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0E TEI PROPAGATION OF SBKB FROS FACTOET STACKS

by

L. S. Gandin and R. Z. Soloveichik

I. A theoretical analysis of smoke propagation from factory stacks
makes it possible to predict the degree of air pollution by smoke in an
area with specific characteristics of the stacks and smoke, which is ejected
into tie atmosphere and under certain meteorological conditions. By knowing
the latter, it is possible on the basis of a theoretical analysis to deter-
mine such characteristics of stacks and smoke vith which the smoke concen-
tration does not exceed the limits of certain established norms.

In an analysis of smoke diffusion it is important to take into consider-
ation, generally speaking, that smoke particles are not suspended but
possess a characteristic (proper) velocity. Frequently, as a result of over-
heating the smoke will possess an ascending velocity at a certain initial
phase of its propagation. However, such an initial phase is of a short
duration inasmuch as under the influence of the turbulent beat conductivity
temperatures of the smoke particles and the surrounding air rapidly become
equal. It is extremely difficult to calculate accurately the described
effect because it would be necessary to solve simultaneously the diffusion
equation and the equation for the free convection of smoke particles.
Hovever, even with a considerable overheating of smoke this effect my be
calculated approximately by substituting the actual source of smoke with a
fictitious - a sevhat elevated-source, (see CI•). most frequently
the effect is negligibly mall due to the short duration of the mentioned
first phase of smoke propagation, and at times it is totally absent. There-
fore, vertical velocities caused by the overheating will not be taken into
consideration. The descending characteristic velocities of smoke particles
which are caused by the weight of particles are much more essential. For
particles of a certain size the rate of their fall v may be assumed as
constant. Although the usual values of v are extremely small, their
influence may be significant, as long as it is realized throughout the
entire time the particles are in motion with the exception, perhaps, of the
mentioned initial phase. In addition, the existance of the rate of fall
W leads to certain qualitatively new effects.

Thus, if the smoke admixture is polydispersed, i.e. the smoke particles
emerging from the chimney are of different sizes, thean during the process
of propagation of an admixture there occurs a re-distribution of particles
according to the size - the heavier particles fall at a distance closer to
the source than the lighter ones. Obviously, this fact would be Impossible
to describe, if the characteristic rate of fall of particles is ignored.

The presence of proper velocities w leads also to another effect
which at the first gance is paradoxical: with an increase of the strength
of the source Q, i.e. the amomt of smoke entering Into the atmosphere
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per unit of time, smok~e caonentration over a given distance from the OCUMSw
Increases only up to a certain limit but with a fUrtber incrumaatO 4.
diminishes. This paradox Is asiple to explain, If it Is takes Into a-coint
that with the Iscremst. of Q the average size of smoke particle* should
also Increase, awd consequnutl~y also the meas value of v. The Imcem -It
of Q alone leads to the increase of the concentration of admixture q at
say distance from the source, sand the increase of v - lea"d to the
decrease of q. At smali vaives or Q the direct Influence of the is-
cremunt of Q Is amr substeatial, so that q inczeases. Nwever, with
larg Q values, the Influence of the corr spcmdiag increase of the prOWe
rate of fatl v in more substantial emid therefore with the Increase Of
the concentration of q diecreases.

The theory of the propagation of make admixture in the atmosphere an
of amalogous processes was exmined in a number of works. Sutton f27
and M. 2. Derliim& tiJ have mot taken into account the cba2acYeistio
rate of fail of momk particles (see also C3,J). osansdy L~Jproposed
to take into account approxmautely the Inuividual velocity of w by the
aman of substituting the axis of the source (ie.e with a horizontal
straight line which to directed frnthe source with the wint) , with a
straJgtt line inclined towards the adis downward at a certain ang1e. lvi-
dently, such a athod. Is so louger valid already owing to the fact that the
line of the muxma valves of q differs substantially from the straight
line in case wVO.

