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PREFACE 

The work presented here extends and, in some details, 

corrects the mathematical analysis undertaken in the pre­

vious support studies of penetration systems for the 

Advanced Manned Strategic Aircraft. 
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SUMMARY 

The results presented here were obtained in a systems 

analysis study. Here, analytical expressions are presented 

for such quantities as the probability of successfully 

supplying a random number of demands (or customers) with 

successfully functioning units drawn from a fixed supply 

of items which fail at random. The mathematical properties 

of the several functions considered useful are investigated 

in some detail. 
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ALLOCATING UNRELIABLE UNITS TO RANDOM DEMANDS 

1 . INTROTIUCTION 

This paper is concerned with the allocation of a 

fixed inventory of unreliab l e units to a random number of 

demands. Qualitatively, only one unit of those allocated 

need function for a demand to be filled. The goal of an 

allocation strategy is to meet all demands encountered, 

that is, to have at least one allotted unit function for 

each demand. Two other measures of success will be dis­

cussed below: the expected number "of consecutive demands 

met and the expected inventory remaining after meeting R 

sequence of demands successfully. 

The model we deal with can be applied where 

(1) all the unreliable units have the same probability 

p of functioning successfully, where O < p < l; 
(2) demands for units occur at random times but only 

one demand occurs in any infinitesimal interval; 

(3) the random events "a unit functions" and "a demand 

occurs" are independent; and 

(4) allocated units are not reusable. 

This model was originally developed for an operations 

research analysis of a military system. However, it is 

also well suited to (a) inventory allocation with random 

customer arrival where p represents the probability a given 

good will satisfy a customer and (b) allocation of cOOll\uni­

cation channels to messages which arrive at random when use 
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of several parallel channels increases the overall prob­

ability of reliable transmission of a message. (Here, 

assuming the channels are not reusable corresponds to 

single message transmission times much larger than the 

expected interval between successive messages.) 



I 

l 

-3-

2. THE BASIC MODEL 

2.1 Allocation to Poisson Demands 

Lett represent the aroount of time remaining during 

which demands may be encountered. We assume that there 

exists a continuous positive function r(t) such that for 

any small interval of time 6t 

(i) the probability that exactly one demand occurs 

in the interval (t-At/2, t+At/2) is r(t)At + o(At) *; 

(ii) the probability that exactly zero demands occur in 

the interval is 1 - r(t)At - o(At); and 

(iii) the probability that two or roore events occur 

in the interval is o(At). These assumptions are those of 

the Poisson probability law. Define m(t) • J5 r(T) dr , 

so m(t) is the mean number of demands in the interval 

(0, t]. Then, fork• 0 , 1, 2, ... , 

prob {k demands in (0, tJ} • e--ffl(t) [m(t~]k. k. , 

likewise, 

prob 

for r < t, 
- tr( a)da {o demands in [T , t] } - e T 

Since these facts are consequences of the Poisson 

assumptions and follow by generalizing standard arguments ** 

to the case r • r(t), not constant, they will not be proven 

here. 

* Terms which go to zero faster than 6t as At - O. 
** See , for example , Haight [l]. 



Combining the above with (i) and taking the limit as 

6T approaches zero, we find 

- J tr(o)do 
prob {first demand at r } • e r r( r ) dr . 

The allocation strategy "one unit to each demand" has 

a positive probability that all demands encountered will be 

met successfully. Let Pn(t) be the probability that all 

demands encountered in (0, t] are filled successfully when 

one unit is allotted to each demand and n units are available 

at time t. Then 

P0(t) • prob (0 demands in (0, t)} • e-m{t)' 

P1(t) • prob (0 demands in (0' t 1 J 

+ p . prob (1 demand in (0, t]} 

• e-m(t) + p • e-m(t)m(t) • e-m(t) (1 + pm(t)], 

and we can state the following. 

THEOREM 2.1.1. If n units, each with pr obability p 

of functioning successfully, are (a) available when t units 

of time remain, and (b) allotted one to each demand encourr­

tered until zero units of time remain, then the probability 

all demands encountered are filled, Pn(t), is given by 

p <t> - e~<t> E (prnf ~> li 
n i•0 • 

Proof : The formula holds for n • 0 . 1. Assume it 

holds for n ~ k. Then 
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( ) t -Jtr(o) do 
Pk+l (t) • e-m t + J pPk( -r)e -r r ( T) dT 

0 

- e-m(t) + Jt I~ cei~•)J1l e---<ll( T) e-J ~r(o)do pr(,) d . 
0 i-0 • j 

- e--m(t) + e--m(t) s; Lt ~J..: l pr(,) d , 

• e-m(t) I 1 
Jpm(t) k ui 

du! + E '7T 
0 i-0 

.,_, 

• e-m(t) j 1 + ~ [2!!!~ tl l i+l l 
' i-0 

( i + 1) ! 

-m(t) k+l ~ill_: .. e E . 
i-0 • 

A larger probability that all demands encountered are 

filled successfully can be obtained by allocating more than 

* one unit under some circumstances. Let Pn(t) be the maxi-

mum probability of successfully meeting all demands in 

[O, t] given n units available when demands may occur for 

* t more units of time. That is, Pn(t) is the probability 

of meeting all demands in [O, t] when the allocation 

strategy used maximizes this probability . Since the 

strategies are identical when n • 0 and 1, 
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In general, 

The integration is over all possible first demand times , 

r; q denotes 1 - p, the probability that an allotted unit 

fails to fill the demand. If i units are allotted , the 

probability of filling the first demand is (1 - qi). The 

"optimality principle" and independence yield the above. 
* That Pn(t) depends only on m(t) and not explicitly on t 

is the point of the following theorem. 

THEOREM 2.1.2. P~(t) • e-in(t) t(n, m{t)), where 

~(n, x) is defined by 

t (O , x) • 1. 

Proof: The theorem is true for n • 0. Assume it is 

true for n < k . Then 

t -Jtr(o)do p*(t) • e-in{t) + J max {(l - qi)P:_i( r )} e ,. r{ T) dr k O i•l(l)k 

t -ftr{o)do • e-in(t) + J max {Cl - qi) e-in(T) ~(k - i, m( T))} e · ,. r( -r )dr 
0 i•l(l)k 

• e-in(t)[l + r(t) max {(l - qi) t{k - i, y)} dy] 
. 0 i•l(l)k 
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* Thus Pn(t) can be tabulated versus n and m(t) • x. To 

simplify notation, henceforth we write P(n, x) instead of 

* P (t) for the probability that all demands are successfully n 

filled given that n units of supply are available when 

x • m(t) demands are expected. 

* By the preceding theorem the optimum mnnber of units 

to allocate to a demand is given by that i which attains 

the maximlDD in the integrand defining t(n, x). To render 

this unique, we define the allocation strategy function 

'l'(n, x) as the smallest value of i at which (1 - qi) • ~(n 

considered as a function of i, achieves its maximum. Using 

prime to denote differentiation with respect to x, symbol­

ically, 

'l'(n, x) • first[i • l(l)n: (1 - qi) • t(n - i, x) • t '(n, x)] 

and 

t(n, x) • l + Jx (1 - q'l'(n,};] · t(n - 'l'(n, y), y) dy, 
0 

where "first [i • l(l)n: ... ]" denotes the first value of 

i from l ton, in steps of 1, at which the condition to 

the right of the colon holds. 

For n • 1 and 2, direct application of the above 

yields: 

t(l, x) • 1 + (1 - q)x • 1 + px, 

'I' (1, x) • 1, 

and 

* . Relative to the criterion "maximize probability of 
successfully meeting all demands." 

i, x), 
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1 + (1 - q2}x, X( r½ • - - q 

t (2, x) • 2 2 2 
1 + f- + px + l?..f-, X) 

g. 
p' 

2, X ~ q/p , 
'f (2, x) • 

1, 1, X) q/p . 

Thus for n small the t (n, x) are polynomials of degree 

~non certain intervals of the x-axis. The t and 'f 

functions for n • 3 and 4 can also be easily given in 

analytic form: 

g 
p' 
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2 .' l+(l-q3)x, O~x< q 2: 
1 - q 

11 + •t + (l--q2) x + (l--q2) F--q) x2 ' 2( +q) 

4 2 2 ffq 3 1 + 2c¥+q> + q + ¥ - !"!" 

