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ABSTRACT

The method of characteristics is formulated for the computation of
the supersonic flow of an inviscid, reacting gas over a smooth three-diinensional
body. Various methods of constructing networks of bicharacteristic lines are
examined from the point of view of numerical stability and accuracy. A new
method of {orming the network, which consists of projecting forward along
streamlines from data points on specified data planes, is found to be most
easily adopted to the particular requirements of nonequilibrium chemistry.

The general method was coded for the IBM 7090 computer and the
program demonstrated fur the case of an ideal gas. Calculations were made
for the flow about a spherical-tip 15° half-angle cone at 10° angle of attack
and a generalized ellintical body at zero incidence. 3Since the program yields
the pressure distribution along specified strearnlines, it is straightforward,
in principle, to link it to a finite-rate chemistry stream tube program to treat

three-dimensional, nonequilibrium flows,
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( +
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( - tangential conditions
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Section 1

INTRODUCTION

11 POSSIBRLE METHODS OF SOLUTION

The genceral cguations governing the three-dimensional, supersonic
flow of a reacting gas are highly nonlinear and cannot be solved in closed form.

Thus, without resorting to many simplifying approximations, the only alterna-

tive is to solve the ¢quations numerically.

The prime objective of the present study was to develop a numeri-
cal procedure for determining the supersonic flow field about a general three-
dimensional body including nonequilibrium chemical effects. Several techniques

are available for doing this.

Most of these methods make use of the hyperbolicity of the general
governing equations by formulating the problem as an initial value problem
which can be continued in ecither time oi space. One method, however, which
has recently been proposed for steady flow by Telenin and 'I‘inyakovl treats
the problem as a boundary value problem which must be solved between two
boundaries (i.e., the body and the shock) subject to certain known boundary
conditions. This scheme, which has not yet been treated in detail in the
literature, is somewhat similar to the direct method of Belotserkovsky for
two-dimensional and axisymmetric flow fields in that polynomial approximations
are used to reduce the partial differential equaticns to a set of ordinary
differential equations which can be integrated numerically. Both subsonic
and supersonic flows can be solved. However, since the method can probably
not be easily extended to include complex chemistry models and unsteady flow

problems, it will not be considered any further here.

Of the remaining possible methods only two appear to be capable
of providing sufficient detail through the shock layer. The first of these,
called the finite difference approach, consists of replacing the original partial
differential equations by a system of difference equations - formed through
direct substitution of finite differences for the derivates - which can then be
solved using a step-by-step numerical scheme. In the second technique,
generally termed the method of characteristics, the equations of mwotion are
transformed to a che racteristic coordinate system and the derivatives are
again approximated by finite difference equations. The resulting equations are

numerically integrated step-by-step along characteristic surfaces throughout

the flow-{ield. )




The finite difference techniques can be further subdivided according
to the form in which governing partial differential equations are written and

the differencing techniques employed. In general, the classifications would

be as follows:

1. Standard (SFD) - If the equations of motion are written
in either the Lagrangian or Eulerian form and the finite
difference approximations are substituted directly, the
scheme is termed the standard finite difference technique.
Discontinuities are handled bv imposing appropriate jump

conditions (e.g., Rankine-Hugoniot conditions at shocks).

2. Finite difference technique utilizing artificial viscosity
(PFD) - A small "pseudoviscosity' term is introduced into
the nonviscous flow equations, The resultant effect is that
the solutions remain stable even in regions of large gradients
(e.g., near shock waves) Von Neumann and Richtmyer
obtained a solution to the one-dimensional, unsteady flow
equations using this method which accounts for the presence
of free boundaries (e.g., shock waves) automatically.
Burstein3 has recently extended this idea to two-dimensional,

unsteady flows,

3. Finite difference procedure applied to conservation laws
(CFD) - Lax4 developed a method which treats the governing
equations in conservation form and uses a differencing
procedure which has the effect of introducing dissipative
terms. The method can handle cases in which the solution
has certain specific kinds of discontinuities (termed weak
solutions). Lax and Wendroffs, Burstein3 and Bohachevsky
have recently applied this method to various fluid flow
problems. Also, Moretti . has used this procedure coupled
with a method of characteristics approach at the boundary

points to solve unsteady flow equations,
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4, Finite difference procedure applied directly to Navier-Stokes
equations (NSFD) - This procedure which is generally
difficult because of the complexity of the differential equations
involved was first applied by Ludford et al. e , and more

recently by Crocco™ for one-dimensional unsteady flow.

While other methods have been proposed, these four appear to be the most

useful for calculating multidimensional flow fields.

In Table I, a summary of some of the advantages and disadvantages
of each of these finite difference approaches and the method of characteristics

7,8,9

(MOC) approach are given, On the basis of these comparisons the

following conclusions appear warranted.

1. Although finite difference methods can treat shock waves

and other discontinuities, their accuracy is impaired

(especially near the shock) because they have the effect
of smearing out the shock wave over several mesh points,
The effect of this smearing on the rest of the flow field

for multidimensional flows is not known at present,

2. Fixed boundaries are more accurately treated by the
MOC technique when the body shape is arbitrary,
The finite difference schemes appear to be better only
when the body shape is such that points on the body lie
along coordinate lines so that body points are mesh
points. Otherwise, interpolations, which could lead to

errors and/or possibly instability, are required,

3. The disadvantages of the method of characteristics approach
are that the program logic required to code the procedure
for the computer is quite complicated and that in crder to
obtain a solution at a given mesh point, considerable iterating
is needed. This latter situation, of course, adversely

affects the computing time required to obtain a solution,

i
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As noted initially, the prime objective of the present study was to
develop a numerical procedure for determining the flow field about a general
3-D body including nonequilibrium chemical effects., Particular interest
was centered in the afterbody or supersonic portion of the flow field because
for a typical spherically blunt nose, the forebody or subsonic-transonic
portion of the flow field can be obtained from a transformation of an appro-
priate axisymmetric solution except at high angles of attack., One naturally
wonders whether this problem can be most efficiently treated using the
method of characteristics or one of the finite-difference approaches. The

answer to the question depends on three considerations:
(2) Computing time per solution

(b) accuracy and reliability of the solution near the shock and
body

(c) prospects for treating chemical nonequilibrium effects.

When the present work was started in June 1963, there was not sufficient
information available concerning the finite-difference methods to even begin
to consider the answer to this question rationally., In fact at the present
time, after 3-4 years experience with both general methods, the answer to
this question is still not clear in the case of reacting gas flows., In 1963, it
was decided to pursue the miethod of characteristics because considerable
success had been attained using that method for 2-D and axisymmetric flows
and it yielded results having the desired detail near the shock and body, It
was also clearer how procedures for treating nonequilibrium chemical effects
could be included in the program to various degrees of approximation (ex.
chemically frozen along streamlines, finite-rate streamtube with locally
frozen gas chemistry for obtaining flow quantities in the mesh calculation,
etc.). Hence this report deals in detail with applying the method of char-
acteristics to three-dimensional reacting flows and no further cdnsideration
is given to finite-difference methods. Questions regarding the relative merits

of the two approaches must await further work,




1.2 SOLUTION OF HYPERBOLIC PARTIAL DIFFERENTIAL
EQUATIONS USING THE METHOD OF CHARACTERISTICS
The theory of the method of characteristics as applied to quasi-
linear, hyperbolic equations has been known since Monge and Ampere in
the early nineteenth century. A monograph by Massau8 first indicated the
use of the theory to solve a system of two equations in two unknowns. Later,
in 1928, Lewy 4Oused the method to show that the initial value problem for
a quasi-linear hyperbolic differential equation in two independent variables
has a uvnique solution. Tittll later generalized the method of Lewy to the
case of three independent variables, Since that time, the method has been
utilized by several authors in formulating methods for solving many different
hyperbolic problems in fluid mechanics. Ferrilz and Meyer13 discuss much
of the earlier work as it applied to several different problems in fluid
dynamics and give a complete list of references. Now, with the recent
development of faster and larger electronic digital computers, more
ambitious problems such as the one described here, may be attempted.
Thus, it is now possible to consider the flow over general bodies exhibiting

rather general motions and including complicated thermochemical effects.

The Cauchy problem (or initial value problem) considered here
can be surnmarized simply as follows, Given an initial data surface and
known boundary conditions (body surfaces or shock waves), the method of
characteristics is to be used to obtain the solution of the governing partial
differential equations at another surface separated in either time or space from
the original one. The solution will be obtained at a discrete set of grid
points on the new surface by integrating the governing equations numeriically
along certain selected characteristic lines, When as many new grid points
as needed are cbtained, the surface thus calculated is taken as the new initial
value surface and the next adjacent surface is ohtained similarly. The
process is then continued step-by-step until the desired portion of the flow-
field is solved. This technique has been used successfully by innumerable
authors for solving flow fieids in two independent variables. However, very
little actual numerical work has been performed for problems involving either

complicated therinochemical effects or more than two-independent variables.




It is the object of the present work to obtain a numerical method for solving

just such problems.,

Several authors have discussed the applications of the method of
characteristics to multidimensional flow fields from a purely theoretical
viewpoint without offering any numerical solutions. These include: (1) the
pioneering efforts of Thornhilll4, who discussed two possible characteristic
networks for three-independent variables, (2) Coburn and Dolphlo, who
extended the work of Titt to fluid flow problems, (3) Clippinger and Giese15

,
who used a generalized vector formulation to derive the basic characteristic
equations and (4) Holtlé, who established a finite difference scheme based
upon the earlier work of Coburn and Dolph, More recently, Fowell” has
written the basic finite difference equations which apply to one of the networks
which Thornhill proposed, Although, as will be discussed in Section 3.
Fowell's method was shown to be unstable, it has proved to be very useful

in developing stable multidimensional integration analogs.

A second group of authors have succeedcd in obtaining some results
using numerical computational procedures. The first few of these were
limited to simpler calculations which were accomplished by hand with the
aid of desk calculators., Among these are included the works of Ferrarils,
1\/Ioeckel19 and Bruhn and Haackzo. Later Butlerzl' and Tsung22 succeeded
in obtaining some limited solutions by utilizing the earlier digital computers.
More recently, Moretti et al. 23, Kackova and Cuskin24 and Sauerwein9
have published results obtained with the present generation of high speed
computers. The most important of these various schemes will be discussed
and compared in Section 3. It would appear that the possibilities in this
area have just begun to be fully realized and with the addition of still faster
and more efficient computers even more complicated problems should prove
amenable to solution using the method of characteristics approach,

The extensions required to the MOC to include nonequilibrium
25, Resler26 and Wood and

KirkwoodZ' among others, Sedney et aul, 29 have applied the numerical method

chemistry effects have been set forth by Chu

to calculate vibrational relaxation and Capiaux and Washington3o and

1 e . — c . .
Eastman™ = have utilized a simplified reaction system without relaxation.
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Zupnik et al. 3'4, and Widawsky33 have recently developed and applied the
theory for calculating nonequilibrium nozzle flows, while only Wood et al. it
and Curtis33 have applied the method to obtain numerical results for the

afterbody flow fields including the full reacting and relaxing flow equations.

The present effort describes the development of a method which
in princigple is capable of calculating the flow field in the vicinity of a general
three-dimensional body including nonequilibrium thermochemical effects.
Since the development includes the unsteady flow equations, the scheme could
eventually be used to calculate the flow properties in the vicinity of a blunt
asymmetric body or a sharp cone at angle-of-attack. In Section 2 the basic
theory of the method of characteristics as it applies to the present problem
is given. The relations are written in terms of two special characteristic
coordinate systems, each of which is thought to be best for numerical
applications. The proposed integration network is presented in Section 3
and is discussed and compared with other schemes which have previously
been utilized. The discussion includes the requirements which are thought
necessary for insuring stability of a successful integration procedure. A
description of the numerical scheme as it applies to each of three unit
processes for calculating the flow properties at points in the field, on the
body surface and on the shock wave surface is given in some detail, including

the modifications necessary te account for nonequilibrium chemical effects,

The remainder of the work describes the actual machine program
in which the methods proposed in Section 3 are applied to solve practical
flow problems. In the present case, the program is limited to steady, super-
sonic, three-dimensional, frozen-inhomogeneous or ideal gas flows; however,
the program was written in such a weay that the extensiun to more complicated
thermochemical models is relatively easily accomplished. A discussion of
the problems encountered in writing the program and some typical results

for the flow fields around conical and elliptical afterbodies are given.

A description of the machine program and comments concerning
the functions of each subroutine are presented in Appendix A, Flow diagrams,

output description and input and operating procedures are also included.




Section 2

DERIVATIONS OF GENERAL EQUATIONS

In this section the equaticrns which are required to solve
general nonequilibrium, three-dimensional steady flow problem numerically,
utilizing the method of characteristics, are derived. The general theory
of the method of characteristics as it applies to a system of first order
hyperbolic partial differential equations is first developed. Then, the general
equations governing the flow of a reacting and relaxing gas are presented.
Finally, the theory will be applied to the given governing equations in order

to determine the characteristic conditions,

2.1 THE METHOD OF CHARACTERISTICS

The general theory for the method of characteristics is well
developed and may be considered classical. Only that part of the theory
which is necessary for the development of the proposed numerical scheme
will be presented here. A more complete development may be found in
many works on partial differential equations among which the more notable

are Courant and Hilbert36 and Hadamard37.

