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ABSTRACT 

Let X.,» < ... < X/ »  be the order statistics of a random sample from a 
(1) (n) ^ 

population with density  f  and distribution function F such that  F(0) •= 0 . 

Let q(t) = f(t)(l - F(t))"  be the failure rate of F . In testing 

H : q(t) «= A vs.  H,: q(t)t , Proschan and Pyke (Vth berk. Symp.) considered 

certain statistics based on R., ..., R  , the ranks of the normalised saniplo 

spacings D «= (n - 1 + 1HX.1v - X/J.IN). 1 f 1 < n, X, . «= 0 .  They show that 

these statistics are asymptotically normal for fixed F and compute the efficacy 

of one of these statistics for selected distributions. We show that asymptotic 

normality holds also for sequences of alternatives approaching H  as n -» ^ 

and conclude that the above efficacies yield Pitman efficiencies.  The statistic 

V ■ -£ 1 R,  is asymptotically equivalent to the one considered by Proschan 

and Pyke.  If S - -J i log (1 - R (n T 1)" ]  then the Pitman efficiency of 

V to S is 3/4 .  If  If  |  is a sequence of alternative densities, let 

h(t) - (3 log fe(t)/3e]erj0, ci - [r    h'(t) eXp(-t)dt](l - i(n + I)'1]"1, ai = 

- log {1 - l(n +1)  ) . "Then £ c.D  is asymptotically most powerful for 

f. )  if the scale parameter X is known.  However, the statistic  S  is 

nowhere asymptotically most powerful, although it is the asymptotically most 

powerful linear rank statistic for a suitable parametric family  If- I   A 
In) 

comparative study of  these and other statistics  is given In terms  of  Pitman 

efficiencies,  and Monte Carlo power. 
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TESTS FOR MONOTONE FAILURE RATE BASED ON 

NORMALIZED SPACINGS 

by 

Pe^er J. Blckel 
Kjell A. Doksum 

1.  Introduction and Summary 

Let F be a distribution with density  f , and let q(t) ■ f(t)/Il - F(t)] 

be the failure rate of F .  Tests for constant versus monotone ircreasing 

failure rate based on the ranks of the normalized spacings between the ordered 

observations have been considered by Proschan and Pyke (10). They show that 

j 
these statistics are asymptotically normally distributed for fixed alternatives 

\ 
F and compute the ratios of the efficacies of one of their rank tests to the 

best statistics for Weibull and Gamma alternatives. 

In this paper, it Is shown that asymptotic normality holds also for sequences 

1 
of alternatives  )F0 I  that approach the H  distribution 1 - exp(-Xt), t > 0 , 

I enl 0 

as n -* » ; and that the above mentioned ratios of efficacies are In fact 

Pitman efficiencies. 

Let R., ..., R  be the ranks of the normalized spacing, T. - ^ 1 R. 

and T» - -^ 1 log(l - K±/(n + 1)] .  Then T-  Is asymptotically equivalent to 

the Proschan Pyke statistic.  It Is shown that the Pitman efficiency satisfies 

tai,  T2) = 3/4 (1.1) 

for all sequences of alternatives  IF. j  and thus T. is asymptotically 

inadmissible. 

Statistics that are linear in the normalized spacings and asymptotically 

most powerful for parametric alternatives  |Fa |, If the scale parameter  X Is 
I nl 

known, are derived, and it is shown that the rank statistics that are 



asymptotically most powerful in the class of linear rank tests, are nowhere 

most powerful in the class of all tests, when X  is known. 

If X     is unknown, studentizing of the linear normalized spacing tests 

which are asymptotically most powerful for X known lead to procedures 

which hnve only the same asymptotic pov/sr as the most powerful linear rank 

tests. 

Unbiasedness Is shown for tests that are monotone in the normalized 

spaclngs, and Monte Carlo power estimates are used to compare the various 

statistics with the likelihood ratio tests considered by Barlow [1]. 