( 
2) 2 2 ( )3 3 \_ + 1 + f (1-q)x + (11) X +11~ X' 

3, 92 0 ~ X ( 2' 
l - q 

'!' (3, x) • 2, q2 ~ X ( ¥ + ./2'q 
2 ~ - q ' l - q 

q + ./2q < x· 
I - q - ' 

3 
0 ~ X ( 7, 

1-q 

+ f ½ + q - f J (1--q) 2c2(q) + q(l--q~ ~c\q) 

- (1--q):~ + (1--q)x + ( l + f )(l--q)2 f 
+ (11~3x3 + (11~4x4 , c(q) ~ x ; 



4, 

3, 

t(4, x) • 

2, 

l, 

where 
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q3 
O~x<----

1 3' - q 

- q - / X ( c(q), r-=---q~ 

c(q) ~ x; 

c(q) • l _: q [ q + (h(q) + f(q)) ½ + (h(q) - f(q)) ½], 

h(q) • q(~ <t ! ~q) + 3 - 2 ffq), 

f(q) • j(h(q)) 2 - 8q3 . 

(The fonnula for the roots of a cubic equation was used in 

obtaining t(4, x), c(q), h(q), and f(q). See (2), p. 358 . ) 

As you can see, for higher values of n the complexity 

of ~(n, x) increases markedly. Nevertheless, extensive 

tables of P(n, x) • e-x ~(n, x) have been computed at The 

RAND Corporation by use of approximate numerical integra­

tion in digital computer programs. 

As a practical matter, it is quite easy to compute the 

functions t numerically. Such computation simply involves 

the solution of a system of, say, N + 1 differential equa­

tions of the fonn 
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t'(n, x) = max f (l - qi}t(n 
i=l(l)n 

i , x) } n =- 0, l, . .. , N, 

subject to the initial conditions 

Hn, 0) • 1, n = 0, 1, ... , N. 

Many of the properties of the functions ~(n, x) and 

t(n, x) which hold for the analytic expressions also hold, 

in general, for all n. The following section presents a 

rigorous mathematical derivation of these properties , based 

solely on the above definitions. Many of these properties 

correspond to what our intuition tells us holds, given the 

physical interpretation of. the model. However, some results 

which are intuitively almost obvious , and which are veri­

fied by the tables r eferred to above , remain as yet unproven. 

2.2. Properties of the Functions • and ! 

First, let us make the dependence of t (n, x) on the 

parameter 0 ~ q ~ 1 exi>licit by writing ~(q, n, x). 

LEMMA 2.2 . 1. If n > 1, x > 0, and 0 < q < q' < 1, 

4> ( q, n, x) > d- ( q' , n , x) . 

Proof : Assume n = 1 . Then 

t (q, 1, x) ~ 1 + (1 - q}x > 1 + (1 q I) X • 4> ( q I , 1 , X) . 

Assume the lemma holds for all n > 1 and n < k , then 

since 
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for all 1 < n ~ k, the desired result follows at once from 

the definition of ~-

LEMMA 2 . 2 . 2 . t ( 1 , n, x) • 1. 

Proof; Trivial . 

The case q • 1 (that is, all units have zero success 

probability) is exceptional, and in subsequent discussions 

we shall assllllle q < 1 unless we explicitly state otherwise. 

COROLLARY 2.2.1. ~(n, x) ~ 1. 
n 

LEMMA 2.2.3. ~(0, n, x) • ~ 
i•O 

Proof: The statement is true for n = 0, and the 

inductive step is trivial. 
n i 

COROLLARY 2 . 2 . 2 . H n, x) ~ ~ ~ 
i-0 l.. 

LEMMA 2.2.4. ~(n, x) has a continuous first derivative 

and ~•(n, x) > 0 if n > 1. 

Proof: From the definition we compute 

~•(n, x) • max (1 
i=l(l)n 

i 
q ) ~(n - i, x). 

The quantity on the right is clearly positive by 

Corollary 2.2.1. 

LEMMA 2.2.5 . t '(n, x) > ~•(n - 1, x) if n ~ 1 and 

either x > 0 or q > 0. 

Proof: For q = 0, Lemma 2 . 2.3 above irranediately 

implies the des ired result. If q > 0, then since 

i+l)"( • . q . n - l - 1., x), 
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it follows that 

~•(n - 1, x) • max (1 - qi) ~(n - 1 - i, x) 
i•l(l)n-1 

COROLLARY 2.2.3. t (n, x) > t (n - l, x) if x > 0. 

LEMMA 2.2.6. (l - qn) ~(n, x) ~ t '(n, x). 

Proof: For q • 0 this is a trivial consequence of 
Lemma 2.2.3. For q > 0 we know that 

for i • 1(1) n, 

and thus the desired result follows. 

COROLLARY 2.2.4. t (n, x) ~ e(l-qn)x_ 

Proof : t (n, 0) • e0
, and the corollary follows from 

Lemma 2. 2. 6 by a well--known theorem of differential 
inequalities (see [3J, pp. 133-134). 

From this point on we shall tacitly assllllle that 
O<q<l. 

LEMMA 2.2.7. 'f (n, x) ~ 'f (n - l, x) + l if n ~ l. 
Proof: Suppose (n, x) > 'f (n - l, x) + 1. Then 

( 1-q v(n)) (n--v(n)) > ( 1-q v (n-l)+l) t (n- (n-1)-1) 

(1-q '!' (n-1)+1) (n- 't' (n-1)-1) • ( 1-q (n-1)+1) (1-q 'f (n-1)) ! (n-1- (n-1)) 
( l-q (n-1)) 

(1-qV(n-l)) t (n--l- ' (n-l)) ~ (1-qV(n)-l) , (n- (n)). 
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The two inequalities are consequences of the definitions 

of 'l' (n) and ~(n - 1) , r e spectively, and the equality is 

simply an identity. 

Putting all three together we have 

( 
li' ( )) (1-q ' (n-l)+l)( •(n)-1) 1-q
1 11 :!- (n- (n)) -,--------- 1 ( ( )) • > ( 1-q I (n-1) ) -q ' n-f n 

which implies 

1-q 'I' (n) 
-

1
--q--'f ..... ( n ..... )---1- > 

1 (n-1)+1 
::<I 

1-q 'I' (n-1) 

which is absurd. 

In order to derive our main theorem concerning t and 

f , we will need the following gener~l r esult. 

LEMMA 2.2.8. If f, g, and hare positive functions 

defined on [O, T), f = gh, h(O) > 1 , and his a nondec reas­

ing function, then 

1 + foxf(t) dt 

1 +lox g(t) dt 

is an increasing function of x . 

Proof: For compactness of notation , we suppress the 

dummy variable t: 

ln
x+,. 

+ fa\ 1 + f 1 
0 

la
x+,\ = 

+ foxg 1 + g 1 
0 
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The denominator !.s obviously positive, so let us 

consider the numerato::- : 

(1 + fox+ · f) (1 + fo\)- ( 1 + fo\) (1 + fox+\ ) 

=fxx+ fll + foxsl-fox+. gll + foxfj 

?. h(x) fxx+\[1 + fo\ - ix+++ .Cf] > 0. 

It seems intuitively obvious that r (n, x) ~ f(n - 1, x); 

that is, with a larger supply one is always willing to make 

at least as generous an allocation. The extensive tables . 
we computed have confinned this conjecture. However, 

determined efforts by a number of people at RAND have 

failed to yield a rigorous proof that this is indeed the 

case. If this could be proven, we could relax the hypo­

thesis in our main theorem below. 

THEOREM 2.2.1. Suppose r (k, x) ~ ~(k - 1, x) for 

all x, for all k ~ n. Then the following hold for n: 

(a) r (n, x) is a monotone nonincreasing function 

of x· - , 
(b) r (n, x) has n - l discontinuities; 

(c) ~(n, x)/ t (n - 1 , x) is a monotone increasing 

function of x. 
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Proof: Direct computation shows that both (a) and 

(b) hold for n • 1 and n • 2. Assume condition (a) holds 

for all n < N. For notational economy, let i • l(N, x). 