1. . l~dia t'5J, L76J, as well as L. S. Omndjn and A. S. Dubow (7]
have examned a problem, which essentially is equivalent to the problem an
two dimensioinal propagation of heavy admxturesp by Ignring the horisae
turbulent exchangs or the sae as the problem of propagation of admixture

frma linear soure. A similar problem, was ozomaled by Fortekn(j but
uner a psor general Initial codition,9 with regard to the problem em the
propagation of sand from the desert. into the sent, whereupon contrary to the
authors mentioned earlier., Fortek limited the problem to the simplest as-
sumtion on the cnsancy of the vertical turbulent coefficient excbma
with heigbt The space problem an the pxaatun of heYadymixtures has
been. examined by Donawzut aMd othes. 1970], wimho weer., did nt
obtain a caslete solution to this problem. This complete solution has
beem found recently by A. 1. Deaisov fLlJ, who, by the way, established
the error in ane of the Dosamimet 's foiwalas.

The present work is dedicated to the solution of the problem. which is
concerned with a series of sor gaveral relationships sand which described
amor closely the behaviour of m*ae under atmospheric coalitions then the
previously solved problems. In the analysis of the obtained solution
attention Is devoted to specific results caused by the effect of the proper
rates of fail of sinks particles.

fl . We shall. solve the equation. for the etatiOUSry turbulent diffusion,
of heavy particles

It q dq _ 't (kq dc~~
'Or oI: ovi ov d.- O:'0



wvMir a d y ae the horlsmtal coordinmtes, with x coinclding with
the wild dirxe-uou M 7 perpendicua to the visa respectively, a - is
the be #t, k7 - Is tke cefficient of the horiazotal turbulent diffusioa#
ka - Is the Coeff•cient of turbulent diffusion along the vertical, u - is
the Vind speed.

If q - Is the concentratios of particles with a certain characteristic
else (rdius) r, thea the characteristic rate of fall, of v p my be
assamd as coestaut I& agreement with what was add previouslsy. T vwn
velocity u mad the coefficint ky shAel be comuidered as power fuc-
touns of heilet

u i UiZ', k,.= kz' (2)

with the ezmamat of the pwer a.

Suck am ao has boee applied in a muber of works (for example
,j, CI ) n proved to be suces sful. It should be noted

that a is alms" a proper frectioa. For practical purpsems, as a rule
0.1 <a <10.2.

The ceefficiest k. will be assume to iacrease linearly with beai.t
k=. =kz. (3)

Let ns solve the problem L~a the interval 1) C< d, - -<Y < ') O~<z <
As the bouary coaditions we shall as• the IW*tatiom of cmeatratiom
at inflaity

q -C~i &, -: .(4)

the gives distributioa of c moentratioa Is the "itiApl"ap e

q I,_, =F(y, z) (6)

and Ut us also aes that the turbulent flux of ada•iture as the vader-
lying hfoe 1s elual to mero

I-t us nete that uWier ondition (7) the total flux of admixture differs

frm sere wing to the sedisatatiom flux w1,-., homver, it Is limited.

It mWy be indicated tOut for our problem coaditias (T) is equivalent to
the am1itio of he li1mltatim of cm toatMom em the adaerlyl surface.

lql , -- o •"(8)

Vider suk thme problem a the prepetom of heavy par-
tales of mim* is clooest to the problem of Doseanot - Pearso-, solved
by DeaNiov but differs from It Is the follouing relatloeshipas



1. instead ef thie initil" conditiom for the type of source, coadition
(6) of the genral type is used. It should be noted that the source of
mom in the forms of a opemnag of a mokestack my, gmnrally speftile,
be •mnsdered as a point source, I.e.o to ssum that

F(y, z).=Q8(y)&(z-h), (9)

where h - Is the beight of the source, &- Is the delta-fusatiom.