A general system of » -first order, quasi-linear partial
differential equations in » -dependent variables «, and m-independent

variables x, is considered. Using the index summation notation of cartesian

tensors, these can be written in the form

alt,)
Curi 3z, = O (1)

where the a,,; and 44 are given functions of the «, and »;, . Quasi-
linear systems of equations are those in which the highest order derivatives
appear linearly, The restriction here to first order equations does not
imply any loss of generality, because systems containing higher order

derivatives can be reduced to a system of first order equations by

defining new dependent variables.




The method of characteristics in two-independent variables
which transforms the governing partial differential equations into
ordinary differential equations along certain characteristic directions is
a very special case of the general theory, and hence it cannot be easily
generalized, However, the basic property that characteristic curves in
two-variables are curves along which the derivatives are continuous but
across which derivative discontinuities may occur can also be taken as
the definition of a characteristic in », -independent variables. This
property is used in two-dimensions in order to identify the characteristics
as paths of waves in the physical model. In general then, a characteristic
in m -independent variables can be defined as a subspace of m-7 -
dimensions along which the derivatives of the dependent variables are
continuously differentiable but across which discontinuities in the variables
are allowed to occur. A characteristic surface (or hypersurface in more
than three-independent variables) 1s thus once again associated with the

surface generated by a wave front.

If the dependent variables «, are given as smooth functions on
a characteristic surface, it then follows that the "interior'" derivatives,
that is, derivatives tangential to a characteristic are continuous and only

the ""exterior' derivatives (derivatives normal to the surface) may be

discontinuous,

We consider a characteristic surface whose equation is

flx)=0 (2)

and apply a transformation to the » -independent characteristic variables

»,” by taking

;_": f(g‘.) ; le = ;(x‘/', ,ﬁ; = ;(ﬁ") g X,(’: k(z‘) (3)

Here, m = 4 and the functions ?, h and k are arbitrary provided they

form an indepcndent;et with £ . At the characteristic £, = 0 the
s L
derivatives EPRE, Gy and

S are "interior'' to the characteristic
Ty

and are thercfore continuous (since &, are smooth). Thus, only the

derivatives 2%y may be discontinuous.
Jdx,
10




Now, the derivative of any dependent variable u,, with respect to cne of the
original independent variables is related to its derivatives with respect to

i
the new variables (xl_- ) by the equations,

du, _ dx/ du,

4 (4)
'L Iz, %
The jump in Gy at x, = 0 is therefore
I, =
J“y _ Jw), Jﬁy' _ éa,, 9;{ (5)
dx, x, |9x, Idx,’ |z,

since all other derivatives are continuous as mentioned above. If (5) is

substituted into the set of equations (1) a set of linear homogeneous
. du . - . x,’
equations for [az ”:, with coefficients depending upon the jz" and the
4 é

dependent variables «, is obtained as

du, | ,

[;;4 Prs =9 (6)

4
' ol 1

where the @, ;) are the transformed coefficients of %, which are
1

known functions of the «, and X . Not all of the jumps [f;ie_] can be

X,

zero if a genuine discontinuity is possible. Hence, the determinant of the
/

coefficient urray @, ,,;, must vanish, giving a relationship between the

coefficients which must be satisfied if (’Q): 0 is to be a characteristic.

Thus, the characteristic surfaces (or hypersurfaces) are defined by
. oz, ){.
dol{aﬁ,,,} = dcz‘ {a’ﬂ}"' ax‘—")}‘ o (7)

Equation (7) is generally termed the characteristic equation for the

characteristic ,z,'- constant,

The vanishing of the coefiicient determinant (7) can be seen to
have another implication. Writing the original equations (1) in terms of

the new independent variables (z,', 3 ,z_”, ,v,,', -+ +) a set of equations is

obtained which will have the form

11
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-~ c?w,; N du,: ~ 3“,:
'4##(’{)9_,,"7 - "4/0’(?);7‘—. ‘lﬁy(ﬁ)axT'f'“*B'w. (8)

Where, the functional form

[

¢

is the matrix of the system of transformed equations correspond ng to (1)
when £ is replaced by ¢ , and the vector 8, contains all of the terms in

the original equations which do not contain derivatives.

Now, if F (%, ) is to be a characteristic manifold then by (7) the
determinant of Auy (f ) must vanish., Thus the rows of Auy( £ ) must

be linearly dependent and there exists a vector A, such that
hAup(F)= 0 on  F(x;) =0 (10)

If Equations (8) are multiplied by this vector a linear combination of the
equations is obtained which does not involve derivatives with respect tc

’
xa, as

~ U ~ Fe
b Ay () V: + H Ay (h)dz; +oo =h, B, (11)

Equation (11) is called the characteristic or compatibility condition and
does not involve derivatives with respect to the ccordinate »,” , i.e., in
the direction normal to a characteristic surface. There may be more than
one such equation asscciated with a particular characteristic surface, but
there must always be at least one. Reference 38 contains a discussion of
the possible number of compatibility equations associated with a given
characteristic manifold. The compatibility equations are fundamental to
the method of characteristics and will be derived below for the cases of

three-dimensional steady and unsteady fluid flow,

12




2.2 THE EQUATIONS OF MOTION

The equations of conservation of species, mass, momentum
and energy along witli an equation of state govern a three-dimensional
nonsteady, nonequilibrium gas flow. Neglecting all transport effects
(viscosity, heat conduction, etc.) these equations in non-dimensional

form become:

Continuity Equation

e Ip a0 17 aw dw) _
ot "“ox T Jg +w’ +’0( dy 93 @ (12)

X - Momentum

Jw éa, du du

7
5 5% Vi st

"
Q

e
ox (13)

Y -~ Momentum

dv v az/ dvv ! p
a A o, LN L = 14
o Yo" véy “’a; +/o Py o (14)

3" Momentum

/
ﬁ/',‘“éafyﬁw‘ i{d‘*_d_p «- 0 (15)

a¢ gx¥  Jdy 23. Y a;

Energy Equation

oh  dh a» 2 4 9, é‘p N4

—_— U - + W = 16
EVIMY PR i; ,o( “ox ay J;) o (e
Conservation of # th Species

ay, 9y _dx 27 _ @
7t_+uaz+way*w‘a; = =X (e £&+),-- NS (17)

13
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Conservation of { th Element

NS
R A A a7, 2y,
E it - =) $ = k=12,
Y, “‘*(az *“d.z +Vds/ +wa} ) ¢ T £ (18

Vibrational Energy Equation

2¢; dE; €, ae; :
™) —l L y = R =/, N
at+“dx U'Jg +w';? v J 4 (19)
Equations of State
NS
h=2 hv - (20)
t=t
and
NS
KpooTS )
i=

Equations (12)-(21) represent MS+WV+7 equations in ANS+AV+7 unknowns
with ¥s+#v-£ functions ( &, R,,J. ) to be specified and thus form a
complete set., Most of the thermodynamic and chemical variables have
becen non-dimensionalized by using their free-stream counterparts. The
excepiions to this are the pressure which is normalized with respect to
Lo U.? and the energies for which £I7,',$ is used. Distances are
normalized with respect to a characteristic length L’ (which in the case of

a blunted body is usually the nose radius of curvature), and time with

respect to ;l;— . In the Equation of State (21}, A is the normalizing term
o0
‘u 2 ’
A= Q.;)__ M (22)
KT,

The gas in the shock layer has been assumed to consist of

MS monatomic and diatomic species M, connected by the A reactions

14




NS ke, M5 . .
b AR A c=1,2," - NR (23)
g=7r / kbt'jll J

where ;)‘-J- and ¥ represent the stoichiometric coefficients.

vy
Concentrations are expressed in mole fractions referred to the free stream

molecular weight or
7"- > — = 2; /Wq, (24)

Equations (17)and (18)govern the rate of change of the concentration of the
¢ th species, Here, @, is the number of atoms of the k th element
per molecule of the ¢ th species, £ represents the number of elements
and NS represents the total number of species. Equation (21) governs the

rate of vibrational energy relaxation where EJ- is the vibrational energy

for each of the ¥V species which are not in vibrational equilibrium.

The source terms Q and R,,J, are complicated functions of
the temperature, density and the rates of certain reactions involved in
the species ¢ and y . Since the exact forms of the source terms are
not necessary for a development of the proposed numerical solution, a
full discussion of them shall not be given here. Reference- (39) and (33)
describe the source terms which are currently bzing used for non-

equilibrium flow field calculations.

The enthalpy of the , th species used in Equation (20) and the
other species thermodynamic quantities are generally calculated from a
single harmonic oscillator approximation to the diatomic molecules or
from curve fits as functions of temperature. Here, the caloric equation

of state of the ¢ th species is given as

hL = IL + h‘ +6"' (25)

15




[
where I, includes the energy of rotation and translation, hi the neat of

formation and €; the energy of vibration. Equations (25), (20) and (21)

can be used to eliminate the derivatives of © in Equation (12) Differentiat-
ing Equation (20) gives

NS NS
dh Z dh; 47,
PP MR A PN S/ (26)
ar S, et ¢ Tdr
where ddt = ;%— + U 5:9-; +‘U’;,% +w;?; is the ""substantial' or

Stokes derivative. Substituting for h; from (25)

dh % 1 \dr SV o6\ aT | & d;; W de,
L
ar 4 % (3 )% ‘2, 7 G5 +2/’ ’:2;,’3 2 (27)
Then by defining
/VJ-/VV
.Z' o€,
‘l, ‘:’/

as the specific heat at constant pressure, Equation (27) becomes

dh _ - ar, ,
GG in L 2 o (29)

bt

The equation of state (21) can be used to eliminate ‘-{dTr from Equation (29)
Differentiating (21) and combining the result with(29) gives

NS
I CoMU-l op 7 o 4% ,
- LVl AP _ L Al I Gi A
P e A7 dt 6 dt WZ é’7) Z Zﬂ’m

L:f LY, 1474

(30)

where ¥l = /-%- and My

2
[N

(31)

Y

~,
n
~
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Eliminating the;; i/‘i term from (12) and (30) gives finally

dt
— = 1_dp . -0F 32
where y NV NS Q. b LY
P - — . Ry + € %) - MV —+ (33)
g7\ Tr 7 kY f.: P ;.Z;/oi

contains all the nonequilibrium rate terms from Equations (17) and (19) and

a3 Ce 27

(34)
Co MV~ 1

is the frozen speed of sound. Chu25 has shown that the frozen sound

speed a, defined by (34), is the wave velocity of a flow which is not in
equilibrium and thus, can be associated with the rate of propagation of
characteristic surfaces. This result will be derived in the next section.
Equations (13), (19) and (33) become the basic equations of change to which

the theory of characteristics developed in the last section will be applied,

2.3 THE CHARACTERISTIC RELATIONS

Here, the theory presented in Paragraph 2.2 is applied to the
flow equations given in Paragraph 2.1, The governing equations for
steady flow are obtained from Equations (12) through (21) by setting the

terms involving {;Lf identically equal te zero.

Applying Equation (5) to the governing flow equations presented
in Paragraph 2.2 leads to the following homogeneous equations for the

jump conditions at a characteristic surface

el = ook B




™

must be satisfied.

~ NS-E+NVeR S o~ ~
i (LL)‘ + V'f +w, ) {(uf‘urf, +wf

2 A2 w3 v a _ 42
;)'“’(’x”cy “f )}'0 42)

-

x, = 0 (35)
ap du | L F (22| + 5 |24 - 6
/M (uf‘ +vt, rw? )[ J £, [Jz,:' + 4, [az,’J +fy [(M,’] o (36)
i =~ |9p Ju
| ; fx [gz—’,] + (ao‘)‘ + v’f *(l’f’) [az’,] = 0 (37)
|
/—aif”., ["P] (wty + viy + why) [ ] =0 (38)
L7 |9, dw _
* y: ,I: ] (u.f + V’/' +w'#‘?) [3;;] =0 (39)
u.f, + lr/7 + w—f, ) [a—:—:‘-] : 0 c=E+1,E+2,---, NS (40)
( N .
ufy, +vé, +wf,) o J =12, WY (41)

The vanishing of the determinant of the coefficients (Equation 7) implies that

for Z,’ = 0 to be a characteristic surface the condition

It can be seen from Equation (42)that there are two sets

18

of characteristic surfaces corresponding to each of the two distinct fac*ors.




b

Each factor in(42)corresponds to conditions for the directions
of the normals (f;, ;; s 7" ) to the respective characteristic surfaces.