Thus 

Let j • l(N - i - 1, x) and k • l(N - i, x). By 

hypothesis we know that i ~ j: 

(def. of j) 

(since i ~ j) 

i k 
~- (1-q ) (1-q ) t(N-i-k, x) (def. of k) 

This means that if (1 - qi) ~(N - i, x) is greater 

·+1 
than or equal to (1 - qi ) ~(N - (i + 1), x), then it is 

also greater than or equal to it for ally> x. In other 

words, f {N, x) can never jump up from i to i + 1 as x 

increases . On the other hand, by the hypothesis of induc­

tion f (N - 1, x) i s monotone decreasing in x and by Lerrana 

2 . 2.7 it follows that it is impossible for f (N, x) to 

jump from i up to any number greater than i + 1. This 

completes the proof that f (N, x) is monotone nonincreasing . 

Part (b) of the theorem foll ows by induction. It is 

c lear that (b) holds for n = 1, 2. Assume it holds for 
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all n < N. An easy inductive argument shows that 
t (n, x)/xn - (1 - q}n/n! as x - ~ This implies that 
for x sufficiently large, f (N, x) • l. Thus f (N, x) must 
have at most N - 1 discontinuities; it is also easy to see 
that for x sufficiently small, f (N, x) • N, and thus the 
only way in which f(N, x) could have fewer than N - l 
discontinuities is if it drops 2 or more at one of them . 
By Lemma 2.2 . 7 and the hypothesis of induction, this 
could not happen at a point of continuity of f(N - 1, x). 
Let y be a point of discontinuity of f (N - 1, x), and say 
f(N - 1, y) • k . Then 

The only way f(N) could drop two at y is if f(N, y) • k 
and f(N, y - e) • k + 2 fore sufficiently small. This 
would imply 

Eliminating t (N - k - 2, y) between these two equa-tions gives 

Since 

l _ 
4

k+2 
---.-kr--i+--r t(N - k - 1, y) • t (N - k, y). l - q 

l _ 
9k+2 l 

9
k+l 

s1<--~k-, l - q l q 

it follows that 



-18-

which implies l (N , y) • k + 1. This concludes the proof 

of part (b). 

Now we turn to part (c) of our theorem. Par t (c) is 

clearly true for n = 1, 2; assllllle it is t rue for all n < N. 