owever, for a mn er of other practical problems, as for example for
the problea msenti• ed above comcerniag the propagation of sen, it is
=oessar to use the condition is the initial plomw of a more Sm'ral form
t (9),; therefore, it vould be useful to obtain a solution under the
condition (6) especially as the method for the solutiom used in (-iJ,
under the condition of a source type ceanot be applied directly in the
came of condition (6). Or course, from the solution under the condition
(6) it is easy to obtain a "source" solution, for vhich it is safficient
to deteralin F (y, z) by equation (9) and to tak advantag of the basic
characteristic of the •elta-functio•.

f qP(x)8(x-c)dx=4)(c), a<c<b. (10)

2. Mw wind speed u sad the horizontal exchbmp coefficient r are
not coasidered as consteat but Increase vith height according to (2). It
is clear that this gives the best approximatiom of the actual atmoepheric
cenditions.

3. The coefficient kr Is assumd to be lidependsnt of the horizontal
coordimoe x , while In Wrks C937 - fii-7 it is assumad that it Is
proportional to x . The lest asuptiom , used in a umber of vorks by
the h•glish authors, is based on the fact that the Intensity of t turbu-
lenst ming of the admixture should depend on the characteristic dimmasims
of the admxture "cloud" Increasing with their grwth; salme the admiture
"cloud" expands in the direction x then they asum that k_ Increase
with an incremit of x . Such an assumptio is not very counrlaci• wing
to the following reasons.

irstly, if it would have been possible to agree with the argumnts
presented above, then they would pertain not only to the coefficient
but equally to the cofficient kz , so log as the admixture %loe"
expands with the Increase of z aloeg the vertical also. In addition to
this, these coefficients should be considered as Independent of the x
coordinates but dependent on the distribution of the diffusing mxture
q(x, y, s), i.e * a mm-linear problem sbould be solved. Secondly, it is
not quite clear in mwha r these argumets my be used in cas of the
initial distribution of a general type (6), instead of a source type.

(t- function: Jo ) = t ;-I"h,.ere ) at

and f(41k)aO outside of this interval. (Tramlater)



llhall~y, thirdl~y, assreus theoretical invaestigations exist is which the
coefficient of the horizonalmj VL J as4g at of the
hori••.tal coordinates (for example _/j, _/3,, L-13..). A god agre-

I between the theoretical results and the observational data shows that
the coefficients of turbulent diffusin my be considered Independent of
the horizestal coordinates.

ni. By substititiag (2) aM (3) into (1) we shall obtain

u, -- wz q=k z" q) + 't. (St)

Let us assmie at first that the distribition of q in the initial plane
is symetrical with respect to the asz a, i.e., that function F (y, Z) -
is as even function according to y , Then by mltiplying equation (11) by

Y(y; ) Ccos?. Y (12)

Sas sum i that f ./ q(x. y. : Y(y: )d . . ).) (v.z)

f ./i(Y, 7-) Y(y; r, dv f (z; ") (14)

we obtain according to (12) aM (13)
I I,

q(N. y, z) f-- Ir (x. , ) Y(v; K)dA. (15)

By ltegpating equation (11), •hieh Is wmltiplied by 7, fron -- - to o
with respect to the variable y , we shall obtain, by using condition (5),

", Iii- _ z- = k,z (z!,"- ~jk,,. Y rdy
.00

or after Integrati•g twice by parts in the last term

U, Ox R . _ (26)

Further let us perform an operatiomal trasformatiom according to x
Since according to (6), (13) aM (1I.)

then the transformation or equation (16) gives

Up(W--f)-wz" - = ", ( ' i) --0W.•V.

or ' +(+ , ,- (17)

ere I-- Is the trasform of function tV.



f.r
The general solution of equation (17) may be written out in the form:

M, d, +

S ... .•.- --2- /.k•+ M , a

. , ;w w 2_, _

IV _

where A sad B - are constants of integration. For determining them we

shall use the boundary condlitioms (J•) and (8), which lead t~o the conditions .
for d, +

As a result of the first of these conditions A = 0, and owing to the

second B * 0, therefore the solution ror I• obtains the form

(I +m kl I• (; I.) K w k 'I

0 , . + H, + R k' (:•)

K_ (I 2Id-,,- () ,\

+ ~ i

In order to obtain the origt al or iXtegro) from the treasform i (z; Pw e)

let us use the web l kunoa formlaos )mee for instance -le _ fot

fora~l

(9. i)J

where t in this case is the coordinate x.