The first factor is the dot product of the velocity vector
g=ulrvit wk (43)

and the vector normal to the characteristic surfaces f(x,¢4,2)=0

- oF . SF.  oF

Vf'_-i"f-ﬁ -é—J +-‘9—-F (44)
ox dy 93

Hence, the vanishing of this product implies that the surfaces composed of

strearnlines are WS-£+ NV+ 2 - fold characteristics corresponding to the

power of the term. This fact will prove to be very useful in carrying out

a numerical integration scheme for the full nonequilibrium equations,

The second factor of(42)implies thezt the normal vector
(Fgr g s /; ) to the surface

f(x,g,;) = constant (45)

lies on a cone of the second degree given by
’ ! ’ ’ 2 4 2 2
a; %, %y =(ux’+vx, +wa::"’) —a.‘(z,’ +%, "+ 2, ) =0 (46)

Equation (46) can be shown to be real and thus the governing equations are

2

2
hyperbolic whenever g2= (u’+ v 2+ w?)>ai e, when the flow is supersonic.

Any displacement (2%, dy, 432) along the characteristic

surface (45) through a point P can be given in the limit by

f‘dz+Fydy+f}d5 =0 (47)
and it follows that if (£, ;; , F‘; ) lies on the normal cone (46) through

P, then the envelope of all such displacements through P is itself a

19




quadratic cone, This envelope, which s called the '"characteristic conoid"
at P is given by (See Courant and Hilbert P, 563)36 inverting the quadratic
form (46) as

@, dx dx = (visw?-a2)dot +(uswr?-at)dy2+(u?tv3-a?)dz?

(48)
~luvdrdy - Zuwdlzdy - dvwdydy = 0
where aa,'j" is the inverse of @, in (46). Equation (48) can also be

shown to be the equation of the well known Mach conoid which usually
appears in supersonic flow., In general, it represents a curviunear cone,
whose coefficients are functions of the coordinates (%, Yy, 3 ) but whose
generators are tangent to the generators of the local Mach cone at F. In
any numerical procedure, the characteristic conoid is replaced by an
average approximation to the local Mach cone.

The generators d#¥; (called the bicharacteristics) of the local

Mach cone (48) can be expressed parametrically by21

Az, = (u; + Ca; cosd + CH; sinb)dr (49)

where 8 is a parametric angle, &, , B, are an orthogonal set of vectors,
C is defined by

,; 9241 ?z

=?1_a1 =M’—/

¢ (50)

and 7 is the time taken for propagation of a wave along a ray corresponding

to a bicharacteristic.

To determine thea and £, , we now consider a special
intrinsic coordinate system of the type originally proposed by Thornhill
(Figure 1). Here, d is the angle made by the plane containing the lines 5 and
£ with the plane containing the lines '9' and ¢ . L is a ray of the clLaracter-
istic conic (Mach surface) making an angle 4 with the velocity vector 9 and
20




6, ¢ are the polar angles of the velocity vector, The coordinate system
is chosen aligned as shown with £ along ?, 7 inthe plone of y and
f perpendicular toi and § perpendicular to the plane of y and ¢ .
z, 7 and  are chosen to be unit vectors and are given by

§
¥

E = cosIcos YT+ sunOF +cosOsenyk = = (ulvv [ +w'F) (51)

7 =-$in@cos I +cos 6] =sinOsin Yk = @, i+ &, + Xy k (52)

Cx-singi+cosyk = B i+p8,[+8E (53)

Therefore, in the fornm of (49) the bicharacteristic direction L s given
by

dx = (w-CsinBcosycos 8- Csinypsin8)ds

dy = (y+ CcasBcos§)dr (54)

Az = (wr-Csin Y 57 B8cos8 + Ccos Psind)dr

2.4 THE COMPATIBILITY EQUATIONS

As shown in Paragraph 2.1, the compatibility equations are
determined by forming a linear combination of the flow equations and
choosing the coefficients such that the derivatives in the direction normal
of the characteristic surface disappear. There are two sets of compat-
ibility equations corresponding to the two sets of characteristic surfaces
which were described in the last section. Actually since the streamlines
are ¥§-£+NVr2-fold characteristics, there are #5S-£+NV+ 2 compatibility

equations which can be found to apply along them,

The equations which apply along the streamline surfaces could
be found by applying the method developed in 2.1 to the full equations of
motion. However, in this case, it is easier to recall that the equations
sought do not contain derivatives in the direction normal to the streamline.

This property can be used to choose the required relations by inspection

21




from the original partial differential equations. The streamline directions

are givenby

AL = g‘dt (55)

where Z is the coordinate along the streamline. Thus, ANV-£+ NS

compatibility equations can be found by transforming Equations (17) and (19)

to directional derivatives along the streamline. The equations become

dy . @ .
- - £p) -, NS (56
ZE." /0? I3 f/) ( )
and
;f.r; - Ry =12 NV (57)
L

By introducing Equation (20) for the enthalpy/) into the energy equation (16)
and differentiating in the manner used to obtain Equation (29), the energy

quotation along a streamline can be written as

d7 1 /& ha & A dp

Co o= +=() ‘4-2 7 R )-— =0 58
= d; ? ier /° FEN, v ! / Z;: 428

One further relation is required. This is found from scalar multiplication

of the imomentum equatiors and the velocity vector '?' as

d /1 ¢ d
4?(2"?):’,;, Q‘?)“A—,%; (59)

where the last term on the right hand side of (59) is obtained from the
energy equation (16}, Since Equations (56) - (59) contain no derivatives
in the direction normal to the streamlines, they are the required
NS-E+NV+Z compatibility equations,
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The compatibility equation whicl applies along the characteristic
conoid (48) can be found by applying the method of Paragraph 2,1 to
Equations (13) and (32). Equaticns (35) - (39) are representative of the
equations of motion transformed to characteristic coordinates ( 7"; X’ 7{, )
Multiplying these equations by 4 and b respectively leads to the following

equation for the term 4, 4, ) %l,’— presented in Paragraph 2. 1.
’

/—-é(zé-h,(?'. VE)thFy +hyF, *”4*';)[ ] (" (3-9F )+ h 7, )[a,']

1

+/h (gmm;)[ ] (hq,_(g -VF )+ h, 7, )[a ] h A /)j%’

The condition for which the surface f(lr,ﬁf,}) = 0 is to be a characteristic

(60)

surface is that
hﬂ,A’“,/(F) =0 (61)

Hence, the coefficients of -:7“" must all vanish identically. Equation (60}
t

thus leads to the following expressions for the linear factors /’,u

hy, _ _ f_g = of

hy _ i‘_

-E = )/g V'F (63)
9f V)= =
'a?')/g'V/' (64)

Using hese values for Ay , the compatibility equation corresponding to

Equation (11) becomes
2 27 ot e (D w~)¢,J;s,
+@"’§§;;’):7‘f' i :/;vf)ér (¢l 117) }

where ¢ = i,/'; for ¢ = 2,3 respectively.
23
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Equation (65) can be simplified by choosing as the coordinates
{ 2,% Zz', ZJ' ) the basic characteristic coordinate system. Referring
again to Figure 1, take as the coordinates r , N~ and 4 where Z
is along the bicharacteristic given by § , N is orthogonal to L in the
plane of # and & and # = [.x AN is orthogonal to the characteristic

surface and positive outward. Here,( g°, z,°, z”) = (M, L, V)
and

£ =M = cosfcos 87 + cosBsindC - sinpE (66)

v G 2L = sinpecosdp+sinfsinS +cos BE (67)
h =« N =s5in8pq-cos&¢ (68)

where & = sin '/7, (69)

With respect to the characteristic coordinate system (46) - (48) Equation
(65) becomes

=</ P

S I (-sinpcosbcosGcos Y -sinBsinSsiny - cos 28 cos 8 sind co.s¢/.r;'n/6

-casBsindsin y/.smﬂ)‘;dzg +(cos8siny -sin8sin&cos ) g;‘,‘—

+(senBcosdcos 6 +cos fdcoa dcos O/s5in8 )gz‘-’ +sindcos O %

(70)
+(senfsinScosy ~-cosSsinEscny senfB

- co:fdcasé‘ ScnBsin ¢/5¢¢ +cos 9954.}76' cos %/ﬂb/s )3_‘%
+(-54n85in8siny - cosScas ¢) g_,“'-ﬁ = "Q;

Changing from the variables ( p, «, ¥7 w~”) to the variables (p.g.6, ¥

and simplifying, the final form of the compatibility equation becomes

cot S dp a8 ) ay

,o?" = +cosé‘d4 + cos @sind 3z i
= -5¢ ﬂ &= ae ~~
= .s;nﬂ(coa&co.s&a” 5406;7 +,p)

where _[2 and 3% are the derivatives along and normal to the
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bicharacteristic § . Note that Equation (71) contains derivatives of
L. ¢ and ¥ only. Equations (56), (57), (58) and (71) are the basic set of

equations which will .  1sed to develop a numerical integration scheme for

three-dimensional steady flow in Section 3,




Section 3
TIHE NUMERICAL SOLUTION

In this section, the details of a multivariable numerical integration
scheme, which is based upon the method of characteristics applied to the
equations developed in Section 2, are presented. First, the general require-
ments for the gtability and convergence of such a scheme are considered,
and then several possible difference networks are discussed and compared.
Finally, the details of the proposed techniques are given for both steady and

nonsteady nonequilibrium flows.

3.1 STABILITY AND COVERGENCE

In all numerical approaches, the solutions to a system of partial
differential equations are represented by values of the dependent variables
for certain discrete values of the independent variables. In general, using
this procedure, there are three types of errors which would cause the
numerical values to be different from those which would be obtained from
the exact solution of the partial differential equations themselves. These
can be classified as truncation errors, round off errors, and errors which
appear in the initial values. The first is the error which results from
using a difference formula which is an approximation to the true equation
and may be considered as the error incurred from representing an infinite
series by a finite number of terms. The second arises from the need to
use finite decimal numbers in the computation, while the last may occur
because of inaccurate description of the initial and boundary conditions.

In principle, the cumulative effects of these errors upon the solutinn can
be kept under control by reducing the mesh spacing between grid poirts and

carrying out the calculations with sufficiently high precision.

In practice, however, the cumulative departurc {rom the exact
solu.'on for a fixed range of the independent variable will usually grow
unboundedly as the mesh size approaches zero. This is because the precision
required to sufficiently control the growth wouvld far exceed the capacity of
existing computers. If this growth occurs exponentially as the mesh size
decreases, it is generally considered unmanageable for computational
purposes, and the procedure is termed unstable.7 The establishment of

conditions necessary to assure stable solutions thus assumes a major role
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in any numerical scheme. For a set of first-order linear partial differential
equations in n-independent variables, Courant, Friedrichs, and Lewy, il in
their classical paper, have shown that a necessary conditions for stability
(i.e., the C-F-L stability cendition) is that the domain of dependence af the
partial differential equations (e.g., the circle .1\"1»*7'1 B 0(5) for the
Mach cone in steady flow shown in Figure 1) be contained within the domain
of dependence of the difference equations. This latter domain is usually
called the '"convex hull" of the difference scheme and is the region obtained
by connecting with straight-line segments the outermost points used in
solving the difference equations., Forsythe7 indicates that, for a central
differencing scheme using four initial points in three dimensions, or a
comparable number in n-dimensions, the C-F-L conditions is both necessary
and sufficient to guarantee stability, and thus also convergence of the difier-
ence scheme. Hohn41 has also found this to be the case when simplical
difference schemes (i.e., schemes where a minimum number of points are

utilized in the initial plane) are used for solving linear equations.

While the equations of motion presented in Section 2,2 are not
linear, it can be argued on physical grounds that the C-F-L stability criterion
is also likely necessary for stability of a difference scheme based upon
these equations. Consider, for instance, the simple case of supersonic
flow parallel to the x-axis and assume that the four points (0, + h , 0),
(0,-h,,0) , {0,0,-h,), and (0,0, h;) comprise the points in the
initial plane X - ¢ to be used in a central differencing scheme for calcu-
lating the flow properties at a new point (k, J, 0 ) + (See Figure2). The
domain of dependence of the difference equations is then the rhombus
formed with the four points in the initial plane as vertices, If the C-F-L
stability condition is not satisfied, the circle which is the intersection of
the Mach forecone from (k, 0,0) with the initial plane (e.g., the domain
of dependence of the differential equations) would not be contained within
the rhombus. Hence, certain initial values (e.g., points within the circle
but cutside the rhombus) could be arbitrarily changed without affecting the
solution of the difference equations. The departure of the difference solution
from the solution of the differential equations could thus become very large

and the scheme would be unstable.

28




Mathematically, Strang63 has shown that the convergence of the
nonlinear equations depends uniquely upon the stability of the linear equations
for cases where the equations and their solution possess enough continuous
derivatives. For many cases of fluid flow, where the gradients are noct too
high (e.g., excluding flow through shocks, etc.) these conditions would be
expected to be met, and the C-F-L condition should be sufficient to insure

stability using the simple differencing schemes discussed above.