Let i • r (N - 1, x). Then 

t: ~N,x) • max [ (1--qi) ~(N-i,x) 1 (1-qi.+l) T(N-i-1,x) } 
I N-l, x) ( 1-q 1) <!- (N-i-1, x) 

~~~N-i,x) 1::97+l} 
• maxt t N-i-1,x)' l-q1 

• H(N, x) (this is our definition of H). 

It is clear that H(N, x) > 1. By Lemma 2.2.8, al) 

we must do is show that H(N, x) is a nondecreasing function 

of x and our proof will be complete. It is clear from the 

hypothesis of induction that H(N, x) is nondecreasing at 

points of continuity of i • o/ (N - 1, x). Let y be a point 

of discontinuity of l (N 1, x) , and let o/ (N - 1, y) • k; 

then for all sufficiently small E we have l (N - 1, y 

Thus 

Since 

E) • k + 1. 
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1 k+2 l k+l 9 9 ----,..k_,,.+,.1 < ---k-
l q 1 q 

it f oll ows that H(N , y) > H(N , y - E) for all sufficiently 
small E , which completes the proof . 

2 . 3. Discussion 

The first few results of Sec. 2.2 deal with the 
parameter q • 1 - p, the probability a unit fails to 
function . Lemma 2.2.1 states that for a given number of 
units n, less reliable units yield a lower maximum prob­
ability of meeting all demands; hence from the extreme 
cases q = 0 and q = 1, bounds can be obtained for arbitrary 
q. Lemma 2.2.2 states that totally unreliable units do 
not increase the probability of meeting all demands above 
that of the event "no demands occur." Lemma 2.2.3 shows 
that with n perfectly reliable units (p = 1) t is the 
sum of the first n + 1 terms of the power series for ex_ 
From the preceding we get the bounds of Corollaries 2.2.1 
and 2.2.2, which imply 

e-x < P(n, x) < -x e 

An alternate upper bound on P(n, x) follows from 
results on ~ '(n, x), the derivative with respect to x. 
The bound 

n 
P(n, x) ~ e-q x 
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is generally smaller than the preceding one for x small; 

the summation bound is smaller, for x large. The results 

are: 

(1) I has a continuous positive x-derivative, which 

is a monotonic inc reasing function of n (Lerrnnas 2.2.4 and 

2. 2. 5). 

(2) ~ is a monotonic increasing function of n so more 

units available improves the maximum probability of mee t ing 

all demands, P(n, x) (Corollary 2.2.3). 

The remaining results concerning the optimum allocation 

strategy r (n, x) are set forth in Theorem 2.2.1. This con­

firms that fewer units should be used when more demands are 

expected. f(n, x) is a monotonic nonincreasing step function 

of x. When xis sufficiently small (few demands expected) 

all n units should be allocated to any demand that occurs. 

The values of x at which o/ changes can be expressed in terms 

of n and q as discussed below. 

There are two conjectures about the if> and f functions 

which appear plausible and which are supported by extensive 

computations, but which we have not been able to establish 

by a rigorous mathematical argument: 

(a) f (n, x) ~ f (n 1, x) for all x > 0 and for all n ~ 1. 

(b) t (n, x) / ~(n - 1, x) is a monotone decreasing 
function of n. 

Conjecture (b) immediately implies conjecture (a). 

Note that it is not the case that +(n, x) - t (n - 1, x) 
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is a monotone decreasing function of n . For example, 

when q • 0.5, the analytic expressions for ~(n, x), 

n • 0, 1, and 2 (seep. 8} yield 

~(l) ~(0) • 0 . 5x, 

X ~ 1 , 

~(2) - ~(l) "" 
{

0.25x, 

0.125(1 + 2 
X ) , X ) 1. 

Figure 1 shows the region where the increment in success 

prob nh ility is greater for the second unit than the first. 

4 

-C -,e. 3 

- 2 
+ I 
C l-2 ( 1 + v'o.75 ) -,e. I ~ 3.74 

I 
0 

0 2 3 4 5 X 

Fig. 1- Increments in success probability 
versus expected number of demands 

for first and second units. 
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However, for many values of n and x the increment in 

tis monotone decreasing . It is easy to show that when 

increments are monotone decreasing, (b) (and henc e ( a)) 

holds. 

Because of the frequ ent validity of (a) and its key 

role in the mathematical development we define it henceforth 

as the regularity condition for When this condition 

holds, it can be proven that the discontinuities of r (n, x) 

are related to those of r (n - 2, x). If x • Ynt is the 

t-th discontinuity of l (n, x), as x increases from zero, 

and l satisfies the regularity condition, then 

and 

n-1 
q 

Ynl "" n-1 ' 
1 - q 

n+l-2 t , q 
for t • 2, 3, ... , n > 3,t - 2. 
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3. OPTIMAL POLICIES 

The purpose of this section is to illustrate the 

application of the optimum strategy functions ~(n, x). We 

also wish to make explicit that although the optimum r e turn 

functions t(n, x) are computed a priori, application of 

does in practice yield the best return. 

For any sample function of the random process (demands, 

success of allotted u!1i ts), the optimal policy involves 

using different strategy functions as the process unfolds. 

Suppose n • N units are available at the initial time t • T, 

and the random variables "total number of demands" Land 

"actual--<iemand-times" are Ti, i • 1, 2, .•. , L, where 

Ti< Ti+l ~TL< T. Then the allocation at the first demand 

encountered, TL, should be 

where NL inventory is retained for future demands. If this 

demand is met, at the second demand 

units should be allotted, Nl.r-l units retained, and so forth. 

(Here the Ni, i ~ L, are 3 sequence of random variables 

since they depend on the actual Ti realized.) 

Dreyfus [4] has observed that the best possible 

stochastic allocation policy is obtained by taking account 

of the random r ealization in the optimization, as it occurs. 
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We have done this. We apply the best allocation to the first 

demand which ~s to occur, taking account of the time of 

occurrence as well as of the inventory available. The n, 

the random inventory remaining, together with the time , 

r1_1, at which the next demand occurs, determines the one-

s tage-optimal allocation 'I' (NL' m(t1 __ 1)) us ed at a future 

demand. (Each one-stage-optimal allocation assume s optimal 

use of the remaining inventory.) 

Note that all the information we hav e about subsequent 

demands at time Tk is summed up in the number m(Tk); if any 

additional information were conveyed by the values of the 

Ti's (i > k), or even by the value of L - k, then our problem 

might be much more difficult, both conceptually and computa­

tionally. 



-25-

4. OTHER MODELS 

The Poisson demand model can be used in connection 

with criteria other than probability of meeting all demands. 

This section extends the probability criterion to a more complex 

model, and illustrates two additional criteria: inventory 

remaining after meeting all demands, and consecutive demands 

filled given that all demands should be met if possible. 

In the first case (4.1) the results presented are as detailed 

as for the basic model; however, ales~ comprehensive analysis 

is provided for the alternate criteria (4.2, 4.3). These 

results illustrate how our formulation can be applied to 

other contexts. 

4.1. Unreliable Demands 

In this section we assume that a demand may be with-

drawn with probability w • 1 - v, and that this is independent 

of the number of units allotted, the occurrence of demands, 

