollows trom Condition (37.4b) that the second (and, even more 
so, the third) terms in the parentheses under the integral sign in Eq. (37.3), which difter trom the first by a factor 

are small by comparison with the first, so that the firs t term can be lett standing alone. 

Pinally, and this is the most important, Condition (37.4a) indi­
cates that according to Formula (36.35), the curvature does not yet 
make itself felt in the range of integration. In the integrand, there­
fore, w( ')maybe replaced by its value as known for a flat earth: 

(37.5) Thus, the calculation of the attenuation func t ion i s reduced to a 
quadrature. We shall limit ourselves at fir s t to ob erva t ion point s 
situat ed st r i ctly on t he plane of the horizon, z 

= O. Then 

(37.6) 
Subs tit uting the value from (25.18a), we. may readily sati s f y ourselves of the existence of the identity 

v,, <~> = ~ , - 11 ,, ... >. rx tU fu (37-7) Act ual iy , t he righ t member i s equal to 
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__ ,s-c.,..., + Jt'I- ,rI_11(.u). r,., 1 Y -; . 
Hence, integrating by parts in (37.6), we obtain .. 

I,,,!- .. , • - _! + ~ {r !_-_f (u') tr • ,• j'• - 3l Pa r t -: IJ!") z" • IA;:. dz'} ( 3 7. 6a ) 2 2 Ya l y u' • 1 1 J r u· • 

On substitution of the limits, we take into account that (see For­mula (25.1)) near x' = O 

II (u'):::: I + i visx'. 
and extend the remaining integral to infinity. Now in the integrand we 
ma· drop the quantity y(sx•), which is small by comparison with unity 
(since now the substitution of y(sx•) by -l/2sx• does not result in di­
vergences for x• = 0). Following this with another substitution of var-z•• 

nr:: iable Pa-;. - &• and disregarding terms ot the order 1,, 11, in the re-sult, we obtain 

(37. 8a) 
where, setting ii' -1, we have 

(37. 8b) 
C is a con ctant that depends neither on the properties of the soil nor on wavelength. 

Using the nomenclature of (34.21), we might al s o write 

(37.8c) 
Thus, we have arrived at an important result: if we move along the plane of th horizon, then, beginning at di s tance s for whi ch p

2 
= kx / 8a > 1 , i .e., for practical purpos e wi h x ..... >37i,._'..{•, 
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tion runction does not depend on dis t ance at al l , the field s trength 

dimlnlshes as 1n free space (as 1/x), but is weakened substantially by 

the factor -6, whose absolute value is assumed small by the conditions 

ot the de~1vat1on. In actuality, as is shown by comparison with the re­

sults ot the more complete theory (see below, Figs. 39-7a-39,8b), this 

relationship is established already at distances that are only frac­

tionally as large. This is explained by the foll owi ng. We required the 

condition p2 >> l only in order to isolate a region x' << x a s the most 

essential in the integral or (37.3). But this reg i on is essent~ally 

separated by the multiplier •(x')==r(.u'), itself, which makes itself felt 

earlier tor (l\lC:l than does the exponential factor. 

To obtain the field near the plane or the horizon, we may expand 

the right member or Eq. (37.3) in series in z. That is t o say (with the 

same s1mplirications as in (37.6)), .,.. 
(~)._. - ~ {f ~~ ~ II (.u') x••1• /--;; d.t', ( 3 7 • 9a ) 

••• ,. . y-. , .. !. } 'Pr-a 
(~ _.;. .!.\:y(u')\--x'

1 +i~'"7 ., • dx',(37-9b) fll'),.. l A J 4ca'.r' .r· r A 

etc. 

In these integral s , we may at once set y (sx•) - - 2;x•• which 

gives 

(37,lOa) 

(37. lOb) 

where, setting ll9-t, we have - ,. 
c, - S 1·1••"· 4 - ! r (¾),' ". • • 
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(37. lOc) 
constants wit h absolute value ~ of the order of unity. 

Thus, we may write tor the attenuation function near the plane ot 
the horizon z = 0 

Consequently, the attenuation function is expanded in powers of 
I I 

t he rntic .!. fm=:= ,'iiisin1', where Y is the elevation angle of the obser-11 

vation point and depends on the coordinates! and z only in this can-
bination. This approximate expansion can be ·used as long as the param­
e t er of the expansion is small. It will be recalled that the retleot1on 
formu l a s apply for large values of this parameter (see §35 and Condi­
tion {34.17)). Thus, the results obtained in the present paragraph rep­
re sent a supplement to the reflection formulas. 

I 
In the more general case, ~sin•- I , we may write 

in Eq. {37.3), as in the trans ition to Eq. {37.6a), after dropping the 
small terms and ntegrating by parts. 

Th i s i ntegral can, of course, be evaluated numerically for arb i ­
t rary relationships among k, z and x. However, for very large negat ve 
-; {deep i n t he shadow), the method becomes unusable inasmuch as the e f­
fective region in the integral increases as we move deeper into the 
~had ow and x• c ome s to be of the order ot x. 

Now we can also analyze the case cooverse to t hat co ~idered, 
l . c ., t at n which the source is elevated s o hi h tha t i ts radiat · cn 
i cl o~ely approximated by a plane wave, whi l e t he observ~t ion po 1. i s 

a t ed 0 t he urface. I n t he il luminated r e g on remote f r, m t h 
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I 
# 

boundary ot the shadow, this tield is, of course, described by the in­

terference (retlect1on) formulas. ·only the problem ot the field near 

the shadow boundary is complex. It is this problem that we shall con­

sider now. As betore, we shall assume thatlAI< 1. 

Let a plane wave arrive in the direction tangential to the earth's 

sphere at point B (Fig. 37.2). According to Formulas (3.32), which link 

the Debye tunction ~ with the radial component of the electric field 

Er, the function~ is equal to Er to within a constant factor k2r since 

it is definite that t<•· Hence the reciprocity theorem may be ap­

plied to u. It can be att1rmed that, as seen at point B, the field of a 

radially directed electric dipole situated at point o and emitting the 

plane wave that we are studying is equal to the field at point o that 

would be created by the same dipole situated at B. This, however, we 

know; it is given by Formula (37.8) or (37.11) for z = 0: 

--.... , 
• • 

------

0,57 ,~ 
··- .,,_ e I 6. 

Fig. 37.2. Illustrating calcula t ion of 
field near the plane of the hor izon in 
the ca se of i nc idence of a pla ne wa ve . 
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Here th~ dipole field has been replaced b the plane wave and the eel­
ordinat e ! 1s reckoned along the line OB. Thus, even at t he point at 
which the geometric boundary of the shadow is situated, the t1eld 1a 
substantially reduced, the more so the smaller l•'I and~- Let ua now 
consider an observation point B' that 1s shifted away trom B. 
t o t he same reciprocity theorem, the field at this point is equal to 
t he field that would be created at point Oby a dipole situated at this 
point B'. But we have calculated this field bet~re (for small angles 
~ - 0 ). Here we are speaking of negative!, and hence, s ubstituting 

-,) for v, we have, according to Formula (37.11), 
• I • I .JJ (8') ~ w,(l -0,52 ,-••ya sin i> -;- 1,09,-•-;- (y'iw sin 0)1 + ... ). ( 37 .14) 

I 
Thi s expansion i s applicable as long as y;:;sinO < l , Le., in the exact 
region in which the reflection formulas are incorrect. 

Needless to say, this formula is also valid for point s B' to the 
left of point B, but here it is necessary to set O <0. We have seen 
that the deviation or the attenuation function from its valud at point 
B is mall a s long as 

(37.15) 
whe re D = a~ i s t he distance to the earth' s s urface from t he boundary 
of t he shadow. Thi length is a meas ure of that distance on t he earth• ~ 

I 
s urface D-(371'J) km "' pann ng the penumbra, the tran~ i t l CJn from the 
1l lum nated region far to the left or point B to the full umbra rar to 
the right of B. 

'38 . : MPLETE SOLtJI'ION BY THE PARABOLIC-EQUATI N MF:I'HOD 
Now t hat we have obtained solutions for certain l i mit i ng cases and 

t t led lhe f t ndament al parame t ers of our pro l em, l e 
, . p > .. i i, 1 •..Jl' 1.11 compJct :..; o ut • on. e ~ha ·~ , ~ [ · , re~aining the 



----- ·- --

nomen~lature used there. 

The analysis is bas~d on the assumption that it i s pe rm ius ible to 
uae boundary condition (34.6). We shall assume that the source, which 
la a vertical dipole, ls situated on the surrace or the earth. Instead 
ot solving the wave equation tor the function~, we shall pass at once 
to the differential equation tor the attenuation function W (compare 
•ormula (36.8) and the remark accompanying it): ... 

u-,rlF. (38.1) 
Here R lo the straight-line distance trom the dipole to the observation 
point. We draw attention to the fact that in th i notation , the f unc­
tion W tor a tlat ideally conductive earth i equal to 2 and not 1, 
which we used earlier (W • 2w). 

The equation obtained on substitution of Eq. (38.1) int o the wave 
equation takes the torm 

(38. 2) 
It can be simplified substantially if we t ake acc ount of certa in pe­
culiar1ti~s in the behavior of the function w. 

Investigation of the flat-earth case showed tha t the attenuatiori 
function var i e s along the vert i cal at it s s urface muc h more rap i dly 
t ha n i does along the horizonta l . Indeed, t he der i va t i ve of ~ i G of 
the order or sw• alon the hor l zontal if we a r c at :.; ma J l nu mc r .t cal di: ; -
t.ance r• I and 1 

1 1' iw lf we are at great. di :.; tarice::; { whe r e w.::::::-~., ). At the 
::.: ame tlme, we ha ve for the derivat ive wit h r e :; pect t CJ hu vcrt lca l 

Thus , t he ratio of the der i va t i ve :; w th rer: pect. to the 
horizontal and vertical is of t he order of ~ al s hor t di stances 2 Ve• 1 1 (ro'-w) a nd of the order of --:-=- at lon

0 di "' tances . I n the s pace 2 ., •• $1 

where the reflec t ion f ormul a s apply , the var i a on 1 !. ~ ma ni fe st on 
va 1at on f 1'iisin,i· b an amo 11nt of the r er c:, J.:it~· , - · · ., fe r 
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4z- ~ .. 6 .\;, from which againl~l-1,\t~I· 
The seco~dary distortion that appears when the s phericity ot the 

earth i s veJ~y strongly in evidence has s imilar properties. Near the 
plane of the horizon at great distances from the source, where Pa> I 

• (see (37.11)), w changes significant ly as _.:-lint inureases by an - l'..-: • amount of t he order of unity, Le., when u-yiaAi:;s>4z. Consequently., 
1~1~~1:-1 . .... 

Thus , the attenuation function always changes more s l~wly along 
t he horizontal than along the vertical. This may be w~itten as follows . 

Inst ad of the coordinates r., ~. we introduce the dimens ionles s 
coordinates 

~ - aNO, V - (r-a) • 2MN-la • 2.W.V, 
and define the scale factors Mand N accordingly. The attenuation func­
tion will now be written as W(x, y) and the condition that the varia­
tion of W take place more slowly along the horizontal than along the 
vert ical, 

(38.4a) 

a s s ume s the f orm 

i .e., if we regard oW/ox and oW/oy as quanti t ie s of the order of W, we 
mus t have 

(38.4) 
T us M ha s the s i gnificance of the ratio of t he de r ivat ive ~ of W 

~ . re spect t ~ t he vertical and horizontal. Hence ln the ca~e of &hort 
s t a ce s , 1~ -r e t 1e curva t ure o rot a factor , M IT~J ~(.; .ak~ 1 ~f the 

J 
. de r , f Ve". For p

2 
>> 1 near the p l a re uf UC: h ~r1zur M-yi«i. 'l'hC; 

ant 1 y . rema in pe r fec t l y a rb 1 t rary . F:ir c c:-. e . <::n cE , Wf:; ~hall :;et 
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f I 

i t equal to N = M/a. 

Now we can transform the equation for w. Pas s ing to the new vari­
ables. we expand R in series in powers or~ and h, limiting ourselves 
to the terms written below: 

Here Eq. (38.2) is expanded in powers of 1/M. Limiting it to the lowest 
powers., we obtain tne following equation (terms of the order of l/M2 

have been dropped ) : 

( 38 . 6 ) 

The sense ot the above approximation is that t he second derivati ve 
with respect to!, which is already quite small., has been dropped from 
the equation, so that we must solve an equation of the parabolic type 
instead of an equation of the elliptical_ type. This trans formation., 
which is connected to the transition to the attenuat i on function., was 
first made by Leontovich for a flat earth., and t he entire method has 
come to be known as the method of the parabolic equat ion. 

Now we can select the length scale M. Tne choice s t 11 rema i nu ar­
bitrary to a considerable degree. All that l s nece s ~ary 1~ that M >> 1 . 
However., it is expedient to select it suc h tha t he di me ns 10~a l quant i ­
ties will drop out of Eq. (38.6). This can be ach i eved by putt ing 

In this case., the variables x and "i have t he follQw ng sense (see 
Fig. 38 .1): 
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e ee a t the length scales introduced here are simply related 
to the characteris tic parameters p1 ~nd p2 that we introduced 1n the 
earlier cect ions . 

The ~onvenience of the new units is obv:ous, in particular, from 
the fact that the equation of the horizon plane 

will be wr i ttt r. as follows in these units: 

!I== z•. 

(38.10) 

(38.10a) 
To agree with the equation, the boundary condition (34.6) must al­

~ 2M' t) s o be written in the new variables. Since •=7dv, this condition as-
sumes the form 

(38.11) 
or, dropping terms of the order of 1/kR (1n d1tterent1at1on it is nec­
essary to use Formula (38.5)), 

(38.12) 
Here g denotes the quantity;/:-- , which we have already encoun­, .. 

tered. That is to say, according to Formulas (34.21) and (38.7), 

• M .yi. 1 1 . •. Iv- :mt I ~ ., ·, :=- --;-- - q. r.. ,.c ~ . 
r i6 . . 

( 38.12a) 

This quantity is small in absolute value for long waves and soils 
that conduct well. As we know, its absolute value indicates which at-
tenuation asserts itself first that due to the earth' s curvature or 
that resultinc from the nonideal nature of conduction. 

Finally, to be explicit in setting up the problem in the case of 
t.11<: !'lat eart h , we have taken into c or,r: iderat l ur t he behav i or uf the 
aU.c..: r u· t l uri 1'unct. l on at the r..: ourc ' • Here Utic wuulu mear t hat l t 1:.; 
r.e ce::;::; a r ., t c, a cs ign a behav ior t o the a t;e uatl0ri f net · 0r at the point 
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Fig. 38.1. Conversion factors (as a function of wavelength A) for the following conver ions: a) from dimensionless horizontal distance x to true distance along an arc of a great circle D. M = D/x; b) from aimen­sionless height~ to true height h. The lower curve in each pair ap­plies for the true average radius of the earth, and the upper curve to a radius four times as large (see §56); D, h and A are given in meters. 1) D/x and h/y, meters; 2) A, meters. -
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x = y = Oat which the source is situated, or to take into considera­

t i on that at s hort enough distances the field must be the same as that 

above a flat earth, i.e., according to Formula (25.1), 

I 1'-2 .. r= J!: YD - 21 r Al for II = 0. (38.13) 

In the present problem, however, this is not enough. Unlike the 

wave equation, the parabolic equation requires that the condition be 

as s igned not at a point but, for example, over the entire axial line 

x = O, 1. e., for all 'i.. ( 111 much the same way as it is necessary 1n the 

casP. of the thermal conduction equation to assign a temperature dis­

tribution over the entire space at the initial point in time). But at 

x = O and arbitrary heights i, the earth's curvature may be disregard­

ed. We shall be at all times in the region ot applicability or the re­

flection formulas. In this case, approaching intinitesimally close to 

this line, we may use Formula ( 26. 20d), setting Jim IV (D) - I + f . A more 
D.e 

detailed analysis indicates [6] that even this condition is inadequate 

tor uniqueness of the solution. Uniqueness is obtained only it we im­

pose the more rigid condition 

I'm •·-ct +O o · >O 
YD - ' 11 • 

Here f is everywhere near unity and we may assume that 1 + f • 2. If 

t hi s ubst i tution is not made, then~, as determined by Formula (38.36) 

and, consequently, the entire solution (38.33) are simply multiplied by 

a factor near u~ity. 

Con~equently, the limit condition must be written in the form 

. •-2 1 ••• 
hm-=-- 0 for lint> I 11- r o-. YD r&• 

(38 .15) 

t i s t l s condition that is adopted below. 

w- replace the unknown attenuation function W by the function 

(38.16) 
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(38.17) 
where, according to Ponaula (38.5), 

-.-{~i-1)2M'.r-iR-mt (38.17a) 
is the ditterence between the distances along the straight 11ne and 
th9 arc from the source to the projection or the observation point onto 
the sphere. 

Substituting the function (38.16) into the differential equation 
tor W (38.6), and using the value of w

0 
(38.17), we obtain for V 

where now 

;+,i+(,-i)v-o. (38.18) 

.-­,,_,_v. 
(38.19) 

Now the sense or the conversion from W to Vis clear; the attenuation 
function Wis such that its phase measures the sh1ft relative to the 
phase lead ot the undisturbed wave on the straight-line distance from 
the source to the observation po1nt, wh1le Vis an attenuation function 
such that the phase shift is reckoned w1th respect to the phase lead 
along an arc or a great circle. Setting 

v-y;-w., (38.20) 
we have instead of Eq. (38.18), the boundary condition (3 .12) and the 
limit condition (38.15) 

-Z• - -q1V1 for 11~= 0; 
. 

~ 
~{w,-;~, .. }-o f:>r f > lql. 

(38.21) 

(38.22) 

(38. 23) 

The problem formulated by these three re l ati on ships ·:. ..;; olved by 
separation of var i ables ; we set 
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1'1 - X (%) Y (v). 
(38.24) On substitution into (38.21), we obtain two equations: first, an equation for X(x), which is solved inane ementary fashion: 

(38.25) where tis the separation constant (and not timel); secondly, an equa­tion for Y: 

Subs tituting the variable, we may write (38.26) 

Y-w(t-g), 
where w(t) is a function that is a solution to the equation• 

. (38.26a) 

w" (I) - tw (I) - 0. 
(38.27) This equation can be solved with the aid ot cylindrical functions ot order 1/3. That is to say, for negative!, a solution that decreases with increasing ltl is obtained it we select from among all possible cylindrical functions a Hankel function ot the first kind: 

r 

(38.28) 

In the general case, however, it is 
more convenient to write the solution in 
the form of an integral in the complex plane: 

1 r -~ w:<t>- i7 r • • dz. (38.29) 

Indeed, substituting it into Eq. (38.27) Fig. 38.2. Contour of and performing the differentiation 1n the integration in Formula integrand, we get (38.30). 1) z-plane. 

I 
I 

1 r .,_ -- 1 r .,_ -, 9/-1(zl-t)e • dz- ~-1-cte • - 0. (38. 30) f' • r 
f' II r 

We obtain zero, of course, only if the contour 1s closed or if it i s s o 
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selected that the primordial tunction ,xp (zt- ! za) vanishes at its 

enda. The contour ahown in Pig. 38.1 may be one such contour. All pos­
sible nonoloaed contours are determined in general by the condition 

that the exponent go to - as we move onto the ends of the contour. For 
this it is necessary that 

Reza>O. 
Thia is satisfied by! lying in the sectors shaded on Fig. 38.2. Hence 
we might take instead ot r, tor example, a contour going from region 
III to region I. However, the selection r shown on the figure (the 
heavy broken line) ensures that the function will go to infinity when 

II\-. 00 • Why this is necessary will be clear from what follows. 

Finally, the asymptotic behavior ot the function w for large ltl . 
can be obtained directly from Eq. (38.27). Actually, it is obvious that 
the approximate solution is 

:t ..!. ,.,. 
w -Ne1 • (38.29a) 

where N0 is a constant. We may easily satisfy ourselves of this by sub­
stituting the solution (38.29a) into Eq. (38.27) and dropping terms of 
the order of 1/t as small by comparison wi th the pr i ncipal terms. As~­
lution that goes to infinity as it!-.~ (which corresponds to our se­
lection of the contour r, i.e., the function (38.29)) will be obtained 
if we take different signs in the exponent in different sectors of the 
plane of the complex variable t. A more exact asymptotic expres~ion 

that pr~ceeds from Formula (38.28) for negative! 1s given by the fa­
miliar asymptotic expressions for Hankel functions of the first kind: 

• I I 1/1 .. ,_ -- ,_ ,_,, 
w- • • (-I) •• • . 38 . 29b) 

However, on other rays drawn 1n the t-plane from t he ori~in (with 
argument .., of ! different from that selected here arg I= n), they have 

different expressions. The functions ware of fun amental ·mp0rtance . 
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for t he problem under consideration. They were investigated in detail 
by Fok [4] and are known as Airy functions. 

The separation constant is determined from the boundary condition 
(38.22). Obviously, the function w must satisty it. . .,,,-,, ,. 

Since ;,, - - _,, . 

!!!...-qw(t)- 0. ''· ' 

(38.31) 
Generally speaking, this equation can be satisfied only for certain 
values oft= ts, which it determines. The particular solution there­
fore takes the form 

n~• ,.,, ( 
w I :a e W /, - y). (38.32) 

However, we have not yet taken Condition (38.23) into account, and 
henc,_. this function may not yet be regarded as the solution. At the 
same time, this condition is extremely important. It will be recalled, 
for example, that the error in the Zenneck solution for the vertical 
dipole on a flat earth (§23) consisted in the tact that this solution, 
which satisfied a differential equation and boundary conditions at the 
earth-atmoJphere interface did not have the necessary singularity at 
the position of the source. Condition (38.23) requires that the tunc­
tion w1 go to infinity at x = 0 and do so in a definite manner. Obvi­
ously, Function (38.32) can by no means satisfy this condition. More­
over, any s um of such solutions for finite ts remains bounded every­
where. However, the contour r that we selected in Formula (38.29) (see 
Fig. 38.2) differs from other possible contours precisely in that it 
ensures the function w going to infinity as \ti-«' . Henoe this contour . 
selection al s o permits us to obtain the singularity at x = O. 

Consequently, the solution must be composed of particular s olu­
tions of the form (38.32) with participation of : that a s sume indefi­
nitely large values. It can be shown that such roots of Eq. (38.31) are 
encountered. Thus, 
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00 

w. - I b.e;x1,.,.. (t. - V), .. , (38.33) 

where the subscript! numbers the roots or Eq. (38.31). It ls expedient 
to write this sum dlrterently, in the rorm or a contour integral, as 
follows. We draw a contour C that encompasses all roots ts (a more de­
tailed analysis would show that all or these roots lie in the rirst 
quadrant ot the plane or the variable t) and - take the contour integral 

1- 6( 1-'w(I-,> dJ 
~••(i)-p(I) • (38.33a) 

where!!, is a oertaln constant. The integrand has singularity where the 
denominator vanishes, 1.e., according to Eq. (38.31), precisely at the 
points t • t 9 • Since the numerator is tinite at these points, the inte­
gral is equal to the sum or the residues at these points multiplied by 
2ff1. 

To calculate these residues, we expand the denominator in series, 
tor example, near the pole t • ts, at which, therefore, 

w' (t.) ;-qw (t,) - 0. 
We tet (38.33b) 

Le., 
.,. (t)-qw(t) - (w" (t)-qw(t)),-,, + (_.(t)-qw' (t)),-,,•(t-t,) + ... , 

w" (t)-qw(t) =::: (~ (11)-qw' (11)) (t-t,). 

But, applying Formula (38.33b) and the differential equat on (38.27) 
for the function w, we write . 

w" (t.)-qw" (t.) - t,w (t,)-qw' (t,) - (I, -qi) w (t,). 
Hence the sum of the residues is equal to 

of b 

I - 2"ib ~ .,.,, • Ct, - ,> . 
11 -qa w(I.) 

• ' I 

(38.34) 

Thus, Integral (38.33a) is Solution (38 . 33 ) with a s pec1f1c value 
.t i .e. I 

2Jiib 
b, = (l,-q")w(IJ • It i s f ound that such .... e ect on of coeffi-
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c i ents bs is sufficient for the expression r~r w1 (38.33) to satiety the condit ion at the coordinate origin. This is demonstrated by inves­tigation of Integral (38.33a), which we shall describe brietly (tor de­tails see [6]). 

As we have already noted, a singularity at the location of the source can appear only through terms with very large t. Hence to ana­lyze the behavior of the function w1 as x -o, it is sufficient in In­tegral (38.33a) to consider segments of contour C that lie near infi­nitely large 1· On these segments, the function~ can be replaced by its asymptotic expression (38.29a). Here it is necessary to know ex­p~essions for~ for arg 1 other than ff. Namely, in order to cover all t
8 

poles, which, as we noted, lie in the first quadrant, we may select a contour C originating from t = 1•, passing along the imaginary axis to t = o, and then along the rea.l axis to t = oo. Taking signs that cor­respond to the sector in question in the exponent of Solution (38.29), expanding the exponent (t - y) 3/ 2 in powers of 1, and leaving the prin­cipal terms, we obtain 

t -·ff 2'I • w(t-11) ,., • • ( 8 ) { 
~,=, r or - 'T <: are'< -:r • -_.-V ..... l--fW---V)- - t ff • 4x 3 • 35 - y;-,' for T <•rat<: 3 . 

Now we can calculate the aeymptotic value of Integral (38.33a). On the pi .rt of contour C that coincides with the imaginary semiaxis, we substitute the lower or the values of (38.35), while on the segment co­inciding with the real axis, we use the upper values. Thus, the inte­grands in the integrals over the half-lines are different . Then we may bring the second half-line into coincidence with the firct (1t will be r~ca l l ed lat the integrands now no longer contain polec) and brtn~ the integral to the following form by the s ubs titution t = 
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Consequently. taking a constant 2 equal to 

we obtain 

and. consequently. tor this value ot ~. the solution w1 satisfies not 
only the ditterential equation and the boundary conditions, but also 
the requirement or (38.23). 

§39. ANALYSIS OF THE COMPLETE SOLUTION 

Colleet1ng Formulas (38.19), (38.20), (38.33), (38.34) and (38.36) 
we have 

(39.1) 

_ ,rr==- ~ ,.,, • ,,. -,> _, /-X r ,,d. ,,-,, ) V 2 r ,u ~ , (I - 9·) w V ) - Y ia l w· (I) - qw (I) dl • ( 3 9. 2 • • • Ii 

where 

• :rr 'r-:r -~r z - Y 4Pa - y '"iii'" Oa, g - Jt j;- Ith, h - r -a, q - r.• y -i . ( 39. 2a) 

and~ 1s the function (38.29) or (38.28), satisfying Eq. (38.27): ts 
are the roots of Eq. (38.31). 

This formula was obtained tor the vertical electric dipole and, 
accordingly,~ is the Debye function, while n = ru is the absolute val­
ue of the Hertzian vector for the electric dipole. But tt i s obvious 
t ha t this came formula is al s o valid for the magnet i c Debye function v 
(when the Hertzian magnetic vector i s nm = rv), the only dU'ference be- ~ 

ing trat g mu~t be replaced by 
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q .. - re-Ye- lq = i V'i=T v·: ( 39. 2b) 

(see §2 and the boundary conditions (34.5)-(34.6)). 
These expressions represent the final general form of the solution 

sought in the case in which one of the corresponding points is elevated 
to an arbitrary height above the surface of the earth. It can be shown 
by further investigation that it becomes the reflection formula tor 
a sufficient elevation above the horizon line (this will be the case, 

I as we know, for • >-;- , or, in the nomenclature of § 38 - see Formu-)'ia 
las (38.8) and (38.9) - for g-x1:>x), while for small enough! at 
y = 0 it becomes the formula for the flat earth (as we know, this will 
be Formula (36.35) for y'p;- «:I, Le., according to Formula (38.8), for x''• « I). 

To use the solution obtained, it is necessary either to sum the 
series (39.1), for which it is first necessary to determine all values 
t 5 of roots of the equation w'(l)=qw(I) for the wavelength of interest 
to us and the properties of the soil ( ::iince g depends on them), or to 
perform integration numerically in Formula (39.2). 

Let us dwell i n greater detail on the use of the solution in the 
form of eries (39.1). 

First of all, two limiting cases are important: q=oo, 6=0 (short 
wave s ) and q=O, 6:::a"" (long waves). In the former case, the values of 
t will be denoted by t~. Consequently, they are roots of the equation 

w(f.) = 0. (39.3) 
In the latter case, we denote the roots by t~. They satisfy the .., equat on 

(39.4) 
complex numbers t~ and t~ may be f ound a s zeroe f the Hankel 

functio. ( 8 . 2 ) and t der vat ives ( see [4 a [I, 11 ' ; it must be 
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remembered that the parameter T8 , which differs from the t
5 

in Fo!c 's 
I 

papers [ 4], '• - firJ, figures in the second of these books. The first root~ are a~ follows: 

"Short waves, " q = • 
,..!!. ,:-2.au, • 

• ,.!!_ ,:-4,.,. • . 
,..!!. ,:-:i,UQM, I 

I..!!., ,:-,. 7187t, • 
,..!!. ,:-1,N4n, • · 

"Long waves, 11 q == O 
• I.!!_ ,,-1,01870. • 

, ..!!. . - . ,,-3,248..?0, 

• '.!!. ,.-,.a:o10. • 
,..!!. ,;-e, t8331, • 

'.!!_ ,;-7,37218, 1 

• To calculate the roots tor small g (long waves), it is convenient t o use a ditterential equation, which we obtain by differentiating Eq. (38.31) with respect tog: 

,, , di _. q-w-qw ili'=O, 
and substituting 'ff" by t!' (38.27) and!'' by q~ (38 .31). From this we find that 

"' 1 -----. dq I -q~ ( 39. 5) Now we may determine, one by one, all coeffic ien t s of the series g i ving the expansion of! in powers of g. For large g ( small 6, short waves), we rewrite this equation as follows: 

t 

( 39. 6) 

di ,----:-,--,,_ t--f ,. 
From this it is easy to obtain a series fort in powers of the small quantity 1/q. 

Substit u ing the values of t~ or t ~ from the t able gi ven above in­to t he exponents i n Series (39.2), we ee t hat the exponent s of all ex-ponential fac t ors contain a negative real part. A· we ha ve a l ready not­ed, a ll t 1 e i n t he first quadrant to be n , t , . e ., 1-he_y ha ve 
s 
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po"' it ·;e ma _nary part s . Hence t he exponent i al decrease of each term 
in t he serie s wi th increasing xis a general rule. With increasing 
term number s in both extreme ca ~es and, consequently, also in any in­
termediate case, the absolu~e value of the exponent increases sharply. a Hence for significant! (i.e., for fp2 :;;;.l), the first few terms of the 
series will play the principal role if the other cofactors do not in­
crease concurrent ly. It is easily seen that this will be the case in 
any event for y = O. That is to say, we obtain on the earth's surface 

(39-7) 

The larger!, the smaller the number of terms of the series that must 
be taken. Limiting ourselves to the first term, we obtain 

, .. , .. r.=-: ,.,, 
" -== 2 - ,. ,11' -, , • . cu, ·-" 

(39-7a) 
Io the case or an ideally conducting earth, q = O, we obtain 

(39.8) 

• C= 4Vn: ,r-i" 
. (l +; t' J> l,Ol9 y ~ • 

• 

Ir. the case of q = oo (infinitesimally short waves), of course, we 
obtain a zero, since this corresponds to geometrical optic s , and pene­
tration of the radiation into the shadow region is excluded. 

Thus, the field dimini s hes exponentially at great distances if the 
observation poin t is on the surface of the earth, as wa s first shown by 
Wat son [1]. This circumstance wou l d exclude transmiss ion over great 
dis t ance s if t here were no ionosphere. 

A~ a di t ance D from the ource, a n observa t ion point on the 
groun i~ s t ua t ed be low the pl ane of t he ho r izo by ad ~tance 
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o• 
lhA I - ii , so that the 

taneously an exponential 
exponential decrease wi th distance i s simul­
(~up{-• i,r~Yllt,1f}) decrease with descent 

below the plane ot the horizon. This is something completely different 
trom the dittraction decrease in the shadow of a flat s~reen, of which we spc,ke in §34. 

As will be seen t~om the table given for them, the coefficients ts 
depend rather weakly on wavelength. Even as we pass from A= o to X = ~, 
only t 1 and t 2 change greatly. Neverthele s s, the absolute value ltl di­
minishes with increasing~- On the other hand, x ~ Al/3. Hence we can 
satisfy ourselves that with increasing A, t he pene t ration of radio 
waves is intensified (as, ot course, it should). 

At short distances CP. < I), the series converges slowly. It cannot 
be used at all tor p2 << 1, when it would be necessary to calculate an 
enormous number ot terms. However, Formula (36.35) can be used here, if 
necessary continuing its expansion (compare [I, 11 ], Chapter 4, §4). 

Let us now examine the field in space, y IO. It is essential that 
a difference fran the field at the ground arpears only because or the 
presence of the "altitude factor" in each term of t he seri e s : 

/(h)- w(t,- ,> . 
w(/J (39-9) 

If t he d istance x from the source is so great ( p
2 

> 1 ) t hat one term of 
t he series is sufficient, thi s means that t he enti re f i e ld i ncreases 
with increasing has does this "altitude factor." True, a decrease will 
occur at first for very small heigh • sin~e, accord t ng t o Formula (38.31), 

w(t,-v)= w(t.) -uw' (/,) = w(t,)(1-qg) (39. 10) and t he real part of g i s posit ive. This is the came d crea ~e t hat we 
encount ered in the case of t he fl at eart h. It s ::; mply a con :;equence 
of the boundary condit ions ( ee (21. 24 )) and pay ,.. an · n:;1 - nif can 
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r o e. 1t h a further increase in~, in view of the fact that ts is al­ways markedly larger than unit y , we can estimate the curve of the al­
titude factors from the asymptotic behavior or w (38.29,tl). From this it . is evident that the field will increase exponentially. 

The case of large l, when the diffraction phenomena are sharply in evidence, as occurs, for example, for short and ultrashort waves at 
considerable distances, ts of particular interest. In thic c?.se, ex­
panding the exponent in Formula (38.29b) in powers of t/y, 

(39.11) 

and limiting ourselves to the te:-ms given above, we obtain on substitu­t i on of the value of (39.11) into Formula (39.2), 
I }'iu I;- ,'/I ,'C-l''ii v-;- I i9 .. /I ) ,'C•-Y i°W V-2-, i--- - -, ----dl. (39.12) jr,- . "·- t') w(I,) • Yi .. (I)-.. (I) 

In particular, in the actual horizon plane, y = x2 , 
,!..a 

V 2-.. r:= • ~ t = ' r JII (I -q1)w(I' . . ,, 
and s ince, according to Formula (38.5), for y = x2 

then 

consequently, 

-av I ,+ - - , where"=-• 
R A ( 2 A ) (a1))1 

3 • 2a 

,Jld u--v­.. 

(39.13) 

(39.14) 

(39.15) 

Thus, as we found earlier (37.8), the attenuation function (re­
ferred to the undi sturbed field ~ exp(ikR)) d0e s not depend on dtstance n the pl a ne of the horizon. In general, howeve r, f 0 r x- VY =I= 0 , the 
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attenuation function decomposes i nt o factors of whi ch one is of purely 
oscillatory nature ( exp ( l T ,'11

)), while the other depends on the coor­
dinates in a definite combination, which may be denoted by!= 

(39.16) Above the plane of the horizon,! 1s negative, while in the shadow z > > 0. It (Z/Yi>'" in the multiplier before the exponential is replaced by its value in the horizon plane, i.e., by unity, 
,!.,'II 

v- • • V, (z, q), 
(39.17) 

It must be remembered that the representation in series form i n Formula 
(39.18) is possible only tor! positive, i.e., in the shadow, s ince 
with negative!, the successive terms of the series increase exponen-

' !! 
tially because ts contains a positive imaginary part (t,-, 1). But even 
tor positive!, it is convenient to use the serie s only when! is not 
very small. Thus, in the immediate vicinity of t he horizon, i t is nec­
essary to resort to an integral evaluated by numer i cal methods . We 
note, however, that if the asymptot i c expression s not used, and the 
series given the complete solution (39.2) i s applied at once, t hen 
even t hough i t will not converge very well f or poi nt s i n t he plane of 
the horizon, the direct calculation is po s ible , vi nce t he value s of 
t 5 and w(ts) are tabulated f or the various cases . It is , of course, 
then necessary to take many terms of the series (5). 

Thus, if the receiver i s on the ground fa r beyond t he horizon, the 
field will be exponentially small (see Formula (39. )). As we rise 
above the s urface, the field at first attenuates s omewha t (see (39.10) ), 
in the meas ure of boundary cond i tion (34.6L and the n begin a rapid 
exponential rise (see the expansion of (39. 11 ) ) . As we a pproa ch the 
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plane :>f the horizon (sinf ~ ~), then (this will be demonstrated be-JI'-, 
low, (39-32)) the field will increase Just as on emergence from the shadow at the edge ot the flat screen (Fresnel diffraction}, and, in the immediate vicinity or the horizon plane - below it, above it, and ori the plane itself, as long as lfiasint J « I , the field will be de­scribed by Formulas (37.11) (see also (39.15)). Finally, s we ascend further above the plane of the horizon, we enter the illuminated re­gion, where the interference (reflection) formulas apply (they take ac­count of the sphericity of the earth in the divergence coefficient (35-7)). 

For a rigorous derivation of the reflection tonnulas from the gen­eral s olution (39.2), the reader is referred to Fok's work [4]. 
Up to this point, we have assumed that the source is situated on t he ground. However, S~lution (39.1) can be generalized without diffi­culty t o the case of arbitrary source position. 

First of all, applying the reciprocity theorem, we may rewrite its solution for the field at the earth's surface created by a dipole ele­vated to a height h
0

: 

,, ... 
"(t, O; ho)==- -V(x, O; lo) . •• 

'611 V (x, 0: Yo) = 2 V rux ~ ,' _ • /, (Vo), . . " 
i 
I . (39.19} 

w ,,, - vo> • r.t:-:---r•o /,C,o) - w(IJ • lo - Y2 (1tal-;-. I But we have seen that the solution in space at a height hA 1s ob­tained f rom the series that gives the solu ion for the su rface by mul­~iplicat i on of each of it s terms by a height fac t or. Con~equently, 
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, 

(39. 20) 

Indeed, we have seen that each term of the serie s , cons idered a a 
function ot ! and yA, satisfies the different i al equation and boundary 
conditions. As concerns the behavior of the soluti on a t the pos ition of 
the source, we have satisfied ourselves that i t is determined by the 
terms of the series for which! is very large . Formu l a s (3 . 35) are 
valid in this region. They indicate that the int roduction of a new 
height factor fs(Yc) for large! i s equivalent t o s ubstituting yA + y

0 tor yA. Therefore, passing to the integral form of the solut ion, we may 
easily satisty ourselves that the entire proof de scribed i n §38 can be 
repeated, since the change is manifest only i n the s bs titutl n of y

0 
+ 

+ YA tor l in the asymptotic expression of t he inte
0

rand (38.35a). This 
demonstrates the correctness of Solution (39. 20). 

In the case y0 = 0, the solut ion can be pre sent ed not only i n se­
ries form, but al s o in the form of an i ntegral the s um of who~e res i ­
due s i s this ~er ie (see (39. 2 )). In much the ame way f or y

0 
/ O, 

Series (39.20) i s equivalent , a s Fok showed (4) , t o the i ntegral (com­
pare al s o Furut s u (9 ) ): 

II 1- , -i- I .. 
4 I/ _ \ id ,. ( / l9 t ;, . i' • I, !lo, !/. 1) t I, 

r. 
(39. 21) 

,..~ <1> - · qwi (/) l · ( 39. 21a) 
w1 (I) - qw1 (1) 

Here ~land ~2 are the same complex Airy f un ct ions , i.e., solut ions of 
Eq. ( 3 .27) that show different asymptot i c behavior for l arge negat ive 
t : 
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II I I 1/1 Ill v- I w, <'> - , •c-,> ~ , • - -=-' • -- <-t>' H!:. -<-t> ; 

I - - I =-(-I) t I- n - ) ( 2 1/1) • }'J 3 I ; 

(39.22) a I ~ J/1 . tll v- I w1 (t)-e • (-t) •, • --=, • · -(-1)1 1r:,l-(-t) . 

-~ - -1-(-1,- t - n - ) 2 .,.) 
• ri 3 \ a The contour C may be selected in the ronn or a broken line running from infinity in the second quadrant, oo-exp(i fn), to O and from Oto+ oo. It is just t ~i s representation in integral fonn that enables us to in­vestigate the solution in the region in ~-1hich the series converges poorly. 

3. Let us consider in greater detail the field as a function of depth of immersion in the shadow. We observed above that for an obser­vation point on the ground far beyond the horizon. we may limit our­selves to a single term of the series, so that the field diminishes !l5.: ponentially as we move away from the source, as D = a~ increases. On the other hand, near the plane or the horizon, the decrease with dis­tance must be much slower (according to Formula (37.13), the attenua­tion function! does not depend on distance, and s o forth). And indeed, i n the shadow near the horizon, we can obtain a sim~le and important re sult: the at t enuation function is the same as that obtained for Fres­nel iffractlon on a certain equivalent flat screen. Thi s conclusion is of great practical importance, in particular for diffraction of the field of a remote extraterrestrial source or on d i ffraction on hills and other convex obstacles. We present the analyt i cal results of Fok [7] and Furutsu [9]. 
Persist:ff·~ attempts have been made to apply the ordinary theory of ·Fre snel diffraction at a rectilinear edge of an opaque, infinitesimally thin s creen ( ~11, Fig. 11.3) to description of diffracti o at a curved ed::.; - ~ '.", d even for diffractio around the earth . _ 1 s appl cation was 
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unjustified and, as will be clear from the above, l eads t o fu ndamental­
ly incorrect results on the surrace or the earth. As we noted in §34, 
diffraction at a straight edge ot a thin screen gives a comparatively 

1 slow decrease in intensity as we move deeper into the umbra,£---=-, 
l' .. 

it dis the distance rrom the geometrical boundary or the shadow. -
We have considered dittraction around the earth on the assumption 

that the essential zone on the surtaoe or the sphere covers a region 
whose dimensions are small as compared with the earth' s radius a. Thus 
we were able to replace the equation of the s urface by an ~pproximate 
parab olic tonnula (34.1), , __ ,.•+,', whe;re x, y and! are rectangular 2a 
coordinates with the plane z = o, which is tangent t o the Dphere at a 
certain point, taken as the coordinate origin. De scription with this 
tonnula ts admissible even when the shape of the s urface deviates from 
the parabolic or trom the spherical outside the essential region. Hence 
the results can also be applied to diffraction on any convex body for 
which we may limit ourselves to second-order terms in expanding the 
equation of the surface within the e ssential zone. 

Fig. 39.1. Symbols. 

I t wi ll be recal l ed that formulas were deri ved tn ~:7 for the 
f i e l d a t the su r f ace of a sphere (near the ge ome r a l b ~Jndary of the 

hadow) ~ en he incident radia tion ~ of L e ~a J re of a p a .~ wa ve , 
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i .e., t he ~ource i s ve r y far awa a nd elevated abcve t he ~round, and 
al s o f0r lhe converse case - s ource on the s urface of t he ... phere, ob­
se rvati on point remote near the plane or the horizon. 

It wa s clear from the deri vat i on of these formulas that they are 
al so val i d when we are speaking, re s pectively, of the field ot a glanc­
i ng wave incident on a convex elevation if the observation is made near 
its peak, and also , conversely, of the field of a source situated, for 
example, at tne top of a hill and observed at a di f:.tance from it. How­
e ver, if ext end the se conclus ions to the case of a hill, for example~ 
on a flat eart h, i t is neces sary to remember that not only t he plane 
wave from t he source but als o it s reflection from t he ground surface ,!n 
front of the hill is incident at the top of the hill. We shall consider 
th i s important circumstance later (§53). For t he t ime being, we shall 
as s ume every t hat we are dealing with an isolated convex body in a vac­
uum. 

We shall use the nomenclature of Fig. 39.1, where we have marked a 
point 'I· to indicate the line of intersection of the hor i zon planes for 
the s ource O and the observation point A. The angle y between these 
planes i s the diffract ion angle of the incident wave, and the angular 
di s t a nce of po i t T from the points of tangency Band C of the horizon 
plane s wi th t he s phere is, as is easily seen, equal to 1/2. We are ob­
viou l y nt ere ted in the re gion of value s of v << 1. Cons iderable im­
portance will subsequently attach to the distances n

0 
• a~

0 
and DA• 

~ a~A from the s ource and from the observation point to polnt s Band C, 
re pect ively . 

Let u~ conulder the dimens ionless quantit y 

(for h0 = O, the quantity ~ is i dentical 111 h ~ (39 . 16)). r. ce 
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Y:l.uao=os-,,-aOo and Y4'mA=AC=r,=a0A, a nd D ~ approximately 
equal to the distance from Oto A, ( is a measure of the arc BC. If we 
imagine an elastic filament to be stretched between points o and A, 
then, measures the length of the segment on which this filament is ap­
plied to the . surtaoe ot the sphere. Clearly, when point A approaches 
the horizon plane ot the source, OA', point C will approach point Band 
~ will van~sh. Thus, ( is at the same time a measure of immersion of 
the observation point into the umbra. To within higher-order terms in the small angles y and~, 

{39.23a) 
and we have d • r 2v, where r 2 is the distance AT from the observation 
point to point T, tor the depth 2 of immersion of the observation point 
beneath the source horizon plane. As we shall see, it differs little 
trom a~A. The approximate expression for the exact formula (39.20)­
(39.21) ot which we shall be speaking pertains to the case in which~ 
is not very large, while the distance! and the height h

0 
and hA are 

quite large, i.e., for the condition 

fl» I, (39.24) where 

(39.25) 
Thus, neither of the corresponding points need be situated on the 
earth. This condition may also be expressed in another way . According 
to Formulas (39.23) and (39.24), . ,-

y11~A· ·,1 ~ v-,aa &n6A •a = ------- ::a --- - -•-v o-..- 2 

r ~ one of the angular distances ~O and ~A 1 much larger tha n he othe~ 
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, ~or inc dence of a pl a e wave, ~O >> ~A' then 

,•/T a t(o04)' ,..•::::ao,.. V i;I" ~ V 4p •. Ps :a .. ~ • ( 39. 27) 
where p2 is the parameter (34.20) for the distance of point A trom point C. The requirement thatµ>> l signifies that the P8rameter p

2 

must be very l arge for the distances of the two corresponding points f r om the ir horizons ( i f one or the points, for example, point O, 1s lowered to the earth' s s urface, th n ~O = 0 for it and Condition (39. 24) will be violated). 

The attenuation multiplier of (39,21) was transformed in [7] for c nd i tions under which x, y 0 , yA and~ are large while; is small or f inite . Here we present only the final result: 

V - _vx .,..._.._II {1&ll1 (1&i) - lr1 (U + ~• ,r; (i)} • Y lloJIA I :). 0 ( un bra ) ; 
( 0. •1oa ) 

i n illu~inated re i on 
where (I)•- (t) (x)== .!..(y~" + y~•) - k(R- D) ( R is the straight -line distance 

3 

from t e source). Two functions appear in these fonnulas: g

1 

and g

2

. As we sha l l see, one of them coincides with the expression that would ap-pl for Fresnel diffraction at a straight-line screen edge: 

(39.29) 

as follows: 

( lllun lnated re ) . ( 39, 30b) 
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For tinite and small t, this function and 1ts derivatives are of the 

order ot unity, and, generally speaking, they depend on the parameter 

Sl, which characterizes the electrical properties of the sphere. On the 

other hand, g1 (µt) does not depend on g and, as long as we consider 

µ >> 1, glve~ the principal term in the umbra. Let us show that it does 

actually describe Fresnel dittraction trom a rectilinear screen edge. 

According to Pormulas (39.26) and (39.23a), the argument of g1 is 

,. / 62*0' ' 1/ •UoD ' 
a&l-y 2(0o+OA>,'i'_- 2(Do+DA)"'' 

(39.31) 

where D0 • a~0 and DA• a~A are the distances of the corresponding 

points O and A trom their apparent horizons, i.e., to Band C, respec-

tively, taken along the arc ot the great circle. We are interested in 

the case in which the quantity tis small or finite, and is not very 

large in any event. According to Formula 
I 

• .C (m)'. At the same time, according 

(39.23a), this means that 

to Formulas (39.27) and 
I 

(39. 24), the ~O and ~A ot interest to us are such that O » (m)-~ . Con-

sequently, • < Oo. OA . Under these conditions, D0 == r 1 = CJr and DA • 

• r 2 • AT. Hence the quantity 1&l=v' "'•'• • is the argument of the 
~,-rr.) 

tunction (39.29). If, on the other hand, we set OL=-(1u, then 

On the other hand, if we replace the earth by a flat screen with a 

straight edge passing through point Ton Fig. 39.1, then, according to 

Formula (11.8b), we should obtain an attenuation function 

for Fresnel diffraction, with the sam~ value of u1 (see (ll.8c)). Hence 

(39.33) 
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hu:.; , t o within t he phase multiplier exp (- iµ1, 1), which, -c ogether 
wi th the othe r factor s in Formulas (39.28a), (39.28b), provides the 
necessary phase lead, the field behind the convex body 1s identical un­
der these conditions (µ1 » I, , ~ l) to the Fresnel diffraction field be­
hind a flat s creen. This result was first obtained sem1qual1tat1vely 
by Bremmer ([1, 11], page 77). We note that for greater accuracy, as 
will be seen from the above, the distance should be reckoned from 
points o and A not to T, but to points Band C, i.e., Formula (39.31) 
rather than the expre ssion for u1 (39,29a) should be used for the argu­
ment. 

This cooclus ion assists us in understanding many of the results 
already known. Thus, it becomes clear why the diffraction of light from 
a distant star at the limb or the lunar disc produces the pattern or 
ordinary Fresnel diffraction at the edge of a screen when viewed from 
the earth, and so forth. 

The physical origin of this striking result can be pointed up even 
by reference to the example of short wave s , for w ich the parameter 6 
i • ::; ma l l. 

According to the Kirchhoff theorem, the field at point A can be 
obtained (compare Fig. 34.2 and the remarks pertaining to it), for ex­
ampl e, by integration over a closed surface containing, firstly, the 
pl ane iiQ pas ing through the free part of the imaginary ""'creen and 
partly through the screen itself to the surface of the sphere (see Fig. 

39 . 2) and, seccr.uly, the surface of the sphere on the side toward A, 
beginning from Q. However, the first integral may be replaced by an 
i t e ral over onl y the free part TM of the screen, which will give 

l 
gl ( µs ) exact ly. P.ctually, the segment TQ = r I 

-nee 'lJ < (ku) 1 is much 
ma ler t han the width of t he first Fresnel zone c0n s tructed · n the 

verti al p ane TM for an observation po in t A; t~ width s equal to 
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Fig. 39.2. Transition from diffraction on a sphere to diffraction at a straight edge of a tlat screen. 

-Jf ~A and the ratio or the two quantities satisfies the inequality 

(see considerations leading up to Fonnula (39. 29a)). Consequently, in­
tegration over QT introduces nothing that is not negligible (see §11). 
As concerns the field uf virtual sources di s tributed over the surface 
of the sphere near the horizon, which is superimposed on g

1
(µ~), it is 

described by Formulas (37.8c) and (37.11). For small 6, it is corre­spondingly small and can be omitted. 

However, the value of the result set forth is compromised by the 
fact that it is valid only in a very limited range of heights hA. The 
requirement µ

2 
>> l is very rigid. Thus, according to Formula (39.25), 

we ... hould have for the earth (a=6,4-JO- m) for heights ho-hA-h , ex-pressed in meters 

(39.24a) 
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.e., ve for ult ra short wave s , i.- 1 -", hV' » 10. For A= 10 cm and h =­
= 100 , t · e parameter µ

2 
is equal only to about 2. It diminishes when 

dimin lshe v and as X increases. On the other hand, this conclusion is 
applicable only to a limited depth in the shadow, as long as~ is not 
very large. ctually, for t>I, it is definite that 1&l»l, so that ac­
cordin to Formula (10.13), 

,!! , . 
,, (1&C) = --­

if •Ill (39-34) 
Applying Formula (39.30a), we see that in (39.28a) the first terms 

in th brace cancel exactly. A more detailed examination shows that 
subsequent terms also cancel, as they indeed shou~d, when V Jiminlshes 
exp~n nt ially with increasing immersion in the shadow. Thus, we may re­
place iffractlon from the sphere by Fresnel diffraction from a 
straight edge of a thln screen only as 1 ong as , ~ I. 1. e. , according to 
Formula (39.23a), as long as 

(39.35) 

If we compare 2 with the distance from the plane of the shadow boundar 
d-·· = (aa .4)

1 
• 

t the 5urface of the phere "- then t hi s becomes a very small ~ 

(39.35a) 

Th !.. , the region of Fresnel diffract ion cover., only the region of 
c0mpara1..lvel small depths in the shadow d << d 

maks· 
I t' we r emain near the boundary of the :reometrical shadow, within 

U1' l rnit'· ln<l ' ca t ed by Formulae (39.35) and (J -35a), we may €:Xpect 
v e pi~tu re of 1ffract1on from the scree tQ be applicable tQ a rat her 

0 ·3.d _ n,;e of cases t o the extent that t wo impQr ant genera l zat1ons 
E:: po:-••• :: le . It ha been considered thu far tha t we are ea i ng with 
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Fig. 39.3. Ab s olute value of attenuation function w for diffraction on a sphere tor a source at high elevation and a n ob servat ton point at q -­= •· The curves are drawn for var i ou s value~ of f3 ::::: O. 909µ ( from [Vl, 9]). 1.1,~ is plotted against the axis of ab s ci sr.; a J ; 
I •uo~ 

IA t • ~/ 2 ( UC) r u A) ·• 

where• 1s the angle of diffraction. I) Diffraction on half-plane. 
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a ::, pr.er ca ::; r f a. ce , w t h t :-e ;.; r ce and ob ervat ion p oir t both re­
by a distance t hat is mall by comparison with the 

radi u ::; of curvat re !, ... o that Oo, -0,1 < I . Firstly, the re s ult obtained 
rema nLl val id no matter how remot e point o, so that the incident wave 
i ~ fla t [4] (~ee comparison with t he result of ~37 presented above). 
Secondly, we may expect it to be valid even when the observation point 
A is arbitrarily remote, provided that the immersion d into the shadow 
remains correspondingly small. It ls this last a ssumption that serves 
a a ba i s for application of the theory of diffraction from the edge 
of a th i n screen to diffraction on hill s and mountain ranges. 

A notion a s to the applicability of the approximation expressed by 
diffraction from a flat screen is given by the curves of Figs. 39.3 and 39. 4, which have been borrowed from Furutsu' s work [9]. The first dia­
gram gi e s the attenuation function for q = ~as a funct i on ofµ~ tor 
variou . ., µ ( the corresponding values of t he parame t er it- 'V+ are in-
dicated on the curves). It is seen that eve n forµ - 20, the differ~nce 
from diffrac t 0n +- he scree , .~ quite s i gnificant, and that it in­
creases as we move away from the s creen. The second diagram gives the 

3 )''• 
attenuation f uncti on as it depends on l,.. {4 , (Le., essentially on 
'1/t, ~· ee ( 39. 23a) ), for various g (at ==-i JI +q are marked on the curves) 
fo r µt.,. 7 . In e i t her case, it is assumed that 0 , !IA> I and that 

Im e < Rec . In the former case, the function w = W/2 is plotted 
agains t the axis of ordinates, while in the latter it i s the function ~ = ~W/2. 

A compari s on of the corollaries of he r lr~ •Jr uu: ; t hev r .; 111 .t h the 
t heory of diff ract i on from a ~..;c r ee and wlt.. 1 e x p c: r l lf(::r11. i :; r;acr i(:d <.,u1 
n r eat de t a 1 n [ 10 L which al s o conta ins a rattie r cumprehenr. l ve 
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4. Let us consider briefly the question of calc· lat ing field 
strength and the attenuation functions tor source s other t han the ver­
tical dipole that we have been considering up to this po·nt. 

As we have already said, the field in the case of the vertical 
•gnetic dipole is described by the Debye function v (and not by~), 
whioh ditters from (39.1) in having Clm in place of~ (39.2b). In calcu­
lating the intensity components ot the electric and magnetic fields, it 
is necessary to use Formulas (3.32) for the electric dipole and Formu­
las (3.33) tor the magnetic dipole. Thus, if the field strengths Ev, 
Hv ot the electric dipole have already been obtained from~, we shall 
obtain the field strengths E!, H; of the vertical magnetic dipole from 
them by replacing i by 'lri, and taking -Hv (qm) av E~ and Ev (qm) as H;. 
Just as in the case ot the flat eartn (§§ 27, 28, 29), we may differen­
tiate only the multiplier exp (ikR) in differentiating with respect to 
r, ~,~unless we are interested in terms of the order of l/R2 and higher. 

First suppose that both the transmitter and the receiver are on 
the ground. SinceR'-a'+(a+h,1 -2a(a+h)cos0, R:::::.aO, 

~R 1 . o,e ,,,,. - - - 2a (a + I&) sm O::::: - .:::::. - ::::: a .. ~ ~ R R 
Thus, differentiation of~ with respect to~ may be replaced by multi-.,.iR 
plication by '"i;~ika. Further, with interest in the field at the sur-
face ot the earth, we may, by virtue of Condition (34.6), replace dif­
ferentiation with respect to! by multiplication by -ik~. Connequently, 
provided that llaO~kR » 1 , we nhall have fo:- t he vertical electric di­pole 

£: -k1au, 
• lt:n E.• =--u forr :a a, v;.-

(39. 36) 
H; = -k2au. 
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The remaining components are equal to zero. I t 1s clear from this that 
hav1ng selected "-~ for a dipole 1n tree space, we have thereby as- l) 
sumed that the dipole moment 1s equal not to unity , but to! (actually, 
D -,u=:au). 

The tield Eh~ ot a horizontal electric dipole oriented along the 
line or propagation, i.e., along the ~-axis, is obtained from this on 
the basis ot the reciprocity theorem (E~~ = E~) and from the usual 

t £ t boundary condition E. --=E•, 1. e., • - -=E,: 
.,.. Y•• 

di t'4 .~·1 · &.r --=u--n9 , 
t.. I . 

.-.. tta .' f or r -a. c. - -u, • . .... 
(39-37) 

According to the rule set forth above, the field or a vertical magnetic 
dipole, is 

e,...- k1aa, 

H':,,,- k1au, 
(39.38) 

where 1 dltters from~ by the substitution of qm for g, v = u(qm). Con­
sequently, as in the ca e of the flat earth (see, for example, Formula 
(28.7)), this field is small, e.g. _, proportional to l/R2. As in §29, 
this magnetic dipole may be replaced by a square frame with two sides 
parallel tote direction of propagation and hence producing mutually 
ext1nguishinrf field s , and two s ides perpendicular to the lin~ or propa­
gation. The field Ehy or one ouch horizontal electr l c dipole pc~ rpendic­
ular to the line of propagation differG from E~~ by divi ;,l on by -tkl 
cos-;. Consequently, if we select a moment for the electr c dlp0le that 
corresponds to the frame moment, we obtain by analo~y t~ F0rm la ( ?.9 . ~ ) 

£'." = H :• === k1au. ( 3 51 , 3 ~) 
Lowere to t he ground, t herefore, the dipol e prod ~es a t the ~round 
surface a field of exce ssive ly high order i n R. M'reover, the functions 
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u and~ decrease exponentially beyond the horizon. 

Under real conditions, therefore, the case important tor the hori­
zont al electric dipole ts that in which it 1s elevated above the sur­
face of the ground and a wave reflected in accordance wtth the inter­
fe r ence formulas (which take the divergence coefficient ot (35.7) into 
account) makes it appearance. 

In the case of a horizontal magnetic dipole situated on the 
ground, the dipole may, as in the case of the plane wave, be replaced 
by a frame in which only its vertical sides produce a field that does 
n t con ain an addit tonal small factor 1/VC- or 1/kR. Hence 1t differs 

a actor lsincp.!.==iklsincp from the field of the vertical electric di-• p le f oment m/1kl. As a result, we arrive again at the fonnulas tor 
Ev with an additional sin~. where~ is the angle formed by the direc­
tion of propagation with the axis or the magnetic dipole. 

Thus, only the field of the horizontal magnetic dipole i s as sig­
nificant as the field of the vertical electric d pole if both corre­
s ponding point s are on the ground. As concerns ot her case ~, they are cf 
practical interes t only in the illuminated region, where the interfer­
ence formula s are applicable. 

In conclu vi on, we present a summary of the final formulas for the 
fields of the s ources considered above. These formulas [4b] are valid 
throughout the s pace above the ground for the condition!Vt}.»I. 
(Terms of the order or 1/M and I/Va have been dropped as small compared 
J o the others . ) 

a) For the vertical electric dipole: 
E; == - 11; = E0V (x, Yo, y,,, q). 

(39. LtO) 
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Fig . 39.5b. Same a s Fig. 39-Sa; shorter waves, shorter distances. a) E, ~b/m; b) E, db; c) kHz; d) MHz; e) D, km. 
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b) For the vertical magnetic dipole: 

,r.,, ,r_., = E.v (.r, 110. 11,,. q.). 

(39-41) 
E".,, = E9_. ·a fr-, -.: 0. 

c) Pora horizontal electric dipole situated in the plane~= 0: 
E; .. H: -= - E.v (x, 110, UA, q,,J sin cp, 
rA H" i r av (1. llo- IA• q) c., =- - • =- -£,•-----cos(p, M 81A 

uo\ , ,: W(1 ,Vo•IA 0 '1,,.) n• - - ... ------sin cp. M Ofo (39.42) 
t 

~ ... v,e. 
d) For a horizontal magnetic dipole (vertical frame) located in the plane cp = o: 

For the elect ric dipole in all of these cases 

{39.44) 
while for the magnetic dipole£ (the moment of the electric dipole, p = 
= 1Iherr/w (6.4b)) should be replaced by~ (the frame moment, m = IS/c, where r s the current in the ·ource; heff i s the effec t 1 ·ie hr; 1~ht o!' the electric dipole; Sis the area of the frame). 

Toe re s t of the notation is as usual: M i ~ a l arge p~rameter 
(38,7); for g and qm ~ee Formula s {39, 2a), {39. : b); y

0 
and y A are the 
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reduced he i ht z of t he s our ce ana observat ion pu in t , .Y 
mula ( 39. 2a)); ! is the reduced angular d i.n La nce he t w •c 11 I laem, x "' Mil. 
Finally, V 1s the function of (39.21), in which the dependence on g or 
qm' a s the case may b1:!, 1s written out in explicit form. 

The attenuation functions for a sphere have now been tabulated and 
presented i n diagram form for a large number of particular cases (see, 
for example, [I, 11), [5]). The problem has been elaborated in particu­
lar detail in the boc1k by Azr1lyant and Belkina [5], in which a compre-
hens i ve atlas of curves has been compiled f~r two extreme types ot 
s oil, q = 0 and q = co, including V and its derivatives, so that it 1s 
pos s ib l e to carry ou·c highly accurate calculations for the phase and 
ampli tude of t he attenuation function. Among other things, it is poss!-

-
'M -

,,.___,___..___.___,,_~-J.__,;~~-a.... ...... ~__,;-__._~._ ..... -• I II M M ., SI II II II # • Ill Ill I.II ,., Ill 
-«- . Fig . 39.8a. Same as Fig. 39-7a, but A = 3 m. a) E, µv/m; b) E, db; c) 100 MHz (3 meter~); d ) or i ­z on ; e ) D, km. 
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.,, 

SI 

Fig. 39.8b. Same as Fig. 39.8a, but h
0 

= 50 m. a) E, ~v/m; b) E, db; c) 100 MHz (3 meters); d) hori-
zon; e) D, km. 

ble to devaluate rigorously the applicability of the reflection (inter­ference) formulas. For the purpose of illustration, we present here certain less detailed but informative diagrams (Figs. 39-5-39-9) taken from Bremmer•s book [I, 11). They give a conception of the influence of soil properties, wavelength and the heights of the corresponding points on the attenuation of the radial field component. 
However, experimental data indicate that t he theoretical curve~ for a s phere surrounded by a homogeneous atmosphere describe the true field attenuation satisfactorily in far from all cases. The di sagree­ment 1s particularly manifest for ultrashort wave · and even shorter waves (decimeter, centimeter) beyond the limit of line-of-sight visi­bility, where the actually observed field is stronger than that pre­dicted by Formula (39.20). This divergence st ems from the inhomogeneity 
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ot the atmosphere. Deviations in the range ur longer-than-metric waves 
are accounted tor by the normal decrease in the density or the air with 
increasing altitude (see §15), and, as we tind, are described in good 
approximation by the sa• formula (39.20), in which it ts necessary 
only to replace the earth's true radius! by the effective radius ae, 
which is considerably larger than a (see §58). 

In the region ot shorter wavelengths, however, the s ituation is 
tound to be rather complex. The formulas of the present section, even 
on substitution of ae for!, at best describe diffraction onlv forcer­
tain average conditions. For the most part, however, they are quite in­
applicable for such short wavelengths, both due to the formation or 
waveguide channels by inversions in the altitude variation of the tro­
pospheric retractive index and because or diffusive scattering of the 
radio waves on nonregular fluctuations of air density. These problems 
will be examined in Chapters 9 and 10. 

Manu­
script 
Page 
No. 

353 

[Footnotes] 

Not to be confused with the attenuation function or the pre­ceding sections. 

[Transliterated Symbols] 
375 MaKc = maks = maksimal'nyy = maximum 
390 3~~ =err= effektivnyy = effective 
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Chapter 7 
FIELD ABOVE AN ELECTRICALLY INHOMOGENEOUS GROUND SURFACE 

In the preceding discusston, we idealized the problem ot radio­
wave propagation along the ground in a var i ety or respect~. Firstly, 
the interface between the ground and the atmosphere was regarded either 
a s ideally flat or as strictly spherical. Secondly, the atmosphere was 
re garded as perfectly uniform. Thirdly and lastly, the soil was also 
cons idered to be fully uniform as regards its e l ectrical properties. 

The geometrical idealization is very often found to be inadmissi­
ble, primarily when the irregularity or the terrain is not negligible 
as compared with wavelength. We shall defer cons ideration of this tact 
to the next chapter. The inhomogeneity of the troposphere, which is 
particularly s ubstantial for very short wave s , will be examined in 
Chapters 9 and 10. Here, however, we shall dispense with the idea of 
homogeneous s oi l, which, of course, does not by a ny means reflect the 
state of affa i r s in the case of land masse s . The small depth of pene­
t rati on of rad i o waves into s o i l (Fig. 17.1) ha s as a consequence that 
no ubs t ant i al "averaging over depth" take place, while l oca l varia­
ti on of t he electrical parameters along the transmission pa l~ , which 
are due primarily to fluctuations in the mo i sture content~ of the 

oi ls , are qu ite s i gnificant. More6ver, even suc h pract t ca l l y mportan t 
ca se s a s rad i o c ommu~ i cation betwee n ship a nd sh ore ·nd i cate that i t 

s ne e sa r · to inve stigat i on propagation of rad o waves over an inho­
mo .ene ou .., earth . 

~ ~ha l l s ee be l ow tha t t he propa ga ti on of ract · o wave ~ a ove an 
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inhomogeneous surtace exhibits highly unique properties. A number of interesting properties arise for short and longer waves. In other ran~s, however, cases arise ln which, for example, the field does not dillllnlsh with increasing distance, but instead increases under special but trequently encountered conditions, etc. Study or these properties 1s ••••nt1al, on the one hand, tor understanding of the radio-wave propagation •chan1sm and, on the other, 1t assists in selecting opti­mum conditions tor radio transmission and taking account of the distor­tion& engendered by the inhomogeneity or the soil. 
In the course ot time, the theory ot the problem was developed for a tlat earth [1, 2, 3, 4] (and generalized subseque ntly for a spherical earth [5, 6]) on the basis of the same method with approximate boundary conditions ot the type ot ( 21. 14) and the integral equation for attenu­ation functions ot the type of Eq. (24.12). Here, however, they were reviewed and generalized, first and foremost so that t hey would be ap­plicable tor variable E and, secondly, so that they might bs solved ef­fectively under the much more complex conditions that arose. 

On the ot her hand, other methods [7, 8, 9] also came into use la­ter. They confirmed the conclusions of the rea s on ing fol l owed above. A theory was also developed for the first time for a spherical surface [9] (the results of whi ch were also obtained on the basis of a con­sistent integral equat : on, see [6] and §46 below). 'The se stud i e s cul­minated, tor one thing, in the compilation of tables and diagrams for the final formulas [8b, 10]. We shall present s ome of the se below. The question of disturbances to the phase and direction of propagat i on of dist urbances to the phase and direction of propaga t ion of rad i o wa ves on crossing the boundaries between different types of s oils a nd the problems of t he i nfluence exerted ·oy the numerous random i nhomo~ene l -t le :..; ha ve been take n out of t h l:; chapter a nd wl be con~ i dered 1..o~cth -
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'= :: _ ': h o he :-_; .:..m:. lar terra l n ef feet s i n Chapter 8. 

- §40 . APPROXIMATE BOUNDARY CONDITIONS 

Fi r s t of al l , let us generalize the approximate boundary condi-

onc (2. 19) f or t he case of variable e. We shall conduct the d1scus­

:.; 1un for a f la t ea rth, but the local rel3.tlonships ob1,a l ned will, of 

cour r; e , a ctua l ly be val ld also for a nonflat ::;urface ( for example, for 

t he :: p'r1ere), provided that its radius of curvature is l arge enough 

( ~;ec Fonr.ula ( 34. 2 )). We shall, moreover, assume that the source is 

em ttlng vertically polarized radiation. 