^M. ■HB^^MBM 



2•     Tests Nonoloiu-  in  the Normal1/cd   SpncjnRS 

Let    X   ,   ...,  X      be a random sample  from a population with a continuous 

distribution    F     satisfying    F(0)  = 0  ,   and  let    0 « X(0v   < X-jv   <   ...   < X,. 

be  the order  statistics.    The  normalized  sample spaclngs    D. ,   ....  D      are 

defined by    D    =   (n -   i + 1)   (X,^ - X^^j^x),   i « 1,   ...,  n  ;  and    ^i    denotes 

the rank of    D.     airong    D-,   . ..,  D     .     The problem Is to  test 

H    :  "-log(l  -  F(x)]   =  Xx    on     [0,  "')     for  some positive constant    X"    against 

H.   :  "-log[l -  F(x)]     is convex and not  of  the form    Xx    on     (0,  «">)   ."    Note 

that  the only distributions satisfying    P      are 

K.(x)  •= 1 - e"Xx;  x > 0, X > 0 . (2.1) 
A — 

Under H  it is well known that  (D., ..., D ) has the same distribution as 
o in 

a random sample from a population with distribution K, , while under the alter- 

native there is a downward trend In the sense that P(D. > D..) < h    whenever 

1 > i  (see [10]). One thus defines a test $ - ♦(D., ..., D )  to be monotone in 

in the    D's if 

♦ (D'  .... D') < ♦(D D ) for 
i      n -   i      n 

all  (D. D ) and  (D'  .... D')  such (2.2) 
in        in 

that  1 < 1 and D' > D'  implies D > D  . 

Following van Zwet [9], one defines a distribution F.  to have a more slowly 

increasing failure rate  than F , written F. > F , if F. P is convex. Here 

F"1 F is defined by P(F^
1
 F(X) < x | F) - F1(x), x > 0 . 

Theorem 2.1; 

Monotone  tests have monotone power,  i.e.',  if   ♦    ie a monotone test and if 
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F. > F , then 
1 c 

E(^ I F^ < £(* | F) . (2.3) 

Proof; 

Since F^1 F Is increasing, X'  •= F^1 F(X( v)  is the ith    order 

statistic in a random sample from a population with distribution F, .  Let 

D^ = (n - i + 1) (X'   - X'  j^.), i » 1, .... n .  Since F* F is convex, 

i < j  and 1)^ > D'  implies R^ > 1)
i •  From (2.2) one obtains 

t(D! D') < «KD., .... D ) , (2.A) 
i       n -   i       n 

and (2.3) follows upon taking expectations in (2.4). 

Note that a test (j)  is similar  if E(<p   | K )  is independent of X . 

Thus all rank tests are similar. 

Corollary 2.1; 

All monotone tests are similar' and unbiased. 

Proof; 

Similarity  follows  since   (2.2)   implies    «KD,,   ••..  D  )  = ♦(AD,,   ....   XD  ) 
i       n      1       n 

Unbiascdncss follows by letting F. ■ K.  in Theorem 2.1. 

Corollary 2.2: 

If    -c  (i) and    J (i) are nondeareasing in    i « 1, ..., n , then the 

test that rejects when 

n 
I     c (i) J (R ) > C. 

il\    * n i - 1 
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hau monotone power and ic unbiased. 

Proof: 

Using the notation of Theorem 2.1, define R'. to be the rank of D' 

among Dl, ..., D' . Then i < j and R' > R' implies R > R . From 

Corollary 2 of Lehmann [9] one obtains 

J1 
Cn(1) V*?   -  J1 

Cn(i) Jn(Rl) ' (^ 

It follows that the test is monotone, and Theorem 2.1 and Corollary 2.1 apply. 

Remark 2.1: 

The results of this section can be used to obtain bounds on the power of 

monotone tests.  For instance, if  ß(V , F_) denotes the power of the Proschan 

Pyke statistic V = "number of pairs  (i, j) with i < .1 and D, > D " 

for the Weibull distribution F0 , then the power satisfies 0(V , F) > ß(V , F0) * n    -   n  * 

for all distributions F such that F- F is convex.  ß(V , F»)  is given in [1). 

Remark 2.2: 

Barlow and Proschan [13] have shown that if c (1) > ... > c ^n) , the 
n   -    - n 

test that rejects when 

I    cn(l) D 
i^l n    1  „ 

 n ^C2 

i-1 1 

is similar and unbiased. 
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3. As ympt olic- :t ll.Y..J:!._ost l'owcr fuJ 1 <.E:._ 

Let {fo,>.. : 0 ~ 0, >.. > 0} be a class of dvnaitins such tha t 

C ,(x)-= >.. cxp (- >..x), x > 0, and su ~ h tha t 
o, ... 

exists. 

w~ suppn e ). is 8 scale paramP. t c r, i.e., 

( 3 .]) 