and the success of whatever units have been allotted. We 

let P(n, t, v) be the maximum probability of filling all 

demands encountered with time t remaining and n units 

* available (in other words the probability of success given 

that units are Jsed to maximize probability of success). 

4.1.1. The Model When Demand May Be Withdrawn. Since 

an inventory of no units can "meet all demands encountered" 

lf 
This is analogous to the earlier quantity p*(t). 

n 
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provided thac any demands encountered are withdrawn, 

P(O, t, v) • e-rn(t) + e-rn(t)m(t) . w + e-rn(t) lm(q 1
2 

2. 

n=O 
t lm(t) ;w]n 

n. 
-rn( t) W • m( t) • e e , 

-v • m(t) P(O, t, v) • e . 

w2 + ... 

If i units are allotted to an unreliable demand which has 

been encountered, the probability that the units fill the 

demand is 

prob {demand withdrawn, at least one unit works or both} 

• w + (1 - qi) - w(l - qi) 

• wqi + (1 - qi)• (1 - v)qi + 1 - qi• 1 - vqi. 

Hence, noting that one might choose to allot no supply, from 

the preceding analysis, P(n, t, v) is defined by 

P(n, t, v) • e-rn(t) 

Jt { i + max (1 - vq )P(n 
0 i=O (l)n 

-ftr(cr )dcr 
i, T, v)} e • T r ( r ) dr , 

where the factors involving r make up the probability that 

the first demand is encountered at timer. 
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Intuitively, nothing is gained at an encounter if 

no units are allotted. Indeed a rigorous mathematical 
-II 

proof exists that the maximum is never attained at i • O. 

We state this as Theorem 4.1.1. 

THEOREM 4.1.1. At least one unit should be allotted 

to any unreliable demand encountered, if it is possible. 

Proof:* For n • 1, 

( i) P( ) (l - gv~ P( 1 ) n, y, v < (1 _ v n - , y, v. 

Assume that (i) holds for n < k. P(k, 0, v) • P(k - 1, 0, v) • 1, 

hence (i) holds for y • 0, and, since both sides are con-

tinuous, for an interval about y • O. Assume that there 

exists a Yo > 0 such that (i) hclds for y 

equality at Yo· Then for y < y0 , 

y0 , with 

P'(k, y, v) • max (1 - qjv)P(k - j, y, v) 
j-<>(l)k 

(ii) < max (1 
n=O(l)k-1 

• __ 1 _ __.g..._v p, (k 1 ) 1 V - 1 y, V • 

To prove the inequality (ii), consider it term by term. 

For j - 0, (ii) reduces to (i), and hence is true by 

assumption for y ', Yo· For j - 1, 2, ... , k - 1, the 

inequality (ii) holds by the inductive hypothesis. The 

* Due to R. Strauch, The RAND Corporation. 



-28-

term j •~appears only in the left hand side, but 

< max {< 1 - qj) (1 - gv) P (k 1 • ) } 
(1 ) - - J, y, V • 

- j•O(l)k-1 - v 

This proves (ii). But since 

(k ) (1 - gv~ ( ) p ' O, V < (1 - V pk - 1, 0, V' 

and, for y y0 , 

I (1 - QV) I P (k, y, v) < (1 _ v) P (k - 1, y, v), 

it is impossible that equality holds for y • Yo· Hence 

(i) is true for all n, and the theorem follows. 

THEOREM 4 . 1. 2 . 

P(n, t, v) 

where 

t (O, x, v) 

-m( t) 
= e ~(n, m(t), v), 

wx = e , 
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~(n, x, v) • 1 + f
0

x max {<1 - vqi)t(n - i, y, v)} dy. Jc i•l(l)n 

Proof: By definition of P(n, t, v) and the preceding 

theorem, 

P(n, t, v) • e--fll(t) 

+ f t max { ( l - v qi) P ( n - i , T , v >} 
u i•l(l)n 

--J tr ( o) da 
• e T r ( T) dT • 

Assume that the assertion is true for n < k. Then 

Thus the theorem holds for n • k, and, since it holds for 

n • 0, it is true for all n. 

Theorem 4.1.2 is consistent with the earlier case 

where v • 1 corresponding to demand never withdrawn. For 

lim t(O, x, v) • 1 • t(O, x), 
v•l 
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and hence we have the following lemma: 

LEMMA. 4.1.1. lim t(n, x, v) • t (n, x). 
v◄ l 

Proof: Assume that this is true for n < k, and let 
prime denote differ e ntiation with r espect to x at constant 
v and n. Since P(n, m-1(x), v) • e-xt(n_. x, v) ~ 1, 

lt'(k, x, v) j ~ I max 
i•l(l)k 

i (1 - vq )t(k - i, x, v) I 

~ I max t(k - i, x, v) I < ex i•l(l)k 

and 

lim t'(k, x, v) • lim max {<t - vq1)t(k i, x , v)} v•l v◄l i•l(l)k 

Hence 

lim t(k, x, v) • lim [x t' (k, y, v) dy + 1 v◄ l v ... 1 lo 

by Lebesgue's theorem on dominated conve r genc e (see, for 
example, Ref. [SJ). The lemma follows, since this proves 
the induction hypothesis , and we already hav e see~ that 
the lemma is true for n • 0. 
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4 . 1 . 2. Properti es o f the Functions t and f fo r O < v < 1. 

Le t f(n, x , v) be the strategy function for t(n , x , v), 

de fined an a l ogous l y to f (n, x) of Sec . 2. This part presents 

the pro perti es whi ch carry ove r to the more complex model 

wher e demand may be wi thdrawn , followin g the deve lopment of 

2 . 2. 

LEMMA 4 .1.2. If n L 1, x > 0, and O ~ q < q' ~ 1, 

then 

t(q, n, x, v) > t(q', n, x, v) 

for all O < v < 1. 

Pruof: The assertion is true for n • 1. If v > 0 

and the lemma is assumed true for all n ~ 1 and n < k, then 

(1 - vqn)t(q, k - n, x, v) > (1 - vq'n)t(q', k - n, x, v), 

all 1 ~ n < k, and the result follows by definition of 

t(. , .,.,v). 

LEMMA 4 .1. 3. t(l, n, x, v) wx • e , all n, 0 < v ~ 1. 

Proof: Immediate. Assume q < 1 below unless other­

wise stated. 

COROLLARY 4.1.1. t(n, x, v) ewx 

LEMMA 4. 1.4. 

(i) t(O, n, x, v) -11: t(O, 

(ii) f I (0 J n, x, v) • t(O, n - 1, 

(iii) t(O, n - 1, x, v) - max 
i•l(l)n 

n - 1, y, v) dy 

x, v), 

t(O, n - i, x, v). 
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Proof: The equivalence of all thre e statements is 

immediate by inserting q • 0 in the def inition of 

t(q, n, x, v) . (iii) holds for n • 2 since 

wx 
t(0, 0, v) WX e - V • t(0, 1, v) x, • e < x, 

w 

for w > 0, x • 0. Assume t he lemma is true for n < k. 

Then it is true for a ll n, since 

t(0, k - 1, x, v) > t(0, k - 2, x, v) 

because 

t(0, k - 2, 0, v) • 1 • t(0, k - 1, 0, v) 

an<l by (ii) and (iii) 

t'(0, k - 2, x, v) • t(0, k - 3, x, v) < t'(0, k - 1, x, v) 

• t(0, k - 2, x, v) 

• max t(0, k - 1 - i, x, v). 
i•l(l) (k-1) 

LEMMA 4.1. 5. 

If 

n i 
h(n, x) • L x • t(0, n, x) = lim t(0, n, x, v), 

i=l i~ v•l 
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then 

t(O, n, x, v) • :n [ewx - h(n, wx~ + h(n , x). 

Proof: Le t f(n, x) = t(0, n, x, v). Using prime to 
deno te the derivative with r e spect to x, by (ii) of 
Lemma 4.1.4 f (n, x) satisfies 

f' (n, x) = f(n 

f(n, 0) 

f ( 0, x) 

- 1 , 

wx • e 

ewx - v f(l, x) • --w--

1, x) subject to the conditions 

, 

and the lemma is the solution of th i s equ ~tion. 3ince 
ewx - h(n, wx) is the tail of the exponential power series 
from (wx)n+l/(n + l)~ on, the limit of t(0, n, x, v) is 
indeed h(n, x). 

COROLLARY 4.1.2. 

t(n, Y, v) 

LEMMA 4. 1.6. t(n, x, v) has a continuous, positive, 
first derivative, for n • 0, 1 , 2, .... 

Proof: Analogous to Lemma 2.2.4; n • 0, by inspection. 
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LEMMA. 4.1.7. t '(n, x, v) 

and ei ther x > 0 or q > 0. 

t'(n - l, x 1 v) if n ~ 1 

Proof: For q a Oby Lemma 4.1. S, 

n-1 
t'(O , n , x, v) = ewx + '°' -n=r LJ 

w r=l 
n-2 

,.,~+L 
n-i. =() w s 

wx 
'> e + 
~ w 

n-3 

I: 
s =() 

• t'(O, n - 1 , x, v). 

If q > 0 the proof parallels that of Lemma 2.2.5. 

COROLLARY 4.1.3. t(n, x, v) > t(n - 1, x, v) if 

X ) 0. 

LEMMA 4.1.8. (1 - qnv)t(n, x, v) t '(n, x, v). 

Proof: For q • 0 this follows from Corollary 4.1.3 

and (ii) of Lemma 4.1.4. For q > 0, 

i, x , v) for i • l(l)n 