Let u i ntroduce the concept of the length over which the proper­

tie s of the soil vary noticeably: 

b .- _\_!,_\_ • 
l crach l 

(40.1) 

and consider first a soil that may be regarded as homogeneous within 

d if;ta nces of the order of the wavelength in air, 

b » l, kb "j; 1. (40.2) 

In this case, the considerations presented in connection with 

Formula (21.19) remain n force. Indeed, in §21 we required only that 

~ ·iJE, 
t he fiel d ~ in air satisfy the condition 1-j:::::ikE which is the case 

\ux . " • 

f he a t tenua ti on function varies little over the wavelength. It the 

inhomogene ity of the soil has not yet maae itself felt at this dis­

tan~e, th~ behavior of the attenuation function may not deteriorate. 

Further, as we know, the field dies out rapidly as we move deeper into 

t . e earth, so that it vanishes on a segment considerably exceeding 

(( 17 .7)] 
I- t __ X -, 

Im ( • Ya} Yici ,in l ½ 1rct1 :~~) 



Hence 1t Condition (40.2) is satist1ed, then b >>land within the 
depth ot penetration ot the field, the variability ot soil properties 
in the vertical direction will not be able to manitest. Consequently, 
aillplJ bJ regarding the dielectric constant 

• -•~.,> 
•• a alowly varying (by ccaparison with T) quantity, we may recast 
Condition• (21.14), (21.19), (21.26) and (21.27) in the torm 

for z-0 

where 

(40.4) 

( 40. 5a) 

( 40. 5b) 

.. (%. f) - _::: (.r' f) =::: I (.r, f) + COS1"' =::: I (.r, y). ( 40. 6 ) . .,, .. >-c:astt 
Here t 1s the angle tormed by the line or propagation with the x-axis; 
1 1a the glanc1•.1g angle ot the wave at the plane z = o, 

. •• - /,cm• cosq>, •• - kcos 'I> sin q,, k, = k sin· 9. 
As usual, Condition (40.4) is valid not .only for Ez, but also for the 
Hertz1an vector (nor I\n) or the vertical (electric or magnetic) dipole 
or, in the case or a spherical surface, tor the Debye functions~ or 1 
(in the magnetic case, ot course, [e0(x, y)]-112 is replaced by [e(x, 
y) - cos 21]112, compare Formulas (34.5)-(34.6)). 

Thus, the problem is simple to solve if Condition (40. 2 ) 1G ob­
served. The situation becomes more complicated for sharply inhomogene­
ous soils, when b < l . In the general case here 1 t appears that there 
are no local conditions or the type (40.4)-(40.Sb) at all. However, it 
will be appropriate to examine the important particular case in which 
it 1s possible to advance tar enough into the region of small b. Bound- " 
ary conditions of thi s type may be written, if the complex permi ttivity 
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L·· ery lar e, 

• l•I > I, 
6 > ~ , ti. ( /iJ > I, rt• I 

(40. 7) 

(40.8) 1.e., 1t the characteristic length ot the inhomogeneity exceeds the "sou wavelength," even 1f 1t ts small aa compared wtth the wavelength in air. This region ot b-values occurs when Condition (40.7) holds. Hence we may turn to the original Leontovich conditions (see §21. Sub-section 4). They were based on the tact that t~r very large lel. the va l ue of kNE is very large, so that the ray approximation ot geometri­cal optics can be used in the soil. Consequently, as with the plane wave, Formulas (21. 29) must be valid. 

If the soil is inhomogeneous, but its properties do not have time to change within the limits of a segment 1/kNE, 1.e., it Inequality (40.8) ls satisfied, the ray approximation must be valid as betore. Thus, we may rewrite Relationships (21.30) for variable&: 

In exactly the same way as on conversion from (21.30) to (21.31), we sha l use th6 field equations. However, in differentiating Eqs. (40.9), it must be remembered that Eis variable. It follows tr011 di v!'°= O that 

~- -(~+ ~)-_!._("'•-"'•)-.!._!_(~11,-~H.). cl, c1r ., >'• 4r ,, . 2 •• ,. c1r ., Since rot lr = -ikT, we have 

•e, ,. s (,. ,. ) ----£,+- -E.+-E. f 'J r z-O. cl, -I• 2a c1r '6 ( 40. 10) This formula generalizes Condition (40.4) for the case of a rapid-

• t 

l vary 1ng s o 11 wt th large I e I . It 1 s eas Uy seen that s 1nce £,., ~ fi £,. t he ra t i o of the term added on t he right to the f r ::; t term s of the orde r 
1/k • Wit hi n t he framework of Cond itio ( 4o. e ), t. 1 ~ q antity 
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•Y be very large. Baaentially aEz/az is an anomalously small quantity 
tor a ao11 that conducts well (aa compared with the "natural" scale ot 
variation, kB&). Hence it •Y be necessary to take account of the lnho-11011nelt7 ot even a soil that conducts well. 

' 1'urther, within the 11m1ta ot a segment ot the order ot ~everal 
)., the ftr1at1on ot a (wh1oh re•ins large everywhere) may 1ntluence 
the pr1no1pal field components Bz, Hx and HY only in terms or the order 
ot 1/-Ta (thi1 will be demonstrated by direct calculations in §49 on the 
baai1 ot Condition (40.10)). Henoe accurate to terms ot higher order in 
th11 ••11 quantity, the relation ot Ez with Hx and HY is the same as 
tor oonatant a. Aa a consequence, according to (21.26) and (21.30). it tollowa from Bqual1ties (40.9) that 

(40.lla) 

(40.llb) 
(tor another derivation ot (40.10), see [I, l], §40). Formulas (40.11) 
oan be obtained 1n a ditterent way it we remember that Formula (40.10) can b• rewritten in the to~'Dl 

•• ,. ,:, • t (, .. r=- , .. r=- ) ,,e,, ,e,,) - • ---.:1.. +-- ·-(, 1£.) +- (y 1£,) - , _;., +- , • t • r • • 'r \ . ., •• or, remembering that divT. O, 

! (Ya /;'.s) + ~ (l'a £,) = ikE11. 

Since we may consider Ez - exp(i(kxx + kyy)) with an accuracy to terms 
ot the order ot 1/..{1, Formulas (40.11) are the solution to th 1G equa­tion, which var.izhes together with Ez. 

Now Formula (40.10) can also be rewritten: 
IE• lit I ( cJa 81) ----:£.+--- ·•-+k,- Ea or z-0. (40.llc) .. t'• ~•ca.-· Ix t11 , If, however, it 1s remembered that o.rE11=:::ik"E11, t hen 
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• 
IE. - -

1 
(•• 1rad s. ) for z - 0, . .. ·-·. l'• c,.r. ,, • where ? 1s a two -r1 imens tonal vector 1t(k , k ) . 

X y 
Formulas (40.lla) and (40.llb) indicate that tor rapidly varying 

e, kb< 1, marked variation ot Ex and\• as distinct trom •z• taua 
place on segments much shorter than the wavelength in air: -E.--E. , • 1 ' etc. ... . 

A more detailed evaluation ot the error ot the above formulas ta 
obtained it we apply the approximation ot geometrical optics succes­
sively to the Maxwell equations with variable I and do not atop at the 
tirst nonvanishing approximation in 1/..f1, but also calculate the next 
one. This gives [IV, 3] tor a nonunitorm and uneven surface 

£11 -y'I H, { 1 + 1 
_ (~ + _.,!. + lln l'c")} , ( 40.13) • tjt'•I' Pa Pa II 

where~ is the permeability, which s assumed constant (we assume~• 1 
everywhere); p1 and p2 are the principal radii ot curvature ot the sur­
ta.oe; ! is the normal to the surface . . Thus, the boundary conditions 
(40.9) are particularly sensitive to variability ot soil properties 
along the vertical! (the derivatives with respect to! and l appear 
only in the next order in l/..f1). The range ot applicability ot the ap­
proximate conditions (40.9) is, as we see, as follows: the surtace ra­
dii or curvature must be larhe as campared with the depth ot radio wave penetration: 

The properties ot the soil may vary only slightly on this same interval. 

Thus , 1n much the same way as 1n the case or a homogeneous soil, 
we have obtained an impedance-type boundary condition tor the function 
Ez, i.e., a condition that contains neither the field in the earth nor 
any ot her unknown functions. Using this cond i t i on, Ez ca be found in 
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the upper halt-apace trom the wavG equation. Then we can determine~ 
and By on the surface z • O trom Formu~as (40.lla and b) and, finally, 
aolve the equations tor •x ar,a By tor z > o. on the other hand, stayin 
wlthln the ,,._work ot the geaetrical-optics approxiMtion, all tield 
oaaponenta •Y, tor ••11 negative z, be regarded as diminishing in ac--
oOll'danoe with the law 

(40.14) 
Conaequently, the field in the ground is known it we know the field 
'f(x, y, C), which, with the exact boundary conditions, gives Y1(x, y, 
0) uniquely. 

Usually the soils are sharply inh0111ogeneous tn nature kb< 1, for 
long waves, when the displacement currents may be disregarded. Hence 
the applicability condition (40.8) tor the to mulas obtained may be 
written in the tora 

(40.15) 

where the last expression gives the s•llest admissible~ 1n meters it 
the wavelength in air is expressed in meters and a is expressed in COSE 
units. Thus, tor typical soils, a - 108, and tor~ - 100 m, the char­
acteristic length ot the inh0111ogeneities must exceed 2 m substantially. 
In particular, in considering the propagation ot radio waves ·near the 
shoreline, the transitional zone between sea and land may always be re­
garded as wide by cmpar1son with this quantity b(O) and then the tne­
ory can be used. 

§41. THE GENERALIZED INTEGRAL ~UATION 
The theory tor a nonuniform surraoe is simplified substantially if 

we base it on the integral equation that generalizes F.q. (24.6) tor 
th i s case and on the general tzed boundary condi t tons ( 40. 4) and ( 40.11 . -
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• 
In the case ot an inhomogeneo~s soil, we shall not be able to state ln 
advance the field or even a vertical electric dipole is described by 
the Hertzian vector with a single nonzero component. Hence we shall 
consider the rield Tat once. The Green's theorem is, ot course, also 
valid tor it, so that according to Formula (8.5) we have tor Bz and EY 
on introduction or the Green's tunction v_, it -r(O) la the tleld ot the 
same source above an ideal-conductor plane, 

E ... <z, 11, 1)- E'.., + :a \ £.,. (.x', 1', 0) (:,, ~ )a'd(, ~ P (41. la) p-y-~---z~-r~+-~---11-')•-+-~---z')-•. 
On the other hand, we have tor Ez according to Formula (8.7) (Green's 
function v +), 

(41.lb) 
Indeed, tor£•~, both Ex and Ey and aEz/az vanish tor z• • O. I:, a, (4 } But :a-_, .. -~ in Formula l.la , so that dltterentiation may be tak-- • ,, 

en out of the integrand. on the other hand, substituting Expression 
(40.12) in Formula (41.lb), we can perform integration with respect to 
x• and y' by parts. Hence the fields vanish at 1ntin1ty and the 1nte-

•• ,, ,, ,~ grated expressions drop out. Then, substituting----,----, •• •1 .,. ., we see that all three expressions ot (41.1} may be written in the tol-
( 1£• :a. E ) lowing symmetric form as~uming -.;- - us,. • , and so forth : 

~Ac IA E. •• £:- - . E• - E;- :.:..:L • ( 41. 2a) • • 
IA• IA E. - ~. + - .J.. :.:.:.t. .. I ,, • (41. 2b) 

1 J . t ,~ 4..,,.--;::- -!:!.. . E.(.x', 11', 0)-d.x' d11', (41. 2c) - • --2· y ,. , .... ,·, , 
where the e~pression tor AY differs from the expression tor Ax by hav­
ing kx = k cos , cos cp in the integrand replac1:d by ky = k cos "# sin q>. 
If the ource i s a vertical electric dipol e a t p,1n (0, O, z ), then, 
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on sultable selection of the dipole moment, we have in the plane z - o 

c- :0 ..... D-Y~+ll'+4. (41.3a) 

Con~rt1n1 to tbe attenuatlon function w -
£.-B'.-. 

• obtain the tollowlng equation tor 1t: 

( 41. 3b) 

Here 

have 

• • I + !!! ~ •Cr'• 0 { 1 + 1 (t 1rad In fii)} ••c,+,, dS', 
Ill Y•Ji.,'> .. __.. 'P (41.4) 

,-V ~+I"+ 4. , -f <.i-z'>'+<1-,l>' +z1. 

the ■ultlplier _.,c,:. 0 also appears in the integrand, but •. .,e .... (.r. ,, 

dropped lt on the assumption that z0 and! are quite small. 
The altuatlon is particularly simple it the departure trom the 

field above an intinitely conductive surface is round to be small. 
Then, 1n vlrtue of the small tactor 1/..f1°, the tntegral may be regarded 
as a ■lnor diAturbance and an undisturbed tield put for Ez on the 
right. Bxuplea ot this w1ll be given turther on. However, a peculiar­
lty of the propagation process over the earth conststs tn the fact that 
even it the absolute value 11°1 1s large, the field may differ substan­
tially trom the tield above an intin1tely conductive surface, 1.e., the 
entire integral may not be small. This 1~ clear even from the fact that 
c0 • oonst, when the normal attenuation tunct1on is the solutton, the 
departure ot the field trom the fteld over an ideal conductor becomes 
very large at larr~e numertcal distances. Hence tn the general case the 
solution by successive approximations 

methods wlll be necessary. 

inapplicable and s ome other 

If the term containing grad 1° can be disregarded (for example, 
if kb>> l, but not only in this case under certain special circum­
stances; see below), then the braces in Eq. (41.4) can be dropped. This 
equation may be solved directly with a special form of the function 
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0 
£ (x, y ) even in the case or arbitrarily large soil-homogeneity dis-t.ortions . It has been solved [1, 2, 31 tor the case z • O and 

c• :.:J oc, 
•• - ,: - const, 

x<O, 
x>O, } (41.5) 

which describes the propagatio~ ot radio waves above a surface consist­ingot ocean (e ••)and dry land(£,•). Needless to say, it is still necessary to prove here that the region of the E discontinuity, where grad e = •, is nonessential; this is actually the case it the corre­sponding points are situated on opposite sides of the boundary. Howev­er, ir both or these points are on the same side or the bourtdary ( "coastline reflection"), then even though the di::;turbance is small, it will depend essentially on the transitional zone and here the term with grad£ is very important (see §50). 
This special case, which has come to be known as coastline retrac­tion, sine~ the entire que~tion grew out or study of radio direction­finding errors in the viciH'Lty of coastlines, was the first inhomogene­ous-surface problem to be solved. It brought out a number ot peculiar properties or the process and therefore acquired fundamental importance. However, eve n in slightly more complex cases, even, ror example, for two different soils or fin i te conductivity, 

1 8 ~ e~ = const+ x.. 
1• ~ e; = const + oo, (41.6) 

it was possible to obtain a solution only by a different method that permits simplifying the solution also for the case ot (41.5). The meth­od is based on substitution or another mor~ general equation tor the integral equation (41.4) [3]. We shall now pass to derivation or this equation. 

Our point of departure in earlier chapters wa ~ the integ~al equa-t. 0 r fie ld ~t r r th o~ for the Hert zian vect or, wh c ba sed on 
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Formula (5.8) or (5.14). It expresses the field at a given point i n 
tel'IDa of the awa of the volume integral over assigned sources and a 
surface integral containing values ot the field itself and its deriva­
tiYe on a certain surface. In deriving these formulas, which give the 
solution to the wave equation (5.1), 

(41.7) 
essential use la made of an auxiliary function - the Green's function 

.. - .!..-,, where r - IR-lr l is the distance between the observation , 
point and the point ~n question. The entire method and the integral 
relation baaed on it are fundamental to the theory ot propagation of 
wave processes in general. 

However, it was emphasized back in §8 that such selection ot the 
Green's function is not the only one possible. Even in the case ot an 
ideally ~onductive surface (§20), we used as the Green's function the 
ccabination of the function v0 and a function describing reflection at 
a plane. In particular, we saw in §8 that it is required ot the Green's 
function only that it 1) be a solution of t he wave equation (41.7) 
without sources (U • O); 2) that it increase without limit, as 1/r, as 
r .. O, and 3) that it diminish more rapidly at infinity than 1/r or, 
on the other t.and, that it diminish as 1/r and satisfy the radiation 
condition. The Green's function v0 that we have used everywhere may be 
interprated as the field or a point dipole in a vacuum. I ~ is obvious 
from physical considerations that all requirements made or the Green's 
function are also satisfied by the field of a dipole situated above a 
flat ground surface of finite conductivity. In other words, we may use 
not only v0 , but also the function 

( 41. 8 ) 

as the Green' s function; here w0 is the attenuation f unctt on for the 
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placem~ r t of the corresponding points above a surface characterized 0 () 
L,, a e!' t ain £ - 0 = onbt , as indicated in the argume1 t. In particu-
lar, if w0 denotes the attenuation function that we found 1n Chapter 5 
for the case of a vertical dipole situated at a point "Jf• and observed 
at a point 'Ir, i.e., the normal atte uation function given by Formula 
(25.30), then the function (41.8) will be a suitable Green's function, 
s ince (a :-. will be clear from the physical interpretation of the func­
t i on ~.), it sat1 s 1es all three of the requirernents enumerated above 
and, in part i cular, is an approximate solution to the wave equation 
(41.7). All re suh,s found using it will al s o be valid with t he accuracy 
with which it is a solution of the wave equation. 

In the nomenclature used in Formula ( 26. 21)-{ 26.22a), this func­
tion may be written as y,(/r-r'!: z', z), where rand r• are the projec­
tions of 1f and Jr, onto the xoy-plane; z• is the current point in the 
integral;! is the ordinate ot' the observation point; or, since z• and 
z appear only in the form of their s um, as g(lr-r' J; z+ z'). For z + z' = 
= O thi s function satisfies the condition 

Here 

where 

oy, q r - r' f; O) 11, ( I , I O) ., ==-y- g, r-r : . •• • 
{41. 9) 

v.(p;z+z')~1+2l"s;p r , .. -~(•+Y!:11n•)
1
du,(41.10) 

~ (1+ V.:lin•} 

ilt Sear-. 
4"' • 

:e s tre ss that here the parameter eg is arbitrary. In other wor s , 
·ve s e ec t a s t e Green' s function the f e l d of a d lpole above a certain 
f ct t ous a ux il ary homo eneous surface. !iav1ng t hi parameter, we ob-
t a _. an opportun y t o simpl1f, the eluti on of ario s prob _ ,s . 
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According to (5.14), we may now write for the field at any point 1n ~paoe (x, 1 1 z) 

t' s -"" t {" II! •"'• • ( ~·· ) } £. • -7. U (a')--;-10.W- + 4i""} ,,; --;- lo-,; 7 !Jo E, 15'. ( 4 l. 11 ) 

Wiahlng to select the interface plane between the earth and the 
( , . ) at■oaphero ;; • --~ as our surface s, we must differentiate the 

twiotion •ikr/r with respect to! with a certai~ caution, since here 
£ ay vanlah. Hence it is necessary to proceed as outlined in §36 (see 
Pomulaa (36.6) and (36.7)). [We might also take another approach, se­
lecting,•• 1n §20, not Function (41.8), but the function 

( 41. 12) 
as the Green's function.] Differentiating the product with respect tc ! and applying Formula (41.9), we obtain 

r • ,;., -ij l--::11,E. -dS'. V-: fl 
Since tor the plane (.l?.._) - 0, the following general -.. in particular: 

IimffCx', gj2..:.~I tu'd11' - -2:cf(x, 11). .... ., , J.. ... 

Thus, we obtain 

formula is valid 

( 41. 12b) 

.E. - - - U (R')-V,dV - z. --! +---!.. -11t!U' d11'. ( 41. 13) 
t s .... t I ( IE U,E ) .,., 

2,s V • p . -, _;-; p 
y •• 

Here P-Y(x-.c·,, •• (y-y'J'; 1n the integral with respect to s•, 
u,•le(P: 0) 1s the attenuation function for a dipole ~ituated at a 

point (x•, y•, 0), the field of which 1s considered at the point (x, y, 
O); y0 ts calculated for a certain auxiliary homogeneous eart with 0 0 
E = e0 ; U ~s t he source density of the f i e do (3 -9b), a more de-
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t a ile cxpre sion for which will not be necessary. Since oEz/oz is de­
fined i n terms of Ez tor z = O, we also obtain an integral equation 
for Ez. Substituting the value or (40.12) and taking y

0 
out trom under 

the vo~ume-tntegral sign by virtue ot the point character or U, we ob­
tain 

where 

t ~ ,'"' C: = - - U(R')-dV' 2.i p 
V 

(41. 15) 

.:; t he field t hat the given sources U would create at the observation 
point i f the earth were ideally conductive; D= Vx•-:-y• is the projec­
tion of the distance from the source to the observation point onto the 
plane z = o. Thus, the first term in the right merr.ber g1 ·es the t1eld 
that the given source would create at the g ven point if the earth were 
homogeneous and had the same £o &A ine selected auxiliary soil eg. 

At the surface of t~c earth, we have for a source of the nature 
of a vert i cal dipole, ~o within the constant multiplier 

(41. 16) 

Below we shall devote detailed analysts to the fundamental case 
z0 = O, 1.e., the case in which not o~ly the receiver but also the 
~ra smitter are on the plane z = 0. For 1t, the normal attenuation 
f u ,cti on 1s a function only of numerical distance. Hence we shall write 
y0 int c forw y(s0p), etc. 

r pr inc pa i interest attaches to the caDe of a fu ctio EO not 
.;;;. y ..,. _ -✓e y r ap ly , whe Cond tion (40. 2 ) _:; sat t;f1ed n t he square 

- 409 -



brackets 1n (41.14) can be cmitted. Then, proceeding from the field Ez 
to the attenuation function! by FOl'llula (41.3~), we obtain instead of [") Bq. (41.4) the pneralized integral equation (2, 3] 

•<D: •o> - 11• <D: zrJ + ..!!!.. r ( 1 
- -L) .• , .• ,_.,, c,.,>,s·. ( 41. 11 > z. l t'•v.;, . JI( 

wh1oh is equivalent to Eq. ( 41. 4) with•:- oo, g(s.,,) =r y
1

(D; z
0

) - I. As usual, the exponential tactor isolates the tirst Fresnel zone as the most es­sential region. It a
0 

is constant in the transverse direction within 
the zone, then, expanding£ and pin series in y 12 and integrating with respect to Y', we obtain finally 

1 /D • • (x'; 10 ) v (Jop) •CD; zr) - lie (D; z0) + i y ¾ ~ (Vs (x', 11') - J/i;) --:JI-;-:.,.:;:, ,;:;;;
0

=_=.,.,;-> -dz', • • 

(41. 18) 
'" s. = - = const. 2&' 

• This equation, which is generalized by comparison with Eq. (41.4) (the square brackets trom Eq. (41.4) may, of course, be carried over) by the introduction of the arbitrary constant parameter s
0

, 1s very useful. 

Allot the considerations presented above may also be generalized tor the case of a spherical earth [S, 6]. 
The Green's theorem tor the radial field component at a point A above an inhomogeneous sphere, Er(A), gives 

(41. 19) 
s J", au a£ }. E,(A)-E:(A) + ~ l•E, - .: v_ dS, 

where E~, as we shall see below, is the field above a certain homogene­ous sphere. Here the observation point is not on the sphere i t self. 
To pass to the case r = a, we must apply the formula s or the analogous discussion in §36. As we did there (see Fig. 36.1), let us denote the distance from the observat i on point A in space to the current integra-
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tion rface by r', the central angle between point A and the current point by 9, and the height ot point A above the ground by hA. By way 
of the Green's function v, we select the field ot a point dipole above a homogeneous sphere characterized by a certain dia ter eg (and by a 
corresponding value of q0 = q(eg) (39.2a;). According to Formulas (39.1)-(39. 2 ), 

(41.20) 
where x' corresponds to the distance a9 according to Formula (39.2). Since for r = a 

IE, lit E, -- --==- • .. .. .. (41. 21) 
and, consequently, 

----. ---+--.- V 
lo ,"al ( t a,, ,. ) 

• ... ,, ,, . ,-. ' . y •: (41. 22) then, ubstituttng Expression (36.2) into (41.19), we get 

~he next-to-last term in the parentheses is very small. Indeed, as we 
approac h h ( r' = j R- R' I must be distinguished from the distance ! to the cen t er of the earth), 

(41. 24) 
The integral that arises trom this term 1s of the order ot £:._!_ and 

:u. can therefore be dropped (this is essentially the same term that we d ropp 
in (36.6) when it was taken into consideration that kr' >> 1). 

'I' (;; ver y las t term i n the parentheses in Formula ( 41. 23) gives, as in 
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- • • I,, \l'-VE,~ -= 2.11& ~••-1(,'>V(r')E,(r').!!. -J ,,. . ,,. 
• • (41.25) • W.l- ...-V, V(r')E,.(r') •1 "'+ r ~,,._,., V(r')E,(r')).!!.). 1 ,, ~• l~ ,, In the limit, h .. O, the derivatives in the integrand are in any event t1n1te and, since the entire integral is multiplied by h, it 

dropa out ot the Nault. The very t1rst term gives 2~Er(A). Transposing this term to the lett Mllber in Formula (41.23) and multiplying the equation by 2, we obtain tor observation points on the sphere itself 

£.(A)-E:(A) + ~r( :_ --1:) ,111'1(•,1-..:> V(0
11 -t';q0

) E,(O')dS, ( 41. 26) . . . z. J .,.. Y ,:, .. ,."-•~ 
where~• is the central angle ot the current point on the surface, Nckoned trom an axis passing through the source; V(~A - ~•; q

0
) is the attenuation tunct1on tor the angular distance e-o"-0' at hA = O 

(39,2). In the variables D • a~A' D' • a~•, introducing instead of £o and ,g the parameters q(S) and q0 corresponding to them, together wit h the large parameter M, this equation may be rewritten in the following obvious notation: 

E,. (D; q) - ~ (D; q.) -t- ....!_s ,-,,. E, (D'; q) ,,-0-0')v (0 - O'; q.)dS'. ( 41. 26a) ~M D-D' 

Fig. 41.1. Auxiliary coordinates or. the sphere. 
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As i n the case of the plane, it may be reduced to an equation 
with a n integral along a line - in this case, along the great ol~cle 
Joining the source and the observation point. For it, we introduce co­
ordinates on the sphere as follows (Fig. 41.1). Let the great circle 
passing through the sourc~ O and the observation point A be the equa­
tor. The longitude or the current point <p(cp

0 
= 0, f,4'- O,.) is reckoned 

along it. The latitude y ot the current point is always small within 
the limits of the essential region ( it ,)A is not very large, 0 "< 1 ) . 
Hence it may be assumed in approximation that 

f'~cp + ~, f-,O'~cpA -q>+ ,ps 
2cp 2 (44' A-cp) (41. 27) 

We seek the solution 1n the form 

,'-• E,(O; q)- -W (-0; q), 
Gi (41. 28) 

where w is a certain slowly varying attenuation function (like Er, it 
is a functional with respect to q • q(f, v). In all slowly varying 
functions W, V, 1/'I), etc., we may set•= 0 and extend integration from 
-~to+~. After all of these substitutions and canceling n-l exp(ikD), Eq. (41.26a) assumes the form 

u1cv"'; q) = V(OA: q.,) ~ 

It r i.-l +» . "4 ' ■ (..!. . I ). ( 41. 29) ""\"" ~ \ \V (~; q) V (0 - q>; q
8

) dt \0 11 ,,, •• ¢) - Q" _/ ,.. • •,1-• d-&;. 4:i.\t J tl • (u ., - ,., •~ a -oo · 
Let us consider the case q = q(f), i.e., let us assume that the 

properties of the soil vary only along the arc ot the great circle 
connecting the transmitter and receiver a nd that t he boundaries sepa­
ra ting different soils are perpendicular to this arc. Subsgquently, we 
shal l a lso con lder an inclined boundary and satisfy ourselves that the 
correc ul on for uch a boundary is very small. In this case q{~) - q

0 
is - from 1... r he ntegral with re spect to -; , Wl11c gives . 1 

~k OA)--:;(2:ti<',)(0,i -9))7". s a re~ult, 1. he followin.:,: equatior: 
obtained 
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tor the attenuat 1on t'unction W; it is valid for ~, which ependil on the 
point (here we substitute~ tor•• since they are the same at the equa­
tor)s 

•<• A' f) - V(• A;·,., +, f lM•A ·e(q(t)- q.) •c•: q) V c•A - •: ,.,dO.( 41. 30) • V • l V•t•A -•> 
Thia equation has exactly the same form as the equation tor a 

flat earth (41.18). Indeed, using the values or Mand g (38.7), 
(38.12a). 

we see that 

..Yr. -~- 1 iM M =- V T • q = ' 7 --= -== _r=. • {,• ,. .. 
l/

/ t.\i.,,, 1;•,,111 ,1 ( l l .) --(q-qJ==J - ---- . •. :I .II .,, .. (~) ,./-; , .. 

( 41. 3oa) 

(41. 30b) 

The only difference from Eq. (41.18) consists in the substitution of 
W tor the unknown attenuation tunct1on ~ and replacement of the auxil­
iary function tor a homogeneous tlat earth, y0 , by the corresponding 
function V tor a spherical earth (if we set D' = a~• and D = a~A' there 
will also be a d1tterence in the substitution of D' and D ror x' and !>· 
This equation is obtained for soil properties that do not vary very 
rapidly, Le. , properties satisfying Condit ion ( 40. 2). It would not be 
d1tt1cul t, of course, to obtain the equation for t he ca~e kb< l al s o, 
using a boundary condition analogous to Condition (40.12). 

§42. PIECEWISE-HOMOGENEOUS PATH. GENERAL FORMULAC 
Con~lder a flat s urface. Suppose that the path of t he radio wave 

(the fir s t Fresnel zone, which takes the form of a highly eccentric 
ellip~;e with corresponding point s as foci in a case z0 = z2 = O) can be 
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broke. p 1 to a certain number N of segments, each of which is homo­
geneous and characterized by a constant parameter e• =- i1, J a: I, 2, . •!•, .V. 
We s hall asGume that the transitional regions are small as compared 
with the dimensions or the segments themselves (although they are large 
a G compared with the wavelength; all regions or the first zone send a 
disturbance with practically the same phase to the observation point, 
so that only the relative magnitude of the area of a given region is a 
factor). Here, however, we shall a s sume for simplicity that, as is fre­
quently the case, particularly for short a nd medi 'm wave s , the tra si­
tional regions are large as compared with t he "wavelength" >., kb >> l. 
In t hi case, Eq. (41.18) is valid with z0 ~ O, Yo= y(s0p). 

If we break up the path into homogeneous segments, this equation 
may be rewritten as follows: 

111(D) - ( D) + i V!: ~ C1 ( (D-x')) (Ya,- ~)•_CX')U-1/ S. a ~ l II S. l' x- tb - .r") ' l-&111-1 • ( 42. l) ,. ,,-•. 
2a, 

Here x _1 and x are the boundaries of the J!h segment, x1 ::a 0, xN ED. 
This equation [2) will be basic in our examination or the radio­

wa ve propagation process above a flat piecewise-homogeneous surtace. 
We note that on passing, in accordance with this equation, to a homo­
geneou '· surface with e0 .. £~, Le., setting N = 1, we must obtain 
w(D) = y(s1D), where y(s1D) 1s the same normal attenuation tunct1on as 
y (~0o), but calculated tor e0 =£~.This means that any two normal at­
tenuation functions y(s0D) and y(s1D) sati~fy the relation 

y (s1D)- !I (s.D) = i_ (V S1U- V s.v)r ,, (S,.r') !I (~o (D - .r')) dx'. ( 42 . 2 ) )' A i V .r' (U - .r') 

Equ~t i on (24.12) is a particular case of this equat i on for s0 = O, 
( s 0D) = 1. 

- 4 5 -



In the case ot a piecewise-homogeneous sphP-r1cal earth, Eq. 
(41.30) gives, wtth the same assumptions, instead ot (42.1) 

ViM,; ~ •, • (t: q) V (I A - t: q.) •<•.:t)-V.(OA; q.)+ - ~ (q,-q.) \" . -tlt. (42.la) 
JI ,_. .f_, V • '. A - •> 

where qJ ls a parameter characterizing the propert :J.es of the soil on 
the Jth segment. -

The generalized equation (42.1) (and also (42.la)) enables us to 
indicate a regular method that will, 1n principle, make it possible to 
use successive calculation ot quadratures to find the attenuation func­
tion tor a piecewise-homogeneous surtace. Analytical calculation of 
these quadratures is impossible in the most general case, but a con­
s iderable number ot 1nteresting particular formulations or the problem 
can be investigated to completion. In other cases, numerical 1ntegra­
tion i s necessary. 

The attenuation function w is a complex f unc t ion of distance from 
the source. On passage across each boundary between t wo segme nt s, the 
very nature ot its behavior changes. Consequent ly, f1xi ng the position 
ot the source, it is expedient to denote it by a s pecial s ymbol on each 
segment (Fig. 42.1). We shall d~note it by w1 (D) on the interval of D­
values between O and x1 . When Dis larger than x1 but smaller than x2 , 
we shall denote~ by w2 , and so torth, or, in general 

(42.3) 
(the ca se in which! increases with distance is represented in Fig. 
42.1; we shall see later that this behavior or~ i s actually possible). 
Here , for the sake of concreteness, we shall sp~ak of a f' lat earth, al­
though a l l considerations will, of course, re t ain t he i r f orce i n the 
s pherical case as well. 

To determine t he field at a given poi nt , accord n .o ormula 
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Fig. 42.1. Schematic repre se ntat i on 
of pos s ible attenuation-funct i on vari­
ation. 1) er. 

(42.1), it i s necessary to integrate only over t he region or x•-values 
lyin6 between t he source and the point of interest t o us. But for the 
fir s t (homogeneous) segment, the attenuation f unct ion is known; this is 

the normal f unction for the corresponding £
0 : 

(42.4) 
St r i ctly peaking , of course, w1 depends not only on D, but also 

on t he distance o the more distant point Don the boundary of the next 

homos ene ous se 0 me nt. I n t hi s chapter, however, we shall dis re gard the 

corr ec or:s t emrn i r.g from t he effect of f i eld "reflection" from subse-

q ent ~e me nt . The reader i s referr ed to. Formul a (50. 27) for the nc,r­

r e :; pondl.n e valuation. Similar effect s are of i ndependent importance l ri 

( /' ) a numb e r of practical problems we shall examlr1e t h(:;m tn .,~o .. 
Let us f nd w2 (D) - the attenuat i on func t i on f'or poin t ~ on the 

·e cond egment . The sum in Formula (42.1) contains only two terms for 

t l. s ca e. e et the arbitrary parameter s 0 equa l to s _. Then one of 

the two erms of t e s um - the integral over the econd se gment - will 

dro t . no e ve r, in the remain ing i ntegra l over t he fi r s t s egment, 
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the attenuation function 1s already known - it is y(s
1

D) (42.4). Conse­
quently, replacing all quantities with the subscript o by the corre­
aponding quantities with the subscript 2, we obtain (N = 2 , w -+w

2
) 

-.(D) - N(s.D) +,,~(Vi;- Jli;) ~ f C•a.r') ds.:fD-.r')) dx'. ( 4;... . r. ) y A I J f .r' (U - .r') :> • 
Thus, to determine! on the second segment, it is necessary to 

calculate the integral or the unknown functions. When the function 
w2(D) is found, we may seek w3(D), i.e., the attenuation function for 
the third segment. For this purpose, we take s

0 
= s

3 
in Eq. (42.1), 

where the sum now contains three terms, N = 3. The integral contai~~ng 
the unknown function w3 drops out, leaving 

.. (D) _ g (&aD) + , , /DI(~_ rs;)~• II (11.r'l 11 (•~ (D ': .r)) dx' + • y A J y .r' (V ~.r') 
• • • ( 42. 6) ·+ (~ _ )'s;) ~• 1Pa (.r') fl (1:i (D - r)) dx') • . J y .r' (U - .r') .r, 

the function w2 being assumed here to have been determined already trom ( 42. 5). 

In general, it is obvious that w may write for the kt h segment, 0 0 sett 1ng !O = £k 

. yo ,-~-I ~' r,;,; (.r') !/ (s I; (D - .r')) w. (D) - g(s.D) +, ::- ~ (VS/- }"s;) \ ----:-'.u:;~~==:=::--dx' ( 42. 7) •• "" • J , .r' (U - .r') J-1 •1-1 
( where x0 = O) . 

Similarly, we find for a spherical earth 

w" (0 .4: q) == V {-0 ": qi&)+, /i./rfi ... ~:;• (q, -q.) ·s1 
",(&::'Vu, A - i; '"' do, { 42 . 7a) -· V a '-" r ~,.,A-~) ,.. .,_, 

where integrals are again taken only of the attenuation f unction on the pr e ceding segments . 

Needle ·s to say, actua l application of t h · rec rre t met hod may 
encoun t e r dif f'i cu l t 1es of' a purely cornputa t 1ona r,a · r e. Be o I we shall 
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~11 ~t rate its appl i cation to a series of elementary exampl es that yie l d practically interesting resul t s. 

§43. PATH COMPOSED OF TWO HOMOGENEOUS SEGMENTS 
I n t hi • section and those to follow (to §45 inclusive), we shall 

cons ider a flat i nhomogeneous earth and then convert to the spherical eart h. 

Suppose (Fig . 43.1) we haves= s1 on the segment O < x < x
1

, 
with x1 < x, = s 2• The attenuation function on the first segment t s , of course, known (42.4). 

Equat i on (42.5) i s valid for w2 (i.e., for x
1 

< D). To calculate 
w~• it i s nece ssary to substitute l from (41.10) for z = z' = 0 in the 
int~gral. Then there appear, in particular, multiple integrals of the 
error i ntegrals¢ for the complex ~rgume1t . They cannot always be re-duced again to the same¢ of othe~ argument ~. Terms of the type 

a l o remain. They must be tabu l ated specially, or else i t i s necessary 
t o cons ider the i r a symptotic be~avior for large a nd small values of the 
corresponding arguments. It is not difficult to write all expressions 

----------------------------s-, 

--+-o-----8-z,------
F!.g . 43.1. E ·sential region ·or "land-sea" pat h. 

for w2 conta ining these .!..1t e grals. However , it is a n extremely cumber­
~om= t k . Thi r e ~ult w" - r epre ent ed ir. graphica l f orm f or certain 
c 3 Ln Fur ut u ' s paper [8 ] , whe re it wa s arr t ~ed a t by a nother route. 
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This diagram will be presented later. In the meantime, we shall examine 
elementary limiting cases. Instead ot writing out this complex complete 
expression and ua1ng it to tind the results tor these limiting cases, 
we ahall use a~ymptotio representations tor ~(x) and integralo of t he 
tJpe ot (43.1) to slmplity Formula (42.5) at once, in accordance with 
the particular case being considered. It is also convenient to compute 
tables ot exact values ot w2(D), substituting the real and imaginary 
parta ot l 1nto Bq. (42.5) and performing numerical integration. 

Let us consider t1rst the ,2!!! x1 << D (one or the corresponding 
points situated relatively close to a boundary between segments). Then 
we can set in the integrand 

(43.2) 

(since x• varies trom Oto x1 and, consequent l y D - x' varies from D to 
D - x1 • D)* and take this multiplier out from under the integral sign. 
The re•1n1ng integral can be calculated, using Formula (37.7), 

(43.3) 

so that 

In particular, if a longer segment exhibit s infinite conductivity, s 2 = 
• O, then according to Formula (41.10) for z = z' = O, 

(x1 is the length. of a relatively short nonideally conducting segment). 
If 1t is admissible to regard the ocean as possessing ideal con­

ductivity (js 2D1 << 1), this case may be related t o attenuation of the 
radio-wave field, for example, in radio commun ication bet ieen a ship 
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and a shore radto stat1on when the d1stence x1 from the radio station 
t o t he shoreline is much shorter than the dtstance to the ship. The at­
tenuation .function (43.5) [2, 11]* 

-. (D) - z (s,.rJ - l' ; ( I -11 (s,.r,)) ( 4 3. 6) ........ 
solves the elementary problem ot propagation over the inhomogeneous 
surface. It forms a basis for the theory of coastline radio-wave re 
fraction. Its asymptotic behavior was found earlier [l]. We obtain it 
by sutstituting the expansions ot l for small and large numerical dis­
tances (these will be the numerical distances to the shore tor the 
shorter of the segments that passing over dry land). ccording to 
Formula ( 25. 6), 

z(.1i.rJ== I+ :: Y •,.r, forf .sa.r, I< 1, 

and, according to Formula (25.20), 

z (1i.rJ == y ' r or J s,z, J » I. ........ 

(43.6a) 

(43.6b) 
This case is characterized tirstly by a comparatively slow de­

crease in the attenuation function with distance tor large ls1x1 1 (in 
inverse proportion to the square root of the numerical distance to the 
shore, while over a homogeneous surface it is 1nversely proportional 
to the first power of the numerical distance between corresponding 
point s ). Th1s circumstance is accounted for by the tact that and {the 
nonideally conducting segment) occupies only a small fraction ot the 
area of the essential region (the first zone; see Fig. 43.1) and then 
has a shape such that the increaHe in the length ot this traction with 
1ncreaslng x1 causes a proportionally small change in the part ot the 
e llipse covered by dry land. 

An ot her i mportant peculiarity of this formula (at long distances) 
i s the fac t that the velocity of radio-wave propagation, a s over a ho-
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. \ 

mogeneous surface, is equal to the velocity£ i n air. Actually, at long 
dlatances trom the shore, the dlstance-clepen~ent attenuation multiplier 
glvea an additional phase that does not depend on distance: 

.. __ 
1 

1 
1
,,cr :>. "' f x-aras1. Ua1 1 (43.7) 

• 1 The constant phase shift 2 - 2 aras, is established in the transi-
tional region between ocean and land, which we shall not consider here 
(aee ISO), and then remains constant. 

Fig. 43.2. Attenuation function z(p) tor "sea-land" path as a function or the real numerical distance p = s1x1 corresponding to the dry-land segment, which ls regarded as relatively short. The curves of 2._ Yp and are asymptotic tor IM z(p). Vi'" 

Explanation of these peculiarities of the asymptotic behavior or 
! [l] is of fundamental importan~a tor understanding of the radio-wave propagation mechanism (see §45). 

The function z is shown on the diagram of Ftg . 43. 2 for r.eal :;
1

. 
Let us now consider Formula (43.4) for the ca ::; e in which nelther 

s 1 nor s2 is zero (two different soils of finite conducti vit y ). Further, 
let both numerical distances s 1x1 and s2 (D - x

1
) be large, so that both 

attenuation functions can be replaced by their a symptot i c expressions 
1 1 11(s1x,) = --. y(s_(D-x,)) = ----2.,1, 21, (D -.rJ We obta n from (43.4) [2, 4) 
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• (43.8) 

Thus, it may be stated briefly that tor large nwnerioal distances, the attenuation function or a composite transmission path is the geo­metric mean of the attenua~!o~_!unctions that each of the soils would gi ve for the distance in question (i.e., or y(s1D) = -(2s1D)-l and y(s 2D) = -( 2s 2D)-1 ). 

This simple relationship was obtained above for the case or un­equal segments, x1 << D - x1 . However, Expression (43.8) was obtained fully symmetrical with respect to the two segments, with their respec­tive lengths not appearing separately in the result at all. In particu­lar (applying the reciprocity theorem), this means that Formula (43.8) holds for both x1 << D - x1 and x1 >> D - x1 , as long as both of the numerical distances are large. 
Suppose that we are moving away from a source situated on a seg­ments= s1 . As the distance increases, the attenuation function will vary as y(s1D) and, at a large enough ·distance D, will go to -1/2s1D. When we cross the boundary between the first ar.d second segments at D = x1 , then at distances D - x1 from the boundary that are small as compared with x1 , Formula (43.4) will become valid (with x1 replaced b D - x1 and s1 by s 2 and vice versa) 

ro. (D) - g(s1D) {, 1"!i +; l'i;-_l'T. 1 - "'"'' tD -.r,))}, ( 43. 4a) y ~ r.. .. -..vJ-xJ which, as we move away from the boundary to a distance such that J~2 (D-x1)1)) 1, becomes the formula :.:1,(D)~- 1 
, which is valid as i V s,~~D l o is a s D-x1 «x,. We have not calculated~ for longer di :::. tances, when D - x1 becomes of the same order as x1 . However, if we omit this region and go beyond it to the contrary case D-x, >>x,, we shall again have, accord ing to Formula (43. 8 ), ..:t:=- __ l , since one of t he egments is 2 V s1s:D 
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again much smaller than the other. From this we conclude that this for­

mula auat alPo be valid tor the intermediate case D-x1-x1• Thus, for 

Formula (43.8) to be valid, it is actually necessary only to observe 

the conditions I Si-'a I;!> I and Is. (D -x,)I » 1. 

The relationships under consideration are illustrated in Fig. 43.3 
-1 t -1 tor the case s1 • 2. 0 km , s. - 4 s1 - 0,5 km • Distance from the trans-

mitter 1n kilometers is plotted against the axis of abscissas, while 

the ordinates are tield amplitudes in microvol t s per meter for a trans­

mitter with a power W • l kw. It is calculated using Formula (18.9): 

(43.9) 

Here it is assumed that the length ot the segment withs= s 1 is 20 km. 

Atter passing across the boundary between different soils, the solid 

curve, which was constructed by Formula (43.4), merges with the curve 

ot (43.8) even at very short distances from the boundary, or the order 

ot 1.5-2 km, when ~(D-x,)~0,75+ 1,0. Thus, the applicability conditions 

ot the simplified asymptotic fonnula (43.8) are not actually very rig 

id: the sign in these conditions may be replaced by the sign :;ia. We 

shall find a confirmation of this later (see Fig. 44.1). Remembering 

that t he normal attenuation function y(p) differs markedly from it s 

a symptotic expression -l/2p even for p • 5, we see that 1n the case of 

compos i te paths, the applicability conditions for the asymptotic ex­

pre Gc ion~ may be relaxed in a certain sense. Thi s can be accounted for 

by the fact that the simplifications consist in s ubstitut tn~ y (p) • 

• (-1/2p) in the integrands, in which it i s neces sary to integrate over 

the entire region, so that while this sub s '. ~t ut i on i s not very acc urate 

1n the initial range of integration, the ~1tuation i mproves at more re­

mote points and the error incurred does not ha ve a ery strong effect 

overt .e entire integral. 
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• 
Wi (D) ,_ ~ 2 Vl_D • } s,s. . 

f .s,xal > 1,- • I Sa (D-x1) I>> 1. 
(43.8) 

Thus, it may be stated briefly that tor large numerical distances, 
the attenuation function of a composite transmission path 1s the geo­
me t ric mean of the attenua~!~n.J:unct1ons that each of the soils would 
give for the distance 1n question (i.e., of y(s

1D) = -(2s1D)-l and 
y(s 2D) = -(2s 2D)-1 ). 

This simple relationship was obtained above for the case of un­
equal segments, x

1 
<< D - x

1
. However, Expression (43.8) was obtained 

fully symmetrical with respect to the two segments, with their respec­
tive lengths not appearing separately 1n the result at all. In particu­
lar (applying the reciprocity theorem), this means that Formula (43.8) 
holds for both x

1 
<< D - x1 and x

1 
>> D - x

1
, as long as both ot the 

numerical distances are large. 

Suppose t,,at we are moving away from a source situated on a seg­
ments= s

1
. As the distance increases, the attenuation function will 

vary as y(s1D) and, at a large enough dist~nce D, will go to -1/2s1D. 
When we cross the boundary between the first and second segments at 
D = x1 , then at distances D - x1 from the boundary that are small as 
compared with x

1
, Fonnula (43.4) will become valid (with x

1 
replaced 

by D - x1 and s1 by s 2 and vice versa) 

eoa(D) -11(s,D) { .. f'!i + i Yi;-_Yta 1 - ,,,,, (D -,,))}, ( 43. 4a) Y ~ r.. .--..vJ-.rJ 
which, as we move away from the boundary to a di stance such that 

J~(D-x1)1:», 1, becomes the formula :o2 (0)::::::::- 1 , whic h 1s valid as :l v,,~~D 1 o a s D-x, « x,. We have not calculated ! for lone:er di :::;tances, when 
D - x

1 
becomes of the same order as x

1
. However, if we omit this region 

and o beyond it to the contrary case D-x1 ;,) x1, we s hall a ain have, 
accord n to Formula (43. 8), ce o e of t he e ments is 
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again much smaller than the other. From this we conclude that this for­
mula must also be valid tor the intermediate case D-x,-x,. Thus, tor 
Formula (43.8) to be valid, it is actually necessary only to observe 
the, conditions l 1ax1 I> I and Is. (D -x,)I '> 1. 

The relationships under consideration are illustrated in Fig. 43.3 
-1 t -1 tor the oa■e a1 • 2. 0 km , la - 'i ,1 - 0,5 km . Distance trom the trans-

mitter 1n kilometers is plotted against the axis or abscissas, while 
the ordinates are t1eld amplitudes in microvolts per meter tor a trans­
mitter with a power W a 1 kw. It is calculated using Formula (18.9): 

I El- 3.1c,oyi1'"i;l•(D)J. 

'"' 
(43.9) 

Here it 1s assumed that the length or the segment withs= s1 is 20 km. 
Atter passing across the boundary between different soils, the solid 
curve, which was constructed by Formula (43.4), merges with the curve 
ot (43.8) even at very short distances trom the boundary, or the order 
ot 1.5-2 km, when ~(D-.r,)=:::0,76+ 1,0. Thus, the applicability conditions 
ot the simplified asymptotic formula (43.8) are not actually very rig 
~d: the sign in these conditions may be replaced by the sign~- We 
shall find a cont1rmat1on of this later (see Fig. 44.1). Remembering 
that the normal attenuation function y(p) differs marke ly from it s 
asymptotic expression -l/2p even for p • 5, we see that in the case of 
composite paths, t he applicability conditions for the asymptotic ex­
pre~s ion~ may be relaxed in a certain sense. This can be accounted for 
by t he fact that the simplifications consist in s ubstituting y(p) • 
• (-l/2p) in the integrands, in which it is necessary to integrate over 
the entire region, so that while this substitution is not very accurate 
in the initial range of integration, the s ituation improves at more re­
mote points and the error incurred does not have a very s trong effect 
over t he entire integral. 
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Fig. 43.3. ·Strength of electric field in decibels (to 1-µ.v/m) level for a power or 1 kw as a function of distance for a transmission path com­posed of two segments with different electrical properties. s • 0.5 km-l ("good soil") ands= 2 1an-l ("poor soil"). 1) µ.v/m; 2) homogene­ouz pat h for dry land; 3) kilometers. 

The rise ir. the curve as it passes onto be t ter soil is interesting a .d of pract i cal mportance. It indicates that intelligibility may 
s ometi e s be improved by moving the receiver somewhat farther away from 
t e t ransmi tter if in this process it is placed on a soil with better 
cond ct i i t y [2b], and, conversely, that even a relatively short in-
creawe i n di s tance may result in an extremely sharp attenuation ot the 
fie l d i f the segment of the path immediately before the rece l ver now 
ha ~ a poorer conductivity. This effect i~ qu ite dis t i nct a t r~ l attvely :.;hort w vele1 :rt, , • • At longer wave l ength [; , t wo c t: comt nc, t, i cE:able o y a 

• s t ances so reat t hat the c rva tur e: of 1.. 1E: eart. co ld no 
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longer be disregarded. 

The 1peoific influence of the properties of the initial and final 

sepents ot the path, which leads to phenomena like that noted above, 

ts particularly distinct when we consider the extreme case of inhomo­

geneity, i.e., that which occurs when one of the segments is infinitely 

conductive, s • O ("sea"). We shall now examine it in greater detail. 

The corresponding formula (43.5) is valid only for x1 << D - x1. Conse­

qWtntly, it gives only the field around the boundary between segments 

and can, tor example, be applied to study phase relationships in the 

field (see §SO; at longer distances trom the boundary, as we noted 

above, the phase is shifted by a constant amount that does not depend 

on dis~ance, while near the boundary we observe the peculiar distor­

tions of the wave front one ot whose consequences is coastline refrac­

tion). For x1 ..; D-x1 , the corresponding formula must be derived anew. 

The case D - x1 << x1 (major part ot the path over dry land) can be ob­

tained from the general formula (43.4), letting s1 in this formula ap­

proach zero, which gives for ls.DI>> 1 

(43.10) 

Here x1 is the length of the (shorter) infinitely conductive seg­

me n . B t for xl::::::;D-:c1 , Formula (43.10) is invalid. 

We return to the general formula (42.5) and examine it for an ar­

bitrary relation between x1 and D - x1 , assuming, however, that the nu­

merical distance traversed by the radio waves above dry land is large. 

Let segment 1 of length x1 be infinitely conductive, s1 = O. Conse-

uently, we require that l-.i{D-x,:f >> 1. 

u tt ing in Formula (42.5) 

l 
y(s,x') = l, y(.si(D-x'))= - 2sa(D-.r'), 

we obta_n 
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from which 

1 • t 1f .r, J 
= - ~-, .. -,D T' l'i U -,-f~s~=.C>=(=•=-=:=•=) 

(43.11) 
for ls:(D-xa)r' l. 

Here x1 is the length or the ideally conductive segment; D - x1 is the 

length of the segment characterized by the parameter s 2. 

(It is obvious that in the limiting case x1 << D, this formula be­

comes Formula (43.10), while for D - s 1 << D and with the appropriate 

changes in nomenclature, it becomes Formula (43.6b), as indeed it 

should. ) 

F . 43.4. Depe ndence or attenuation function won the filling of a 
path of length D by an infinitely conductive segment of length x1. The 

f l ling fraction is plotted against the axis of ab s cissas . The curves 
pe_ta n to different soil properties, which corre s ponds to different 
nume r i cal dis t ances R for a given D. 
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The absolute value of the attenuation function for t he real numer­
ical distance is 

I (D\I t t z, t t (43. lla) Uls 1 
- 4(1.D)•+;-D 1-i}_ ttD 

Combining Formula (43.11) and (tor !s2 (D-x1~l~l)) Formula (43.6), in 
wh1ch it is necessary to replace x1 by D - x1 for the given case, we 
may construct curves ot the attenuation function. Figure 43.4 presents 
curves giving the absolute value of the attenuation funct i on for vari­
ous soils and distances between corresponding points, for various R = • lo2DI. as it depends on the tilling ot the path by an infinitely con­
ductive surface (the traction~ ot the of the path occupied by it is 
plotted against the axis or abscissas). Further, Fig. 43.5 gives curves 
indicating the field amplitude tor several types of soils and positions 
ot the boundary, reduced to an emitter power W = 1 kw. All of these 
curves indicate the effect of field amplification with increasing dis­
tance when the terminal segment becomes a good conductor. 

§44. PATH COMPOSED OF THREE HOMOGENEOUS SEGMENTS 
In examining a path composed of three homogeneous segments, we 

shall a gain limit ourselves to derivation of the attenuation functions 
for specific length ratios and electrical properties of the segments. 

As was seen from §43, it is convenient to examine the field for a 
path in which no segment is an ideal conductor separately from the case 
in which at least one segment has s = O. 

First suppose that none of the segme nt has s = O. We shall fur­
ther l imit ourselves to the case in which the numerical dt3ta nces cor­
re ponding to each of the segment s are qu te lar .... e. Tha t t:..; to ..,ay, we 
require that 

I s,xa) » 1, I S:.1 (x: - x,) i » 1, s 3 (D - x: ) » l. '44 .1) 
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AJ will be een below from comparis on with exper i mental data, 
these conditions are not actually very r1g1d, so that the sign>> may 
be read s imply as the sign~. much as we said 1n connection with Fig. 
43.3. The field on the first and second segments 1s given by the tormu-

• 
JQ 

Jj} ,o 

F g . 43 .5. Same a s Fig . 43.3, for the case in which t he radio waves pa s :.'r- om "land" t o "sea," with two different "l and" distances and for three va l es of the parameters. 1) ~v/m< 2) homogeneous "sea" pat ·.; ::i ) homogeneous "land" path; Ir) land ; 5J boundar:t of land for cur ves I ; 6 ) boundary of land for curves II; 7) sea; 8) kilometers. 

las of the preceding section: w1 (x) = y( s1x), while Formula (43.8) 
1 vec w., (x) a ::; we move 3way from x1 to a d:t !.;tance such that 1

.\ 2 (x-x1) l ==~::? . 

.. ; i 11c0 Ly d "' Ln it i on ls:(x2-x.) : » 1, the re r~lo of 1.napp l lcat L1 tty of For­
mu · a ( .8) cove r ~ a very small frac t im of Lhe ~e cord ~c ?nen t and we , 
:nay CO{IS i der :..:J; (D) ., . Fina lly , by virtue of he l rd cc,ndi t 1 on - V il~~D 

o (44.1), we may make the substit ution y(s;i(D-x')):::::: - 1 l n t he 
~~ (U - x'/ 
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integrands in Formula (42.6). Hence Fvrmula (42.6) is reduced to 

"'a (D) - - ~ - i ~ ( (}".; - J'i;) r, ~•:.I 2-, (Dd~ •'I"' -

(44.2) .. ~ "• 1 ,, I ~(r la-1'i;)s 2 t'Wah 2sa(D-x'j* {" 
Ila 

I 

B 
&gift :,;;,;..._,...,., __ , ___ ......_ ___ v-___ ___ 

' . 

Pig. 44.1. Theoretical curves and experimental data for the case of three segments with ditterent electrical propert i e s (the intermediate segment has high conductivity). Wavelength 3.9 m, power 11 w, crosses and circles indicating data from two series of mea s urements. A) ~v/m; B) land; C) sea; D) land; E) according to formula; F) homogeneous land path; 0) kilometers. 

·• 
The tinal calculation is easy in the next two cases. Firs t, let 

the properties of the terminal segments be the same: s
1 

= s
3

. Then the tirst integral drops out and we obtain 

'-'a~-~{1- '- t's;-Vi; [ D-2.r, + D-2(/}-x,>]}. (44. 3 ) ~ Yn Ya,..,u Yz_,(D-.ra, t'.ra(D-.rJ 
Figure 44.1 presents the theoretical curves and exper, me ntal data 

[12] corresponding to the case under considerat i on. Althoueh t he inter­
mediate segment was tilled by ocean 1n th i s ca se, i t may not be regard­
ed a s ideally co~ducting because the freq uency wa ~ very h"~h (l = 3.9 
m), 1.e., s 2 = 0.86 km-

1
• This case is al s o i ntere s t i ng i n that s

1 
and 

s 3 are not r a l : t-'3 -== l5+2,3i. s,-s3-=:, (7 +i • 50) km-l . Deve l oped theory re-
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qu i re only that there be time for attenuation of waves passing through 
the soil both from the source itself and from the boundary between 
soils, and hence that there be no region - or only a very s•ll one 
in which the attenuation function varies markedly at the wavelength in 
air. In principle, such a region can be encountered near a boundary be­
tween soils if in one of them !el~ l, while in the other lt! » 1. But here 
even this is impossible, since the absolute value 1£1 is large every­
where. Hence although~ is almost purely imaginary here, we are justi­
fied in applying the theory even to this case of ultrashort waves. The 
theoretical curves are drawn in Pccordance with Formulas (43.8) (on the 
second segment ) and (44.3) (on the third segment). Also plotted are 
theoretical curves obtained on the assumption or infinite conductivity 
in t he second segment, i.e., by Formulas (43.11) (for the second seg­
ment) and (44.13a) (see below, for the third segment). It is understood 
that a more exact curve might be constructed by Formula (43.4) on the 
second segment around D • x1 . However, it i s evident that even the use 
of the elementary asymptotic formulas yields a satisfactory result. In 
particular, although s2 (x2 - x1 ) • 2 in this case, Conditions (44.1) 
are observed for all practical purposes. 

The other case in which (44.2) is calculated in an elementary 
fa shi on i s the case of a small initial segment x1 << D, when the sub­
stit u ion D - x' • D may be made in the first integral. Application of 
Formula (43.3) indicates that tor s1 ~ s

3 , but s•ll x1 , the ditterence 
from Formula (44.3) reduces to addition ot a term n-1 in the brac-

e , "' o t hat 

Wa(D)=::- ~ {1-i.. l's;.=_}';; [ D-2.r, + ·o-2(0-.r.,) 1}. ( 44. 4) • 2 V ,,,.o fa )' s,,sa,0 f Xa (D-11). f .... (D - xa) 

(The 1 t egral i n Eq. (44.2) can also be calculated for x1 not small. 
Howe ver, the re sult i s cumbersome. ) 
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In the case or soils that are not very good conductors, the second term in the braoes can be disregarded when all numerical distances are large, and we arrive at the tormula 

(44.5) 
In this expression, which is analogous in a certain sense to For­mula (43.8), the constants characterizing the intermediate segment are lacking altogether. The attenuation tunction is determined solely by the properties ot the terminal segments, 1. e. , the "takeotr" and "land­

ing" areas (term& introduced by L.I. Mandel'shtam). However, it is val­id only it certain conditions rerlecting the properties or the inter­mediate segment are observed. 
Since we should have w • -(l/2s2D) tor a homogeneous path with the properties ot the intermediate segment, Formula (44.5) signifies that "good" or "poor" terminal segments even of relatively short length may result in substantially better or worse reception, respectively. As noted above, this ettect is particularly marked at short wavelengths 

(l<IOOM). At longer wavelengths, it is significant only at absolute segment lengths such that it is no longer possible to disregard the 
curvature or the earth. Its influence is particularly substantial when one or two segments exhibit infinite conductivity ("sea"). Here Formu­las (44.1)-(44.5) are inapplicable, and we shall examine this case 
separately. Let us investigate two particular cases, which might be re­rerred to as "sea-land-sea" and "land-sea-land." 

In the "sea-land-sea" case, we obtain, setting s1 = s3 = O, in 
Formula ( 42. 6), 

(44.6) 
However, if w2(x') in the above is replaced by its approximate expres-

- 432 -

• 



1o ( 3 . 1 ) , t he re sult obtained wi J. l not be useful tor x
1 

.... O, since 
a nonintegrable s ingularity forms in the integral at this limit. Por 
thi s not to happen, it would be necessary to replace w

2
(x') by the ex­

act function (which, unlike Function (43.11) is also valid tor s
2
D .... 0), 

which we have not derived. We shall . therefore use a slightly different approach. 

Together with the case under consideration (Fig. 44.2a), we shall 
consider another case, that reprecented in Fig. 44.2b; let the third 
segme nt ha ve properties identical with thot.ie of the second, s

2 
• s

3
. 

Equa t ion (42. 2 ) may be used for the attenuation function, not taking 
s0 equal to s 2 , as would follow from the general method (which would 
ive (42 .5)), but instead taking s

0 
= s

1 
= O. 

Then we obtain 

(44.7) 
The solution or this equation was round earlier in the form or (42.5). 
According to Formula (43.11), the function w

2(x') under the integral 
s ign is approximately equal to 

HI(••')- 1 I 1)'7. -·. ---.-7,":=~:;::::=:-• 2't-r' V n....-, (.r'-.rJ • (44.8) 
This s olution i s valid only tor points tar enough removed trom x

1
, but 

lt 1 in any event valid for t he entire interval x
2 

< x• < D. 
uubt rac t1ng F.qs. (44.7) and (44.6), we obtain (it is noted that 

neither of these equations embodies any special assumptions regarding 
t he dimensions or the segments, etc.) 

[) 

"a (D) = r.111 (D) - '- y s;1) \ /''2 (.r') '"' . ( 44. 9) )' A J x• (D - .r'j "• ow we have eliminated the circumstance that prevented us from substi-
tut ing the s impl e expression for w2 (x•), (43.10), in the integrand. In­
t roduc n it , we may perform elementary integrat i on to obtain the re-
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sult 

a 

' a, b .r, 
Pig. 44.2. Illustrating calculation ot attenua­
tion function tor "sea­land-aea" pass. 

(44.10) 

t I I I 

¼----➔ 
I I I I I E, I 

I 
I 

• 

.a; b .r, 
Fig. 44.3. Illustrating 
calculation or attenua­
tion function for "land­sea-land" pass. 

It "land" occupies the entire path, then x
1 

• O, x
2 

= D and, as indeed 
it must, w3 • -(l/2s2D). Otherwise, x1 • x

2, arc s in gives - ff/2, and, 
dropping terms or the order ot l/Vs;15' and l/s

2
D as small by comparison 

with the principal terms, we obtain w
3 

= 1, which i s as it should be. 
In general, when the terminal segments are short, x

1 
<< D, D - x

2 
<< << D, arcsin ~: - 2 f 1

"~;- .ri), so that 

:0:':a (D) = - __!_ -;- _!__ l' yx, ..:.. J/, D ~)-!... _:_--. f .ri(D - .r,) ( 44. 10a) ia.D V :as.CJ D • D I I :t y oa . 

It the path is very long, Js,Df >.'> I, then relatively small terminal seg­
ments (last term) give a strong increase in the field. 

We pass now to the "land-sea-land case (Fig. 44.3a). Here Eq. (42.6) for s1 = s3 gives tor s
2 

• 0 

... 
1 -D •• r,;, (x') !I (s (D .r')) ;.;Ja (D) = !I (s,D) - ; l' !!_ \ -L-_. _ -! - - ,Ix'. :t • )1 .... (D - X') '• 

(44.11) 
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ub t it uting the following approximate expres sion ~or w
2

(x•) according t o Formula (43.11) (s2 is replaced by s
1 

and x
1 

by x• - x
1

): 

:.:,IX = --:--; + ~ --- -( ') f ; Jlz'-11 Jf T 
;u,z t :& x• ,,.,.1 and s ub stituting u(s1 (D-.\'')) = -. 1 , (accord ingly , t he result ob-:la, (D-" > 

(44.12) 

tained will be valid only for ls,(D-x,)f A' I). we can perform integration to obtain 

UI CD-=-! s [ D-2.r, - D-2.r·J-a ) )"i. 2 C•aD)111 t' .r, (D - .I'&) Y .... (D - xa) 

_ s )/x,- 11 _ __!,_ arcsin , / 11 CD - ••> . 411 '/ .r1D D - .r, 111,D y x, CD - .ra) 

(44.13) 

Since we are regarding all numerical distances as large. the first term, whose denominator contains the additional factors V.taz., 
Y.s.(D-z.) , etc., can be dropped. This leaves 

r.:i~(D)--_!_{,/ De,,-,,> +arcsin ,/ ,,cD-.rs) }.(44.13a) JUaD y • .r1 (D-.r.) f .r
1
(D-.r,J 

If the intermediate segment is vanishingly small, x
1 

• x
2

• then w3 becomes -1/2s1D, as indeed it should. The converse limiting case 
x1 -o, x2 -D, is not covered by this formula, s ince in the derivation we ha ve assumed the numerical distances to be large for each ot the 
segme r.ts . On the other hand, however, here we may use the condition 
x1 << D, D - x2 << D at an earlier stage. That is to say. we proceed as follows . Together with the case or Fig. 44.3a that is under considera­t ' on, we consider the case of Fig. 44.3b. i.e., we assume that the seg­ment x2 < x• <Dis also ideally conductive. Setting s

2 
= O in Eq. 

(42.1) (for t his case, the sum over J contains two terms) and taking t he arb i trary parameter s0 equal to s1 , we get for the attenuation f unc ti on 

(44. 14 ) 
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Subtracting this equation tram Eq. (44.11), we obtain 

.. (D) _ .,_ (D) + I • f!i! so !! (.r') "(!aCD - .r')) b' . • ( 4,4. 15) 
y • .. Y.r'(D-.r') 

It we consider x1 << D and D - x2 << D, the atte,ua t1on function w
2 

for 
a case ot this type ("land-sea") in which the high-conductivity segment 
is considerably longer than the low-conductivity segment appears under 
the integral sign. Hence we •Y substitute the following function 
(43.6) tor w2(x•)z 

Purther, taking 

-.(.l') ... const ... ,(s1x,)- -' (1-g(Sax,)). 
Yau1.r, 

_,!_,__!_, out trcm under the integral l'7 ff 

"a (D) - Z (Sax,) (1 - ; 1 rJi_ { I C•a (D -.r1) 4.r') . 
Y • • YD-.r' •• 

.11 

" ,, 
16 M MflSI 

,, z. z, 
E Viii k@s~ 

F I E 

( 44. 16) 

sign, we get 

(44.17) 

Fig. 44.4. Electric tield strength as a tunction of distance on a "sea­land-sea" path tor land withs=- 2 iw-1. A) µ.v/m; B) W = 1 kw; C) homo­geneous "sea" path; D) homogeneous "land" path; E) sea; F) land. 
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Fig . 44.5. Electric field strength as a function of distance on a 
"land-sea-land" r,ath for land With s • 2 knrl. A) 11-v/m; B) Ii • l kw; 

C) homogeneous "sea" path; D) homogeneous "land" path; E) sea; F) land. 
A .. ,,.,, 

IIVI I ~-"""T----,---r---:---, I.I 

cs 

_-~-----:-~ __ --. IJ.ltl 

·:---,IJ.IJJ 

(1 f Fig. 44. 6. Attenuation function versus f1111ng of Pllth by "land" tor 

f111 1n
0 

beginning at the ends (lower curve) and from the middle (upper 

c ::-ve ) • The "land" is such that the numerical d ts tance 1 s 100 when the 

pa th • s completel filled by the "land." A) log /w /; B) sea-land-sea; 

C) la;.d -sea-land. 
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We have already encountered the integral that appears here (43.3): 
l> ,,_ .. J I (11 ( D - .r')) d.r" _ ~ f {111) .tJ _ i 1 /-:K + t - l (aa(D - .r 1)) , 
._ YD-.r" • t'f' Y 'i t'i;l'•a·(D-z.) 

and, conse~u~ntly, 

(44.18) 
Thus, in the case of two identical not intiniteiy conductive segments 
placed at the ends ot a relatively much longer ideally conductive seg­
Mnt, the attenuation tunct1on decomposes into the product or two at­
tenuation functions each ot which would obtain if one such poorly con­
ductive segment were present in each case. In particular, when their 
numerical distances are large, 

1 
Wa =- - --:-;===-. ( 44. 18a) aa1 t' .ra(D - .ra) 

Pigures 44. 4 and 44. 5 show field-amplitude curves for the "sea-lan'~ -
sea" and "land-sea-land" 9ases when the "land" is characterized by the 
constant ls2 1 • 2 km-land the segment lengths are selected in acer­
tain definite fashion. The field strength is shown in ~v/m and in deci­
!?.!1! referred to the threshold E • 1 ~v/m, with the assumption that W = 
• 1 kw. 