Although the above discussion applies specifically to numerical
solutions using a direct finite difference network, the physical arguments
given in paragraph three can also be seen to hold when a method of char-
acteristics approach is used. Now, the four vertex points of the rhombus
(convex hull of difference equations) would represent base points of four
bicharacteristics along which the equations are to be integrated. These
points would now lie on the circle and the rhombus would thus be contained
completely within the circle. Hence, when no other points are included,
the scheme would necessarily be unstable because some of the initial data
is neglected. In the technique described below, the over-all procedure
utilizing a method-of-characteristics solution is stabilized by introducing
initial data points outside the domain of dependence of the differential equa-
tions and obtaining the flow properties at the bicharacteristic base points
by interpolation among these initial points along the lines employed by
Sauerwein and Sussman, et Tsung, L2 and Butler and Talbot. e The extra
points added now form the outer boundary of the convex hull of the charac-
teristic difference network and the C-F-L stability condition can be modified

to apply to this region.

3.2 CHOICE OF A PRATICAL INTEGRATION NETWORK

The method of characteristics has been applied extensively to
solve two-dimensional flow-field problems. In this case, there are two
characteristics which pass through any initial point. The compatibility
equations are ordinary differential equations which can be written in
finite difference form and used to solve for the flow variables at a new
point. Two basic networks have been utilized for carrying out the numerical
integration. In the first, as explained by Ferri12 and shown in Figure 3

point P,’ is located as the intersection of two characteristics from initial
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points P, and P,, respectively. The flow variables at point P, are obtained

by simulltaneousfy solving the compatibility equations written a?ong these
characteristics. Here, compatibility equations along the streamline P3 P4
may be introduced as auxiliary conditions. The second method shown in
Figure 4 was originally proposed by Hartree. This consists first of sel-
ecting the point P

through P

3 off the initial line and intersecting the characteristics

3 with the initial line at points Pl and PZ. The flow properties

at points P1 and P, are determined by interpolation and the finite difference
forms of the bicharacteristic equation are used to solve for the flow vari-

ables at point P Here again, the strearnline through P, can be supplied

3°
when more than two dependent variables are involved,

3

Both methods describea above for the two variable problem are

essentially the same, because regardless of how point P, is located, the

3

choice of characteristic directions through P, is not arbitrary. However,

this is not the case for problems involving mzre than two independent
variables. Indeed, as was shown in Equation (49), the generators

of the characteristic cones in three-independent variables comprise a
one-parameter family of curves through any point P. Thus, there is a
certain degree of arbitrariness involved in choosing a basic finite differ-

ence network for use in a multivariable characteristic procedure.

Before discussing some of the networks which have thus far
been proposed, it will first be useful to introduce the generalization of the
two characteristic directions associated with any point P in two dimensions.
For this purpose, consider an arbitrary curve that acts as a2 source of
disturbance in three-space, (see Figure 5). A characteristic conoid is
associated with each poini on the curve in the manner indicated. The
envelope of all these conoids,which also contains the original curve, forms
two distinct surfaces (Z' and Zz ) which, since they are comprised of
bicharacteristics, are also characteristic. Hence, through any curve in
three space, there are two characteristic surfaces corresponding to the
two characteristic lines through a point in two space. The geometry
involved in the three-dimensional method of characteristics has thus beccme
evident., Through eich point P in space, the normal N to a characteristic

surfact lies on the normal cone given by Equation (45) (see Figure 6).
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The envelope of all such surfaces through P is just the characteristic conoid
at P and is itself a characteristic surface. The curves of contact between

the characteristic conoid and the enveloping surfaces are the bicharacteristic
curves. Thus, the characteristic conoid may be regarded as being generated
by the bicharacteristic curves through P, its vertex., This characteristic
conoid coincides with the Mach conoid at every point on its surface. As shown
in Figure 7, the boundary of the Mach counoid is just the envelope of all the
local infinitesimal Mach cones. The characteristic conoid is thus everywhere

tangent to a local Mach cone.

The solution of flow field problems by the method of character-
istics in more than two independent variables corsists, therefore, of
choosing from the infinity of directions available a particulur set of
bicharacteristics or characteristic surfaces, writing the equations devel-
oped in Section 2 along them in finite difference form and solving the
resulting numerical equations simultaneously, Various finite difference
networks have been proposed for accomplishing these integrations., The
most important of the. : have been discussed a..nd compared previously. b U
Each of the proposed schemes are summarized here for ease of reference
and finally ~valuated from the standpoint of their applicability to finite-rate
chemically reacting flow field studies. Irn ali of the procedures, the char-
acteristic surfaces and conoids discussed above are replaced by suitable
average planes and cones. The nomenclature used by Fowell and Sauerwein

is repeated here,

S K
Thornhill” = originally proposed two integration schemes. In the
first, termed the "'tetrahedral bicharacteristic line network' (Figure 8), the

new point Pﬂ1 is located as the common intersection point of Mach cones from
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each of three initial points Pl, PZ, and P3. The lices P P4 P2 P4 and

P3 P4 then represent numerical approximations to three bicharacteristics

and the streamline from point P P5 to the initial plane provides a fourth

bicharacteristic direction. The properties at P5 are determined by inter-
polation, The equations developed in Section 2 written in finite difference
form along these bicharacteristic directions are used to solve for the flow

properties at the Point P The main advantage of this network was the fact

4
that the base points Pl, PZ’ and P3 remained fixed throughout the iteration
process, However, Sauerwein, * in attempting to apply the technique to non-
steady flow proble.ns, determined that it was numerically unstabie. The

reason for this, as shown in Figure 8, is that the domain of dependence of the

differential equations (the circle P1 P2 P3) is not contained within the domain

1 PZ P3) and the

C-F-L stability condition as introduced in Section 3.1 is continually vio-

of dependence of the difference equations (the triangle P

lated, Sauerwein then proposed what he termed the ''"modified tetrahedral
characteristic line network," In this network (Figure 9), three points
PIZ’ 23" and P31 representing the points of tangency of the circle in- |

scribed within the original triangle P PZP3 are chosen as new initial ‘

points. The properties at points plZ’ P23, and 1331 are determined by

interpolation and the method then follows the procedure described above

12’ p23'
and P31 is seen to be satisfied and the technique was found to be stable.

for the unniodified network. The C-F-L condition for the points P

The second method proposed by Thornhill is the '"tetrahedral
bicharacteristic surface network'' (Figure 10). Again, three noncolinear
points Pl, PZ' and P3 are chosen in the initial plane. Point P4 is deter-
mined as the mutual intersection point of the three average internal

characteristic planes through lines P, P,, P, P_ and P P The Mach

forecone from P4 defines three b1charac2ter152t1c3lmes P PS’ P4 Pb' P P
as the lines of tangency between the cone and each of the original charac-
teristic planes. The streamline P4 P8 again furnishes the fourth bichar-
acteristic direction. The flow properties at the base points PS, P(,' P7 i
and P8 are determined by interpolation and the flow properties of point P _
are then solved for along the bicharacteristics as before. This method and '
the modified method discussed above are essentially the same, as the

bicharacteristics chosen run from the tangent points of the circle inscribed

in an initial triangle to the new point at which the flow properties are desired,
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Hence, since the '"'modified" characteristic network led to a stable solution,
it seems plausible to suspect that the present scheme would also be stable.
Indeed, such is the case,as was shown by Tsung in applying this technique
to the simplified case of three-dimensional potential flow problems.

A "network of intersections of reference planes with character-
istic surfaces" (Figure 11) as discussed first by Ferrari,18 Sauer, ) and
Ferri44 considers two sets of orthogonal coordinate planes (e.g., y = constant
and x = constant) and utilizes a two-dimensivnal characteristics network.
The intersection of the two coordinate planes define lines Pl P2 and P3 P4
from which the integration proceeds. Points P5 and P6 are located by a
forward marching two-dimensional characteristics scheme whereby the
characteristics are confined to x = constant plares., Prcjections of the
streamlines through points P5 and P6 on to the x = constant planes locate
points P7 and P8. Lines P7 P5 and P6 P8 then serve as two-dimensional
streamlines which can be used as 2uxiliary conditions for determining the
flow properties at points P5 and P6' The variations of properties in direc-
tions across the reference planes x = constant are obtained by using poly-
nomial fits to evaluate the cross-derivative terms which appear in the
equations written along the lines Pl P5 and P2 P5 or the lines P3 P6 and
and P4 P6. In order to evaluate the cross-derivatives which occur in the
equations, data points must be given in planes 3 = constant for each step
of the calculation. Generally, however, the newly calculated points P5 and
P6 will not lie in the same 3 = constant plane. Interpolation or extrapolation
to point P9 in the desired 3 = constant plane ic thus required. While
the integration network leading to the new field points in this method does
not consist of bicharacteristic curves, Ferrari45 has shown that the
equations used are completely equivalent to the original differential equations
and that the existence and uniqueness tests devised by Titt are also satisfied
here. Morretti, et al23 have, in fact, obtained practical results using this
scheme. It would appear that the reason Morretti was able to obtain stable
results is that the points used as base points for the two-dimensional chareac-
teristics plus the points used to determine the cross-derivatives all lie out-
side the Mach forecone from the new point. Whenever flow conditions are

such that the points used do not include the Mach forecone, the procedure

would probably be unstable because the C-F-L conditions would be continually

violated. Another disadvantage of this network is that interpolation must be

|
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performed throughout the flow field in order to confine the newly calculated
points to planes of 3 = ccnstant. Usually, linear interpolations are used
and the over-all effects of these linear interpolations can appreciably affect

the accuracy of the technique.

A fifth technique which has had some practical application is
that proposed by Butler, Zl(Figure 12). This procedure represents an
extension of Hartree's method as describea above for the two-independent
variable problem. Given the initial data planz, a new point P5 is chosen
in a new data plane. The coordinates of P5 are thus known exactly. A
first estimation of the flow variables at Ps is made and four bicharacteristics
(or one more than the minimum required) located in planes 90° to each other
are passed back to the initial surface. Linear combinations of the equations
along these four bicharacteristics result in relations involving derivatives
in the bicharacteristic directions only at the new point. The streamline
P6 P5 from P5 provides another relation which is required for obtaining
a complete solution. T.e flow properties at the base points Pl, PZ, P3, P4,
and Pé are determined by interpolation. Butler and Talbot have succeeded
in applying this technique to some simple two-dimensional unsteady flow
problems. A searching scheme was used to determine the nine points which
were closest to the particular base point, say Pl, being fit. Then bivariaie
Lagrange interpolation through these nine points was used to determine the
flow properties at Pl. However, the procedure was found to be stable only
when all of the base points associated with a given calculation were confined
within the same nine-point fit, and hence only when the C-F -L condition was
satisfied. If one set of points is used to fit a given base point, while another
set of points is used to fit the remaining base points, the procedure was found
to be unstable. This can probably be traced to the fact that not all the points
in the domain of dependence of the difference equation are treated with equal

weight and hence thz C-I-L condition is in principle violated.

Other methods have been proposed for which no practical three-
dimensional results have as yet been obtained. Holt, 1 using the work of
Coburn and Dolph, 10 introduced a network which Fcwell called a prismatic

network of characteristic surfaces, (see Figure 13). This method, which
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is similar to the network of intersection of reference planes with
characteristic surfaces was devised because of the misgivings Coburn

and Dolph had regarding the use of non-bicharacteristic directions along
which the integrations were to be performed. As mentioned above,
however, Ferrari45 later showed that this objection was clearly unjustified.
The method consists of choosing the two bicharacteristic directions pIPS
and P3P5 as two coordinate directions at a general point, The third
direction is provided by the line PIPZ in the initial plane. In general, this
method requires that the flow properties be known on some surface P2P4{36
other than the initial surface (e.g., plane of sym:metry, etc.) and this

would seem to limit its application.

These are essentially all of the basic characteristic nets which
have thus far been advanced. Slight variations of the method of intersection
of reference planes and characteristic surfaces have been discussed by
Sauer and Shaetz46 (called by them the method of ''near characteristics'')
for unsteady flow and by Kackova and Cuskin24 for steady tlow. These
methods would all seem to have the same advantages and disadvantages ot

the Ferrari, Sauer, Ferri technique descir*hed above,

All of the above integration procedures are seen to require some
sort of interpolation at the base of the bicharacteristics in the initial data
surface. The '"tetrahedral bicharacteristic line network' which sought to
avoid this problem was found to be unstable. Also, for every method,
interpolations are required at the base of the streamline in the initial plane,
A critical point to be considered in a practical application of any of the
above techniques then is how to keep the number of interpolations to a
minimum. This is necessary both from the point of view of conserving
machine time and obtaining accurate representations of flow fields. When
nonequilibrium chemistry is included, this point becomes even incre salient,
Here a total number of #§-£ #¥yY  interpolations would be necessary for
the compositions and energies at the base of each streamline. However,
Curt:is35 has shown that interpolations for species which vary rapidly across
the shock layer are a constant source of trouble leading to oscillations in
species concz.iirations along streamlines. If possible, such interpolations

should therefore be avoided.
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Other considerations should also be taken into account when
finite-rate calculations are desired. First, experience has shown that :
the concentration gradients are usually much steeper along streamlines
than are the gradients in other flow quantities. Close control of integration &
step size along streamlines is thus required in order to obtain reasonably
correct concentrations, Second, Sedney28 and Wood34 et. al. have shown
that the use of entropy as a dependent variable leads to large errors and
should be avoided. The energy equation as developed in Paragraph 2.2 has
avoided tkis problem by using temperature as the dependent variable.
Third, since any finite-rate chemistry calculations require considerable
machine run time per point, a method of reducing the number of points
required to obtain an adequate flow field representation is desired. Probably
the best way to reduce the number of calculations is to keep the mesh spacing

as uniform as possible.