by Corollary 4.1.3, so the ~esult follows. 

COROLLARY 4.1.4. t(n, x, v) ~ e(l-qnv)x. 

Proof: Same as proof of Coro 1 lary 2. 2. 4. 

Henceforth O < q < 1 unless otherwis e stated. 

LEMK\ 4.1.9. 't' (n, x, v) ~ 't' (n - 1, x, v) + 1 if n L 1. 

Proof: Analogous to that of Lemma 2.2.7. 
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THEOREM 4.1.3. If y(k, x, v) is a monotone non­

decreasing function of k for O ~ k ~ n, then l (n, x, v) is 

a monotone nonincreasing function of x. 

Proof: The theorem holds for n = 1. It is proven 

as in part (a) of Theorem 2.2.1. Let all quantities there 

depend on v also and note that the l emmas cited are also 

true in this cas e (see Lemma 4.1.9). 

LEMMA 4.1.10. For v > 0, 1 < j < i + 1, 

1 i+l 1 - vqj - vq < 
1 - vq i -1--- ...,-q'"T"j-l • 

Proof: --vqi+l - vqj-l < --vqi - vqj is equivalent to 
. . 1 

-q1 (1 - q) > -qJ- (1 - q) 

or 

THEOREM 4. 1. 4. 

For x sufficiently large 

(ii) i max {(l - vq )t(n - i, x, v)) • (1 - vq)t(n - l,x, v), 
i•l(l)n 

or equivalently, 

(iii) 'f(n, x, v) • 1. 
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* Proof: (i) is true for n • 0. We prove first that 

(i) for n < k implies (ii) for n • k, then that (i) for 

k - 1 and (ii) fork implies (i) fork. Assume (i) for 

n < k. (ii) holds for n •kif for 1 < i < k 

or if 

(division by ewx and (i)). But this is the same as 

(iv) 1 - vq < 1 - vq i ( ~i-1 
l - Vq l - V 

which holds for i • 2 by a trivial computation. If (iv) 

holds for i it also holds for i + 1, for 

1 i+l ( i ~ < (t )
i-1 

- vq 1 - vq - vq 
1 - vq 1 1+1 -v - vq 

implies 

1 i+l < (1 - vqi+l) (1 - vq~ i-1. - vq 
1 1 I t - v - vq - vq . 

Thus we must show 

* Due to J. Folkman of The RAND Corporation. 
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C - vgi+l) ( 1 
)

i-1 
< ( 1 - vq)i - vq 

i 1 -v l - V - vq 
\ 

to prove the induction step. But this is the same as 

1 i+l 1 - vq < - vq 
' 1 1. 1 - vq -v 

which holds by Lemma 4.1.10. Hence (iv) holds for all i 

and hence (ii) holds for n • k. To prove (i) fork, note 

that (ii) implies that for x sufficiently large, 

t'(k, x, v) • (1 - vq)t(k - 1, x, v), 

and apply L'Hospital's rule. Hence the theorem follows 

for all n by induction on k • 0, 1, 2, .... 

LEMMt\ 4.1.11. lim l(n, x, v) • n. 
x ... O 

Proof: Since lim t(n, x, v) • 1, there exists a 
x...O 

6 > 0 such that for x < 6, r < n, 

where 

Then 

t(r, x, v) < 1 + E, 

n 1 - q V 
n-1 1 - q V 

- 1 ' E > o. 

~ (1 - q1v) > (1 - qn-iv) (1 + E) 

> (1 - qn-iv)t(n - i, x, v) 
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for 1 ~ i < n, so 

'f(n, x, v) • n. 

The following results hold under the condition that 

l is regular, that is 

'f(n, x, v) ~ 'f(n - 1, x, v) 

for all n, x, and v. 

THEOREM 4.1.5. 'f(n, x, v) has n - 1 discontinuities. 

Proof: The assertion holds for n = 1. Assume it 

holds for n < N. Since lim 'f(N, x, v) = 1, 'f(N, x , v) ha :, 
x-

at rrost N - 1 discontinuities. By the preceding lemma, 

lim 'f(N, x, v) • N. Hence 'f(N, x, v) could have fewer than x-0 
N - 1 discontinuities only if it dropped two or more at one 
discontinuity. By Lemma 4.1.9 and the hypothesis of 

induction, this could not happen at a point of continuity 

of l(N - 1, x, v). Let y be a point of discontinuity of 

T(N - 1, x , v), and say 'f(N - 1, y, v) = k. Then 

(1 - qkv)t(N - k - 1, y, v) • (1 - qk+lv)t(N k - 2, y, v). 

The only way f(N, x, v) could drop two at y is if 

l (N, y, v) • k 

and 

'(N, y - E , v) • k + 2 

for E sufficiently small. This would imply 
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Eli mi nati ng H N k - 2, y, v) between the last two 
equati uns gives 

k+2 
1 - q V ) ( ) - k+I t (N - k - 1. y, v s ~ N - k, y, v . 1 - q V 

But thi s and 

k+2 k+l 1 - q V 1 - q V 
k+l < k 1 - q V 1 - q V 

(Lemma 4.1.10) 

imply 

k+l k (1 - q v)~N - (k + 1), y, v) > (1 - q v)t(N - k, y, v). 

Hence 

'f (N , y, v) = k + 1. 

DEFINITION 4.1.1. The t-th discontinuity of l(n, x, v) 
as x increas es from zero is denoted by Ynt· 

COROLLARY 4.1.5. 

(a) 1 
- V 

n-1 
(b) lim ynl = q n-l . 

v-1 1 - q 

Proof: By Lemma 4.1.ll , Theor em 4.1.3, and Th orem 
4.1. 5, at the fir st discontinuit y of T(n, x, v), x = y

01
, 
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n n-1 ) (1 - q v)t(O, Ynl' v) • (1 - q v)t(l, Ynl' v 

or 

n 1 - q V 

1 n-1 - q V 

• } - qv _ ~ e -wy n 1 
- V W 

Part (a) follows from simplifying this equation " To see 

(b) , apply L'Hospital's rule . 

LEMMA 4.1.12. 

I I 

for 

1 
X < l ,{,n -v 

n-1 1 - q V 
n-1 1 - q 

= Yn1· 

Proof: For x < y nl 

t(n, x, v) • 1 +J: (1 - qnv) ewy dy. 

COROLLARY 4. 1. 6. 

(a) Ynl < Yn-1,1' 

(b) for n 2 4. 

Proof: (a) follows from Corollary 4.1.5, the roono-

tonicity of the ex ponential, and reduction of this inequality 

to n-1 n- 2 To (b) note that for n .2 4 and x < Yn_ 2 1, q < q . see , 
by (a) , t ( 2 , x , v) is given by Lemma I; . 1. 12 . Then Theorems 
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4.1.3 ; 4.1.5, and Lemma 4.1.11 imply that yn 2 occurs at 

n-1 n-2) ) (1 - q v)t(l, yn 2, v) = (1 - q v t(2, yn2' v . 

Hence 

n-1 [ wyn2 ] (1-<t v) (l-<1v) e -vp [ 
2 wyn2 2 l 

(1-<t v) e -v(l-<t 1, 
whi ch reduces to 

n-3 
1 'n 1 q V 

Yn2 = 1 - v "" ---n---3- = Yn-2, 1 • 
1 q 

Theorem 4.1.6. t(n, x, v)/t(n - 1, x, v) is a 

monotone increasing function of x. 

Proof: For n • 1 the assertion holds, since 

1 - vq 
- 1 -v 

vn -wx 
- .:.Le • 

w 

Assume it holds for all n < N. Let i • f(N - 1, x, v). 

Then define H(N, x, v) by 

t'~N,x,v) max[(l:::9,iv)t~N-i,x,v), (l--qi+lv)t(N-i-1,x,v)} 
t'N-1,x,v).. (1 i )t(N. 1 ) 

-<IV -1- ,x,v 

• max Jt~N-i,x,v) l::9,i+lv} (I N-i-1,x,v) ' 1-<tiv • H(N , x,v), 

H(N, x, v) > 1 for all x. Hence Lemma 2.2.8 can be applied 

provided H(N , x, v) is a nondecreasing function of x. By 

the induction hypothesis, H(N, x, v) is nondecreasing at 

• 
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points of continuity of i • 't'(N - l, x, v). Le t y be a 

point of discontinuity of 't'(N - 1 , x, v), and l e t 

1 (N 1, y, v) = k. For E sufficiently sma ll, 

1(N 1, y - E, v) = k + 1, and 

(1 - qk+lv)t(N - k 2, y - E , v) k (l - q v)t(N - 1 - k, y - E , v). 

Hence 

t(N 
,I, (N 

k+l 
(k + 1), y - E, v) _l __ q _ _ v 

k 

Since 

1 

1 

(k + l) - 1, y - E , v) 1 q v 

k+2 k+l 
q V < 1 q V 
k+ 1 -

1
----r-k- - ' 

q V q V 

it follows that H(N, y, v) > H(N, y - c , v) fo r a ll c 

sufficiently small, so H(N, x, v) is nondecreasin g . 

Therefore Lemma 2.2.8 proves the theore m. 

4.2. Allocation to Preserve Inve ntory 

Seeking to "preserve inv l nto y" corresponds to addin g 

a nonrandom demand at ta O for as many units as possibl e . 

Here that demand can be met only if first all random 

demands encountered on (0, t) are fill eJ. Ther e are two 

ways to view this. The fir s t divide s the total inventory, 

reserving some units for the t erminal demand and o peratin g 

in accord with the 1 functi ons with the r emainin g uni ts; 

thi s a pproach is well suited to invenlor i es invo l vin g two 

different types of goods. The alternate roode l, which 
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corresponds to one type of good, seeks the optimum alloca­

tion when the total inventory can be used for either random 

or terminal demands. This model is developed below. 

If two distinct goods are involved, the maximum number 