Figure 44.6 illustrates the part taken by the filling or the path 
by segments with good conductivity: for a homogeneous, at first infi­
nitely conductive path of fixed length, it shows the variation of was 
the terminal segments (lower curve) or the center (upper curve) is 
tilled with land." The properties of the "land" are so selected ';hat 
I sDI • 100 when th,:. path is entirely tilled with "land." 

These curves show that terminal segments with good conductivity 
sharply increase the field level even when they are relatively short 
(right-hand part of upper curve), while relatively short terminal seg­
ment s with poor conductivi ty reduce the field level sharply (left-hand 
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part of l ower c urve). Conversely , introduction of a s e gme nt w1th good 
conductivit y into the mi ddle of t he path (right-hand part ot lower 
curve) or i ntroduction of a segment wi t h poor conductivity (le~t-hand 
part of upper curve) have little effect on f i e l d 3t rengt h . 

4,QS.,.._-,f--..._-+---+---+--+-----_,._-__._.-+--+---

ll,,n---.--~ -------!>----------,-1 I • 
46/f- -"-.---+--+--,._-.---'-----+--+--'"--,~-~-~ c-"!ol..:--'~·-""'11t_-l 

I 0,01 ----1----+----+-----+---'-_....-1----t--+-

Q.IIOS- - '-- - ---' --
1 _l_J _ _J_LJ , I I 

' ll,QIJJ----------------_._----------·----- -,---~~ 

~ I 

..__..,_ _ _ ____ 1----t--+---+--+--4 

I 

,, __ 

11,,Q,1/~~~~~---""'"-.,..,.._ ____________________ _ 
QJJI l,Q1 IJ,IJ IJ,6S I.I I.I 4J I.S t,I l J J II II JI JI - -• Fig . 44.7. Absolute val ue of attenuation function for "land-sea" path for various relationsh ips n between lengths of individual path segment s , n = x1/(D - x1 ) ( v e ratio-of conductivities i s a ss med equal to an/o

5 
= 

= 200) [ 8 ]. The absc tssa is numerical dis t ance when t he e ntire path 1s 
;. filled wi t h l a n i 111- -:r. 1. •·•c'' ·· -~ ,,. A) Land; :e) sea. 

C 

The 3e relationships again ,1tress the importa nce ot the "takeoff" 
a n " l a nd ing " area i:; for propaga t ion of rad io wa ve ,:; above a flat earth' s 
·· urface . The t heory of the f i e l d over a p ecew ::: e - omo re ne ou :~ path co -
,; stin_; of two and t hree se gme nt. ... ha s bee elaborat ed in 1~ea t detail 
oy othe r me t hods i n the work of Clemmow [7 and Furutsu [8 ]. The physi­
cal :1 t~:, umpt i ons on wh i ch the se methods were based are the ... ame a ::; thos e 
• l t 1 et.ho of e ~enera l z d n e~ra q a o:. , w • ch ,,,. :... .. r.; fortr 
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F1g. 44.8. Same as Fl~. 44.7, but with conductivity ratio a
1
ta

2 = 5 ( "land-lake case) (81. a) Land; b) lake. 
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I,/ l J S 1,1 l J I II l I I Ill l 
A 

··-
Fig . 44.9. Absolute value of attenuation function for "land­
.sea-land" path when the lengths of the f1r s t two segments 
a r e equal, x2 - x1 = x1 , while the th1rd is~ times longer 

t ha each of the first two, D - x2 = m(x2 - x1 ) = mx1 , for 

various~; om= ~ . . The numerical distance for complete fill­

ing of the entire path by land, R-•c~-~o [8 ] i s plotted 
U~ I 

a gains t the axis of ordinates. a) Land; b) sea. 
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above. Among other things, these authors did a great deal of work on 
the compilation ot diagrams and tables tor attenuation tunctions that 
are not expressed in terms ot elementary functions (see, for example, 
(43.1)). In those limiting oases in which expressions are obtained in 
elementary functions, these results are, ot course, 1n agreement with 
those presented above. Some ot the most important ot the diagrams ap­
pear in Figs. 44.7-44.9. 

The formulas derived above are somewhat complicated for applica­
tion in engineering practice. As a consequence, a semiempirical method 
that is -rather easy to handle has made its appearance (Millington [13)). 
As is indicated by comparison with the theoretical formulas ([14); see 
also (17]), it gives an excellent approximation to the rigorous theory 
in a number ot cases and a quite satisfactory one in others. Thus, for 
the "land-sea" and "land-sea-land" and similar cases, the error in the 
amplitude does not exceed 2-4 db, while the phase error is 21.5°. 

§45. GENERAL PICTURE OF RADIO-WAVE PROPAGATION ABOVE A FLAT EARl'H 
Before going over to a spherical earth, it will be expedient to 

swmnarize the results obtained in the present chapter for a flat earth. 
Together with the derivations tor the tield in space above a homogene­
ous plane (§25, 26, 27), they lead us to a definite physical picture of 
the radio-wave propagation process above a flat earth. The general fea­
tures of this picture were outlined in his time, even before the theory 
had been developed for an inhomogeneous earth, by L.I. Mandel'shtam. 

The field at each given point represents a superposition of the 
"direct-arrival" tield of the source and the field or the aecondary 
sources that it induces in the soil. If the soil is infinitely conduc­
tive, the field or the secondary sources duplicates the "direct-arriv­
al" field. The departu!'e from infinite conductivity is equivalent to 
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the appearance of additional secondary sources that disturb the tield. 
Great importance attaches to the distribution ot these disturbing 

sources along the path or, in general, over the zone that is essential 
for for~ation or reflections. It can be stated that the entire essen-
t 1al zone radiates together with the source. The "takeort" and "land­
ing" areas play a special role, as we have stressed more than once in 
the course of the discussion. The chief conclusion at which we arrive 
on the basts or the inhomogeneous-surface cases considered is that the 
influence of the individual path segments 1s not additive. In the lit­
erature, and particularly in that dealing with the genesis or the the­
ory set forth above, we repeatedly encountered attempts to construct 
the attenuation function for an inhanogeneous path on the basis ot var­
ious naive consider·ations and arbitrary assumptions. They have always 
been based on the concept or a wave glancing along the surface ot the 
earth and suffering disturbance in accordance with the properties ot 
the surface segments over which it passes. Thus, there was an attempt 
to use the normal attenuation function withs 1n this tunction set -equal to its average value along the path [15].* This, ot course, can­
not be correct, since the center part or the path in this calculation 
l s Just as important as the terminal segments. These methods are der­
initely incapable or explaining the increase in the field with distance 
(Fig. 44.1) and similar phenomena. At the same time, such attempts were 
still being made up to the middle or the 'Firties. 

In actuality, the propagation ot radio waves is to a considerable 
degree a three-dimensional process . .Each point of the field in space 
serves as a source ot spherical waves. In the absence of the earth, all 
of the se sources would produce waves that, interfering with one anoth­
er, would form a s ingle wave with a spherical front. In the presence of 
an · nf i nitely conductive earth, t he fields of the secondary radiators, 
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which are distributed over the surface, not only compensate for the 
absence ot a t1eld in the lower halt-space, but also intensity the 
field in the upper halt-apace, and do so in such a way that the front 
again becomes spherical, but practically tlat to small heights above 
the earth. 

The deviation ot the earth's conductivity from int1nity results in 
absorption or energy in the soil and bending of the wave front. Near 
the ground, the equiphase surfaces are bent back and, accordingly, the 
normal to the tront and with it the energy tlux vector have a component 
directed toward the ground.* Hence the field is continuously being re­
distributed in space as we move away from the source. Energy flows to­
ward the aurtace trom space. At long enough distances from the source, 
a1ntenanoe ot the field at the ground surface is provided by ~·hose re­
gions ot the tield in space that are so high that they have not been 
aubJeot to the attenuating etteot ot the ground surface (it was shown 
at the end ot §26 that tor large enough angles ot elevation, ll'a•sin~I 
>> 1, the tield is created by the source and an essential zone ot the 
ground surface in the immediate vicinity ot the sour~e; here this zone 
is so small that the earth within it may be regarded as infinitely con­
ductive; see Formula (26.30) and Fig. 26.2). It is precisely tor this 
reason that the attenuation function at great distances does not take 
the form e-P, as it would tor progressive absorpt i on or a glancing 
wave (§23), but diminishes much more slowly, in proportion to 1/p. 

At each given observation point, ot course, the field s or the cec­
ondary radiators or the immediately adjacent segment or the surface 
(with dimensions ot the order of 1/s, since these fields are propagated 
along the ground and attenuate according to the law y(sr)), which are 
excited by the same wave arriving from space, will also rrake themselves 
felt. This 1s why~ terminal segments are so i mportant. 

- 444 -



e of the practical conclusions to which t s general conception a r.d the concrete formulas of the present chapter lead consists 1n the possibility of amplifying the received field by fortunate location ot the receiver and transmitter. Even the curves or Fig. 43.3 indicate that by moving farth.) r from thu source., we may obtain an amplification of the field if this results in one end of the path being covered by a s oil with better conductivity. The same thing is seen from the formulas and curves pertaining to the "sea-land" case (Figs. 44.l and 44.5). Let us compare., for example., the fields of the following two cas­e s . Suppose first that the path is homogeneous., the distance D • 50 km., 8 A= 70 m and a= 10 COSE. According to Table 2 {page 239)., this means that s ~ 1.0 km-land sD - 50. The attenuation function gives a factor ..:• • - :;:;u- - 0,01. Now let the distance between the corresponding point s be increased to 70 km by addition of a 10-km ideally conductive (sea) segment at either end. This case is appropriately handled by Formula (44.10) or directly by (44.lOa). Here.!!. -= D-z, 
D IJ 

Subs tituting numerical values., we get 
IO . ' 
-- , ~D .-: 70. 7h 

is ea ily seen that this term is the principal one. As a result., it 1 r ound that 

Thus ., increas ing the distance by a factor of almoLJt one and one-~1r s hould result in a tive-told increase in the field. This case should occur., for example., in radio communication between two ships at oppo­site ends of an island as both ot them move away from the shoreline. Experime~tal data (see., tor example., Fig. 44.1) ave confirmed t he correctnes ~ of these theoretical pred i ct i ons . 
mhe qualitative considerations se t forth above als o enable us to 
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otter certain remarks concerning the behavior or a field in space as the observation point is raised higher above an inhomogeneous surface. Suppose. tor example. that the soil on the segment o < x < x1 is characterized by a constant s1 , while the constant is s 2 for x > x1 . Aaauming that the lengths ot all segments are long enough, we may state that tor an observation point lowered to the ground, z = O, Formula (43.8) applies: 

As the height ot the observation point increases, the essential zone of the surface will be shortened, as described in §26 (Fig. 26.2), becom-1hg cc:mpressed toward a transmitter situated on the ground. In the fi­nal analysis, we shall reach a height z such that the entire essential zone has been displaced into the region ot the first segment withs= • s 1 . Beginning at this value of!, the attenuation function will be identical to the attenuation function in space for homogeneous soil, i.e., since for 1s1DI >> 1 we defini t ely have ls1x1 1 >> 1 (see Formula (26.26)), 

• • I san,.=-. 
D 

It the first segment is "better" than the second, this will give rise to an improvement in reception more sign if ·.cant than at the ordinary elevation, or conversely. 

More complete tormulas tor the field in space above a piecewise­homogeneous path can be obtained at once in the form of quadratures, since the field right at the ground is already known and, according to Green' s theorem, th is i s s ufficient to find the field i n ~pace (see [VII , 11 )). However, the integrals that appear here are not r educed to ,-a r y f orm of s imple analytical functions {see [7, 8] , where they were 
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der1,ed by another method and tabulated). 

However, the above picture ot radio-wave propagation is found to 
be too simple when we pass from a flat earth to a spherical one. or. 
more precisely, to the field tar beyond the horizon. Here. as we find. 
the concept of a wave skipping along the surface or "sticking" to it 1s 
more acceptable. We shall investigate this case in the next section. 

§46. PIECEWISE-HOMOGENEOUS PATH ON A SPHERICAL EARTH'S SURFACE 
Let us consider certain special cases ot an inhanogeneous spheri­

cal surface on the basis of Eq. (42.7a) [6]. 

1. First we obtain the attenuation function w
2

(6')
1

• A~
2

; q
1

• q
2

) 
for a path consisting of two homogeneous (N = 2) having angular lengths 
61)1 =~land A~2 = ~A - ~land characterized by the parameters q. q

1 and q = q2• The attenuation function w1 is known on the first segment. 
It is V(~; q1). In Formula (42.7a), the sum conta ns only one term. J. = 1, with 

1'1(0; q) • W1 (O; qa) - V (O; qa); 

Vliii;° ~i V(I; tJV(IA -11:ta) (46. l) 1V.('10,, 410.; q,, q,) .. V(OA; q.) + -(q,-q.) ,o 
• . I y l(IA -•) 

From Formulas (39.1)-(39.2) tor y • O, we substitute the functions V 
in series form and integrate over~- This will give 

oo . .-.V•At1(,1) 
-YmMttA(q.-qJ ~ -----•-----­

._ , •• ''• (qa) - t!) (t, (qa) - t:> (t,. (9,).- ,, (qa)) 

The sum over! that appears in the last term on th - right is easily 
ca culated using the identity (which is essentially an expansion in 
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elemer.tary tractions) 

J 1 1 • w(I) ( 46. 3 ) • ,. (fa) -( I - 111 (fa) w' (I) - f1W (I) (lt tk(q1 ) are the root• ot the equation ?'(tk) • q1!(tk)). The wltdlty of thla relationship la demonstrated by the tact that both aldea of BQ.uallty (46.3), after mult1pl1cat1on by an arbitrary tunct1on t(t) and integration over the contour C, which encloses all poles t = • tk, give the aame result. Actually, lf w~ expand r(t) into a Fourier integral 1n elxt functions, each term ot the expansion will give the required equality (see Formula (39.2) tor y = O), which means that the whole function t(t) will also give it. 
Now, taking into account that ! '(t .,> • q 2~(t .,L we obtain 

~ 1 t - - • (t,) - _.!,__. ( 46. 4) la ,,. (qa)-f: '• (q&)- ,, (qt> w' (t,)- 91• ,,, ) f1-f1 We substitute this result in the last term in the right member or Rela-tionship (46.2). We satisty ourselves that it cancels with V(~A; q2) (see ~ormula (39.2)), and tinally obtain tor a path consisting ot two segments with the angular dimensions 6~1 and 6')2 and characterized by the parameters q1 and q2 . 

• • ,'M<tl!fa)Ae,+11 (ta:&e.) IV .(4\01, A01: q1, q.)- \li;tMO ,.(q,-qi f-, (l,a (qa)-q:) (t, (qa) -f!) (l,i (q,)-t 
1 

(q.)) • ( 46 • 5) 
This formula was first derived by Furutsu [81 by a different method. In the limiting case or distances so great that only the tlrst term may be lett in each sum (i.e., it each segment or the path corre­sponds to passage over the horizon, M 401 d' 1, ,1\-1 A-&1 ~ 1), we obtain 

Introducing the attenuation tunctions V(6~1 ; q1 ) and V(6~2 ; q2 ) tor each of the path segments, we maj rewrite Formula (46.6) as fol­lows: 
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\f : (~-Oh ~O:; q,. qi)-= V ~.-, 'll - 4: V (~O,; q,) V (At.: qs). ( 46 .. 7) ~I ~.-1,:Ua 11 (q,)-1,(q,.) 
In many cases, the tirst two algebraic tactors are ot secondary ... importance. If this ia the case, then, as we see, the tield attenuation 

is of the nature ot the progressive attenuation ot a wave that dimin­
ishes exponentially first over the first segment and then over the sec­
ond. This buildup ot attenuation provides a sharp d i stinction between 
the spherical-earth and flat-earth cases. 

2. A formula for the attenuation function i n t he three-segment 
case can also be obtained in a similar fashion. 

Setting k = 3 in Formula (42.7a), we obtain 
Wa(~60 ~01, A03 ,; q,, q1 , qa) = V(0,1; qa) + 

, ,/iMi,l < >~•v<a:qJV<•A-•:,:a>dA . '~< ·'x -;- y ---.-- q,- q, _, --:-;;;:;:=::::::;;-- " -;- y --.=:. lit - q., · e YI ( i A - i) ( 46. 8) 
~ "'· (,Ul• I -1,; ,,. qs) V (1., - It; f :,) O X\ __ d. t, V • <""' - 1> 

Substituting V here trom Formula (39.2) and w2 trom Formula (46.5) and 
performing elementary integration with respect to~, we obtain three 
terms, two of which contain triple series. One ot these triple series 
will contain the following sum (see (46.4)): 

~ I ----•--v -; (1, (qi)- q1) (1,. ('11) - 1, (q:,)) (t, (q;a) - ,,,. (qa)) 14(91) - t,..(qa) • 

where tm(q3 ) is a root ot the equation ~•(t) • q
3!(t). Then two ot the 

three terms cancel, leaving, it 6~1 F ~ 1 , 6~2 • ~2 - ~1 , 6~
3 

• ~A - ~2 are the angular lengths ot the three segment s of the path , 
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W a (At., AOa, A01; q1, q1, qa) c:: y"i:11\-l <t A (q1 - q1) (q1 -qJ :•: 
, JMIMllCf1>+Mw'1Ct,>+H.t.Ct,>J ( 46 • 9) X ~ ------------------

1. ,. _, ,,. w->-4?> <', c,->-•:> ,,. <•->-•~ <'• <•1>- ,, <•a>>,,, <qa>-,. <•->> • The MMer 1n which this tormula is extended to the case N > 3 is quite obvious. 

Let us analyze Formula (46.9) tor the case i n which the terminal ••pents have identical properties q1 • q3. We shall consider the in­fluence ot an intermediate strip with the properties q = q2. If ob -er­vation is conducted tar beyond the horizon and the width of t he inter­Mdiate strip ot soil A~2 and its position are such that, in addition, tne oonditions M601~ I and M~-08 ;,a l are sat1sf1.ed, we may restrict our­selves to the tirst term in su11111ing over k and m, and Formula (46.9) aaauaes the form 

Thus, a st1•1p with difterent soil properties situated in the middle or an otherwise homogeneous long path influences the field attenuation (tor a homogeneous path we should have V(~A; q1 )). However, this influ­ence is determined solely by the width and electrical properties of the strip, and is in no way dependent on the position of the strip on the path. The disturbance of the amplitude and phase caused by this strip are transferred to the observation point without changes, no matter where this strip is. This circumstance provides a radical dis­tinction between the cases or the spherical and flat earths. Actually, one of the most characteristic properties of ground-wave propagation above a tlat surface is the weak dependence on s oi l properties on in­t ermed i ate segment s i f t he over-all path i s uffictently l ong (§44, and F~g . 44 .6 i n particular ) . In the limiting case of ery l ong paths , the 
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"geomet ric mean" formula ( 44. 5) is valid; according to it, the attenua­tion function is the geometric mean ot the attenuation-function values calculated for the entire pPth length with respect to the properties ot t he t erminal segments. Here the properties ot the soil on intermediate segme nts drop out altogether. Propagation as a whole is determined by the "takeoff " and "landing" areas. On the other hand, ln the case of observation beyond the horizon, Formula (46.10) indicates that the situation is fundamentally difterent. This does not, of course, mean that t he electrical properties ot the path's terminal segments are of no part icular importance at all. Let us consider, for example, a case i n which not only MA01>1,MA0ad"l, but also MA02~l. Le., all segments are sufficiently long. Then only the first term may be lett in the sum in Formula (46.10) and 

1V a (A01, A01, AO,: q" q1, qJ - . 
,'M[CU1~1W,Ct1>+Mtl1(t1)) 

( 46 • 11 ) -Vi:iMOA ~---=---------(q ~ (11 (qi) - f:)' (11 (qt) - q:> (11 (fa) - 11 (q,))' I - • We consider further the two corresponding cases distinguished by the fac t that the soil that was at the ends ot the path in one case is in the middle in the other and vice versa. Thus, tor example, we might, for the sake of clarity, envisage "land-sea-land" (SMS, case !) and "sea-land-sea" (MSM, case ~) oases in much the same way as we did tor the f l a t earth (§44). We shall compare these oases for identical till­ing of t he path with the soil in question, the path having a given to­t a l length. That is to say, suppose that in case!, when the segment lengths are AO'•, At••a Ao1•• we have n(a) = q(a) q while q
2
(a) = nM,· in 

' ' • ' I ' ""l 3 = C, .. case £, suppose that AO~•,+ Ao~•> =- At~•• .. dAo~•• = L\O~•> + 40~•>, with qib) • (b) (a) b) (a) (a) = q3 = q2 = qM, q2 • q1 = q3 = Qc· It follows from Formula (46 . 11 ) t hat t he ratio of the attenuation functions i n t his ca e is 
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Pig. 46.1. Dependence ot absolute vall1e of attenuation function on tilling ot the path with land when the filling begi ns at the ends (lower curves) or trc:a the middle (ueper curves) of the path for plane and spherical surtaoes< A • 100 m. lJ Sea-land-sea; 2) plane; 3) land­sea-land; 4) ophere; 5J db. 

IV~> 1, (q u> - q~, --r.•> ,, (qc> - q! (46.12) 

and, consequently, in contrast to the case of t he flat earth, this ra­
tio is not on1y i ndependent of the posi t ion vf the s t ~i p 6~

2
, but i s 

even tot ally independent ot the relative port i on of the path filled by 
the soil in question. However, the field depend s qu i te st rongl,y on t he 
kind of soil at the end of the path. Thus, for example, in the case of 

7 10 land w .t h a8 = 9·10 COSE, sea with aM = 4·10 CGSE, and a wavelength ~-= 00 m, we have 

.. ~ 
q,11 ~0,14e •, M~40,6. 

The cor responding value s of t 1 may be fo~nd a pprox mately , f 0r example , 
- 452 -

---------------------



i -~ ~~-1-.::t:::5::::::=!E~~ -

r'i---+---+a,,...+--
-

Fig. 46.2. same as Fig. 46.1, bu t >..= = 300 m. 1) Sea-land-sea; 2) plane; 3) land-sea-land; 4) sphere; 5 ) db. 

fran t ha asymptotic expansions with Fonnulas (39.5) and (39.6): 

t,: .qc) = It. (:io) + + + ... ~ 1,4 + l,8i. 
C From which 

FigureB 46 .1 and 46. 2 show wSMS and wMSM a s functions of the l and t111-3 3 4r,(a) ..;_ .1b'") 4~10) in of the path, 1. e., the quant 1 ty i =- 1 
• , = --=-, in logarithmic 

"A ~A scale f or >.. = 100 m and >.. = 300 m. It 1s assumed that t!1e entire path 
1a ..., a l ength 0"-=.!.~o,14, wh t ch corresponds to D=af"~OO,c.u. Since M 

Formula (46.11) may be used as long a s M•.M>,.;;. l, the curves are cal~ u­
! <- 3 ated only l t he region 4 ,<_4 , and smoothly o l ned cm the ot re r 

semnen z w1 h t he known points for ~ = 0 a d s = 1 . The :;ame d j agram =-: 
~; ow s im l a r cur ve..., ca l culated from the f'ormu:a:; f' e; r a f Ja l · r, homu !;<:: ric -
o ...; pat (w , c are, of co r e , inapplicatil re:re: f or D " ~00 km and 
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A• 100 and 300 m). It is evident from this (see also Fig. 44.6) that, 
although the properties of the soil are in themselves a significant J, 
factor in the caae of a spherical earth (tor example, for x = 300 m, 
the field drops by 92 db a~ E var1es trom 0 to 1), the distribution of 
this soil over the path is tar trom being as essential as in the case 
of the flat earth. 

__ __,P""-____ .,,_._--,P""-_ __,._,--...,...--,--,----, 

I 

, 

Fig. 46.3. Comparison of theory with experiment (crosses and circles). The broken lines represent the theory tor a flat earth and the solid curves that tor a spherical earth. I< II) for a homogeneous sea path; 
7 

v, VI) tor homogeneous land; III, IVJ for a "land-sea" path. 08 = 9·10 COSE, transmitter power 10 kw, X = 96 m. a) µv/m; b) land; c) sea. 

Actually, if a segment with good conductivity is situated in the 
middle of the path, then, as indicated, for example, by the lower f 
the top pair of curves on Fig. 46. 2, thi s has no effect on the field i n 
the case of a flat earth eve r. i f it occupie r; half of t he entire path 
(for ~ == 0.5 and ~ = 1, we have almost ident i cal ·1a l ue :- , 20l~Jw]~-38w). 
For a s pherical earth, on the other hand, we obta in i n t he analogous 
case wit h ~= 0.5 a field 20 db : igher than for a path completely 
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fil l ed by land (for;= 1 we obtain 20lgJwJ==-92db, wh1le we have 
-72 db for;= 0.5). 

IIJI I# I/JI WI S# 
-~l(N 

8 Fig. 46.4. Same as Fig. 46.J, for os = 10 COSE, A= 250 m. a) ~v/m; b) land;~) sea. 

Thus, in the case of a spherical ground surface - if we are speak­
ing of observation far beyond the horizon -, the "takeoff" and "land­
ing" areas for the radio waves have a distinct influence (the distance 
between t he two curves or the lower pair amounts to 14-18 db), but 1n 
contrast to the case of the flat earth, the concept or a ground wave 
sk1pp i r - over the surface and accumulating attenuation progressively 
and additively is in general much more appropriate here. In this con­
nection, it 1s 1nterest1ng to recall that, as was noted earlier (see 
[I, l], §122), the additional phase or the wave due to attenuation, 
which does not increase in the case of a homogeneous flat earth, in­
crease ~ linearly with D for a sphere. 

F'.gure 46. 3 pre sents a comparison of theory with experirr.e nt for 
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A= 96 m [12b], while F1g. 46.4 shows it for A= 250 m [16]. As will be 
seen from these figures, the deviation from the curves for an inhomo­
geneous flat earth is quite clearly manifest here and the theoretical 
formulas of this section are in good agreement with t~e experimental 
data. 

Fonnulas (46.5) and (46.9) are easily generalized to the case of 
a receiver elevated to a height zA above the ground surface and a 
transmitter raised to a height zO• For this purpose, it is necessary to 
introduce height factors under the summation sign (see Formula (39.20) 
and the arguments justifying it). In Series (46.5), we introduce 

w(l,(q1)-6zo>Jw(t,(q,)) and w(t,(q.)--bzA)/w(l,(qa)). while in Series ( 46. 9) we in­
troduce \\·(t,(q1)-bz0)/w(t.(q,)) and w(t .. (q~-bzA)/w(t.(q3)), where b = (2M2/a). 
These series were derived 1n [9] in precisely this generalized fonn. 

Extre•ly detailed tables and diagrams that facilitate calculation 
ot the attenuation function tor arbitrary positions of the correspond­
ing points and an arbitrary number of homogeneous path segments ~n a 
spherical earth's surface will be round in (10]. 

Manu­
script 
Page 
No. 

420 

421 

443 

[Footnotes] 

Here and in similar cases, we shall henceforth use the "smoothness" or the function y_ and its derivatives, Le., the circumstance that a relatively small change 1n the argu­ment causes a relatively small change in the function and its derivatives as well. 

For it, we introduce the special symbol z, because it plays~ substantial role in other problems of the inhomogeneous path as well. It is this function that is tabulated in the tables of [II, 8]. 

Here the apparent agreement with experiment was based on the tact that the experiment was limited to short numerical dis­tance s , 1•D .:..· 0.5 + 1.0 • When the numerical di ~t ance s are so small, a l l methods lead to closely s1m l a r r eyults . As we have already noted, t he spec i f i c na t re of the phenomenon, to 
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t he extent that we disregard the curvature of the earth and, consequently, restrict ourselves to short distances, canes clearly into evidence only for 1~100 meters. 
444 As we saw in §22, the energy tlux vector inclination angle is 

I -, X t b-: 2 ~ lri7!cos ~. = arc 1 '•'+ l)..a 

(see Fonnula (22.9)). 

[Transliterated Symbols] Manu-
script 
Page 
No. 

439 c = s = susha = land 
439 M = m =more= sea 

- 457 -



. \ 

Chapter 8 

PROPAGATION OP RADIO WAVES OVER AN UNEVEN SURFACE 

•-7. INTRODUCTION 

Having studied the fundamental laws or radio wave propagation 

above ideal flat and spherical surfaces, it is natural to pass on to 

investigation or the role or unevenness or the surface. It is hardly 

possible to indicate practical conditions under which such irregulari­

ties are absent. However, as long as long and medium waves were used 

in moat cases, it was very orten possible to assume that roughnesses 

small by comparison with the wavelength would have no substantial in­

fluence. We shall see below that even this is not always correct (in­

fluence on accuracy or radio direction finding, §50; variation of ef­

r,ctive soil conductivity, §51). In general, however, this was the 

case. 

Only with the trend to shorter wavelengths did the situation be­

gin to deteriorate steadily. In certain cases, surface roughness 

changes the propagation picture radically. It is sufficient to point 

out that radar scanning or the ground surface from aircraft would be 

impossible (more precisely, points on a strictly horizontal surface 

could be observed provided that they were directly below the aircraft) 

if it were not for the roughness of this surface, which provides scat­

tering of the radio waves at angles other than the angle of incidence 

onto a certain average ground surface. In this connection, more and 

more work is being devoted to the theory of radio wa ve propagation a­

bove an uneven surface (see, for example, [l]). 
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The difficulty of the problem sterns, for one thing, fro~ tne fact that the conditions subject to investigation are extremely varied. Por this reason alone, the theory of the problem cannot be unified tor all cases. 

Usually, and very crudely, the problems that arise are claaa1fied on the basis of the criterion ratio of characteristic height or rough­ness t to radiation wavelength A. In actuality, however, it is not the "wavelength" that is a factor, but its reciprocal, the wave number k, in itself together with the projection of the corresponding vector 
onto the vertical. Actually, we shall consiaer incidence of a plane 
wave at a glancing angle~ onto a flat surface with a depression or depth, (Fig. 47.1). 

.,,. , , 

A 

A' ,,, 

~"'_,,,,, \ A• 

,:-,)_ --
♦ 

4: 
., . 

l . 

Fig. 47. 1. Phase shift due to surfac,? irregu­larity. 

Even if the ray O' B" incident in the depression finds a horizon­tal surface and is reflected in the direction A" at the angle of in­
cidence, it will acquire a phase difference A~ from the reflection O'B'A' from the undisturbed plane 

This phase difference can be disregarded if 

2.. • •!-.//. ,. sin,.,, 1... 

(47.2) 
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In this case, coherence or the rays is not disturbed. As concerns the •sning ot the "much leaa than" aign, it is not possible to make any detlnlte atate•nt. It ia usually considered that .1ff><] and hence 8'llnt<' are neceaaary. However, it goes without saying that this cr1tel'1on depends on the purpose or the investigation: even small 6 ~ are essential tor the accuracy or radio direction finding. Condition (47.2) is, or course, essential if the irregularities cover the entire surtace, since the disturbance affects a considerable number or the raya. It, however, the irregularity is isolated or if there are only a tew or them, they will, even when Condition (47.2) is violated, disturb the tield noticeably only when they cover a large part or the region essential or reflection. Suppose that the nearest or the corresponding points is sit~ated at a distance~, and that the horizontal dimensions of the irregularity (or of all irregularities taken together) are of the order of i. Then, according to Formula (12.7), provided that Condition (47.2) is not satisfied, the disturb­ance will still be small when 

(47.3) 
These two conditions indicate that the smaller the angle,, the weaker will be the disturbing effect of irregularities. As we know, this is why even a rough sheet of paper will reflect brilliantly if it is seen at a very small glancing angle. 

Thus, in addition to the classification of the problems that arise by the short wave-long wave criterion (comparison with~), there is still another important division: glancing wave3 (small an~le ,> and steeply incident waves (large angle,>. In a considerable number of cases, these two breakdowns coincide, because in practical short­wave transmission, the source and observation point are elevated high 
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above the ground surface. Hence long waves are usually glancing waves, 
while short waves are steeply incident. Nevertheless, this is by no 
means a general rule. 

In themselves, however, the height and length or the irregularity 
are not quite decisive factors. Consider, for example, a plane wave 
glancing along the a• 0 plane. If we raise the entire plane to a 
height a• t, the field in t~e space above it will remain as before. 
A disturbance can arise only from the margins of the displaced surface 
segment. But this boundary effect may always be regarded as small at 
great distances from the edges provided that the horizontal dimensions 
i of t he se gment are large. The field will be changed sharply only in 
t ere ion 0 < z < t from which it is "displaced." In the rest or the 
space, however, the disturbance will be small, no matter how large 
both c and Z become. Thus, the most important geometrical parameter is 
the surface inclination angle y. For gently sloping irregularities, 
I y I << l, the disturbance created by this segment will be smaL•'!r than 
for steep irregularities at the same,. It is found that a quite gen­
eral method can be developed for gently sloping irregularities (149). 
Only when y ~ 1 do Conditions (47.2) and (47.3) begin to play a deci­
s ive role. Consequently, we must distinguish the case y<<l from cases 
·1 i th y ~ 1. This is a third criterion that must be kept in mind. 

Finally, the problems are also classified on the basis of the 
type of answer required. In some cases, we are concerned with the dis­
turbance of the field by a given specific irregularity. Such, for ex­
ample , are the problems of distortion of radio wave propagation direc­
tion by a coastal inlet (radio direction-finding error) or the ex­
tremely important problem of field amplification behind a hill ("ob­
stacle 0 ain"). But these are only selected cases. More frequently, it 
1~ necessary to ~now the influence of a large number of si~ilar irreg-

- 461 -



__ .. __ ....,.. 

ularitiea: sea wavea, vegetation cover, hilliness. A closely related 
problem 1a that or scattering from the lower boundary or a turbulent 
layer in the troposphere, which, in the opinion or c@rtain investiga­
tora, 1hould explain the anomalous range or v~ry short • radio waves be­
yond the horizon. In all or these cases, the statistical approach is 
neceaaary: knowing the statistical characteristics or the surface 
(nwnber or irregularities per unit area, average height, average hori­
aontal extent and the elevation angle or the individual irregularities, 
the distribution or these quantities, and their mutual correlation), 
we muat tind the average values, fluctuations and correlation charac­
teristics or the field amplitude and phase. 

Certain general considerations may be advanced for all such prob­
le•. 

We have already seen in the case or a flat homogeneous (or even 
inhomogeneous) surface that its influence can be reduced to the ap­
pearance or secondary "virtual" radiators excited by the incident 
"primary" wave. Since c is usually not essential, their fields arise 
with a phase shift, tor example, in Formula (24.5), the factor 

ik J: '(~-.!.arz • ) 
---, I I Yao l}'ii"I • 

However, if the soil is homogeneous, this shift is constant. The 
field or the secondary radiators at the observation point has a pha3e 
~ • k(r + p) + const, determined primarily by the path length~ from 
the source to the secondary radiator in question and then the distance 
p to the observation point. It is precisely the region of the minimum 
of this phase that determines the essential region on the plane - the 
first Fresnel zones. 

When the surface is disturbed - either electrically or geometri­
cally - then each secondary radiator will have a different a~? litude 
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and will give rise to a different phase shift other than k(r+ ). How­
ever, if we have a large number of more or less equivalent secondary 
radiators, the phase k(r+) will again determine the region or the 
surface whose radiators emit oscillations that are, on the average, in phase at the observation point. The fields of these secondary radia­
tors will add coherently. It is clear that in general, this coherent 
scattering will be significant in the same direction as that in which 
the wave mirror-reflected from a plane taking the role of a certair 
average plane would be propagated. 

Needless to say, surface irregularities are also responsible for 
scattering in directions other than that of mirror 1'eflection from an averaging plane. For this reason alone, the scattering fields sent out 
by different surface segments will be basically incoherent in this 
case. 

Considerable progress has been made in study of the influence of periodic irregularities: strictly sinusoidal surface, regularly spaced rectangular-section grooves, an endless array of uniformly spaced 
half-cylinders placed parallel to one another. However, these cases, 
which play an important role in the theory of diffraction gratings, 
corrugated waveguides, and the like, are of minor importance for the 
problem of radio wave propagation along the earth's surface. Here we 
are never presented with strictly periodic surfaces. Moreover, in the most difficult case, ln which rigorous solutions would be neceRsary 
for steeply sloping surfaces and short wavelengths - the effect of the irr~gu~ar1ties is not additive (see 152). Deviations from the shape of t he periodic surface for which a given theory h s been constructed may change the result completely. For this reason, we shall not set forth 
t re wo r k that has ~een done in this connection (see, for e xamp le, the su rvey [ l]), but concentrate our attention on s tati s tical problems. 

- 463 -



In a number or caaes, we shall combine study or electrical-prop­
erty nonunirormities with our examination or the influence or irregu­
larities. This will apply to problems in which joint investigation or 
both types ot deviation rrom the ideal is suggested by practical con­
diti~ ,a and by the uniformity or the mathematical methods (distortion 
or field near a coastal inlet, statistical influence of random irreg­
ularities and inhomogeneities). 

The present chapter will set forth the theory or problems for 
which a solution has been obtained in one or another degree. The fun­
damental ways to solution of the problem of irregularities - not nec­
essarily gently sloping - that are small by comparison with wavelength 
have been known even since Rayleigh's day [2]. Here the simple method 
or cl1sturbances developed in (3, 4, 5] is possible. However, it is ap­
plicable only to rather steep (with respect to the averaging plane) 
incidence or the radio waves. For glancing waves (source and observa­
tion point near the ground surface), a different approach is generally 
required [VII, 3]. It 1s found to be successful only for gently slop­
ing surfaces, but here it is quite general and applicable, if the sur­
face 1s· sloped gently enough, for irregularity heights that are not 
even s mall by compari ~on with~. 

The main reason why these methods are not applicable to steep and 
large irregularities consists in the difficulty of accounting for the 
mutual influence of the irregularities on one another (only in the 
theory just mentioned is it found possible to take this fact into ac­
count). Mutual shadowi ng is a particular case of this effe ct. However, 
theoretical analysis is tuccessful in a certain converse case: if in­
cidence is steep enough, shadowing may be disre a r ded , and if the 
wavelength is short enough by compari ~on with t, the reradiation i s 
insignificant [6]. 
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In §48, the field of both glancing and steeply incident waves is 
considered in the presence of projections on a plane .with good conduc­
tivity that are small by comparison with wavelengtr.. If the projec­
tions are spaced widely enough, statistical consideration is possible 
and leads to conclusions of general importance. 

In §49, we derive general starting formulas for a theory that 
will be valid for a surface with gently sloping irregularities (even 
in the presence of inhomogeneities); these formulas will apply for any 
wave glanci ng angle if the irregularity heights are small, t <<•,and 
( ·:en for rather large t for a glancing wave ( u, -+ O) and a flat enough 
surface. 

In §50, this theory is used for analysis of individual irregular­
ities and inhomogeneities - coastal decl.tvities and coastline varia­
tion of£ ("coastline refraction"). 

In §51, the statistical characteristics o f the field are examined 
on the same basis: these include average field-strength values and the 
root-mean-square values that characterize scattering of the radiation 
by irregularities and inhomogeneities. 

In §52, t he same statistical characteristics of the scattered ra­
dia:ion are considered for gentle irregularities whose height is large 
as comp ared with wavelength, but in the case of rather large angles of 
i nci dence on the basis of what might be called a Kirchhoff approxima­
tion. 

Finally, §53 considers diffraction on an isolated obstacle of the 
hi ll type. 

§ 48. S, .ALL PROJ ECTIONS ON AN IDEALLY CONDUCTING PLANE 
1 . I t was s hown in §20 that if a projection with arbit rary eler. ­

tricai propert i es i s place d on an ideally conduc t in pl ane , the f i e ld 
of &~ y ource c ' n be obtaine d by s uperposin t he f e l ds oft is source 
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and its luge in the plane (constructed by the conventional rules), 
taken 1n vacuo in the presence ot the body tormed by the projection in 
queatlon and 1ta retlect1on 1n the same plane. In the present section, 
we aball apply thia Nault to the propagation or radio waves near an 
ideally conducting plane on which there are projections that are small 
by 00111p&r1aon with wavelength in air but with arbitrary elevation anglea y. 

Tb• problem ot interest to ua ~111 be reduced to consideration or 
acatterlq - in vacuo - ot wavea on small particles. The general 
•thod ot aolYlng such problems, which was indicated by Rayleigh (7], 
~onalata 1n examination first ot allot the quasistationary field in 
the 1-dlate Y1c1n1ty or the object~ where the linear parameter de­
termining the rapidity ot field variation in space is r.o·c wavelength, 
but the dimensions ot the object. The external incident field is con­
stant throughout this region in spa~e and var~es simultaneously in 
time at all points. We substitute in the equation for any of the field ccmponents 

(48.l) the function 

;c• ... + ... -..,. ( 4 8 2 ) D = 111 
,;;, z) ra (x, Y: z); n• = k · where n° is the incident field, ~h1ch 1s propagating from the source 

toward the object along a line 1n the ~•-plane. For the time being, let kz • O. 

The distortion function w near the object varies on a segment or 
the order of its d1m'!ns1ons, 1.e., since these dimensions are small by comparison with wavelength, 

= v~ a,., - ~ » k:.::, ax' _ov' oz tt (48. 3) 
wh~re dis a linear parameter characterizing the dimensions of the ob-
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Ject, kd << l. 

Substituting n (48.2) into Equation (48.1), we obtain, with ap­
plication or (48.3) 

~+ ~+~+i•.., ~10. ,,. ,,. .. Ix 

We set w • w0 + w1 + ••• ,where the ratio or successive tel'll8 la or 
the order or kd. Introducing this expansion into Equation (-8.3a) and 
equating terms or the same order, we obtain 

c,&.3b) 

(118.3c) . . . . . . . . . . . . . 
In the zeroth ap;;,roximation, there tore, it ls necessary to solve the 
static problem v

2
w0 • 0 1 which aatlstlea certain boundary conditions 

for the field at the surtace or the object. Corrections ot this order 
may be found from the inhomogeneous equations tor subsequent approxi­
mations. 

After the field near the object has been round, the function w 
for the remaining space is determined by sewing to the solution or the 
wave equation. 

Thus, the problem is reduced to study or the field in a body sit­
uated in a (spatially) homogeneous and (temporarily) variable incident­
wave field that 1s, however, quaalstationary. It the value or c la 
such tha~ the wavelength is large by comparison with the dimensions of 
the body not only outside the body but inaide it as well, the field or 
the wave will give rise to an electrical polarization that varies in 
ph seat all points or the body. No closed currents arise inside the 
body and the polarization may be regarded as homogeneous. If, however, 
the wavelength inside the body is short, the field does not penetrate 
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deep into it and, on the other hand, it has different phases at dit­

terent pointa. In thia cue, clo1ed circular currents arise along the 
aurtaoe, ao thkt the body•• a whole acquires not only an electrical 
IIOMftt but alao a magnetic mc,•nt. It is necessary to consider the ra­
d1at1on ot both the electrical dipole moment induced by the electric 
tield ot the incident wave and the magnetic dipole moment, which, nat­
urall.J, 1a proportional to ita magnetic tield. 

The complete scattering theory exists tor the sphere and the cyl­
inder (aee, tor example, [8; II, 9]), aa well as tor the ellipsoid 
[g]. In application to particles or ■mall radius, it gives the values 
ot the indicated electrical and magnetic moments. 

2. Let us consider a homogeneous hemisphere or radius a lying 
tlat-side-down on a plane. We take the center or its base Bas the co­
ordinate origin and assume that radiation is incident at an angle ; to 
the plane trom a dipole situated at point o (Fig. 48.1). rr the polar­
ization is horizontal, there will be no resultant (tangential to the 
plane z • 0) incident tield at the position of the projection B. In 
the cue or vertical polarization, however, the incident electric 
field at point B has a z-component 

111,R 
~•> - 21~•>1 cost - 2k'pcos' 'l> T' ( 48. 4) 

where t< 0> is the field of the source in question in a vacuum. 

Let us consider first the case or not very large c, kfV&\~ Cl. 
The field inside the body will be homogeneous and 1n a sphere of ra­
dius a it will create a dipole moment equal, as we know from electro­
statics (see, for example, [10]), to 

• a-t 2~•> ,,_,_--aa- c •. 
•+2 (48.5) 

From this, using the formulas or 118, we obtain the field t<e), scat-
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Fig. 48.l. Scattering by an ellipsoidal 
projection. 

+ tered at an angle x (to the moment p'), 

. a,A 
"""')• a.a , X • 
Gi ~.-'p COS -;;-• 

where ~x points in the direction or increasing angle x and p A is the 
distance from point B. Dividing the energy flux (I•dnp~) in the solid 
angle do by the flux or primary radiation arriving on a unit aurtace 
perpendicular to the incident ray, t 0 , we obtain the erfe~tive differ­
ential scattering cross section or the hemisphere (it is hoped that th 
the use of the same symbol a tor different quant l ties - conductivity 
am.J ,: r f',.: cti vc r.ro:; ::; :;cction - wi 11 not p;l ve rise to confusion): 

114 .-. 44• .. \!.=..! l' cos1 Xcos• -.· dQ. •+2 
(48 . 8) 

The photoscattering cross section (·the integral over all angles) 
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·-!!!!.,,...,!.=.!rcoa'• . . I •+a • Thia quantity bu the d1•na1ona or area. 

It tbe abaolute •alue ot c la large, Pormula ( 48.5) may be used 
u before, but, ln add1tlon, lt la nece11ary to take into account the 
racUat1on ot tbe -.netlc IIOllent •'. It •• were speaking ot a sphere 
with a permeabllltJ "• lt would acquire a magnetic moment 

_. • _. ta- f ,uJ(eJ •--.---~Ml.• (48.10) 11-t-2 
1n a atat1o tleld 21< 0>. Prom Pomulu (48.5) and (48.10), we can find 
the .c-acUatlon or an 1nt1n1tely conductive sphere by the following 
method -wbicb wu uaed by Rayleigh. We consider the tact that the 
tield doe• not penetrate into the interior or such a sphere. Thus the 
contlnuoua (on puaage acroas the interface) normal component or mag­
netic induction and the continuous tangential component or the elec­
tric tleld muat vanish outside the sphere, at its surface. At the same 
t1•, since it la quaaistationary, this field may be described by the 
tomulaa or electro- and magnetoatatica. They will yield the required 
external tield (which does not contain the components mentioned above) 
it we ascribe the values,•• and~• o to the material or the sphere. 
According to Pormulu (48.5) and (48.10), this means that we are aa­
aign1na to th• sphere an electrical dipole moment p' • p' • a3•2E(O) 

z z and a magnetic dipole moment m• • m; • -.ya3•2H;0>. Consequently, the 
field ot the radiation will be the awn or the fields or the electric 
dipole (48.6) for this p~ and the field or the magnetic dipole 

.u6 .,., , c. ~ - ~ainX -m, , 
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at the indicated m'. 

Remembering that ror any vector l directed along the x axia, Ax• 
• -A sin x cos q,, AY • -·A sin x sin cp, Az • A coa x, and aubatltuting 
the values or p' and m', we obtain 

E -2£: • .- ~P(X,«p), ., 
F. - al ( -~ l 'COI cp + ½) ·ain l, 

F,- -allinl~Xalncp, 

,.- ~ ( eo11-.!.cos,) cos x. ' • • 

(48.12) 

P18.12a) 

We note that Formula (48.6) can also be written in the torm or 
(48.12). The corresponding values or the runction f, which may be 
called the scattering function (it is analogous to the so-called scat­
tering amplitude), are given by the first terms or the right •mbera 
in Formulas (48.12a), which need only be multiplied by (c - 1)/(c + 2). 

Here it is necessary to take note or the polarization properties 
of the scattered radiation. A~ we have already noticed, horizontally 
polarized radiation is not at all disturbed by the projection. On the 
other hand, the radiation or a vertical dipole is, according to For­
mulas (48.12a), strongly depolarized by a conducting projection. In­
deed, on scattering at an azimuth q, • w/2, the field has a horizontal 
component FY• -a3 sin x cos X• At the same time, a poorly conducting 
projection does not produce sue~, an errect. And this 11 underatand­
abl,e: only a vertically polarized electric dipole, which radiates the 
field (48.6), is induced in a weakly conducting projection. At high 
conductivity, on the other hand, the field of a magnetic dipole ori­
ented along the y-axis is superimposed upon it. Its electric lines or 
force form a circle about this axis. As a result of addition or the 
two fields, we ~ight, for example, have lines on which the vertical 
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component or the field is zero: according to Formulas (48.12a), this 
oooura at cos • • 2 cos X• Here F, --a' Y 1-4cos1X sinXcosX. Thus, the ) 
field hu horisontal polarization on this line and vanishes entirely 
at the point x • o, • • •/2. 

Let ua calculate the scattered-radiation energy flux in the solid­
angle eleMnt do separately tor the ver tical component Ei and tor the 
horisontal component, u would correspond to reception on a vertical 
antenna in one case and on a horizontal trame in the other. These 
tluus are respectively proportional to F! - a•cos2 x(c<1SX-½cos,)' and •! +F;-4'1in1

1 {COl1 X-coscpcosx+ ¾}. Thus, tor the vertically polar­
ised component or the received radiation 

dJ•> - .UCal t»s1
• cos• X ( CO$ X - ½ cos~)' dQ; 

and tor the horizontal component 
(48.13a) 

tta"> .. 4k'a• cos•, sin' X ( cos• X - cos~ cos 1. + f) dQ. ( 4 8. l 3b) 
The resultant cross section or the projection 1s 

d~ - di., + d,'"> - 4k'a1 c05•"' ( cos1 X ( 1 + : cos•~) + 

+ ¼ sin1 X-c05 Xcos<;) dO, ( 48.13c) 

and the total cross section 

(48.14) 
More detailed calculations tor the case of' large but finite con­

ductivity give (see (10], page 383) 

(48.15) 
where 

(48.15a) 
and as c • ~ ,the par ame t er y • 1/2. 
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The same procedure ror d"term1n1ng the magnetic polarizabUity -or a highly conductive body has been applied to the cue or an ellip­soid [7]. Suppose that halt ot an ellipsoid with the aemtazea •• b, and o directed along the z, v. and •-axes, respectively, liea with ita flat side on the plane z • a. In thia case, the scattering will cor­respond to that on the whole ellipsoid in vacuo. The field 2E~0 >, which is polarized along the z-axis, creates a moment 

p' =- p;-. •-J T-2£<.•~ u+(a-t)N in a dielectric and nonconductive ellipsoid and, in a nonconducting magnetic •4ith the permeability ~, a magnetic moment 

(118.16a) 

where 

' T--:rabc, 3 

N - 2.-sabcs •_ tl1 . 
t (al T 4)

1
/

1 
( .. + 4) 1

/ 1 (cl T 4)1/ 1 

(48.16b) 

(48.16c) 

From this we obtain the fields or these dipoles, and then, letting• increase without limit and a vanish, the resultant field radiated by the scattering ellipsoid; this field, ot course, haa the form (-8.12), but with a different scattering function'= 

F. - -(!.cosxcoscp- T ) sinX, N ~~ -M 
Fw - -~sin XcosXsin ,p, . N 

F~ - (!.cosx- T cos~) cos X. N 4:1-M 

(48.17) 

' In t he case or a sphere, a• b • c, T • j""a3, N • M • ~•/3 and we 
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again obtain Pormula (48.12a). Here and below, the differential sec­
tion do(~) tor scattered vertically polarized radiation is proportion­
al to l•.1 2 , while that tor horizontally polarized radiation is pro­
portional to 1Fxl 2 + 1Fyl 2 . The resultant differential and total cross 
sections tor the ellipsoid are 

- 2TI cos Xc:os cp}dO, 
N(u-M) 

(48.18) 

o - !!!.. lt''r (..!.. .J.. 
1 ) cos• ,a> 3 NS ' (4A-M)1 (48.19) 

Thua, we have depolarization or the same type as for the hemisphere. 
3. Let ua now consider the field above an ideally condu~ting 

plane over which many projections or the type considered above [VII, 
3d] are scattered at random. A simple result can be obtained only when 
the projections are quite widely spaced, so that each or them may be 
regarded as situated in a field £==2£'0>+1::·, composed of the undis­
turbed field 2!(0) that would prevail in the absence or the projec­
tions and an average ( "locally averaged" or average-over-ensemble; for 
greater detail on the averaging concept, see 151, Subsection 1) scat­
tering field or all other projections. We may thus disregard local 
variations or the scattered field only when the distances between pro­
jections are considerably larger than their dimensions. Actually, the 
field of each projection is small, since it is proportional to (ka)6 . 
Only the combined field or many remote pr~jections can produce a no­
ticeable effect. Let v be the number or projections per unit of area. 
v(r')dS' projections on an ~rea element at point r' possess induced 
olectric and magnetic moments in the over-all averaged field l such 

+ that at a certain point r in space they create a scattered ~verage 
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field 

(48.20) 

+ + + where x and~ are the angles of the vector r' - r • p. Hence the total 
field at an observation point A is equal to (we take, for example, the 
z-component) 

• • \ I p 
E. (A),_ 2E.1• (A)+ ~ Ez (r', •:!,~F • (X , 'f) '-;-dS'. (48.21) 

Selecting a point A in the plane z • O (x • 0), we obta1.n an integral 
equation for the average field ·£.(r): 

E.(r) =- 2E.•>(r) + s vk'E.(O, 9)E.(r)
11

: dS', 

P- f(-¥...;...¥')• + (y-~')•. 

(48.22) 

It has exactly the same form as the ordinary equation for a homo-
geneous flat surface, which we have used several times, as, for exam­
ple, Equation (24.6). 

Suppose at first tha~ the source is situated in the plane z • O. 
Assuming 

i'" 2e<.•> (x, y) -= - , , 
(field of vertical dipole on z • 0 plane), we can determine the at­
tenuation function~ for the average field above a surface covered 
with randomly placed projections. Even here, of course, the essential 
zone is a narrow ellipse - the first Fresnel zone. Hence for a slowly 
varying function Fz, we may take its value on the ellipse axis Fz(O,O). 
The i dentity of the equations for these two cases is not surprising. 
I t was s tres sed back in §§6 and 8 that the integral equation obtained 
by application of Green's theorem admits of interpretation in terms of 
the fields of secondary dipoles (and sometimes even quadrupole s ) dis­
tri buted on a pl dne . In the cas e of an une ven s rface , t e e condary 
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dipoles acquire tangible ahap~. 

'l'hua, the average field ab,.>ve an ideally conduct! ve surface w1 th proJ e ctiona is subject to the •an• laws as the field above a flat sur­f ace with a certain err.,cuve finite ,o • •~· Thia value •~ can be ro,;.nd by comparing coeff1oienta in Equations (24.6) and (48.22): 

(48.23) 
l,~or p~orly conducting h'?.f~'-aph~~~r!.• (48.5), this gives 

t - 211 'r'.! !.=! kva'; ~ ·•+2 (48.24a) 
tor hem1.apherea with good conductivity, (48.12a), 

(48.24b) 
and tor hem1.ell1pso1ds, l48.17), -

_L-2--sr'ikvT(.!.- 1 
)· (48.24c) ~ N '4-M ' The solution to Equation (48.22) will again be the normal attenu-ation function (25.18) 

(48.25) 

(48.25a) 

respectively, for the three cases under analysis (48.24a)-(46.24c). Indeed, it was shown in 125 that y(sr) is a solution of this equation for any• if the phase of the integration constant C is appropriately selected. That is to say, 

In this case, arg • • -•/2 and hence j--a,, yc....-:;r. Consequently, we may again con­sider y c - ice. 

The behavior of the attenuation function f or ~mall l~~r l l ~ a~ain 
,_ 
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given by Expression (25.6) for s • sg (this is clear from the fact that Equation (48,22) can also be solved by the iteration method tor small /•gr/). At great distances, the expansion of (25,19a) will again be valid, For large enough•• we shall have in the caae ot hellliapheres, according to Formulas (48.25a), 

-1.! :t2.,gly2 sll-e ll ---. 
(48.26) 2 Reducing everything to a certain effective conductivity 0

8
, we 

(48.27) The area occupied by a single projection is S • wa2 . The average height h • a/2. Hence the expression for og can also be rewritten in 
the form 

(48.27a) where~ is the total area occupied by all projections situated on the unit area. It may be called the fill factor. By hypothesis, , << l. Thus, even projections with very good conductivity will give rise to scattering of radio waves and hence cause attenuation or the average field in the plane z • o equivalent to the appearance or nonideal soil 
conductivity. 

For a built-up area, therefore, if we substitute scattering from an ideally conducting hemisph~re for scattering from buildings and as­sume that the fill factor, is small, for example,: 0.1, setting h • 10 m • 10
3 

cm, we obtain for propagation of broadcast-band waves, A: 300 m • 3·10 4 cm, 

(48.28) This value is close to normal soil conductivity, so that the secondary attenuation may be found substantial even for sue 
, hand A. For 
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cities with larger,, where the formulas are no longer strictly accu-
rate, we may expect very strong errects. This is consistent with semi- lJ 
quantitative exper1•ntal results. Thus, measurements over Amate.dam 
at 299 •tera give aett ! a

1 
- 105 COSE. Por Getai l s see (11]. 

4. Up to thia point, we have been considering the average field 
ot a aource in the plane z • o. It was round that in the plane itself, 
it decaya in proportion to the attenuation function y(sgr). Since the 
tield in apace 1a determined by the t1eld on the plane z • O, it fol­
low• tro■ this that even tor zA - O, at elevated observation points, 
the average tield is described by the function y for an elevated ob­
••rvation point at the same effective soil constants. From this it 
tollowa on the basis or the reciprocity theorem that the same attenua­
tion tunction with the same effective constants will also describe the 
average field or an elevated source. In particular, if the glancing 
angles• are large enough, 11'i:sint\> l , the interference (reflec­
tion) formulas are, as we know, valid. The reflection coefficient fll 
tor an averag~ field polarized in the plane or incidence will be 

, ~ain,t:-1 
a - .,- • r •: ain ~ + 1 

(48.29) 

Thus this average field arises from the corresponding segment or the 
z • 0 plane disturbed by irregularities in the direction of mirror re­
flection. In other directions, it is absent, provided that this seg­
ment is not too large. 

However, the field attenuation described by the function y(sgr) 
is of quite a different nature than in the case of a flat surface with 
finite conductivity. It is governed not by draina~e of energy into the 
soil and joulean heat absorption, but by scattering into space. In 
particular, even scattering by an isolated projection produces a field 
with an electric-field component directed along the y-axis (see, for 
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example, Formula (48.12a)), and even the energy flux along the y-axis 
is different from zero (see Formulas (48.8) and (48.13)), which 1a im­
possible for a flat absorbing surface. The average t1eld due to many 
random projections does not produce such a flux. However, this 1a not 
to say that there is no scattering in these directions. To find it, we 
must average the enerSi,Y flux, i.e., the root-mean-square values. Por 
all three of the cases under consideration (48.8), (48.13) and (48.18), 
the effective cross section or the surface area Scan, after multipli­
cation by vS, be obtained in the form (da(v) and dc,(h) ar·e obtained in 

the same way for scattered radiation or a given polarization - verti­
cal or horizontal): 

( 48. 30) 

(48.3Oa) 
&~" • I a• I i - ~ 1• cos• X, • 

G (X, cp)-= ~ a• (cos• X ( 1 + : cos~cp) + 7 sin1 X-cos Xcosq>} • < 48. 30b) 

I !:cos•x+( T ,''(l-cos1 Xsin1 q,)- rr• cosXcnscp, (48.3Oc) N' 44-M • N('4-M) 

respectively, for poorly conducting hemispheres (k I Vila« 1), for 
highly conductive hemispheres and for highly conductive hemiellipsoids. 

The common factor 4cos 2~ is present because do is calculated by 
division by the energy flux from an elevated source in empty space. 

The moment induced in the projection is proportional to the vertical 
component of the incident field, which is equal to 2~os ,1· \ E'~ \. where 
~ {O) 1:, t ile fi el d or the isolated dipole. Wishing to obtain the abso-

11t( • v :.i l ue of' tll <• e ne r r;y .... c att c r c d by t he nurra cc: :.e r:mcnt S in the dl­
rc:c t i on ( x, ,µ ), we must multiply clo by _!__ I £"1 

'• 1 r the :.;o urcc 1::; up 
ij;i 

high enough ::.o that its field on area S may be r ei~arded a::; ::;till unat-
t enuat ed due to scattering on projections. In t he ~ene r a l c~ne , how­
e ver, i t 1s necessary to multiply do furt he r by !y(r; z0 ; 0 ) 1

2 , whe r e 
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the attenuation function or the incident field on areas is taken for 
a source at height z0 and for an observation point on the plane z • o. J 

By wa, ot example, let us write the values or 0(x, ~) for two 
practically iq,orantt positions or the observation point - in the di­
rection or regular reflection rrom a plane Cx • •• ~ • 0) and ror back 
acattering, at the source Cx • •• ~ • w; the "radar case"), in either 
cue tor hemispherical projections - a) poorly conducting and b) high­
ly conductive (see Formulas (48.30a) and {48.30b)): 

1-9• GENTLY SLOPING IRREGULARITIES 
1. A highly general method can be developed for uneven surfaces 

that are in a certain sense slightly inclined from a certain plane, 
provided that these irregularities are gently sloped, i.e., the gradi­
ents are small everywhere. 

We shall at tirst assume that the surface is ide~lly conducting, 
c ••·Let it be described by a certain function (Fig. 49.1) 

z - ~ (.r, I/), (49.1) 
with introduction or a special symbol for the derivatives or this 
runction 

(49.la) 
and let us consider them to be small: 

(49.2) 
Later we shall present a criterion for smallness or the inclina­

tion or , itself from zero, whi.ch is placed on a certain average plane. 
We state in advance that, as will become evident, the heights~ may 
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exceed the wavelengths A of the radiation for a skipping incident field and small enough y. 

"t 

Fig. 49.1. Gently sloping irregularities. 

The boundary condition for the electric field on this surface re­quires, according to Formula (21.26), that the tangential components of l vanish: 

(En J - 0 f or z - ~. + 
where n is the unit vector or the normal to the surface z •tat the point in question; 

h -r. -T., f .. - :il+t!+r,,•' n,a::, _. •' n.- y, • ,◄• (49.2a) r _ r 1 + 1. + r,, + T.- + T,, 
Disregarding quantities of the third order with respect toy, we have, according to Formula (49.3), 

E,+ r,E,. - 0, E.+ r.E. -o for z - t. ( 49. 3a) The third of the relationships given in (49.3) is a corollary of those written. All or them obtain on the surface z • t(x,y). 
Let ua pass the plane z • O and transfer these conditions to it, expanding! in series in the inclination t: 

Keeping terms with tin powers no higher than the first and dis­regarding the products oft by y, we obtain 
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• 0£.(x. ,. 0) l £.-(-', II, 0) - -£.(.i, I/, 0) T.s --;;-- ~. 
: . • ,., 0) rorz - 0. C 49. 5) 

E• 0 E ( 0) .. ,(x, 1' "' . 
,(-', I/, ) - - • .t, g, T, - iz • 

Since Ex and E1 themselves and, u will become evident below, 

alao aa./as are already quantities ot the order ot Yx,y• we are actu­

ally taking terma ot the second order ln t into account here. 

'l'bua, it the torm ot the aurtace (49.1) and the positions or the 

aouroea are g1Yen, the problem reduces to determination or the field 

in the apace z > O when the boundary conditions (49.5) are valid on 

the plane z • o. 
~t ua now generalize these conditions tor the case of a soil 

with t1n1te but larp lcl, Thia ia particularly simple if the field ls 

pol&l'1sed in the plane or incidence, ror example, tor vertical polari­

zation. Ir we aaawne that 1, 0 1 la large, we may drop terma containing 

the products or t and y by the amall quPntlty 1/~. 

In the cue or a truly tlat aurrace with finite c and vertical 

polarization, (21.26) are valid and the horizontal components Ex and 

EY are amall by comparison with the vertical component Ez. In the case 

or an ideally conductive but uneven (with small t, y) surface, the 

components Ex and E
1 

on the plane z •Oare again small according to 

Formula (49.5). Disregarding the crossover effect, we may assume in 

the general case or large but finite lcl and a gently irregular sur­

face that small tangentia~ components or the field due to two differ­

ent cauaes will make themselves felt at the plane z • O: 

(49.6a) 

The last terms on the right are of the second order with respect 

to t (more precisely, of the order of' y • t) and are neces sary only t'or 
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certain special purposes (see 151). 

Differentiating these expressions with respect to z and N and us­
ing the equation div!• o, we obtain a condition that generalizes 
Condition (40.12) 

0
:_z - - ,~"-{1 + 1. <• eri:d In V e0>} Ez -i- 2.. (r11Ez + ~t) + "' r ,Q •= 011 di 

a , E oE,, .. ) 1 e, + - I r11 .+ ....:.. ·• == - - -- (k ~rad)-= .1.. (¥ &rad E.) ..1.. O!J \ oz • cosi "1 y &4' ' • ' 

E \•a-r., . vr,,) . a (· a£_~•) . u l ... oE") 0 1 • -;-- -:- -0 -.- i)- ,. -,- -;- iJ- - -i) fo r z == • vX iJ X Ul . !J Z 

If we disregard terms or the second order, Formulas (49.6) can be 
interpreted as follows. For a radio wave skipping along the plane<•• 
• 0) on the x-axis (ky • 0), if, varies only in this direction, the 
appearance or irregularities is equivalent to substituting c!rr tor ,o 
or ye ff for y. 

(49 . 7) 

where, if 

then 

(49.7a) 

( 49. 7b) 

The entire method is applicable only for y < < 1. Even then, how­
ever, if the absolute value lc 0 1 is large enough , as in the case of 
infinite conductivity, when x ~ w/2, it may be found that tan~< 0, 
i .e., ~Xeff > w/2. 
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Conversely, taking tinite conductivity into account is equivalent to replacing the inclination angles Yx and Yy by 

•• t •,, 1 (49.7c) 
T ._.. - T • - •cw.;, V ;i' • T •at• - T, - • cos~ y l' c• • 

(with c lett aa betore in terms or the second order). 
The boundary condition (49.6c), which generalizes Condition (,0,12) tor the cue or a gently 1rNgular surface, also enables us to rewrite the generalized integral equation (41.13) and (41.14) for this 

cue: 

where 118 /aa• should be aubatttuted trom Formula (49.6c). Here ,g ts a constant auxiliary parameter (c 0 for a certain fictive soil); it is aaaumed that the radiator is raised to a height z
0

; Dis the distance from the radiator along the horizontal to an observation point situ­ated in the plane z • O; y0 is the normal attenuation function for the given positioning ot the sources above a soil with c 0 •cg• const. As always, integration extends over the plane z • o. 
Similarly, t'or the other components or f we select the Green's t1.1&~ction in the form 

(49.8a) 

and, using Green's theorem (5.8) (it must be remembered that as z' + 
i):., i);, i) e'"~ ) 

+ a, we have v_ • 0 and .., = - cli' = +2 aa l---;- il,(,,
0

; z)) , we obtain, for 
example, 
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0110 i/.: A 
Here it is taken into account that - = - -=- u,;. E

0
x denotes the car-oz Ve: 

0 

.responding volume integral over the sources. In the case c
0 

• O - this is simply the field of the same sources for ideal conductivity and a A A flat earth (for z •Owe have E0x • E0Y • O) - and v should be under-
stood as 

••• .., = L !Jo(P; z). p Since 3Ez/3z' in Formula (49.8) may be substituted and integration by parts performed with respect to ir.1 au 

(49.8c) 

by-,·~-!..~) di' • ,,. 

x' and y•, respec-
tively, With 

-=---. Formulas (48.8)-(49.Bc) can also be 
ii;;'. 1/' ox, 11 written as follows: 

(49.9c) where, in the case of vertical polarization of the field fA, 

T't _ kr,., ~-rx.v (i.9.9d) 
•a.f,IJ - I, C05"-,, J' ~8 (in the case or horizontal ~olarization we consider only an irregular i eally conductiVe surface, c 0 ••).The quantity E~z near the plane z • O or for a lowered source (z

0 
• O) is simply 

(49.9e) This system of equations may serve as a basis for solution or a number of problems (see, for example, 1150, 51). 
2 . Let us consider the influence of 1rre arities and departure s of , o from infinity as a small disturbance. ne µosition of t he source 
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and observation point will be arbitrary. We shall use boundary 
conditions (49.6). We shall tirat drop terms with c0 and write all 
formulas tor an ideally conductive surface. The transition to finite 
conductivity is accomplished simply by substituting according to For­
mula (49.7c). 

We set 

(49.10) 
where !(O) is the field that would obtain fort= 0. It is known from 
the rigorous reflection theorem (120). Consequently, !(l) is defined 

0 by Porm~las (49.9a)-(49.9d) (setting c0 • •, y0 • 1) in these formu-
las). it we use boundary conditions (49.6a)-(49.6b), which, according 
to Pormula (49.10), assume the form 

(49.l0a) 

Let us consider three particular cases. 

a) Suppose that a vertical electric dipole with moment pis situ­
ated at point O (Fig. 49.2). Its hertzian vector in free space is r a ­
duced to a single component directed along the moment and equal to 

,iJ&R n-p-. 
R 

Thus, its moment is twice that which we selected in 
Chapter 5. Its reflection at o1 must blso be dlrected vertically. Let 
us introduce the spherical coordinate systems (R, ~,~)and (R1 , ~1 , 
~l •~)for each dipole. According to Formula (20.4a), we obtain in 
the plane z • 0 (R • R1 , ~ • w - ~1), dropping the time multiplier, 

e4"1tl< £~0
i - £t0> .:...o, £~0

> = 2k: psin: 0 R • 
Further, since for kR >> 1, 
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• 

A 

Fig. 49.2. Nomenclature in deriva­
tion of expression for scattered 
field. 