When the integration techniques discussed above are assessed
as to their applicability to finite~-rate chemistry calculations, the outlcok for
aay of the networks is not very promising. All of the schemes involve inter-
polations for concentrations in the initial plane. The rnetwork of intersections
of reference planes with characteristic surfaces would also involve inter-
polations on the concentrations throughout the flow field. In fact, in
order to control mesh size spacings by either adding or dropping points
all of the methods would again require interpolations throughout the entire
flow field. The methods used to obtain the coordinates of the new point
are generally quite complex in all cases except the pentanedral bicharacter-
istic line network where the location of the new point is initially given.
Since the run times involved in finite-rate chemistry calculations are already

long, such complicated procedures shr ild in general be avoided.

The integration network described here seeks to avoid the ¥
complicated geometry and interpolation problems discussed above. It
represents an extension and modification of the two-variable scheme
proposed by Curtis35 and essentially combines the simplicity of the

pentahedral network with the advantages of 3 direct marching technique.
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It may be termed a '""network of intersections of streamlines with reference

planes' since the basic integration coordinate is along the streamline (or
particle lines in unsteady flow) and new points are located on successive

reference planes or surfaces.

The numerical procedure is illustrated for a single field point
calculation in Figure 14, All the flow quantities ---- composition,
pressure, flow angle, velocity, etc. are available at initial data points
surrounding point P, in the non characteristic initial plane x =x, . A new
plane at which the data is required is fixed at » =X, + AXx. The new point
PZ is first located as the intersection of the streamline from Pl with the
plane x =X, +AX. Four bicharacteristics positioned 90° apart on the Mach
forecone from P2 (Equation 54) are then passed back to the initial
plane x =z, . The flow quantities at the base points P3, P4. P5 and Pé
are determined from bivariate surface fitting techniques, 1emembering
that for stability the region fit must include the domain of dependence of
the differential equations. Actually, in practice the surface fit for each
flow variable is determined only onze during the iteration process. Thus,
the interpolations become merely a matter of evaluating known polynomial
expressions. The velocity? , temperature T , concentrations ¥, and
vibrational energies €; at PZ are found by integrating Equations (56)
through (59) numerically along the streamline pIPZ' Four compatibility
equations (71) written in finite difference form along the four
bicharacteristics P3 2 P4P2, PSPZ and P6P2 yield appropriate average
values of the remaining flow quantities --- pressure P and flow angles

€ and ¢ . This procedure is then iterated to convergence of the flow

properties at point PZ'
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Perhaps the only disadvantage of ''the network of intersections of
strearnlines and reference planes' is that the base points of the bicharac-
teristics tend to drift around in the initial plane during the iteration cycle.
However, the technique discussed above whereby the surface fitting poly-
nomials are determined first before any calculations are performed would
seem to solve this problem. Now the interpolations are relegated to merely
solving given polynomial expressions and the extra computational time involved
is relatively small. A few less obvious benefits are gained by using this
technique. In steady flow, the strearnline patterns are easily traced - both
along the body and throughout the flow field. The output data is also more
easily handled since the flow properties are usually known in planes orthogonal

to the body axis, rather than at random nondescript points throughout the flow
field.

3.3 PRACTICAL NUMERICAL INTEGRATION PROCEDURE

The preceding considerations illustrate to seme extent the

network to be used for calculating a point within a flow field. However, in

order to calculate an entire flow problem certain boundary points must be
included. In general, for the class of problems being discussed here,

points that lie on a body surface and shock surface will be required. In

the discussion that follows the essentials of the integration process will be

included for each of these three basic unit processes. The relationship

which exists between the three different types of points and the initial

surface is shown in Figure 15,
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3.3.1 Starting Procedure

The mesh points on the iritial, as well as succeeding, data planes

are systematized in terms of rays extending out from the body. Each ray on

a plane at * = x is labeled #~ and each point on the ray ¢ , so a
typical point is given by 5, . Points £, correspond to body points and
points A,, correspond to shock points where 41 = max { on ray »#

The X.4.3 -coordinate system will generally be chosen such that the body
axi: -~oincides with the X -axis. A new plane X= X4 A x is located first,

Ax is detern..i.ed by the C-I-1I. stability condition which requires that

a

e

=

Sl

(72)

o

7

where 4¢ is the maximum distance allowed along ai.y streamline, 44

is usually the minimum mesh spacing and 2 and @ are the minimum

velocity and maximur speed of sound respectively. It should be noted

that a searching procedure is generally required among the points in the

data plane in order that Equation (72) be satisfied. However, this search

can generally be confined to regions of the flow field which are a priori

known to contain relative maxima and minima of the desired flow variables
(planes of symmetry, etc.). Given a point P in the data plane, Equation (72)

1
insures that the Mach forecone from a point P

P

Pl. (See I'igure 14) The nine points shown dete. mine the region in the

, on the streamline through

1 is contained within the eight initial data points immediately surrounding

initial plane over which interpolation surfaces are fitted. If a larger step
size 4F is allowed, a correspondingly larger region in the initial data

surface must be fitted (with the resulting larger truncation errors).

3.3.2 Field Point Routine

The solution at a field point involves essentially six separate
processes: (1) the surface fits to the flow variables in a region surrounding
the initial point are determined, (2) a new field point is located,

(3) bicharacteristic lines leading from the new point back to the initial plane
are located, (4) the flow quantities at these base points are obtained using
the fits developed in step |, (5) the flow properties at the new point are
determined to a first approximation, and (6) the flow properties are iterated

to convergence to second-order in the step size,
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Step 1

o

Given an initial Field point P1 (Figure 14) nine points including
P1 are fit with an exact interpolating polynomial for each function @;
required in the compatibility equation written along the bicharacteristics.
For the function G; it will probably be most convenient to use the pressure
p,» flow angles @ and ¥ , Mach angle # , the function % and the product
/og" . In this way compntation time can be reduced since the compat-

ibility equation involves only these functions. Compared to the concentration

7, . each function &;  varies rather slowly throughout the shock layer.
As mentioned above, this fact represents a distinct advantage of the
proposed scheme.
The coefficients Af", /42‘- s AJ" , etc. to be used in the inter-
b polation for the function G, are determined by solving the set of equations
2 2
(Gi)y = AT, + A2 y; + A3 3, + A4y + A543 + 46, 7
(73)
2 3 : 2 .
PAL Y Y 4483, A% Y Jj=03,9
I written for the nine initial points 6 (z,4,.%,)
Step 2

The new field point P2 is located as the intersection peint of

the streamline from Pl with the given plane Z = k+ 4% as

x, = %, +48x (74)
Yp = Y, * Sin8dS (75)
% 1 = 3 *cOS 6,5in ¢, dS (76)
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where
4
cos §, cos ¢,

as = (17)

Ty T

is the distance along the streamline.

If the new plane is not perpendicular to the ¥ -axis, Equations
4 (74)-(77) along with the equaticn of the plane locate the coordinates of the

new field point.

Step 3

With the new field point P located, the first approximation for

2
the flow properties there are required. Since no calculated properties are

i
available at P,, they must be estimated initially. A pressure gradient

R, &
KL= _

g . . - :
2 '’ is assumed at P, while the remaining flow properties at P
are taken equal to their corresponding values at the base point P

?r 1 2
1
The compatibility equation (71) corresponding to the Mach

forecone from P, involves only three dependent variables (p, 6 , ¢ ),

It would be reasoznable to expect that only three bicharacteristic lines
through P2 would be necessary to solve for these three unknowns,
However, while at least three bicharacteristics are indeed necessary, it
has been found that more are required in order to give sufficient accuracy

to the flow quantities at P The reason for this,as will be discusced in

2
more detail below, is that in writing Equation (71) in finite difference

form along the bicharacteristics,certain higher order terms are neglected.
Since the iteration scheme to be described in Step 5 below yields values
accurate to second order in the step size, in general, these terms are

not negligible.

Four bicharacteristics through the new point P2 are chosen,

The base points P.%. P, P P6 in the initial plane are located by solving

4’ ° 5’
Equation (54) for four values of the parametric angle = U, §~ ,

[§

77 and —jz—’—r . Typically when the initial plane is given by x = X4, point £

(¢ =3, 4, 5, 6) is located from the following equations,

Z“ = Ak (78)

Y, = ¢, (sen@, cos B, +s5inp, cos G, cosé,;)dL, (79)
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SO

%, = 3, - (cos B, cos 6, siny, - sinf, [,sin%sinez c238 -cos Y,sin 8;])dL‘v (80)

where
AR I
A z‘

L 3
¢ coSpB, cosB, cosy, -sinB, [sind,cos ¢, cosd; + siny,sind;

aL ],1-3“.5(81)

is the distance along the respective bicharacteristic.
Step 4

The next step is to determine the flow properties at the base
points of the bicharacteristics. The flow properties at each base point can
be determined by substituting its coordinates into the interpolation formulae
derived in Step I. A new estimate of the parametric angle d; is also
required at the base of each bicharacteristic. Equations (78) - (81) above
with coefficients evaluated at each base point respectively, furnish this new
estimate. The actual §; used in the computations along each bicharacteristic
then represents an average between tha: at noint PZ and the associated

base point,

Step 5

The compatibility equations (56), (57), (58), (55) and {71) are
written in finite difference form, and used to find first estimates to the
flow quantities at Point PZ' Equation (71) is put in finite difference form
by substituting the following approximate expressions for the derivatives

of a function ¥ in the bicharacteristic direction.

af; - F :
% . 12 .
N T ‘ c =3, 4, 5,¢ (82)
where
2 2712
as = [(z‘z "x )+ (f/z‘go')l‘ (3o 7) ] (82

As a result, the following linear equations for the variables p, & and ¢

occur along each bicha ~acteristic P‘ PZ ¢ =3, -, 6
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605/5‘ (Fy-P)+cos;(6,-6;) + cos6; sin &; (v, - )
Pigi? (84)

= -sinp, (cos& cos6; (dN) ‘54/76' —— )AL

The only unknowns in Equation (84) are the quantities p, , 8, and ¢, :

at the new point P One would thus expect that Equation (84) written

2
along three bicharacteristics could be solved simultaneously for the
unknowns at PZ' However, before the flow properties at point P2 can be

d

obtained, the der1vat1vosa—”- in the non-characteristic direction ¥ must
be evaluated numerically, The existence of derivatives in the direction
normal to a bicharacteristic represents the major difference between
two-variable and three-variable method of characteristics. In two-
independent variables, the compatibility equations written along the
characteristics are ordinary differential equations whose difference
analogs can be solved immediately for the flow quantities at the new point.
In this sense the compatibility equations are weaker for three-variable
problems than the corresponding characteristic equations in two-variable
problems, On the other hand, as has been pointed out previously, there
are an infinite set of such relations available in the three-variable problem.
Butler21 has utilized some of these extra relations in order to eliminate
the derivatives in the non-bicharacteristic direction at the unknown point.
Here, extra relations are introduced in order to obtain more accurate
average flow properties at the new point. The two techniques should be
essentially the same inasmuch as both yield improved approximations to

the derivatives in a non-bicharacteristic direction.

Considering any three base points. say P,, P, and PS, the

3’ "4
partial derivatives can be evaluated from

98 d8 Jx , 96 9y L 99 9%

(85)
ON ~dx IN dy n d3 N

where the dixe , etc. are obtained from equations of the form

26 56 6 .
€6 = 5g Fa %)+ 5o (9, -4, *j?fiz'h') (€x2.%35)  (86)

ox

and the;7= etc, are obtained from the coordinate transformation (68) as
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2Y

i Sin @ cosysind - cosdsiny (87)

;7?- = -sind cos @ (88)

2
2z . 5¢n@sing sind +cosEcos Y (89)

o
Note that in Equation (86), & is treated as an unknown so that when (85) is
combined with {(84) both the right and left hand side of (84) contain the

unknowns &, and ¥, . Tre procedure for obtaining 5—/VW- is similar.