(3. 2) 

For test "e -= 0" versus "8 > 0" , the locally .10st pow rful t st r<"j t s 

"e • 0" for large values of 

(3.3) 

such that We will consider sequences of alternatives lfen,>..~ 

lim n~ e - b for some 0 < b < ~ • 
n 

A sequence is said to be cont iguous to f o,>.. 

(3.4) 

(in th s ense of L C 

Hajek) if for any sequence of random variable s Rn(X1, ... , Xn)' Rn • 0 in P 
0 

probability implies R + 0 
n 

probability distribution of 

in P
8 

probability, where 
n 

••• I X 
n 

if is true . 

denotes the 

The foll owing 

condition implying contiguity for sequences as in (3.4) can be obtained fr om 

LeCam [8]. 

(a) at8 >.. (x)/ae ~ o whenever fe,>..(x) > 0. (3.5) 
• 

-=1 (b) 6 > 0 and all e £ [o, cSJ, o H(e) 2 For some [af8,>..(x)/a e ] 

-1 0 
[fe,>..(x)] dx < ~ , and H(8) is cont~nuous in e • 



and H(e) is continuous in 8 

• 
• 0 for e t (0, 6] 

An easy aufficient condition iaplyina (3.S) (b) and (c) ia 

: 0 ! e ! al dx < • 

for ao.e 6 > 0 • 

It alao follows froa Lee .. •a work that under condition (3.S) we ha~e 

in P
0 

and hence in r
8 

probabilitJ • 

• 

7 

(3.6) 

(3.7) 

Accordina to Wald (12], a aequence of level o teata {t
8

) ia aaid to be 

asymptotically most pow.rfUl (A known) if 

lia aup {!8 ~<•)- ! 8 ~<•) : 8 > 0, E ~<•)! o) • o • 
a •"' a •" n o," a 

Usina contiauitJ we can prove Wald'a (12] .. tn theorea uad~r weaker coaditiona. 

Theorem 3.1: 

SUppose (3. $) hold. and. 

(3.9) 

i" P8 A probability if .~ e • • • ~ the aeqwence of tevet o test• 
a' D 
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t which reject for suitably la~e values of 
n 

is asymptotica l.ly 

Pqof: 

tbe result ia an easy consequence of the Neyman- Pearson l.E>mm:~, (3.7) 

aad <3.t> . II 
It is easy to sec that the + arc locally most powerful. 

n 

Our next result eaploys Theorem 4.1 of the following sectif'n. \v<> ne<>d 

the notation 

o
2

(h1) ·ih~(x) 
0 

-x e dx , and 

5
0 

• n-~ ~ a(n!1) (D1 - A-1) , where 

(3.10) 

(3.11) 

a(u) • (1 - u) -l ] hi (x) e-x dx, 0 < u < 1 • 
-loa(l-u) 

(3.12) 

Tbeorea 3. 2: 

If {;6. 4) and (6. 5) hold. and if hA of (;6.1 J satisfie. the cond · t i m1 of 

-1 fteorem 4.1. then >.S
0 

a (h
1

) has under H
0 

asymptotically a st n nY'd n"nn l 

distribution. Noreovt~r. the test that rejects for large values of S is 
n 

asymptotically most powerfUl. 

Proof: 

Since ). is scale parameter, and since S is linear, one obtains 
n 

'e,>.(>.Sn ~ x) 

that ). • 1 • 

Thus one may assume without loss of generality 

is the asymptotic variance of T , the 
n 

asymptotic normality follows at once from Theorem 4.1. By Theore~ 4.1, the 

teat rejecting for large values of T is asymptotically most power ful. Thus n 



it  is  enough  to  show  tliat    T    -  S     > 0     in    P        probability.     However,   this 
n 

follows  at   once   from  the contiguity  condition   (3.5)   and Theorem  4.1.   [I 

Kcni.irk: 

Theorem  3.2  and  the contiguity condition  implies   the   asymptotic  normality 

of     S       altso under  sequence;; of  alternatives  for which  (3.4)   is   satisfied,   i.e., 
n 

if 

OL. 