() ii:, 0 0 , A O A 0 - - ---cosv -=::::cosv-0 z R oo ' oR iJR ' 
0 Sin -.,, 0 .fl. 0 A 0 

- sa - • - + COS V l - =:::;: COS U I - t oz1 R ao, aR, 0R1 
0 • • .II. i) iJ · • A • 0 - =:::: sin u cos q> - , - =:::: sm v sm <p - , ox iJR ov oR 

(49.12) 

we may assume that 

(
0e_(o)) ,'JIR 
-~ - -2ik1psin ticos2'0 Rcosq>, 

oz •--o 
(49.13a) 

( 49. l 3b) 

For z • o, therefore, accor ~ing to Formula (49.lOa), 

il.R e-11\> = 2k-:p .!__ {ik; cos' O· sin <f - r!Jsin 0-} sin u: ( 49 .14b) R 

he r e ,) s the angle formed by the ra~ with the dipole axis. 

b) Let a horizontal dipole di~ected along the y-axis be situated 
at point O. Its i mage at o1 will be oriented in the opposite direction. 
At t he surface z • O, according to Formula (20. c), we shall have 
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f 

.. 

N) i"R 
c.a' - - 2k'p - sin q, sin -0 cos O. 

R 

It, u betore, we uaume 

,, (R) _ cos-0 of 
iR - iR' 

i,f (R,) ..._ cos O 8/ 
n - 't1R,' 

(49.16) 

where~ 1a the angle rormed by the ray drawn from the dipole to the 

observation point with the z-axis, ~, • w - ~. then, according to 

Formula (20.4c), 

(49.17) 

Therefore 

E}.1> -1 ,AR l(ik; sin ii cos 'P + r .) sin -t> sin <p, . 
2Jllp- cos() e:>- R U,;(sin10sin1 cp-l)+T,sin-t>sinq,, npK z-0. (49.18) 

c) Pora horizontal dipole oriented along the x-!.!!!., 

~i> -1 I"" I ik; (sin10 cos=q, - 1) + sin O cos~•r.; 
2k'p-cos0 e:>- R (ik;sin-Osinqi+r¥)sin0cOJq,. (49.19) 

Thus, we know the values or E~l) and E~l) on the plane z • O [(49.14) 

tor the vertical dipole and (49.18) and (49.19) for the horizontal di­

pole], so that we can without difficulty determine the fields E(l) and 
X 

E(l) at any point in the space z > O (needless to say, physical sig­
Y 

n1f1cance must e attributed to the resulting solution only at points 

z > t;). 

On the other hand, in order to 

use the formula div E(l) • 0. Since 

determine l~l), it is 

aE< 1 >1ax and aE< 1 >1ay 
X y 

necessary to 

can be found 

from Formulas (49.14) and, respectively, (49.18)-(49.19), we also know 

aE(l)/az (the field ~(l) has no sour as other than virtual sources dis­
z 
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tributed over the plane z • 0). Now we can use Formulas (49.9a)­
(49.9c) or Formula (8.5), which gives the same result at once: 

(49.20a) 

(49.20b) 

where 

Further, following Relationship (8.7) or according to Formula (49.9b), 
we find 

e_i> = _ oA.r _ o,t.,. 
ox 011 

(49.22) 

Using Formulas (49.14), (49.18) and (49.19), we obtain (the upper 
expression in each formula is for the x-component and the lower expres­
sion is for they-component): 

a) for a vertical electric dipole 

b) for a horizontal electric dipole directed along the x-axis, 

A •. , =- - - cost ---u tl1 , 
i'p J likt (sin10 cos•cp- I)+ sin O CCJ!lff •) ,.,"+•• , ,. 
• (iktsin·tsinq> + T,)sin Ocos• Rp 

(49.24) 
c) for a horizontal electric dipole directed along the y-axis, 

A ... --- . CIOlv---d~tl,. 
,,,, S {(ik t sin t cos 4P - T .) sin O sin cp l A .a,1t+,a , . ., 

• lk; (sin' 0 sin1f - 1) + T, sin O sin q, Rtt 
(49.25) 

Together with Formulas (49.23)-(49.25), Formulas (49.20) and 
(49.22) give the field at any point if the surface shape~ is known. 
I n many cases, it is convenient to introduce differentiation under the 
integral s i gn. Thus, for example, for Ez (here we take into account 
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f I 

that only p depends on z and v under the integral sign, with 
,,, ,. 

•- - ---, and again perform integration by parts with respect 

.... , ..... ,. 
to•' and M'), we have: 

a) tor a vertical dipole 

~(.r. ,. z>-~ J(a<-.. -lin"t)(r.-H r.s1n,>- (£:r. + £; r,) l -•+.• 
(49.26) 

ala t-tt;,1a f •••, •n• • tlrdv'. • 
Rp b) tor a horizontal dipole directed along the Y-axis, 

fjO (z, 1, z) -~~cost {sin O sin ., ( tt; c011 .. + 2ik sin O (r. cos cp + · 
I I ] • } ~"<R+pl , , +r,llnt)+-r.+-r, -i•r, N dxd11. (49.27) Ir •11 P The formulas simplify substantially in the two limiting cases. Piratly, it the SOUl'ae is situated in the plane z • o, when~• •/2, Secondly, it the SOUl'ce is very tar from the zone or the plane z • O that is essential tor retlection, so that the incident wave may be re­garded aa plane. In the former case (dipole in plane z • o, ~ • •/2, R • r), we have: tor a vertical dipole, according to Formula (49.23), 

.~p ~ ,; .. ,+,, , , . A =- - r 11 ,---d:cd11. 
tor either ot the horizontal dipoles, according to Formulas (49.24) 

•·• • • • • rp 

and (49.25), 

(l.i9.28) 

Ax,y • O. (49.29) In this approximation, therefore (i.e., di sregarding terms of the order or 1/kr and higher-order terms inc), the field or the low-lying h~rizontal dipole is not at all disturbed by surface irregularities. For the vert i cal dipole, on the other hand, Formula (49.26) gives 

In particular, this formula illustrat es t he remark , ade above 
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(§47) to the effect that for the field to be disturbed, it is not the 

height tin it~hat is essential, but the angles of inclination y 

of the surface (in Formulas (49.26), (49.27) there is also a term con-

taining t; it transfers the influence or the displacement or the 

fleeted source as the horizontal interface is raised). Further, 

(49.30a) 

re-

Let us pass to another particular case - incidence or a plane 

~- Taking the plane y •Oas the plane or incidence and accordingly 

setting~• O in the integrals, 

~ ,a« __, IMPa.s•t,d 
p--.,- . q-p-. R, R 

where q and R0 are constants, we may write: 

a) for a vertical dipole 

(49.31) 

A •. , - -:q ~ { ilct {!} cos10 - sin OT•·~} sin O ,a,. •:n•+•• d.t' d11', ( 4 9 . 32 ) 

from which 

(49.33) 

b) for a horizontal dipole oriented along the x~ax1a, 

,,. s- iM'. cos•o + sin OT.} ,"«x'1lnt+,> A.,--J cosO----u't111•, (49. 34) 
• • lintT, P 

c) for a horizontal dipole oriented along the y-axis, 
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f 

e.i •-o. 
e,u+o. 
e_O + 0, JN> - - ,!! r ,. T, COi O ,"(.-llnt+,t th' tl.11'. ( 4 9 . 36 ) • ) p 

Th••• tormulu again indicate that the field or a horizontal di­
polf 1a subject to considerably less disturbance on the part or soil 
1rreaular1ties than the field or a vei•tical radiator. This ract is one 
ot the reasons tor the preference given horizontal radiators in radar, 
where the wavelengths are short and the disturbances may, generally 
speaking, be significant as a result. 

the 

the 

It must bP. noted that ror observation points in the plane z • o, 
formula ror E(l) and E(l) which contains the differentiation of X y , 

expression !eikp with respect to a, would appear to give a diver­P 

gence in the integral with respect to (z', y'). However, according to 
Formula (41.12b), 

~ Sf (.c', ,,,, ~ ""'ti.II'=- -2icf(x, 11), 

so that we may write ror observation in the plane z • O if n plane 
wave is incident: 

a) for a vertical dipole, from Formulas (49.33), 

e_u - - 2t'q (- lt;.cos•o - sin Or.),,. ... , , 

e:• - - 2k'q sin1 Or ,.llaJ•O • 

E-.0 retains the same f orr ; (49.33a) 
b) for a horizontal dipole oriented along the x-axis, from For­

mula (49.34), 

£.', =- 21':q (-ik; cos• 0 + sin or ... ) cos Oc ilmlnt, 

e-~> .. 2~:q sin O cos Or ,tilmin~, 

c) for a horizontal dipole oriented along the y-axis, from For-
mula (49.35) (t~l) remains as before): 
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E'.'' -o. 
e:• - - 2i.-qt cos Oe.....,... ( 49. 35a) Those or the formulas from (49.9) to (49.35) that pertain to the field 

l(O) polarized in the plane incidence also cover, as we have already 
noted, the case or an irregular surface with finite tit by Yx and Yy 
we understand y and y (49.7c). In the case or a flat surface xerr Yerr 
with finite£ (even if it varies within the framework or Condition 
(40.8)), these formulas describe a weak (by comparison with the case £ • •) disturbance of the field if we set 

T -- •• _L T --~•-_!__ t-O • t (GI\ • • f ii ' I • CCIII • t i- • • (49.37) 
3. The limits or applicability or the gentle-irregularity method proceed primarily from the expansion (49.4)-(49.5), in which only ex­

plicitly written terms are kept. Moreover, the method or perturbations has subsequently been applied: in calculating t< 1 >, the undisturbed 
field ~(O) was substituted in the integrals. Thus, we have assumed -in terms or absolute values -

Within the framework or the perturbation method, the values of these 
derivatives are determined by the behavior of the unperturbed field. 
For it, however, differentiation with respect to a for reflection of a 
wave incident at a glancing angle• is equivalent to multiplication by 
ikz • ik sin;. Consequently, one or the conditions tor validity of the method set forth is 

(49.38a) Thus, for a glancing ray,;<< 1, we may consider even heights, 
that exceed the radiation wavelength. However, it must be remembered 
t hat at very small~, the effective scattering region of the surface 
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may become very large. The right members in Formula (49.26) and in 
other similar roraulu increase accordi~gly, so that f(l) may prove 
not ■mall by comparison with !< 0>, and the expansion ot (49.10) and 
tbe •tbod ot perturbations may be inapplicable. Accordingly, the cri­
terion tor Relation1hips (49.38) may take a torm other than Condition 
(,9.38a). This cue ia examined in 151. 

4. Let ua consider the tield distortion caused by local devia­
tion■ ot the 1011 properties rrom the average or of the surface t from 
the zero plane in the cue in which the dimensions of such an isolated 
1nho110geneity spot bare small by comparison with the wav~length in 
air. 

It might appear that ita influence should be correspondingly 
amall and, moreover, should vanish as wavelength increases. We shall 
aee that this is not always the case. For this purpose, let us examine 
Eqs. (49.6c)-(49.8) with ,g ••·We drop the term of the second nega­
tive order t(aEx,y/az). Further, instead of considering both their­
regularity and the inhomogeneity of electrical properties, let us set 
y • O, knowing that it will be possible as a result to substitute £~ff 
for ,o according to Forr:1ula (49.7). 

Suppose that the inhomogeneity region has dimensions of the order 
orb and that within the limits or this region, the maximum deviation 
or the quantity 1/yii from its value outside the spot I/~ is ., , 
so that 

(49.39) 

where f is a dimensionless function of the order of unity with deriva­
tives also of the order of unity; it decreases to zero when the dis­
tance x - x0 , y - y0 from the conditional spot center (x0 , y0 ) i s con­
siderably larger t han b. 
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d t 1 Since we have assumed that kb << l, and since -~-----. the 
dx }' a• • t'•• principal term in the general expression (49.6c) is the term with 

grad In Yi•. Here the condition 

_!__//l,l,//1 Ifie(~ ~ 
may still be observed for sufficiently long wavelengths. 

(49.40) 

Let the incident field take the form or a plane wave propagating 
along the x-axis, 

E: _ ,..._ 

We set E • Ea under the integral sign. Retaining principal terms, we z z 
obtain 

,,. ffl(,+••-•) } £.-•'"{1+ 211,,~ .. ~Srtx--;'•. · ·;"•)' , "'"11' •<49.41> 
where ~-. V ,x-x•,i.,.. w-11•,i T ,• and the prime on the f denote ditreren­
tiation with respect to the first argument. 

Two limiting cases are possible. 
a) The observation pvint is far outside the spot p >> b. Placing 

the coordinate origin somewhere inside the spot, we can disregard the 
variation of the denominator p and, replacing it by the distance from 
the observation point to the coordinate origin Po, take it out from 
under the integral sign. Further, in view of the smallness or 

k(p-p1)-kb « I, w,, may expand the exponent ial expression in series: 

£ -•lb{•+ ,,,,,_.,_rr,,lx•-x. ,·-,•)x • u•,_t' .. ll • ' • 
IJ( I I + ik (p - P, + .s') + ... l dx' d1'} . 

After integration, the first term in the expansion will give zero 
(since f(t•) • O), while we obtain the following evaluation from the 
second term, considering that in order of magnitude ,-,-.+x'-6 

(49.41a) 
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where we have set 

, ~Sr ( .-;··. ,,.;") ,-,;+•· 0
~" -2•. 12nc1- 1. 

The perturbation 1s proportional to the product of three small quantities b/p0 , kb and l/ ✓c 0 , so that it is vanishingly small. 
b) We consider the other limiting case: the observation point is within the boundaries of the inhomogeneity spot, near its center, 

Po<< b. In this case, the exponential factor in the integrand may be assumed equal to unity. Introducing the polar coordinates dx'dy' • 
• Pod~0d~0 , we obtain 

£.~ ... (1 + 2x:rii~~r( x'-;z·. ,.~'·)d:,.,dq,,). (49.41b) 
and the correction term 1s round to be of the order of 

Consequently , 

1 1 ~ b - ..,- • . ,.. , .. 
(49.42) 

Thus, as long as the observation point is within the boundaries or the spot, the field perturbation will be determined solely by the maximum deviation of the soil electric properties from the "unper­turbed" values. It is totally independent of the ratio of wavelength to spot dimensions and diminishes with increasing wavelength only be­cause c0 increases. This results in an even more si gnificant distor­tion of the propagation direction and the associated radio direction finding error (see 150). 
§50. PERTURBATIO OF FIELD NEAR THE BOUNDARY OF AN INHOMOGENEITY 

1. Special intere3t attaches to the phase disturbance that arises when a gradient or a boundary between two soils occurs on the path of the radio waves - for example, when the radio waves cross from the space above the ocean to the space above dry land. The formulas cf the 
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preceding sections, and those of 1143 and 49 in particular, answer the 
questions that arise • iere. In practice, two problems are or particular 
importance: the distortion or the propagation direction (in marine ra­
dio navigation practice, for example, in radio direction finding be­
tween a shore station and a ship, this problem has been given a spe­
cial name - "shoreline refraction") and variation of the propagation 
phase velocity (radiogeodesy, phase methods of radio direction find­
ing). 

As long as we are in the vicinity of such a boundary or an elec­
trically or geometrically uniform region, we can use the theory or 
perturbations (149), which was applied to an incident plane wave. Gen­
erally speaking, this theory is stated in Formulas (49.9a)-(49.9d) et 
seq., and specifically for the plane wave in Formulas (49.33) (verti­
cal dipole) and (49.3u)-(49.36) (horizontal dipole), with the derived 
formulas to take account of electrical inhomogeneity in the case of 
vertical polarization, 

(50.1) 
In view of the smallness of the distortion, we may assume 

(50.2) 
where 

(50.3) 
where (we shall drop the subscript i) fp is the correction for soil 
i nhomo geneity and fR is that for the terrain. 

'I'he phas e distortion "P 1 • -Im f i s de termined by the imaginary 
part off. 

Accordingly, the distortion a of the propagation direction, 

°' == °'n + °'•• (50.4) 
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1s determined as t~e angle through which the normal to the wave front is rotated with respect to the normal for the undisturbed wave. a may be obtained from f aa follows (we shall be referring to a glancing wave, k • kx). 

Draw the c~ordinate system (x, y) and then Ct, n) in the plane 
z • O, with the t-axis normal to the boundary between soils (coastline) or to the base ot a gradient (Pig. 50.1), while the x-axis is placed along the propagation direction or the undisturbed wave with its ori­gin at the position of the source. The equation of the equiphase line is 

d • l ( !l) =- -ct1~ •- -. (50.5) .dz ,-coat• 2 
But,• , 0 + , 1 , where the unperturbed phase ~

0 
• kD • kx (Dis the distance from the source). Therefore 

~ ~.'1-i,. 
- u Th -Er.:-~.~. ;,, ,,·a, 

Neglecting a~1/ax as small by comparison with a~
0
/ax • k and con­sidering that a~0/ay • o, we have 

• _ J..,.,. . ,, (50.6) 
Below, ~l will frequently be expressed in terms of xA and D, where xA 1s the distance from the observation point A along the line or wave propagation to its intersection wtth the coast. But 

(~)~t - - Db1At11, (50.7) where e is t he "wave incidence angle on the shoreline." Therefore 

(50.8) For a plane wave (D • ~),we have s imply 
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• 
Fig. 50.1. Coastline refraction. 

(50.9) 
By definition, the phase velocity v(x) at a given point is given by the r lation 

r 4x •-••+••-• l•<x>' (50.10) 
an<l since cp.-~Dakx, we differentiate with respect to z and remember that q,1 :: Im/, to obtain 

c c ilm I • l 1 --1+---= --Cl. •<x> 11 a t1• (50.11) 
The concept of the average velocity v on the path from the source 

to the observation point is used often. It is defined as the velocity 
at whic h a given total phase advance ~O + 

1 
would be (w/v)D (in a 
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- __ .........,._ - -~ --..--.... ---.. 

vacuum, it is C•/c)D). Therefore, 

~- fl +ta e - I + ~••{. • .0 .0 (50.12) 
We ahall limit ourselves to a study or the phase disturbance to 

the vertical field component or a vertical dipole situated on the ground CzO • 0). 

2. At first we shall assume that an incident wave is incident, i.e., the source is very tar away: 

E}• - .. _ ,act•t+11 t1~••• ( 50 .13) According to Pormulaa (49.22) and (49.32), for~• w/2 and q • 1, 

t 
Pig. 50.2. Gentle gradient. Transition strip, sea to land. 

(50.14) 

Let us consider the disturbance due to a gentle gradient (Fig. 50.2): 

{ 

O for -oo<&<O. 
t• c.-·+,-T.& for O<&<t, 

._ for I< & < oo. 

(50.15) 

By the applicability condition of the method, it is necessary 
that Yo<< 1. At the break points of the surface, the method is not, 
strictly speaking, correct, since the higher derivatives of the field 
with respect to the coordinates are large here. A special investiga­
tion [12a] in which the formulas given below are generalized for the 
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case z ~ 0 indicates how smooth these transitions must be. 
Substituting Expressions {50.13)· and {50.15 ) into Formulas 

{50.14), we can perform integration in the variables t, n, with the 
integration with respect ton resulting in Hankel functions H~l), 

~ : 
S , ......... .,!,.._11111,,(iflA-&lcoal),-&A•' • {50.16) 

-49 '. , 

while in integrating with respect tot it is necessary to remember 
that 

~ , * ~ ,t.l) (t) tU • t,*• 1ff'11> (t) + lffl,1> (t) l - F * (t), 

~ ,-11,r.1> (t)tt11-f,,_. 1t1f'.1>(t) +(it+ l)ffl.1> (t)l -0(1). { 50 .17) 

This will enable us to obtain the disturbance field E{l) at points 
a) in front or the slope; b) on the slope (0 < t < Z); c) behind the 
slope {Z < t) by appropriate selection of the limits of integration 
with respect tot. The field is expressed in terms or functions F* or 
the argument::s 

·R,-i1Acoa8, R1 -i(IA-l)cos8 -R,-R,,R,_-tlcoal, (50.18) 
IA ·-%ACOII. 

rr we restrict ourselves to sufficiently long distances 
IR1 1, IR21 >> 1, the formulas are quite simple [VII, 3d]: 

b) 

C) (50.19) 

In front or the slope, therefore, the disturbance depends in an oscil­
latory manner on the distance to the slope, on k and on cos e, while 
behind the slope it is monotonic. This 1s a feature common to all such 
di s turbances. At great distances behind the s lope l'li - ,.r,r - t l'i9 I , l'{I 

2 v,; 
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so that the disturbance gradually dies out. 

. . Pig. 50.3. Curves or function determining variation or propagation di­rection and phase velocity near a gentle slope. 

In order to obtain aR and v, it is necessary to carry out the 
difterentiationa indicated by Formulas (50.9) and (50.11). Calcula­
tions yield [VII, 3d] 

where it is assumed that we are formally regarding not only the Bessel 
function J 1 , but also the Neumann function N

1 as odd functions of the 
argument, N1 (-x) • ~

1
(x). 

Figure 50.3 presents diagrams of the function (l/y)~ for certain 
values or kZ cos 8; the diagrams were borrowed from [12]. 

The disturbance due to inhomogeneity of the soil (coastline) 
calculated in a perfectly analogous manner. We set (zee Fig. 50.2) 
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0 for-,o <I< 0, 

t _ t'ii° 1ror O<i<I, 
, .. (&) . 

(50.21) 

On the right in the above, ,u 1a a constant characterizing the land. 

The results differ only when the imaginary part or f is separated, 
since tis real and ,o is complex. We obtain 

Cl>n - 2 y i _. \ (Cl> (R,)- Cl> (R,)) • ii"' 
• Cl>(R) -J,(R)cos ( R + f) + N1 (R)sln ( R + f) + 

+ c!, {1J,(R)-N1 (R)J sin ( R + f )- (N,(R) + la (R)J COi ( R + f)} 
(50.22) 

(where it is again necessary to take N1(-x) + ~ 1(x), N0 (-x) + N0 (x) 

for the negative argument). 

Using the asymptotic expressions for the cylindrical functions, 

we may pass to simpler expressions in certain limiting cases. 
a) Observer at sea, R1 <:0,IRal>l,fRJ>R.: 

•n- titcm2I CCII (.!...-..!..+2t( IIAI + .!.) coet] ll•(ll-t) · 
)'Li.fA\ .. I 4 2 2 ai,111t 

(50.23) 

b) Observer on land, Ra >O, Ra > l, Ra> Re= 

• --~~-r.,llp!lll:lin -+ . . ••• (. .L) 
n . )'Z.UAl .. l 4 2 

(50.24) 

We see that in the latter case, the influence or the transition zone 

has dropped out of the picture entirely. The other difference between 

cases a) and b) is the oscillatory behavior or a in front or the shore­

line and the monotonic dependence on tA and k on land - in full anal-
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ogy to the case or a geometric inhomogeneity. On going over to numeri­cal results, it is helpful to remember that if we disregard the dis­place•nt currents { 1- ; , a•=:::4.-u-;} and express tA in kilometers and a in units or 107CGSE, a0 • l0-7aCGSE, then 

1 • I I t- deg . l' Zall.A II a' l ' l' '-1.u. 
(50.25) 

We note that this common factor does not depend explicitly on wavelength. As we move away from the shoreline, the disturbance van­iahea. Diagrams tor certain oases - borrowed from [12] - appear in Pigs. 50.• and 50.5. The existence of the phase surges (peaks on curvea at boundaries of transition region, where •p goes to infinity in the ,present idealized case with sharp boundaries) was recently de­tected experimentally (for greater detail, refer to [11]). 3. Let us consider the special question of "radio-wave reflection rrom the shore," i.e., the case in which both the transmitter and the receiver are on the ocean surface at the respective points O and A' (Pig. 50.1). It the transmitter is very far away, we may speak of in­cidence and disturbance of a plane wave. We shall, however, consider a more general case. In the formulas 149, we must now substitute as the undisturbed field not the plane wave, but ~he function (1/r)eikr. The function exp(ik(r + p)) will figure in the interval over the region occupied by land (0 < t < • 2 - • < n < + •). In its exponent, as usual, we expand in the vicinity of a stationary point. This point ts point B on the boundary between land and sea, at which reflection should take place with a "reflection angle" equal to the "angle of incidence" 8. Then integration is carried out in the usual manner and we obtain 
E-=.£:!_ (•+ · • D . ,.r--r !!!.!.,•er-a,)· (50.26) D ,' yw&o,~• ~ iiw° 2c.-l 

Here Dis the straight-line distance from the source Oto the observa-
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• • , . . • !'t • 
• • · • I • · • 

... 

~-~~+-\-~---1.'w-~--++lff--+----t---t------"t---9t-

4•••-· -c, 
• 

Fig. 50.4. Auxiliary curves tor determining distortions or propagation 
direction and phase velocity due to inhomogeneity or soil electrical 
properties near the shore for normal incidence or radio waves (e • 0). 
The different curves correspond to different transition-zone dimen­
sions. 

tion point A', 0' • x0 + xA, is the path traveled by the ray OBA' re­

flected from the shore. Thus, k(D' - D) is an additional phase lead; 

c0 • x0 cos e and CA,• xA, cos e are the distances to the shore (more 

precisely, to the tangent to it at the point of regular reflection) 

from the source and from the observation point. 

This result is essentially determined by the fact that we have 

taken the transition zone into account. Attention should be drawn to 

the fact that the field p~~·turbation diminishes as we move away from 

the shore. This circumstance justifies the approximate method of cal­

culat i ng t he field along a piecew1$e-homoge ne ous path, as set forth in 
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Pig. 50.5. Same as Pig. 50.4 but for incidence ot radio waves at a 30° angle. 

Chapter 7. There we assumed consistently that the properties of the soil behind the observation point (outside the line connecting the source and the observation point) do not influence the observed field. Accordingly, reducing the integral over the plane to an integral along a line, we restricted the integration to the range between points O and A. According to Formula (50.26), this is admissible if 

cas21 D I t f«1. 2CNI )'W-&c,&,4• f.tac• (50.26a) This means that if we drop the trigonometric factors and set D ~ o• ~ ~ x0 , then we may disregard tne reflected wave even at the minimum l•"I • ~ (see (21.23)) if the distance to the boundary behind the ob-servation point, xA'' satisfies the condition 
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(50.27) 

Even at a distance of one wavelength, this inequality is observed to 
within about 5J. In general, however, neglecting the reflected wave (a 
characteristic, for example, for all of Chapter 7) introduces an error 
of the order of the left member of Formula (50.26&). 

4. Now suppose that the observation point and the source are sit­
uated at a finite distance from the boundary on either aide of it. We 
saw that the influence of the transition zone is not manifest in this 
case far from the shore, so that it is possible to set, tor example, 
t • o. This means that we are assuming all distances - x0 , xA, 
x0 cos e • t and xA cos e • tA - to be large by comparison with i. 
Since the disturbance is small, we ,nay substitute the undisturbed 
field in the integral expression here as well: 

,_ 

I 

• 

Fig. 50.6. Ill113trating calculation of coastline refraction. 

I 
I 

A 

The integral is extended over the region occupied by "land," 
where c0 ~•and E(O)(;) • eikr/r. On the assumption that kD >> 1, it 
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could be calculated in elliptical coordinates, using the method of 
steepest descents (see [VII, 3d] and [VII, 4a]). However, this is not 
necessary. We can expand the exponent in powers of the devi tion from 
kO in the usual manner: 

. _ ''(t . 1 ) r +p-D +-y- 7+ D-r . ' 
and integrate over y' from - to (x' - x0 )/tan e anc c · er x' from x0 
to D (Pig. 50.6). Dividing the integral over y' into two parts, from 
- to O and from Oto (x' - x0 )/tan e, we see after converting to the 

variable , &:" g' JI f(-}- 0 ~..,-) that the limit of the second integral 
is large it cote is not very small. That is to say, using Formula 
(10.13), we obtain 

In integrating over x', all points of the range of integration 
are in general of equal importance. If we assume x0 - xA - D, then 
this means that x' - D - x' - D also. Consequently, we may drop the 
second term in the parenthese~ under the integral sign if kD >> tan2 e. 
If, on the other hand, x0 >> xA, then x' - x0 - D - x' - xA, x' - D 
and the neglect is admissible if kxA >> tan2 e. In general, it can be 
stated that necessarily 

k:c > ta•e, ( 50. 30) 

where z is the smaller of the two distances to the sh~re: that from 
the receiver and that from the transmitter. 

This condition has a simple significance. The width of the first 
Fresnel zone, which determines the region essential for formation of 
the disturbance, is _{+ at a distan~e x from the nearest focus. 

- 508 -



For incidence of radio waves at an angle eon a straight shoreline, the deviation of the shore from the normal to the line or propagation will not exceed tan •Vf even at the boundary of this zone. In general, all points of the zone make contributions or t ! e same order to the integral. The deflection of the shoreline from the normal will have little effect on the result if it is small as compared to the length z of the region in the zone over wh11:h integration is extended. Consequer.tly, we must have tan I <t }"i:c, which leadft us to (50. 30). From this we may conclude that the formulas derived are also valid for the case 1n which the shore is not a straight line, provided that the shoreline does not run too close to the axis of the essential zone. Since we are assuming kx ~ 1, Condition (50.30) means in practice t~at this neglect is not admissible for radio waves skipping along the shore when e is near w/2. Setting in this case sine - 1, Condition (50.30) may be written as follows: 

ucoa'l>I. (50.30a) When these limitations are observed, Expression (50.29) is simpli­fied and we obtain on integration 

(50.31) 

s-t.u{1+1)'iil)( 1-f •rcs~ ~)}. C5o. 32) 
If, on the other hand, x0 > xA, then arc sin and 

E -.Ll""{1+~ v,l)arain .. /GA•o\. (50. 33) D l'• V D• ' Ac ~ordingly, for incidence of a plane wave on land from the di-
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rection or the sea, -'A <z.-D, it follows from Formula (50. 33) that 

E-;r~{• + J: YuA}· (50.34) 

It, however, .reC ... -D (by the reciprocity theorem, this corres-

ponda to incidence or a plane wave from the land side), we find from 

l'ormula (50.32) 

(50.35} 

It xO • 0, then, as we should expect, we obtain the first terms of the 

expansion in sD tor the attenuation function (see Formula (25.1)). 

All or these expressions yield corrections to the undisturbed 

field that increase with increasing dimensions of the disturbing re­

gion (xA or x0 , respectively}. This reflects the inapplicability of 

the perturbations method when the numerical distance traversed by the 

wave above the disturbing surface is long. The physical cause of this 

is to be sought in our disregard or the fact that the field of the 

secondary radiators, which is superimposed on the primary field, it­

self dies out as propagation advances and is in general subject to the 

influence or the tertiary, etc., radiators that it excites. This is not 

taken into consideration in the method of perturbations. Other methods 

are required to take full account of "reradiation." They have been set 

forth in Chapter 7. They are based on taking not the function v0 • 

• eikp/p, which, physically, gives the dipole field above an ideally 

conductive surface, but the function v • v0y(sp) (where y(sp) is the 

normal attenuation function), which describes the field of" the dipole 

above an absorbing surface, as the Green's function. As was shown in 

43, the phase shift actually reaches a constant magnitude at large 

numerical distances. For the problems analyzed in the present section, 

it is not of interest: for Im f • const, we have a• 0 and v • c. 

Formulas (50.32) and (50.33) enable us to calculate ap and v by 
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the same rules as for a plane wave {see Formulas {50. 9 ) and {50.11)). 
A peculiarity of the problem consists in the fact that it is necessary 
to exercise caution here in applying the reciprocity theorem. Although 
Ez and, consequently, f do not vary for a vertical dipole when points 
0 and A are transposed, the propagation-direction distortions a are 
found to differ. In one case, differentiation off in Formula {50.9) 
is carried ~ut with respect to xA, while in the other it is over x0 . 
As we see from Formula {50.31), these quantities appear asymmetrically. 
If the transmitter is at sea and the receiver is on land, we obtain 
instead of Formula {50.24) 

{50. 36) 

If, however, the transmitter is on land and the receiver at sea, it is 
necessary to change the sign or the entire expression and understand 
xA as the over-water segment of the path. When this segment is con­
siderably longer than the land segment, the df error ap diminishes 
sharply in absolute value when the receiver and transmitter change 
places. The values or ap obtained from the formula are given forcer­
tain cases in Fi g . 50.7. 

The formulas derived here for ap give v{xA) according to (50.11) 
and v according to {50.12). 

5. Up to this point, we have been considering the boundary be­
tween regions with c0 ••and finite c0 . In the general case, we are 
concerned with the boundary between regions with two different finite 

0 0 0 c . Le t us denote them by c 1 and c2 . Here we shall apply Eq. {41.17), 
which was derived with the aic of the Green's function eikpy{s0p). We 
take the arbitrary parameter cg equal to c~, where the subscript 1 de­
notes s oil, for example, on the left of the boundary. Then the inte­
grand i ze r o to the ' "! ft of the boundary, where ,:::>{x, y) • £~ • const. 

- 511 -



b ,. . ,. , .. b 

, ,. ,. 
I",, ,. 

,. 
u ,. ,. ,. l 

Fig. 50.7. Alignment chdrt for determining angle of shoreline refrac­tion ("soil error") ap. The ordinate scales appear on the right; they indicate -ap in degrees for various~. tA, a and c'. a) Incidence angle e; b) formula invalid. 

The integral is left extended only over the region to the right of the 0 0 boundary, where t (x, y) • t 2 • const. We can take the const~nt mul-t 1 
tipl1er ;;;=:::--~ out of it. Further, restricting ourselvea to r•: r•: 
dietances from the boundary for which all numerical distances ares 
still small, we may consider Yo• 1. Finally, since we are limiting 
ourselves to the method of perturbations, we may set w • 1 in the in­
tegrand (or, if the source is very far away and its numerical distanc 
from the shore is not small, w can be replaced by the value of y for 
the soil to the left of the boundary taken at the shore, and moved out 
from under the integral sign). Then the function w is expressed in ex­
actly the same way as for the sea-land case analyzed earlier - for 
which we obtained Formula (50.31), the only difference being that 
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l/ ✓c 0 is replaced by the difference 

t t : t v.-... _IT_Y<_ (50.37) 

Accordingly, Formula (50.36) remains in force tor op, but the abaolute 
0 value and phase of the quantity cerr from Formula (50.37) must be sub-

stituted for lc01 and X• 

In particular, if both soils are good conductors and displacement 
currents can be disregarded, x • w/2 and 

(50.37a) 

where a1 and a2 are the conductivities or these soils. For a more de­
t~~led exposition of these questions, refer to [VII, 3, ~and~]. [11] 
and [12]. 

It is considerably more difficult to investigate the case in 
which Condition (50.30) is violated. In the limit e • w/2, we are con­
cerned with the field or a source situated on the dividing line be­
tween sea and land, observed in the vicinity or this line. At points 
remote from the shoreline, it goes over on one side into the field 
above the over-water pass, and on the other into the field above the 
dry-land pass. The corrections due to the presence or inhomogeneity 
behind the source can be found by the method or perturbations in each 
case. Formulas indicating how these fields merge with one another when 
the observation point is moved across the soil's dividing line have 
not yet been derived in general form. Certain results pertaining to 
this will be round in (11]. 

§51. FIELD ABOVE A GENTLY SLOPING, RANDOMLY IRREGULAR AND INHOMOGENE­OUS SURFACE (GLANCING WAVES OR LOW IRREGULARITIES) 
1. In this section and those that follow, we extend the statisti­

cal analysis, begun in 148, of the field above a surface with random 
i rregularities, but for other relationships between the characteris-
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tics or the field and the surface. Further, in the present section we 
shall assume the existence or random irregularities in the electrical e 
properties or the soil. Here we shall assume the irregularities to be 
gentle, i.e., the angles Yx and Yy formed by the surface with acer-
tain averaging plane to be small, 

IT•I« I, lr,I<~ 1, (51.1) 
and the parameter t to be large and to vary quite smoothly: 

I r't I« I, . l 1rad In Ve: <~ }"ii. (51. 2) 

The analyses in 1151 and 52 are distinguished by the fact that in 
the former, we assume the height , 0 or the irregularities to be either 
small by comparison with~ (although their horizontal dimensions are 
arbitrary) or, if the glancing angle, of the incident wave is small 
enough, even to exceed the wavelength, although it still satisfies the 
criterion (see below, Formula (51.30a)) 

(51. 3) 
Thus, we shall be able to employ the approximation developed in 

149. Here the reciprocal influence of the irregularities will be taken 
into account fully. In the following section, we shall consider a case 
that is in a certain sense the converse: irregularities whose height 
may be large~ than the wavelength provided that the gl,cmcing angles , 
or the incident wave are correspondingly large enough. 

2. The example or 148 has already shown that the combined action 
of many irregularities, each or which distorts the field only very 
weakly outside its immediate neighborhood, is capable of influencing 
the average field substantially if the irregularities cover a large 
enough area. In the case of gentle irregularities and high conductiv­
ity, the vertical component is the principal component or the field. 
As was shown i n Subsection 4 of 149, it experiences only minor dis-
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turbance due to an individual irregularity or inhomogeneity and this di s turbance diminishes as we move away to a distance of the order of the horizontal dimensions l of the irregularity or inhomogeneity. Even here, therefore, we shall be interested in the superimposed ettect or many disturbances, the effective number of which increases with in­creasing distance from the transmitter to the receiver. We shall fol­low [VII, 3, ~and~]. 
Thus, suppose that the deviation of the surface from a certain averaging plane z • y • 0 and also that the small gradient angles Yx and Yy average zero. The variations of n • 1/lt - we shall denote them 7 by t - about its average value ,..- ya 

/: - 11 - lie+ L I - 0, 'le - :: ( 51. 4) must also be smooth enough (small at distances or the order ot the wavelength in the soil). 
Thus we have four independent small parameters in addition to f~ -~ the root-mean-square values ,; 0 and t 0 or the quantities ,; and t and the amplitudes of their gradients, y, and, tor example , 8. Instead of this, we might characterize the surface by the amplitudes ,;0 and t 0 and by the average horizontal dimensions lg and te or geo­metric and electrical inhomogeneities, since 

1-lvtl-~, ,-1v11--t- • ., - (51.5) 
Moreover, the parameters lg and te may be different along differ-ent horizontal axes, so that it is necessary to introduce tgx and l gy instead of lg and lex and ley instead or te. Only if the surface is statistically isotropic do they reduce to the two parameters te and tg. w~ shall describe the statistical properties or the surface (this is sufficient in the present section) by the correlation functions at two 
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+ points, which are given by the two-dimensional radius-vectors r(x, y) + and r•(x', y'). In the general case 

t,,,,,,'>- ~,.( .t'~• • ',;'). 

l(r>l' V>-1:F,( .-,:• , t,:') · 

(51.6) 

(51.7) 
Here it 11 uaumed that the axes are placed along the principal direc-
tiona ot variation ot P (strictly speaking, they might not coincide 
tor Pe and Pg). The correlation functions Fare equal to unity when 
the argument ia equal to zero (consequently, for example,~~ is the 
•an-square height (~~ • ~)) and diminish to zero when the distance 
ia Ix• - xi and IY' - YI exceed, respectively, the characteristic 
lengths ix and iy• which are known as the correlation lengths along 
the x- and y-axes or the radii or correlation. Thus, for ocean covered 
by regular waves (for example, after a storm at a certain distance 
trom it), the correlation or heights along the wave is retained at 
distances considerably longer than across the waves. This means that 
it we direct the x-axis across the waves, tgx << tgy (if the axes are 
arbitrarily directed, the argument of the function Fis more complex 
to write). The fact that the functions Fare assumed to depend only on 
the differences of the coordinates expresses the statistical homogene­
ity of the surface. If their statistical properties change over con­
siderable distances, we may regard all parameters to be slowly varying 
functions or the coordinates. 

Subsequently, we shall assume that the surface is also statistic­
ally isotropic from a certain point on, i.e., we shall set tx • iy • l. 
Although this assumption is not fundamental, it does simplify some of 
the bookkeeping. 

A remark on the concept of the mean is in order. Here and below, 
we refer to averaging over the ensemble. This means that, leaving the 
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positions (relative to the plane z • 0) of the source and observation 
point (or points rand r' in (51.6) and (51.7)) unchanged, we "insert" 
difrerent copies of the surrace possessing identical statistical char­
acteristics, i.e., surfaces having identical statistical parameters 
and, in general, identical correlation functions F. Instead or this we 
might say that, fixing the relative positions or the source and obser­
vation point, we place them in different positions with respect to the 
given surface. In practice, the "average field" is frequently under­
stood as the result of averaging quantities obtained with a fixed 
source, when measurements are taken about a certain average point at 
various observation stations within distances that are small by com­
parison with the distance to the transmitter. These two derinitions 
are not, generally speaking, consistent. 

We shall regard the electrical and geometric parameters as inde­
pendent. In actuality, this 1s not always the case: zones or terrain 
at higher elevations are usually drier and therefore poorer conductors 
and vice versa. It would not be difficult to take this into account. 
However, we shall limit ourselves to the simpler case indicated. 

Often, instead of the actual functions~. t, Pg and Fe, it is 
convenient to use their Fourier transrorms: 

,<r>-'-S•<t) ..... q; • 
• l(~ -~~S•<f) .. df; 

• • 
• • .,.c.,-Sa,<,>~.f; a,<,>-S'•">.-- 'i; .. . . .. 

~-c.>-S~!(f)·r•7; G.(f)-s,.<,>r'Wt; . . . . . . 
. 211 "'• --,-; • '• 

Here all vectors are two-dimensional. 
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Finally, attention should be drawn to the rules for conversion 
trom the average gradient products to correlation functions. Since the 8 
operations ot averaging and ditterentiation are interchangeable, 

.,. -i. ~I~ f .a o, 

,.M,<r'>-¾t<r>,<r'>--/. c:,, - -t: ~. ,,. 

((r)T•{~)--1.(r),(r')~-t:¾F, ~ +~1,t F,, 

T•"'T•(r')- -1.(r)T.(r')- ¾Vt(r)t(r') ==-;!a.;",; F1, 
• • • 

and 80 torth. Here PX• x• - x, Py• Y' - y. 
Obviously 1 

I • I J;,;9 ,, (0) ~ ~ ,, (0) 0. 

(51.11) 

(51.lla) 
Indeed, at a given point any values of the inclinations are pos­

a1ble I so that T• (r),(r) - T• (r),(r) =- O. 

3. Let us consider the average tield or a vertical dipole situ­
ated at the point (O, 0 1 z0 ) and observed on the plane z • O (zA • O). 
We shall aaawne that (see below) the field at each point can be writ­
ten in the form 

(51.12) 

where mk are the small parameters or our problem: the root-mean-square 
values oft, y, t and l/le0

; f1 is the average value or the 1th field 
component; r~i)(r) are factors describing the fluctuations or these 
components. By the definition or ( 1 , their average values are equal to 
zero. 

We may further write 

(51.13) 
where w(r) is a slowly varying attenuation function and E~ is the 
field that would be present in the case of an ideally conductive plane. 
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Obviously, the usual relationships 

(51.14) 

are also valid here, with 

(51.15) 
+ where~ is t he wave glancing angle and~ denotes a two-dimensional 

vector, •• - le., x• - le,-. 

Let us first derive the equation for ~z· Averaging Eq. (49.9), we 
have (we take the value 0 • for the arbitrary parameter) co• 

~ ":"I •A": ,~ 1:-.-1:..----, (51.16) . U 011 . 

On the other hand, multiplying Ez(;') by the corresponding mul­
tipliers and averaging only after this is done, we can, applying the 
iteration method (i.e., substituting the expression tor Ez in terms or 
A and, consequently, in terms or Ez again in the right member), ob-x,y -
tain the necessary integrands. Thus, we have 

l •C::.• &(r1- T• (r')) E.(r')- . ! ~ {{ .. ! .. &(r'),(r)+ 

':t9 f.(r')T• (I')} "'':,:-n + ( ,..:.:~•~ ,,,·,.,r')+ 

+ T• ,,•,r• ,,·)) ._,~;'-,.,} ~. ('!d,-, 
1£, ,,., • , ,)I I r-----

• fll • (, ) , .. -;;;:- ·-.;A l ~ ,, 'l'. ,,., t., ,,, V (,.-,')V 

(51.18) 

(51.19) 

and two additional expressions: one that differs from (51.18) in the 
+ + substitution or ky and yy(r') tor kx and yx(r') and one that differs 

from (51.19) in having Ex replaced by EY and Yx by Yy· In deriving 
them, we took into account that, according to Formula (51.12), for ex-
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ample, T.aT,£•-M••£•,~• -U•E• , etc., to within higher-order terms • int and that ;;t~ for vertically polarized radiation is now a quantity or the second negative order, so that its product by tor y can be dropped, and so forth. The adm1aaib1lity or these neglects de­termines the limits or applicability or the method (see below). 
Allot these expressions can be simplified substantially if we recall that average products ot the type t (r) l (r'), 1-::i, and the like are expressed in terms or the correlation functions and are therefore nonzero only as long as the coordinate difference p + + • r" - r' is of the order ot i, i.e., small. Consequently, the effective ra! ge of in-tegration •n over is small, the attenuation functions do not vary 

r 
Within it, and we may assume that 

I. c,, == E. (r') ~---,,, .. (51. 20) 
Here rz (r•) can be taken out trom under the sign of the integral over 
r". In (51.19), ot course, it is necessary to assume p • 

and set z' • O only after the calcula-tiona. Here it will be convenient to take advantage of the fact that the function u satisfies the wave equation 

(51.20a) 
-£;-o--(••+ :. + &,)u. 

After these simplifications, we can substitute Expressions (51.18) and (51.19) into Formula (51.17) and then substitute the resulting expres­sions into Formula (51.16). Since all field components save !z have now been excluded from Ax and Ay, we obtain an integral equation for !z, which was our objective: 

.ll.tr>-e.+ !, S(*+ -iA; +11o)E.(r'}o(r'-r)dr'. (51.21) 
where 
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/ •. --:.....s.-----•{(.t:~+.u. ~)o(r"-,·1¾+ 
-t-(u.¾ +.; V)o ,,. _,.>¾-}v; ·c51. 22 J .,!.; = ! ~----r'l{(r-<r'Jr. Ir')~+ T• lr')T.lr")_ l, -

- r,, (r') T• (r'); )o(,.- - r') ! + { (T• (r') T.s (,.-) d~ + • 

+ 7.(r')T • (r") .:. - C (r') T• Ir')!;-)• (r" - r'>-k-J dr" C 51. 2 3 J (it must be remembered that the function v(r• - r,) ta taken t'rom the argument • - 1' (I" -.c')" +(If-fl+,.. , and that only an:er di fferen­tt a ti on with respect to z• do we set z• •OJ.The equation obtained for ~z ts the same as that which would be obtained with theae sources in the case or a flat earth characterized by the electrical parameter 
-

t -,-+ t + t ~- r::' 7-':" y.;r· Here this parameter attll has the form or an operator (atnce it con-

(51.24) 

tatns a/ax and a/ay). But tr we take into account that the average products (51.6), (51.7) depend only on the coordtnate difference O • 
+ + 

+ 
+ 

• r" - r•, we may pass from integrals over r• to integrals over •. Then it w111 be convenient to subatttute the operators ;/ax and a/ay, 
+ + Which operate on v(r• - r) by ➔/ax• and -a/ay• and conduct integra-tion by parts in (51.21). In accordance with Formula (51.l•J, all of this simply reduces to substttuttng tkx for 3/ax and iky for a/ay. Finally, therefore, converting to correlation functtona with (51.11), etc., and substituting the Fourier expansions if convenient, we obtain 

one of the following three forms: 

• t -a: J . y.;- - 2-caa~t -,.,F•<•H•v)oC,Jd, =-
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,a: C ••+< .. > ~, -= •--• l y'.-+ac..,-.-11n•t G,(9)7; 
(51. 25) 

* - - ! s ... ,, C,)(l'x'-1 ( .. + x') (av)-(av)(av)'. • (l)dp -. . -,f. S...._c,u~s1ntt•<•v> + H•v><•v»_F4 <,)df ~ . . . • 

- - C: s P.;-.. ~inl!•<at> G ( ,, -r- -:.-;.=;-~===~:f:=?:=--_,f) j.· • • i, +2114~~.ai••· ... 
(51. 26) 

Allot theae vectors are two-dimensionai . On converting to the last expression, we used the integral [14] - - • j,-.1.c,,p),tp-!:' j,.._.,,,(pp)dp - ~ y,.+
4! _ _.,. , C 51. 21 > 

where the sign or the radical is to be so selected that 
I• - "' + Vii'+ <a - u,ji I> 1, I • In practice, tor • - ·o, ,' - x'- ttcaa'•; this means that 

y;a _ _. - -:.as1n1>. 

(51.27a) 

With the usual substitution (51.13), Eq. (51.21) used here re­duces to an equation tor the attenuation function w(r) that io in agreement with the usual equat1c1n (24.6) for a given source above a _rn and homogeneous surface w~th an effective permittivity Etot· As we know, for a vertical dipole the solution of this equation is the normal attenuation function or Sommerfeld function. The numerical dis­tance in it must be calculated using the parameter stot • ik/2Etot (for greate .r.- detail see below). We may proceed even further. If the statistical characteristics of the surface are different i n different regions of this surface, the average field over it must be regarded as the field above a plane with an effective permittivity ctot that has corresponding values 1n these regions. It must be sought, for example, by the methods of Chapter 7 or 150. 
We may, of course, dispense with the limitat i on expressed by For -
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m las (51.6) and (51.7) and consisting in the fact that we assumed the :iv: :: ,Jf ~t at l:tical anisotropy to be coi nci ·en t for the £;eometril':1l and e: l e ctrical inhomo~eneities. If the principal axes for Fg coincide with z and y and those for Fe coincide with certain axes x1 and y1 
that are rotated relative to z and y, this will not affect the result: the statistical irregularity and statistical inhomogeneity introduce independent contributions into 1/lctot and may be calculated inde­pendently by Formulas (51.25) and (51.26). 

4. Before evaluating ctot by the derived formulas in the various cases, let us consider the limits of applicability of the entire method and those of these formulas. They are determined: a) by the assumption that the deviations ot !(l) of the field~ from the averagt; ! are relatively small, 1'1•<'i. On the strength of this assumption, we replaced 
sumed, let us say, that 

-:'P f•f ••l,i , et C • , i . e . , We as-

and so forth; 

T• (r)T• (r')e.0 < T• (r)T.1 (r')•t.~ (r') 
l(t) i(r') t.~1

• < t,,,, \r')·· E~ (r) 

(51.28a) 

( 51. 28b) 

- 116 b) by dropping TC•-., i. e ., by the assumption, tor example, that 

(51.28c) We note that this condition is not mandatory. In [13), the prohlem is considered without dropping these terme on the same basis as in the prestnt work. However, we shall see that they do not influence the most ess~~tial results; 
c) finally, by the conditions embodied in the basi c expansion of t he method of gentle irre gularities (49.4): 
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(51.28d) and 1n the •thod or approximate boundary conditions (40.8) 

(1n all inequalities we are, or course, speaking of absolute values). Let ua exam1ne these limitations. 

il•Y.> I 
(51.28e) 

According to Formulas (49.9), (51.16) and (51.17), considering only the influence or irregularities, we have 

,:a._~ ! . ~<T..E._-r.1:11
,)odS- ! ! S<r.£.­

-i;l~)odS +O(re.a,) + 0 ( t IE_;;•)· 
Consequently, leaving, let us say, only z terms 

T• (r)r. (r')i-1
1
• (r') ~ - ! ! ~ T• (r) T• (r') T• ,,., . 

• l;jr) •(I".'·- r")~ + 0 (T')+ 0 ( T', IE;; • ) . 
The average of the triple product is small provided that at least one 

+ + + +" + ., 
or the three distances, r - r•, r - r, r' - r' is greater than Z. Hence we may assume ror estimates that 

T•~>r,(r')T,(r') -·r:F( '~")F,( ,.~,.; "). 
+ where F1 depends parametrically on r' and has properties similar to those of F. Then, substituting Formula (51.20) as usual and t • r• + + + - r", dp • ~r", we have 

where F2 (x) is a function with the properties of a correlation func­
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tion; for more detail, see below. In other words, 

{
F for Al,< I, T• (r)r. (r')E. (r') -T'l. Vil; F for M, > I. 

We see that the condition I r.r.e.41<1 T•T••K. I is always satisfied for klg << 1, but for klg >> l only provided that 

,.r=,- r. I Te , .. , - ( 1). < . (51.28t) 
This important condition indicates that ,

0 
need not be small by com-parison with~ if the gradient angles y of the surface are small enough. 

The admissibility of replacing &·&•E• by 11-8. is evaluated in exactly the same way. Since we know that passage from irregularities to inhomogeneities is equivalent to substituting ~-& for y and 

~-
vice versa (see Formula (49.7)), we may state at once that for kl << 

e << 1, Condition (51.28b) is always satisfied, bu~ for kle >> 1 only provided that 

Conditions (;l,28c) and (51,28d) contain derivatives or Ex,y with respect to the vertical. Here it is necessary to disti guish two pos­sibilities. If the glancing angles• are very large, the disturbance of the incident field is small, as was noted in J49, Subsection 3. Ac­cordingly, the derivatives of the field component with respect to the 
vertical are the same as for an undisturbed field, : - Ill.£- /ilin•E. In particular, it a horizontally polarized wave is incident, then Ez 

•• E is absent in the space and - -ltsint • is not expressed in terms OI 
of Ez. If, however, the influence or the nonideal soil is strong 
(glancing incidence), then ~x and ~z are connected by a relationship that depends on ctot: 
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In particular, the influence or the original polarization is not felt here. 

Noting these remarks, let ue consider Condition (51.28c). Replac-- l-ing YxYy by ,;-r.C. in this condition, we arrive at the following cri-teria. 

lor large• (the sense or this concept will be made clear below), 
Ex• a1n • Ez for vertical polarization and we have 

•1, sin• t < I. 
Por horizontal polarization, Ez is absent altogether and the above 
neglect is inadmissible. The corresponding caee is considered in (13]. 

At small;, when he role of surface nonideality is a major one, we should have 

ii, <l•wl• 
Finally, when irregularities have little influence, Conditions 

(51.28d) e.nd (51.28e) have the same sense as before, (49.38a), 
kt sin,<< 1. In the case or a strong influence, however, a more de­
tailed examination is necessary, and we shall provide it. For this 
purpose, let us consider the role of the terrain. According to (49.9), 
we may substitute Yx for nx and drop they-terms in view of the ori­
entational nature of the discussion to obtain 

£. - :&! ;; I 1.£.wJS. 
Substituting Ez from Formula (51.12), we drop higher-order terms; ap­
plying (51.20), we take the slowly varying factors out from under the 
integral sign and substitute the Fourier expansion (51.8a) fort. This will give 
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Instead of comparing successive terms of the 
and ~. it is convenient to compare the terms 

expansion ~£. C 
.L&.a • ii+• W-r"'£. 

,;;:;;t' and rE
1 

-..,- •. Addition or another double differentiation with respect to 
a may, as in (51.20a), be reduced to ditterentiation with respect to 
z and y and, after integration by parts, to differentiation with re-
spect to z' and y': 

::r~,•c•- a. M+llrf -C(-~ -~-•· J ~ J ..... ,,. 

- It') ',. - .. ,.. . ,:, tlS' - ((q - •>'- It')~ '!' ',. -..... + .... 
Thus, the terms compared are distinguished by the addition or an extra 
multiplier t~(q

2 
- 2kg) in the integral over q. For order-of-magnitude 

evaluations, a certain average value of this multiplier may be taken 
out from the integrand. The last term or the expansion int will 
therefore be small by comparison with that preceding it if 

2 2 To evaluate a Ez/az, we apply th& same method to the expression 
for Ez. This will lead to the same result. 

In the long-wave case, k << qg, the condition obtained yields 
nothing new, since t 0qg ~ Yo and we again have the requirement that 
the gradient angles be small, Yo<< 1. For short waves, on the other 
hand, k >> qg • 2w/lg, we have 

which agrees with Formula (51.28f). 

Thus, the results obtained above are valid for the following con­
ditions: 
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(51.29a) 

{51.29b } 

( 51. 30a) 

(51. 30b) 

(51.30c) 

Moreover, in the event that the influence or irregularities and in­

homogeneities is small {large;), the conditions 

ll1sln't < I; 
ttllnt < I; 

(51.31a) 

(51.31b) 

apply tor a vertically polarized wave, while if their influence is 

strong we have the comparatively weak condition 

. 11, < , .... ,. (51.31c) 

Por horizontally polarized incident radiation in the region where 

departures from idea11ty have weak influence (large~), Inequality 

(51.28c) may not be satisfied and it is necessary to refine the anal­

ysis {see (13)). However, the theory of perturbations may be used here 

precisely because this effect is small (see below, ~ubsection 5). 

5. Let us examine the effective surface constant more closely. We 

shall restrict ourselves {introducing this limitation for the first 

time) to the case of a statistically isotropic surface, lex• ley • le, 

lgx • lgy •lg.Accordingly, the functions G will depend only on the 
+ absolute value of q, and integration can still be carried out over the 

angles in Formulas {51.25) and (51.26). Since (•v)F(p)-~ etc., ,,., 
and, moreover, (a,axp cos•• ,,- pdpdfP), 

•• S ,,.. d9 - 2nl1 (xp),· . ' 
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.. 
S (-,-,•,-."9- -2mc11:(-,)- lax1 (1.(NP) + ~J;(xp)) • • 

we may, applying the first or the rorma (51.25) and the second torm of 
(51.26), write (in the term containing d2F/dp 2, we integrate by parts 
and apply the general propertiea or correlation functions (51.lla), 
F'(O) • F'(•) • O) 

I '. fl:• • ?:; _ ~• ~ .-. ,1 ~,q»)(l -lAp) '• (P),; ( 51. 25a) 
\ 

~~ -~ r ,a, {(I -lip)/,(•)+(~ +: -~)I,<•>}~,-. (51. 26a) 

These expressions may be regarded as definitive for an isotropic sur­
face. Let us consider the lim1 ting casf:S. 

The electrical inhomogeneity makets a statistical contribution to 
the effective soil constant 1/ittot that, is, according to Formula 
(51.25a), or the second order in t

0
. I! we set 

)i 
1 

-11·-,11·. 11·-w.;+1·,11•-11;+1· . • "'· ,> • 
then since n' and ri" are positive and t' and t" fluctuate uniformly in 

• • both directions, it is obvious that ll'(<:11,, 11•1<:11 .. Therefore 

Consequently, 1/~ is a quantity or · at least the second order or 
smallness with respect to 1/ra(r). 

In the case of small inhomogeneities, kl << l, we may at once e 
s_etip< 1,J,(x:,)- 1,J1 (xp)- ~xp,up(it,)- lin Formula (51.25a). Indeed, by 
vi~tue or the factor Fe(o), the range of integration is effectively 
limited to the interval O < p s 1 . Introducing the dimensionless var -e 
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able x • p/le• on which, accordingly, Fe also depends, we obtain 

' • ,c - • °it- - •i~ '•">•• (ii.< I). (51.32a) 
In the converse caae or large inhomogeneities, kle >> 1, we consider tirat the region or angles so small that 

(51. 32b) 
Under these conditions, the product exp (ikp)Jn{Kp) contains a 

slowly varying part and very large distances, kp · kle >> 1, become 
important. Hence, replacing the Bessel functions by their asymptotic ezpreaaiona, 

1eC..)~y'~(-(•-T)-.!. 11•(•-T)J: 
,,,..,~a[-( •-T)-~11n( •- 3:)]. <51. 32c > 

converting rrom trigonometric to exponential functions, dropping the 
exp(1Kp) terms, which, on multiplication by exp(ikp), give a rapidly 
oscillating integrand, and substituting exp(l(i- •)P) - txp(i.t(l -cost)). 

+ and 1 tor cos•• we obtain (again assuming p • xle) 

- ·vn: -~-.'•I: w• ~ ~F.(.c), M.:>1, tl.(1-cos•)~l. (51. 32d) ,.., r- .. rz 

It is easily seen, however, that both limit formulas {51.32a) and 
(51.32d) make a negligibly small contribution to ttot - one that lies 
beyond the limits of accuracy of the discussion. Indeed, if we apply 
( 51. 25b) , we see that , according to Formula ( 51. 32 a) , t' !. < ( ~ • )'« t' ~ , 
while according to (51.30c), the same also applies for Pormula (51.32u ), 
i.e., for kle >> 1. This relieves us of the necessity of considering 
the region of even larger angles (when te can only be less important) 
and, in Formula (51.24), enables us to disregard the term 11rc-;, which is small by comparison with 1/y.i. 
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Let us now consider the influence of roughness. 
For klg << l - small irregularities, long waves - we may again 

assume kp << 1 and J1 (xp)=::e,xp(ljp) :=::: I, s that Formula (51.26a) gives 

' t ,c - t ,, --=-- ~ ~· •S-;-7fb, 11,«1. l'•, . • .• 
(51.33a) 

On the other hand, for klg >> 1, in the range or small angles, 
(51.3?b), large Po again assume importance. Substituting Formulas 
(51.32c) and dropping terms containing rapidly oscillating multipli­
t~rs, we obtain 

t ' ·: t: ,'if. CIiis b ,, I (x) I // ., . ~-, -- --• '' I t•, . z t'~ ,: • rxi " . 
( 51. 33b) 

These quantities are, or course, small by comparison with unity: 
(51.33a) by virtue of Formula (51.29a) and (51.33b) by virtue or For­mulas (51.29a) and (51.30b). However, they may not be small by com­
parison with 1/t'c, and for this reason they must, generally speaking, be taken into account. In particular, for skipping propagation over an 

I ') 
ideally conductive rough surface (in general, if 

11 -->~ , even a "., ". small 1//cg may give rise to any amount of average-field attenuation 
at long enough ranges. 

The region of larger angles, klg(l - cos~) ~ 1, with klg >> 1, is of no essential interest. As we know, if l ✓cg sin•I > 1, the distor­
tion of the field due to irregularities must be vanishingly small (see Formula (26.29)). But even at the boundary of this range of angles, 

Formula (51.33b) gives 

According to Formula (51.30b), this is a very large quantity within 
the range of applicability of the method. Consequently, even here the 
average field differs little from the field above an ideal surface. 
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Hence it can be considered here by the methods or the perturbation 
theory. 

In summary, we may state that 

t --~+ t i' . .;. )'. 7-:' t (51.34) 

where cg is given by Formulas (51.33a) and (51.33b) and Formula 
(51.33b) can be used without constraints on the values of~, since the 
influence or cg vanishes tor W 1 sin1 ~ ~ I . 

We note that in averaging the electrical properties, it is not c, 
but 1/./c that is the subject or this averaging. This means, for exam­
ple, that it 4wa >> c'w, we are averaging 1/./o. For uniform fluctua­
tions or a through a factor of m between o1 and o2 • ma 1 , the effec­
tive value is 

(51.34a) 

Consequently, if the conductivity differences are very great (m >> 1), 
aetf i ~ approximately four times larger than for the segments with 
poor conductivity. 

The effective constants that we have found are somewhat unusual 
in nature. 

For klg << 1, we have arg 1//cg • w/2 (51.33a), and, for klg >> 1, 
according to Formula (51.33b), arg 1/./"c • 3w/4, while this quantity g 
is negative for the soil. We note that in the case of small ~teep ir-

- ft regularities (48.23), we had 1r1f1r--7· But the effect found for 
steep irregularities need not, after all, coincide with the effect for 
gentle irregularities. In order to pa.ss from the results of §48 to 
Formula (51.33a), we should consider very flat ellipsoids, •-C.»b-c. 
But then as a+ O, according to Formula (48.24c), we would obtain 
l/yr;-T-a-0. Indeed, in the case of shallow irregularities, the 
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effect remained only in terms of the second order in t 0 . As was shown in §25, Subsection 1, Formula (25.18a) is for any ta solution of the equation of w(r) that satisfies Condition (25.1) as r • D + O (thi s condition is a corollary of the ract that for small~, Eq. (25.1) can be solved by iteration). However, in determining the constant C in Formula (25.16), we now take into account the fact that arg Ii• •l2 + + arg 1/fE, to obtain the value or arg ✓sg • 3•/4 ror klg << 1 and arg Is• w for kl >> 1. Hence in the case of ideally conductive 
g g 

soil, when stot • sg, by Formula (25.16c) and the fact that arg le may differ from the value indicated in it by tw/4, we obtain 
for 611 < I: 

for M,> I: 
• (51.35) 

Hence we may set ~ • -1•. For the rest, however, Solution (25.15) is retained. 

It follows from this, for one thing, that the Leontovich condi­tion 

Ii. ,. ~ ---:7:=-c.forz-o - , .... (51. 36) 
applies for the attenuation function of the average field and hence also for the average field Ez itself on the plane z • O. 

The effective parameters of an uneven and inhomogeneous surface can also be obtained directly by averaging the approximate boundary condition (40.9) [13]. 

As we have already noted, the formulas given above for 'tot are valid if we disregard the quantity aEx/az (see Formula (51.28c)) . Th i s neglect i s not necessary, and if we use the boundary conditions (21.28a) and (21.28) in the process of deriving Eq. (51.2 1 ), we may no t only improve the expressions for £g s o that they bec ome appl icab l e 
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for larg~r, (where, admittedly, cg is now very large, so that the im­portance of irregularities is minor), but also - and this is more im- -portant - obtain 'g tor a horizontally polarized source field (13]. That is to say, an additional factor (1 - tan2~) appears in Formula (51.33a), and it we examine the region~ sin~<< 1 specifically for klg >> 1 1 then 1//cg • k2~~sin3, (we have not discussed this region previously, since 1//cg is very small here). It is found for horizon-tal polarization that 

6. Up to this point, we have been interested only in the average field. We satisfied ourselves in particular that it is described in the apace above the surface by the same formulas as apply above a flat and homogeneous surface with certain effective characteristics (that depend on the polarization of the field and the glancing angle). Thus, for sufficient heights of the corresponding points, i.e., if 

i(ZA.+ Zo)'.> I Y &1e1 I, the average field is described by the interference (reflection) for-mulas and is therefore nonzero only in the direction of mirror reflec­tion from the plane z • O. However, we know that irregular scattering must also take place in other directions (precisely because of this scattering, the average field dies out with propagation over an ideally conductive irregular surface). Hence the average values of the root­mean-sguare field quantities, for example, the energy flux vector and the correlation functions of field strength, do not, generally speak­ing, vanish in any other direction either. In view of this, we pass to 
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consideration of the root-mean-square quantities. Here we shall limit ourselves to the following formulation of the problem: an ideally con­ductive irregular scattering surface has the dimension S - b2 , where b is small by comparison with the distances RO and PA from the source and the observation point to a certain c~ntral point or the surface, which is taken as the coordinate origin x • o, y • 0 in the averaging plane z • 0 (although, or course, it is large by comparison with both ~ and lg). The source~ is situated in the plane y • 0 and the glanc­ing angle of the incident ray~ and the related incidence angle~• • w/2 - ; may be regarded as approximately constant for the entire segment S, since b << RO. Similarly, the line from the center point of the scattering segment to the observation point A forms a glancing angle of x with the z • 0 plane, and the azimuth with respect to the x-axis is~ (see Fig. 51.1). 
We introduce two unit vectors for the propagation directions of the incident and scattered waves: 

We shall also use the two-di!Tlensional vectors 

-. («.. ca,) - ·•• (: • 0) ; P. ((I., ~.) - P. (~ • ~) • (51.38a) 
In the plane z • 0, within the limits of the segments, each field component may be presented in the form (51.12) 

Here, as we know, we may write 

l, - £1 .. ·f<t), 
where EiO) is the undisturbed incident field; f is the corresponding plane-wave reflection coefficient (for an effective permittivity ctot). 
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Pig. 51.l. Nomenclature tor calculating scattering by a gently sloped rough sur­tace by the perturbation ~~thod. 

Aaawning that the angles• and x are large enough, we may disregard 
the ditterence between f and unity (this is a nonessential neglect: f 
appears as a cormnon factor in the final result). Hence we are speaking 
essentially of calculation ot the field by the perturbation theory. as 
developed in 149. This enables us to obtain the result easily. In the 
subsequent exposition, we shall tol~ow [15). We can use the corres­
ponding formulas f r1r the field E! 1 ), which coiucides with E,. ~aJf.'> • 

• (49.31)-(49.36). We also take into account the fact that for points of 
the integration within S 

... • Uo lily 
-.-::::: .. . . 

'· ' ons lde r further that 

- 536 -

(51.39) 

D 



, ... i... ... 1i -:::;U, - - u, -II.. , . . 
Por the fields or a vertical dipole at o, therefore, we have, accord-ing to F'ormulu ( 49. 33), arter taking the weakly varying factors out from under the integral sign: 

e.••-i.,,.•·•._.◄ ,At ~~--r (-lt;(l ~.:, + ••T.J _.,.,_,.. ,,U,(51. 40a) • ltOl'A J . . 
• AC._.+ IA, ... . 