With the coefficients thus evaluated, the three linear equations of
the form (84) written along the bicharacteristics P3P2, P4P2 and PSP2
can be solved simultaneously to yield first approximations to the flow
variables p , ¢ and ¢ (say p,'”, e,”, £} at point P,. Three more
bicharacteristics (P2P4, P2P5 and P2P6) are then chosen and using the
technique described above another estimate for the flow quantities p , 8
and ¢ at P, ( prtl, 6%, wl¥ ) is determined. Finally, the first

approximation to the pressure at P2 is given by

/
P = 3 (B +p) (90)

Similarly, the average values of 6, and ¢, are formed. It should be
noted here that more sets of bicharacteristics can be located and still more
first estimates to the flow properties at P, determined. Then Equation (90)
would represent an;gaverage over all such estimates. In general, however,
if four bicharacteristics are positioned evenly around the Mach forecone
from Pz,the addition of any other estimates at P2 would probably exceed

the overall accuracy of the remainder of thce scheme and the final results

would be changed only slightly,

The compatibility equations (58) - (59) aleng the streamline PIP2
are integrated to yield the remaining flow quantities at point PZ. In general
for nonequilibrium flow, the temperature ~ , concentrations/. and

vibrational energies £ vary muchk more rapidly from point P1
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to point P2 than do the pressure p, and flow angles & and # . Hence,
the equations along the streamiline cannot usually be replaced by their
first differences and integrated directly as was done above for the
bicharacteristic equations. Following Wood et. al. 34 and Curtis35, the
pressure is assumed to vary linearly along the streamline pIPZ

and a fourth-order Runge-Kutta technique is used to integrate the given
coupled ordinary differential equations in several steps along PIPZ'
Although the Runge -Kutta method is generally satisfactory, for many cas' s
of high-temperature air flows (e. g. conditions where both fast and slew
chemical rates are present in the same region) it fails to prevent
instabilities from arising. Treanor has recently developed an algorithm
designed especially for handling these so-called '"stiff" equations which
often occur in reacting and relaxing flows, The method which is similar

to the Runge -Kutta technique includes terms which are fifth order in the
integration step size. The details are given in Reference 47 and will not be
repeated here. However, it should be emphasized that the calculation

time per integration step is generally quite long because several rather

complicated derivatives must be evaluated.
Step 6

Having determined a first approximation to the flow propertics
at a new field point the last step is to utilize an iteration process which
determines the position of the new point and the flow properties there.

The iteration process employed here is similar to the '""modified Euler
method" or '""Huen's first method"48 whereby steps 2 through 5 are
repeatad using average values of the flow quantities. Along the streamline

the coefficients involving €, and ¢, are replaced by average values of the

following form
. ) -7
Sen 6,“,;" = zl{fm 8, + 508" ) (o1)

wherever they occur in Equations (74), (75), (76) and (77). Here, the
superscript refers to the current iteration cycle. Similarly, in Equation
(78) through (81) the coefficients defining the bicharacteristic directions are

suppianted by appropriate average values, As an examgle, Equation (79)

now becomes
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P e ek AR

. -1 -1 -1 i
g0 = 2’- (5in 6" )cas,szm ) sen 8,7 Vcos6," cos So;
. n-7) n-7) - \n-1) e.n- 1) S m'”)dl n) (92)
+5n@, " Tcas B, +s5inf3" cos6; cosd; .

(c=345¢)
The coefficients of (p2 -p 0 (8,-8,), (¢ -¢,)and 4L, in the compatib-
ility Equation (84) are also replaced by the average of their values at P2

e _
and £’ respectively.

The iteration cycles may be continued until g, = p""” ,
8, = 6,7 , g, = y,""", etc. within the prescribed limits.
Usually it is only neccssary to test the convergence on the pressure p ,
since experience here and in the two varisble problems have indicated that
whenever p has converged the remaining flow quantitics have converged

also,

Using the modified Euler integration scheme described above
along with the averaging technique presented in Step 4, the truncation
error is third-order in the step size; that is, the procedure is accurate to
second order in tl.e step size as is thc case with two-variable character-
istics. When the averaging discussed in Step 4 is not included, the process
is probably limited to first -order in the step size through the assumption
that the derivatives g;a— , -:—9— and ;—i as given by Equation (85) are
constant over the network, Thus, the addition of an extra hicharacteristic

relation is seen to be essential in order to achieve the desired accuiacy,
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3.3.3 Body Point Routine

Calculation of a point on the body surface involves essentially
the same six steps which were necessary for a successful field point

routine, The body surface will be assumed to be given by
8 (x,4,3) =0 (93)

B represents either a known function or a surface fittin,; element in the
region of the body point being calculated. In this way, rather general body
shapes and motions can be accounted for. The geometry of a typical body

point calculation is shown in Figure 16,

Step 1

The first step of the body point routine is exactly the same as
that for the field point procedure. Nine initial points including eight nearby
the initial body point Pl' are fit with interpolating surface elements of the
form of Equation (73) for each of the variables P g . ¥ .8, F
and /oga . Note,from Figure 16,that of the eight points chosen,only two are

body points, the remaining six being field points.
Step 2

The coordinates of the new body point are obtained as the inter-

section of a plane through P1 formed by the body unit normal (4 , 7 , 4, )

25
and the unit tangent velocity (% 0 _9_7/ , %’—) vector at Pl with the body surface
(1) and the given plane X, = 4 #4x, Since the normal plane is

— mE— - 7, n, 7. =
(/VXS)'G’L—‘:ICDSBCWS;J‘ sin® cos& Sin Y| edi
¢ P 4 (94)

This leads to simultaneous solution of the equations

8(x,4.3) =9 (95)
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Figure 16 BODY POINT NETWORK - THREE INDEPENDENT VARIABLES
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and
[:(ﬂ,), cas 6, cos ¢, - (n,), cos &, sen ﬂ}(g -y,)
+ [(ny)i sn6, -(n, ), cos 6, cos ¢;J (3 -,’) (96)

= +[(;7‘ )y Sen6, -(n,), cos6, sen ;é,] (z, - %,)
The solution defines the body point P, ( X,0 Yy P2 ). Equations (95) and (96)
can ke solved by using the second order Newton-Ranhson algorithm with

y*¥= ¢y, and %= p,, serving as initial guesses to the coordinates of

point PZ'
Step 3

As in the case of the ficld pcint network, most flow quantities
at the new body point PZ are initially taken equal to their respective values
at point Pl. The initial guess for pressure will again be given by £, = P,

(Kt!) where X is a known gradient.

Bicharacteristic lines leading from point P2 back to the initial
plane are determined next. Three bicharacteristics will generally be
required here in order to obtain sufficient accuracy in the calculations at
PZ. Two bicharacteristic elements are located in the tangent plane to the
body surface at P, anrd the third in the normal plane containing the stream-
line PIPZ. Equations (78) - (81) serve to define the base points
P. (i =3, 4, 5) when &, at point P, is known. Since the streamline P P,
lies on the body surface, the prrametric angle 5, , defining the bicharacier-
istic in the normal direction,is given by the scalar product of the unit
normal vector ( N Ny n3) and the coordinate vector 17 (Equation 90)

shown in Figure 1,

g, = cm"(-(n,), sin 6, cosdt(n, ) cos 6, -(n, ), 5¢n 6, Sc'm//,) (97)
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Then,

s
Z

Syy w8yt (98)

define the remaining two bicharacteristic directions through the new body

point PZ.

Step 4

The flow quantities at the base points are determined from the
interpolation surface fits found in Step 1. This step is exactly the same

as Step 4 in the field point procedure.
Step 3

The next step is the determination of the flow properties at
point PZ. For the body point, this involves the solution of two compatibility
equations together with the boundary condition of flow tangency at PZ'
Choosing two of the three bicharacteristics located in Step 3 (say P3P2 and

P4P2), the derivatives 3%  which appear in the compatibility equations

along each bicharacteristic must be computed. These derivatives are

evaluated in much the same manner as that used for the fieid point solution.
6

Now, however, in evaluating oF etc. in Equation (86) the initial body

point Pl is used as one of the base points.

The compatibility equation (84) along P3P2 and P4P2 are
two equations in three unknowns p, , 6, and ¢, . The pressure P, is
eliminated from each to yield one equation relating 92 and wz . The
conditions of flow ta.gency provides the additional relation between 6, and

¥, as

(n,), cos 6, cos iy +(n,), sen 6, +(Ny), co5 B, 5in Yy =0 (99)

Using a bivariate Newton-Raphson procedure these two equations can be

solved for initial estimates tc the flow angles at P The pressure

X
is then found from one of the original compatibility cquations. Repeating

the above for bicharacteristics P3P2 and pSPZ another estimate for

¢, ¢ and p at P, is obtained. The final first approximation to the
pressure and flow angles at P2 is represented by the average of these two
solutions,
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The remaining flow properties at P2 are obtained by integrating
the compatibility equations (57) through (59) along the streamline in the

same manner as was used in the field point routine.

Step 6

Using the ""modified Euler process' described in Step 6 of the
field point procedure, Steps 2 through 5 are iterated to convergence., The
location and properties oi point P2 are then stored and the computation

continued to the next point., This completes the body point solution for

steady fiow,
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3.3. 4 Shock Point Routine

The shock point process is the most complex of the three basic
unit processes required, although it foliows the same basic pattern as has
already been established. Now, however, not only must the new shock
point be located and the composition and flow properties there calculated,
but the orientation of the shock surface at the new point must also be
determined. The geometry involved in the shock point solution is shown

in Figure 17.
Step 1

This step is exactly the same as Step | of the body point proced-
ure with the body points being replaced by three shock points. The form
of surface fit chosen and the flow variables fitted are the same as those

given in Step 1 of the field point procedure,
Step 2

Since, unlike the body, the location of the shock is not known,
a point on the shock will be located az the point of intersection of a line

tangent to the shock surface through the initial shock point Pl and the

plane z = %, +4x. The tangent line lies in the plane formed by the shock
normal vector /'v’;', and the velocity vector ?—, . its direction is,therefore,
chosen as that of the velocity component tangent to the shock surface from
the point P1 and is given by

7%
!/ ! - -
=fa btTyJ*+ Ty k (100)

- Y] N ———
Ns, I??x 'ﬁ;,l 1 1

With F, established, the position of the new shock point is

X, = % + dx (101)
(r

Y, = 9, + ("zj; dx (102)
(r

32"},*(,.:;',4” (103)
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Figure 17 SHOCK POINT NETWORK - THREE INDEPENDENT VARIABLES
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Step 3

The flow conditions behind the shock at the new shock point P2
are determined by solving the shock wave equations (Rankine-Hugoniot
equations) using given values of the normal I\—/_g2 and the '"free stream'

conditions at PZ. The normal ’VS is initially chosen as
2

st = Ns, + KAy (104)
where ;\_’, is a known gradient based upon the two previous shock points,
= = 5S¢ ) k : - b~
( A;= X ) The flow properties incident to the shock 2:+’ F;+ DG
(GJ ) and (2, ) are either known or they can be determined by inter-
a’+ t2

polation between the closest known points in the incident stream. (In thic
way, both internal and external shock wave surfaces may be handled by using
exactly the same technique.) Quantities ahead of and behind the shock are
Jenoted by a plus or minus sign, respectively. Letting the subscripts N

and T denote the normal and tangential velocity components, respectively,

the shock equations can be written in the form

Pedne = L In (105)
RN PO R VN )
h +5’ ;Nfz = b +-21;~f (107)

e = g» Sino (108)
gre T s 08 (109)
dr. = 9y (110)
%y = 7 (111)
€jr = € (112)
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where o is the shock wave angle .