[JI + .k'k

'* i It I I I I l



2b by combinng the Ilmbeals we se ll ObUta

e- i.,., e-

x Il k] dC. (19)

Retuzalag to q , e btai, accerdlag to (12), (1.), (15) and (19)

q . f f f C,.,)OSVOS "se ... :)x
0 -000)U.

~ (lIll'Z I2na, (4C) 2 Idy. 4'~dx e (I + m l,*i k ••
C' 1(+)'x J "" -"

or ,ntegratiug with respect to ), finally

3 [ u(y -

I. (i'Tf P,. e 0x±q F -T.)V - "
4 (1 + m)i, ' J f If +

~~1b ] (~~ e 2u,_ (4C)2-I. I d l rd. (20)
+ " * w= ! (I'' + m)2 k-

The problem, VoUlA be solved sawlobousl~y whea FP (y, z) Is the odd
fmaotio of the coordinate y *Them sinlky, should be taken as a
factor for ! aid accordi•g to this the final forma vi.l differ frm
forada (20) only by the fact that Jnstd of the BUR of the expanest the
difference will appear in square brackets. Finallyp I genaral ease it
is sqle to obtain the solutioa, by takig the function F (y, s) i• the
form of the m of the even end the odd fIction

F(y, z)= 2 IF(y, z) + F(-y. z) +- IF(y, z)-F(-Y, z)I.

Then ye obtain

q,-, f F(wI. ')e Q " +

eq ---- Xi•, V -k,

12u (s. + j;t,

X I e +



Formula (21) gives a complete solution of the stated problem. In
particular, for the point source (9) we obtain from (21) or (20) an the
basis of (10)

q- (!71 L 2N 4 *X ~ (I~~ ± m 0 2a, (hIZ) J (22)
2 2(1+rm)I/"k 1 o 2b, ')'+ - 'Ft -IXz

From (22) are obtained simple expressions for the distribution of the
axial concentration U in ase the source Is elevated (y 0, Z / I)

3

,1 ) -,uh (23)
qa = (I+ m) •-kukt0- k', I r M) nlk1X I

sad for the distribution of the axial concentration qo is case the
somre is at ground level (y=z o)

U

IV In amlyzing the solution it Is convenient to change to dinenslom-
1*_sý variables by mema of relations

__"_ h-.-R q

Than instead of forma's (22) we obtain
wp

0(, C H) -f)= H'I ,- - -" / (2H:) (26)

and correspcmndngly instead of foonmus (23) sa (21)

a (0, H; H) - -- P•-PI (2W') (27)
sam

*(0, 0; H) - je2 . P(28)

Forwola (27) ohm tht the axial cane a tration for a elevated ouare
decreases monotomioally with an Increase in the distance from the axis
of the source, i.e., with the decrease of N . Along all the other hoar-
soutal straigt linse in the plane yO the ad'xre conentration at
first inrea•es with diataoe from the point x-0 , and only after reach-
ilg a certain Ixmim basins to decrease. At the axis of th grovud
soum in particular, the suim value G. according to (28), 1. reaced
at the point

H- H.-'P+!'(29)

__________________



and is equal to 3

o., =a(O, O; H.)- +( ( (30+

It is interesting to note that the distance

XM u- -I--f (31)

at which, according to (29) and (25) the maxinn concentration is reached,
is independent of the horizontal diffusion coefficient kO , and the
miynm concentration, being equal, accordin to (30) sad (25)

, +3
q (I +m)V 0Q/, I I(I •m(322

2 h~1.~rI~u~ L e ](32)

is independent of the wind speed ul .