of uni ts might be limited, for example, by weight or volume 
* • n(L,x) constraints. For a total of L units al lowed, let n 

be the optimum aroount of inventory set as f de to meet random 

* demands. Then n can be obtained from the probabilities 

P(n, x) (or P(n, x, v)) by: 

n * • n(L, x) • first [n • l(l)L (L - n)P(n, x) 

•max {(L-i) P(i, x)}l · 
i•l(l)L 

Here (L - n)P(n, x) is the expected number of units 

delivered to the fixed demand having filled all random 

demands encountered. 

A major purpose of the allocation model i.s to present 

material relevant to the overall effectiveness of several 

alternate inventory configurations. Consequently, we 

turn now to the case where the inventory consists of only 

one type of good, a dual-purpose unit useful f•Jr both 

rai:idom and terminal demands. The relative merit of this 

situation compared to two distinct goods is developed in 

this section. The section is composed of three parts: 

4.2.1, the mathematical formulation of the dual-purpose­

unit roodel; 4.2.2, comparison of this type of inventory to 

the two-distinct-goods configuration analyzed above; and 



4.2.3, discussion of a suboptimal strategy for the dual­
purpose-unit case. 

4.2.1. Mathematical Formulation. Recall that the 
probability of no demand--€ncounters int remaining time 
units is e-;n(t); the probability of the first occurring 
at r is 

t 
-J r(o)da 

e T r(T) dT. 

If no distinction is made between random and terminal 
demand units, the allocation strategy can be chosen to 
maximize expected number of units delivered to terminal 
demand. Let E(n, t) represent the expected number of 
units delive r d given that at time t there are n units 
remaining and that the number of units allotted to a random 
demand will maximize the number delivered to terminal 
demand. Then 

E(O, t) - 0, 

E(l, t) -m(t) • e , 

and, in general, 

E(n, t) • ne-m(t) 
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THEOREM 4.2.1. E(n, t) = e-;n(t )e(m(t), n) where 

S(n, x) +fo
x 

max {<1 - qi)S(n - i, y)} dy, i=l(l)n-1 
= n 

9(0, x) = 0, 8(1, x) = 1. 

Proof: The theorem is true for n • 0, 1, 2. Assume 
that it is true for n < k. Then 

E(k, t) = ke-m(t) 

k -;n( t) • e 

t 

+ { mc:x 
lo i•l(l)k-1 

fi rm< t) 
= e--m(t) ( + la 

For p = 2 = 0.5, Table 1 shows E(n, t) for n • 1(1)10, 

m(t) • 1(1)10. (Calculations were done using trapezoidal 
approximate integration with step size 0.05 form~ 5 and 
0.1 form> 5.) Table 2 for q • 0.3 and Table 3 for 

q a 0.1 (m(t) = 1(1)5, n a 1(1)10, computed using trape­
zoidal approximate integration with step size 0.1), 
illustrate the dependence upon q. 
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Tab l e 
MAXI MUM EX PEC'T[O tJ IJMhrR or UNITS Tf' TU<MI NA L llf:MArJll , q = () • 'J 

n 
2 3 4 I, h 7 R q 

10 

m( t ) 

1. or . J ti H .92 1 r " :! . l 7 2 . 8:' 3 . C,!1 I, , 1 () ) , 0 '/ C, , !3l1 6 , t,11 

. , . ? . 00 . 1 3 ~ .41 . 71, 1 . l 1 1 r , , 
;' . 0 (1 ;; • r,3 l . 0'l 1 . b ·; 1, .. ' ., 

. ,, 1 . 00 . 05 0 . 17 • .Ir, . 5(, . 80 1.1 0 1. 1111 l. R'.' ;, . :) 1 .·, . Gr, 
4.00 . 0 l 8 . 07 . !li . ~' R .11: ' . 5 q • ' /q I . 011 1. 1 1 1 . tj 1 
5 . 00 .00'/ . 01 . () 7 .14 . : • l . 1 1 • 113 . '-itl . 7 r.., . q <; 
6 . 00 . 00 :•5 . 0 1 '. ' 4 . 0115 . 0 657 .1 0 7 '.' . 1 S'I . '.' ':' '/ . 11 l . 111 H . r, 11 :1 

,, . 00 . ooe 1 .0050 , ()J 111 . 0'.IO'l . 05 :i; , l1 ' l I . l 1 l\ . 1 f, '/ . 7 '.' <) . 10 11 

8 . 0"' . 000 .l . 0020 , () ()f I II , () l'IJ . 0?60 • () II I . Of, I . l lH fl . I '.' :< . H i7 
'.J • I)( , . 00 , 1 I . 000 8 . oo:·-, . 0 0(,~, . OJ '.'', . o .··1 . OJ ! • [111 f, . (lf i ' , . () 'l 1 

1 n . <, l , . 0() 01) . 000 .1 . 00 1 ':' . 002') . ll0:, '1 . 0 I I ) , l l It, . o;, 11 , 0 l l1 , () l1R 

Tabl e 2 

MA XIMI IM EXPI.:C' TE:D NUMHER nr lJ NI TS TO TER MINA L DE MMl!l, ' l = 0 . 3 

.I n 1 2 3 4 5 6 '/ 8 'l 10 
m( t ) 

1. 00 .Jf.8 • q 8 1. (, 7 ,., • 3<) 3 . 10 3 . 8 5 lj , 6 7 S . 5 1 6 . 17 '/. 7 :l 
7 . 0 0 . 1 35 .4 6 . 'l U 1 , 11 J 1 . q 3 7 . 117 1 . Wl J • 7 r, IJ , l1'7 r ,. , '"' J . , ✓ 

3 , () 0 . 0 50 . ,J O ,Ill, . 7<) 1.lt.i 1. 55 : . '.l8 :" .118 1 . 0 ·1 1 . f. .l 
lj , () () . 0 18 . 09 . 73 . 1,1 . 68 . 'J ,, 1 . '.'5 1 . 5'J '.' .oo 7 . 4 ' , 
5. () [) , ll ll'/ .o,, . 1 I . . '7 . 38 . ' , 7 . 78 1 . 01 l . 7 '1 I. f, I 

Tab l e •1 

MA XJM IJ M I: XP fX TEO NUMfi [k or UNITS TO 1T!-.'.·1Itl/\L ll EMAN ll , '1 = 0 .1 

n 
? .1 1, c; 0 '/ R 'l 1 /) 

m( t ) 

l. t1t1 . lf,8 1. 0~) l. w: ' 1 ;, 3. !,'l 11 • 11 r1 ' \ 6 . 1 9 '1 ,I)' , 7 . 41 :1 

.' , ( IQ . I 1 ' • . 5 1 1 . t) 'l l • ·; •J ') t C 
I • J 3 : , . 1 I 11. 8 ' l '. , . f ,B f,, ll f , 

• • I ) 'l , il() . r,,,u . i' ·1 r q 1 . 1 () I. '/. ' . • . 10 :l . O'l 1 . 7'l 1,. r,o r , • . ' 1 
1, . (11) . •l l h . 1 () l() • r, 11 1. llJ 1 . h l1 , 1 , '.' t1 •

1
• HC l . 'i0 l1 , J 11 

' . 1,r) • fl ( ' ., , () 11 . 1 ' , . :l 'J . ( ( , I • ()8 I . ,., , 
:

1
• 10 :· . t,(, l , .' < 

, I 



-47-

4.2.2. Comparison to Tw Distinct Units. A de tailed 

comparison of the expected number of units delivered, (1) 

when tw dis t inc t type s of units are used , to (2) whe n a 

dual-purpos e unit is employ ed, can be made using numerical 

tabl e s for P and E. As Table 4 shows , a dual-purpose unit 

yi e lds a highe r expected number of units deli1ered to 

terminal demand. We define the effectiveness ratio , E. R. , 

as the maximum expected number to t erminal demand obtain­

able with two types of units divided by that with dual­

purpos e units. (Both maxima wer e obtained as described 

abov e .) 

4.2 . 3. A Suboptimal Strategy. A strategy for dual­

purpose units which does not depend on m(t) is given below; 

we call this the "static strategy." The number of units, 

i(n), allocated to a demand encountered when n units are 

available is: 

i(n) = first (i • l(l}n 
1 i+l i _-_q_.....- < n - ) 

i n-i-1° 1 - q 

That is, the static strategy provides the smallest number 

of units which must be allotted to maximize the product 

of the probability that the demand is met (1 - qi) times 

the remaining iIWentory (n - i). 



Table 4 

SOME VALUES OF THE EFFECTIVENESS RATIO 

Total Encounter Effectiveness aatioa by Probability 
Units Parameter of Failure 

L m(t) E. R. (q•. l) E. R.(q-=.5) E. R.(q•.9 

5 1.0 .75 .78 .79 
5.0 .63 .68 

1.0 .83 .78 .81 
10 5.0 .65 . 64 .67 

10.0 .55 
1.0 .86 .79 .79 

15 5.0 .74 .67 .68 
10.0 .62 .63 
15.0 .56 
1.0 .87 . 80 .78 
5.0 .77 .67 .66 

20 10.0 .71 .63 
15.0 .61 
20 .o .54 
1.0 .88 .82 .78 
5.0 

I 

.78 .68 .57 
25 10.0 .75 .64 

15.0 .70 
20 .o .62 
1.0 .89 .83 .78 
5.0 .79 .70 .67 

30 10.0 

I 
.75 .64 

15.0 .73 .61 
20.0 .69 

aMaximum expected number to terminal demand with two 
types of units, divided by that with dual-purpose units. 
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The expected n~mber of units delivered to terminal 

* demand using the static strategy, E (n, x), was computed 

as follows. The probability Q(j) of exactly j demands 

arriving in an interval of length [0, x • m(t)] is, from 

the Poisson roodel, Q(j) • e-x xj/j~; under the static 

strategy, "allot i(k) units" (k = 1, ... , j), the proba-

bility P(j) of successfully meeting these j demands is 
j 

P(j) - Tl (l _ qi(k)), P(0) • l; and the inventory remain-
k•l 

ing, n(k), is n(k) • n(k - 1) - i(k) (k • 1, ••• J j, n(0) • n). 