Jn(h1)  =  n^    /    h^x)   fe  ^x)  dx   , (3.13) 

then     [XS    -  y   (h.))/o(h1)     has  asymptotically a standard  normal  distribution, 
n n     1 1 
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4.  Linear Approxir.ial ions to Locally and Asyr.iptot leal 1 y moat   Powerful 

Statistics 

As we have seen, locally and asymptotically most powerful test statistics 

for parametric alternatives are of the form 

r = n"H I   h(x ) = *-h   I   h(X  ) 
i=l i=l    u; 

for some function  h on  [0, "■) .  In order to compute asymptotic efficiencies, 

we will need the following result which gives conditions under which T  can 

be approximated by a statistic linear in the ^J'K I and given by, 

Sn = ^ I    a(nTr) (Di " ^ 
1=1 

(A. 2) 

where. 

CO 

a(u) - (1 - u)-1   Jf    h'U) e"X dx, 0 < u < 1 
-log(l-u) 

Theorem 4.1; 

Let    h be any function suah that 

(1)   h' is continuous on    (0, °a)   , 

(li) 

00 

/   h(t)  e"1 dt = 0,  0 < 

OD 

/ h2(t)  e^ dt  < 

0 0 

(ill)    either one of the following holds 

(a)    h'(-log(l - u)),  0  <  u <   1   ,  satisfies assumption    E 

of Cherr.off,  Gastuirth and Joh .    (1967) and 
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•B 

"I 
h'Cv)   1  e    ' (1 - e ')    dv < • . 

0 

(b)    h'(t)    changea eign only a finite number of times ae 

t -* 0   or   •   and   h'   doee not vanish infinitely often. 

Moreover, suppose that the   X's   have the exponential density    exp(-x), x > 0 

Then   T   - S      tends to zero in probability. 

The proof is deferred to the appendix; Section 7. 

Remark; 

It may also be shown that If (i), (il) and (ill) (b) hold and X - 1, 

then En .(T - S )2 -► 0 . 
0,1 n   n 

m^mm 
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5.  Asymptotic Normality and Inefficiency of Rank Statistics 

Let Pitman asymptotic efficiency be defined as usual (e.g., Hodges and 

Lehmann [6]).  In this section we shall show the asymptotic normality of 

statistics of the form 

Wn - n^ I  (^ - c) jQ), " = n-l I  Cj t (5.1) 

and compute their Pitman efficiencies with respect to the asymptotically most 

powerful statistics of Section 4.  Let h  be as defined in (3.1) and let 

alTr) where a(u) 'Wi/ (1 - u) 

Oü 

/ 
h|(x) e~X dx Then   (5.2) 

-log(l-u) 

Sn - vT* I  ai(Di - X'1) (5.3) 

Is the asymptotically most powerful statistic of Section 3. 

Theorem 5.1; 

If (2.4) and (3.S)  hold ,  if   h.     satisfies  the conditions of Theorem 4.1 

of this paper,  and if    {c.}    and    1J(~T7)      satisfy      the conditions of Theorem 4.1 

of Haj'ek  [5],  then for the sequence of alternatives given in  (S.4) 

{W    - vi(W )]/o(W )    has asymptotically a standard nomal distribution,  where 

y(W )  - bn' 
n n I 8i(ci - 'C) 

1 

/J<u )   [-log(l  - u)   -  l)du   ,   and 

o2(Wn)  = U I   (ci - c)2      | J2(u)du -I jJMdu 

(5.M 

(5.5) 
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Proof: 

Since the ranks are scale invariant,  assume without loss of generality  that 

X = 1  .    The results of Hajek  [5]  and the contiguity condition imply      that 

Wn-^ 
•* 0 in P .  , probability where, en.i 

(5.6) 

i n 

Q - n* I  (c. - c) J(l - exp(-X D.)) 
n     ^  i l 

(5.7) 

It follows from the Lindeberg-Feller Theorem that under H , the joint limiting 
o      * ' 

distribution of bS /o (bS ) and Q /o(W ) is the bivariate normal distribution 
n n  n       n   n 

with means zero, variances one, and covariance 

b n'1 f a1(ci - c)  /j(u) l-log(l - u) - Udu 

2 -1 
where o (bS ) ■ b n  T a. 

n  n        J 1 

The result now follows from LeCam's third lemma (see Hajek and Sldlk ([4] p.208)) 

For each vector c - (c., ..., c ) , define 
i      n 

, n x 
V" ■ t \ «i" '>2 (5.8) 

and for two vectors    c    and    a    define 

r 2(    ,   \i K<ci-'c)T 
Corn(a' c) -  V (a) V (c) 

(5.9) 

Then Theorem 5.1 yields 

MBMHB 
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Corollary 5.1: 

Under the conditions of Theorem  5. J, the Pitman asymptotio relative efficiency 

of   W to    S  i.< J  n      n 

e(W, S) - Cor (J(U), -loR(l U)) lim Cor (a, c) 
V (a) 
n 

(5.10) 

where    U    ts an unifom    (U(0,   1))     random variable. 