In the general case, these equations must be solved numerically
for conditions behind the shock. To this end, given the shock wave angle
o~ at the point PZ' the conditions acro;; the shock can be found using the
iterative method of Garr and Marrone™°. Here, the nressure p,_is
initially assumed and equations (105) - (107) above are solved for the remaining
unknowns g, _, (gNz)_ and h,_. The process is then iterated by varying
the pressure until the total enthalpy behind the shock matches that ahead of
the shock within a specified relative error. The flow velocity components

are next calculated from the known values of /‘73:, and ?/v- as

U, = w,, + Nsﬁ(gN_ —?m) (113)
V. = 2, +N"g (?N-'¥~+) (114)
Wy =L+ Ns}(?/v- -?/w) (115)

Then, the flow angles (62 )_ and {¢/,)_ are given by

-
wr
(%)= tan~"(52) (117)

Thus, all flow properties behind the shock wave ar= known at the new shock

point PZ.
Step 4

Next, the locations of three bicharacteristics leading from the

new shock point P, back to the initial plane £ =X/ are desired. Ina

2
similar manner to that used in the body point solution, two of the bicharacter-

istics are selected to lie in the shock surface, while the third is chosen to

intersect the initial surface at a point in the field. The base points P3

and P4 on the shock surface in the initial plane are determined as the

points of intersection of the Mach cone (Equation (48) with
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the shock surface and the initial plane * = x4 .To this end, the element
P6P lP8 (see Figure 17) of the shock surface in the initial plane is fitted

with a quadratic in y and 4 as

y = A,‘+5’+D (118)

Then, equations (118) and (48) yield the coordinates of the two base points
P3 and P4. The parametric angles §  defining the bicharacteristics ‘:'3‘3P2
and P4P2 can be obtained from Equation (50) with coefficients evaluated at

Pz and

8L = (1,-5,)" + (g-4;) 2+ (3,- )7 )% = 2% (19)

Then, a third bicharacteristic is located midway between P:,‘P2 and P‘}P2

on the Mach forecone by taking

331.‘5'7’31 (120)

at point P2 and solving Equation (54) for the coordinates 95,}5.
Step 5

This step is exactly the same as Step 4 in the field and body
point procedures, Given the coordinates of base points P, P4 and P5
the function surface fits evaluated in Step 1 can be used tc determine the

base point flow properties.
Step 6

In Step 3, all flow quantities behind the shock at point P, were

determined by solving the Rankine -Hugoniot equations. These flov% proper-
ties must also satisfy the compatibility equatinons written along the
bicharacteristics P3P2, P‘*P2 and PSPZ when the shock wave is correctly
located and oriented at PZ. This fact can be used to develop an iteration
scheme to converge the position and orientation of the shock wave element
through PZ'
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Since corditions behind the shock at any point cannot be multi-
valued, whenever one flow property is correct the remaining properties
must be right also. Consider that the flow angles (6, ). and {Y,)_ as
determined in Step 3 above ,are correct. Then, each of the three compat-
ibility equations written along the bicharacteristics P3Pz, P4P2 and P5P2
can be solved to yield three values of the preesure p,«¥) at PZ' The
partial derivatives 5% which occur in the compatibility equations are
evaluated here in the same manner as was used in the field and body point

procedures. (Equations (85) - (89).)

Compzring the average pressure p, ¥ as obtained from the
compatibility equations with the pressure Ps. from the shock relations, a

new estimate to the shock normal A, at P, can be determined by defining

e = Pz- /sz(ﬁ, (121)
Then, new values of the direction cosines of the normal /\_/sz are
selected by linear interpolation as
(n+t) _ (n-1) cnj _ (n) (n-7) (n)_ e" 1)
No " - ()" "e / ) (122)
and
N, (n+1) N (n- f) (n) _ - N (n)e(n-1) e(n)_e(n-f) 12
Sy, ( sy )/( ) (123)
while,
(n+1) 2 2\
N = (ro-m - C)Ye (124)
d2 £ s

Again, the supersc.ipt (n) denotes the iteration cycle. This procedure is
repeated i. an iteration process using average flow properties and coeffic-
ients to locate the new shock point and the bicharacteristic base points as
in the field and body networks. Average values are also used for the
coefficients of the respective compatibility equations associated with the

bicharacteristics P3P2, P4P2 and PSPZ' Iteration cont.inues until
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Pa. - Pe’

Pp .

< Test Constant {125)

at which time the position and orientation of the shock wave are found that
yield flow properties satisfying the compatibility equations to the desired

degree of accuracy. This completes the shock noint solution.

3.4 SIMPLIFIED FLOW MODELS

The methods derived above apply to three dimensicnal steady
gas flows in which chemical reactions and vibrational relaxations occur at
finite rates. Experience with finite rate programs35 indicates that even
for calculations involving two independent variables the full equations are
apt to require long machine times - especially in near equilibrium flow
sitnations. Therefore, it may not always be desirable or even necessary
to consider the full nonequilibrium flow equations. Instead, following
Curtis49, appropliate simplifications of the chemistry may be introduced.
Specifically, three sets of simplifying assumptions relative to the chernistry
and the thermodynamics of the gas flow are presented here. Each one is

listed below, along with the procedures required for carrying it out.
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3.4.1 Ideal Gas Model

In this case, all chemical production terms are equated to zero
and the specific heat Cp is constant corresponding to no excitation of the
vibrational degrees of freedom. Therefore, the variables and terms
involving them may be climinated from all preceding equations: NS, NV |

3:/, EJ- y Ry, » Q; and # . The speed of sound is computed from
J

T
@ A

(126)
and for steady flow the velocity is given by

/
Z94 = (Hu-CpT) (127)

3.4.2 Frozen - Inhomogeneous Model

The frozen-inhomogeneous model corresponds to the case where
the gas composition along streamlines {or particle paths) has frozen in a
partially dissociated state, The composition does vary across streamlines
however, and thus throughout the shock layer the gaseous mixture is
inhomogeneous. Assuming vibrational equilibrium, frozen flaws can be
calculated by setting the following terms equal to zero in the compatibility
equations: AV, /?Vf/' » @ s 6, and 7 . The frozen specific heat Cp
is obtained from Equation (28) with /) = ¢ and the {rozen speed of
sound is again given by (34). The netword of intersections of streamlines
and reference planes is seen to be suitable for calculating frozen flows
because the concentrations of the various species are forced to remain

constant along each streamline.

3.4.3 F.quilibriim Model

The equilibriurn model assumes that local thermochemical
equilibrium will be established at every point in the flow field. Again,
Rvy » & » MV, & , ¥,  and # are set equal to zero in the
compatibility equations. Two distinct approaches are possible here.
First, the temperature, density and speed of sound could ne determined

from polynomial fitsso or special curve fit523 of tabulated air data.
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In this case, the equilibrium rather than the frozer speed of sound is used.
Knowing the pressure and temperature at each point in the field the
equilibrium concentrations can be determined uniquely. A second technique
would be to use an iterative method to solve the full coupled equilibrium
equations at every point in a manner similar to that used by Boyer™ ",
While the latter scheme is more accurate, the first method would involve
far less computa’ional time and should probably be used in any multi-
dimensional characteristics program. The accuracy of the approximate
method can generally be held within 1% which is sufficient for almost all

practical purposes,

3.5 INITIAL VALUE SURFACE

The body point, field point and shock point solutions described
above can be used as building blocks from which the complete flow field can
be constructed, However, before the method of characteristics can be
utilized to solve such flows, an initial value surface on which the flow
properties are completely specified must be provided. In many cases,
obtaining these starting values is not a simple problem. In the discussion
that follows several possible procedures which provide the required

starting regions for rather specific problems are discussed,

In the case of a completely general three-dimensional body, a
plane of inputs along which the flow is 1nitially supersonic is required.
Unfortunately, since the necessary data will in general be asymmetric, a
method for obtaining inputs in this general case does not currently exist.
Consequently, more specialized soluiions must be attempted. Onec such
specialization consists in solving the flow field in the vicinity of a spherically-
capped body at angle-of-attack, In this case, initial data in a plane normal to
the flow direction is axisymmetric and may be provided  using any of the
well-known axisymmetric-blunt body solutions. Among these, either the
direct method using integral relations52 or an iterated inverse method39
would yield initial data which is sufficiently accurate for continning the
solution using the method of characteristics. The only restriction to such an
approach is that for the angles of attack considered, the body sonic point on

the compression side of the body must be located on the spherical nose.
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Certain three -dimensional, steady blunt body flows may also be

solved by treating them as limiting solutions in time of a properly posed

unsteady flow problem. These methods,which have recently been advanced ,
9, 53 {

in the literature ,consist first of moving from a known or attainable
steady flow solution to another desired steady solution using a prescribed
body motion. The body motion may consist of either a systematic warping
from an initial shape (e.g., a spherical cap) to a final shape (e.g., an
ellipsoidal nose) or of moving a given body from one configuration (e.g.,
flow at zero angle of attack) to another (e.g., flow at high angle of attack)
or any combinations of these two. The final steady flow is obtained by
continuing the calculations in time with the desired body surface unchanged
until the flow transients due to the prescribed motions have disappeared.,

Since as has been pointed out before, the soverning equations for unsteady

flow are hyperbolic, the method of characteristics for unsteady flow

may be conveniently used as a basis for solving the steady flow problem

using this approach. He-e, starting with a known flow field in the initial

hyperplane ¢t =t,_, , (e.g., the steady flow solution about a three-dimensional
nose) a series of unsteady three-dimensional flow problems are solved step- |
by-step in time until the flow field no longer changes with time. Although
these computations may indeed be very tedious and involve long computer
run times, the flow fields about some rather arbitrary bodies can be |

determined.
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Section 4
RESULTS AND CONCLUSIONS

4,1 PROBLEM AREAS AND THEIR SOLUTIONS

Before presenting the results obtained from the three-dimensional
steady flow method of characteristics program, it would seem to be desirable
to first discuss some of the difficulties which arose during the check out and
debugging phases of the program development. This discussion should prove
helpful to those who attempt to utilize and/or modify the basic method as it
was presented in Section 3, The overall problems were stability, accuracy,
and computer running time, in that order of importance. These problems

did, however, prove to be interrelated, since once greater accuracy was

attained the computer run time improved considerably.

4,1.1 Interpolation

As discussed previously, when the integrations are performed by
tiacing streamlines step-by-step through the flow field the points in each
plane normal to the ¥ -axis do not maintain a uniform mesh spacing. Con-
sequently, what was required was a bivariate interpolation procedure which
was applicable to a net of irregularly distributed points. Unfortunately,
because of the generality of the problem, very litile attention bryond that of

. , - s £4, 55
just stating the difficulties involved,

has been given to it in past work.
Generally, using polynomials, only two basic approaches to this problem are
deemed useable. The first possibility would be to use a method of least
squares approximation whereby the number of base points through which the
fit is to be passed exceeds the number of coefficients which are required in
the fitting polynomial. Using this procedure the sum of the squares of the
errors represented by the differences between the value of a given function at
a point and the value obtained for that function from the fit should be a min-
imum, The other possibility is to use an exact polynomial fit through the
given base points. By "exact' here is meant that the error between the actual
value of the function and the values obtained from the fit is zerc at least to
within the accuracy of the machine computations. The farm of each of these
fits depends in turn upon the relative orientations of the base points, the

number of base points chosen and the form of the basic independent set of
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basis functio.is which comprise the fit, For example, for linear fit in one

variable, ¥, the basis functions would be / and x).

Both of the above methods were investigated for use with
the three-dimensional characteristics program. While these studies were
were not exhaustive, a few definite conclusions seemed to be justified,
First, for bodies with '"rounded' cross-sections {(i.e., axisymmetric or
elliptical cross-sections which are not too flat), as would be expected,
better fits could be obtained by using ccmbinations of the polar coordi-
nates (7,w) as the basis functions for the fits rather than the cartesian
coordinates (g h }). This was especially true in the case of the flow
angles where relatively large changes cccur around the body. For bodies
which have locally two-dimensional regions, it would appear that probably
a better set of basis functions would be combinations of the cartesian
coordinates (1, g ). This point has not yet been thoroughly checked out
however, and probably even for these areas the polar fits will be satis-
factory. If not, the program can readily be changed to allow for using
different basis functions over different regions of the flow field. In the
case of an elliptical cross-section this could best be accomplished by
translating the center of the (y ' 3 ) coordinate system from the center of
the ellipse to the focus, and then using the ( r, w ) - fit over the region of
the field covering the ""rounded' portion of the ellipse and the (g ,;) - fit

over the remaining part.

The accuracy of each surface fit was improved considerably by
scaling the independent variables with respect to the coordinates of the
central point used in the fit. In many cases, improvements in accuracy
amounting to two significant figures were obtained by utilizing this
technique., Finally, tor the ranges of points tested (e.g., nets of 9 and 25
points centered around a base point in the initial plane) with the polar fits,
the method using least squares and that using the exact fit yielded approxi-
mately the same accuracies for all functions fit, However, since the exact
fit involves fewer operations and does in fact fit the data at the given points
exactly, this method was finally chosen for use with the program. The

justification for using an exact fit lies also in the fact that the data at each
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known point is itself in a sense '"exact' for a given problem and hence,
smoothing procedures using least squares or other methods should not be
required. However, as was indicated above, these results are somewhat
preliminary and now that the characteristics program is working, a2 more
thorough investigation of the surface fitting procedures, as applied to

several different flow fields, should be undertaken.