Both of these conclusions are clear from simple physical considerations.

Indeed, the naximum concentration should be dependent only on time _
Ut

in vhich particles are transported by the wind from the source to the
point of the abscissa x , and this time, apparently, is not dependent
on ul . Regarding the coefficient ko, its value should effect the rate
of maxim= concentration, but at the point location where such a concen-
tration is reached.

lAt us note that the presence of a point (source) with a m con-
centration at the underlying surface is not characteristic for the dif-
fusion of heavy particles only. In the case of weighted particles the
general character of the distribution of q on a straight line ymu-O
is the same. In this respect the influence of the proper weight of
particles of the admixture is of a quantitative nature only. Namely, as
may be seen from (31) and (32), with the increase of the deposition rate
of particles, the point at which the -nximu concentration is reached,
approaches the source but the value of the maxim= concentration increases.

In general, the spacial distribution of a concentration does not undergo
qualititative chanes under the Influence of the weight of admixture
particles. Therefore, we shall not describe the distribution of q any
further but we shall turn to the analysis of specific effects caused by the
influence of the proper rates of fall of particles.

Let us assune that the admixture is polydispersed and the distribution
curve for the number of particles emitted by the source, according to
the sizes of r Is described by the function f(r). For simplification

Ij



we shall assim the particles to be spherical and r vwil be considered
as the radius of the particles. These considerations may easily be
generalized in the case of particles which are arbitrary in shape, pro-
viding there Is no relationship between the size and the shape of particles.

If No is the total number of admixture particles emitted by the
source per unit of time, them according to what has been said,

NJ(r) dr

is the number of particles (among the total number NO) with a radius
between r and r + dr . Then the strength of the source Q is equal,
obviouslyto

Q-f 4 r-pNof (r) dr,

where p - is the density of admixture substance and the integration is made
throughout the entire spectrum of the size of particles.

Let us assme that the size of every particle does not change during
the diffusion process of the admixture and that no interaction occurs
between the particles. This assumption my lead to certain errors only
at the immediate proximity of the source, but at a distance from it, where
the concentration, q , is mall, it is very close to reality. Following
this assumption it is possible to exai•i the behaviour of particles of
every fixed size independently.

Let us substitute in (28)
o(0, 0, H) s,

In order to single out the dependency of the concentration n .

?Mh formal (28) for the coacentration of particles of a given size
at the ground level axis of the source will be written in the form

Sr (I +p t ' e- 1  (33)

where, in addition to
Q, =---- r- pNojf(r) , (34)

also only the parameter P - Pr depends an the radius r of the particles,
so long as it is related according to (25) to the deposition rate of
particles. ENaely, oving to the smlless of particle sizes it is natural
to assime their deposition rate proportional to the square of the radius

them a *,(r r". (35) I



By having a concrete distribution curve f(r) of particles which arn

emitted by the source, according to sizes and knoviag the parameter rr2

It Is possible am the basis of (33), (34) sad (35) to fiad the distribu-
tion of the cosmeatration of particles of given sizes at the underlying
surface. After this, Integrating with respect to r , it is also possible
to find the distribution of total concentration. In addition to this, it
Is essentlal to keep in mind that the distribution of total concentration
will vary from the distribution of the corresponding innodispersed ad-
mixture, which is obtained by substituting the sizes of all particles
with the average sizes. In particular, at the earth's surface the total
concentration of polydispersed admixture will be greater thea the cor-
responding cceentratiom of the nomodispersed admixture.