~
1

-fll"' ~ll'A --sf..-~- "•• . . .· (51.-0b) 
A~+ fA, • • (" • 'r ) / } ._e.., --flt'• ... A-S{&(l-2a!)1. - -,;-+ li •·-A'Ca.(1-•:J )( 

x·i•C-.-,._ ""· ./ Firi1t we calculate the correlation functions, tor example, 

,.,,. .' ,. - e.••£:•i' - --~:.-•• , . . . ..... . , .. , 
Ol"A . where, according to Formulas (51.8a) and (51.9), 

We substitute 

t1on is S. We 

I - ~T • (r) T ,(r') ,,A<-.-,.. r-r'),1! dr' -

- yi. (f) ~;.ttr, ~ ,1(1(-.-,.)-f, ,._,., dr' "·, •• 
• • 

r'-r- ,, dr'dr-d'4r and remember that the area or 1ntegra­
+. • obtain (using the 6-funct1on, 2-(.r)- S ."-4) 

--

Here Gg (k(~0 - 10 )) is the Fourier co~ponent of the correlation rune-
+ c· ~ > 

tion for the elevations~. taken for q • k QO - Do • 
Thus, 
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(51.42) 
It wa introduce the expression tor the tlux or incident energy Ia onto the ■urtace Stora vertical dipole, which is equal to 

we Illa, U■WDlt accordingly 
z.-z., - ,,... ..... 1114 

I n., ( 11•)' Q•Q1 • •-'t c.-1 V . 
Pora horizontal dipole pointed along the y-axis 

(51.42a) 

._,,. .I &1:., ( IJ•)' (51. 42b) z.-z..a. ·wr· o-oJ. -.• ""~ -i. • 
The integration ot (51.41) was particularly characteristic in thia calculation. It indicates that components with q • k(oa - •al, + + 't' where o0 and 10 characterize the directions or incidence and scatter­ing, have been picked out ot the Fourier expansion or the surrace-1r­regularity correlation function. The same integral is encountered with other degrees or qr and q1 in calculatlng the other field correlation functions. Hence even before the calculations we may set in Formulas 

• T.er, ... 1q,: ... a(ca,-ll,)C, 

~ .... er, ... (lf.)'C .... - It' (ca,~ ll.)1 C 
and 10 forth, i.e., we may write for a vertical dipole 

!l••-Att:t.ca.(-lt(l -ca!)+ 1•r1.• (r,.. -11.))I, e.••-. Alt&\aa:M (ca, - II,) I, 
. i:lU ,_ A (M (I - la:) M (•• - It~) + ca.• Ml ((cai - _"-)I + (•, - ll.i11 -

- A';.. ( 1 - ca:)) I; ( 51 . 4 3 ) 

(51.43a) 
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We obtain as a result or these calculations (15] 

•• - e••!\•' - oo, <• <-. - ,.» ..... • • 
where: 

a) tor a ve l'tical dipole 

.... -it:<• -•.A>'•:. 
•n - ll');s:, 
•• - •: I.I.-•• GI:+ 11:}11

, . ., 
... - -P:<• -•.(l.)•:,t.. 
... - 11. (:t.-•.~ + 11:)1 •"9 
•• - - JI. (L - •~)••I.I. - •• (,: + P:)1, 

I 

b) for a horizontal dipole oriented along the y-ax!s, 

•--• .. -• .. -o.) 
·-- fl!<•-•:>. 
·•-lt;U-•:>. I 
• .. - -U.(1-•:>• 

(51.45) 

(51.46) 

A similar calculation gives the scattered-energy flux vector f, whose 
components are equal to (after averaging over time, ' which gives a fac­
tor 1/2) 

(51.47) 

Hence 

where 

'

GI;+,.,,.-•.:> 
B _ for a horizontal dipol oriented on the y-axis; 

1(11! + lt',)(l-•..il.J's:-2;1.it;s:<• -~..IIJ +~ + P:>~: ( 51. 48a) ror a vertical dtpole. 
It is convenient to express the scattering in the form or an ef-

fective differential section do, which has already been used in 148. 
2 The scattered-energy flux in a solid angle do 1& WpAdn. Dividing it by 

t 0 , we obtain, according to Formula ( 51. 42), for the radiation or a 
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vertical dipole 

where 

(51.!18c) 
The other aectiona will alao be expressed in terms or this quantity. 
Por the radiation ot a horizontal dipole, the factor cos 2~ is absent 
trom the denominator. 

Thia quantity combines energy tluxes with different polariza­
tiona. We may (and this ia a matter or particular interest) write the 
■cattering 1ectiona separately tor different polarizations. Thus, for 
exuiple, the x-component or the scattered field is expressed in terms 
ot the c•rteaian components aa follows (xI is the 1mit vector i . the 
direction or increasing x): 

!"f- e:tz... + E';)z,. + !1'-Xa., Xa- X. (- sin X cos•• -sin X sis-., cos X), 
and the radiation flux polarized parallel to the plane of observation 
(vertical polarization) is, according to Formula (51.44), equal to 

r, -j.tl'eJr -5Q01(•(-.-'9)) X 

XCXL•• + x:,•. + XJ.•• + n..x .. •., + n..x,,ci,., + 2.1.,x .. ca,,.). 

Here we have for the scattered field or a horizontal dipole ori­
ented along the y-axis, according to Formula (51.46), ()-iin1 t(I-•!), 
Multiplying by ~~do and dividing by tQL (51.42b), we obtain the sec­
tion for scattering into the component polarized in the plane of ob­
servation: 

( 51. 49) 
If we substract this quantity from the total section (51.48a) for B = 

•cs;+ a;><1 - ~~) (and drop cos 2~ in the denominator), we obtain the 
section for s catterin into t e compont.1t polari zed perpena1c ula r to 

-----



t he obse rvation plane: 

Mt• - lift' t tin' I cm• t ctcs.- ( 51. 4 9 a) 
Formula (51.49) gives a measure or the depolarization or the scat­tered radiation. In practice, however, it 11 often necessary to know the sc,attering cross section corresponding to reception at a vertical antenna, i.e., to know the energy flux transferred by the z-component (and not by the x-component) or the scattered field E~1>. Thia tlux is •• - &"e,,;e,,,, which, according to Formulas (51. 46), g1 ves 

(51.49b) 
According to the reciprocity theorem, we can obtain the scattering 
cross section from the above formula for the radiation or a vertical dipole if the horizontally polarized (perpendicular to the observa-, tion plane) component is observed. It is only necess ary to substitute x for '4' (and vice versa), i.e., to replace P,U-•:)-cus1 11in1 tlin1 9 by sln'lcoa1 tlln1 tp and remember that the section is obtained by division not by tOl.' but by t 011 , which contains cos 2,. Consequently, 

ur ~ sin1 11in'tc&.- ( 51. 49c) For the z-component or the field or a vertical dipole (both reception and transmission on a vertical antenna), we obtain according to For-mulas (51.42a) and (51.45) 

U!»- C06'llC069-COltCGCll'tl~ • (51.49d) 
Let us consider the values or og 111 th• limiting caaea. a) Por ahort 
waves, lt(-.-,-}111 ~ I, i.e., it•"' l, klg >:, l, the correlation func­tion is a relativoly slowly varying one. ~~nee in Expression (51.9) • c· ~ > for Gg taken for q • k ~0 - Do, we may &ubstitute Pg by its value at + 
p • o and take it out from under the integral sign. In the integral that remains, we extend the limits to infinity &nd, using the property of the 6-function, 6(ax) • ~(x), we obtain 
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We aee that tor abort enough wavelengths, the scattered radiation is 

propagated only in the direction ot regular reflection rrom the plane 

• • o, :o • to. 
b) In the long-wave case, kl

1
1:0 - 101 << 1, on the other hand, 

•• UJ diaregard the tactor ex~(-iqp) in Formulas (51.9). Then 

G~(-.-f,))- tsCC'1C~ + .,,,, -const. ( 51. 51) 

Thua, the racto1• 0 does not depend on the angles at all; angular 

directivity is deteJ-1111.ned s olely by the smoothly varying quantities 

tlk and B. 

7. By way or example, let us consider back scattering - the field 

observed at the point at which the transmitter is located ("radar ob­

servation" or "reverberation"). In this case, x • ~. ~ • w, so that 

•-•(caat,0, -slnt), J-f(-cost, 0, lint), (51.52) 

i.e., 

•--•· 
Consequently, according to Formulas (51.45) and (51.47): 

a) tor a vertical dipole 

er, ... - sin' t cos• t ( l + ma• t)' - f sin' 2t ( l + ma• t>',. 
CD,. - CD., - CD,. - 0, 
•• - ca1• t (I + cos• t)' • 
••-• tcos't(l +cwt), 
I -(l+ms't)'cm•t; 

(51.53) 

b) tor a horizontal dipole directed a1<.mg the y-axis, according to 

Formulas (51.46) and (51.47), 

e ... - ••• - •• - e .. - CD,. - 0, 
·--slnt•. 
B - sin•t. (5 1. 54) 

Further, in t he cas e of short wave s ( kl >> ~),the =catte red 



I 

fielct at the observation point in this approximation vanishes, accord­ing to Formula (51.50), for all angles~ except for the case or verti­cal incidence "' • w/2 (since 6(ca.-J.) ... 6(2cost) -o. it cos• ,_ 0). But this corresponds to the direction or mirror reflection from a plane and is not or interest to us at the moment. In the case or long waves, on the other hand, according to Pormula (51.51), the quantity Og is a 
0 

constant of the order of unity, which we denote by og. Formulas (51.49)-(51.49c) give tor this case: 
a) the radiation or a horizontal dipole directed along the y-axis. Re­ception at a horizontal antenna (51.49a) 

tlaf "• - _!,_ sin• • O! (. '•C.) 1 
SdQ J. •• • ... . 

Reception at a vertical antenna (51.49b) 

.-.·, - O; 

(51.55) 

(51.55a) b) the radiation of a vertical dipole. Reception at a horizontal (per­pendicular to the propagation plane) antenna (51.49c) 

tl•f-0. 
Rece tion at a vertical antenna (51.49d) 

(51.56) 

•:-- ~~••c• + COl't>'O: ( ~•)'Sdo. (51. 56a) In this approximation, therefore, there is no depolarization of radar-received scattered radiation. With gaussian correlation ( F1 
- exp (- -;i--}) O;- •· Since we are concerned with long waves, (l,t.l1>'-= (.,,>'r: «: I. As concerns short waves, on the other hand, 1 t must be remembered that with 111 ~ l we are concerned with the case kt0 << l. This is the only reason why t .ie scatterine does not di sap ­pear in the mirror direction. We shall see in 552 that for kt

0 
~ 1 , considerable short-wave scattering appears in all directions. It 1~ evi dent from Formulas (51.55) and ( 51 .56) why it 1s advi sable to use ori zontal ly polarize d r adiator for r adar pur poses i f we wish to 

- 54 3 -



. . 

suppress "glare" from rough surfaces (needless to say, if the problem 
is radiation from a scattering surface, this result has the opposite 
aigniticance). 

Since the scattered field is expressed directly in terms of the 
Pourier components ot the correlation function for the heights of 
pointo on the surface, study of scattering may serve as a method for 
determining the statistical characteristics of the surface. 

The correlation functions tor fields observed at two different 
points, E(l)(ft)E~1>cft•), can be round by a similar method. In this 
coMection, it may be found helpful to have certain general relation­
ships between the correlation functions in an electromagnetic field, 
as obtained in [27]. 

The irregularities have been assumed to be stationary in the en­
tire analysis given above. At the same time, for exan~le, scattering 
of radio waves on sea swells gives rise to interesting phenomena as a 
result of the motion of th~ irregularities - first and foremost, vari­
ation or the frequency or the scattered waves. In view of the slowness 
or the surface movement as compared with the velocity of the radio 
waves, and considering the shift and inclination angles yin boundary 
condition (49.5) as slowly varying functions of time, it will not be 
difficult to calculate the modulation of the scattered radiation, 
which resembles combination ~cattering of li ght. 

The shift 6w of the frequency w is small, 6w ~ 
V w­e, where v is the 

velocity of irregularity movement. In principle, however, it enables 
us, for example, to use radio methods to measure the velocity of sea 
waves. This question is investigated in the paper by F.G. Bass (28] 
for the case of gently sloping irregularities in an approximation cor­
res9onding to that adopted under the present heading . 
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§52. FIELD ABOVE A Ge TLY SLOPING RANDOMLY IRREGULAR SURFACE (STEEP 
INCIDENCE, HIGH IRREGULARITIES) 
1. I n §51 we considered a field scattered by a surface with gently sloping irregularities. The results obtained are applicable to the case of irregularities that are high by comparison with wavelength only provided that the surface is very gently sloped, (51.30): 

(52.1) where l g is the characterJ~tic length of the surface roughness; t 0 is their hei ght. On the other hand, this theory is valid in the case of glancing waves, when ~ + 0; here the theory is rigorous in the respect that reradiated waves (field scattered by nearby irregularities) is taken into account rigorously at each point of the surface. In the case of arbitrarily high irregularities and arbitrary angles of incidence, we encounter the difficult problem of accounting for a generally strong reradiated field at each scattering point. In particular, it is essential that certain points of the surface are shaded from the primary ray, and even from the reradiated field. All of this represents an obstacle to the creation of a unified and com­plete t heory. One of the cases that admit or special simplification is t he problem considered in §51. Another is scattering of waves incident at a sufficiently large angle~ (reckoned from a certain averaging ur­face) onto a surface whose irregularities are of arbitrary height, but whose gradient angles are small enough so that we may disregard: a) the shadowing effect on individual segments; b) the squares of the terrain gradient angles (in the factors before exponential functi ons; consequently, this requirement is rather weak); c) the reradiated field. That is to say, it is necessary that it be possible at each point on the surface to re gard the field as the sum of the incident (undi s t urbed) field and t he reflected fie ld in accordance wi t h the 



f 

boundary condition at the point in question. 

This last requi.rement is characteristic for the Kirchhoff appro~­
lmation in d.tttraction theory. Actually (see Ill), it is assumed in 
diffraction at a hole 11\ a screen according to this approximation that 
the field is ~qu~l to the undisturbed incident-wave field in the plane 
or the hole. ArC! '"!::.rdtr1r, ly, the approximation or which we are ppeaking 
under the pt•<~,· 1.;m t ht,fiding may also b!! called a Kirchhoff approximation. 

It is obvious that the third requirement can be met only for short waves 

(52.2) 
In this case, each element of the surface may be replaced by the plane 
tangent to it and we may assume that the following relation holds tor the i~ component or E: 

(52.3) 

Fig. 52.1. Symbols in the case of scattering by an ir­regular surface with rather steep wave incidence. 

where E~ is the undisturbed field at the given point; fi is the coef­
ficient of reflection of the 1th component for a surface with the 
-lven electrical properties at a given angle of incidence of the un­
dis turbed fiel d ont o the tangential plane. We have already Judged the 
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admissibility of using the reflection coefficient in the case of a 
spherical surface. This evaluation can also be applied here. Obviously, ' 
the reflection will be the same as from the tangential plane ir, ac­
cording to Formula (3~.17), 

(52.4) 

where~• is the glancing angle or the incident wave at the tangential 
plane; a is the radius of curvature at the point in question, i.e., 
generally speaking, a quantity of the order or 1!1t

0
• All three con­

ditions will be satisfied only provided that the glancing angle• of 
the primary wave at the plane z • 0 is, as a rule, different from the 
gradient angles of the surface, which are or the order ot y ~ t

0
/lg 

(see Fig. 52.l, where•'••* yx). Under these conditions, there will 
be no shaded areas and rays reflected from one segment of the surface 
will not be incident on another, while for large enough kit is also 
possible to satisfy Condition (52.4). Thus, the method under consider­
ation, which was developed in (6, 16, 17, 18, 19), is applicable to 
gently sloping surfaces, 

T< I, (52.5) 
for large angles or incidence and for short waves: 

lt-rl>_!_, •-.i-.!a.. 
I " • T . )'Ii (52.6) 

I In any event, therefore, we must have fii>I , which can be rewrit-
ten 

(52.7) 
In comparing with Pormula (52.1), we see that in this method, to the 
extent that we are speaking of short waves, (52.2), we may consider 
hei~hts much greater than in the method of §51. 
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We note that, as in the case or the Kirchhoff diffraction theory, 
this method is satisfactory only tor scattering directions close to LJ 
those that follow trom geometrical optics - to directions correspond-
ing to regular reflection trom each element, or (since y << 1) from an 
averaging horizontal plane (compare remark after Formula (52.42)). 

2. Below we shall follow the paper by M. A. Isakovich [6]. We 
shall start trom the vector form ot the Kirchhoff formula (5.14b) and 
limit ourselves to an ideally conductive surface, [n!] • 0. Then we 
h•ve tor the scattered field at the observation point A 

(52.8) 
1 where •- ,ap(lh,). Por longer distances p from the scattering sur-

face to the observation point, we may assume 

(52.9) 

where, as in 151, PA is the distance from observation point A to a 
certain point Con the scattering surface, which is taken as the ori-

+ gin or the vectors r, which denote the current point of the surface, 
and 1 is the vector of (51.38) (see also Fig. 51.1). Similarly, we may 
write tor the incident field of a source O remote from the same point 
of the surface S by a distance RO 

(52.10) 

where; is defined by Formula (51.38) and~ 1s the constant amplitude 
of the incident wave. We can denote the scattering vector by 

(52.11) 
In the case of an ideal conductor, the reflection coefficients for the 
vertical component of the electric field and the horizontal component 
of the magnetic field are unity, so that in Formula (52.8) 

l•HI - 2 (1111'), (•£) - 2 (•e). E - E' + £1. 



1 In the incident wave, £9 ---. (i/r) =- - l•H'l and Therefore, taking the slowly varying factors R ~ R0 and P • PA out from under the integral sign, WP- have 

(52.12) 

+ 
In the factor in front or the exponential, only n depends on the variable of integration. If, therefore, we denote 

(52.13) and introduce a vector in the incident wave to indicate the vector amplitude of the magnetic field, 

Q - l•PI, P - - l•QJ. (•P) - (•0) - o.; (52.14) then the integral in (52.12) may be written in a form that admits of convenient manipulation: 

Sn• 1•Pn-P 1•Pn ,• ,s - 1101 + P<ll•Qn. (52.15) 
+ 

In Formula (52.13), we substitute n by its expression according to Formulas (49.2a) and, by virtue of the smallness or the Yx,y (52.5), we disregard their squares in the denominators. Further, we take into .... account that we have qr• qxx + qyy + qz~(x, y) on the surface S. Therefore, for example, 

(and similarly for 3/ay). This means that 

--T#., - - ,.+,li' , . -'" '( ··)· •• • Substituting these expressions for Yx and Yy int we may drop in-tegrals containing derivatives of the function to be integrated (they vanish after integration over the entire surface, since the field van­ishes at a distance and they produce a negligibly small boundary ef­fect in integration over a limited surface). Consequently, 



f ' 

(52.16) 

1-s••dS-t s ••ds, 
and ti,<> direction or the vo,ctor I coincides with the direction or i . Con3equently, remembering that c:~) • o, we may write for the 1nte r ol or ( 52 • 15) ( we take advantage or the fact that [fQJ =: fl' [fQl •WH fQJ -

• IIUtQI, Ill+ IOltQD: 

lfQI + f(tl•QI) - -lllllfQIIJ + IClltOD-1(• (qQJ)=--111,1,om­-,,,1,QJ). But the last term 1a zero, The scattered field is therefore finally 
AC"o+fA) 

£1-J¾ 
1 

ltfJk'Af• fl (I (fQJJ) /C•t, ( 52 .1 7) Where all static [sic] properties of the surface are covered in the 
multiplier 

(52.17a) 
Ir the surraco, wo,re flat, we should have t(x, y) • o and the integral 

IC•-~.~ ....... ,""'•- (2ll)1 6(q .. )6(q.) would ind1cato, that the field is nonzero only in the direction of mi--

(52.18) 
ror reflection: ox• •x• oy • SY, In view of the smallness of the sur­face gradient angles, we may again set dS • dxdy now, In this case, the only difference between the fields E and the field above a flat surface is due to the presence of the factor exp(iqztCx,y)) in the in­

tegrand. 

3, Let us consider the statistical properties of the integral 1<
0

>. They are determined as a function of the height distribution of the points on the surface, W(t). The average field E will contain 

(52.19) 

;r., - Sctcdge41'••+.,.~, 
~•t -s IV (t) e ~.c,t :a / (q.). 

It differs from the field above a plane only in the numerical factor 

(52.19a) 
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f( qz), which has the sense of a reflection coe f ficient. As before, 
this field will differ from zero only in the direction of mirror re­
flection, but it will have a differer.~ intensity. Since S•<ti.rc - ,. 
it is obvious that r < l, and the reflection will be attenuated due to 
scattering in other directions. We obtained a similar result in 151 
for arbitrary angles of incidence and low s urfs.ce roughness (kt

0 
< < 1), 

as well as for higher irregularities with glancing incidence. 
Th-:.i .",, for example, if the height distribution is the normal gaussian distribution, 

c• --IF(t)- '- , IC:, 
C. t'J• (52.20) 

then (we take into account the fact that for the direction or mirror reflection~• x, ~ • O, qz • -2k sin,> 

-;-~C: -•ac: ..... /(q.)-, - , . (52.21) Thus, regular reflection is disturbed when the projection of the 
average irregularity height onto the direction of the incident ray t 0sin ~ exceeds the wavelength divided by 2w. 

4. The scattered radiation, which will al so be present in direc­
tions other than that of mirror reflection from a plane, is or consid­
erably greater interest that the average field. The average (over cop­
ies of the surface) field will be zero here, but the mean-square fi e ld, 
which determines the field-strength fluctuations, and the average en­
ergy flux are, generally speaking, non~ero. The (time-) average energy 
flux in the direction of the vector l, which is determined by the ve c-t or 

i , according to Formula (52.17), 
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f I 

z- .!!!..--L..!..11,11 ,.-,.om,. 11•• r. .•• -:,,i .: (52.22) 
Thia expression must still be averaged over copies or the surface. We introduce the binary distribution function, the probability W2('1• , 2 > that the surface heights will be equal to 

'1 and t 2 at two 
points defined 

+ 

y1 ) and 

by the two-dimensional radius vectors 
rl(xl, 

+ 

Y2). r2<x2, In the case of an isotropic surface, this function will 
depend only on the distance p • Ii\ - r2I- For normal distribution 

- ' ce!--, c,c.+c•, • I(~. c.. ,., - t , .. .c: ca-,:, a I • • ( 5 2 . 2 3 ) 2<Vl-,.-,e,,) • 
where c~ and Fg(o) are determined by Formula (51.6). Fg is the height correlation coefficient at the two points on the surface. The average of interest to us takes the form (we replace r

2 
by r

1 
+ P, and one in-

+ + + + tegration - over r 1 - gives the area or the scattering surface S): 
JiliiP - s ..,__,,,.,._cc. Cr.He C,.,) .. I (C~. t.; p) "'• "'• t1:at1t. ... 

- S ~;., tlf ~ ·;,.. «.-<.> If" 1 (Ca, t.: p) tl;adt.. ( 5 2 . 2 4 ) If all heights are small, then, expanding exp(iqz(t
1 and limiting ourselves to the first nonvanishing powers, we shall ar­rive at the case analyzed in 151 (since the distribution w

2 
is normal­ized to unity, the integral over c1 and c

2 
will be equal to 1-i.t'+ + t:C,C.+ ••• ). Here, however, we are concerned with significant heights, and assume that 

t 2 )) in series 

-• - ~'~~'·O fllr)m/(q •. -q.; z) . (52.24a) • Here we have performed integration over the angles of the two-di-+ 
•• ens1onal vector q(qx, qy) and introduced the so-called characteristic 
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distribution function 

(52.25) which is the Fourier-transformed function w2 . In the cue or normal distribution (52.23), 

(52.26) 
Formulas (52.22), (52.24) and (52.25) fully determine the inten­sity of the scattered radiation in different directions if the func­tion w2 is known. The converse is also obvious: by experimental study of the distribution of scattered radiation, we can o~tain information concerning the correlation characteristics of the scattering surface. In the present approximation, when wavelength is small by com­parison with the geometrical characteristics of the surface, expres­sions of the type lqllg and qz O are large. This means that we shall be interested in the high-frequency Fourier components of the function w2 in Formula (52.25). Accordingly, values of w2 for small p/lg appear effectively under the integral sign, where the function Fg is close to unity and w2 has a pronounced maximum at t 1 • ~2 . Thia has a simple physical si nificance: in our approximation, reflection takes place from small segments on isolated rough spots turned at an angle such that regular reflection from this zone ensures arrival of the scattered wave at the observation point. Within the limits of the corresponding small region of the surface, the height t 1 1s always close to the height t 2 . Thus, for example, with the normal distribution according to Formula (52.26) f vanishes quickly when F is still little differ­e~t from unity. Hence we may expand the function Fg in series about the zero of its argument and restrict ourselves to the first nonvan­ishing term. Since by virtue of the eneral properties of the correla­tion r nction 
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,,(0)- 1, F,(0)- 0, F;(O) < o. 
we aay aaaume .,,(I)_ 1 +t,;(O).a-, 

,( ... - .. t)-.... {-½~~f1r.10>1 }. 

(52.27) 

(52.28) 

Substituting fin Pormula (52,2~a), we integrate with the formula .. r l,Mr-W m -¾•-;;: 
• we obtain 

I .!i •:+•: rm-a' w,: -;- d ,. , ,. •• ,L 
• ·•-.------• -. .. .:c:1 ,; "I (52.29) 

Thus, tor example, ror gaussian correlation, F(x) • exp(-x2), we 

_1_ •:+•; • t ~ C: ,. •---...:.:1.-111,1•-••QIIJ1
• • . (52. 30) --~ .:c: . I ; 

The energy flux in the primary ray (we take into account that c:~) • O) ia equal to 

(52.30a) 
2 Multiplying I by pAdo, where do is a solid-angle element around the 

scattering direction, and dividing by t 0 , we obtain the effective dif­
ferential section of the surface for scattering in the given direction: 

In the general case, if we make no assumptions concerning the 
statistic~l properties of the surface, it follows from Formulas 
(52.22) and (52.30a) that for scattering of radiation incident in the 

+ direction of the vector a and having polarization determined by the 
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uni t ve ctor of the incident-wave magnetic field 

ti H• 1~ ~---. Q ,,. 
in the direction of the unit vector 1, the following formula ia valid for the differential cross section: 

where 
(52.32) 

J7iiiJI _ ~ _.c,,-ra>.-...cc. cr,H.(r.tt IF (;1 (r1), ~ (r1
))dr

1 
drad;ad:. -

(52.32a) 
Thus, do is expressed in terms of the Fourier-transformed charac-teristic function f, For a statistically homogeneous surface f depends 

+ + + 
only on r • r 1 - r 2 (if the surface is statistically isotropic, it de-pends only on the modulus of r). In this case we may write the inverse 
formula 

so that the surface characteristic function (for specific values of its arguments) may be determined if the scattering is studied in ade-

(52.32b) 

quate detail. 

In th~ case of vertical polarization of the incident radiation, the vector~ is parallel to the plane z • o, Q • Qy' In the case of horizontal polarizat ion along the y-axis we have P • PY, 
Let us co~J ider Formula (52.31), which was derived for normal correlation. The statistical factor (exponential cofactor) has a maxi-mum in the direction of regular refl ction from the plane z • o, q • 

X 

w q • o, when q • -2k sin~. Since 1 >> ~
0

, this peak is sharp. If 

y z 
g 

+ 

a lies in the xz-plane, we may expand the vector product to find t hat for ei t er of the two polarizations 
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t . 

lJlll•-P, Q1J11 =- 4sin••. Q1
. (52.33) 

Around the maximum we may set 

Expanding the exponent in increments 6• and 6~ of the angles• and~, 
we obtain 

' t: + ', cm•.+ C'Ol1 X - 2 cost cos X COi • (Ay.)1 + ct1• X CA,)1 .............. ________ , _____ ===-------
.: Clift • + sin x,• 4 

Hence near the maximum 

,. 
·- , • - _!,. ff41t'+c..-Z ••• ,., ~ - I uc• UQ =--. -e • 
• tlC: 

(52.34) 

where c1a::11:cosU(AX)d(-'tp). F1·om this it is evident that the peak has an 
angular (root-mean-square) width 

(AX>...-y"i"tt. 
'• 

This means that for lg~ 10,0 (which, as regards order of magnitude, 
is the case for the sea waves), the peak is smeared over an angle of 
the order or 2(6x) ~ 0.6, i.e., of the order of several tens of de­
grees. 

We obtain the total scattering by integration over ix and i~ 
within the limits - and+•: 

O _.!•-i-ssin~. 
• etc• (52.34a) 

As it should, the total effective section of the area S equals 
its projection onto the direction perpendicular to the incident ray. 
All energy incident on this projection is scattered inside a cone 
around the direction of mirror reflection from the horizontal plane. 
Within these limits, the distribution is given by Formula {52.34). 

The typical i ndependence of scattering on wavelength, wh i ch 1s 
expressed by Formulas (52.31) and (52.34), 1s e xplained by t he fact 
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that for A much smaller than the radius of curvature of the surface at 
the point in question, as was shown in 135, the reflection coefficient 
differs from that for the plane tangent to the surface only in the 
"divergence f actor," which does not depend on wavelength (see (35.6)). 
Reflection takes place from many minute almost flat mirrors whose in­
clination corresponds to the possibility of regular reflection in the 
direction of interest to us. The number of these mirrors determines 
the intensity of scattering. This number depends only on the proper­
ties of the surface and not on the properties of the radiation. In ac­
cordance with this conception, a method has even been proposed for 
treating scattering (see below) without invoking an electrodynamic 
picture of the process, proceeding solely from the statistics of re­
flector placement. 

For back scattering to the observation point ("radar observa-
tion"), •=--1, q-2n, IJIJl•-J.Qlll-2(•01, ,.--2•1in•. ,.-2imat, we obtain (irrespective of polarization) 

._-1...~ 
,: ~ ••••s,o do--, • 

tlllC: lin't • 
(52.35) 

Basically, the angle dependence of scattering is given in the general 
case by the exponP-ntial factor in Formula {52 . 31): 

- ,: .... +cvt'l-r.ot ... '°'!,_ 

do-, 
.c• _..+tl■l)' • • { 52. 36) 

A number of diagrams and evaluations may be found in [6], where the 
results set forth above are for the most part derived. 

I t must be stres s ed that many of the results depend exce _din ly 
strongly on the hei~1t distribution law and other statistical charac­
teri s t i cs of the surface. In order to satisfy ourselves of this, let 
us consi der a s urface on which the hei ght s are di stributed as in a 
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cine wave: 

2JI ' - ;.c.(Kz), K - - • ,, 

• 

(52.37) 

The probability or finding a height tin an interval dt is pro­
portional to the ratio or the timed~ during which the height is 1r 
the range trom ~tot+ dt to the period lg (the coefficient 2 takeb 
account or the ra~t that there are two such points on the length lg): 

•. ,o,;-2~-~- ~ for t<C. (52.37a) '• --~I • YC:-C' . 
(W1 (t) • 0 tor ltl > t 0). Consequently, for example, the characteris­
tic function, ~hich here takes the part of the reflection coefficient 
tor the average field (which is present only in the direction or regu­
lar reflection trom the plane) is equal to 

As we see, this result differs sharply from Expression (52.21). The 
function f is quite large; tor large qz 0 , the decrease is extremely 
slow, and, moreover, oscillatory, and the function J

0 
takes both signs (I. (q. t.) =:= V .,~ cos ( q.:_ - : ) ) . 

Let us further consider the root-mean-square quantities, for ex­
ample, the flux ot' scattered energy for a surface with the same corre­
lation or nearby points as on a sinusoidal surface (52.37). We are 
dealing with short waves scattered as a result of mirror reflections 
from various segments on the sinusoid. Hence we shall disregard the 
correlation of points on the surface at distances ~lg. It may be as­
s umed that the surface is C)mposed of pieces (of length ~lg ) of a 
sinusoid with phase shifts between them t hat are di s tributed completely 
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at random. The boundary effect at the joints between segments of the 
sinusoid will be disregarded. 

+ + For this case, the function w2 Ct 1 ,t2 ; r 1 , r 2 ) will contain the 
complete correlation. The breakdown of this correlation near the 
boundaries of each segment may be left out of consideration, since we 
are interested only in the correlation on segments of the order or 
1/qx, which we assume to be must smaller than lg. The probability of 

+ finding the height t 2 at a point r 2 (x2 ,y2 ) if the height is t 1 at the 
1 t -+ ( . ) 1 po n r 1 . :,1 , y 1 . s 

Wt c;,. ~: , .. r,) - 1'1 (:1) 6 (~ - : 1 - :_. (cos(Kt1)-co1(K.c,))). C 52 • 39 > 
Substituting this value into Formula (52.32a), we obtain 

i"i'i.il C ,.,. C•,-•.,+lf, c,.-~. C.·• "•IC""•••,) lln IC,.,,_,,, . ll'.,l - l• • • W,(;a)d;,dr1dr1. 

(52,39a) 
The integrals over y1 and y2 give 2wL~(qy), where L • ./! ia the 

linear dimension of the scattering surface. We substitute x1 + x2 • 2X, 
x

1 

- x2 • x, dx
1

dx
2 

• dxdX, and break the interval L of integration 
over X into KL/2w segments, each of length 2w/K. As a result, setting 
KX • q,, we have 

( 52. 39b) 

By virtue of the normalization of w1(t), integration over t
1 

gives 
unity. Further, the integral over z is taken effectively within the 
limits of a small segment (since the heigt.ts on different segments of 
length lg are considered to be uncorrelated). Hence we may set 
sin!!~!.! 

2 a 
and move the limits of the integral to infinity: 

• il•P -~L'6(q,) • 2Jl~6(q. + Kq.t.sint)d•-
• 
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Where the variable haa been allbatltuted in the last integral: t • - #Cf.~ Ila•· The rematntng integral 1a equal to unity 1 f I qx I < Kq z c 
O 

, and zero if Jqxl • Kqzc0 • 'l'hua, finally, according to Formula (52.32), 
• - ,, r11•-•· •nr . hsa ,,., ... 

4 .. , •• -,.,. y K't:C:-.: 
if q! < K

2
q!cg; do• O tor q! > K2q!cg. Ir we remember that 6(qy) • • ~(ay - By), then the last cofactor in Formula (52.40) may be writ­

ten 1n the form 

(52.40) 

(52.40a) 
y ~, •. -•JI-<•.➔.>' The eXpreaston obtained tor do 1a substantially different from EXpres­•ion (52.31). Aa q! increaaea, the scattered flux does not dlminiah, u indicated by Formula (52.31), but instead increases. In the dlrec-tion or regular reflection, at qx • o, strictly speaking, we may not replace sin Kj in the integral over~ by its argument; it is necessary to extend integration over z from o to i with the formula ~ l,(lrllD•)d\1---r.(z), and then take into account that Jg(qzc

0
) • 

• 
=::-Leo.t{t.t.-!.). where the square of the cosine may be replaced 

-..c. 4 

by ita average value, which la equal to 1/2. As a result, aa from For-
mula (52.40), we get .... -. ., •- GJt. llnt'O for f.-o. (52.41) This by no means resembles Expression (52.34). The scattering diminishes with diminishing; (Formula (52.41) is, or course, valid only as long as•• Kc 0 ~ y, see Inequality (52.6)). For back s catter­ing to the source, (a.-11.)' -4CIII' t, (-.-11.)'- 4sin't. 
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. S6<•.-a,.l,m do - -:----:--::::====- for K';! tr•> I, ......... r«-c_u ........ 
a -o for K';!tc'• < I (52.42) (needless to say, zero is obtained only within the framework or the Kirchhoff approximation being used; in actuality, some diffracted field is always present). Indeed, if the angle, is large enough, the surface will have no segment perpendicular to the direction or inci­dence. This formula should be compared with Formula (52.35). Comparison or concrete results obtained for two statistically different surfaces indicates an exceptionally strong dependence of the conclusions on the statistical characteristics. Hence the final for­mulas must be used only with great caution in practical conditions. 5. An important property of statistically scattered radiation is the nonadditive nature of the effect. Suppose, for example, that the function describing the surface t(x, y) can be represented as the sum of two independent random functions, t(x, y) • t(x, y) + n(x, y) hav­ing different natures (for example, small ripples on heavy sea swells). Then, say, if we are seeking the average field, the expression 

r,,i\-t-~ ~ ~ 1'•,Cl+v IF1 (') w: ('l)dttira, (52.43) where w1 and Wi are the respective distribution functions, will figure instead of Expression (52.19a). Integration overt and n can be per­formed separately and E will be proportional not to f(qz), but to the product or the characteristic functions f(qz)f'(qz), where f' corres­ponds to the distribution Wi· The same applies for two-dimensional distribution functions w2 and the functions f(qz, -qz; x) correspond­ing to them. The product of two such functions f appears in Formula (52.24). If both quantities are normally distributed, the situation is simplified, since, according to (52.28), the product of the two func­tions f is identical with one of them taken with another argument. 
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.. 

For example, with gaussian correlation F;(o) •~we obtain 

, cCU' cet,. ... "l • • ) ( •) ( , ) • ;u;+;.;;;. f .. -, .. ;;.·I ••. -,.:,._ -· 1 1 , (52.44) I I 
where ~~1>, ,(

2
) 1Cl) and 1< 2> are the parameters of the two distribu-

.. 0 , g g 

tions. Thua we have simple addition or the squares of the average sur-
2 2 2 race inclination angles in these distributions, Yo• t

0
11g. The atten-

uation ot the scattered radiation will be determined by irregularities 
with larger gradient angles. 

Interest attaches to the case in which tis formed by superposi­
tion ~r a regular part t (for example, the regular wave) and a smaller­
scale random part n. Then 

We see that the function f contains an additional regular factor 
ap( "•(l(rJ-l(r,))), which appears under the integral sign in Formula 

(52.24). Suppose, for example, that tis sinusoidal waves with an amp­
litude t and a wave vector i, 

(52.46) 
where l~n) is the horizontal scale of the random irregularities. Then, 
denoting the new integral r< 0 > by It, we have 

' • It . '9Cr,-r,)+4f ....... [!: er,+r,,J tin l- ,,.-,.,1, ( - . .!...) dr dr . iJilT - ~ e • • ••• q,, ,.,, a • 

(52.47) 
In the coordinates R-f (r1 + r 1), , - r 1 -r1 , dr

1
dr

1 
-dRd, we take first 

the integra.l over~, directing the x-axis along l. Proceeding in the 
s ame way as on conversion from Expression (53.39a) to Expression 
(52.39b), we obtain 

r .,. ...... (L .. , ) llllkX L• V 11,, ...... (L .. , ) .. .., J• • dXdg = - J' I d(p. 2a • 
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+ 
ubstituting this expression in the integral over p, we remember 

that K << q and that, according to Condition (52.46), Kl~n) << l. 
There fore sin {: Kp.) is a comparatively slow function and can be re­
placed by the sine of its argument: 

(52.48) 

Comparing this result with Formula (52.24a), we see that since 
Kt 0 < 1 (the surface gradients must be small), a small vector is added + 

to q as a result of superposition of the regular part t. If we again 
assume n,rmal distribution and gaussian correlation (52.26) for n, 
with the root-mean-square value n0 of the quantity n, we obtain in­stead of (52.29) 

S • .. -! 'fiilF- ,. r, -... . .. ..-...: l 
and J assuming I q + ,.&.sincpKr =q• + 2q,i.(Kq)sincp, we find 

2._: ,. 
f7ili- ~-11 ( ~,.,. .1!.(Kt>). 

where I(O) is the former value of the integral and Ia is a Bessel 
function of an imaginary argument. As ta+ O, it gives unity random irregularities on 

ever, the modulus 
the plane, i.e., the same case as before). Ir, how­

l of its argument is large, · /
1 (z)=::: _ ,,,,. This ad-

t'"' l' 1 • diti onal multiplier may be found to be quite large (although the rela-
tive variation of the exponent in (52.29) remains small; the exponent 
1. ... multiplied by a factor 1-2q-'i.q,(l(q), which differs little from 
unity . I t is interes ting to note that i n t hi s additional factor, the 

r ment ~ a comp l e x comuination of the cha r acteri s tics of both types 
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of irregularity, one that brings out their nonadditive character. 

We again see in this result how the conclusions depend on the 

distribution statistics of surface-point heights. Clearly, if the 

heights of the large-scale irregularities were normally distributed, 

we should again necessarily obtain Formula (52.44), even with regular­

ity or their positions. In this case, the addition of large-scale ir­

regularities would reduce scattering. Indeed, the chief role in in­

tegration in Formula (52.43) is taken by very short distances that are 

determined by small-scale irregularities. The presence ~f long-range 

order in irregularities with a correlation length ~1/K >> l(n) cannot g 
influence the result. With sinusoidal height di s tribution (52.46), 

however, the result is found to be fundamentally different - scatter­

ing increases. 

At the same time, if we compare this result with the formula for 

do in the case of a sine-wave-like surface (52.40), it becomes obvious 

that the superposition of small-scale irre ularities n with a normal 

distribution law on such a surface lowers scattering sharply in the 

main range of angles, but that scattering then appe ars where do was O 

in the absence of the small-scale roughness. We again see that the 

chief influence on scattering comes from irregularities with the lar­

gest gradient angles. 

The great sensitivity of scattering to the statistical prope~tie ~ 

of the surface prevents the derivation of final scattering formulas 

that are applicable for all surfaces. On the other hand, it follows 

from this that radiation scattering can be investigated by determinin ­

the statistical properties of the surfaces . For example, thi s invest i ­

gation mi ght be carried out not only with the aid of electromagnetic 

waves, but also by acoustic methods, for wh ich t he formulas have the 

same s tructure [6 ] . 
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6. In the case of high irregularities under consideration, polar- ~ 
ization relationships arise - in particular, depolarization phenomena 
similar to t hose considered for small irregularities in 1148 and 51. 
In thi s case, they are all embodied in the factor I,I,1tOIII, in For-
mula (52.17) or in the square of the analogous expression in Formula 
(52.22). On subsequent averaging, these factors do not change, so that 
the polarization relationships are independent of the statistical 
properties of the surface. It is found 6] that for an incident wave 
that is horizontally (i.e., perpendicular to the plane of incidence) 
polarized, P • PY, while for a vertically (i.e., parallel to the plane 
of incidence) polarized incident wave, Q • Qy' the components or the 
corresponding electric-field strengths of the scattered wave, !l(h) 
and fl(v) have the following angle dependences: 

(52.50a) • 
.. , · 

·£=-- E';., _ A a,s,rosx •-COStp (1 +sin tslng) , (52. 50b) . . : a.in t + lin l 
where A denotes the aggregate of all remaining factors in Formula 
( 52 .17) other than IP 1, lqQJII. Here Eq> gives the horizontal component 
of the received radiation dtrectly, while E differs from the (verti-x 
cal) z-component by the factor cosx. The squares of the angle factors 
give the torresponding partial sections. Generally speaking, the polar­
ization relationships are found to differ from those prevailing for 
small irregularitie3. In certain cases, however, the difference is not 
great. Thus, the vertical component of the field of a horizontal di­
pole contains, according to Formula ( 51. 49b), the factor 1in'• •cotlx •lin1 cp, 
while, according to Formula ( 52. 50a), we obtain C01'1•sin'•· In either 
case, the maximum occurs at q> • w/2, in the line forming a right angle 
wit h the plane of incidence. 

7. Experimental study of the problems set forth in t he present 
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chapter is still in a rather unsatisfactory state. Without going into 
all of the available studies, we note only that it was found in (20] e 
tor the cue or reflection or radio waves with A• 3 cm from the ocean 
(waft height about 30 cm) that, as the angle+ increased from zero to 
80° in the direction of regular rerlection from the averaging plane, 
the average rerlect1on coefficient varied, diminishing from approxi-
mately one (in the range,< 10°) to values of the order of (-25)-
(-30) db, which was reached at,~ 20-25°, and then remained practi-
cally constant (decrease by a rew decibels). We note that even at 
small angles, the theory developed in 151 is inapplicable. Actually, 
1t may be assumed ror sea waves that lg is ten times larger than the 
amplitude , 0 , which is equal to half the height of the waves, i.e., 
, 0 ~ 15 cm, lg~ 150 cm. Consequently, Condition (51.30b), 2wt0 << 
cc~, is not satisfied. On the other hand, the approximation of the 
present Section is applicable, according to Inequality (52.6), only 
when the angles, exceed the surface inclination angle y. Then for f 
we may rely upon the applicability of Formula (52.19a) and its rartic­
ular cases for various surface statistical properties, (52.21) and 
(52.38). Since for sea waves, Yo~ 1/4 ~ 15°, we are concerned pre-
cisely with that region in which the f found experimentally reaches a 
constant value. However, according to Formula (52.21), we should ex-
pect rather strong variation of f for t;. -~ 15=30 , when sintll 3 varies from sin 30° • 1/2 to sin 80° ~ 1 (by 20 log 4 ~ 12 db). Ac-
cording to (20], this does not actually occur. On the other hand, 
Formula (52.38) gives r ~ J 0 (30 sin~). Replacing the Be sel function 
by its asymptotic value and cos(30 sin~ - w/4) by its root-mean­
square value 1//2, we find that the reflection coefficient f must var:/ 
from to ~1/10, or, in decibel s , fro m -20 lo~ 7 •• 
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~ -17 db to ~-20 db. This corresponds rather closely to the experimen­
tal data cited above (particularly if the error in the assignment or 
t 0 is taken into account. 

Thus, the sinusoidal type of distribution (52.37a) of the heights 
~ w0uld appear more plausible than the normal distribution (52.20). On 
the other hand, there are rather weighty theore~ical considerations, 
based on the mechanism of sea-swell formation, that favor the normal 
distribution. The situation may by no means be regarded as clarified, 
and the experimental analysis given above is primarily illustrative in 
nature. 

8. Both in the present section and in 1148 and 51, we have been 
considering average values of the fields and their quadratic forma­
tions. For one thing, this gives average values of the reflection co­
efficient. Very frequently, however, these quantities are inadequate 
for practical application, and it is necessary to have full knowledge 
of the statistical field-amplitude or reflection-coefficient distribu­
tion. Sometimes these characteristics ar~ reduced to the probability 
of the field amplitude (or reflection coefficient) exceeding a given 
threshold value. At the same time, it is only in the case of gauss an 
normal distribution of the given quantity that the entire distribution 
is fully determined solely by two parameters - the average and root­
mean-square values of this quantity. We have seen that the statistical 
properties of the surface have a substantial influence on the values 
of these parameters. Obviously, they will also have a strong influence 
on the distribution law of the scattered-field amplitudes as a whole. 

We present the theoretical results for one special case, as ob­
tained by Beckmann [21]. This study considered s catterin from a s ur­
f ce wit h a broken profile in the direct ion of r ular refle ction fr 
t hori zontal pl ane (Fi g . 52.2), t h s catt eri n~ b inL r e~arded a 
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superposition of waves reflected re gularly 
from randomly distributed horizontal zones 8 
or the surface. The author disregards re­
radiation and mutual shadowing (with the 
consequence that the incidence angle~ 
must be rather large and the wavelength A 

rather small). Certain assumptions are 
made concerning the distribution law of 
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Fig. 52.3. Probability P(x) of the ratio of amplitude to the root-mean­square value or r/rsr exceeding a given value z for a given glancing angle;. Pis constant along each curve. A) degrees. 

the heights yi of the horizontal segments and the total number of 
these segments: there is a maximum difference ((6y)maks 2 sn) among 
the values or yi. Accordingly, there exists a maximum possible differ­
ence among the phases of the reflected waves - the maximum phase shif 
ic (I),-= 4n(s- l)'lsin"1, where a is the maximum number of elementary 
plateaus . Within the limits of (6y)maks' the heights are a3sumed to be 
uni ormly distributed. The phas e shifts~ in t he range between~ and 
+a are accordingly also uniformly distributed; here 
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a =- ..!!. .. 2n (s - I) 'I sin •· 2 
This quantity a essentially determines the distribution of the result-
ant scattered-wave amplitude r. At a• w, the problem is identical to 
the cllissical Rayleigh problem (22], and, consequently, r has a Ray-~,,• leigh distribution: p ( r) • const-r, •. The same holds for a > > ,r. The 
formulas for the more general case a~ w were derived in (21]. We 

s hall present only the resultant diagram. Figure 52.3 gives curves of 
constant values of constant values of the probability P that the re­

sultant amplitude r, expressed in fractions of its root-mean-square 
value, r/ ✓r2, will exceed a certain value z for a given a. The problem 
was not studied for other statistical properties of the surface. 

§53. oaSTACLE GAIN 

Soil irregularities may give rise to an interesting effect that 
enables radio waves to propagate far beyond the horizon in some cases. 
It is detected experimentally ("obstacle amplification" or "obstacle 

gain") [23, 24] and hae practical applications. 

As follows from the tneory of diffraction on a convex body (s ee 
§39, Suosection 3), the field of a plane wave incident upon this body 
is described near the plane of the horizon, which is the approximate 

boundary between the illuminated and shaded re gions, by the formulas 

of Fresnel diffraction on a certain equivalent straight-edged flat 

screen (see Fig. 39. 2). "Near the plane" - here this implies a small 

dimensionless coordinate (39.23), (39.23a) 

, = V ,,2,. "' ~ 1. 

Here a i s the radius of curvature of the obstacle and ~ is the dif­
a 

fraction angle. Here it is assumed that · ~ » 1. I n the case of a 
hill wi t h a~ 100-1000 m and waves with A~ 10-100 cm, t he parameter 

- 569 -



and the range of angles covered by this approximation 
18 very large. Physically, substitution or a flat screen is admissible 
because the radiation or the virtual dipoles induced on the shadow 
side or the convex body 18 small around the plane or the horizon 
( 1137, 39). 

But there is still another limitation that must be kept in mind. 
Let us consider an equivalent screen (Fig. 53.1, scales greatly dis­
torted). We place the origin or the rectangular coordinate system z, 
~. a at point T, with z directed along the projection of the propaga­
tion line onto the plane of the horizon and a directed along the ver­
tical. It will in any event be inadmissible to use the formulas for 
diffraction from a straight edge if the dimensions of the obstacle 
along the y-axis are small by comparison with the dimensions of the 
Fresnel zone, i.e., by comparison with {Ar. In this case, it would be 
necessary to consider instead the diffraction at a rounded peak. This 
is an essential limitation. Thus, in the experiments of (25], A• 3 m, 
r • 80 km and 256 km, and the heights Hof the hills in these two 
cases were 465 m and 1700 m. As a result, H/1>:'r assumed the respective 
values 1.15 and 2.5. We might expect the effective radius of curvature 
at the peak to be substantially smaller than H, so that the theoreti­
cal conclusions for diffraction around a sphere are not, strictly 
speaking, applicable to this case. If, however, we are concerned not 
with an isolated hill, but with a ridge or range of hills, the problem 
can be reduced systematically to diffraction from a cylinder. This 
again leads us to the formulas for diffraction from the edge of a 
screen in much the same way as was explained above for a sphere. 

The phenomenon of "obstacle gain" consists in the possibility 
that t he field at point A behind the obstacle may prove to be many 
times stronger than when the source, observation point and round sur-
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face have the same relative positions in the absence of this obstacle. 
To understand the essential nature of this phenomenon, let us 

first consider the case of a flat earth {Fig. 53.2). We substitute a 
flat screen for the elevation. 

Fig. 53.1. Substitution of flat screen for hill. 

.._ _______ ~ ---------. 
Fig. 53.2. Illustrating calculation of ob­stacle g&in for the case of a flat earth. 

Let the polarization of the waves be horizontal, and let the ab­
solute value oft be so large that the reflection coefficient from the 
ground is -1 for a glancing wave. We assume further that the distance 
D between the corresponding points O and A (with heights h

0 
and hA) is 

large enough so that in calculating the field in the absence or the 
obstacle we may use simple formulas of the type {19.42), {19.43). The 
absolute value of the attenuation function will be 
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M,sAA Vtle,/IA 
, ... ,.-11111.,- 0 • • (53.1) 

Now let an obstacle ot height H, which we may replace with a thin 

straight-edged screen, be placed at a distance o1 from o. The field at 

A can be obtained by the imaging method; the case of interest to us 

was examined in 120. That is to say, it is necessary to construct the • 
image 0' ot the source and the image T' of the screen T and analyze 

the d1ftraction or radiation rrom both sources on a double screen in 

empty space (Pig. 20.3) or, on the other hand, to add the fields at 

the true observation point A and at its image A'. Here it is necessary 

to introduce the phase w, which takes account of the reflection coef­

ricient under these conditions, for the rays os1TA and OTS2A (or the 

equivalent rays O'TA and OTA'). For each of the fields we may apply 

Formula (11.8) or (39.2), although the values of u1 for them will dif­

fer. 

Ir we take u1 in the form (11.Bd), it is necessary to construct 

ror each ray a screen perpendicular to the line joining the two cor­

responding points in question: 0 and A, 0 and A', 0' and A, 0' and A': 

v' It ,u, + ,,'» 
'"I) - -It'll - I • I a ,,,,,,,, • 

I I 
l - 1, 2, 3, 4, (53.2) 

where rii) and r11 ) are the distances from the source (0 or 0') and 

from the observation point (A or A') to the perpendicular dropped from 

T to the line joining the source in question to the observation point 

in question. We may assume with sufficlent acc1.1racy in Formula (53.2) 

ttat rfi) • o1 , r~i) • o2 , i.e., 

1111) :a - ,,,.,, I / ~ .JL t V • o,o. 

- 572 -

(53.2a) 

) 



Thus, the field at point A will take the form 

( (I) (I)\ ... , , •• , ,!••) . £(A)-,• • +r, '•,(uf.,) _,-,. • + • a,,(u!•~ -

_ 1 •C ,~••-tr!'•) •,Cu1'•) + 1 •( ,t••+r!••) •,Cu~••,. ( 5 3. 3) Considering that wF varies little over wavelength, we may intro-duce average distances to T from the midpoint Oe between the sources O and o•, r 1 ~ t(OT + O'T), and from the midpoint Ae betwP.en the obser­vation points, r 2 ~ t(AT + A'T). Further, denoting by; the angle be­tween r 1 and r 2 (diffraction angle), we may assume that a resultant wave E0 ~ 2 sin (kHh0/r1 ), which is diffracted through an angle•• falls on the exposed part of the screen plane around T, The fact that two waves - the directly diffracted wave and the wave reflected after diffraction at point s2 - arrive at the real observation point can be taken into account by introducing a factor 2 sin (klihA/r
2

). 
Instead of Formula (53.3), therefore, we may express the field at A by the attenuation function (see Formulas (11.8c) and (ll.8d)): 

(53.4) 
At the same time, we had Expression (53.1) in the absence or the obstacle. The ratio of these quantities may be either smaller or lar­ger than unity. In the latter case, it is known as the obstacle gain 

O:a~. 
(5 . 5) l•A I Actually, H may be large enough to place the point T, for example, in the maximum of the directional-pattern lobe, and then wF will atill ~ not be very small, Thus, if lu1 1 >> 1, we obtain in the ~eneral case, using Formula (10.13b) for wF, 
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(53.6) 
It 

(53.6a) then 

1.e., 

• a.(..!.)'"" .. /,, ... ,, -y2 . ..!.1u,1. (53. 7) • V .,.,. a• This maximum value or G may be very large (Formula (53.7) has, after all, been derived on the assumption that lu
1

1 >> 1), if, ,is is evident trom (53.6a), h0/r1 and h0/r2 are small. Thus, with A • .. m, ho • 
• hA • 10 m, and r 1 • r 2 • t•105 meters, Inequality (53.6a) is satis­fied it kH • f•10

4
, i.e., it H • }•10 4 • 1250 meters. Here lu

1
1 - 24 and G ~ 13.5. Thus, if a hill is on the path, the field is amplified by almost 43 db. 

In characterizing the physical content of this interesting effect, it is frequently said that the edge of the screen acts as a passive 
rebroadcaster. This, or course, is not accurate. Ir the same obstacle peak we1•e suspended at the same point in the absence of the entire 
lower part of the hill, its effect would be null!fied. It is important that the entire obstacle blocks access to the observation point A for rays from O passing along the ground and experienci~g strong attenua­tion. The phase interference relationships for rays arriving at A on 

different paths vary widely. They are such that low-lying rays (which are more strongly attenuated by the presence of the ground), taken in 
the aggregate, still cancel the effect of less attenuated rays passin 
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through the upper layers of the space. As before, the zone essential 
for passage of rays in the absence of the obstacle covers ellipsoids 
with relatively small ordinal numbers (compare Ill), although the 
field is weaker here. The obstacle screens out and eliminatea the 
"harmful" rays and leaves access open for the unattenuated apace waves. 

A field diffracting through a hole and having originally, accord­
ing to the Huygens principle, the form or a superposition or the 
fields from virtual sources distributed over the plane or the hole, 
can always be reduced to an expression having the form or the field or 
radiators distributed around the perimeter vf the hole (see remark at 
the end of Sll). Here again, therefore, we have the distance from the 
observation point to the crest of the hill, i.e., to the edge or the 
screen. The fact that the properties or the screen material do not 
figure in the field expression once again indicates that we may speak 
or "hilltop rebroadcasting" only in a conventional. sense and then with 
caution. 

The analysis given above rests essentially on a theory whose ap­
plicability in the case or real obstacles - hills, mountain ranges, 
etc. - is obvious in far from all cases. Even if we agree on the con­
clusions of the theory set forth in 139, Subsection 3, at great dis­
tances from the sphere, D2 >> a, and if we describe the hilltop sche­
matically by an equation of the second order with a consistent radius 
of curvature a, then, according to Formula (39.35), this theory can be 
used only for rather small angles~- In the example given above,;~ 
~ 2H/r ~ 1/40, and for the theory to be valid it is necessary that 

i.e., 
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Fig. 53.3. Obstacle gain in the case of 
a spherical earth . 
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Fig. 53.4. Attenuation multiplier (with respect to free space) in the presence of obstacle gain: a) for a given ratio cf source and screen­edge heights and various observation-point hei ghts hA(p • hA/h0 ); b) 
for equal source and observation-point heights (p • l) and various ra­tios of source height h to screen height. 

Thus with A• l m, we must have a~ 5°10 3 meters. This is undoubtedly 
the case for real hills (we leave aside the problem of geometrical 
re gularity of the hill's shape), and the theory may be reqar de d as ap-

11cable . 
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The physical interpretation or the effec t suggests - and ~his is 
found to be true - that obstacle gain must be even more significant 
when the earth's curvature plays a substantial role in the absence or 
an obstacle, provided that A is beyond the horizon or O. It is neces­
sary only that the obstacle height H be sufficiently large, i.e., that 
the edge of the equivalent screen T be in the illuminated region with 
respect to both O and A (Fig. 53.3). In this case, the field incident 
at T can again be obtained with the reflection formulas, by which it is 
also possible to take into account reflection of the diffracted wave 
from the ground. (Needless to say, the curvature or the earth's sur­
face can be taken into account in these formulas.) Roughly speaking, 
the field at the observation point will then be almost the same as 
though the earth were flat, and the obstacle height H were reckoned 
from the line OA. But the field in the _ahs_~ or the obstacle (wA), 
with respect to which G is reckoned, will be much smaller. Hence the 
obstacle gain increases. In (26), from which we have borrowed the 
curves of Fig. 53.4, a and b, S.Ya. Braude gave a similar calculation 
for this case. Here the values of the attenuation multiplier (with 
respect to free space) are given as functions or the quantity 
H/IA{r1 + r 2) for (optimum) conditions such that Relationships (53.6a) 
are observed and h0/H • 0.01 (Fig. 53.4a; here different curve■ cor­
respond to different values ~r p • hA/h0 ), and also such that h0/H • 
• hA/H • 0.01 and 0.001 (Fig. 53.4b). 
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(Transliterated Symbols] 

a4>t • err a ertektivnyy • errective 
n • P • po~hva • soil 

P • R • rel'yer • terrain (relier) 

cp • sr • sredn1y • average 

M&Kc •males• maksimal'nyy • maximum 
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154. INTRODUCTION 

Chapter 9 

PROPAGATION OF RADIO WAVES IN 
A LAYERWISE-INHOMOGENEOUS MEDIUM 

It is hardly likely that the main problem of radio wave propaga­
tion theory is anything other than over-the-horizon radio transmis­
sion. The classical theory of diffraction around a homogeneous spheri­
cal earth with a fully homogeneous atmospht1'e (Chapter 6) explained 
the rapid attenuation or long and medium waves with immersion in the 
geometrical shadow, but it was round incapable or predicting or even 
explaining the unexpectedly long penetration of meter-, centimeter-
and even shorter waves beyond the horizon, which sometimes on the 
state of the atmosphere and sometimes does not (as before, or course, 
we are speaking of cases in which the ionosphere does not take an es­
sential role). In explaining this effect, we rely on three physical 
effects, which sometimes can be separated clearly, so that the part 
played by each of them stands out distinctly. In certain cases, how­
ever, competing theories arise to interpret the same tact, and occa­
sionally these effects act jointly. They are: a) the amplifying action 
of isolated irregularities (153); b) random scattering on turbulent 
inhomogeneities or the atmosphere (Chapter 10) and c) the influence of 
layerwise inhomo~eneity of the atmosphere, which is always present, if 
due only to the normal decrease in air density with increasing alti­
tude. This last phenomenon, which is also sometimes known as retrac­
tion in the troposphere, is the principal subject of the present chap-
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A layerwise-inhomogeneous medium is a space in which the electri­cal characteristics depend only on one or the coordinates or an or­thogonal dystem, for example, on a in the rectangular and cylindrical systems or on~ in the spherical system. Strictly speaking, the sim­plest problems or this type are cases that we have already analyzed -propagation or radio waves in a homogeneous atmosphere separated from a likewise homogeneous earth by a planE· (Chapter 5) or spherical {Chapter 6) surface. In the present chapter, our interest will focus on more complex phenomena that arise basically in idealized formula­tions in the following three practically i mportant problems, which ac­cordingly determine the specific formulations of the problem and the approximations employed. 
1) A layerwise-1nhomogeneous soil encountered in geophysical sur­vey work {"radio geology"). Here we may be speaking of sharply demar­cated homogeneous horizontal layers with essentially different elec­trical characteristics. Since only long waves penetrate to appreciable depth, we may refer first or all to large~, for which the absolute value or tis large. The wavelength in air is usually long as compared with the thickness of the layers. For theory, however, the wavelength in the layer itself is essential; this may be small by comparison with the layer thickness. In practice, we have usually satisfied ourselves with wavelengths so long that we may limit ourselves to the quasista­tionary treatment. We shall not examine these problems. 

2) The problem of ultralong-distance propagation of radio waves in a space bounded by the spherical surface of the earth and the re­flecting surface of the corresponding ionospheric layer, which is likewise spherical (concentric with the surface of the earth). Here it in ome times possible to regard each of the three layers (earth, at­mosphere up to reflecting layer, atmosphere above it) a~ homogeneous. 
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In ac~~ality, however,£ varies continuously with altitude, so that even the effective height of the reflecting surface in th ionosphere depends on the wavelength of the radiation and the reflection coeffi­cient depends on the entire curve of c. The reflection of waves shorter than, for example, 10-100 mis the object of the theory of radio-wave propagation in the ionosphere and hence will not be considered here. 3) Refraction in the troposphere and, in particular, the forma­tion of tropospheric waveguide channels ( "super refraction," "ultrare­fraction"). This theoreticall:• most difficult problem reduces to study of radio propagation in a medium in which the permittivity c is very close to unity, with c - 1 depending only on one vertical coordinate, and marked variation of this quantity occurring on intervals that are usually very large as compared with wavelength. The thickness or the waveguide channel is correspondingly large by comparison with>.. In many cases, the presence of the ground surface also plays a substantial role. As a rule, c may be regarded as real. It is this third problem that will be the principal object of our analysis. 
In many cases, therefore, the vertical scales of the medium are large as compared with >.. Under these conditions, 1·.; is natural to take recourse to the method of geometrical optics. Moreover, an at­tempt may be made to examine passage of radio waves as a consequence of successive reflections from the boundaries of homogeneous layers. However, this approach is inconvenient when a small number of reflec­tions is involved. However, in cases in which we are concerned with distances along the layer that are large by comparison with its thick­ness (and these are the most essential cases), it is sometimes neces­sary to t ake very many reflections into account. 

The problems enumerated above have been inves ti at ed in a very large number of papers, and the circumstantial monograph [I, 9], to 
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~hich we shall refer the reader in many cases, has been devoted to the 
problem as a whole. Here we shall set forth only certain basic aspects. 155. THREE-LAYERED SPACE 

1. The physical content or many aspects or the process can be un­
derstood if we start from the following elementary problem. 

..,..., __________ _ 
-...------------· 

Fig. 55.1. Three homogeneous plane layers. 

Suppose that a flat homogeneous 
layer with£• £2 , which has infi­
nite extent in the horizontal direc­
tions z and y, borders at z • 0 on a 
lower half-space in which£• t

3
, 

while at z •Hit borders on an up-
per half-space, 

< -· , 
Fig. 55.1). Let the source be either 
an electrical or a magnetic vertical dipole. By virtue of the cylindrical symmetry or the problem, we can 

describe the field by the single-component hertzian vector, n = nz in 
th~ electrical case or nm= nmz in the magnetic case. 

In each homogeneous region, and in particular inside the layer c • £2 , we have (k • w/c) 

(v'+~u-Q, u-n or u-n .... (55.1) In the simplest case, if t 1 • c 3 ••,i.e., the boundaries or the 
layer are abRolutely reflecting (and, consequently, the source is in­
s ide the layer), the conditions Ex• EY • 0 obtain at these boundaries, 
which means, according to Formulas (4.8) and (4.11), that for both z • • O and z • H 

f or u • n 

"' --o· - . (55.2a) fo r u • rt 
m 
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u. o. (55.2b) 
There are two methods for analyzing this problem (they are ex­

tremely similar and each can be reduced to the other at once). The 
first - the "normal-wave method" - consists in separating variables 
and finding the entire complete system of partial solutions of Eq. 
(55.1), which describe an orthogonal system of functions, the "natural functions" or "normal waves." Then a linear combination of these is 
selected that s atisfies the radiation condition and the condition at 
the source. For the two-layer problem - flat homogeneous earth and ho­mogeneous atmosphere - this method reduces to the Sommer.feld method, 
131, when the natural functions (31.4a) and (31.4b) form a continuous 
sequence - they exist for all positive values of the parameter~. 

The second method - the "method of plane waves" - consists in 
representing the source field near the source as a superposition of 
plane waves (generally speaking, with complex direction cosines) and 
considering the passage of each plane wave separately. In the case of a two-layered space, this method reduces to the one set forth in 132. It was shown there that application of the plane-wave method leads to the results given by the first method. These methods were developed by Eckersley (l] in application to a more complex layerwise-inhomogeneous medium and subsequently elaborated successfully by a number or authors (in particular, see [2; I, 9; I, 11]. ·Eckersley baaed his work prin­

cipally on the geometrical-optical approximation (see below, 157 and 161). 

Let us first turn to the normal-wave method. Introducing the cy­
lindrical coordinates Cr,~• z) with the z-axis passing lengthwise 
through the dipole, we may, by virtue of the problem's symmetry, limit ourselves to solutions that depend only on rand a. We obtain a par­
ticular solution (index v) by separating the vari ables, i.e., subst1-
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tuting w into Formula (55.1) in the form of the product u • ZR of a 

function Z(z) that depends only on• and is subject to the equation 

(55.3) 

by a function R(r) that depends only on rand is subject to the equa­
tion 

(55.4) 

where v 1a the separation parameter. The first equation is solved in 
sines and cosines, while the second is solved in zeroth order cylin­

drical functions. To satisfy the conditions at the boundaries or the 
layer, it 1a expedient to take the cosine of the argument (1ei1,-v•z 

tor D and the sine for nm. Conditions (55.2a) and (55.2b) then give in 

both cues V"*•,-v•H-l~, l-±f, .. ,, i.e., 

Consequently, 

,., 
D - D,cosy, ,., 

n.-O..sin ,r· 

(55.5) 

(55.6a) 

(55.6b) 

However, Eq. (55.4) is solved in zero~-order cylindrical functions of 
the argument vr. The radiation condition (receding wave at larger) 
may be satisfied by taking a Hankel function of the first kind for 

values or the parameter v • v1 defined by Condition (55.5), 

R-R,-N.';(v,r)-H'.l)l•-V ••-lm,',). (55.7) 

At infinity, ,,._.,_exp iv,,. Con.Jequently, by selecting the sign for the 

radical that gives a nondamping wave in free homogeneous space (£ 2 • 1 

and H • •), 

(55.7a) 

we see that even for c2 • 1, waves with large enough i, 
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(55.8) 
will damp exponentially at infinity, and the layer will be opaque to them. There is a minimum layer thickness that still admits or a solu­tion in the form of a nondamping traveling wave (for real e2 ). Indeed, if . ,. H<H----=---;;=, • t'.. 2 IJ .. 

(55.8a) 
then even at t • 1, the parameter v will be complex and H6l) will exponentially at infinity. At small distances, even these waves must, generally speaking, be taken into account in the solution. In the gen­era l case, the field is a superposition of the particular solutions cited above, which are known as "normal oscillations," "normal aolu-tions," or "modes" (English) with certain coefficients Bi: 

:J-is.:}'r•lf.''(•v' .. -~)' ,). (55.9) 
The ccndi tions at the source (llm(ru)- comt) must be sat is tied by se-,..,. lection of the coefficients. The number of modes that do not damp at infinity, i.e., the number of terms of the series that make contribu­tions to the field at great distances, is, roughly speak ng, of the order of H/A at£~ l, as will be seen from Formula (55.5). All of the above is, of course, the ordinary theory or a flat waveguide with ideally conductive walls. We note that the permitted values of v • vi form a discontinuous sequence, and the waveguide has a discontinuous spectrum. It, for example, we replace the cosine by the half-sum of the exponents, then each partial solution assumes the nature of a plane-wave sup~rposition at long enough distances. That is to say, since for lvrl >> l 
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we have 

bu ~I)( ) .. r-r- -'7' { IC91r+r') + te•,,-!3-••t ( 51'. . 'la) coa 7n, •,r • y ii¥,' ' 1 • 
Thua, each normal solution may be regarded as a s uperposi ~ion of plane 
wavea starting at angles ez to the z-axis: 

., eta e, - ± Rttn, • (55.9b) 
It may be said that the Zth wave is, generally speaking, propagated at 
a complex angle oz to the z-axis, with 

••me1,- v,, ., 
icoscz, - H" (55.9c) 

The phaae velocity or each or these waves, for example, for Z < le and c2 • Re c2 , is 

(55.9d) 

It, however, we seek the propagation phase velocity along the r-axis 
directly trom Pormula (55.9), we obtain 

-"' • • > • 
"',---;;-- •Jf .. -{S)' • r::. (55. 9e) 

i.e., tor , 2 • 1, w~ have v~r) > c. Each or these plane waves is re­
tlected in turn from the boundaries or the layer. The superposition of 
all waves and their reflections forms the field at infinity. 