4,1,2 Flow Angle Derivatives

A more fundamental difficulty occurred while attempting to apply
the characteristics procedure to compute some simple two-dimensional and
conical flow fields, Two flow problems were studied initially, (1) a simple
wedge and (2) a sharp cone - both at zero angle of attack. In each case, the
minimum number of bicharacteristics (three) necessary to determine the
flow properties at a new field point was utilized, Tho wedge flow was success-
fully reproduced to eight places in all flow variables during each axial step.
This, however, was not a very demanding test because the flow field is
initially uniform and no iteiation was required in order to determine the flow
properties at a new point. Also, the normal derivatives in the compatibility
equations were in this case identically zero, The flow cver a 10° right
circular cone offered a more stringent test on the overall calculation proce-
dure., Although the initial data was axisymmetric to eight places, the
results in this case were non-axisymmetric. The degree of non-axial
symmetry varied according to the gradients existing in the flow and the
step size. However, the pressure and flow angles were generally constant
to only three significant figures (i to 2%) around the cone after just one or
two axial steps. These azimuthal variations in the flow properties around
an axi-symmetric body could be cttributed to the fact that as the calculations
progressed around a given ring o. data points ( 7 = constant), the relative
orientations of the three bickaracteristics which were used to determine the
flow properties with respect tu the azimuthal plane through the initial data
point were different, Thus, the conditions at each new point would be expected
to be slightly different, in that conditions at the respective base points, as

determined from the interpolations, were not the same. The variations which
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did in fact occur were surprisingly large. These large variations were attri-
buted to the fact that some first order effects were included in the compatibility
equations through the assumption that the derivatives of the flow angles with
respect to the coordinate directions were constant. Hence, in order ot obtain
meaningful results, better approximations to the derivatives were required.
These were obtained by introducing extra bicharacteristice at each ponint and
averaging the flow properties at the new point in the manner set forth in
Section 3. Actually, in the program three sets of bicharacteristics (initial
set is rotated 40°) are utilized to obtain this average. The averaging of the
flow properties at the new point improved the accuracy of the calculation by

as many as two signifigant figures. In addition, the more accurate proceedure
converged in three cycles rather than the seven required without averaging;
thus, although more calculations were required within each cycle, the net run

time was not affected by the averaging procedure,

4,1.3 Mach Cone Intersects the Shock

Another difficulty was encountered when a new ring of field points
was added near the shock wave as a result of introducing new streamlines
from the previous shock point. In this case, a portion of the Mach forecone
from a new field point intersects the shock wave surface. Thus, the base
points of some of the bicharacteristics, which are used to calculate the flow
properties at the new field point, intersect the initial data plane on the free-
stream side of the shock surface. Two different methods were utilized in
attempting to solve this problem. First, the relevant portion of the shock
surface and the flow quantities behind the shock were fitted by surface fits
similar to those used in interpolating for the base points. These fits were used
to determine the coordinates of and flow properties at the base points of the
bicharacteristics whichintersected the shock surface, while those bicharacteristics
onthe portionof the Mach cone whichdid not intersect the shock were handled in
the usual manner. Even though this procedure seemed to work properly, the

results obtained were not compatible with the accuracy of the solution in the
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remainder of the flow field. For an axisymmetric flow field, the results
along the new ring were axisymmetric to only three places, while the rest
of the flow field remained so to six significant figures. The reason for the
discrepancy is thought to be due to the fact that the base points associated
with each of the two separate fitting sc:emes are treated with unequal
weights since not the same number of bicharacteristics intersect the shock
as intersect the field. Time limitations prevented further development of
this method. Instead, another much simpler technique was employed. In
this scheme, the C-I'-L stability criterion was in principle violated by
allowing some of the bicharacteristics to pass through the shock surface
and intersect the initial plane outside of the shock layer. The flow
properties at these base points are determined by extrapolation, utilizing
the interpolating surface fits which had already been set up surrounding the
initial shock point., This procedure yielded results which were compatible
with the remainder of the flow field solution, and is the scheme that is
presently being used with the program. Note, that violating the stability
criterion in a small region does not seem to cause course instabilities to
arise. This is because basically, instability is the result of a cumulative
growth of errors throughout a calculation and does not usually result from
a few isolated errors, as is the . use here. In order to prevent the extra-
polations from being extended tco far outside the shock wave, the step size
is halved before any points in the new plane are determined, whenever a
new ring of field points is to be added., Note that since the streamline is
inclined toward the shock wave, only a small portion of the Mach forecone
from a new point on the streamline will intersect the shock when the step
size AX , is small. Thus the extrapolation described should be reasonably
accurate as the results obtained thus far using this technique seem to

indicate.

4.1.4 Problems Associated with Large Angles of Attack

In general, as discussed above, orienting the x -axis (the axis
along which the calculations proceed) along the free stream wind direction

has the advantage that the initial input data is axisymmetric and can be
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obtained irom two-independent variable programs. However, at large angles
of attack (say 30°) the flow in the shock layer on the windward side is at a
relatively low Mach number, Consequently, the Mach lines are steeply
inclined and the step size Ax between successive data planes is small. In
fact, whenever the sum of the local two-dimensional flow angle y and the
Mach angle 4% is greater than 90° (see Figure 18) the step size A X becomes
negative and the calculations would proceed upstream. The program is pre-
sently incapable of handling this situation. It should be emphasized however,
that this limitation does not represent a deficiency in the overall method, but
is rather a problem due to the necessity of aligning the x -direction with the
free stream-velocity vector in order to utilize axisymmetric inputs. When-
ever a method of obtaining non-axially symmetric inputs becomes available
the orientation of the X -axis can be changed so that the condition 8+ = 90°

is less likely to occur.

When the axial step is positive but small due to the low Mach
number of the flow in the shock layer, calculations of complete flow fields
would be speeded up considerably by reorienting the x -axis parallel to either
the body axis or to the windward side of the body. This idea was investigated
by rotating successive data planes by a small angular increment & 4 about a
point on the windward shock (Figure 18), followed by a coordinate transforma-
tion to a body-axis system. Unfortunately, programming difficulties and

lack of time forestalled the realization of this scheme,

4.2 TYPICAL OPERATIONAL EXPERIENCE WITH THE PROGRAM

The results of typical field, body and shock point calculations
are given in Appendix B, Tables B-I, B-II, and B-IIl. The number of
iterations shown are typical for calculations to date with the field and body
generally requiring three to five cycles depending upon the gradients and the
axial step size, while the shock requires at least five, Convergence at a
shock point is slower, because the first two cycles involve first, an estimate

of the direction of the shock normal, and then a given small change in this

direction in order to numerically determine the derivatives in the Newton-Raphson
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procedure used to obtain the next values of shock parameters, Thus, the
actual internal iteration process does not begin at the shock point until the
third cycle of the overall iteration has been reached, It then usually takes
three more cycles to complete the shock point computation. The results
indicate that the coordinates and flow angles generally converge faster than
do the pressui‘e and velocity, which usually converge at the same rate,
Actually, just the pressure has been used for the convergence tests thus far
in the program and from the results obtained this seems to work quite well;
however, in some cases, it might be better to test on both the velocity
magnitude and the pressure - especially if a smaller convergence criterion
than 10-5 is used. It should be noted that although the results in Tables B-I
through B-III are given in terms of eight digit numbers corresponding to the
nuraber of digits the machine carries, only the first four or five digits are

significant, due to the various truncations which occur during the computation.

The total computation time required to completely solve for the
coordinates and flow properties at a particular field, body or shock point is
difficult to determine accurately, It depends upon the gradients which exist
in the flow, the spacing between data points, the axial step size and the
convergence test criterion utilized. An estimation of the time required can
be obtained by dividing the total time taken to calculate several planes by the
total number of points calculated, Although this time includes the time required
to read input data from the tape, set up the initial data surface, and write
data back on output tape as desired, the significant portion consists of the
actual computation time - especially if several planes (1000 to 2000 points)
are computed. Using this technique, the time ranged from 0. 30 to 0. 50 seconds
per point on the IBM 7094 computer. The comparable time for the IBM 7044
would be about twice this value. Thus, it is absolutely necessary to decrease
this time significantly, if many problems are going to be run using the present
method. This will be especially true when the method is extended to include

nonequilibrium thermochemical effects.
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4.3 RESULTS FOR COMPLETE FLOW FIELDS

Three different afterbody flow cases 'werc computed using the
three-dimensional method of claracteristics program. These consisted of
the flow fields associated with a spherically blunted 15° cone at both 0° and
10° angles-of-attack, and a spherically capped elliptical afterbody whose
cross-sections were ellipses with the eccentricity of each varying as a
function of the axial dista~ce x at 0° angle-of-attack. Since the flows around
the cone at 0° angle-of-attack and the elliptical body are symmetric with
respect to the Y and 3 axes, it is sufficient in these cases to calculate cnly
one quadrant of the entire field. In the case of the blunted cone at angle-of-
attack however, there exists only one plane of symmetry (the plare containing
the free stream velocity vector and the y-axis) and a full 180° of the field

must be computed.

All cornputations were performed using the same input conditions
obtained in the manner discussed in Paragraph 4.2. The radius », , of the
nose sphere in each case was 0,28 cm with the center of the reference (x, 4,3)
coordinate system located at the center of the sphere. An initial line of
nine data points, equally spaced between the body and the shock, was provided
by the two independent variable characteristics program at a non-dimension-
alized (with respect to /4 ) axial coordinate ¥ equal to -0.4534. This initial
data line was parallel to the y-axis in the ,zy-plane. To provide an initial
plane of data points the initial line was rotated about the X -axis in given
increments 4« of the polir angles/ . A different number of meridional rays
were used for each of the problems studied. The free-stream conditions
were in all cases: #wo =8.33, fFo =3.153 « 10-7, "o = 250°K corresponding
to an altitude of 200, 000 feet. Results for each case studied will be presented

separately.

4,3,1 Blunted Cone At Zero Angle-of-Attack

Calculation of the flow field about a blunted cone at zero angle-of-
attack was carried out using five initial meridional rays located 22, 5° apart.
It took approximately 205 steps to reach a distance of 8 nose radii down the

body. The computer run time was nearly 90 minutes on the IBM 7094 computer.
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While this run time is long, it is far from the optimum that could be obtained
using the program even in its present state of development., Since limited
computer time was available for each of the flow czlculations described here,
it was decided to allow the machine to choose the axial step size based upon
the minimum mesh spacing in the field so that stability would be assured, |
and the program would proceed as far as possible without the necessity of ;
re-running a problem, While this objective was accomplished, the step !
sizes the program chose were generally much smaller than would be necessary

for stability, This was because the minimum mesh spacing generally occurs

between the last point on the ray and the point on the shock surface, When

new streamlines are added at the shock, this mesh size is generally an order

of magnitude smaller than the spacings between the rest of the points in the

field. Consequently, the step size used after adding points near the shock is

an order of magnitude smaller than the maximum that would probably be

used in such computation. It usually takes five or six axial steps for the step

size to again approach a reasonable value. A possible solution to this would

be to set the axial step size at a given value based upon the C-F-L condition,

and then calculate several steps using this constant value. Then the step

size could be changed again and another few steps could be computed, and

so on, If the procedure were followed here, the results indicated that an

average step size somewhere between 0.07 and 0,08 Ar:-) could be used.

This improvement alone, would cut the calculation time by a factor of

approximately two. (A short test case indicated this to be feasible).

Another way the computation time could be decreased would be
to use fewer streamlines throughout the flow field. In the present computation,
streamlines were added at the shock on an average of once every 10 steps,
so that a total of 21 points were specified along each ray in the final plane.
This is probably more than enough to adequately describe the flow field for
most ideal gas problems. By dropping selected streamlines (e. g., every
other one), computing time would be reduced because one needs to calculate
fewer points, and in addition the axial step sizes can be increased as a direct
consequence of the larger spacings between data points. Between 10 and 20

points on each ray should be adequate to solve steady flow problems for an

ideal gas. 79
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The shock wave shape and some typical streamlines are shown in
Figure 20. Since the scales used along the abscissa and ordinate are different,
the shapes of these curves are somewhat distorted; however, the body stream-
line does correspond to a 15° cone. As can be seen, the shock shape agrees
very well with that obtained from the two-independent variable characteristics
solution, 7 the maximum variation amounting to about 0. 7% at x = 7.5, The
body shape and streamline patterns are also as would be cxpected. Note the
manner in which the program adds streamlines along the shock, as the
calculations proceed in the axial direction., The addition of these extra
streamlines is seen to be absolutely necessary if sufficient accuracy is to

be maintained throughout the flow field.

Results for the flow quanrtities at the shock and body in one
meridional plane are presented in Figures 21 through 24. In all cases, the
data remained axially-symmetric to at least four significant figures nver the
entire range of the computation. Figure 21 shows a comparison between the
pressures obtained from the present program, and the two variable program,
The results are in good agreement and indicate that the truncation errors
are approximately the same for both methods (order of the step size squared).
The pressure along the body reaches a minimum at approximately x = 4,25
and then recompresses foward a constant sharp cone value as is expected.
The total variation in pressure across the shock layer is nearly 8% greater
using the three variable characteristics scheme than with the two variable
method at an axial location X = 7,5, Fowever, this discrepancy seems to
be decreasing and as cone flow is reached, it should nearly disappear. The
velocity ¥V 2-D flow angle 8, and temperature 7 are shown in Figures 22,
23 and 24 respectively, compared to the expected axisymmetric results.
These comparisons again clearly show the accuracy of the technique with the

maximum variations amounting tc less than 1. 5%,

Note in Figures 21 and 22 the appearance of a rather severe
expansion for the 3-D solution on the body at the point of tangency between
the spherical nose and the conical afterbody ( x =-0. 24) compared to the
axisymmetric value. The over-expansion is approximately 10% of the

expected value, and is propagated throughout the flow field in the form of
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Figure 20 TYPICAL STREAMLINE SHAPES FOR BLUNT 15° CONE, @ = 0°
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