It Is clear from (5.9) that one obtains the most efficient linear rank 

statistic W by taking J(u) = -log(l - u) and c. = a . Note that the 

choice of     J     is   independent of  the alternative densities     {f.   .}   .     Moreover, 
U , A 

e(W,  S)     is  less  than one when 

llmü)2 

00 

/-hi (x)   e       dx Cor  (X1,  h1(X1))  t 0  . (5.11) 

-1 
This is equivalent to having X = n  1 ^      correlated with the locally most 

powerful statistic T . It will be shown in the proof of the next result that 

Cor(X , T ) < 0 when the failure rate is Increasing.  Let 
n  n 0 

-1 
qx(x. 6) = fe x(x) [1 - Fe x(x)]  , x > 0 , (5.12) 

denote the failure rate of F e,x We assume in what follows that 3q,(x, e)/38 

exists and is continuous in  (x, 8)  for 0<6<6i x>0, some  6 > 0 .  Let 

L(x) - 3q (x,e)/39 
6 «= 0 

(5.12) 

Increasing failure rate clearly implies 
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L(x) > 0 (5.1A) 

for all x > 0 . We have 

Theorem 5.2; 

Suppose the conditions of Theorem 5. J hold,  that (5. 24) is eatisfied with 

strict inequality for    x in some set of positive measure and that. 

;»- 
L(t) dt < - . (5.15) 

0 

Then each linear rank statistic of the form (S. 1) is inefficient, i.e., 

e(W, S) < 1 . (5.16) 

Proof: 

Without loss of generality let X - 1 . Now, 

I* ) 
(5.17) 

Since 3q.(x, 6)/3e is continuous in (x,0) we have differentiating under 

the integral sign. 

x 

h1(x) - L(x) - / L(t) dt . (5.18) 

Using Fubini's theorem and  (5.15) we get if    X « 1  , 

cov (X1,  h1(Xl))  - f* h(x)  e'x dx - - J e'\M dx < 0 (5.19) 

mm 
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by our assumptions. 

Example  5.1: 

An alternative for which there is nn efficient  rank test  is provided by 

fe ^x) - (i - e)"1 [i + e(-2x + 's x2)] c"x. e < «s . O.20) 

For  this density,  the failure rate  is not monotone.     It  is easy to see that 

CorCX,, hCX,))- 0 .    The efficient rank test rejects for large values of 

--iK-^HM-y (5.21) 

We conjecture that under the hypotheses of our  theorem there is no sequence 

of rank tests which is asymptotically most powerful in the sense of Wald.    Our 

best approximation to this result is Theorem 5.3. 

Definition: 

We say a sequence of statistics   M      (X^  ..., Xn)    Is efficient If 

as. cor. 

for every sequence of alternatives 9  satisfying (3.A),  By as. coc we refer 

to the asymptotic correlation computed under H . 

It is easy to see that If (4.15) holds and 

R * « 
n 

(5.23) 

In P   probability If n*5 6 * • , then an efficient sequence of M *• can be 

n 

used to construct asymptotically most powerful tests for every level a . 

E. Torgersen, using general considerations, has proved that our conjecture Is 
implied by Theorem 5.3. A more direct proof using the special structure of this 

problem may also be given. 
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Theorem 5.3: 

Under the ascumpiion  c/ Theorem &.2 no efficient eequcnoe of rank etatistics 

exists. 

We need an elemc-ntary lemma. 

Lpmina 5. A: 

p 
Let    U be a sequence of random variables such that    U -♦ 0 . 

Denote by    M the random variable equal to    M      if |u j < k and equal to 

{■:'■] 
2 

E|U "|  ■> 0 . (5.24) 

Proof; 

Let k  be the largest k such that EU '  < - n * L n J  - n 

Clearly  k t <»' . | | 

Procf of Theorem: 

Suppose M (Rj R ) Is an efficient sequence of rank statistics. Let 

6 ■ n , X ■ 1 . Without loss of generality suppose, 

Mn ' Jl [l08 ^n'1^^ ' l08 f0'l(Xi)] ' H ^^   *  0      (5-25) 