This result also arises when we construct the same solution on 
the basis or the plane-wave method, using the image theory. The source 
0 {Pig. 55.2) emits a field that has the same form as in homogeneous 
space and goes directly to the observation point A (ray OA). However, 
this field does not meet the boundary conditions at z • O and z • H. 
In order to satisfy them, it is necessary (see 120) to add the field 
or the images Oi and o2 of the source in the planes z • O and z • H, 
respectively. This gives rise to once-reflected waves arriving at A. 
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Fig. 55.2. Calculation of field in a flat waveguide with absolutely reflective walls by the method of reflected sources. 

However, these added fields assist in satisfying the boundary condi­tions at one of the pair of planes, but they do not satisfy the con­ditions at the second of these planes: the field of source 0i does not satisfy the condition on plane z • H, so that it is necessary to add its image Oi in this plane, and since the field or source 02 does not satisfy the condition at z • o, it is necessary to add 02. Accordingly, twice-reflected rays are added and also arrive at point A. Continuing further in this manner, we obtain an infinite chain of sources on the z-axis and a correspondingly infinite set of waves arriving at point A by different paths. This also corresponds to the superposition of waves (55.9a) arriving at points A at different angles e
1 

(55,9b) or 
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at (55.9c). 

2. The first generalization of the resulting picture consists in 
the tact that we assume nonintinite values for t 1 and t 3. Accordingly, 
the reflection trom the planes z • 0 and z •His no longer total. 
Energy will leak trom the layer. On the other hand, radiation will al­
so pus to A by other paths, through the regions outside. This will 
change the character or the solution substantially: a continuous spec­
trwn is added, as we see, to the discontinuous spectrum of values of 
v • vi· Here we shall follow Brekhovskikh [3; I, 9]. Let the source, 
a vertical dipole, be situated inside the layer, on the z-axis at a 
height z0 . 

We introduce the relative coefficients of refraction 

(55.10) 

They may also be complex it t 1 , c2 and/or c3 are complex. 

At a distance R from it, the field radiated by a point dipole may 
be decomposed into plane waves (some with complex directions or propa­
gation). This decomposition is given by Formula (32.2b). On striking 
the boundary or the layer, each of thE plane waves represented will be 
reflected from it, then from the opposite boundary, then again from 
the first boundary, and so forth. At each reflection from the lower 
boundary z • O, it will be multiplied by the corresponding reflection 
r

3(a), and at each reflection from the upper boundary by f 1 (a). More­
over, on the way from one boundary to the other, it will increase its 
phase by 2ikH cos a• 2ikz(a)H. Numbering the reflections by the sub­
script t and adding waves that have arrived after all possible reflec­
tions, we obtain, after writing out conscientiously the terms corres­
ponding to various t and adding the resulting geometrical progression, 
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the following expression for the total field (for greater detail see J [I, 9], 127), for example, for z > z0 , 

,. n - -rs1~d2CZ,>(at)J,(krsinr1), 2 , .. 

where we have used Formula (32.9) and the notation 

(55.11) 

The contour of integration r must be so selected that as r • O, z ~ 
• z0 , the expression for n will become the expression valid for an 
isolated dipole. Consequently, the contour r must coincide with that 
indicated in 132. 

The same expression (55.11) is valid for z < z0 with•> replaced 
by t , which is obtained by transposing a and z0 int>: 

"""< - C•-rllA. + ,_.-.) (• -il.#-.o"'• + 1.41CH-'o••) • --------~-- :....i_....._ _____ • •< ... (55.12b) . • -""a (t :-- IJ~•H•·> . . .. 
Let us consider certain limiting cases. 
a) If c1 • c2 • 1, we return to the case of a dipole in the at­

mo~phere at height z
0 above a flat homogeneous earth. There is no re­

flection from the level H, f 1 r. o. and, for example, for an electrical 
dipole f 3 • fll (32.5). This leads to the same results as before, for 
example at z0 • O, if we use the nomenclature of (55.12a), to Formula 
(32.10). The spectrum is continuous with respect to the parameter v • 
• k sin a. 

b) If both surfaces are absolutely reflective, c1 • c 3 • •• r1 • 
• f 3 • 1, we should obtain the series (55.9) instead of the integral. 
This is actually the case, as we shall see presently. However, it is 
better to consider first the more complex case of finite c1 and c

3 . 
We substitute JO by the formula J • y(H(l) + H( 2 )) 0 0 0 and take ad-

vantage of the fact that H(l)(vr) 
0 • -H~ 2) (-vr). Complementing the con-
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tour or integration over a by its reflection at the point a• O, so 

that (see Pig. 55. 3) the new contour r 1 proceeds from • - -~ + l ao 
to a• -1/2, then along the real axis to a• +w/2 and then to a• 

(this 1a equivalent to changing in integration over v from 

Oto• to integration from - to+•), we obtain, for example, for z > 

(55.13) 

Here it 1a tak,en 1nto account that, according to Formula ( 32. 5), f 1 
and r 3 satisfy the relationships 

I (- •) - I~) • CD (ca) - - CD (- ca). (55.14) 

The integral or (55.13) can be transformed by replacing integra­

tion over the contour r 1 by integration over other contours, mainly 

(aee Pig. 55.-): a) along a straight line passing from a• i +1• to 

a• i - 1•; b) along 

halt-plane, on which 

sin•_,._.!.,..._, •. 
21 

an infinitely remote circular arc in the upper 

H~l) is exponentially small (as a+ 1•, we have 

so that H~l)(vr) ~ exp(-)); c) along circles 

about the poles P1 , P2 , ... or the expression under the integral sign, 
which gives a sum or residues, and d) alongside segments (broken line 

on Fig. 55.4) drawn from the branch points Ak to+•. But the first or 
these integrals vanishes, since each of H~1 )(kr sin a), sin a and, ac­

cording to (55.14), t(a) is an odd function or a, and hence so is 

their product. The second integral is also zero. The poles P1 , P2 , ... 
are determined by vanishing or the denominator, which gives the equa­
tion 1 - r1r 3e2ikzH • O, kz • k cos a, or 

lllf,(a,) + lnf,(a,) + 2WI COIC11 - 2:ul. 
where tis an arbitrary integer numbering the pole. 

(55.15) 

The branch points A1 and A2 appear due to the presence of the 

square roots in r 1 and r 3. That is to say, subs t ituting nf and n~ for 
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Fig. 55.3. Integration contour 
in Formula (55.13). 
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Fig. 55.4. Replacement or integration 
contour r1 (Fig. 55.3) on conversion from 

Formula (55.13) to Formula (55.17). 

£ in Formula ( 32. 5) tor the upper and lower boundaries, respectively , 

we see that we are speaking of points aA and aA for which 
1 2 

., ,af -sin1 CIA, - 0, 

(55.16) 
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Finally we obtain 

f, 

(55.17) 
If n1 and n3 are very large, then, according to Equalities (55.16), the aA have large positive imaginary parts. For this reason, H~l) is 

k 
exponentially small along the path of integration alongside the seg-ments, and these integrals can be dropped. Thus, n reduces to a sum of residues, a sum or discrete te1ms. Here r1 ~ r

3 ~ 1, and it follows frofl! Condition (55.15), if we denote k sin a 1 • "z., that HYki-vJ -zd, i.e., "tis the same as in Formula (55.5). Further, fort~ o, 
R••> (ca,)- (l-fJ1 exp(21Hle•)I <D> (cs,) -

- 4 COi (z0 i.) cos ((H - ,> iJ. Thus, a solution of the form (55.9), (55.9c) appears. (We shall not dwell on the detailed determination of the coefficients Bz. for the vertical dipole, which must result in identity of the two formulas.) The elementary example analyzed here indicates that waveguide propagation is expressed the discontinuous part of the v (or a) spec­trum, wl~ile the continuous part of the spectrum (the integrals in For­mula (55.17)) describes propagation through the external layers. In the limiting case of an infinitesimally thin waveguide, H + 0 (or, wh i ch is of course equivalent, tor identical properties of the ~ave­guide and one of the external regions, for example, c1 + c2), as we have seen, only the continuous part of the spectrum (32.10) remains, while in the other limiting case - when there is no leakage into the surrounding regions - only the discontinuous part is left. In the more general case, the coefficients f differ from both zero and unity. If 
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I 

they are known, then we may determine the poles ai froM Formula (55.15) and the branch points aA from Equalities (55.16) to arrive at the k sums and quadratures together with the components of n. 
The fully homogeneous layers considered above, for f 1 and f 3 re­duce t~ Fresnel coefficients, represent the simplest case. It may be applied, for example, in problems of radio geology (but it can also be used to study propagation of radio waves near a spherical earth's sur­face) . Application of this theory to (vertically) inhomogeneous layers is more complex (see 1156, 57). 

156. REFRACTION IN THE TROPOSPHERE. ELEMENTARY ANALYSIS 
1. First of all, the inhomogeneity of the troposphere gives rise to two important effects in radio-wave propagation. Firstly, the mono­tonic decrease of£ with altitude gives rise to refraction that str,~ngthens the penetration of waves .:,f any wavelength beyond the ho­rizon if the gradient of£ satisfies certain conditions. Secondly, re­gions of a waveguide type may arise on nonmonotonic variation or£, channeling rather short waves far beyond the horizon. Accordingly, we are obliged to turn from consideration of flat layers to analysis of a spherically layered atmosphere, i.e., we are obliged to consider the inhomogeneity of the medium and l ffraction around the earth simul­taneously. It is found that this more complex problem reduces in many respects either to a plane-layered atmosphere or to diffraction around an earth surrounded by a homogeneous atmosphere. 

Thus, we consider an inhomogeneity such that c depends only on height above the earth: 

·• - •(la), I& - r-a, (56.1) where~ is the radial distance from the center of the earth (and not one of the coordinates of the cylindrical system, as it was, for ex­amp 1 e , in I 5 5 ) . 
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Pig. 56.l. Possible ray trajec­tories in a layerw se-inhomo­geneous atmosphere with a mono­tonic variation of refractive index. 

Fig. 56.2. Refraction on passage of a ray through a thin homogeneous spherical layer with sharp boundaries. 

The refractive index n • It is often used instead of the permit­tivity, and by virtue of the smallness of the difference between n anc unity, £ - 1::::: 2(n - 1). 

To obtain a rough orientation, let us assume an inhomogeneity of the nature of homogeneous concentric layers of progressively decreas-ing d sity. We represent the source as being at the surface of the 
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earth and break up its radiatio into a set of rays leaving the ground 
at various angles to the horizon. On passing from one layer to another 
higher layer, which, consequently, has a lower density, each ray will 
experience a deflection from the normal, and its glancing.angle• will 
progressive diminish (Fig. 56.1). A ray that left the ground at a rel­
atively small angle•• •o may have acquired horizontal direction at a 
certain height and may then begin to deflect downward, passing through 
the same layers in the reverse order with a progressively increasing 
tj,, until it returns to the ground. Obviously, this return to the 
ground is possible for a given "'o only for certain laws or decrease of 
£. Conversely, it may happen that rays that emerged at too large an 
angle ~O experience a certain deviation from their original direction 
on reaching a region where t reaches its limiting value c • 1, after 
which there is no further deflection, the ray leaves the troposphere 
and is able to return only after reflection from the ionosphere (if 
these circumstances do not cause it to leave the atmosphere altogether 
in this case). 

Indeed, suppose that the thin spherical layers have a thickness 
6r (see Fig. 56.2). A ray incident upon the it~ layer at point A at an 
angle e1 to the radius ri is refracted and propagates in the layer at 
another angle ei (to the same radius) and, in accordance with Snell'~ 
law, 

(56.2) 
However, it is incident upon the next, (1 + l)th layer in a di­

rection that forms an angle ei+l different from e1 with the radius 
ri+l' since the point of incidence Bis displaced away from A and the 
direction of the radius ri+l itself no longer coincides with the di­
rection r 1 here. According to the law of sines, which we appl to tri­
angle OAB, we have sin(n-O;):sinO,+a -r,+a :r;. Using this relation to ex-
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preaa a1n 11 and aubat1tuting it into Formula (56.2), where we may set 
~•(aJll'+t): with an accuracy to higher-order infinitesimals, we -

obtain• important reault: the product n1r 1 sin e1 remains constant 
on retraction, 

a(r)ralalJr)-const _ ,._,,s1na_. (56.3) 
Here the subscript "O" marks the values or these quantities at some 
point, tor example, at the point or emergence or the ray. It follows 
trom this that the angle e(r) 1a known at each point if the refractive 
index n(r) and the parameters at the beginning or the trajectory are 
known. In particular, it is thus possible to find conditions under 
which e • w/2, i.e., the ray acquires horizontal direction (after 
which, by virtue or the full symmetry of the problem, the ray will be 
bent in the direction toward the earth, passing through lower and 
lower layers at the same angles as on the ascending trajectory, pro­
vided that£ depends only on h). 

The ray radius or curvature pat a given point is equal to the 
ratio or the path increment As• AB to the increment 1n the angle A~ 
ot the tangent, i.e., on a layer thickness Ar (see Fig. 56.2), p • 61 A, - - -----. Since A8 is determined as ei+l - e1 , we have 6f (11 -IJcal 

, . . ., .... 64p - 8, - 1, - O,- 11+1 + AO - At + 40 - •+• + 48. . ,, 
Further, on differentiating Formula ( 56. 3), we find that 

nt•CIOIO•AO - -ainl•4(nr). . From this we obtain 

• • ,-- . 
• ~-· 

• " 
(56.4) 

Obviously, the ray reaches its greatest distance from the surface 
dn of the earth when p(r) • r, sine• 1. This means that -n • dr•r, i.e., 

(56.5) 
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Thus, the "reflection point" of the ray is determ.ined by the condition 

~ • - ~- However, it is precisely in the reflection region that ray­

path analysis (geometrical optics) is not accurate (see 157). 

An extremely helpful analytical metho1 proceeds directly from the 

law or refraction for spherical layers (56.3) [VIII, 23]; it consists 

in introduction of an effective earth's radius and, more broadly, en­

ables us to use the results of the theory developed for tbe homogene­

ous atmosphere for propagation of radio waves in an inhomogeneous at­

mosphere, and vice versa. 

If we limit ourselves to small altitude intervals, n mayo~ ex­

panded in series in r - a and limited to the first terms, so that 

11=:=ne+ ~).(r-a). Setting r - a • h, r • a(l + h/a), we have in­

stead of Formula (56.3) 

¥ { J +A (;+~(:),))sin& -const. (56.6) 

Thus, the ray equation contains additively terms that reflect the 

influence of the earth's spheric1ty, h/a, and the influence or the at­

mospheric inhomogeneity, (dn/dh) 0 . Hence if the expansion .that we use 

for n is valid, 1.e., if the gradient of n may be assumed constant, it 

will be convenient to set 

(56.7) 

where ae is a new constant, the "effect! ve earth radius." Thus the 

problem of propagation of the rays in an inhomogeneous atmosphere re­

duces to the problem of propagation in a homogeneous atmosphere above 

a spherical earth with a different, larger (since (dn/an) 0 < O) radius. 

Further, considering a plane inhomogeneous atmosphP.re (a••, see 157), 

we may substitute for it a homogeneous atmosphere above a spherical 

surface with ae • n0/(dn/dh) 0 . On the other hand, the converse applie s : 

propagation of radio waves in a homogeneous here above a spheri-
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cal earth may be regarded as propagation above a flat earth in an at­
mosphere with a changed, modified, refractive index. Indeed, setting 8 
r • a(l + h/a) in Pormula (56.3) and not even assuming constancy of 
the gradient ot n, we arrive at the conclusion that a picture of the 
radio wave propagation can be obtained by considering a plane layered 
atmoaphere with n • ~d• where, in view or the smallness of the quan­
tltles h/a and n - 1 1 

(56.8) 

S -4 ince this quantity is usually or the order of 10 , it is cus-
tomary to uae the refractive index M, 

M - (n-.. -I)• 10' - (n- I)• 10' + 0.157 •laa, (56.9) 
where his expressed in meters. Similarly, the modified permittivity 
'mod may also be introduced: 

• I ••-•-~I+ 2(n-..- I). (56.10) 
Thus, we shall henceforth be able to extend all results derived 

tor a plane-layered atmosphere (157) to the spherically layered atmos­
phere. This last approach - elimination of the curvature of the lay­
ers - is the most important in practice. 

We note that for sin 8 near unity (usually the most essential 
case}, we may write according to Formulas (56.4) and (56.7) 

1 1 1 ------"• • p. 
(56.11) 

i.e., the effective radius ae is a measure of the "relative curvature" 
or the earth .'s surface and the ray trajectory. Deferring the rigorous 
foundation of the effective-radius method to 158, let us now examine 
certain corollaries. 

2. The monotonic decrease of c(h) with a constant gradient is an 
idealization that is rather seldom Justified. However, it will be con­
venient to use precisely this case as a point of departure . 
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a) The presence of the negative gradient c(dc/dh < 0) increases 

the effective earth radius. Accordingly, the effective distance to the 

horizon increases: for a source elevated to a height hO, it will not 

be 12ah, but instead /2aeh. The physical implication of this errect is 

bending of the rays in an inhomogeneous atmosphere, so that they are 

able to penetrate beyond the visible horizon (lowermost ray on Pig. 

56.1). Formula (15.3) applies for dn/dh (see also the remarks that 

follow). From Formula (15.4), we obtain for the so-called "standard 

atmosphere" ("normal refraction") 

0 ~~a~8500km. 
'"" J t +a-
dll 

(56.12) 

In general, however, ae may reach even larger values. Thus, ror a 

vapor-saturated atmosphere, we may obtain ae ~ 10,000 km from Formulas 

(15.3) and (56.7). 

b) It may be found that the gradient of c fully compensates the 

influence of the curvature, the right member of Formula (56.7) van­

ishes, and ae +•("critical refraction"). This means that as a result 

of refraction, the radio waves f.re propagated indefinitely, as above a 

flat earth (here we dispense everywhere with absorption in the soil). 

This will occur for - ~ ... 15,7-10-- m-1 . • 
. . .. . . 

Fig. 56.3. Superrefraction (a) and represen­
tation of it for transition to the equiva­
lent radius or an earth with negative curva­
ture (b) . 

c) If ae < 0, the rays will be bent toward the ground so sharply, 
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, I 

... 
Fig. 56. 4. Certain important forms of 
profiles nmod (h). 

experiencing a similar deflection even after reflection from the 
earth's surface, that they will remain in the layer next to the ground 
("superrefraction"). This corresponds to waveguide propagation and, 
since we are essentially speaking of the case p < r here, we have in 
accordance with Formula (56.4) 

is negative. 

GIi 11 1 -->-s==--, ., , . and the effective radius 

Figure 56.3 shows how the ray trajectories appear in tropospheric 
refraction that causes them to penetrate beyond the horizon: in real­
ity on the one hand (Fig. 56.3a) and, on the other, after we pass to a 
homogeneous troposphere with a modified earth's radius for the case in 
which -dn/dh is extremely large, all rays are capable of returning to 
the ground surface, and ae is negative (Fig. 56.3b). The effective 
change in the sign of the earth's curvature permits the now rectilin­
ear ("homogeneous atmosphere") rays to reach the ~round s urface di­
rectly. 

Figure 56.4 represents certain possible forms of nmod as a func­
tion of h; as is customary, the inverse relationship h(nmod) is plot­
ted. If the slope is a (dnmod/dh • 1/a, dh/dnmod • a, compare (56.8)), 
line 1 describes a homogeneous atmosphere above a spherical earth. If 
this line is steeper, this corresponds to a uniform (dn/dh • const) 
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decrease or n with altitude, i.e., to the standard atmosphere, for ex­ample. Special interest attaches to "anomalous" cues like those rep­resented by curves 2-4. 

._. A Fig. 56.5. Idealized nmod(h) pro-
files used in theoretical calcula­tions. A) nmod" 

Curve 2 corresponds to the case in which at first, near the ground, dh/dnmod >> a, i.e., dn/dh ~ -1/a - "critical retraction," which then goes over into a rapid decrease or n with altitude. Curves 3 and 
1
1 indicate a nonmonotonic curve or n{h), which causes incon­stancy or the signs or dnmod/dh. Among other things, we have here re-gions in which nmod and, consequently, k £mod are so large that, as we 

2 
shall see later (157), the theoretically important coefficient k2•mod - v

2 
in Eq. (57.3) may become positive for certain real values or ad­missible • Accordingly, particular solutions arise in which the mul­tipliers H~l)(vr) will not decay with increasin~ r for a certain set of discontinuous v. 

Just as for a homogeneous three-layered space (S55), this will correspond to waveguide propagation (for details see 157). Such a s it-uation may arise in the region z1 < z < z
2 

in the case of curve 3 ("ground waveguide") and in the case of curve 4 ("elevated waveguide"). Indeed, here we may draw lines (dashed verticals) that have segments 
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to the left or the curves. Needless to say, the presence or such seg­

ments on the curves or h(n
1110

d) is a necessary but not sufficient con­

dition. Thus, tor exaq>le, it is also necessary to satisfy Condition 

(57.25), l ~ 2Hertlic. Otherwise, no discontinuous spectrum or posi­

tive v2 will ariae. 

Curves 5, 6 and 7 on Fig. 56.5 indicate three idealized type_s of 

M-protiles that have been used extensively in theoretical calculations. 

They are: 

a) profile 5, which, in the view of certain authors [5], gives a 

good representation or mean conditions in the troposphere: a decrease 

inn with altitude up to a certain z0 , after which n remains constant 

at unity. Actually, the decrease inn cannot continue indefinitely, 

since the diminishing density or the air cannot make t smaller than 

unity (to the extent that we dispense with the influence of the much 

higher ionosphere); 

b) the "bi linear" or "broken-line linear" profile ( curve 6) [I, 

13], Chapter 2; [I, 9], 140); 

c) the "power-law" profile (curve 7) [6] 

(56.13) 

where q, A and pare constants, with p acquiring various values be­

tween O and 1, q taken from the standard atmosphere, q • ~ + ~(~) 
a n dn stand' 

and A a length parameter that has the sense of an effective waveguide 

thickness. 

Using these - or other - relationships t'or tmod (h) in the theory 

of the plane-inhomogeneous layered medium, for example, in the approx­

lmation of geometrical optics (§57), or in the exact solution of Eqs. 

(57.2)-(57.3) (§58), we can, in principl~, obtain the unknown field. 

Obviously, curves 6 and 7 must schematize the conditions that 

- 602 -

------ ----- ----



prevail in the case of curves 3 and 4. Here, however, as for the scheme 
expressed by curve 5, the question as to the justifiability of substi­
tuting the broken line for the smooth curve remains open. 

3. To bring the ray-path treatment to its culmination, let us set 
forth a more rigorous method that does not assume the medium to be 
broken down into elementary homogeneous layers with sharp discontinu­
ities of n at their boundaries. 

Let us consider the passage of a ray on the basis of the Fermat 
principle [7]. According to this principle (see (61.45) below and, in 
general 161, Subsection 3), the path of a ray between two given points 
1 and 2 corresponds to an extreme value of the integral giving its 
propagation time. In the coordinates (r, ~), if n • n(rj, we are speak­
ing of the two-dimensional problem. The ray path element may be as­
sumed equal to 

tll -V\dr)•+r•(d.fl)' - tlO V ,. + t:;r 
and it is necessary to find r(~) such that 

... '-: 'l F(r,r1tl0: extr, 

F (r, r') -= n (r) Y? + (r')1, ~ - ft· 
(56.14) 

(56.14a) 
This means that the variation of J vanishes if we vary r(~) with fixed 
values r(01)-= , 1, r(01)- r1. A peculiarity of a layerwise-inhomogeneous 
medium is the independence of n and hence of Fon~. In the general 
case, the requirement 6J • 0 leads to the Euler equations, second-order 
differential equations for r(~). However, when F does not contain t . e 
in~cpendent variable in explicit form, a sinele inte ~rat ion 1~ per ­
forme d at once and we arrive at the first-order equation 

a, F-r'- -c, ~· • 
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where C is the constant or integration. 

We introduce the angle a between the ray and the horizon at the 
g1ven' po1nt: 

(56 .16) 
At the beginning or the r~th, the angle a is the emergence angle a

1
. 

Substituting Expressions (56.14a) and (56.16) into Eq. (56.15), 
we find 

This equation is the same as (56.3). Solving it for r', we obtain 

" --, 41 (56.18) 
trom which the trajectory of the ray, r(~), is determined for the spe­
citi~ n(r). This method was applied in (7] for the case 

1(,)- 111 (,)- 6 + ..I., ~,. 
where 6 and y are constants. This dependence corresponds to an actually 
possible c(r). Indeed, expanding in series in h • r - a, we find 

1 (la)~ 6 + -;;- ( 1 - 2 : ) - n• (a) ( 1-
11

..,
2
~ 

1 
-;- ) · 

For y • 0.13a
2

, 6 • 0.87, we obtain the standard atmosphere (the case 2 
y • 0.2a, 6 • 0.8 was a~alyzed in detail [7]). We shall consider a 
more general form with linear variation of n: 

n - n (a) ( 1-r ·: ) • n (r1) ( 1-T' •'• )· (56.19) 
First of all, let us determine the conditions under which a ray, 

having reached its highest point, turns back toward the ground. At 
this point r 0 •a+ h0 , we haver'• O, and, consequently, Formulas 
(56.16) and (56.19), if it is taken into account ttiat 
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give 

Fig. ~6.6. Difference between emergence 
angle or ray and angle or direction to 
arrival point that arise~ as a result er 
refraction. 

Thus, a turning point ho > h 1 exists only if 1 - y < 'O, as we 

found earlier, i.e., in the superrefraction region. In the case of 

normal refraction, an upward-directed ray (a1 > 0) will be deflected 

progressively downward from the straight line, but the angle that it •,. 

forms with the horizon will not vanish. The ray will pass to point 2 

(Fig. 56.6), which is seen at an an6le a 0 with the horizou from the 

s tarting point 1, despite the fact that the initial angle a1 was larRer 

t han a0 . Their difference, the refraction angle 6a • a1 - a 0 , can be 

found by integrating the ray equation ·(56.18). For linear n (56.19), 
disregarding the squares or (r - r 1)/a, we can bring Eq. (56.18) to 

the form 

I nte er ating over r from r 1 to r 2 and over v fro 

(droppin~ t he common factor ( r 1 /a) ~- 1 ) 
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. _,., .. fjl M } •- t- 1 +11..-., l lin'•a+tU-r+•'•J.--••n•, C56.20> 
(Ah • h2 - h1 • r 2 - r 1 ). Let· ua consider the practically iq>ortant 
cue o1 << 1. Since, for exaq,1e 1 in the standard atmosphere, y • 1/4, 
we drop o

2 
u s•ll by comparison with unity and with f - y to obtain 

1 

or, atter squaring, 

.. - !!.. -1.:::I. •• <•· < 11 - TI>-• 2 . (56 21) 
We note that in the other limiting case, sin c..

1 
"' 1, since 6h < < a, ·,,·e 

can expand the radical in powers or 6h 1 which, 1n the present approx1-mation, yielda 

(56.21a) 
Let ua now calculate a0 • Using the sine theorem, we may write 

"•• { •.:.f ---~ t} -,1 11n (: +-.}, so that 

• r, •• -•-- ,,-,,--" l M I ._ - •Ide-----•- ::::arct1 ------.==:- - -. (56.22) . . . linl • •• •• a Here it is taken into account that •• i,-0
1 

is small (or, in other 
words, 6h/a 1s not sma1.l}, and that e10 1s also small. Comparing with Formula ( 56. 21), we ot,ta1n 

4---.--.-l!.. a (56.23) 
In this app1•oximat1on, therefore, (ca:cl I-Tl, MC:a, tc:I) the re­
fraction angle does not depend at all cin the angle or emergence a

1
. It 

is determineo entirely by the angular distance to the tar~et and by the refract! v,~ -index gradient .. ,,) r-------. •Cra> • 
A more deve l oped and practically hi ghly useful application of the ) 

ray treat ment in the case of a. nonmonotoni c variat ion of n(r ) wa~ ~iven i r [21]. 
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157. STRATIFIED MEDIUM WITH ARBITRARILY VARYING PERMITTIVITY. THE AP­PROXIMATION OF GEOMETRICAL OPTICS 
1. In th~ foregoing section, we showed experimentally that a 

spherically layered medium can be replaced by a plane-layered •dium 
if the true permittivity c{h), which depends on altitude~ above the 
earth's surface, is replaced by the modified permittivity cmod or by 
the modified index or retraction nmod: 

• ..... -11(1&)+ - • • 

(57 .1) 

(57.la) 
where a 13 the radius or the earth (the rigorous justification and 
limitations of this rule will be examined in 158). Hence our ~l'Oblem 
is r,ow reduced to study or a plane-layered medium with c • cmod(h) 
above a flat earth's surface with,• , 3 • const. In the present sec­
tion, the wave equation for the field will be studied as it applies to 
this problem on the basis or the geometrical-optical approximation, 
which is frequently quite adequate, in a cartesian coordinate s:stem 
in which a is reckoned along the vertical and has the sense or height 
above the earth's surface. Throughout this section, c(z) should be un­
derstood aa 'mod(h), although the subscript "mod" will not always be 
given. 

As was noted in 115, the normal variation of air density with al­
titude is enough to create an inhomogeneous medium. Usually, however, 
the shape or the function ,(h) is quite complex. The relation or the 
refractive index n • It to the density, temperature and moisture con­
tent of the air is given by Formula (15.1), which is valid even for 
centimeter waves. 

At high altitudes, beyond a few tens or kilometer3, we begin to 
find regions with marked ionization of the air - the ionosphere, where 
c(z) • n2(z) varies with altitude in a complex manner (and differently 
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at d1tterent ti•• or day ar,d in dirrerent seasons). Here we may u­
swae in llhlst cases that 

·- •~_.;;..., (•-1 .,: )· 
where N 1a the nWlber or electrons in a unit volume, mis the mass or 
tbe eleetron and• 1a 1ta charge, and verr is the errective number or 
electron colliaiona per second, with N • N(h). The propagation or ra­
dlo W&ftl in the lonoephere 11 the object or a special theory (see, 
tor exaaple, the 110nographs (I, 2], (I, 3]). However, we shall ~e in­
tereated ln ·the tropoaphere, where Pormula (15.1) applies and E may be 
regarded • real wl th good approld mat ion. 

Aa wu lndloated 1n 13. Subsection q, the field or a vertical 
leotric or magnetic dipole~ be described for a layerw1se-1nhomo­

pneoua •d1wn, u in the cue or a homogeneous medium, by the s1ngle­
oomponent hertz1an vectors - n • Dz and nm • nmz, respect! vely; these 
are subject to Eq. (3.37a) or (3.37b). That is to say, if we are speak-
1n1 or a magnetic dipole, the equation takes the form 

v'u+ll'a(l)u-o, (57.2) 
u • Dm• k • w/c. Por the electric dipole, u • n, on the other hand, it 
la, strictly speaking, necessary to take c(z) as implying E(z) -
-f,i"::. )":'. Even here, however, it is almost always possible to 
disregard the departure from c (z). 

Let ua apply the normal-wave method. Separating the variables in 
the cylindrical coordinates~.• as in 155, Subsection 1, i.e., u • 
• i(z)R(r), we see that the entire difference from the case of hom~­
~neous layers reduces to substitution of the followine equation sys­
tem for (55.3) and (55.4): 

(57.3) 

- 608 -

- --------------

) 

) 



~ + .!.~ + ••R- O. .. , " (57.3a) 
The latter equation is solved in zero~-order cylindrical tunctlona ot 
vr, so that the complete solution takes a form similar to (31.9a), 

"-1 jB(Y)J,(vr)Z(,; Y)dY, (57.3b) 
or, if, as usual, the Bessel function is ·replaced by a Hankel function (compare (55.11) and (55.13)), 

" - Js<.,)"11)(Yr)Z(,; Y)dY. (57.3c) 
The coefficients B(v) of the expansion and the contour or integration 
are so selected as to satisfy the conditions at the source and on the 
plane z • o. If it is found that these conditions can be satiatied for 
real v, then, much as was shown in 155 and in 131, the relation to~ 
is not of the nature or an exponential decrease. However, it is pos­
sible to find Z(z; v), to solve Eq. (57.3) analytically, only tor cer­
tain special forms or the function t(z). We shall enumerate the most 
important cases here, assuming v • o for the sake or simplicity. If 
v ~ O, it will be necessary to substitute t(z) - v2/k2 for c(z). 

a) "Linear layer" [ 8]: 

where o and bare constants; c(z) vanishes at the point z
0 

• ~/b. In­trodu~ing the new independent variable 

c-(Ttr r··.,,; _ ( ¼ )"'e( •--;: )· (57.5) 
we reduce Eq. (57.3) to the form ~+tz-O. The solution is expressed ~· in t e rms of cylindrical functions or order 1/3 and exhibits different 
klnd:;; of a:.;ymptotic behavior on either side or the point z

0 
at great 

d13 tances rrom it. The two independent solutions or the equation can 
be combined to form a s1ne le solution that behaves 1n a definite rash-
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ion at 1nt1n1ty, tor example, d1m1n1ah1ng aa z ++••i.e., 1r o and 
•o are poa1t1ve, aa c + - •• 

z- ~"-{1-,. ( +~) +l•1a( T t"')}• C>~ (57 .6 > 

z.-A<-ct•(-, .. [ ½<-0,.]+1 ... ,.[ f<7"o·~]}· c<o. 
'l'b••• two tol'llulu deaor1be a function that 11 continuous together 
wlth lta derivatives at c • o. 

for C >> 1 (remote trom the plane on which c • O), we have, using 

the u111ptotlc expressions tor the Bessel functions, 

>c•( •- -r•> •)· 

' 

U ( 2 ~•,. •) - r:-,•,. cos a-•· - , • (57.7) 

and the solution• ot the standing-wave type. For c < o, -c >> 1, the 
tleld deoaya exponentially. Figure 57.l shows schematically the nature 
or the ·solut1ons 1n the two regions. A decrease inc with increasing• 
corresponds to this t'igure, i.e., b < o. The standing wave (57.7) can 
be interpreted as a superposition of waves traveling in O?posite di­
rections: one incident rrom the negative-z side and one reflected back 
rrom the region around the point z • z0 , beyond which the field de­
creases exponentially. 

This type or c(z) function is particularly important for two 
reasons. Firstly, it is used to determine the constant of integration 
in a highly general approximate method (see below, Subsection 2). Sec­
ondly, with £mod substituted for c, it corresponds to the problem of a 
homogeneous atmosphere and a spherical earth, which was considered in 
Chapter 6. Indeed, the solution of this problem can be obtained by the 
me thod set forth here if we assume, according to Equality (57.1), 

' 
•-.(A)- I+- ~ I +2-, , ( t )' A • • • (57.4a) 
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,., . . . .. . . . 

. - • ' 

1 Ii <---,, 
Pig. 57.1. Linear layer. 1) Or. 

where a is the earth's radius, so that it is necessary to consider 

c • 1, b • 2/a in Equality (57.~) and subsequent formulas. Accordingly, 

the solution of the diffraction problem in Chapter 6 also contained 

Airy functions as altitude factors, i.e., Hankel functions or order 

1/3 (38.28). In the case or an atmosphere that is inhomogeneous but 

has c linearly dependent on h, it is only necessary to assume that c ~ 

• c(O), b • 2/ae. 

b) The "parabolic layer" when in a certain interval or z-values 

from -zm to +zm (9) (o and bare constants), 

(57.8) 

The results va~~ essential: y depending on the sign or o. Pnr c > 

> o, the function c(z) does not vanish anywhere. Equation (57.3) is 

solved in Weber functions - in functions or a parabolic cylinder (10]. 

That is to say, if for v • 0 we set 

(57.8a) 

t,t,e n l•:q. ( :., (. 3 ) 1 ::; broup;ht to the form 

{57.8b) 
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md hu independent aolutlona [II, 11] 

11 • D,(a), Z. - D-,.-. (lu) .. (57.80) 
Prom theae we can form the solutions that are twice shown schematic­
&llJ 1n '11. 57 .2 . 

• 

Pig. 57. 2. Parab,,lic layer. 

In the cue c > O, the solution can be given the form or a stand­
ing wave (with varying distances between the nodes and a varying amp­
litude). But there also exist solutions of form such that in one half­
space, aay as z +••the solution takes the form or a recedin~ wave, 
while for z -+ - • it tnke3 the form of a .; uperponl tlon or the incident 
anu rcrlccted waves. Another independent s t lution in this ca3e will 
take the form or a receding wave for z + - , and a superposition of 
the wave incidqnt from z •+•and the reflected wave for z ++•·The 
reflected-wave amplitude will be the larger t~e smaller c(O) • c. 

On the other hand, for c < O, an oscillating solution (standing 
wave or superpositic~ of incident and reflected waves) arises only in 
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regions wher•e , > o. The solution, which co:1tains a receding wave tor 
z + •, contains inc!-.aent and r f l eeted waves for z + - •, and e.n ex­
ponentially diminishing field in the region where,< o. Here, obv1 
ously, part or the wave is transmitted and part reflected. 

c) Layer [11) 

(57.9) 
which leads to a soluti~n in the form or hypergeometr1c functions. For 
P • O and M real and positive, this is the so-called "symmetrical lay­
er," while for M • 0 and P real and positive, it is the "transition 
layer" (Fig. 57.3). Here z• is reckoned from the middle or the layer, 

• 
J 

I ... I I • •• I I 

I I • I • • I I I -- ,-:-- --.-,--19-I 
I I I I I I I 

I I 

I I 
I I 

I I I I I I I I A 
1-1 · J • .. 

1(61 
Fig. 57.3. "Transition layer." 

d) Layer with 

. t ·--· . ~+•, (57.10) 
after variable substitution d + z • t, thi s l e ads to an equation that 
can be ., 01 ve c.J in der:ene rate hyper~eome t r i c fun ct i on:, . 

c ) Laye r wlth 
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t . 
'4+•>', (57.11) 

atter the same substitution, the equation 1a reduced to an equation 

tor 8e11el tunction1. 

However, it la often possible to get by without exact solution 1n 

probleu or atmospheric radio-wave propagation. A specific aspect or 

the problem consists in the tact that the vertical parameters or the 

la,era that are or interest to ua - the thicknesses on which c changes 

appreciably and accordingly the propagation conditions also change ap­

p,reoiably - are usually very large as compared with wavelength. This 

11 not the cue, tor example, 1n the propagation or superlong waves 

(t ~ 100-1000 Hz, 1.e., A~ 3000-300 km), which are formed by light­

ning discharges and propagate in the layer between the ground and the 

ionosphere. In this last case, the wavelength is longer than the wave­

guide height Hor, in any event, comparable to it. Further, the rela­

tion A~ H also obtains tor tropospheric waveguides on inversion or 

the altitude curve or c (see 158 below). Accord! J , the number or 

modea that must be taken into account for long distances is small. It 

will be helpful, however, to consider first the inverse case, which 

not only permits simplified treatment in many respects, but also fa­

cilitates orientation to the problem. 

2. We shall first proceed on the assumption that vis real. The 

smallness of the variation or£ over wavelength is a circumstance 

highly favorable to the use of the so-called geometrical-optical ap­

proximr.,.tion. Indeed~ we introduce the characteris tic length z0 : 

If 

(57.12) 

then the coefficient of Z varies slowly in Formula (57.3) and the so-
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lution must be either "almost sinusoi~a.l," if k2t(z) - v 2 
> O, or nal­

most exponential," if k 2 t(z) - v2 
< O. Indeed, the second-order ordin­

ary differential equation (57.3) has two independent solutions. If' at 

long distances, for example, as z + - • and z ++•,the function c(z) 

goes to certain constant values t 1 and , 2 , then for correspondingly 

large lzl, we may consider 

Z* •"'-'=;·~""-
& -, for •-.-oo; 

~ •"·~ • "--, forz ... +oo (57.13) 

as solutions to the equation. The first solution in each pair yields a 

wave traveling along the z-axis, while the second gives a wave travel­

ing in the opposite direction. 

However, this is true only provided that the radical Yi'• ... - v• 
is real. When it is imaginary, the solutions show an exponential in­

crease or decrease. Instead or these solutions, we might use as the 

basic solutions their l inearly independent combinations 

~-zt+ra-:{r--•,·-v•,. 
~-zt+zt~:{~_.ea-v•z. (57 .13a) 

The usual form or t~is geometrical-optical approximation (for re-

finements, see below in this subsection and 161) consists in seeking 

the solution of ou~ equation 

'8Z ..-+ p'(z)Z -o. 
p' (z) - ll'a (z) - v• 

i11 : 1 !'o rrn r cne mblln r, ~1 olut1on (57.13), i.e., 

Z - A (z) ,A.C••, 

(57.14a) 

(57.15) 

and cons idering in succession the smallness or l/kZ 0 or simply 1/k. 

Sub s tituting Z into Eq. (57.3), we obtain (the prime denotes differen­

t lation witn respect to a) 
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-(57.15a) 
It in ti~st approximation we retain only terms or the highest or­

der in k (and 111 p ,,, k } ; we obtain an equation for cp that has two so­
lutions (they f;1 fi',H· :in sign): 

• 
li'ff•-p'(z), .. -± S,<z)dz. (57.16) 

Equating the terms or the next order ink to zero in Eq. (57.15a), we 
obtain an equation for determination or A: 

U't' + A .. - 0, 
1.e • I 

Iii A -i - In~ + canst, 
.- . • • . t 
· : ·~:~A--,,-=·. . r, ,~> 

(57.16a) 

Thua 1 we obtain two independent solutions, which can be written 
u tollows: 

(57.17) 

where B1 ; and z0 are constants of integration (essentially, one in­
dependent complex or two real: ; and z0 are interrelated). 

It is obvious that Eq. (57.15a) can be solved by the method or 
successive approximations only provided that not only k2 , but also the 
values of p(z) are large enough. This second condition is violated at 
the point z • z0 (if such a point exists), where p2 (z) • 0. But this 
point 13 generally of particular importance. On one s ide of it, the 
function p2(z) i s pos itive, the phase Z of the wave i s r eal and the 
solution is oscillatory. On the other side, the solution diminishes or 
increases exponentially. Thus, in the neighborhood of z0 , the solution 
round by the geometrical-optical method is invalid. However, in this 
small region we can approximate the curve or t(z) by a linear function, 
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setting , for example, (v 2/k2 ) • c + bz. Then it is possible to obtain 
an exact solution for this small region, in the form or (57.6) or 
(57.7) (where c - v2/k2 must be substituted for c), and to sew the two 
solutions together somewhere on the boundary or the region. In partic­
ular, we obtain from Formula (57.7), taking the half-sum or the par­
ticular solutions in the region where k2c - v2 

> O, 

r- . IJ -{1 , ... ,,1-v•a+• 
. .. y~ .. ">-.. .. 

(57.17a) 

This solution must be sewed to the exact solution in the region z = z0 . 
But Expression (57.17a) has exactly the same structure as (57.7). 
Equating the multipliers for the cosines, for ~xample, at v • O, we 
determine the nonessential constant factor, while comparison or the 
cosines themselves gives (we use Formula (57.4) in performing the in­
tegration): 

. . 

- Cl0I (.!. .!.. ••• (z) + • )' . • a • (57.l'Tb) 

Ir, to cite a concrete case, b < O (see Fig. 57.1), then•• w/4. 
Thus, for a function c(z) that diminishes with a, the geometrical-op­
tical approximation, correctly sewn to the exact solution in the re­
gion z • z0 (where the approximation la unsuitable), gives the two in­
dependent solutions (57 .17) ~11th ; • w/4. Where p2 ( z) > 0, the solu­
tion with the plus sign in the exponent describes a wave propagating 
in the positive direction of the z-axis, while a solution with a minus 
s i gn describes the reflected wave. The reflection coefficient f for 
observation at point• is therefore 
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( 57 . Hin) 

It, nowever, c(z) increases with altitude, b > o, we may speak only of 

upward retlection ot a wave coming down from z •+-.Then, according 

to Pormula (57.17b), we obtain•• --w/4. Hence with such a variation 

ot ,(~) at a point• abc7e point z0 , at which the radical vanishes, we 

shall have 

(57 .18b) 

The integral can be evaluated within the limits of the linear 

la,er. It is equal (tor"'• O) to ~ .!..a111(z) (see Formula (57.17b)). 
a • 

However, u is clear from the derivation, the formulas for fare valid 

tor an arbitrary function c(z), provided that the approximation of 

geo•trica~ optics is valid: we must introduce a linear £(z) only in a 

small region near the "turning points" z0 , where the geometrical-opti­

cal approximation is invalid, and then only to determine the constant 

phase shift., since it cannot be determined from the approximate so­

lution. 

However, it is clear that the expressions found cannot be valid 

if the point z0 is near an extreme of the £(z)-curve, where de/dz van­

ishes and the linear approximation is not suitable for c(z). In such a 

case, however, the parabolic approximation using the parabolic-cylin­

der functions (57.8c) instead of (57.6) as the exact solution in a 

small region becomes possible. However, we shall set forth this case 

below (see Subsection 6). 

3. On the basis of Solution (57.17), it can be stated that for 

eiven k and (real) v, the space breaks down along the z-axis into a 

region in which the difference k2c(z) - v2 is pos itive and, accord-

- til8 -

,, 



, ingly, the solution is oscillatory, and 

a region in which it is negative and 

the independent solutions are ot the 

nature of an exponential decrease or 

increase. In any event, it is obvious 

that an oscillating solution is pos­

sible only for sufficiently small v2 . 

Fig. 57.4. Elevated wave­
guide. 

Let us now show that ir such os­

cillatory solutions occur only in a 

limited region of z-values, the pos­
sible values ot' v will torm a d111con-

tinuous sequence - they will have, as 
in the case or a homogeneous layer between reflective boundaries 
(55.5), a discontinuous spectrum. 

Suppose that there are values or the number v such that k2c(z) -
v2 vanishes at points z01 and z02 > z01 , between which this expres­

sion is positive (Fig. 57.4). For z01 < z < z02 , therefore, the solu­
tion is oscillatory, and outside this segment it diminishes exponen­
tially (this curve of the solution is shown schematically on the same 
fi gure; see left-hand curve). Above we considered only one turning 
point, z0 . It was possible to satisfy the condition or sewing to the 
exact solution at this point by proper selection or the integration 
constant,. Now we are also obliged to satisfy the sewing condition at 
the second turning point. This can be done if we have the sole remain­
i r. e pa rameter v. Thus, the solution, which is finite throughout the 
s pace (and accordin ~ly decreases exponentially at the points z01 and 
z02 ), can exist for selected values of v, which are kncwn as natural 
values. Then the solutions themselves will be normal solutions or nor--mal waves for the medium in question. They are determined from the 
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following considerations. 

Considering the oscillatory solution below the return point with 

an 1 (s) that decreues with. altitude, i.e., in this case in the region 

• < •o • •02• we tound it in ,.__ . 
• . ,,._ .. -_-;,-

the torm (57.17a) with~, • w/4: 

-{l Y .. •lz)-;.a+f}· (57.19) 

When we instead asswd c(z) to be an increasing function or a, i.e., 

when we aet b > 0 in Pormula (57.4), the same reasoning led us to the 

conoluaion that•• -1/4. Here the oscillatory solution occurs for z > 

> s0 • Setting •o • z01 , we have 

·r- ·-- COi Jrii,-;t,tz·-2!.. 
. • • ,. } ., ... -;. • .. ' (57.20) 

Howeftr, these two solutions must agree for z01 < z < z02 , which oc­

curs only provided that the arguments or the cosines differ by iw, 

where i • o, 1, 2, • • • J is a whole number: 

or 

•• · J f _., (I)- vi dz - ( I + +) a. (57.21) 
•• • 

Going through all P?Ssible values or t, we obtain the corresponding vi 

and, consequently, the normal oscillations or Z~ generated by either 

or Formulas (57.19)-(57.20), which are in agreement after substituting 

vz· We note that from a purely formal point of view, this process or 

selecting normal solutions corresponds fully to the atomic-orbit quan­

tizing procedure in quasiclassical approximation; Formula (57.21) cor­

responds to the quantizing rule, while inte grals of the type (57.21) 

correspond to the phase integrals in the ohr- :;omrnc rfeld t heory; hence 

the original name given this method in the theory or radio-wave propa-
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Fig. 57.5. Ground wave- . guide. 

gation - the "phase-integral method" 
(1 J. 

A similar selection or poaa1ble v
1 arises if c(z) decreases monotonically 

with altitude in a certain region, but 
the region of values where the d1tter­
ence k

2
c(z) - v2 can be positive is 

bounded below by the earth's surrace z • 
• O (Pig. 57.5). In the region O < z < 

< z01 , where z01 is still to be d•ter­
mined, we may again have a solution or the form (57.17a), which must satisfy the boundary condition tor a vertically polarized wave at z • O: 

,,, "' ~ -------~ for z-o, • V,: (57.22a) 

or - for a horizontally polarized wave 

~ - _ ,,, y •. - l 7! f' or z - 0 • (57.22b) 
(cz is the permittivity of the soil). If we assume lczl >> l, these conditions signify for practlcal purposes that 

vertical polarization:(~) -~ • . . ... (57.22c) 

horizontal polarization: CZ')...~ C). 
(57.22d) In the former case, substituting Solution (57.17a) with~• w/4, z0 • z01 , we arrive at the condition 

11n{t y.-1141-v'd.r-f}-o, (57.23a) 
i.e., the argument of the sine is *Zw, where tis a whole number . 
.Slnc1.;: ti1e root under the integral sign is posi t i vc , we ha ve finally 
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ror vertical polarization 

Por horizontal polarization we obtain in a similar manner 

.. _ ___, t) 
. ~ -~ ~ \1)- yid, - ( l - 4 ~• l - I, 2, •••• (57.23c) 

Since the point z01 is determined by the condition k2t(z01 ) - v2 • o, 
theae relationships may be written somewhat differently: 

• t 
,_ ____ 

1 
{' + 7; l - 0, I, ••• ( ve rt. po 1. ) 

( l'•~-•ii->•--a- 1 • i l-4 ; l - I, 2, . .. (hori z. pol.) 
(57.23d) 

Aaaigning values tot, we find the turning points z~½>, z~~) 
(Pig. 57.5), which determine the height or the region above the 
earth's aurrace within which the field oscillates along the z-axis and, 
at the same time, real values er the parameter v, - kY • (z!~•) exist. 

•· We return to the complete expression for uv • Z (z)R (r) and V \I 

examine it tor the function t(z) shown in Fig. 57.4 or 57.5. The func-
tion Rv(r) will, as already noted, be a solution of an equation iden­
tical to the equation for a homogeneous layer (55.4), i.e., it will 
reduce to Hankel functions H~l)(vtr) for values of vi taken according 
to Formula (57.21) or (57.23). 

ues 

All 

Thus, in the interval between minimal tmin and maximal tmaks val-
2 2 2 or t, ror k tmin < v < k tmaks• the v-spectrum is discontinuous. 

v with v2 > k2
t ak are forbidden (the solutions ri s e or decay ex­m s 

ponentially for all a), but for v2 ~ k2tmin' no limitations at all are 
imposed and the spectrum is continuous. The correspondine Z are par-" • 

tial waves propagating freely from the source. 

We shall subs equently see that this rou~h approximation is inade­
quat e for many problems of tropospheric propagation, and we shall im-
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prove it in two respects. First, near the extreme c(z) • c(Z8 ) 1 the linear approximation is not admissible and it is necessary to sew the solution or type (57.17), (57.17a) to the exact solution not tor a linear c (57.4), but, for example, tor a parabolic one (57.8). Sec­ondly, even if p2(z) > O for all•• the passage or waves along a la not entirely free. However, the discontinuous segment ot the spectrum in the region of real v (provided that the value ot v1 determined from Formula (57.21) or (~7.23d) is not near the extreme or c(z)) is deter­mined quite satisfactorily by the procedure presented ~bove. These­lected solutions, if there are any (Fig. 57.4 shows the case in which the fir:st two values, and Fig. 57. 5 that in which the first three val­ues are such solutions: v? -1•1(z'~~. v: - t'c(z'~,) and v:- ... ,,:~). indi­cate that the region 0 < z < z8 (Fig. 57.4) or 0 < z < H (Pig. 57.5) possesses waveguide properties. It is customary to say that these nor­mal waves are "trapped" by the waveguide. The correspondence with the case of three homogeneous layers (155) is obvious (although it must be noted that the correspondence is not literal: in the case or 155, there is no field outside the waveguide because the existence or con­duct! vi ty is assumed here. Otherwige, with c 1 • c 3 • •, wave propaga­tion would be possible here for any v). Figure 57.5 shows the "ground waveguide," and Fig. 57.4 the "elevated waveguide." Above and below the waveguide, the solutions corresponding to the natural values of 
v~ cannot propagate along a - they decay exponentially. 

If the radiator is placed in the layer z01 < z < z02 its field will contain a superposition of solutions u • R (r)Z (z) that has the V V V necessary singularity at the position of the radiator. Generallr speak-ing, all v will be represented here. But those of them for which v2 
< 

< k2cmin - in the approximation being considered - diverge freely in 3pace. Only the partial waves trapped by the wave guide remain inside 
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it and are propagated indetinitely along~. 

Suppose that the radiator is located outside the waveguide. The 

diaooni1nuoua-apectrum waves cannot propagate outside the waveguide 

and decay exponentially along• in either direction from the source. 

However, it the distance to the true waveguide region is not very long, 

the exponentially damping solution may still be rather large at its 

boundary. It must be sewn to the oscillating solution at this boundary, 

and it may undergo waveguide propagation along~. This means that the 

tield 1■ partly drawn into the waveguide and will then propagate in it 

without attenuation. Similarly, it the observation point 13 not in the 

waveguide iteelt, but near it, the field receiveu will be exponentially 

s11&ll aa compared with the field at the nearest point in the waveguide. 

I 

' i 

,· 
I 
I 

' 

,. 

I 
I 
I 
1 
t 

• • . l 
l 

• C 
I 

.. 

I • 
I CI 
I I 

,_, : 
I .__ ____ -4----,,i~----~-~ 

1tz.i• 1,z.,. 1a, 

·*' -~ 
Fi g. 57.6. Two connected wave guides. 

Let us now consider the case of an c(z) such that the difference ) 

2 
I, d• ,) - "z can be positive not in one but in several z-regions (Fig. 



57.6). Then it is possible for the solution to be nonzero and oscil­
lating in two regions: in region a, z

01 
< z < z

02
, and in region b, 

z03 < z < z04 • It is obvious that the trapped waves rrom a source in­
side the waveguide region a will not only propagate along the layer, 
but will also be drawn in in weakened form into the other region b, in 
which they will again propagate without attenuation if the Wllveguide 
parameters are appropriate. The second waveguide will draw in energy 
from the first until, in the region or large enough r, back suction 
into the first waveguide becomes substantial. In the final analysis, a 
kind of equilibrium will be reached and the fields in the two wave­
guide channels will propa,;ate matched to one another. 

Let us now consider the question as to the minimum width or the region necessary for the appearance or waveguide propagation. Suppose that as we move away from point zo, at which k2c 2 • o, c(z) in-- V creases linearly, i.e., £ ( z} • £ ( zo} + sz until we have reached the middle of the channel (point z • z0 + Heff/2) and then decreases, 
again linearly. Then Formula (57.21) gives the following condition even for l • 0: 

where 6a - 1 ( z. + ~ H• )- a (z.) is the maximum deviation or the func­tion c from its value at z0 . Consequently, we must have 

a.~'fi H., yi.. a . Since this formula was obtained for a specific profile c(z}, it 

(57.24) 

will be better to speak or orders of magnitude. Thus, the condition takes t he form 

(57.25) 
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Consequently, waveguide chaMels may be expected to form only for 
-4 short waves. With a,~, - l ~ 10 and Herr~ 10-100 m J 

J. -C 10 + 100 tM. (57.26) 

5. Separation ot variables using cylindrical coordinates was nec­
essary beaause we used a vertical dipole as our source. If instead we 
consider a plane wave with a propagation vector lying, for example, in 
the xz-plane, incident at an angle a0 from the homogeneous half-space 
• < 0 onto a layerwise-inhomogeneous half-space z > o, 

o-u.-•.-+¥, 1<0, •.-1111n-.. 11.-•c:osca... (57 .27) 
then tor z > 0 the solution is reasonably sought in the form 

where substitution or 

{~+~+•<z>lt') n-o (57.28) 

in the waveguide equation gives an equation for Z: 

: +lt'(a(z)-sin1 ca.)Z-= O. (57.29) 

If we use the approximation of geometrical optics, we ob t ain, by 

analogy to Formula (57.17), 

( 57. 30) 

where ~ • w/4 again if we are speaking of the region z < z0 (z0 is the 
point at which the radicand vanishes) and c(z) diminishes with alti-
tude . Otherwise I!> • -11 / 4. 

Thus, a wave propagated upward toward point z0 will be described 
b.Y t,tae runct l on 
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which can be interpreted as a pla e wave with a continuously varying 

angle of inclination of the normal to the z-axis. By superposition ot 

two such solutions, n(a0 ) and n•c~0 ), we may form the field 

• • 
·D'-~ • a _,.. ... CGl{•JV•(z)-sin1ca.4z+7}· (57.32) 

., •. ,.,,,-11 ..... , .. 

It describes a wave propagating along the x-axis (attenuating it a0 is 

complex) and representing a standing wave along the z-axis. With a 

profile t(z) that gives a waveguide (Fig. 57.4 or (57.5), Condition 

(57.21) (or (57.23d)) will separate out the "captured" normal oscilla­

tions for a ground waveguide. 

6. Let us now pass to more delicate problems, one of which - re­

finement of the solution for the region p2 
> O - is particularly im­

portant for tropospheric radio propagation. 

The geometrical-optical approximation gives a solution that has 
t 

an important singularity: each of the waves Z (57.17) is (in this ap-

proximation) a solution of the waveguide equation and exists independ­

ently of the other if there are no regions in which this solution is 

invalid, i.e., if there are no turning points p(z) • O. Consequently, 

a wave propagating; for example, upward, can be reflected, i.e., gen­

erate a wave that propagates downward, only provided that the approx­

imation of ge ometrical optics becomes invalid at a certain point and 

the condition for sewing to the exact solution in this region obliges 

us t0 add the second wave of the pair. The s ubsequent approximations 

within the framework of the same method, obtained taking higher terms 

of the expansion in 1/k into account in Eq. (57.15a), can give only 

corrections of an algebraic nature to the zeroth approximation, i.e., 

independent corrections to each of the separately existin~ w~ves 

(57.17 ) . Thus, for example, for the c(z) pro fil repre~ented in Fi~. 
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57.6, it v2 exceeda k2,(zA), where A is the extreme point or the ,( z ) .. 
curve on the right, we shall have p2 (z) <oat all•· Consequently, 
the two independent solutions here will diminish ex9onP.ntially, one 
upward and the other downward. If, on the other hand, v2 is smaller 
than k2e(z8 ), whe~ Bis the extreme point or the t(z)-curve on the 
left, then p2(z) > 0 everywhere and the two independent solutions will 
be waves that pass upward and downward freely without any reflection. 

At the same time, it may be expected on the basis or physical 
considerations that partial reflection must occur even with inhomo­
geneities and incidence angles m0 such that p2(z) is everywhere posi­
tive. Consequently, we may conclude that the reflection will be expo­
nentially small in this case. Hence arises the imyortant problem of a 
generali~ation or the geometrical-optical approximation that will en­
able us to take account of the above exponentially small distortion, 
and reflection in particular, while observing Condition (57.12). 

It is also necessary to improve the solution in another respect. 
Above, under heading 2, we limited ourselves to the case in which the 
turning points z01 and z02 were far enough away from one another to 
permit linear approximation for 2 p (z), e.g., to make the dashed 
straight line on Fig. 57.6 pass at a sufficient distance to the right 
of point B. At the same time, it is necessary to have a solution for 
all possible v2 , i.e., for all positions of the dashed ordinate, even 
including the case in which it passes through point B. 

For this purpose, it will be necessary to turn again to the exact 
equation (57.14). The problem of wave propagation through a region of 
variable £(z) is formally iden~ical to the problem of pas sage of a 
particle through a re gion of variable potential in quantum mechanics. 
I n the former case, the approximation of geometrical optics corres­
ponds to the quasiclassical approximation (or to the Wentzel-Kramers-
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orillouin method) in the second case [sic]. In this juxtaposition, it 

is necessary to set k2(c(z) - 1) • -U(z), where U(z) is the potential 

energy or the particle and k2 - v2 • k2 cos 2 ~0 • E, where Ela the 
total energy of the particle; p2(z) • E - U is the kinetic energy "at 
a giver. point." If v 2/k2 is taken to the left of point Bon Pig. 57.6, 
v2 

< k2c(z8 ), this corresponds to the values of E - U > o, i.e., to 

"passage of the particle over a barrier," and in the approximation or 

geometrical optics and the quasiclassical approximation of quantum 

mechanics, the wave, like the particle in clhssical mechanics, passes 
unimpeded in any direction. If v2/k2 is taken to the right or point B 

but to the left of C, then p2 • E - U < o. In classical physics, the 

passage of a particle, for example, from region a to region bis alto­

gether impossible. But "pumping under the barrier" takes place in the 

approximation of geometrical optics and in the quasiclassical approxi­

mation of quantum mechanics. Finally, if l 1 1(z)<.,v1 <111(ZA), then cap­

tured normal waves may arise in region b. Their counterparts in quan­

tum mechanics are stationary bound states of a particle in a potential 

trough. In rigorous quantum-mechanical treatment, as in wave optics, 

partial reflection p2 > O will still take place. For a given barrier, 

it will be smaller the larger the "particle kinetic energy" at its 

minimum ( above the crest of the barrier). Here 1 t mu::;t be stMs~P.,J 

that the case of large energies in our problem correspond~ not only to 

large k, but also to large imaginary v. The entire problem has been 
analyzed in application to quantum mechanics in a number of papers 
(see, for example, [12, 13]), and the most complete solution was given 

in [14], where a formula valid for any E and, consequently, any v2 was 

derived. 

We first present a not fully rigorous but concise examination. 

It departs from the fact that both the equation for Zand its so-
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lutions can be regarded not only tor real a and v, but al s o for com­

plex ones. In particular, if we stated that p2(z) is greater than zero 

eYerywhere, we had real• in mind. Let us limit ourselves at first to 

real v. When v2 is varied in such a way that the dashed straight line 

on Pig. 57.6 is shirted rrom right to left in the direction of point 

B, the real roots or the tunction p2(z), for example, z02 and z03 , 

aove closer together and ultimately merge with the double root z8 . 

With turther variation or v2, the roots become complex and, since two 

• roots relll&ln, complex-conjugate: z02 • z03 . If we move out far beyond 

point B, they will be so far from one another that p2(z) may be re­

placed near each or them by the linear function, p2 (z) ~ (z - z0i), 

like Punction (57.4). In the small region in which this expansion is 

valid, cylindrical functions or order 1/3 of the (now complex) argu­

•nt, will again form the exact solution. In the intermediate region, 

however, that which contains point B, a different, parabolic approxi­

mation is required. In either case, we have the exact solution in a 

small region around the roots. Far from them, where p2(z) is large, we 

may, as before, write the solution in the form (57.17), but now it is 

not absolutely necessary to perform integration in phase over the real 

z-axis. Around the roots, we can shift the contour of integration into 

the complex plane, extending it to the reg:ton around one or the roots, 

in which the linear (or, if necessary, parabolic) approximation is 

valid and the exact solution is known, and sew Solution (57.17) to 

this exact solution. It is obvious that in the linear approximation, 

this is exactly tne same procedure as for real roots, and we shall ob-

tain the same formulas as under heading 2, the only difference being 

that z0i is to be understood as the complex root of the equation 

p2(z) • O and integration in the exponential must be performed over a 

contour in the complex z-plane between the real observation point a 
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and the root z01 • Special analysis should be given the question aa to 
which of the two roots z0 i is to be taken. It is resolved by the pro­
cedure or sewing solutions, where it may be found that two waves - ln­
iident from - and reflected back - sew to the wave going out in the 
direction toward+• if the root lying in the upper half-plane la taken. 
Conversely, if we are speaking of a wave arriving from+• and partly 
reflected back, the root lying in the lower half-plane muat be taken. 

For a wave incident from z • - and propagating in the positive 
direction of the z-axis, the reflection coefficient naturally haa the 
same form (57.18a) as for the real root: 

(57.33) 
where Im z0 > O and the sign tor extraction or the root or p2(z) ls 
determined if only by the tact that Ill < l is necessary. Por the wave 
incident from z •+•,the reflection coefficient, in analogy to For­
mula (57.18b), is 

{. ·} II JIC•)lfa--z+ • , _ - - • •• . , ... + 00, z- (57.33a) 
where Im z0 < O. 

Up to this point we have been speaking of real v. In the expan­
sion of the general solution (57.3b), (57.3c), which satisfies the 
conditions given at the source, it is also possible that we may en­
counter complex v (as was the case, for example, in 132 tor ain2 a= 
= v

2
/k

2
). However, in generalizing the expressions tor the coefficients 

of tile expansion for the case of complex turning points zOi' we spoke 
of roots of the quantity p2

(z) in which v2 appears on an equal footing 
with t(z). In actuality, therefore, Formulas (57.33) and (57.33a) are 
also va lid for complex v. 
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We note that these results can also be obtained by a different, 

more rigorous method, and without separation consideration or regions 
near the tuming point (real or complex) and far from it. For this 

purpose, it ia necessary (15] to replace Eq. (57.14) by the modified 
equation 

I ii+ v,' (I)- I (.r))Z .j_ 0, , (57.34) 

where the additional term e(z) is a~ selected (actually, it is not 

necessary to express it in explicit rorm) that it will vanish at in­

finity, while ensuring validity aro~~d point z0 of a solution form 

I I 

Z (z). - Ai',-, I*•(&), (57.34a) 
where (essentially, t • 2,;;/3 in Forrr.·1la (57.5)) 

• 
1- J,c,,~. m- -~2 (57. 35) .. 

and n is the exponent in the formula expressing the behavior of p(z) 

near point z0 , p2(z) ~ (z - z0 )n. Por the cases examined above, n • l 

(simple root). Such a solution (for greater detail, see the monograph 
[16]) merges asymptotically with Solution (57.17), but, beyond that, 

automatically yields the transition between the regions z < z0 and 

z > z0 in the case or real roots or between the regions to the left or 

the p2 (z)-extreme region and to the right of it for complex roots, 

with the correct phase;. Here, as before, it is necessary to require 

that the second root of the function p2(z) be far enough away so that 

it will be possible to take account only of the nearest root. In par­

ticular, if we are concerned with the case represented in Fig. 57.6, 
2 2 then v need not be clos~ to vkrit' at which the ordinate passes 

through the extreme point of the curve. It can be stated that the in­

cidence angle or the wave at,, v• == k1 sin1
0t,, must be not very close to 

the critical angle (in the quantum-mechanical case, this corresponds 
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to the requirement that the kinetic energy of the particle not be 
small even near the crest of the barrier). 

However, it is necessary to state that e"ven in the case the prob­
lem cannot be regarded a solved in general form. On transrer or the 
differential equation from the real axis into the complex plane, the 
solution is found to be highly sensitive to details of the analytical 
behavior of the function t(z). First of all, the presence or poles on 
p2(z) is important. Thus, for example, two bell functions, t(z) - l ~ 

( (,-,,,)•) 
exp - •• and •_(z)-1--(a'f- (1-,a)')-• , may lead to sharply dir-

ferent r )flection coefficients. In the case or passage over a barrier, 
we are interested in a very fine effect - an exponentially small re­
flection. It depends essentially on the distance between the roots z0 and the poles zc. This question is examined, for example, in [13]. It 
was found that in the presence or poles at a finite distance, the re­
flection coefficient f (57.33) must be multiplied by a certain func­
tion or kµ, where 

(57. 36) 
is the distance between the root and the pole, which is different for 
poles of the first and second orders. In either case, this function 
tends to las kµ +•,but has a substantial influence on the result 
for kµ ~ 1. 

Let us pass to the case of merging roots, i.e., to ~2 or a0 1which 
may be close, for example, in Fig. 57.6, to the ordinate passing 
through poir,t A or B. As we have already noted, the general method or 
analysis here consists in sewing the asymptotic solution to the exact 
solution not for a linear layer, but for a parabolic layer (57.8). 
Hence for v around vkrit' the reflection coefficient reduces asymptoti­
cally to the coefficient of reflection from a parabolic layer [9]. The 
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1'1.g. 57. 7. Tuming points near the 
minimum ot c ( z) . 

most general analysis within the framework of 
the geometrical-optical approximation was car- 8 
ried through in [14) and (17). In the first or 
these papers, the method of replacing the equa­
tion by a similar equation (57.34) was general­
ized substantially and, in particular, was ap­
plied to the case of complex and merging roots. 
The investigation of radio wave propagation in 
a stratified atmosphere that was developed in [17] by another method led to similar results. It is this last form of tbe solution that we shall set forth here. 