Combining these expressions with the total number of 

encounters, J, for which inventory remains (n(J) • 1) using 

the static strategy, we obtain: 

J 

E*(n, x) • L n(j)P(j)Q(j). 
j •l 

* Some typical values of E (n, x) for q • 0.5 with n between 

4 and 40 and x = m(t) • 1(1)10 are given in Table S. The 

values are in very close numerical agreement with the 

maximum expected number delivered of Sec . 4.2.1 (for 

example, n • 8, m • 8: 0.075 versus 0.088; m • 3, 

n • 10: 2.57 versus 2.66). Large percentage differenc es 

occur only where the actual values are themselves very 

small (for example, n • 10, m • 10: 0.036 versus 0.048). 
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i.:XPLC'i' l.:D IJUMBER OF u,:rrs TO TLPm NA L DD IAl•I[) U!1D[ P STATI C STPATEr.Y, q = () . 5 

x=m ( t ): l 2 3 1, 5 6 7 10 

n 
4 
B 

10 
18 
24 
32 
40 

2 . 092 l. 049 . 507 . 238 . 109 . 04 9 . 022 . 009 . 004 . 00'2 
5 . 0G7 3 . 081 1.7 99 l. 012 . 551 . 291 . 1 50 . 07 5 . 0 37 . OH, 
6 , G3t1 4. 215 2 .574 l. Sl 7 . A65 . t18 0 . 259 . 137 . 071 .o 6 

13 . 520 9 . 825 6 . 9011 4.f,Cl l 3 . 0 811 1. 965 l. 215 . 7'.:Jl • l;::' 8 • 2li 5 
19 . 040 14. 7?0 11. 070 8 . 086 5. 73G 3 . 95 '.t 2 . G4G l. 7'.'.3 1. 0<) 3 . 77 
26 . 511 0 21. C, 40 17 . 2'3 0 13 . 510 10 . 310 7 . 670 S. 5GJ 3 . '1 33 2 . 712 l. 8'.J II 

3ll .100 28 . 630 23 . 650 19 . 180 1 5 . 240 11. 85 0 9 . 00 5 G. t ,8 4 . 842 3 . 4 ::' . 

The preceding indicates that a considerable simplifi­

cation is possible in allocation strategy without appreciable 

reduction in effectiveness if dual-purpose units are used. 

No similar simplification now seems possible if single­

purpose units are used. 

4.3. Extending the Number of Demands ~t 

In certain situations it mig!1t be desirable to use 

inventory to fill as many demands as possible. In this 

section our allocation function uses the available units 

to maximize the expected number of demands met. The 

maximum expected number of demands met with t units of 

time and n units of inventory remaining will be denoted 

by D(t, n). 

The expected number of demands met if one is encountered 

at time T, and i of n available units are allotted, is 

1 • prob {not all i units fail} 

+ prob (not all i units fail} • D(T , n - i). 
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Recalling that this probability is (1 - qi), and that the 

probability of the first encounter at Tis 

we see that 

t 

D(t, n) = lo 

t 
. - JT r( o)dc, max { ( 1 - q 1.) [ 1 + D ( T , n - 1.) ] } • e r ( T) dT . 

i=l(l)n 

Of course, D(t, 0) = 0. D(t, 1) • p[l - e-;n(t)], since 

the probability that one demand is met is the probability 

p times the probability (1 - e-;n(t)) that at least one 

demand occurs during the t time units. 

THEOREM 4.3.1. D(t, n) • e-;n(t) (m(t), n) where 

" (x, 

--(x, 0) • 0 

Proof: Assume that the theorem is true for n < k 

Then 

t 

D ( t, k) { 
i - J Tr ( o) do 

max (1~) [l+o(r,k-i)]}e 
i•l(l)k 

r( T )dT 

t 

-f 
0 

t 
i ( ) } - r r ( c,) do max {c1~ ) [l+e-;n T 1•(m(r) ,k-i)] ·e T r(T)dT i•l(l)k ' 
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• e--1n(t) 
/--1Yl( t) 

max { (l~i) [eY-Kl(y,k-i)J} dy 
0 i•l(l)k 

• e--1n(t) rl(m(t), k). 

DEFINITION 4.3.1. 6(x, n) • first [i - 1 ( 1) n: 

(1 - qi.) [ex + 1i(x, n - i)] • .. , (x, n) ] . 

An exemplary table of D(t, n) for q • 0.5, n • 1(1)10, and 

m(t) • 1(1)10.0 follows (Table 6 was computed by trapezoidal 

integration with step size 0.05 for m(t) ~ 5 and 0.1 other­

wise). 

Table 6 

llAXrnUM l: XPI.:CT LD mHmEr. OF DEMJ\lms Mr:T , q = 0 , 5 

l 2 3 4 5 6 7 El C) 10 
m( t) 

l.UU , 32 ,47 ,5 8 • G 7 .73 , 78 8 ') 
♦ L 8 1' 

• J , 8 7 . 8'J 
2 . 00 • lj 3 Gr· 

• ;J .88 1. 0 2 1.15 1. 27 l. 3S 1 .11 3 1. 50 1. 56 
3 .00 . 118 . 71 l.Ol 1.18 l. 36 l. 55 .!. • ( 7 l. 79 l. 91 2 . 0 3 
4.00 ,49 ,74 1.08 l. 2G 1,117 l.71 l. 85 2 . 00 2 .17 2 . 32 
s .oo • !J O , '75 1.11 1. 29 1. 54 l. 79 l . 911 '.! . lJ 2 . 32 2 , Li q 

6.00 • 50 . 75 1.12 1. 30 1. 57 l.83 l. '3':l 2 . 2U 2 . 41 2 . 58 
7,UO ,50 . 7 5 1.12 1. 31 1.58 l.8 5 2 . 0 1 2 . 2 11 2 .4G 2 , G3 
8,00 . 50 .7 5 1.12 .!. , 31 1.59 l.8 5 2 . 0 2 7 . 2 5 2 , LI 8 2 . f G 
9 ,00 . 50 . 7 5 1.13 1. 31 1. 59 1. 86 2 , 0t 2 . ::1& 2 . 50 :.> . b7 

10. 0 0 • 50 . 7 ~, l.13 1. 31 1. 59 l. 8fi 2 . 0 2 '2 . 21 2 . 50 2 . fi 8 
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The maximum number of demands met does not depend on 

either time or the expected number of encounters (x • m(t)) 

provided either is sufficiently large. This is true because 

each of the limited number of units can fill only one demand. 

Hence after a point, an increase in the actual number of 

encounters does not increase the maximum expected number 

of demands met. This 3aturation effect can be seen in 

Table 6; each of the D(t,n) approach a limiting value as 

m(t) increases. To begin an analysis of this property we 

make the following definition: 

DEFINITION 4.3.2. D(n) a lim D(t, n). It is clear 
t-ex> 

that 

D(O) = 0, 

D(l) • p • 1 - q, 

since with zero or one unit the expected number of demands 

met is, respectively, none and one times the probability 

of success of a unit. The following lemma gives D(n) for 

higher values of n. 

LEMMA 4. 3. 1. 

0(n) • max { (1 - q1) [l + 0(n - i)J}, 
i•l(l)n 

0(0) • 0, 0(1) • 1 - q. 

Proof: By definition, 

0 ( n) • 1 i m e -~ J ( x .• n) . 
x.,.a, 
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X 

~. (x, n) • f max { ( 1 - qi) [eY + ~ (y, n - i)]} dy, 
Jo i•l(l)n 

k > O; 

thus this limit is of the form •/m. Applying L'Hospital's 

rule, 

D(n) • lim O(x, n) • lim O'(x, n) 
x- ex x- ex 

max { (1 - qi) [ex + U(x, n - i)]} 
• lim i•l(l)n -

x- ex 

• max { (1 - qi) (1 + lim e-~l(x, n - i)] }· 
i•l(l)n x-

Lemma 4.3.1 was used to calculate D(n), the limit 

of the maximum expected number of demands met as m(t) 

(and hence the number of encounters) increased without 

bound. The values are given in Table 7 for n • 1(1)10, 

q • 0. 1(0.1)0.9. The values of D(n) for q • 0.5 corres-

pond to the limiting values we previously presented (Table 6). 

1-

1 
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Tdble 7 

LIMIT or MAXIMUM EXPECTED NUMBER or Of. MANOS MET AS m(t) INCREASES VER. US NUMRE ~ or UNITS INITJAlLY AVAJLA Lt , ,. . . AND UNIT fAILURE PROB AI ILJ TY, q = 1 - p 

q= . 1 . 2 .3 
n • I• . 5 . 6 . 7 .8 

1 . 900 .800 .700 . 600 . 500 • 1100 . :wo 00 .1 00 
2 1. 710 1. 411 0 1 .1 90 . 60 .7 50 . 640 . 510 . 360 .1 90 
3 2 .4 39 1. 952 l. 547 1. 344 1.1 25 .896 . 663 ,488 .271 
4 3 , 095 2 . 362 1. 993 1 . 646 1. 13 1.098 .8 54 . 590 . 34 4 
5 3 . 686 2 .834 2 .318 1.969 1.594 1.286 . !'192 .708 .410 
6 4. 217 3 . 227 2 .724 2 . '.'2 3 1.859 l.486 l .14 7 .807 .469 
7 ,~. G<J5 3 , 681 3 ,01 9 2 . 1194 2 ,0 23 1 .6 50 1. 264 . 914 . n 8 5 . 165 4,058 3 .388 2 . 779 2 . 270 1. 826 1 . '•09 1. 003 . 574 9 5. 63 8 4,493 3 .657 3 , 017 2 .50 2 1.990 1. 54 2 1. 0'38 . 26 

10 6.103 LI, 856 3 . 993 3 . 270 2 . 81 ? .164 1.657 1 .176 . 78 
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5 . CONCLUSION 

The models we have presented made possible quantitative 

analysis of a canplex system. In themselves, they provide 

examples of stochastic allocation situations with an interest­

ing mathematical structure. 



(1) 

(2) 

(3) 
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