In P.  probability.  By (3.7) and (3.12) ö 

M - S + 0 (5.26) n   n 

in P  probability.  By the lemma there exist k  such that o r       '        ' n 

..ik-vj n 
2 

EQ TI
(M

" - ^^      ^ 0 • <5-27) 

k sgn U otherwise.    Then there exists    k + » . such that, 0  n n   '       ^ 
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But 

r (2k )■ 
•:n ,   (M    - S )      n 

0,1 [_    n n 

(k   ) (k   ) 
> En .   M    n     -  S     n 

-     0,1     n n 
(3.28) 

and 

/ (k  )\2 

Ü,1 \ n n       / O.:^) 

From  (5.27)  -   (5.29)  wc  conclude  tluit 

E0.1(Sn "  E0.1(Sn   I   Rr   •••'   Rn»     >0 (5.30) 

But, 

Un C E0.1(Sn   I   Rl' 
1   Rl Rn> " ^ I «(n'l) ^O.llV)) (5.3]) 

is  a statistic of  the  form   (5.1).     Theorem  5.2  and   (5.30)   are  therefore 

incompatible,   j j 

We  conjecture   that   rank   tests  which  reject   for   large   values  of 

E0   l^Sn   ^   Rl'   ■■''   R  ^     are   asyi,1F,totical ^y  '110st   powerful   among  all   rank   tests 

for   the  given model  whatever  be     \   . 

It   is  not difficult   to  see by  using  the method   of  Hoeffding   [7]   that   the 

locally most  powerful   rank  test   rejects   the  null   hypothesis   for  large  values   of 

the  statistic 

Mn-E0,l(In  !   Rl V 

1 = 1 ^ 

By   the  remark  following Theorem  4.1   since 

hil v/n j  +  1) 
-11 

E        (U     -   W   )2   <   fc        (S     -   T   )2 

0,1     n n       -0,ln n 

(5.32) 

(5.33) 
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U      and    W      are asymptotically equivalent.    This lends  further support  to our 

conjecture. 

These rank statistics are of course usable even if    X    is unknown,   the 

situation which primarily concerns us, while the optimal statistics of  Section A 

depend on    X    and do not lead to similar  tests.     If we use the method of 

Barlow  (1)  and Nadler  and Eilbott  [14]   and consider studentized  statistics of 

the form 

■>" j, -{-ah 
s* 
n n 

i-1 

-"" j, ■(£) • (5.3A) 

it is not difficult to show that for any fixed X under the null hypothesis. 

S* - n ^ X 
n j^'ütMK-*"1^0 

(5.35) 

in probability and hence by (5.6) the best studentized test of this form is 

asymptotiaally equivalent  under contiguous alternatives to the rank test based 

on M (R., ..., R )  where, 
n 1      n 

^»(^T » • ••• ^«' n  1      n i«! 
(5.36) 

We conjecture  that  the asymptotically most powerful linear rank  tests,  asymptotically 

equivalent  to the studentized asymptotically most powerful linear spacings tosts, 

are in fact asymptotically most powerful among all level    a    tests which are 

similar for the hypothesis    H    ,  X    unknown. o 

Finally we remark that the rank statistic whose Monte Carlo power is studied 
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In Section 6 is not    U      but an asymptotically equivalent simpler form given by, 

K ■""" j1" 1-(-1°«' -(d)) - ^ - ^i) • 

suggested by the discussion following Corollary 5.1. 
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6.  Applications of the Theory and Monte Carlo Results 

The results of the previous sections will now be applied to specific 

alternatives and specific statistics.  The weights c.  of (5.1)   Tl be of 

the form 

c. ■ cf—T| for some function c on  (0, 1) (6.1) 

and the efficiency (5.10) will be 

e(W. S) - Cor2(J(U), -log(l - U)) Cor2(a(U), c(U)) Var<!W?      (6.2) 
E(a^(U)) 

where    U    is an uniform    (U(0,   1))     random variable. 

The statistics to be considered are: 

W0      J     U+l/\n+l/ 

M2-f h'-^lW1-^)] 
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where g(t) = (1 - t) -1 J x  e  dx 
-log(l-t) 

Large values are significant. 

The alternative densities to be considered are listed below for X ■ 1 ; 

to obtain the general form, make the transformation f(x) -♦ Xf(Ax) . 

^M [1 + 6(1 - c~x)) exp {-[x + e(x + e~X - 1))}     (Makeham) 

fe
(2)(x) - (1 + Gx) exp{-(x + JjOx2)} 

ff)(x) = (l + e)x
eexp{-x(1+0)} 

fe
(4)(x) -  [x9 e"X]/r(l + 6) 

(linear F.R.) 