Together with the variable exponents 

• 
&(z) - J p(z)dz (57.37) • we introduce the quantity (see Fig. 57.7) 

izsp - j p(z)dz, ... (57.37a) 

... . .. 
~ - i ~ p (z) dz + i J p (z) dz. ( 5 7 . 3 7b ) • 

• • The parameter pis a function of v2 and replaces v2 . If v2 < 
< k

2
c(z8 ), we may state: if we are to the left of point B, we have 

p
2
(z) > 0 for all a; the roots z10 and z

20 are complex and the inte­
f~rand in Formula (57.37a) is real. In the converse case, v2 > k2c(z

8
), 1/. I.O anc.J z

2 0 

are real "to the right of point B" and near it, since 
., 

and p2 (z) 

p ' ( :'. ) 
0 In the r ec;ion be tween z

10 and z
20 > 0 for z < zlO 

and ~ > ~20· 'l'h us, the inte r;rand is imaginary he r e . We t ake the sign be fore t he root s uch that p(z) will b e po::; i t i ve to the Jr. rt o r n, 
and expand p(z) in seri e:; i n t he l nt e1~r anrJ :J. r o1rn r1 

z 8

• Keeping quadrat ic terms and rememberi n~ that c '( z
8

) = O , c. f,' (z
8

) =- r1, 
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we obtain 

... ('a)- yl pl (la) 
P--J -• . r U .. • "a) f q• (I., (57.37c) 

"Left of z
8

" (i.e., tor v
2 

< k

2 c(z
8

)), the:1.-etore, c, is real and posi­
tive. Continuing this expression analytically into the region v2 > 

> k
2

c(z8 ), we find that tor "passage und r the barrier," "right or z
8

," 
Pis real and negative. Proceeding from physical considerations, we 
may conclude that as c, ++•,the reflection coetticient must exponen-
tially to zero, or to unity as c, + -. 

Let us consider the functions z+ and z-, which merge with the 
functions of (57.17) high above the layer, z >> z

8
, i.e., into the de­

parting and arriving waves, respectively. Sewing them to the functions 
of a parabolic cylinder, which give the solution tor a parabolic layer 
(57.8), we obtain an expression tor Z i in the entire range or varia­
tion of• (17]. We present the final result. Expressing the constant B 
in Formula (57.17) in such a way that high above the layer 

(57. 38b) 
where 

(57.38c) 

Thus, we have a reflected wave below the layer in addition to the 
wave moving upward (compare (57.38a); first term in Formula (57.38b)). 
The reflection coefficient is given by the r~tio of the second term in 
thi s formula to the first: 
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,-,,, -fll {I-le+~) ,-up -11(j -•IA+~) , __ , --, .. . la.. la (I,) ( 57.39) 
'l'hua, the departure from the f (57.18a) obtained 

tre• point B (even it the pole or the function p(z) is quite far from • 10 ) in expressed by an additional factor exp(-2np)X;-1(p). On the other 
+ 

hand, the ratio or the wave amplitudes Z above the layer and below 

far from the ex-

the l~er givea the "pe1-abil1ty or the barrier" (in amplitude I) g: 
t •--. 1&(p) (57.40) We note, f1rat or all, that tor p • O, 1. e. , for. a wave "touching the barrier,• v

2 
• k

2
c(z8o, we 1'1nd in view or the fact that r(t) • r., 

• t 

(57.40a) 
6(0)-1/(0)1- ii 

here a10 = z8 and in Pormula (57.39) the integral in the exponent is real, giving only a phaae shift). Thus, in this case half of the en­ergy puses through and half is reflected. This is, of course, also approximately true for small positive p. At the same time, elementary geometrical optics would give g • 1, f • O for such an ove r -barrier approximation. In the general case, the transparency with respect to energy is ((14), Formula 37), where in our notation E • 2p) 

I• CP> 1• - • - • • t 
I 1& CP) I' t +,-.., (57.40b) 

( here we have used the property or r-runctions j r ( ½ + Ip)/' - ,. :.. (II, 11 I) , 
Thus, as it should be, we have full transparency for p ++•,in passa~e asymptotically high "above the barrier." For a wave "much lower than the barrier," p + - , transparency disappears. 

Thus, in over-barrier passage not far from the crest of the bar­rier (p(z) does not vanish anywhere, but in a cert~in region it is s mall by comparison with k or comparable to it), s1 nificant reflec-
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t1on may occur. With a waveguide profile t(z), the waveguide will not ­
hold such waves completely, but the range of their propagation along~ 
will still be increased substantially. Conversely, part or the wave 
will be pulled outside in passage "slightly below the barrier." Con- · 
crete numerical examples examined in accordance with the more complete 
theory (17), which is to be set forth below (158), show (20) how leak­
age increases as we pass from the under-barrier to the over-barrier region. 

We note that even for completely entrapped waves, the linear ap­
proximation of the function (z) and, accordingly, calculations based 
on examination of the turning points and trapping conditions (57.21), 
(57.23d) are comparatively less exact for the first captured waves, 
for which only a few wavelengths tit into the waveguide (along the z­
axis). It is obvious that the basic condition of the geometrical-op­
tical approximation (57.12), is not observed very well here (accor~­
ingly, the quasiclassical approximation is not exact for the first 
steady-state orbits in the atom) . 

.. -------------,. . 

a. 

.• ,,, 
Fig. 57.8. Illustratin~ calcu­lation in ~eometrical-o~tlcul approximation for the c~ne or the profile of (57.ijl). 
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7. By way or illustration, let us apply the geometrical-optical 
approximation to two problems. The first ~f them is the elementary 
cue or auperretractlon. The second problem, which was considered rig­
orously in Chapter 6, la that or diffraction in a homogeneous atmos­
phere above a homogeneous (for the sake or simplicity) infinitely con­
ductive spherioal earth. Let the source be at a height z

0 
in the mid­

dle or a hoaopn•oua layer or height H (which we shall subsequently 
let tend to zero), and let c vary linearly in either direction from 
this layer (see Pig. 57.8, which represents the case 8 > O): 

H • - -.(.r).- 1-.11(1-1.) for •>z1azo + y, 
•--.(.r)-1 +11(1-la)ror •< .. •io-:. (57.41) 

We obtain a three-layered space and the fieid in the homogeneous layer 
is expressed by Pormula (55.17). A series of residues is taken at the 
points defined by Pormula (55.15), and it is necessary to find the co­
ettlcienta r 1 and r 3 or reflection from the upper and lower boundaries 
of the layer. In the approximation of geometrical optics, they are ex­
pressed by Formulas (57.18a) and (57.18b), with c(z) coinclding with 
c1(z) in the former case, while in the latter c(z) • c

3
(z). Within the 

limits or the integral, a must be replaced by the ordinate of the 
point for which we are calculating the amplitude ratio of the incident 
and returning waves, 1.e., we must set z • z

1 
in Formula ( 57 .18a) f'or 

the upper boundary of the homogeneous layer and z • z
3 

in Formula 
(57.18b) for the lower boundary. Then in either case z

0 
is the point 

at which the corres pondin , radicand vanishes. 
We note that on introducin~ into the integral the new variable 

t, t• -1, (z)- sin1
e1, dz - 2tddt, the reflection coefricient can be rewrit­.!.!. 

dlJ ten in the form 
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(57.42) 
where a in dc 1/dz must be expressed in terms oft. According to (,5-1 . 41}, 

"• 

(57.42a} For a parabolic layer 11 (z)a: l-f.(z-z
1)1• where g and a are certain constants, 

fa (ca)- exp { '• .!!..cos•ca -i ~l 
(57.42b} .,. 4 2J According to Formula (57.18b}, the coefficient of reflection from the lower boundary, z • z3, will differ in the sign before the integral. As a result, the equation for determining the poles (55.15) will be brought to the form 

•• --~-=-- ••• ·---:-:.-- . . 211, J V ••-sin• .. ,d, + 211, J V •• -sin•,.,dz-in + 2/kH cou, - 2:ul, (S?. 
4 3 

l ~ ~ . 
where i is a whole number. Since H~«1=JY~i-sin1at

1
dz, where ,

2 
= 1, 

•• we may combine all three integrals and rewrite the equation in the form 

•w -~~~ • 1) I, ~ y 1 (z) - sin• ca, dz =- ~ V + 7 . ·- (57.43a) 
We have, of course, come back to Condition (57.21). The integral is t aken from the "lower" to the "upper" turnin~ point. 

For c(z) (57.41), this gives 

! COS
1 

«1 + [ill COS Cl! == ! ( I + ! ) ~A. 
Accordin to the applicability con ition for ft O etr "c& ~pt >~~ , 

( 5 7. 4 3b) 
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the variation or cover wavelength must be small. Consequently, 
l&AI <<land tor small t, az ls close to w/2. For B > O and H + O, 

Por 

a t '<'- - a,A---r 

(57.44) 

(57.45) 

there are "permitted" (waveguide-trapped) values al among the real 
values or a. The corresponding normal oscillations do not damp in 
propagation along r. 

Let us now pass to the other problem - a homogeneous atmosphere 
with c •land a spherical earth, for simplicity with c

3 +•.Accord­
ing to Formula (57.la), we must write simply for all positive a 

2r a(z)- I+ •. (57.46) 

Further, the boundary condition corresponding to the polarization of . the radiation is imposed at z • O. For a wave propagating upward with 
c(z) (57.46), a real root p2 (z) exists for arbitrary real v: 

In the case of complex v, the turning point z0 will also be com­
plex. However, the necessity of satisfying the boundary condition at 
z • 0 yields yet another condition for the field Z , and the require-v 
ment of uniqueness of the solution in the interval O < z < z0 imposes 
on the value of v (the only re~aining free parameter) the limitation 
t;1at we have already obtained for real z0 . 3incP. r_:r, rnr, l r: z i t :1 ,, f' xr, :.tr1 1 J 

v does not influence the form off, we aeain hav~ Formul&~ (5'l. 23b) 
and (57.23c) for selection of the permitted v. The neces sary integral 

2 2 2 has just been evaluated: again assuming v • k sin a, we need only 
set e = - 2/a in Formula {57.42a), as is seen from comparison of For­
mulas (57.41) and (57.46); this yields 
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•• ~----:: 1 ~ )' Ir• (zJ- ,,. dz - - a• cos• a& • 

• 
The permitted v or o are determined by Formula (57.23d). Substituting 
the value found for the integral in this formula, we see that they are 
essentially complex~ 

• t t 
3a.{l + T 311 {' + 4 (1 a.. .. 0,1, ••• ,- vert. C0!

1
• 1 --ii t a:-..- t 

l-T l- 4 (1-1,2, ... ,-horiz. 

pol.), 

) (57.47) pol. . 

Since ka >> 1, the solution oz or this equation is close to w/2 tor 
*i,r not too large Z. Setting -1 • e , and introducing the quantity 

• ,, -y-•,. (57.48) 
we have, after extraction or the cube root, one or the two posaibili-
ties 

(57.49) 
According to Formula (57.42a), this means that the reflection ec~tfi­
cient is exponentially small, as it should be, since all tuming points 
z0 are complex for complex v. In the complete field Expression (55.17), 
the Hankel function H~ 1

>cvzr) may be replaced at large distances trom 
the source by its asymptotic expression• 

H'0 (v r)==H'.1,(/ucos~·)---.I 2 •--•, _, • , - • ,., _, I' ,.., COi ), e .._ 

~ . - .,,_,_, - . , - ... ·. (57.50) 
The presence of an imaginary part or Sz results in a physically intel­
ligent nonincreasing solution it the minus sign is taken before i in 
Formula (57.49). (Here z.-f(sin111,-l)-:(-cos~+lsin~). i.e., z

0 lies in the upper half-plane in agreement with the rule for selection 
of the root in Formula (57.33)). Consequently, it is necessary to as-
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swne that i +%corresponds to vertical polarization and l - ¾ corres­

ponds to horizontal polarization; see Formula (54.47). 

(57.51) 

the attenuation or the field with distance is described by the mul­

tiplier 

t7'" [.. ( 'I )ll/1 
1· -.-(i '*• ., yr:-• . . 

or, considering that r • a·l, 

i'A; exp{-!l ( 3ff(l ±¾) ]111
(ka)

111 t}. (57.52) 

At the same time, we have seen (see Formula (39.7)) that in the 

more rigorous solution the rield or a vertical electric dipole at the 

surtace or a spherical earth is described by exactly the same series, 

in which the exponents giving the attenuation are equal in successive 

terma to 
• 

-%lmt1 --~tlmt., 

where the value oft; from 139 must be taken for ts in the case of an 

infinitely conductive earth. 

'"' Thus, instead of Im t; we obtaine,d (3:(1+{)j'1 1m,-•, where it 

is necessary to set l + 1 • s • 1, 2, 3 ... For horizontal polariza-

tlon, the boundary condition at the earth's surface (57.22d) corres­

pomJ~; to the "short-wave" case in 139, 1. e. , q • •. Hence the values 

"" of [¥(1 - !)J"'lm,-• obtained in the approximation of geometrical 

optics should be compared with the Im t~ from 539, 3~ ttin~ ~ • l • .. 
• 1, 2, 3 ... We obtain Table 3 for t, JI Jmexp(- 2

;' JI. 
This example is a good illustration of the accuracy o f the ~eo-

metrical-optical approximation: it can be inexact only for the lowest 
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value oft, where the error in the exponent reaches 10%. 

TABLE 3 

'A I 
Olcfyrw W B n,rdw 1111 ,,. ....... UlliDI 

• 

t 
2 
3 
4 

..,...D ..,..D 
-C -- c.;=r -
•~• 1 •0'IIQOIIT....., ..,,..,....... ror■IOlffWM ------_••P■at'll&M w1p11·,... ~----

t,02 
a.:., 
,.12 
1,163 

2,34 
4,08 
5,52 
6,77 

t,f2 
3,21 
4,83 
,,no 

2,51 ' 
4,08 
5,53 
1,79 

A) Rounded exact values; B) geometrical­optics approximation; C) vertical polar­ization; D) horizontal polarization. 

We shall not dwell on the question as to the extent or agreement 
between the preexponential constant factors in the individual terms or 
the series, i.e., the extent of agreement between the solutions as a 
whole. What is essential is that it is the smallest t that is important 
at great distances. For it, therefore, we must look for f(a) by more 
rigorous methods. But it is precisely in the case of a spherical earth 
and homogeneous atmosphere that this is not difficult: for a linear 
cmod(z), the equation for Z(z) may be solved exactly; by the substitu­
tion of variables (57.5), it is brought to an equation that can be 
solved in Airy functions or cylindrical functions or order 1/3. We 
note that here we can no longer be bound by the requirement that each 
term of the series decrease with increasing•· To the contrary, we 
know from 139 that the field increases with increasing elevation above 
the ground and that the individual terms of the series increase expo­
nentially. Accordingly, the cylindrical functions or order 1/3 that 
are selected will be Hankel and not Bessel functions. However, by vir­
tue of the imaginariness of the argument, these functions coincide for 
large values of the argument, as indeed they should, since the method 
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of geometrical optics, which yields "standing" waves (trigonometric or 

Bessel functions) in the region z < z0 , is valid only for larg~ phase 
values. 

In addition to the residue series, the complete solution (55.17) 
contains integrals taken along the sections drawn to infinity from the 

branching points or the two reflection coefficients. In this case, 

however, the coefficient or reflection from the upper boundary f 1 
(57.42b) hau no branch points and the coefficient or reflection from 

the lower boundary has, since 1, 31 +•,a branch point at infinity; 

the integral vanishes, as noted in connection with Formula (55.15). At 

large but finite 1,31, when it is exponentially small, this integral 

describes a "side wave," a wave that passes to the observation point 

through the earth. 

Up to this point, we have assumed that both the observation point 

and the source are on the ground, z0 • z • o. Now suppose z ~ o. As 

before, the solution is expressed by a residue series (55.15), but the 
"altitude factors" t(o 1) depend on• (and terms of the series with Z > 

> 0 become increasingly significant, so that the inaccuracy of the 

geometrical-optical approximation is reduced). Since they can differ 

from the solution Z(z) of Eq. (57.3) only by a constant factor, their 
form in the approximation of geometrical optics is known to us as func­

tions (57.19) with (z) (57.46) and with z01 determined by the rela­

tionship a(z..)-1 ·+~-1ln1 ca,, where o1 is given by Formula (57.47). 
From this, we find by evaluating the integral in much the same way as 

in the derivation or Formula (57.42a), 

z, - • C cos{½[ 2(ia)"': + (ia)111 cos'ca,]'
11 + T} • (57. 53) 

.. I , . . f 2 a+ CIDI .. I • 

But it is seen at once that where y is the dimen-
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sionless height introduced in 139. 

Since the geometrical-optical approximation is valid only tor 
large values or the argument, we must assume either y >> 1 or i >> 1. 
For this case, as was noted earlier, the cosine may be replaced by the 
exponent alone (or, what is the same thing, the Bessel function may be 
replaced by the Hankel function) by virtue or the imaginariness or the 
argument a. Thus, for example, setting for y >> t 

we obtain, selecting the constant factor C such that as y + 0 the al­
titude Zz becomes unity, 

(57.54) 

This altitude factor is identical to the factor given by the rig­
orous theory (139) for y >> 1, where it is accordingly necessary to . 

(1) take the asymptotic expression for ~(t - y), i.e., for H113 . We note 
that it is Formula (57.53) that is the asymptotic expression for 1113 . 

We have analyzed application or the normal-wave-in-waveguide 
method to cases in which f can be determined approximately by analyti­
cal solution of Eq. (~7.43) (or (55.15)). In more realistic cases, it 
1s necessary to reeort to a rather complex numerical procedure. By way 
of example, we refer to the solution [4] of the propagation problem 
for superlong waves (thousands and tens of thousands of cycles) gen­
erated, for example, by lightning discharges (atmospherics) in the 
layer between the surface of the earth (which may be regarded here as 
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an ideal conductor) and the ionosphere. In this study, the altitude 
curve ,(z) in the ionosphere waa characterized by the formula for the L) 
"transition layer" (57.9) with M • O (Pig. 57.3), with the values of 
the constants P and• selected separately for day and night from iono­
spheric radiosonde data. Th~ exact solution for such a layer [11] • 
gives the value or the reflection coefficient f 1 (while we consider r 3 equal to unity). Then the v1 were found by numerical solution of Eq. 
(55.15) and the fields or the corresponding modes were summed (some~ 
ti•s taking about ten first harmonics into account) to plot the at­
tenuation tunction or the field as a function of ~istance ~ along the 
horizontal. The resulting dependences on~ and frequency for the day-
ti• and nighttime fields were found to be rather fantastic. They 
agreed e~tremely well with those round experimentally (for detail see 
the monographs [I, 2] and [4]). 
·158. SPHERICALLY STRATIFIED ATMOSPHERE. GENERAL THEORY 

1. We shall consider systematically the solution or the field 
equations tor a spherically stratified atmosphere. For an arbitrary 
radial distribution of c(h) above a spherical earth, we could use the 
method or the modified refractive index, which was introduced, admit­
tedly not at all rigorously, in 156, ar,d then the solution for a three­
layered space (55.17). Here it would be necessary to assume that a 
source at height zO is situated in a homogeneous layer of infinitesi­
mally small thickness, bounded above and below by inhomogeneous layers. 
In this case, we should be obliged to calculate the coefficients of 
reflection from the bounda~ies of these layers, taking this reflection 
coefficient into account for the lower layer in addition to the inhomo­
geneous tropospheric layer O < z < zO, as well as the influence of the 
earth. Special methods (see [I, 9]) have been developed for calcula­
tion of these reflection coefficients (and, from them, of the functions 
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(J)~(
2
) ). However, the methods or analysis in common use (it is not 

diff~.cul t to prove the identity or the two approaches) proceed directly 
from integration or the field equations in an inhomog~neous medium 
above the eartt. ( see [I, 13], Chapter 2 ; [ 18]). We shal 1 now set them 
forth in a manner that also justifies the modified-refractive-index 
method. 

As was shown in 13, Subsection 4, the solution or the Maxwell 
equations may in this case be placed by the solution or a scalar equa­
tion for the Debye functions u(r) (in the case or the field or aver­
ticQl electric dipole) or v(r) (in the case or the field ot a vertical 
magnetic dipole), which satisfy Eqs. (3.39a)-(3.39c), which we shall 
write in the spherical coordinate system (r, ~,~)with it$ center at 
the center or the earth and with the polar axis passing through the 
dipole. By virtue or symmetry, the functions u and v need not depend 
on~- Hence we have 

..!..~(,u) + • 1 
.!. (sin o ~) + •·•,. - o,} , Ir' , 1 unlH •• . 

t .. t • • '°) -;-is' (ro) + ,. sin• ,. ~ sin O •• + /cir, .. O; 

(58.l) 

/c8 - • (r) t:_ "- - ~ • ••• - /c' - /c .£.. ...!... . ~ .... (58.la) 
In many cases we may set k• • k. This is valid primarily when c ex-
periences only monotonic variation due to the normal decrease in den­
sity in the troposphere, i.e., when it varies by an amount or the or­
der of 10-

3
-10-

4 
on an interval or the order or 10 km• 106 cm. Actu­

ally, since£ is close to unity, we may write 

t(,)•Y 1 +(•(la)-., ...... ( 1 + .,.~-t) t_ 

and hence (r •a+ h) 
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On the other hand, the principal term in the left member is determined by the length scale tor the vertical variations or t e field, i.e., according to Formula (38.9), 

. ,.. l .. )"' . -- - ... .,. •. 
Hence the difference between k• and k can be disregarded if 

-< - . ... (,,. )',. .. . (58.3) 
It is easy to see that Inequality (58.3) is satisfied with a large margin even tor the longest waves, since ld2t/dr2

1 ~ 10-15 cm2 . If, however, we are speaking or sharp variations of t(r), variations or the inversion type, when the question as to the formation of wave­guides may arise, such variations of t(r) will interest us on inter­
vals of the order or Herr• where Herr is the effective thickness or the inversion layer: ... • .. ---.. II' ... 
On the other hand 9 for example, for the waveguide-crapped field 
ja 2u/ar2

1 ~ lul/H!rr in this case, and the difference between k• and k can again be disregarded, since l6tl << 1. Hence we may examine a sin­gle equation, (51.la), for both polarizationa or the field, if neces­sary understanding k• fork. 
But Eq. (58.la) differs from the equation for a homogeneous at­mosphere only in the presence of k2 • ck~ instead of k~ • w2/c2 . It will subsequently be convenient to introduce a {nonunity) value or the permittivity or air at ground level, c0 • c(a), and understand by k~ the quantity .. .. -. 

~ 
After this it will be convenient to make the same transformations as in 138, to wit: firstly, from the vertical variable rand the horizontal·~ to pass to the variables y and z (38.8) and 

( 38. 9) : 
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I I 

.s-"/ !!!t-,/'i: at-Mt-~-~ ,. i Y ~• a• o.w• (58.4) 

I A t,la 
1-(r-a)-l'-=,,a-.;(i)-Af, (58.5) 

(58.6) 
where M > > 1 is the large paramete:r of the problem; o

0 
and h

0 
are the 

horizontal and vertical scales; s~condly, we convert from the field 
function u (which we shall also understand as the Debye function v or 
a vertical magnetic dipole) to the attenuation function U by the for­mula 

.,._. .. ,,­
•--,. .s u R (58.7) 

(see Formulas (38.19) and (38.20); U replaces w
1

). As a result, expand-
ing the small quantity M-1 in series and retaining the lowest-order 
terms, we obtain for u, in analogy to (38.21), an equation that differs 
in the presence of the quantity c(r) - c

0 
(18], 

~ +1~ + [,+ M• .,,~ .. ]u-o. 
with the boundary condition (compare (38.22)) 

IV • ---fll for ,-o. ,, 
Here for an electric dipole (vertical polarization) 

IM IM ,_ ___ _ 
f- -=- -Y•,-sm•ca, t' ,: .. 

and for a mar:netlc dipole (horizontal polarization) 

q- f• - lMY &1 -sin'ca, 

(58.8) 

(58.9} 

(58.10) 

(58.11) 
whe re c 3 is the permittivity of the earth (more precisely, its ratio 
to the permittivity of the air at the s urface of the e arth, c

0
); ~ 1~ 

the angle of incidence (which replaces the glancing angle•• i - a) 
of the wave at the point in question. Hence the t e rm -sin2a under the 
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• 
radicaal has explicit significance for a plane wave. But since the di-
pole tield can be decomposed into plane waves with complex sin m, Con- . ) 
ditiona (58.9)-(58.11) will also obtain for each such partial wave. In 
particular, it 1a necessary in the plane-wave method, as used in 132 
and 155, to assume s1n2m • v2/k~, where v2 is the separation parameter 
ot the cylindrical variables in the Sommerfeld method, 131 (compare 
also 155 and 157). 

Thus, the problem is reduced, as for the homogeneous atmosphere, 
to a parabolic equation. The transition to this from the wave equation 
(58.la) waa based on the statement that the attenuation function var­
ies much more rapidly along the vertical than along the horizontal. 
Accordingly, the vertical scale h0(A) is much smaller than the hori­
zontal 0.(1) ISi.i). A.(1) - ~ D.(1)'-..L D,(1). In the case or a stratified 1 Aa U1 
inhomogeneity, this difference of scales can only increase if, for ex-
aq,l•• the t1eld follows the variations of t(r). Hence the transition 
to the parabolic equation is no less admissible here than in 138. 

Boundary conditions (58.9)-(58.11) ty~ify the fact that the param­
eter q • qm is always very large for horizontal polarization. On the 
other hand, tor vertical polarization, even with a large t 3, the param­
eter q may also be large if we are speaking of short enough waves - if 
M >> rc;. The physical sense or this parameter relationship was ana­
lyzed in 134 (see (34.22)), where it was shown that if lql >> 1, ab­
sorption of the waves in the soil will make itself felt before geomet­
rical distortion of the surface in attenuation of the field or a 
source on the ground. 

In the case of very short waves, therefore, for which tropospheric 
refraction is bas ically of interest, even with a soil that conducts 
well the principal case is that in which lql >> 1 and the boundary 
condition (58.9) takes the following form for either polarization: 
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U - 0 for II - 0. (58.12) 
According to Formulas (34.22), (34.24), this will be the case for ver­
tical polarization when, disregarding the displacement currents, 

10'~<•. (58.13) 
-13 · i.e., for an average soil, cCGSM ~ 10 , Akm << 0.3 km must be true; 

for the ocean, aCGSM ~ 0.4°10-10 , A << 25 meters. If, on the other 
hand, the disvlacement currents are small, c3 ~ Re c3, as occurs for 
very short waves, the absolute value lql • M/t'Re£ 3 is that much larger. 

Now the formulation of the problem has been simplified consider­
ably. An important result follows even from this formulation: if in 
Formula (58.8) the multiplier M2 is taken out from the square brackets, 
we may, applying Formulas (58.5) and (58.6), recast the equation in 
the following form: 

!!! + 1!!..+ M'l.!-+•<•>-8!.Ju-o. .,. .. . .. (58.14) 

It may be understood as the equation for a flat earth's surface 
and plane stratification in the coordinates z,y for a function c(h) 
that varies with altitude according to 

2A ._(A)-= 1(l)+- , .. 
• 

(58.15) 

Thi ~ leads us to the m~thod of the modified refractive index, 156, 
Subsection 1 (see also Formula (57.1)): the earth's curvature can be 
replaced by an additional linear increase inc. 

On the other hand, if the true permittivity c(h) varies linearly 
(or almost linearly), we may assume •<")- .. --.+ All!) 

\.- .. duce the effective radius ae by the formula 
I • 

!!. - ..!. + .!. (~) ,.. • I A •· 

and intro-

(58.16) 

If we then redetermine z, y and Min Formulas (58.4)-(58.6), setting 

(58.17) 
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(58.18) 

then we get 

.-U IU -+,-+ ... u-o ·ltl' '1t' r . • 
(58.19) 

i.e., in the variables z', H' the same equation as for the homogeneous 
atmosphere above a spherical earth, ror ·exarnple, Eq. (38.21). It fol­

lows rrom this that tor linear variation of £(h), the field takes ex­

actly the same form as in the r.ase or a homogeneous atmosphere, the 

only difference being that the vertical and horizontal length scales 

are changed by substituting the effective radius ae for a (5a.16): 

(58.20) 

i.e., o0(A) is increased by a factor or ¥¾ and h0(A) by a factor 

• 
ot ~ 

In this justification ror the methods or the modified refractive 
index and the effective earth radius, they occur in the same approxi­

mation, in which the wave equation may be replaced by a parabolic equa­

tion. However, we may also proceed directly from the wave equation 

(58.l) and, having separated the variables~ and~. systematically ex­

pand sin~ in powers or~. i.e., in powers of the ratio a~/a, in the 

equation for the function of~- An estimate of the error in the value 
or the height factor or the field Z(h) based on this indicates [19] 

that the relative error 1~ of the order or kh5121a312 . For centimeter 
waves, for example, A• 10 cm, the error rises to 201 at an altitude 

of the order of 2 km. Thus, the £mod method can be used for such short 
waves only for limited altitude ranges, for example, in analysis or 

tropospheric waveguides. However, even for A~ 10 m, the error is neg­

ligibly small throughout the troposphere, so that the wave equation 
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v'u+i'a-..(z)u-o, •-.!!.., 
. C (58.21) 

may be considered, where z =his the height above a (flat) ground 

surface, i.e., it has the same sense as · in 1156 and 57. 

2. Like the waveguide equation (58.21) taken in cylindrical coor­

dinates~. •• the solution or parabolic equation (58.14) is sought by 

the method of separation of variables. In the latter case, we set in 

Formula (58.14) 

u-·- ~F 1•"; l)tU, • t 'i .. 
. ZIii u,, (58.22) 

and, consequently, F must be a solution or the equation 

'91 M.. • 
~ +(p'(l)-t)F- 0,. ·p'<,)- -(1111111 -1), . . .. . 

(58.23) 

and C is a specially selected contour. 

In the other case, according to Formula (57.3b), ·we may set (in 

contrast to Eqs. (58.1)-(58.3), r is a cylindrical coordinate here, 

r • ail): 

(58.24) 

where Z must be a solution of the equation that we examined on several 

occasions in 1155 and 57: 

(58.25) 

Since U is the attenuation function and Mis a field function contain­

ing the factor r-1 , the conditions at the source that these functions 

mu::;t natiofy will be different. The contour C and the properties F in 

Formula (58.22), as well as the coefficient B(v) and the function Zin 

Formula (58.24) must be selected to conform to thene conditlono, t h~ 

boundary condition at z • 0 and the radiation condition. We see ttiat 

t he equations for the "height factors" F and Z differ only in the .. "' .... scale of the independent variable, fl - M"°'' 11e- 7 ,,, and in the not a-
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tion or the separation parameter: 

(58.26) 
. t! . . 

y1 _-!-, + "'· .... . . 

We shall use Eq. (58.25) aa our point or departure. 
Let us conaider the problem or de~ermining the height factors. 

Equation (58.25) baa two independent solutions, and since as z + •• 

de1"1n1tely c(z) + 1 and 'mod(z) becomes 1 + (2z/a)c0 , i.e., a linear 
function or•• these solutions must go over into solutions of the equa­
tion tor a linear layer (57.4) and admit of expression in terms of 
cylindrical functions of order 1/3 or Airy functions. It is clear both 
from this and trom the solution in the geometrical-optical approxima­
tion that these will be solutions z+ and z- that behave as departing 
and arriving waves. The radiation condition requires that only the so­
lution z+ be retained; this gives a receding wave asymptotically as 

' 
z +••It the source is at a height z0 , the field below it may contain 
both tundamental solutions: 

z-u+ for z>z0 , 

z-c.z+-+c..z- for '0>1>0, (58.27) 
where A, c1 and c2 are constants determined by sewing these functions 
together at z • zO and from the boundary condition at z • 0. We shall 
take it in the form (34.6), although it is now necessary to remember 
that the glancing angles~. cos 2• • sin2a • v2/k2 may be arbitrary, 
i.e., it is necessary to set 

,i • ---ltlaZ f'o.r ,-0, • 
for vertical polarization; .. ,/ ;, 

11-v ••--.. 
~ontal polarization. Prom this we obtain two equations: 
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which define t ·llfo of the three constant::;. 

The common constant factor depends on how z* is normalized. As 
z ++•,their behavior is given by Formula (57.17), which, it conven­
ient, may be regarded as an asymptotic expression of the Airy tunction 
{57 .6) (in this case, B~ -exp ( +i: )) : . 

(58.29) 

Here the a* are arbitrary normalizing factors. In this case, as will 
be seen at once, we must set 

(58. 29a) 

As a result, having determined A and c1 , we find (the primes denote 
derivatives with respect to a): 

fora> .. 

- - _Lr{ z- (O; W) + ,.,.Z- (O; ,r) - z- (,: ,r) } r (z ' '¥) r (,; Y) .l (Yr) Wfw • .. ,,_ J z .. A ,,, + ,..z• A ,,, Z• (r. ,,, ,,, 1 

• • for 0<:1<:'o- (58. 30) 
Actually, the indicated selection or c2 and the limits are valid 

if u now satisfies one last requirement that we have not yet taken in­
to consideration: as z + zO, r + 0 the function u must become the 
Debye function for an isolated i pole (16.12): 

.,.. -~ WY . ..,r.;;::.r ( 8 ) • - - - -:-::===J,(wr),:JC~•r ,,._,. for 1:l!'o- 5 • 31 R et"-r-ii 
But as R + 0 in this integral (as in (58.30)), infinitely lar~ v 

play an important role. Hence it is sufficient to substitute the values 
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z:t aa v 
+ - in the integrals or (58.30). 

We may uae the asymptotic form of z·* (58.29) with v 2 >> k2t(z): 

V- .!!_.~.._,o,.*" . r;;- (58.32) 

Substituting these expressions in (58.30) gives 

-.. -sl,(Yr),~► ... ,,,. for ,~ic, • 

• 
Thua 1 there actually is agreement with the integral of (58.31) 

(in which we muat also let v + •). 

Thua 1 (58.30) is the field or a dipole in an arbitrary spheric-
* ally symmetrical atmosphere it Z implies solutions to Eq. (58.25) 

that have been normalized in accordance with their asymptotic behavior 
(58.29). We note that the factor -i/B+B- can be expressed without ref­
erence to the asymptotic behavior or the functions. That is to say, we 
may aet in Pormulaa (58.30) 

,rr-.!..,._ .!.(z-~-z•!!:) <~8. 33> I I ts ar • 
I~deed, according to Pormula (58.25), dWO/dz • o, i.e., w0 is inde­
pendent or•• Hence the value or this constant can be obtained, for 

:t ex&Jll)le, by using the values of (58.29) for Z as z +•in Formula 
(58.33). Then we find that w0 • 2iB+B-. 

Solution (58.30) obviously generalizes Solution (31.9a), which is 
valid for a homogeneous atmosphere and a flat earth. Hence it is some­
times known as the generalized Sommerfeld integral. Like Formula 
(31.9a), it is still far from a form suitable for practical use. 

Fir·st of all, remembering that, according to Formula (58.25), z* 
2 and, according to Formula (58.28), n as well depend only on v , i.e., 

are even functions of v, we may, as usual, set 
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and extend integration over the entire real axis of v: ... 
" - S sr'(wr)z+(io; w)z+(,; v)Q(z, v)wlY, -- • 

where z0 is taken for z > z0 and a for z < z
0

, i.e., smaller than the 
numbers• and z0 , in the arguments of the second fraction in the 
braces. 

This form of the solution [I, 13] is now quite similar to Porm 
(58.22), and can be reduced entirely to the latter. On the other hand, 
we may at once find an expression f~r F and the shape of the contour C 
on the basis of Formula (58.22). Without giving the derivation (18], 
which is fully analogous to the above, we present the result. It is 
found that the contour C must cover all poles of the integrand func­
tion. Further, 

t 
Here the F (y; t) are solutions of Eq. (58.23), which behave aaymp-
totically, as y +•,as receding and arriving waves: 

1· ' ,-!. * ~ p , •*• • (58. 35a) r (r. I); 1 /Pl,l-1 • • 
w

0 
• F+F-• - F-F+, (the prime denotes differentiation with respect to 

y) and i s equal to 2iB+B-. For a+• B- •land t • o, Formula (58.35a) 
t 

~l vc~ an asymptotic expression of ·the Airy functions. Thus, F differs t 

from Z only in the notation for the independent variable~, while Fis 
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.• 

+ + 
obviously identical to Z (z; v)Z (z0 ; v)Q(z; v). The difference be-

tween the two solution rorma essentially reduces to substitution or 

the Hankel tunction H~1 >(vr) in Pormula (58.22) by its asymptotic ex­

pression tor large vr • va: 

Actually, according to Formula (58.26), provided that we may 

state that the values ot t concerned are not very large, t << M•2 , 

then •••(•+ ~,) and according to Formulas (58.17), (58.34) and 

(58.35), 

(58.35b) 

The multiplier before the exponential corresponds to conversion from u 

to U, and to demonstrate the identity of Formulas (58.34) and (58.22), 

it would be necessary to consider, in addition, the problem of reduc­

tion or the contour C to the real axis. It proceeds from the condition 

at the source. 

The actual calculation of u or U must consist firstly in finding 

the height factors z* as solutions of E:q. ( 5&.23) or (58.25). In cer­

tain cases, it may be carried out analytically for a given function 

t(z), while in others it is done by numerical integration. In many 

cases, however, it is sufficient to take the solution in the geometri­

cal-optical approximation (157). Secondly, it is necessary to perform 

integration 'overt (or v). Just as in the case of the homogeneous at­

mosphere (or a linear curve of ,(z)), the integral can frequently be 

reduced to a series of residues in which, if we are considering the 

field ·"beyond the horizon," we may restrict ourselves to a small num­

ber of terms. This transformation is similar to converf:lion from For­

mula (39.21) to Formula (39.20) or from (55.13) to (55.17). The agree-
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ment with the case of' a three-layered space, which was considered in 
155, is complete. Formula (58.34) is essentially Rnother form or 
(55.13), and since wJv -t11ine1dline1. the function under the integral, 
by which H~ 1 ~(vr)vdv _ is multiplied in Formula (58.34), may be regarded 
as identical with - u ., CD.(11) (compare introductory remarks to the c:ea• 
present subsection). Accordingly, the integration contour may even now 
be drawn away from the real axis in the direction of +1• (the integral 
is exponentially small on an infinitely remote semicircle), hanging 
down on sections passed from the branch points of th~ integrand to +1• 
and, moreover, leaving residues behind it at the poles of this expres­
sion (this is fully equivalent, if we substitute v • k sin a, to ~ran­
sit ion from contour r1 , Fig. 55.3, to the contour of Pig. 55.,). Thus, 
u becomes the sum of residues at the poles vz in the upper halt-plane 
and the integrals alongside sections drawn from the branch points vk. 
Q exhibits these poles and branch points: 

• - bl ~ ,,c.u (v) r (r. ,,,> r (io. ,,,> Res Q (z; ,,,, +. 
I • • I • • . ,· . .. 

+ i ~ H!1•(vr)r(z; •)z+(io; •)Q(z, •)ft. 
••• 

(58.36) 

The poles vi are determined by the equation 

r' (O;· v,) + itqZ• (O; v,) - 0. (58.36a) 
The branch points, on the other hand, are the zeros or the rune-

tion n(v) and, for lc 31 >> 1, are placed very high, just as in the 
case of the three-layered space ( 155 , Formula (55.16)). As a result, 
the corresponding H~l)(vkr) are expof'\entially small and the integrals 
a loncs ide the sections may usually be disregarded. Assuming that the 
po Le;.; a re ::;i mp l e , we may as :;ume (the second term in the braces in 
( 1 ,H. Via) doe:.-; not make a contribution) 
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.. 

(58.37) 

It we uae Pormula (55.22), the integral also reduces to a sum of 
Na1duea at the poles or the same tunction taken in the variables Y~ t. 

Howeftr., to inveatigate the tield in the "visible region," "above the 
hor,fson," or "near the horizon (here these concepts have a somewhat 
41tterent aenae than in the case ot the homogeneous atmosphere), it 
would be neceauary to take too many terms of the series or it would 
41._rse anyway. In this region, it is more convenient to use the in­
tegral representation (58.22) or (58.34). 

In studying waveguide propagation or radio waves, it is most · im­
portant to determine the "characteristic numbers" - the values v1 and, 
1n particular, those or them that have the smallest imaginary parts. 

A detailed exposition or the technique for calculations by For-
■ula (58.36) may be found, tor example, in [I, 13], which also pre­
aenta certain results tor linear and "broken-linear" profiles, i.e., 
tor cases in which either c(z) is a linear function of altitude at all 
altitudes or the slope or the line changes abruptly at a certain alti­
tude (curves 5 and 6 on Fig. 56.5), as well as for a profile composed 
Qf two straight lines Joined by a segment of a parabola and for a pro­
file containing a linear trend and an exponential segment. The case of 
the broken-line profile was examined in [5]. Important results baaed 
on Fok'a solution (157, Subsection 6, Formulas (58.22) and (58.35)) 
were obtained in [20], where a special study was devoted to superre­
traction tor a profile or the type of curve 7 on Fig. 56.5 or Fig. 
57.6, i.e., in the presence of a waveguide layer at the ground. This 
profile can be described systematically by the formula 

....... (z) • p' (I) - ,,. <,,) t (I - ,,,. • 

- . •+~ 
(58.38) 
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where yi • k0Hi/M* is the dimensionless altitude of the middle of the 

layer and Yi• p2 (yi) - 2yi. The most important case, q ••,was se­

lected for q. If the approximation of geometrical optics is used to 
+ calculate the altitude functions Z (or the function P), then Z is 

given by the function (5·7.38a)-(57.38c), while z- is its complex con­

jugate. Forming from them the function Q(z; v) (58.34a), and then con­

verting to the dimensionless variables y. Yi• y0 and t and applying 

Formula (58.35), we obtain after certain calculations [18b) 

·""·~ .. ,,. , ,,, 
F(t, lo. 1)- •-_......,_ • __ • (58. 39) Y ~o) - I ( ,' '11 - I Ila(,,)•_..'--••-., J 

Here it has been assumed that one of the corresponding points - the 

source - has a dimensionless height y0 and is situated above the layer, 

Yo> yi, while the second is below the inversion point, inside the 

waveguide, y < yi; the values of t(y), t 0 , x and pare given by Por­

mulas (57.37)-(57.37b) and (57.38c). If in the deep shadow we limit 

ourselves to calculation of the first few terms of the residue series 

(i.e., if we take into account only the first few poles covered by 

contour C (58.22)), we obtain propagation that is distinctly waveguide 

in nature. The roots of Eq. (58.6a) (at q ••and, consequently, n • •, 
+ it becomes the condition Z (O; vi)• o, compare (39.3)) give the val-

ues of vi and, according to Formula (58.26), the values or ti tor the 

waves trapped by the waveguide and the first few untrapped normal 

waves. On the other hand, these values are also obtained as poles of 

the function F (58.39), i.e., as roots or the equation 

(58. 39a) 

which may be compared with the same condition (55.15) in the three­

layer method. 

A detailed numerical analysis is given in [20] for several sets 
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of particular values or the parameters y1 , Yo and Yi· The waveguide 

nature or propagation is manifest in the fact that the imaginary parts 

of the roots t 1 are much smaller th&n for a homogeneous atmosphere 

above a spherical earth. • 

In the two l"orm that proceed respectively from Formulas (58.22) 

and (58.3-), and in a third torm based on Formula (55.13) (all of 

these tora are fundamentally identical ir it is considered, for ex­

aq,le • that the asymptotic approximation i·s essentially taken for 

H~l)(vr) in the parabolic-equation method), the theory set forth above 

baa also been applied to~ nonwaveguide profiles of t(h) in the problem 

or penetration beyond the horizon. Due to the difficulty or calculating 

the altitude functions, the first rew terms or the residue series, 

which give the weakest attenuation with distance P, are usually stud­

ied. Naturally, they give an essentially exponential decrease of the 

field with distance. 

Recently, however, attention waa drawn anew to the entire problem. 

It had been found that different Zi increas~d differently with alti­

tude. Only with z • 0 can we sp~ak unequivocally of predominant im­

portance of the lower t. In [5], the equation for the altitude factors 

(58.25) was solved on the assumption that t(h) diminishes with alti­

tude by the standard-atmosphere law (15.3)-(15.4) only in the interval 

between the surface of the earth and an altitude h • 9.3 km, where E • 

• l with such a gradient, while above this level E does not vary. Thus, 

cmod has a broken-line profile with an inflection point at the alti­

tude h1 • 9.3 km. With this assurrtl)tion, Eq. (58.25) was solved exactly , 

and not in the geometrical-optical approximation. This becomes pos­

sible because Airy functions (38.28) represent the solution with a 

linear variation of t(h). In the interval O < h < h1, the solution is 

represented by the sum of two Airy functions (whose asymptotes hav~ 
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the form of arriving and departing waves, respectively): 

(58.40) 

while for h > h1 , it is or the nature or a receding wave only, 

z-Aw+, Aa<A. C58.40a) 
Sewing the two functions together at h • h1 and satisfying the condi­

tion at the ground surface that corresponds to short waves and a large 

c3(q ••),we can determine not only two of the three coefficients c1 , 

c2 and A, but also the natural values of vz· The result obtained in 

(5] indicates thRt for ' high enough corresponding points (which are 

nevertheless far beyond the horizon), the contribution of higher-num­

ber modes diminishes only for small t. For A• 6 m and antenna heights 

h0 • h • 1000 reet ~ 330 m, beginning with t ~ 90, the contribution or 

higher modes begins to increase sharply, and it remains large in any 

event up tot• 126. The imaginary part of vi remains much smaller 

here than in the case of a homogeneous atmosphere above a spherical 

earth. It is known, for one thing, that the experimental points tall 

on the curve for the unbounded standard atmosphere (i.e., onto the 

curve corresponding to the theory or 139 with a~-.-t•) only in 

front or the horizon and directly behind it. Beyond, the actual field 

exceeds the theor~tical field (for th1a case) by tens and even hun­

dreds or decibels. The mechanism of radio wave scattering on tropo­

spheric turbulence was invoked to explain this fact. At the same time, 

the broken-line profile calculation described above gives (it we con­

sider 80 modes in the region or t-values in which their contribution 

1s largest) very good agreement with experiment. 

However, the broken-line profile embodies an idealization that 

seems very doubtful; if at a certain point the derivative of c(h) 

changes j umpwis.e, this physically unreal singular! ty of the curve may 

endow the solution w~. th features that do not actually occur. This ·.-reak 
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point or all calculations based on inflected profilee has not yet been 
subjected to exhaustive study. 

We recall once again that, aa was shown in (21), the simple ray 
treatment may be round fruitful within line-of-sight range. 
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[Footnotes] 

It should be remembered that here r is the distance from the aource along the arc or a great circle, r a a~, and not the distance from the center of the earth. 

[Transliterated Symbols] 

UHH •min• minimal'nyy • minimal 

uo~ •mod• modifitsirovannyy • modified 
3~~ •err• effektivnyy • effective 
cTaH~ •stand• standartnyy • standard 
KP• kr • kriticheskiy • critical 

KPHT • krit • kriticheskiy - critical 
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Chapter 10 

PROPAGATION OF RADIO WAVES IN A TURBULENT TROPOSPHERE 
159. INTRODUCTION 

1. We have hitherto regarded the atmosphere as either homogeneous 
or stratified-inhomogeneous. In actuality, however, as was noted as 
early as 115, the real atmosphere is alway s filled with random three­
dimensional inhomogeneities, random fluctuations or density, tempera­
ture and humidity and, consequently, fluctuations or the permittivity 
cat the refractive index n. They produce various effects that influ­
ence the propagation of radio waves, light and sound. Accordingly, 
they are studied experimentally by various methods that complement one 
another, and the conclusions are frequently common for all three forms 
of radiation. For the sake of definiteness, however, we shall speak of 
radio waves in the- tropospher•e. 

A bundle or radio waves passing through a statistically inhomo­
geneous medium experiences random phase shifts that are different at 
different points on the front, and, accordingly, refraction and scat­
tering (we may disregard absorption if we are speaking of frequencies 
for which c is real). Hence. at an observation point on the path of the 
undisturbed pencil of rays, the signal level oscillates at the fre­
quency of the oscillations of c in the medium. Since these frequencies 
are s mall by comparison with the frequencie s characteristic for radio 
transmission, what actually takes place is fadin g of the si gnal. More­
ov •r , tll di r e ction of the normal to the front fluctuate s due to r e -
1·r :u.: tlon on .l nhorno1~cnei t i es . On pass a ,:F,e of s tarl i ght through the at -
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moaphere, these two errects reduce, respectively, to twinkling and 

vacillation or· the apparent positions or the stars as seen rrom the 

ground. Moreover, it scattering is very strong, the~ is a decrease in 

average brightness. 

The ettect1 enumerated · above· are detrimental to reception condi­

tions and have become very important with the current steady increase 

in the aena1tiv1ty or the receivers (although useful information on 

the nature or turbulent motions in the troposphere can be derived from 

their study). On the other hand, scattering of radiation from the di­

rect beam results in "illumination" of region3 that would otherwise be 

in shadow. An important case here is found in penetration or radio 

wavea beyond the horizon, where, in the absence of the effect described, 

the field in deep shadow is exponentially small. Thus, due to scatter­

ing on inhomogeneities, the field beyond the horizon may be substan­

tially more stronger than that predicted by theory for a homogeneous 

(139) or standard layerwise-inhomogeneous (1156-58) atmosphere. Exper­

imentally, as we said at the end or 158, we do, in the case of very 

short waves, detect an excess (of tens and hundreds of decibels) of the 

observed field over that calculated for a homogeneous medium. Despite 

the statistical nature of this field, which is subject to considerable 

fading as well as other types of fluctuations, it can be used (and is 

already in use) for over-the-horizon radio transmission. As we shall 

see below, the scattering effect is particularly strong for superhigh 

f requencies, 1.e., precisely in the band in which the sphericity of 

the earth has a particularly harmful effect. Hence, s ince about the 

beginning of the '50's, study of the role of the atmospher~•s statis­

t : cal inhomogeneity has acquired particularly great importance. Since, 

by the very essence of the phenomenon, this study ~equires statistical 

methods, it constitutes an important and very rapidly developing branch 
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of statistical radiophysics. An enormous - and still increasing - num­
ber or studies have· been devoted to it. Detailed surveys and monographs 
[l, 2, 3, 4] containing also original results obtained by their au­
thors are available even · now. All or this obliges us to limit ourselves 
in the present book to a brief-exposition of only certain elementary 
questions and references to the corresponding surveys, and 1n some 
cases to the ori ginal articles. 

2. The effect of inhomogeneities on the field depends essentially 
on the relationship between the dimensions Z of the individual in­
homogeneity (this quantity may be determined as Z • n/lvnl), the wave­
length•• 1/k and the characteristic dimension L of the entire scat­
tering region (if the entire medium is filled with inhomogeneities, 
then L ~ D, where Dis the distance between corresponding points). In­
homogeneities with Z >> * • 1/k are most effective (see 160 below; 
compare also 148, from which it is seen that for Z << • • 1/k the 
scattering is Rayleigh scattering and proportional to (kt)-4 , i.e., it 
is small). Hence the approximation of geometrical optics in its vari­
ous modifications is the basic method. Further, the "depth or inhomo­
geneity" - the quantity 6c - the deviation of c from its mean value c 
i s an essential factor. In the atmosphere, it i s always true that 
l6cl << c so that we have the second useful small parameter of the 
;lrob lem. If the dimensions of the single inhomoc;enei ties and their 
number are not very large, the disturbance that they create is small 
and we may utilize the smallness of 6c to apply an elementary method 
that of small perturbations (160), in which the field incident on each 
inhomogeneity is regarded as identical with the unperturbed field. 
This method is quite adequate and is basic in calculating scattering 
ove r "larr;e" angles, and, in particular, in analysi s of penetration of 
the ray s beyond the horizon. However, the accumulated e f fe ct of many 
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inho110pneitiea, even though they partially con~ensate one another, 

may ultl•t•~ render thia approxlmatior. unasu1table, generally speak­

in1~ atter paaaage over a long enough d1atance. Below we shall see 

that tble ia the cue chiefly tor observation in the line-of-sight re­

gion. It beoo•s necessary to take account or the "reradiated fields," 

and Yarioua other approximate •thods to be considered in later para­

grapba are poaaible here. Let ua describe them briefly here. 

It th~ characteristic d1menaions i of the inhomogeneities are 

large enough and. the uistances Lat which the observations are made 

are long enough, the Fresnel zone tits into a single inhomogeneity in 

the transverse direction. Then a theoretically important parameter, 

the so-called wave parameter P, 

p _ l:, < •. ,,,. (59.1) 

ia amall. In this case, each inhomogeneity acts as a prism deflecting 

the ray and as a c·ollecting or dispersing lens. These effects are mi­

nor. The total e ttect is close to that which occurs on passage through 

a layerwise-inhomogeneous medium with a random distribution of 6t over 

one coordinate - the lo~gitudinal one. To the extent that kt>> l we 

may apply geometrical optics, as in the one-dimensional problem con­

sidered in 157, with the deviations of the refractive index from its 

average given statistically. 

This elementary case of the geometrical-optical approximation by 

no means exhausts all or its possibilities. Even in the three-dimen-

+ + 

sional problem, the slowly varying phase ik~(r) and amplitude A(r) of 

the wave can be found for any L by successive approximations from the 

~olution of the wave equation for the wave function u. We can, for ex­

ample, as in §57 (see Formula (57.15)), seek the function u(r) in the 

form 
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" (r) - A (r) , .... ,,. (59.2) 

by expanding A and~ in series in powers of the small parameter 1/kt. 

In principle, however, it is possible to go farther by including A in 

the phase, as is cus~omary, for example, in quantum mechanics, or as 

is always done when it is desired to extract the exact value or the 

small reflection coefficient from the approximation of geometrical op­

tic3 (compare 157): 

,.,,,-,..,.. 
4D(r)- l~(r) + lnA(r). 

(59.3) 

(59.3a) 

In this case, we may, expanding tin series, also take account of rel­

atively large amplitude distortions. However, the form (59.3) shows an 

advantage over (59. 2) only wh•.!n the first two approximations or geo­

metrical optics, which give a ~olution of the form (57.17) are not ade­

quate. At the same time, for ~assage of waves through a chaotically 

inhomogeneous atmosphere, whe~, in contrast to 157, we are not inter­

ested in exponentially small reflection, even the elementary solution 

in the form (57.17) is in many c~ses found to be sufficient (it nec­

essary with the corresponding three-dimensional generalization) .. More­

over, it is often possible here to determine the phase t not only by 

the usual method, expanding tin 1/kt and then separating an expres­

sion of the first order with respect to 6n from the principal terms, 

but also to expand• directly in 6n {and then in 1/kt). This means 

that we may consider in Formula (59.3) 

·-•.+•,. (59. 3b) 

where t 0 corresponds to the solution of the wave equat1.on for the 

given sources in a homogeneous medium (6n • O) and t 1 is a term pro­

portional to 6n (in the one-dimensional problem, t 0 • ikz, for a point 

s ource$• ikr, and so forth). As will be seen from the above, this 

approach, which is sometimes known as the method of s mooth perturba-
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tlona [l, 2] and waa uaed in a number of papers following Rytov [5, 6], 

la ln principle closely related to other forms of the geometrical-op­

tical approJd.Mtlon and ia orten equivalent to them. At the same time, 

th1a queatlon 1• illuminated variously in the literature. The relative 

•r1t■ ot the■e •thoda (and the ray-diffusion method to be described 

below) and tbelr ranges ot applicability have been evaluated quite 

d1tterently. In many cases the region of applicability was found by 

cona1der1ng a s~ngle isolated inhomogeneity. At the same time, it is 

eztre•ly important that we are interested in statistical quantities 

tor a medium tilled tull with inhomogeneities (here · there is extensive 

aTeraglng ot terms ot the first order with respect to an). On the 

other hand, criteria borrowed from ordinary optics and assuming im­

plicitly that an~ n, which is also inadmissible, are sometimes adopted . 

• Hence we are obliged to devote a relatively large amount of space to 

the question or ranges of applicability of the various methods (we 

note, for example, that survey papers on this problem frequently dis­

agree with the conclusions set forth in the present chapter). 

The ray-diffusion method mentioned above is extremely convenient 

and helpful. It is based on the concept of independent scattering of 

individual rays of the pencil on certain centers, with the calculation 

accordingly carried out with the Fokker equation. Clearly, this method 

also uses ideas of geometrical optics, but the relation between them 

is rather unique (see i62). 

3. Above we spoke of a definite geometrical characteristic i of 

the inhomogeneities. Actually, there are direct measurements of£ that 

tend t o the conclusion that such a geometrical parameter does appear 

in certain processes. In the language of statistical description, this 

means that, for example, the correlation function of the 6c values at 
~ ~ 

two points rand r' takes the form 
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_6a(r)_·~~(r')_- (6•!'F ( ~r~r•), (59.4) 
where F(O) • 1, P(p) + o tor p >> 1 and the simplest caae or statis-
tically uniform and isotropic distribution or the inhomogeneities has 
been selected: the correlation coefficient P depends only on a sin le 
(constant) parameter Z, the correlation length. In the case or a non­
isotropic inhomogeneity, the correlation lengths Zz, ZY and z. along 
the three axes are different (compare 151). 

Instead or the correlation function, we might use the structural 
function for the riuctuations oft (see 115): 

(59.5) 
so that Dc{O) • o, De(•)• 2(6c) 2 • Often, instead of the c fluctua­
tions, it is expedient to consider fluctuations of the refractive in­
dex n • le. Sinoe •--.+k,•-11e+6ft==)"i;+.!..,'!., we have instead or I r ._ . Formula (59.4) 

6M (r)•611 (r') - (6n>~F ( I"~,.. I) . 
(liiji - .!. . C"-)' . " .. 

Accordingly, the structural function for n is 

D.(lr-r'O- 2(6;1)1 ( I -F (I'~~ I)) -
t - 4 D.(Jr-,'D· 

(59.6) 

(59.6a) 

(59.7) 
From the very first studies of statistical radio-wave propagation 

in the troposphere, the usual analytical method has consisted in as­
:., u111l111 : :, ome de fini tc function for F as a hypothesis and then drawing 
conclusions regarding the parameters (6c) 2 and Z from comparison of 
the calculated radio wave field with experiment. Thus, it was assumed 
in many papers that 

F(p) :a•-•. 
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For p • O, however, it muat be true that F'(O) • O (compare 151). 
Hence this function cannot be everywhere regular. Other assumptions 
(f(p) • exp(-p

2
) and ao torth) were also made. This phenomenological 

approaoh 1a at variance with the theory or [6, 7), which a~::.umea a 
tunotlon P (or D) aa given by the Kolmogorov-Obukhov theory or locally 
hoaopneoua turbulence (aee 115; tor more detail, [2)). Expressions 
tor On (15.8c) (see also (15.8d)) were obtained on the basis of this theory: 

l
C-.t.1•· ( t )' f~r R < Ii, o.- -
C',.R11

• for I,« R « , .. 
• R - . I, - r' I. C:. - a•t/•M'. (59.9) 

where 10 and 18 are the dimensions or the largest and smallest vor­
t1cea, respectively. Hence it muat be assumed that the function F(R) 
vaniahea (correlation disappears outside the maximum vortex) for R >> 
>> i 0 , which implies, according to Formula (59.5), D

8
(l.)--..l(le)'.i i.e., according to (59.9), 

,.1 Jll.il (59.10) ... -~-: .. _. 
Hence we may write for the correlation function 

,,_ 
.,,. . ~ . 

~ .:.... 7._i':Z7. for ~. <. l,, ' . . • 

(
R •1• 

•-:- ;;) !'or~•< R< , .. 
0 for le<R. (59.11) 

It is extremely important that two ength scalen appear in thl~ 
theory: the "internal" scale Z

8 
and the "external" s cale z

0
, where 

Z8 << z0 • Which of them is the decisive factor depends on the manifes­
tations of turbulence that we are considering. Thus, the correlati0n 
function Fis almost constant near unity over the entire int~rval 0~ R 
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from t
8 

to ~t0 . The theory does not give the exact form or this tune-
- tion near R • t 0 • Por calculations, however, it is convenient to have 

some sort of analytical interpolation expression tor it. Since 1
8 

1s 
negligibly small under the conditions ot the troposphere u COJll)ared 
with t 0 , we are speaking ~asically or the region R >> 1

8
• We might, 

for example, derive a "smoothing" tactor x and assume 

(59. L2) 

I 
where x ( P) • 1 for P < I, l(p) -,-, ror p >> 1. Naturally, we might 
also simply assume 

(59.13) 

and so forth. 

If by analogy with the two-dimensional case (51.9) we introduce 
spectral functions (for a function P with a single length parameter 1) 

0 <•> - S 1 l f) ,_,.. ~. , ( f) - SO<•>~•: . (59.14) 

6'I-= iwf(r)- ;,. S1(a),,., da, I(•)-¼ sf (r)•-'., tlr, 

+ + + + where R, r, q and Kare three-dimensional vectors (q0 • 2w/t), we have 
for the correlation function (59.8) 

If 

then 

.. 
O(t)- (I+ ... ,-)'• 

..,. 
'Ii -­G(q)- • •, • . 

(59.15) 

(59.16) 

(59.17) 
Finally, if F(R) is given by Formula (59.11), we may, taking the prin­
cipal region of distances , i 

8 
< < R < < i 0 , i nto a c c nunt ,-1nd r.1.ccr>rrl lnri: I :1 
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the q-values tor the principal region, take the integral within the 
111111ts o and•: 

Dropping the first term, which pertains to the lower limit or q, and 
substituting t tor qR, we have 

(59.18) 

The arbitrariness associated with interpolation does not influence the 
calculated spectrum it we may consider x • 1, 1.e., as seen from For­
mula (59.18), if 

flt> I. (59.18a) 
This determines the region or q-values in which we may use confidently 
the fluctuation spectrum predicted by theory.Fis often interpolated 
with a formula proposed by Karman (see the monograph [2]): 

(59.19) 

For this correlation function we may obtain [2] 

r '!!. \ ar (!!) :w''• l " .,.,. ., . I o,,,_ ----=== -r \'i J u + ,.,., .. ,. r \ ; , (c;!.t'• 
(59.20) 

(this last expression is written for qZ0 >> 1, i.e., in the range of 
q-values not influenced by the type of interpolation); it is also un­
derstood that qZ 8 << 1). Hence arises the relations hip us ually used: 
G(q) "'q-11/3. 

As was shown by V.A. Krasil'nikov and A.M. Obukhov, radio wave 
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propagation can be analyzed on the basis of the function (59.9) [7a, 
6, 7c] (even earlier, D.I. Blokhintsev had analyzed sound-wave propa­
gation [7b] on the basis or a similar formula for the density fluctua­
tions) in a turbulized atmosphere. 

4. Certain fundamental methods of radio wave propagation theory 
for a statistically inhomogeneous troposphere will be examined in the 
paragraphs to follow. The results of application or these methods to 
practicalJy important problems will be presented only on a very small 
scale, by way of illustration. Among these problems, we may cite de­
termination of the root-mean-~quare phase fluctuation (similar to that 
examined in 162, Subsection 2 by the ray-diffusion· method) and ampli­
tude (such as that analyzed in 161, Subsection 4 by the "equivalent 
screen method") at a given point. It is not difficult to find these 
characteristics by ~ther methods as well - for example, the method of 
smooth perturbations, averaging the squares of the imaginary and real 
parts of, accordingly (61.62a). Moreover, the problem of coherence of 
the radiation received at various points of the receiver raises the 
question of phase (and amplitude) correlation at two points situated 
either along or a~ross the initial ray. Knowledge of the solution, for 
exan~le, in the form (61.62) will also enable us to carry out these 
calculations. We note that it is a rather complex task to take consis­
tent account of the two-parameter correlation function (59.11). Such a 
detailed consideration is given in the book by V.I. Tatarskiy [2]. In 
most cases, we shall have in mind a single parameter (usually corres­
ponding to t 0 ), making appropriate reservations when necessary. 

In its entirety, such analysis is adequat e if, firs tly, we can 
tlispe~se with depolarization of the radi ation on s catte rln~, i.e., 
con~ide r only the scalar wave equation (for a Juutification of thi s 
possibility, see §60), and, secondly, if t he med ium is uniformly tur-
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bulent, and, in particular, we can dispense with the altitude varia­
tion c(z), on whioh turbulent tluctuations are superimposed. 

It 11 possible to account tor the polarization relationships it 
we start trom the Maxwell equation• rather than trom the wave equation. 
Thia procedure waa developed in [8], ba~ed on an explicit separation 
ot all tield component■ into two paJ'1?a - the statistical average and a 
tluctuatlon part. 

Special attention 1■ drawn to the simultaneous examination or 
random 1nhoaogeneit1ea and the systematic trend or,. Two aspects must 
be borne in mind here. 

1'1.rstly, we are speaking ot simultaneous consider~tion of refrac­
tion ln the troposphere and scattering on inhomogeneities of turbulent 
origin (or on rain drops and tog). This problem has been examined in a 
nwnber ot papers by a variety or methods {see (2]). For exau.p l e, the 
method ot smooth perturbations {161) is use~, with the field in a quiet 
stratitied medium, calculated in the arproximation of geometrical op­
tics [4; 16] taken as the zeroth approximation. The elementary form 
{59.2) ot the geometrical-optical approximation is also used (15]. 

The second aspect r.onsi~ts in considering the influence of the 
ground surface, which, as we tind, gives rise to special phenomena. 
They were discerned and explained in (17]. These singularities are as­
sociated with the fact that near the ~round, in the range in which the 
quadratic formula { 19. 42; is valid, the resultant t'ield is the conse­
quence or interference between two rays - the direct ray and that re­
flected from the ground. Even if it perturbs each ray only slightly, 
the appearance of inhomogeneities may sharpfy disturb the conditions 
of interference. It is found as a result that the statistical charac­
teristics of the field depend on distance in a manner quite different 
than in the absence of the earth's surface. The theory of the phenom-
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enon was developed in (18). 

We shall 1 · m1t ourselves to these brief remarks, referring· the 
reader to the surveys cited above [l, 2

1 3, 4] and to the remaining 
quite extensive literature devoted to this specific pl'Oblem. 160. THE METHOD OF PERTURBATIONS 

The propagation ot radio waves in an arbitrarily inhomogeneous 
medium is described by the Maxwell equations (2.4a), (2.4b), which no 

+ 
longer give the simple wave equation for c • t(r): applying the rot 

+ 

operator to Eq. (2.4b) and substituting ExpNssion (2.4a) for rot H, we obtain in the region where !
0 

~ O 

Nt)at 6-pd div E-v' e - "'8 (r)·E, 
and applying the operator div to Eq. (2.4a), we find that dw(aa)~ 

Since 

Consequently 1 

v'E+ll'a(r)E+p(£1radlaa(r))-O. 

•Cr>--.+••• -.=•<r'), 11•1<1, 
lna(r)a:ln-. +--- - . ... t ("-)' .. J .. We set 

(60.1) 

(60.2) 

(60.3) 
+ + 

where E0 (r) is the statistically averaged field at the point in ques-+ + tion and E1 (r) is the fluctuation term: 

B,(r) - ler,. t 1 (r) - o. (60. 4) Generally speaking, the average field E
0 

may differ sharply from 
its value at 6c = O. Only in the method of perturbations is it assumed + 

that E0 coincides with its value for the homogeneous medium with c • 
+ • c0 • const. In any event, we may expect !~

1 
to be o. quantity or the 

order or 6c, i.e., relatively small (with respect to the principal + component of the vector E
0

). 

Substituting Expressions (60.2) and (60. 3 ) into Formula (60.1), 
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we take account ot tel'IIIII up to the second order in a, to obtain 

,.._+¥e+v'6a+tBo+¥.+P(6-Pt)+ 
·+tc ~ .. +~( .. .,.a~-+ .. .,.,(~)')-o. <60.s> 

Tel'lla ot aero~ order with respect to ac {the first two), or the first 
order and, finally• ot the second order or smallness appear here. These 
lut teraa C&Mot be dropped it we wish to take into account the at­
tenuation (due to acattering on inhomogeneities) or the average field 
10 • The altuatior. here is perfectly analogous to that considered in 
151, Subsection 2 tor a wave skipping over a randomly rough surface. 
Attenuation occurs on a leragth that is long by comparison with It as 

+ 
well as by comparison with i. This means that the average field E

0 
dif-

fers trom the unperturbed field by a slowly varying attenuation mul­
tiplier w(;). Averaging Eq. {60.5) over the ensemble, we obtain an 
equation trom which the first-order terms have dropped {we also take 
into consideration that grad(4c) 2 • O): 

{60.5a) 
Since the gradient ot w is small, the first two terms in the sum are 
practically equal to zero and the last - small - terms must be taken 

+ into account to determine w. In determining E
1

, on the other hand, 
they may be regarded as a correction. In Formula {60.5), therefore, we 
may collect terms or the first order in 6c to get 

(60.6) 
+ where the right member does not contain E

1 . We have obtained the wave 
+ equation with sources. The field E1, which vanishes together with 6c, 

is obtained from this, according to Formula (5.10), as 
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(60.7) 
Under this heading, we are considering the solution by the per­

turbation method. The starting point is the assumption that the scat­
tered field can be caleulat~d by Formula (60.7) arter substitution o~ + 
the field E0 by its unperturbed value - the wave incide~t trom the 
source in question that propagates before scattering in a homogeneous 
medium with c • c0 • const. The physical significance or this ~••ump­
tion is clear from the form or the right member or Eq. (60.6). The + 
field E0 creates an excess (by comparison with that which would pre­

. .. vail at 6c • O) polarization P-i.~ in the medium. Substituting 
+ this expression into Formula (3.9b) and remembering that ·div(cE) • O, ~ ~ where E0 may be substituted for E with an accuracy to higher-order 

+ terms, we can again obtain Formula (60.6). Considering E
0 

aa identical 
with the unperturbed field, we thereby disregard the influence or the 
field scattered by one inhomogeneity on the polarization or the other 
inhomogeneity. 