It is even more esseatial to take Into account the re-distributiom of
particles according to the size in the propagatioa process of admixture.
By coasidering the concentration at the unerlying surface, it is natural
to Introduce the coefficient

H -FI . ij (36)

which describes, according to (33) the distribution of a according to
size if o,= 0- i.e., In the event, the strength of the source for

dr

various asie particles is the sam. In other words, the coefficient X(r)
describes thn influence of the deposition of particles on the distribu-
tion of their mass according to their sizes over the underlying surface.

fhe behaviour of function 1 (r) differs depending on I . Namely, for
=all I values (greater distances of x ) y(r) has a monotonic decrease

with the Increase of r , but for large I values (mall x values) x (r)
increases to a certain maximum and only after that it decreases. It is
simple to describe this effect quantitatively, If we keep in mind that

P,<< I (due to the mallaess of the parameter ((F+:m-i). The con-

dition of the mo1im of Z (r) gives

21nI- +(I +p)=- 0

where +- is the logarithmic derivative of a gaima-function.

1 If, for exaple, the deposition of particles takes place according to
stokes law, then -

9ý2



By the expammics of the -ý fuactica into a series and by coafiaiag to
two terms

+6

we obtain the value of p ,corresponding to te maimum of I (r),

Since always p > 0. thes, eccording to (37) the aimmai of X (r) occvrs
only if

i.e., In agreement with (25), if

A physical explanation of this fact consaists in the following. Geser-
ally speaking, the larger ane the particles then to a grester degree Is
their concentration decreased at a gives distance from the source, because
& large portion of such particles, owing to deposition, fall out at closer
distances. But at short distance* (38), the concentration of very fine
particles is small owing to the fact that as a result of the .1cw depo-
sition rate they do mot quite reach the underlying surface. At moderate
distances with all conditios bein" equal, there are mostly particles of
intezusdiate sizes which satisfy foriala (37).-

It is interesting to note that the upper limit xm of the di tualn a,
where thse curve I (r) reaches the moijmm, Is very simply associated with
the abscissa xz , for which the conceatrationa of particles of a certain
gives size is sakinl. According to (31) and (38),

el- J 4  -1~-3 71e -- 4,38.

fimilly, let us examine the problem coscerami the relationship be-
tweas the cmmentratiom of particles and the strength of the soarce. lit is
obvious that if the process of the propagation of oftsrem Is iniapaedat
of the strength of the souce, then at each point the cmmoentratisa is
PztP~rtiosL1 to the Strength Of the soMrc and inceases Withot lUdt
with the Increase of the strength of fte num. Aetually, howver, this
is more complicatied. Mussily, with the ches of the streoth of the
source, the distribution curm of tUs size particles being enitted by It
also champs., me tVat with an Increase in the stwsaMagt Us the .e, the
average particle sines increase also. *Terfore, the pawtieles sette
nre intmenely and it can be aesaind that at a oertain far distemo from,

the source, as a result, the concetration with the 1wreaae of Mhe
strength of the soure does met grew bat diminiehes.



let us examine the simplest physical scheme of such an effect and
mly let us asi that

a) the admixture Is momodispersed ad
b) the wber of particles which Is emitted by the source per unit

of time is indepnent of the rength of the soure.

?beait is obvious that

where 9% - is the value of Q at ruro.

Owift to (35) an (39)
3• (41"

BY substituting (4o) into (33) we obtain

S_ Q1 - +2p -Ia r(I-+P) P e (41)

The coaditiom of the mazium of a with respect to p gilves, ac-
cordiag to (0,1),

3•-'4plnH-2- S"0l+p)=O,

fren which by confining to the first term of the expa•sioa of ,? (I -p)
Into a series

3 1 (42)P=-- 4 4lh H +.,

From (42) it is evideuk that a as a function of p (or the sam as
a functian of Q ) has a mximt only if

I.e., if

Mw lower limit x. of theme values coinacides with the upper limitof formula (38). Thus, for aUsufficently large distances of x•>x.,
the comeentratiom, with am laceae In th stenrgth of the soaree does mot
Incease Inintely but reaches a certai maim with the Q valmes,

which Is obtained by substitutiag (42) Into (), an with a ther
isereas Q decrease. The values of p ad correspondingly of Q at
which the Imnicated max.mm Is reached, esaetially depeun am the distame
x f Ustb source Mad amel•-
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