Fig. 60.1. Scattering on turbulent in­homogeneities in the tr~posphere. 
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This approach ia used extensively in calculating the field that 
penetrates beyond the horizon aa a result of scattering. It was in 
th1a torm that the conception ot atatiatical scattering on inhomogene­
ities wu tirat used [9]. 

Tbua, we ahall aaswne (Pig. 60.l) that a plane wave is incident 
+ on the region occupied by the inhomogeneities, giving at the point r 

(60.8) 
+ while obaervat1ona are conducted at a point r rar outside the scatter-

1~g volw., so that 

t.lr-,,.1-t. Y r'-2rr'c»x + ,,, ., 
•. -t,-t.,'coal + ~••=='1-t,,,-, (60.9) 

• + + ... where x ia the angle between rand r'; Kr has the significance or the 
wave vector ot the acattered field, t.,'~I • t,r', IJ • ti- Integration 
ot the second term in the integrand or (60.7) by parts gives 

. . f( .. ) ,..,,_,,, 
_...,_J £.pl-;; 1,-;,-v-. 

.. -a,~(~.-~),--,~,,,,,.-~. 
As we see, this term expresses the field pointed in the direction of 
propagation - the transverse electric field. Obviously, it must cancel 
with the appropriate first-term component. Without giving the proof, 

+ we simply subtract from the first term the component directed along kf 
and drop the second term. This means that we are substituting A0 -

- •,c•,A.J for i
0 

and dropping the second term under the integral in •: 
(60.7). Thus we obtain 

2 2 Here kr • k0 . This expression gives the scattered field far from the 
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scattering region for a given value of the function 6,(1•). We are in­
terested in the scattered-energy flux in an _element of the aolid angle 
dD, Z~r'tll.J-.G"IE,l'r'da. It is appropriate to average it over varioua 

copies of the scattering region with given statistical properties. 
2 Further, dividing by the flux or incident energy, t 0 • cA0/8w, wear-

rive at the differential effective cross section do in exactly 'the 
same way as in 1148 and 52. It is found equal to 

(60.ll) 
Thus, in perfect analogy to the results of 152, the effective 

cross section is determined by the correlation function ot the inhomo­
geneities, in this case,, and if only the single rankth para•ter i 
is important, 

(60.12) 

Depending on the assumptions made regarding the function P, the 
concrete results obtained are different. Formula (60.11) indicates 
that the polarization of the wave is weakly manifest if the scattering 
angles are small. Indeed, the entire difference from the correaponding 
solution for the scalar wave equation consists in the appearance of 
the factor 

where e is the angle between the scattering direction and the polari-
+ zaticn direction of the incident wave, A0 . The scatterin~ direction is 

characterized by the angles~,~, where the azimuth~ can be reckoned + from A0 . Then 

• (· Ae)' ·I- ~ -1-lin'tma'• (60.12a) 
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and the average (over two polarizations) value of this factor is 

1-f Ila'•. (60 .12b) 
' 

It, theretore, the acattering anales are small, p << 1 1 we may con­

sider 1natead or Eg. (60.1) the wave eguat1on 

,ea+ A'1(1')£-0, (60 .12c) 
+ 

or the acalar eguation tor a single component of the vector E. 

We shall henceforth assume that , 0 • 1, k0 • k. Formula (60.12) 
. . . 

aaaums that the correlation length is identical in all dirertions. We 

may, or course, consider a more general case - that of anisotropic 

turbulence (see [19]). 

We denote 

t,-a.-,. f'-2A'(l-cosO>-•••-f-, ( 60 .13) 

♦ where q is the "scattering vector" and~ 1s the angle between the di-

rection• ot propagation or the incident and scattered waves - the scat­

t,ex•ing angle. Using Formula ( 60 .12), converting to the variables 

I-",' and r•, and assuming that the effect~:.ve distances r• - r" 
+ 

are very small by comparison with the range of variation of r•, i.e., 

with the dimensions of the volume V, we can integrate independently 

over r• (which gives the total scattering volume V) and within indefi-

nite limits over p. We obtain as a result 

a - .. r .. r (ii)' ( I - lin1 0 cos••> S F (P) e'"' d,-,, (60.14) 

or 

1,1Vf1MI -
• - ,... (t1)' (1 - aln1 0 cos• t) G (f). (60.14a) 

Thus, the section for scattering by a given augle is determined by the 
+ 

component or the Fourier expansion or the correlation .unction for q, 

which ls equal to the scattering vector (60.13), O(q) • O(kf - ' 1 ). 

~v n for ql > > 1, when the correlation function is close to unity, 
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scattering is determir,ed at once by the difference between R and unity 
(for example, in the case of (59.11), by the small term (R/10 )213 ). 

For long waves or extremely small angles e, fl- Mhin-f-Cl.. the 
integral in Formula (60.14) is determined by the decrease in the func­
tion F with increasing p. Letting fjl ... O, remembering tha.; the re­
maining dimensionless integral is or the order of unity and disregard­
ing the polarization factor, we obtain (here the large P contribute, 
so that the larger or the two parameters, i 0 , is essential) 

(60.14b) 

This result is, naturally, of the nature or Rayleigh scattering on 
small particles, kl<< 1 (t48). As always in such cases, the smallness 
or l is physically essential not by comparison with the wavelength~ 
itself, but by comparison with the reciprocal absolute value or the 
vector imparted to the wave, l~l,fl<I For small"• even short waves, 
~ << i, will be scattered like long ones. 

The scattering cross sections tor the three forms of the correla­
tion function (59.8), (59.16) and (59.19), which we shall call cases 
(A), (B) and (C), is expressed accordingly by Formulas (59.15), (59.17) 
and { 59. 20) ( see also [ 1, 2 and 3]) as follows: 

•• forF-•-t, (A) , ........ ,. 
, .... 

(8) . --
f or- F- •-", It• • 

~r 
WNO 

-(~)'(I---•-•> a.'l·r(;) .... 
·orP-l'\¼),1 + .. ,.,.,. 

• - ~;. p'l•K !. (p), (C) 
(60.15) I 

where the expressions appearing after the brace give the function 0 
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tor cues (A), (B) and (C), respectively. 

However, 1t ia necessary to exercise caution in using these for­

llWlu in the range ot large q. Actually large q correspond to small p 

in the function P(p). At the aame time, case (A) corresponds to the 

function (59.8), which is patently invalid in the region or small P, 

thua contradicting the condition P'( 0) • · o. The function (59.19) (case 

(C)) waa ao selected as to give the curve of P(p) in the region R >> 

>> '• (aee Formula (59.11)), and, consequently, is also inapplicable 

tor P + O. Only (unction (B) is internally free or contradictions. All 

or these functions indicate a rapid decrease in scattering when llln : . 
exceeds the small quantity 1/kt, i.e., when qt> 1. If, however, the 

scattering volume la large enough, ~cattering is nevertheless found to 

be significant and enables us to explain many cases of penetration be­

yond the horizon (see Pig. 60.1). We obtain for cases (A), (B) and (C), 

respectively, for~<< 1, if q2 t 2 
>> 1: 

. 1-=-· .. · .. , • . . . .. ,. .. ,,.,. --.. 
• - .... • ,1,.,,.,., . . . ... ·-·• 

l 1a''•r(~) . ,,.,, 
. r {-¼-) f '•• .. ,. • 

(A) . 
(8) 

(60.16) 

(C) 

Experimental data on penetration beyond the horizon, which is to-

day customarily explained by tropospheric scattering on inhomogenei­

ties, are characterized by the fact that the field depends only very 

weakly on wavelength as long as the latter is small enough. This is 

obviously in agreement with Formula (60.16A) or, approximately, with 

Formula (60.16C) (admittedly, experiment (10] would predict do~ k-113 

rather than k113 ). However, as we have just ~tated, the functions G 

for (A) and (C) are inapplicable for extremely large q. Although it 

can still be said or (C) that this function is noncontradictory in the 
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region l << qt0 , l >> qt
8

, where its Fourier transform does not depend 
on the interpolation used for the runcti~n (59.ll) in the region t

8 
<< 

<< R << t 0 , we do not know at all for (A) beginning with what Q and, 
consequently, up to what q it may be regarded as corN:ct. 

Knowing do, we can calr.ulate the field at the observation point. 
It is only necessary to perform integration over the volume Vin the 
limits given by the antenna directional pattern. Numerous ~alculations 
or this kind can be round in the literatu~~ (see, for example, the 
survey [3]). 

It must be noted that marked scattering (which also depends weakly 
on wavelength) can be obtained from Formula (60.14) only if A << i. 
Indeed, it is clear even from physical considerations that when many 
inhomogeneities are superimposed per wavelength, A>> t, their action 
is averaged and weakened. It also seen from Formula (60.15) that as 
kl+ O, the scattering cross section decreases as ( t/A) 4 . Hence sta­
tistical penetration over the horizon can occur only for rather short 
waves. If we adopt for l an estimate that appears to follow from ex­
perimental data (115), t ~ 10-100 m, we arrive at the conclusion that 
the effect may be considerable for meter- and even shorter waves. 

The scattering formula obtained (60.14) can be endowed with a 
somewhat different sense. Let the scattering volume in the direction 
of incidence of the wave have a thickness L, so that V • SL, where S 
is the area of the volume's cross section. If we divide the scattered 
energy by the primary flux incident upon the entire surface S, we ob-
tain instead of do 

,,_ - ~ ;_ ~:, ,1g (ia)' ( I - sin• o_. cm•,> 0 (f). (60.17) 

which indicates the directional distribution ( "probability") of scat-
tering of the waves. From this we may, in particular, find average 
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' I 

values, tor example, the mean sqaare e~at ·tering angle ~ or, at first, 

the average value or 4 sin2 ~/2 • q 2/k2 . Since the essential~ are 

small, it agrees with~- According to Formula 

that bllata-J,.ri,, O<:t<M. ve have 

(60.17), remembering 

.. . 
• ,_,. C -1~i'y--..'.h)' J O(q)q'tlq. 

• • • 
(60.18) 

'T'hus, the large q u~~ thtz main contribution here. If, therefore, 
we US1! the two-parametsi.•· t u.n .t :l cn (59.11), t will have a value c.loser 

to t
8 

than to t 0 (this remark also applies to Formula (60.19), see be­

low, but not to Formula (60.20), where, according to the remarks pref­
acing Formula (60.14b), large distances are a factor and t ~ t 0 ). Fur­
ther, we Illa)' not simply substitute O(q) according to Formula (60.15) 

here, since tor kt>> 1, this would mean in certain cases (for exam­
ple, (A) and (C)) substantial use ot the range of q-values in which 

the function G may be incorrect (for kt••, the integral will diverge 
tor case (A)). For this reason, we convert from G(q) to F(p) by For­

mula ( 59 .14) and reverse the order or integration over q and p. Remem­
bering consistently that P'(O) • a, introducing the variable qt• x 

and setting kt+• at the upper limit, we find - - - • - -iO(.¥).s'u- ~.saujF(p),,_ dp-4n ~F(p)pdpi}•in(p.c)d.c. (60 .18a) 

The last (internal) integral is equal to 1/p (compare Formula (10.45)). 

Integrating twice by parts and remembering that F(•) • o, F'(O) • O 

(we assume the lower limit to be a in the integrated terms and then 

let a tend to zero), we obtain finally 

• - - -. 4-1.J,L._,ji _ _!_L(~s_!_"(F(p)p)tlp--L(h1)•)•J_~,1p. (60.19) ...... ;& - - ;& --, p ...,. . .-- , .., • 
Thus, the mean square of the scattering angle in a layer of thick- ~ 

ness Lis proportional to this thickness and does not depend on wave-
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l ength. 

After integration (60.17) over all q, analogous calculations give 

the total probability of scattering. They are distinguished by the ab­

sence of the factor q2/k2 in Formula (60.18) and from Formula (60.18a) 

by the absence or the operator d2/dp 2 . We have 

(60.20) 

The dimensionless integral is a number or the order or unity. The ap­

proximation used under this heading is valid a.s long as w << 1, i.e. , 

provided that 

(60.21) 

With t ~ 100 m, (6•~-10-•, we find for wavelengths A~ 1 m that L 

must be <<2°10 8 cm. 

It is also helpful to have an expression for integral scattering 

through an angle exceeding a certain given angle ~0 , i.e., ror scat­

te.ring with . . . >Main .!L::i=H.. On integration, we encounter an in-I 
tegral or the type (60.18a) lacking the operator d2/dp 2 and having as 

its lower limit x • x0 • kt~0 - • • 
llm~,-..liap,tb- we,, 
...... I : • 

so that 

~ • -
l' m - _!_ ll'IL {iii' SF (P) coi (fl.Ct) dp. A I • 

(60.22) 

If x0 << 1, this quantity is equal tow. But if x~ > 1, i.e., if (tak­

ine account also of Formula (60.19), at least in the case or a single-

pa ramct. •r dl ::. trlbutlon, when the same t flr:ure3 everywhere) 

o.d t I .. ii ••>----------,..,. ' .. u,.,. . (60.23) 

( :;incc w < < l, this means that ~0 is much larger than the root-mean-

- 687 -



f 

square scattering ~ngle), then the total probability of scattering by an angle larger than "o is small. 
We note in conclusion that we have not touched at all upon the i111>ortant and interesting problem or the part played by motion ot the inhomogeneities, which was investigated by o.s. Goreli k [22]. 161. GEOMETRICAL OPTICS 
l. Under this heading, we shall devote detailed consideration to the variows torma ot the geomet~ical-optical approximation and, in ac­cordance witl: what was said in 159, Subsection 2, we shall compare their regions or applicability. 

Here the conditions or radio propagation in the atmosphere intro­duce singularities that facilitate the solution but complicate the quest-ion (which is still disputed in the literature) as to the rela­tionship and regions or applicability or the various forms or the •thod. In addition to the small parameter 1/kZ, where Z is the corre­lation radius, i.e., essentially the average dimension or the inhomo­geneities, we have the small parameter ~n • n - 1, which is almost al­ways even smaller than the first. Together with this, a certain ~ole is taken by the conventional parameter of diffraction theory - the wave parameter (a term proposed by o.s. Gorelik) P • (L~/Z 2). Thus, if we set ln(r)- .,1(,), where .,a;.. (6n)', 111-1, then we are concerned with three parameters: 

t 11---<•. .• , 
., - V(iiiJ' < I, 

Ll L P---- !$ I. ,. #JI 

(61. la) 

(61.lb) 

(61.lc) 
Using the smallness of these parameters in different ways, we obtain f different forms of the geometrical-optical approximation. 
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If 6n • o, the phase .is ~O ~ kz for a plane wave. After passage 
through an inhomogeneity, i.e., on a path 6z • Z, the phase distort.ion 
is or the order k6z•(n - 1) • kZ(n - 1). Hence it is usually said that 
the distortion ~Y manifest on a segment or the order or Z/n and that 
the distor-tion ot" phase (and amplitude) is a function of ~.,. - ptaa. 

I In ectuality, however, n - 1 rather than n appears here. It the param-
eter 6n is small, the distortion will be correspondingly small, or the 
order of µvkr, after passage through a single inhomogeneity. Hence the 
perturbation or phase (and amplitude) is in reality a function or pre­
cisely this argument. Nevertheless, if we first take into account the 
smallness or only one parameter, for example,µ, then the smallness of 
v, or vice versa, there will, or course, be no error at all. 

2. Let us begin with the one-dimensional problem. It has already 
been considered in 157, where, however, we were interested in another 
aspect of it: a single isolated inhomogeneity was examined and, more­
over, our attention was concentrated on the problem or reflection . 
rather than transmission or the wave. 

Let us once again consider the scalar equation (see remark prefac­
ing Formula (60.12c)) 

~ + p' (z) u - 0, p' (z) - ll'1 (1). .. (61.2) 

We separate the variable p(z) from the constant part and intro­
duce the dimensionless coordinate t: 

Ila 
..-+•'u-0, 

I-ti. • .-11e+an. 11e-const. 

(61.3) 

(61.3a) 
a) We shall at first the smallness ofµ as a basis (61.la). Us in~ 

the same form of the geometrical-optical approximation as in 157, Sub­
section 2, it will be convenient to write win dimensionless variables 
as follows: 
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.,!_ .«Ill) I 
u -A(pl)111 , 111-7· (61.4) 

Substitution or this expression into Eq. (61.3) gives an equation 
that differs trom (57.15a) only in the form or notation, 

p.1N' + Ip (IA'•' + At1- A•••+ n• A - 0. (61.5) 
Here the primes denote differentiation with respect to the argument 
~, • s/t. We expand A in po~~rs orµ: 

A - A.+. ~• + p•A. + .... (61.6) 
• and substitute in Eq. (61.5). Equating the sums or terms of the same 

order with respect to the parameterµ to zero, we obtain 

.Ae(•"-n') - 0. 
' . . 

I I , I .. 

I (I~' + A.tf1 - A1 <• - n') - 0, 

.( + l(2A;,, -f- A,••> - A.(4P'1 -n1)- 0, (61.7) . . . . . . . . . . . . . . . . . . . . . . 

The tirat two e·quations again yield Formulas (57.16)-(57.17), but in 
another form: 

• • • I 

~ •• " •• t 
-------. ,A.--,-. At • a,• • a. r• (61.8) 

Consequently, 

(61.9) 

The third of Eqs. (61.7) yields 

.(-_!!_....!.:- --1(2nA;·+n'A,)--2l Vn ..L(A, Yn), 
'CJl&)l V. I ,,., 

A - 1 J_i_~_{_4 _ 1 (_{g__!_dz (61.9a) 
. • 2 t'• 11 r• 4• v;. · 21&•; • l' r;. " .. l'ii' 

(here it is assumed that the layer or inhomogeneities be~ins at z • O), 

and so forth. The condition for validity of Solution (6 1 .9) r~quire~ 
that µIA 1 1 << IA0 1 (and, of course, that µjA 2 1 << IA1 1 and so forth), 
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i.e., 

(61.10) 

• • It is necessary to distinguish two cases. If n - l (. 1, then _..,.,_ - , . ' Taking certain average values out from under the integral 
-.. . -----. .. . ,. 

sign, we obtain the usual condition ror dense media: 

'LCM-aL, a 
(61.11) 

where L ~ z is the effective size or the entire re gion or integrati~n, 
i.e., or the region occupied by the inhomogeneities. When we are con­
cerned with an :1.solated layer having a single maximum or minimum 
(which corresponds to the discussion in 157), for ~xample, with an 
ionospheric layer, then L ~ t and Condition (61.11) reduces to the 
condition 

Iba> I. (61.12) 

This is the conventional condition for short wavelength in a given 
substance. The case L >> t corresponds to a medium filled full with 
inhomogeneities. Then Condition (61.11) can 9e recast in the form 

I< .!:...<nil. It follows from this that Condition (61.12) is also a ' necessary condition for such a medium. 

Let us now consider a medium such as the troposphere, with rela­
tively small fluctuations or n, In - 11 • l4nl << 1. Tl'len Inequality 
(61.10) can be recast iri the form 

I! f( 1- ';) :' dz 1-1 ! ";; -¾fa..:~ dz I<•· (61.lOa) 

As::; uming I':: 1-1 e: I and so forth Rnd tak .:.. r.g averap;e value3 out 
f rom under the integral s ign, we obtain two conditions: 

41(.>0.., 

etit :> L. p .:r l:.. « ~ . iii? ~p ~ 

- ~<n -

(61.13) 

(61.14) 



The first or these is very important. It replaces Condition 
(61.12) and indicates, in accordance with what we said above, that for 
v cc 1 (61.lb), much leas stringent conditions are imposed on wave­
length than in the optics or dense media. The second condition imposes 
a 11111tation on the inhomogeneity layer thickness. For an isolated 
layer, L ~ i, it ia even weaker than Condition (61.13) and may be left 
out ot conaideration. In a randomly inhomogeneous medium, on the other 
hand, Condition (61.1•> is in principle a new one and imposes limita­
tions on the distance L up to which the approximation is valid and, in 
particular, it ia possible to use Solution ·(61.9), disregarding. the 
quantity A1 aa small by comparison witt. A

0
• We note at once that in 

tropospheric propagation or radio waves, t~is condition is almost to­
tally nonessential. 

Actually. (611ji-C 10--, I-IOI cm here and, consequently, we must have (in cm) 

t.<..!!!., . a_ (61.15) 
where A la the wavelength ot the radiation (in cm). 

b) Let us now consider another form or the method, one which is 
in principle free of even the constraint (61.14). 

Instead of finding the complete expression for~ from Eq. (61.5) 
and expanding the amplitude, we may, as is customary, for example, in 
quantum mechanics, introduce an amplitude factor into the phase and 
seek the total phase by successive approximation. That is to say, in­
s t Pad or Equality (61.4), we set 

(61. 16) 
so that the equation for u reduces to an equation for~ (it is suffi­
cient to set A• 1 in Formula (61.5)): 

,,..,_,,. + n•-o, 
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where the primes denote differentiation with respect to the arguant 
µt. We seek the phase~ in the form or a series 

.- .. +.!..ta+.!! .. + .... I 18 
(61.18) 

Equating the coefficients or identical powers orµ one by one to 
zero, we reduce Eq. (61.17) to a system or equations 

('11.19) 

. . . . . . . . . . . . . . . . 
The first two of these yield exactly the result of the first approxi­
mation in the earlier analysis (61.9), 

• • • 
••- 11Sn4-•11~ntlz; (61.20) 

• 
I •J•• •--, . 

)'i (61.20a) 

Further, in a full analogy to Formula (61.9a), the third equation 
gives 

I t l " I t.-- _. l Yi'~ t'• tlz. 

If lµq, 2 1 << 1, we may set 

I "' • •• ii• .r' •• I + I C I I' t • ,,, _ I + 11A, 
, - liJy:.- ,: Ae 

(61. 20b) 

and arrive at the previous result. If, however, the absolute value 
lµCl>21 is not small, we may not expand the exponential factor, and it 
becomes poss ible to consider large distortions or amplitude and phase. 
Actually, the condition for applicability of the method is here again 
the admissibility of the expansion, in this case the expansion or 

◄ (61.18). It would appear necessary to require that l111sl<91· But 
·• .. - In fn has a singular form that distinguishes <+>i from all other 
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~1 : the size Lor the entire region does not appear anywhere 1n ~1 . 

Since this term 1s separated at once into the common factor 

exp(-lnln) • n4 , it 1s convenient to drop it and adopt as conditions 

111-..1 <1 .. 1. 
1-11 .. 1<1 .. 1 

(61.21) 

(61.21a) 

t • L and so torth. But - .. -111£, · .,._,. -. Using the same evaluation tor 
II I 

• 2 as 1n the formulas 1n (61.9a), (61.10) and (61.l0a), we arrive at 

the conditions 

C .!!:.,,1. e. ll'l'n1 > lforn-1 ~I; 
' \ 1 

I 

I forn-l-6n4:1. 

(61.22) 

(61.22a) 

(61. 22b) 

Condition (61.22) agrees for dense media with the corresponding condi­

t1.on (61.12) for the method using the amplitude expansion. Further, 

Condition (61.22a) is practically nonessential for the atmosphere: 

even with L ~ i, it implies k2t 2 
>> lanl. On the other hand, Condition 

(61.22b) agrees with Condition (61.13). As concerns Condition (61.21a) 

and subsequent constraints or the same type, it is readily seen that 

they can add nothing new. Actually, if 4n ~ n - 1 • o, then, according 

to Formula (61.19), ci>o • 1 and all the other ~i are equal to zero. 

Hence the productµ~• is proportional at least to the first power of 

6n and, like Formula (61.20b), ~~3 may also contain L/1. But since 

this same quantity L/1 is contained in ~2 , the condition IP{alC~i 

cannot be more rigid than µ6n << l; this agrees with Condition (61.13). 

Thus we arrive at the conclusion that the conditions for validity of 

Solution (61.16), (61.18), where ~o• ~1 , ~2 , etc., are determined by 

Formulas (61.20)-(61.20b) are as follows: 
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tin.> I torln-11 > I: 
tl>l6nl forln-i 1-IIMIC: I. 

(61.23a) 
(61.23b) 

It follows from this that in dense media, the expanaion proceeds 
essentially in powers or l/ktn • µ/n, while in a medium with an<< 1 
it uses powers of (6n/kt) "' µ", as spoken or earlier. 

2 If the product µ•2 is not small as compared to unity but~ • 3 is 
small and can be dropped, 

• I • - I , •I<•+--=--)u • ..a-! ....... ,·. • v- . . ... (61.24) 

However, in the problem or tropospheric radio wave propagation, the 
additional term in the exponent is, according to Formula (61.15), so 
small as to be unnecessary. The two forms of the geometrical-optical 
approximation :onsidered here are fully equivalent, and their applica­
bility conditions differ only by the additional requirement (61.14) in 
the first of the methods. However, the remaining conditions (61.23a) 
and (61.23b) are the same as before. 

c) Let us now consider the so-called method of "smooth perturba­
tions" [6] (see also the surveys [l, 2]), which is specifically adapted 
to the case of small 6n and uses this smallness at the very outset. 
That is to say, if we seek the solution in the form (61.16), we may 
assume at once that 

(61.25) 
Here t 0 is the solution or the equation for a homogeneous medium, i.e., 
for the case 6n • o, and hence we have simply 

. , 
fl•=-. 

' 
(61.25a) 

Substituting the value or (61.25) into Eq. (61.17) and remembering in 
accordance with Formula (61.25a) that t 0 • 1 (as before, the prime 
signifies differentiation with respect to the argument µt), we have 
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• • • )' 0 ,,., -2•, . ~- 26'1 - (<IJ,)' + (6n = . (61. 26) 

The method is baaed on the remark [6] that with small 6n, as is almost 
obvious, <-t;»t-( .. )' , 110 that the laat two terms can be dropped. The 
remaining equation 111 easily solved. With a view to estimation of the 
error, however, we shall proceed systematically. We expand t 1 in powers 
ot ~ (the expansion begins with v in the first power, since t 1 vanishes 
in a homogeneous medium): 

•a - .. ,, + e1•• + ... - V7.a + yl./.1 + ... , (61.27) 
and, substituting this expression in Formula (61.26), we equate the 
sums or the terms with the same powers of v to zero: 

- , .. ,; + 21; - 21. 
_,,z; + n; = r-(x;,•. . . . . . . . . . . . . . . 

(61.28a) 
(61. 28b) 

Arter simple integration, we find the solution from Eq. (61.28a); 
it vanishes tort• O: 

' • , X: - II S f (111') •-tiC\-,., 4' =- 2;•s I (z') ,__,..,_ .. , dz'. ( 61. 29) 
• • 

Por kl>> 1, the exponential factor oscillates rapidly, while f(z') 
varies relatively slowly. The effective integration region lies at 
z' ~ z and is determined by the relation k(z - z') ~ 1. Therefore, ex­
panding f(z') in series in powers oft• z - z', introducing temporar­
ily the factor exp(~t), which ensures convergence, and then letting a 

tend to zero, we obtain (the integral overt may be extended to infin­
ity) 

. . I • , t ,II 611 (1) 
-+An (z) + - -6n (z)- - ------ • l- •••• Ma, ~at ( 61. 29a) 

Thus, cJ»11Y:::::6ft. Consequently, we obtain the exact value of •il) from 
Solution (61.29) (here we reverse the order of integration and carry 
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out one integration): 

I / 
«Di'' - " s 6n (I- ,-"11-1•»)4'. . ' 

(61. 30) 

and from Formula (61.29a) the expansion in pow~rs of~ (only the first 
term is written out): 

(61. 30a) 

Formula (61.30a) can be obtained directly from Eq. (61.28a) if we con­
sider the smallness ofµ and drop the term µx1. 

The second approximation, •i2), is obtained by exactly the same 
method, solving Eq. (61.28b), if the value of (61.29a) is substituted 
in the right member. The solution reduces to a formula of the form 
(61.29) or directly to (61.30a), in which 2f is replaced by f 2 - <xi> 2 , 
i.e., according to Formula (61.29a), by 

• I~ t "(ll) t ~ l'-(x;)1 
---. a +wb / a +-;..-I a- + ...• (61. 30b) 

With a view to estimation of the error, we may limit ourselves to 
calculation of the average value~- Averaging Eq. (61.28b) for this 
purpose, we see that we must use the average value of Expression 
(61.30b). But the average of the first two terms in the formula van­
ishes. Hence, in analogy to Formula (61.30a), 

t 7ir .,t - t s·· .. _ .ilia 111 ~6,a • (61. 30c) -•, E-ll=- .,.. _ _,_ -6n-+0(1&'>- ►"'-. I' . 11 M • bl 
1
11 ti ( f )' . I 

Thus, sources in the r,ght member of Eq. (61.28b) _nullify one another 
to a high degree. The difference _-,Qr - .,. (xJ' has an averae-e of the or-
der of only µ2v2, i.e., smaller by a factor of µ2 than each of the 
terms. This is what makes the method useful. Hoi,.,ever, since the aver-
age value of the difference does not vanish, ;rrr increases with dis-
tance z and may ultimate ly become lar~er. The condition for applicabil-
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1ty or the method consists or the requirements that 

,.,.,c ... 
l"'rat<l"Zal•I~{ .. 4. I· (61.31) 

We may evaluate the modulus or vx1 rrom the root-mean-square value of 

this quantity. Setting z' - z • t, z + z• s 2Z for integration and in­

tegrating over Z from Oto• and overt indefinitely, we obtain 

(61.31a) 

Thua, according to Formulas (61.25a), (61.30c) and (61.31), the 

conditions or applicabili_ty of the method read as follows (we denote 

the distance• by L): 

L 
If£ > ... ,, - ti' > ..,. .. (61. 32) 

I M 
£<16 ;;;.• I'< ....... (61. 32a) 

These conditions are compatible if 

...,.. < t. (61. 32b) 

Together with Formulas (61.25)-(61.25a), the first approximation 

(61. 30a) give·s 

(61.33) 

- a result in perfect agreement with that given by other forms or the 

geometrical-optical approximation. We may limit ourselves to it if the 

second-order correction is small in absolute value, i.e., if 

I; ct>11• I« I. Considering the necessary condition, we may use the aver­

age value (61.30c), thus requiring that (see Formula (61.30c)) 
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L t1v'-• v'P< I. I . (61.34) 

Moreover, to the extent that we are assuming~<< 1, it must at any 

rate be true that (see Formula (61.32b)) 

(61.35) 

In the one-dimensional case under consideration, thererore, all 

three forms of the geometrical-optical approximation (points a), bl 

and c) above) lead us to the same result (61.33). The applicability 

condition takes the form k l >> 6n for all of them. Further, additional 

conditions must be oh ~erved: (61.14) in the first form of the method 

(point a)) and (61.32)-(61.32b) and (61.34) in the third (point c)). 

It is evident from this that as regards region of applicability, the 

method of smooth perturbations has no advantages - at least in the one­

dimensional problem - over other forms of the geometrical-optical ap­

proximation. In all cases the expansion iR actually in the parameter 

~v"' (6n/kt). 

3. Let us pass to the geometrical-optical approximation in the 

three-dimensional case for the ~calar equa~ion 

(v' + p')u - 0, p'- t'a (r) (61. 36) 

(S.M. Rytov [13] examined the geometrical-optical approximation for 

the Maxwell equations and arbitrary c, with particular attention to 

the val'iation of polarization along the ray). 

We shall first consider arbitrary n. Presenting win the rollow­

ing form in accordance with the first of the forms taken by the method: 

(61.37) 

with 

(61.38) 
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we arrive at the equation 

~'98.A + 11& (2 (v.Av .. )+ AV:,1 ~ A Uv,•>'- • 1
1 - O. C 61. 39 ) 

Here the operators v0 and•~ should be understood as containing 
the ditterentiation with respect to the -argumentµ(: 

t ,,-~v,. 
Subet1tut1ng, aa in Pormula (61.6), 

.A - A.+ 11A, + ... (61.40) 
and equating terms ot the same order inµ, we obtain instead or Eqs. 

(v.,.>'-n', 

l11IA.V:. +l(v.A.·v .. )I• ,tdlv,(A;v .. )-0. 

(61.41) 

(61.41a) 

l111 1A,v' .. + 2(9.A,·v .. )I + 11iv~• 1&'(f.div,(A? v,•) + v: A.)• 0. 

(61.41b) 
The baaic equation (61.41), the eiconal equation (the phase~/µ is 
known u an eiconal), is a second-order partial differential equation 
and, in contrast to the one-dimensional case, cannot be reduced to a 
quadrature containing a single constant; the solution depends on an 
arbitrary function, on the value or~ on a certain surface s

0
, for ex­

ample, on that on which~ is constant: •(r(S1))-=.-.. Then, in accord­
ance with Eq. (61.41); the gradient of~ on this same surface is also 
assigned: it is directed along the normal to s

0 and has the absolute 
valu 19_.I- L Therefore, knowing n over the entire space, we may, in 
principle, construct all surfaces or constant eiconal and find the 
complete solution~- It will be a functional or the initial surface s

0 and hence of the field of normals to this S0 , of the unit vectors s(S
0

). 
+ The wave vector or the wave at a g1 ver1 point r 1s the vector 
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+ wheres is the unit vector or the normal to the constant-phase surface 

passing through the point in question. Here 

, .-an-,,.. (61.43) 

Moreover, the solution~ depends on one constant - on the assigned 

value or~• ~a on s0 . However, this constant gives only the common 

multiplier exp(ik~a) before u. 

In geometrical optics, it is customary to characterize the tield 

not so much by the function~ as directly by the field or unit vectors 
+ s. It indicates the direction of the rays at each point. It is impor-

• tant that, according to Formula (61.42), 

rot (U) - rot_1rad f - 0. (61.44) 

In a conceptual representation, therefore, we might liken~ to 
+ + electrostatic potential and the field of vectors porns to lines ot 

force. It follows from Formula (61.44) that this field is nonvortical, 
+ so that the line integral or ns between two points A and B does not 

depend on distance. The increment or the eiconal ~/~ is (~kd! • dl) 

If, however, we take under the integral not the dot product or the 

unit vectors by d!, but instead simply the distance dZ, i.e., ir we 

drop the multiplier cos(s, df), then, generally speaking, we obtain a 

larger value. The correct value of the integral is preserved only when 

the path or integration is laid along the ray - along s -, when the 

cosine actually does become unity. Thus, if integration is conducted 

along the true ray, the integral 

•• 1""' ~ min (61.45) 

assumes the smallest value among all of those obtained for possible 

nei ghboring trajectories. This relationship - the Fermat principle -
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may serve aa a starting point for finding (by the variational method) 
the ray paths (see, for ex~le, its application in 156, Subsection 3). 

+ The ditterential equation tors, which proceeds from this principle, 
ay alao be round trom Pormula (61.44) as the Euler equation for this 
proble• (aee the book [l], 13) . 

( 

. , .... .. : 

Pig. 61.1. Illustrating deriva­tion or ray equation. 

On passing rrom the surface •-.. -canst to the surface •••• +d• 
+ over a distance do, the vectors, generally speaking, rotates, unless 

+ 9n coincides with the direction of s. We introduce rectangular coor-
dinates characterized by the unit vectors; and t (see Fig. 61.1) at 

+ 
the beginning of the segment do, by which we have moved along sin the 
plane in which the vectors vn and l lie. It follows r~om Formula 
(61.44), for example, that 

I(-,) I (11••> • .. , M •• -i;---,;- •1s" +-,;-n-li s.--,,n-o. 
But st and aa 0 /at are by definition zero. Further, 

Therefore (we also subject the entire relationship to scalar multipli­
cation by t) 

6 
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Further, we have the obvious formula 

+ Multiplying it bys and adding to the preceding formula, we obtain 

or, finally , 

---~, ... ,, -.;-,-vn- {61.46) 

This ts the differential equation or the rays. Here a is a scalar quan-
tity reckoned along the given - generally bent - ray. In other words, 

+ it is assumed that the ray equation is sought in parametric form, r • 
+ • r(o). 

4. The partial differential equations cannot be solved for ar­
bitrary n as in the one-dimensional case. Hence not al~ forms ot the 
geometrical-optical approximation analyzed in Subsection 2 are or the 
same effectiveness. General expressions can be obtained only it the 
smallness of 6n is taken into account. 

The first and simplest form or the method consists in limiting 
ourselves to the first tw~ terms of the expansion inµ as with Pormu­
las (61.7)-(61.9), i.e., to Eqs. (61.41) and (61.41a). In order to 
solve them, it will be helpful to apply the expansion in vat once 
[7a], i.e., to set 

,-.. +~,+ ..... + ... t 

A. - I + -wA. + Y'A. + ... . 
(61.47a) 

(61.47b) 

In the case of incidence or a plane wave, we have , - •• - 11-.1 - ,.,,.,, 
+ where s 0 is the unit vector of the direction of ray incidence. There-

fore v .. ,- ... v: .. -o. From Eq. (61.41), in the first approximation 
with respect to v, we obtain 

(61.48a) 
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it follows further from Eq. (61.41a) that 

v: .. +2< .. ·v,A.t>- o. (61. 48b) 
If the wave 11 incident along the z-axis, Eq. (61.48a) contains only the derivative with respect to ~tz and is integrated at once: 

• ~ 1 (I.,.,)'- J In 114. ~ le J 611(.r,g,z')dz'. 
• 

(61.49) 
In this approximation, therefore, the phase advance at point (z, y, a) 11 determined only by the optical thickness of the layer traversed by the rectilinear ray. The medium acts as a flat screen of variable den­sity. This result therefore leads us to the so-called "egui valent screen method." This also implies 

where we have passed from 4ifterent1ation with respect to ~t to dif­ferentiation with respect to the coordinates, v0 • !v, and introduced -1' • • +,, the notation y.1, - p v· for the "transverse laplacian." Solving Eq. (61.48b), we now obtain 

'-~•.zl _ •-:-½{1a<s.,.zl+ f <z-.r')v'.i..,(.:,,,.r')a'} <61.50) 
(Here it is assumed that 6n(x, y, 0) • 0 and the order of integration has been changed). The solution round above is valid if the expansion in powers of vis admissible, and in particular if A0 differs little from unity. For this, first the value of 6n itself and, secondly, the root-mean-square value or the integral must be small. That is to say, if we denote A0 - 1 • 6A and assume that observation is conducted from a point that is now outside the layer, 6n(x, y, z) • O, then the mean square of the amplitude fluctuation must be small: 

¥A>'-¼ ~dz'SU(z-z')(z--t')v~6n(z, !I, z')·v~6n(x,g, t') < I. ( 61. 51) • • 
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If the correlation is assigned by a single-parameter function, 

• ~6'a~1.z')vt6n(z,g,t')-v'vt•vtF(o,o, "7!). 
Let us set z' - z" • Pzl. Disregarding the terminal effect, we extend 

the interval over Pz to•• and substitute z - z' for z - z". This 

yields 

If the transverse Laplace operators are understood as applied to the 

I 1 I dimensionless variables Px, PY, i.e., VJ. .... f."V-i• then 

- I -L• JrT.I .,.L. • I I , 110 0 •-'" ..,... ,un,- - 12T S V,.1 •Vu. , , • Pa, P~-;r• (61.51a) -where L = z is the longitudinal dimension of the inhomogeneous region. 

Thus, one of the conditions for applicability or the method is 

(61.52) 

For v2 ~ 10-10-10-12 , this is not a very rigid ~~ndition: L << 

3 4 << 10 -10 .z. 
But the quadruple differentiation under the integral in (61.51) 

stresses the role or short distances. In the case or a two-parameter 

correlation function (59.11), this means that i;4 appears rather than 

i-4 , and the integral ov!r z' - z" will give i 0 • Thus we obtain .,tLiti.t;• 

on the right in (61.51a, and instead of Condition (61.52), we arrive 

at the much more difficult condition w'L1l.r.4CI. Further, the terms 
2 v ~• etc., must be small. Without going into detail, we may state at 

once that validity of the equivalent-screen method must signify that 

three-dimensional inhomogeneities act as one-dimensional inhomogenei­

ties. This is possible only if a small part of one inhomogeneity de­

creases within the limits of the essential zone - the first Fresnel 

zone. Consequently, the much stronger condition 
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. \ 

(61.53) 

muat be sat1st1ed (compare also the end ot Subsection 4, below). 

It ia impossible in the three-dimensional case to find a general 

solution in a torm corresponding to the second form or the geometrical­

optioa method (see Subsection 2b above). Hence we pass at once to its 

third torm, to the method of smooth perturbations [6]. Here it is a 

•tter of tirst expanding in v and then in 11. • (This procedure was 

tirat proposed and carried through consistently for the two-dimensional 

problem in [5].) 

Aa with Formula (61.16), we set 

• • I ,, _ _..,_ (61.54) 

Then we have tor, an equation analogous to (61.17), obtained from 

Pormula (61.39) for A• 1: 

(61.55) 

Por 4n • O in the case wave 4P =- (1)0 - tuol a 1,11.r. In the case 

or a point scarce, the incident r eld takes the form 

.... , ,., }.,..,_, • == I 1 1 • 
... - -.,-, - s--' , .. .. 

so that ••- p&+iµln,. t 0 always satisfies the condition that proceeds 

from the wave equation in a homogeneous (6n • O) medium, 

ip~} Cl>o - (voCl>.)1 + I =- O. 

Hence for the "scattered field" (compare Formula (61.25) ~n the one-

dimensional case 

Cl>, - ' - Cl>o 

~q. (61.55) reduces to the equation 

i11v: CD, -2~v.C1>.-v.ci»,) -<v.cJ>a>1 + 111 - 1 - O; 

or, more conveniently, for the auxiliary function x 
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to an equation that is as yet rigorous: 

I • I 1&tv:x + x - .!.(x-v,«». + '1&v.X>'•-t4- + t1&(26n + (611)')_.~ •. (61. 59> I& . . 
We need a solution that vanishes when ·411 - •i(r)-0. We expand x 

in series in powers of v: 

(61.60) 
Substituting t 1 in Formula (61.57), we obtain the necessary equa-

tion system, in writing which we return to the variable~ - the real 
radius veritor of the point (µt • ;/Z): 

(61.61a) 

where v denotes differentiation with respect to the conventional coor­
dinates, v • µkv

0
• 

The first approximation •fl) fo~ ~l is obtained from Eq. (61.61a). 
According to Formula (5.10), we have 

(61.62) 

(61.62a) 

(61.63) 
Here the integral is taken formally over the entire space. Actu-

ally, of course, the first Fresnel zone is effective (see Ill). Hence 
we may set 

and extend the integration over z' from Oto a. 
+ For a plane wave t 0 (r) • µkz and 
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t , 

We note that the same result follows from Eq. (61.57) if we drop terms ot the second order in an and consistently apply the smallness ot µ. Developing the sense of the operator v~, we note that a2t1/a(µtz) 2 appears with the coefficient µ2 and can therefore be dropped .as a quantity that is small by comparison with v0 t 0 •v 0 t 1 • .., 
(We may not drop ,., ( ,,:.ji + •v:.,. ) because the scale ot variation along the <x- and ty-axes may be different from that along tz). We obtain an equation of the parabolic: 

~+ ';' + 2a ':• - 211,e~. (61.65) 
It can be identified, for example, with the equation of heat con-duction in two dimensions z and II when the thermal-conductivity coef­ficient is equal to a 2 •land the quantity -c'/21k plays the role of time, with the sources distributed in "time" and ~pace with a density 2k2µ4n. In this case, a point source of unit intensity placed at a point (z ', 11 ') at the "time" -z' /2ik • 0, gives the temperature field 

- k-••)I+(,:-,:, •-•· - ·---u~-1') • • ·- (61.65a) 
and the distributed sources give Solution (61.64) exactly. Thus, con-version from Expression (61.62a) to Solution (61.64) signifies that we are making the expansion inµ after the expansion in 6n. An important particular case arises when the distances are so small that the width of the first Fresnel zone is small by ccmparison with the inhomogeneity length 1, i.e., if the wave parameter Pis small: 2 1 >> · LA. In this case, the dependence of 6n(x', y', z') on z' and y' in Formula (61.64) is slower than the dependence of the exponential 
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mul tiplier, which is or the nature of the product of the delta-func­
tions 6(x - x')6(y - y'). Taking out the value of 6n taken at the 
point x • x•, y • y' and performing integration over z' and y' (see 
Formula (10.13d)), we again obtain Formula (61.49), as would be ex­
pected. We thereby satisfy ourselves that it is valid with Condition 
(61.53). 

5. The limits or applicability of the solution obtained in this 
ms..~ner for a three-dimensionally inhomogeneous medium have been dis­
cussed on more than one occasion. Since, however, the pronouncements 
on this matter disagree very sharply, we shall consider th~ problem 
again from the beginning. 

In the derivat1on5 set forth above, the question as to the valid­
ity of Solution (61.63) reduces t o evaluation of the higher-order ap­
proximations t hat are dropped. Obviously, we must have first of all 

(61.66) 
Solving Eq. (61.61b) in the same way as Eq. (61.61a), we can pro­

visionally replace the firs t term in the right member by the value 
found for 

I • I -~(v~•lJ-exp(,_-e,) . As a result, we find, according to 
(5.10), 

t ,,, - .L•.c,, -cr,C1) _ -• II XI-II I II 

= ~ J [(6 w _ _!_ e••~•] 7a •~"r-•.cr>+e&'lr-r"t, d~• ( 61. 6 7) 
11r •·1&• (V IT • lr-r' I" 

This quantity must be small by comparison with; (61.62a) for the ex­
pansion and the entire method of· successive approximations ·to be ap­
plicable. It must be small in absolute magnitude so that we may limit 
ours e lves in the solution to the terms taken into account in Formul a 
(61.62). Comparison with (61.62a) indicates that we are speaking of 
addi tional "s ources " that a re aJded to 6n. ~1ncc t he function 6n 1s 
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sign-changing and its square (6n) 2 is positive, the cumulative effect 
of the second-order term may become significant even for 6n << 1. This 
results in an integral condition indicating the limiting distances L 
at which the method is still valid. We satisfied ourselves earlier in 
the case or the one-dimensional problem that two second-order sources 
compensate one another to a major degree, so that their sum differs by 
a factor µ

2 
from either of them. As we shall now see, this is not the case in three dimensions. 

Let us consider the average value of a second-order source (6n1-
in Formula (61.67) or in Formula (61.57) (in fact, the 

average value of the right member in Eq. (61.6lb)) for incidence or a 
plane wave •••l&l.r. According to Formulas (61.62), (61.62a) and 
(61.64), we obtain on introduction of the operator v under the integral 

+ sign, remembering that r appears only in the form of the difference + + 
r - r• and integrating by parts 

*ivil'9>'-_¾<n>' ~ 
• . • { ,,_,,. + ,,_,,.} - ¼~ il,i(r1v&i(r') •T •-i' . -~-1. ci-r»::.r, • (61. 68) 

where the two-dimensional vectors ,(z, J), ,'(r, (), p•(~. i') have been 
+ + introduced. The integrations over p' and p" are extended over the en-

tire x'y'- and x"y"-planes, respectively, and those over z' and z" 
from Oto•· For the inhomogeneities, we shall assume a concrete form 
of the correlation function (59.16): 

vt,a (r') v6n <i1 .- v,,v,- (611)1 ~ ~ ~~ -
• ··· l"-~I 

- ~~·- ,. =- 2;' (3-2 ,,·-;,i• -
'-' - ,,. + (t' - ·!')I ,,.. _.,. - ,. · - --2 ,. )e 

(61. 68a) 
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+ After this, integration can be carried out (see [21)) if we set r' - r" • R, -;., + r" • 2Ra and the limits of the integrals R and over Ro 
are regarded as independent and indefinite. This method or integration 
(like the transition from Solution (61.62a) to Solution (61.64) itself) 
is admissible to the extent that all distances are large as compared 
with the dimension t of the inhomogeneity, provided that the region 
around the observation point does not play a prominent role. In this 
case, the essential zone coincides with the fundamental ellipsoid -
the first Fresnel zone - aqd such an approximation is justifie~. In 
the one-dimensional case, however, this approach, for example, asap­
plied to Formula (61.30), woul~ lead to an incorrect result, since in 
that case (in the second term in the integrand), the essential region 
is a sP.gment with a length of the order of 1/k near the point z• • z. 

In addition to the elementary integrals, an integral -S R.uf/e(11R)exp(-JIR=)-~l)-•ea,(- Q,) (11,111 is encountered in the integra- • • 
tion process. The final result is as follows: 

wt-¼,,,,,-_.,_, t'i"..., t :4;, (61.69) 
As is clear from the above, how~ver, this result is incorrect it P << 
<< 1 and the problem is essentially one-dimensional, like that studied 
above. With interest in the three-dimensional case, therefore, we must 
assume R ~ l. Then, as we see, mutual compensation of the second-order 
sources does not occur, as it does in the one-dimensional problem, and 
the term v 2 is relatively small by comparison with rt(vt~ 
dropped. 

and may be 

It must be emphasized that this difference is actually related to 
the three-dimensional nature of the problem. If in Formula (61.68a) we 

I ~~o )• 
drop the "transverse" derivatives, i.e., we calculate \ ~ instead 
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of (.-i"f in (61.68), we obtain zero instead of Expression (61.69) 
(thia also implies the need to take the following terms or the expan­
sion inµ into account; ·compare Pormulas (61.29a) and (61.30c)). In 

tact, Pormula (61.69) gives ya .· -i,({¥r +{¾)'). The transverse 

phase-perturbation derivatives are much la·rger than the longitudinal 
ones. 

Using Formula (61.69), we can calculate the average value or the 
second-order term ;pr (in any case, it will not be larger than the 
root-•an-square value, so that the condition derived below will be 
necessary but perhaps insufficient). Averaging Eq. (61.61b), we obtain 
tor~ and, conse~aently, for ;pr (see Formula (61.60)) a solution in 
the same form as tor •fl) (61.62) • . (61.62a) or (61.64), differing from 
them only in the substitution or (61.69) for 6n. Then the integral is 
easily evaluated and we obtain a second-orde~ correction in phase (see 
(21)): 

4r.,. .. _,,.,....{,[t-, t'i" t1(t- ~~"')]-:-

- I-~ Al la (t + tlP')} • _, )17 ••Aap ( P ++In (t+tl.fll)) . ( 61. 70) 

Let us now find the root-mean-square value of •i1>. Using Formulas 
(61.62), (61.64) and proceeding in the same way as in passing from Ex­
pression (61.68) to the result (61.69), we obtain after simple calcula­
tions (L = z is the total dista~ce along the z-axis) 

I • ,,, I' - JI- ... .!:.. H.lP & - J Y- I vt•-. • 
(61.71) 

For the method of expanding in the parameter v (with subsequent 
consideration of the smallness ofµ) to be correct, it is necessary in 
any event that this quantity be small by comparison with lt0 12 • k2L2 • 
= k4t 4P2, which is the case if k2tL >> v2 , P >> v2

µ 3, and also that it 
be large by comparison with the square of ~- Thu..,, accordlnr~ to 

- 712 -



Formula (61.10), we arrive at the final condition 

ylWP<t. (61.72) 
To permit the use of the simple formula (61.62)-(61.6~), it is necessary that the correction in phase (61.70) be small in absolute magnitude. This again takes us to Condition (61.72), which represents a very rigid limitation on the permissible distances L. Comparison or Formulas (61.71) and (61.72) indicates that within the limits of ap­plicability of the method (i.e., when Condition (61.72) is satisfied), the complex phase t 1 of the "scattered" field calculated by the method is small: 

l t •· I ~ t '' "'' ,, < 1• (61.73) 
This result is consistent with the conclusions drawn in (20]. It is at variance with the valuations in other papers, in which the limits of applicability were derived from analysis or a single isolated in­homogeneity (2, 6] or else correct calculations [21] were used to draw a different conclusion. 

§62. DIFFUSION OF RAYS 

1. According to Formula (60.21), the method of perturbations is inapplicable for large L, small A and very small~. It becomes essen­tial to take secondary, tertiary, etc., scattering or the rays into account. There is a simple method based on the assumption that multiple scattering is a major factor, i.e., that 

(62.1) 
or 

• . . L 
v'l,lflP> I. P- -. . . . . ,,,. (62.la) 

Thus, this method is, in a certain sense, the opposite of the perturba­tion method. However, the question as to exact criteria for its valid­ity is not exhausted by Inequality (62.1); thi s is by no means a simple 
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problem and will be conside1v.:d below in Subsection 4. 
We shall assume (as is indeed the case for the atmosphere in real 

problems) that the deviation~ or the propagation direction from the 
direction or the incident rays remains small at all times. Indeed, for 
kt>> 1, multiple scattering is particularly likely in the region of 
small angles, as will be seen, tor example, from Formula (60.16). As 
it puses through the medium, the incident pencil is spread out direc-

. tionally (rrom the standpoint of the wave field, this means that the 
direction or the normal to the wave front at each point fluctuates 
through small angles~ around the original direction; it is the dis­
tribution of these fluctuations that is the distribution of ray direc­
tions) and in width. If Inequality (62.1) is valid, the major part of 
the radiation that has traversed a layer of thickness L remains in the 
region or angles~ and distances from the axis or the incident beam 
corresponding to multiple scattering. This radiatton is characterized, 
in particular, by the values of the statistical averages t,; -y o•\t-), 

and the correlations (rt) + between the displacement r in 
+ the plane perpendicular to the flux axis and the direction vector~-

In the range of angles~ much larger than~ , there is no multiple L scattering, and the diffusion method is incorrect here. Scattering 
through such large angles (they may still be small by comparison with 
unity) is improbable; scattering is single and determined by Formulas 
(60.16) (in computing this scattering, we may disregard dispersion 
within the limits of the narrow diffusion cone,~~ ~L' assuming that 
the basic mass or the radiation proceeds in the original unperturbed 
direction). 

Thus, in addition to the region of multiple scattering, a faint 
"tail" or single scattering must be present at angles~ >> ~L. 
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Let us subdivide the entire medium into "elementary volumes" with 
longitudinal (along the original propagation direction) dimensions L0 and transverse dimensions r 0 . The entire method is baaed on the as­
sumption that it is possfble to select these dimensions such that the 
propagation of the wave field will reduce to multiple scattering or 
individual rays passing from volume to volume. Here the change in the 
field on passage thr,.>ugh one volume is small and is calculated exactly, 
with consideration c,f the wave properties, by the perturbation method, 
and the wave effects may be disregarded as we pass to the next volume. 
In other words, the medium is replaced by a set or indepe~dent elements 
the scattering effect of each of which is calculated exactly by the 
method of perturbations. Passage of the field through the aggregate of 
these elements, however, takes place in accordance with the scattering 
laws for single rays. 

Thus, we are dealing with diffusion of rays each of which experi-
+ ences successive scatterings through angles 6~, in each case independ-

ent of the accidental values of the parameters of the media at the 
point in question and or the incidence angle of the ray on the inhomo-

+ 
+ geneity in question. Thus, for example, 6~ and the total deviation~ 

after the ray has traversed (on a straight line) a distance• are ran­
dom quantities. Hence the physical characteristic or the field that 

+ + must be calculated is the probability W(R, ~) that a ray that entered 
+ the medium at a point R •Oat an angle~• Oto the direction taken 

+ as the polar axis will pass through an arbitrary point R(x, y, z) in a 
+ direction characterized by the unit vector~. This vector is given by 

the angles t) and cp in the spheric :. 1. coordinate system or by the com­
ponents •• - Ocoscp and •• - 0 sin~ in a rectangular syste:n. It is 

+ convenient to introduce !n place of R the cylindrical coordinates 
R =R (z, x, y) = R (z, r), .C=-;cos X, g =- r sin X, where xis the azimuth angle in 
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the plane perpendicular to the propagation axis•· The direction angles ~., ot the ray are also reckoned from the z-axis. 
Leartng aside tor the mo•nt the transverse displacement or the 

+ 
~ 

ray and conaidering the integral ot W over r, which we shall also de-+ note by W, W(z, ~). By virtue ot the cylindrical symmetry, the result cannot depend on,. Thua, W • W(z, ~). The problem that arises now is the same as the problem or random rotations (through an angle v) in 
rotational Brownian motion, where• plays the part or time. Let us en­visage a sphere ot unit radius tor which the polar axis is the initial 

+ 
direction or the ray and any instantaneous direction or propagation v is represented by a point on it. In the process or propagation and 
scattering or the ray, the representing point executes Brownian motion, moving away trom the pole on the average. Ir the total scattering and, .. consequently, the recession trom the pole are small,~<< l, then dir-fuaion takes place on a small segment or the sphere around the pole. 
Thia segment can be replaced by a tangential plane. Hence we are con­cerned with the diffusion or a Brownian particle in a plane. Using the familiar formula tor this case (see, for example, the textbook (11]), we may at once write the distribution or the representative W(z, v) at the "moment or time" a: 

.. 
I --IP'(z. t)tlO aa -, ~tlO. 411.f)I (62.2) 

where Dis the diftuaion coetticient, which must still be round ape-
. 

cifically for our case. This function is normalized in accordance with 
the -relation .. -~ IF (z, O)dQ -= ~ d' ~ If (z. 0) OtlO --~ l, (62.3) • • 
and satisfies the condition 1··(0. 0) =--= :,6(0). ,.,here 6(v) 1s the delta 
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function. From Formula (62.2), we find the mean square of the ray an­
gle of rotation at a distance a: -.. .. i' - ~ --,tgtlO - U>z. .~ (62.4) 

Thus, if the pencil passes through a layer with a small thickness Az, 
the mean square of the angle of ~ f4!).Az. This will enable us to con-
nect the result to microscopic theory and determine D. Indeed, in the . 
case of passage through a thin layer (when its thickness Az may never­
theless be large as compared with the dimension Z ot the inhomogeneity), 

. ~ we may calculate scattering by the method of perturbations. Hence~ is 
determined by Formula (60.19), in which it is necessary only to substi­
tute Az for L. Comparing the resulting two expressions tor?, we find 

a\ c,1,.)~ • ,, " (IA,, ·s· , ~, ~ .., .. - _.,,_ p .. - - --up. ·41 P."4» I,, .... 
(62.5) 

The important fact is the independence of D of the wavelength or the . 
radiation (if c does not depend on it). It is a consequence or the fact 
that the refraction or a plane wave on the quasiplanar boundary of the 
inhomogeneity does not depend on A. The same result can be obtained by 
analysis or the ray paths [l). It must be remembered, however, that 
the formulas obtained are themselves valid only as long as Z >> A. 
When we have A>> Z, as discussed in 160 1 the effects of the various 
inhomogeneities that fit into one wavelength are compensated to a con­
siderable degree and there is less scattering. If the characteristic Z 
are or the order of tens or hundreds of meters, radio waves shorter 
than about 10 m must be scattered with the same D, while radio waves . 
with A> 10-100 m should not be influenced noticeably by air turbu­
lence. If, however, the fluctuations are described by the two-param­
eter function (59.11), then, as we stated in connection with Formula 
(60.18), much smaller Z may be effective. Formulas (62.2)-(62.4) can 
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also be generalized tor the case or angles that are not small (1). 

2. Let ua tum now to the more general problem - that or diffu­

sion or a ~•ncil both in di·rection and in space, lim1 ting ourse l vea, as 
before, t -o the cue in which the resultant deflection angles " and the 
resultant diaplace•nta rare small. 

Since we know the elementary law or scattering in a thin layer 

(60.17) and the diffusion coefficient that it implies (62.5), the lat­

ter being uniquely related to the mean-square scattering angle (62.4), 
our problem 1s the same as that ot scattering of a pencil or particles • in the medium. This problem was solved by Fermi in the approximation 

or small,) that we require (see the monograph [12], 127). The distribu-
+ + tion function W(z; r, ,)) that we seek satisfies the kinetic equation . 

• 
The number or particles per unit volume or the five-coordinate apace 

+ + 
•• r,,) varies firstly because some rays (particles) leave the element 

+ or the real space (z, r), while others enter it, i.e., generally speak-
ing, the spatial divergence is nohzero; secondly, because scattering 

changes the content of rays (particles) in the two-dimensional volume 

element or the space "x• "y• To write the kinetic equation, we first 
take the spatial motion into account. The same rays will pass through 
the point (z + Az, x + Ax, y + Ay) that passed through the point (a. z, 

11) and were moving at angles "x • Ax/Az and "Y • Ay/6z. If there were 

no scattering on this path, the quantity 

+ would necessarily coincide with W(z, x, y, "). Consequently, the last 

parenthesis would be equal to zero. However, the number of these rays 
also varies as a result of scattering: the ray loss is equal to ·the 

inteeral ~IV(z,x,y;t)d•~(O) over all t, where dw6z(8) is the probabil-
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ity of scattering by an angle l in the layer 6z, with this angle 
reckoned from the direction~. On the other hand, the same scattering 

+ 

+ increases the number or rays with a given~ if they had the direction J + 1 before scattering and were scattered by an angle 1. Thws, we ob­tain the equation 

n, Ml Ml °r .,,(I) (6 6) 
,; + t .. b + •• i; =s J (IV (z, r; • + 0)-1' (z, r: •>> ~ , 2. 

where dw6z(8) is the function (60.17), i~ which it is necessary to sub­stitute t for J, ~z for Land 8d8dt for do. We note that e and• de-+ fine the unit vector e, which must, also be taken in cartesian compo-nents, O& == 8cos(I), o, - I sin CD. 

This may be reduced to a differential equation if we consider that scattering takes place preferentially by small antles e. We ex­
panu the integrand in powers of e and limit ourselves to terms up to and including the second order: 

Since dw/do depends only one and not on•• the terms containing ex or 
ey in odd powers give zero on integration overt after substitution of this expansion into the integral; the integrals of e~ and e; are equal to one another and to the integral of e212. 

Therefore, 

J cr_<k. • + ., _., ,., •» •:ie, -

-..!.(~+~)f • '-.u(I) 4 1e: .. : . 6a • (62.7) 
The remaining inte~ral gives th@ mean-square scattering angle divided 
by the layer thickness, i.e., according to Formula (62.4), it is equal 
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f t 

+ to 4~. Denoting by 6~ the two-dimensional laplacian in the ~-space, we 
finally obtain a ditterential equation that is valid as long as the~ 
are amall: 

(62.8) 

Aa ia eaaily seen on substitution, the solution of this equation 
1a the function 

(62.9) 
where tr-•.s+•,1. 

Thia function is normalized so that 

(62.10) 
and correaponda to the condition that the ray moves along the z-axis 
at z • o. 

Integrating the general formula (62.9) over z and y, we can ob­
tain a distribution over~ that agrees with the distribution (62.2), 
while integration .over ~x and ~Y gives the distribution over r, 

•~.,, - _:,.. eaii[-.:.J. (62 .11) 

Further, the following average values proceed from Formula (62.9): 

(62.12) 
Thus, the root-mean-square angle increases in proportion to the square 
root or distance, and the root-me an-square lateral displacement in 
proportion to the distance covered to the 3/2 hour. Obviously, the re­
lation 

111:iy h, lntcrprc t e d as indicating that the rays are scattered effec-
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a 
tively over a giv~n ~u~le (of at a distance of the order of 1/'3 of 

the distance traversed from the observation point. The result obtained 

is valid primarily when ii< I. W1 thout leaving the range of applica­

bility of the geometrical-optical approximation, we can also consider 

diffusion over larger angles [l]. However, as we shall see shortly, 

this is by no means necessary in the case or radio waves and the for­

mulas obtained above virtually exhaust the problem. 

Let us consider a numerical example. As we have noted more than 

once before, we may assume an order of magnitude of 10-11-10-10 for 

(6c) 2 in the troposphere, and 10 4 cm for Z. In this case - as also in­

dicated by direct data for (6n) 2/Z at an altitude of several kilom­

eters - we may assume that D reaches values . 
(62.13) 

but may also be considerably smaller, for example, ~10-18 ). Assuming 

D • 10-16 cm-1 , we obtain at distances of 100 and 1000 k~, respectively, 

V,:, C!Il 

100 0,6 • 10-• 4 • 10' 

1000 2 • JO- · 101 

Thus, the dispersion of propagation directions is reckoned in 

minutes and the width of dispersion of the pencil in tens of meters. 

It also follows from this that in the problems considered here, we en­

counter only the case Dz<< 1. As is seen from Equality (62.12), nu­

merical estimates are sensitive to the values of (6c) 2, which depend 

strongly on meteorological conditions. Moreover, if Z close to 1
8 

fig­

ure in the correlation function (59.11), the value or D indicated 

above is found to be much too low. 

Multiple scattering may be of great importance in optical observa­

tion of astronomical objects, when chaotic distortion of the directions 

of arrival of the radiation, even over fractions of a minute, causes 
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wavering or the source position a& seen in the telescope. In this case, 
the path• traversed in the turbulent atmosphere is much shorter than 
in the numerical. ex&Jll)le cited above. Nevertheless, the errect is sub­
stantial (this problem waa analyzed in detail by the method or smooth 
perturbations, with consistent consideration or the correlation func­
tion (59. 1), by V.I. Tatarakiy (2]; see 161, Subsection 4). 

3. The general formulas (62.2), (62.9) and (62.11) enable us to 
obtain a number or other results. Let us calculate, for example, the 
fluctuations 6, ot the phase, ot an arriving ray. In the geometrical­
optical approximation, the phase is 

• 
• - ~•Co1do', t(,1 ~ t,(l + 6n(,')), (62.14) 

where, strictly speaking, the-integral is taken along the distorted 
path a ot the ray. At each point we may assume d,' .:as~. where z' is -· reckoned along the original direction and~ is the angle formed by the 
ray with this direction at the point or interest. Since vis every­
where small, 

• • • " -t. j (I + ._ (o'Jd,i' _... t,, ~ (I i· ._ Ca1) ( I + t' !"' ) a·.-.. lo~ (1+6'1(,1+ 

+ .. c,,, ••. z . 

But according to Formulas (62.4) and (62.5), since z/t 
z ~ 1000 km, while an~ 10-5-10-6, we have 

• - ,,,,., • .L .< I "" I• ' • 

< 104 even for ~ 

Consequently, ~
2 

may be dropped, i.e., the difference between a and o 
elves an infinitesimal effect. Therefore, 

• • - •• + At,, .. - ..,, 6't - .. s 6ft (,,dz'. (62.15) 
• 
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and, consequently, 

, . 
(49)1 

as t:) S dz' dz" 6n (z') 611 (,1 . 
•• 

Converting to the variables z• - z" • lpz and z", we may integrate 
over z" to obtain a, and introduce for the average of the product &n 
at two points separated from one another by a distance lpz on the z­
axis (x' • x" • o, y• • y" • O) its value (6n)'F(O,O,p.). We obtain as a 
result (the integral over pz can be extended from - to+•, since z >> >> l) 

+-~-.:Z,(6njl S F(O, O,p,)tlp •. -- (62.16) 

The dimensionless integral is of the order of unity. Hence (Aijl-t:,,ai,_ 
"' .:rlP. Assuming, for example, that (6ta)1 - 10-u, I - IOI, and 11: "' 
"'100 km• 10

7
, we find the root-mean-square phase fluctuation: 

Y<Aiji-{:-, (62.16a) 

where A is to be taken in centimeters. It is large (2w) ror Acm • 1, 
and for A• 1 m it amounts to "-0.1 radian. Phase differences between 
the rays at various points on the anteMa may interfere with its opera­
tion. In actuality, it would appear that the harm done by this ettect 
in practice has been found to be less than was originally reared [10]. 

4. Only with a more complete solution of the problem would it be 
possible to ascertain the range of applicability or the ray-diffusion 
method rigorously. Due to the lack of a rigorous theory (as was indi­
cated in 161, the theory based on the smooth-perturbation method can­
not always be regarded as rigorous), we are obliged to limit ourselves to a few brief remarks. 

First it is necessary to determine whether (and within what limits) 
it is possible to select the parameters L0 and r

0 
of the elementary 
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.. 

scattering centers mentioned at the beginning of this subsection in 
such a way that Formula (60 .. 19), which consistently takes the wave na- J 
ture or scattering in the .ele•ntary volume into account and was used 
in Relationship (62.5) can be applied to them. 

It is quite obvioua that r 0 >> i and L0 >> Z must hold in any 
event. otherwise scattering events in successive volumes will not be 
atatiatlcally independent. On the other hand, scattering within the 
lillita ot each volume muat be small enough to permit application or 
the perturbation-•thod tormulaa to each event. According to Formula 
(60.21), this neceasitates 

Le<~~, • 
Consequently, tor Z << L0 to apply simultaneously, it is necessary that 
the condition 

(62.17) 
be observed in any caae. For Z ~ 104 cm, v2 ~ 10-10-10-12 this means 
that k < 10-102 cm-1 , A> 1-0.l cm. 

On the other hand, many scattering events must take place over 
the entire path. Consequently, according to Formula (62.1), it is nec­
essary that v2k3t 3P >> 1. In itself, this condition enables us to apply 
the diffusion method in any case with very large P. But with P ~ 1, it 

2 3 3 6 is applicable only when v k Z >> 1, i.e., by virtue or Formula ( 2.17), 
we must have kl>> 1. 

Thus, at distances Lat which the wave parameter P • L/kZ2 11 

small, P ~ 1, the method is correct it 

' t -c,, <ti<--,, . ,, 
In general, however, we must have 

.!. .. /I<"'<J.. .. V L- • 
(62.18) 
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i.e., for example, with v2 ~ 10-12 , Z ~ 10 4, we must have l < Acm < 

< /l0·Lkm' where~ is taken in centimeters and Lin kilometers. It 
must be remembered, however, that with A~ l cm we enter a region in 
which the turbulence in the atmosphere is characterized by two length 
parameters, since the internal parameter Z

8 
is or the order ot l cm 

and the considerations brought rorth above, in which a single (large) 
parameter is taken into account, become. quantitatively unreliable. 

Thus, the range or applicability or the multiple-scattering tor­
mulas (62. 2), (62. 9), as determined by Conditions (62 .1) and ( 62 .18), 
is rather narrow (not to mention the ract that these conditions are 
necessary but perhaps not sufficient). But this does not imply that 
the range of applicability or more particular formulas, such as For­
mula (62.4) for~. is the same. In fact, this formula (as was, atter 
all, taken into account in its derivation) is also valid in the region 
or single scattering, for which Condition (62.1) is tnvalid. 
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