(Welbull) 

(Gamma) 

for each density, x > 0, 6 > 0 ; and the null hypothesis is obtained for 

6 «= 0 . Each of these densities have increasing failure rates for 6 > 0 . 

Note that f„ ' has the linear F.R. (failure rate) 1 + 9x , while f^   has 
ö ö 

the failure rate 1 + 0(1 - e~ ) . 

From Theorem 3.1 it follows that S  is asymptotically most powerful for 

f^ ' when X is known,  i - 1, 2, 3, 4 .  Theorem 5.1 Implies that W  Is 
6 1 

asymptotically most powerful for f.   In the class of linear rank statistics, 

1 - 1, 2, 3, 4. 

W_ Is asymptotically equivalent to the Proschan-Pyke statistic V  (see 

Remark 3.1).  It is uniformly improved asymptotically by W. .  We now list the 

efficiencies of W.  to the asymptotically most powerful statistic of Section 3. 
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The  efficiencies are given  in general as functions  of     h(x)   > 

[9 log fQ  ,(x)/3e)    .   .    They are always independent of    X   . 
6,i 6=U 

|2 

^(x) 

e(W0) 

J h'Cx)  e'XC5x -  1 + e"X)dx 
LO         J 

/h2(x)  e"xdx 

11 9 1 I htx)  e"X(i5x -  3/2 + 2e"X)dx 

/h2(x)   e" 
0 

"X. dx 

eCW^ 
A 

" 3e (w0) 

e(W2) 
R1 
Lo 

^(x) 
-x,.    2 

e     (ijx    - : 
-|2 

Odx 

J' 
2          -x »  (x)  e    dx 

e(W3) 

f hl(x)  e"x x(log x + Y - Ddx 
.0 

l2 

(i2- 2 Y + l)  J h2(x) e"Xdx 

e(W4)  - 

«0 J.- • 

fx'1 e"X      T (1 -  t)"1  (a(t) - i)dt d: 
__     .      _   —_ _      __       ____——____. 

(l   -  l) /h2(x)  e-Xdx 

where    Y "   .5772    is Euler's constant, 

k-l -t act) - (1 - t)   ' /        h'Ct) e fcdt , and    • - | «(t)dt . 
-log(l-t) t 

As remarked in Section 3,   if 

■ 
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sic Si/n"1 ^ DJ " ^ ^ a(^r)' * = ^ 2' 3' * (6-3) 

are the studentized linear spacings statistics, then S* have the same effi  "icy 

as W , i.e.,  e(S*) »-• e(W ) i = 1, 2, 3, 4 , These efficiencies are given in 

Table 6.1. 

Tables 6.2 deal with a Monte Carlo study of the powers of the  W  and  S* 

statistics for the linear F.R., Weibull and Gamma distributions. 

From the tables, the following conclusions arc apparent: 1)  The rank tests 

are uniformly less powerful than the corresponding studentized linear spacings 

tests. 2)  Of all the tests considered in the above tables, the total time on tosl 

statistic S*  is generally best both on the basis of asymptotic efficiency and 

Monte Carlo power.  3) Barlow [1] has shown that for Weibull and Gamma alternatives, 

S* is much better than the 1FR likelihood ratio test and slightly worse than the 

IFRA likelihood ratio test. 

Table 6.2 also gives the Monte Carlo power of the test which rejects for 

large values of 

n 
[  (1 - x ) log x 

Using the results of Section 3, we see that this test is the studentized version 

of the locally most powerful test for the Weibull distribution. The table shows 

the nonrobustness of this test. 

The last row in Table 6.2 gives the factor by which the efficiencies have 

to be multiplied in order to obtain the efficiencies with respect to the best 

linear rank tests (or the best studentized linear spacings tests). 
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Table 6.2 shows that for n = 10 and the distributions considered, the 

rank statistics W  are consistently less powerful than the corresponding 

studentized linear spacings statistics S* . This led us to compute Table 6.3 

in which n = 30 and the Weibull distribution is considered.  This table shows 

that for small 6 , there is no difference in the powers between the total time 

on test statistic S* and its rank counter part W. , while for larger 6 , the 

total time on test statistic is agai.i better. However, as expected from the 

asymptotic theory, the difference in power seems to be decreasing. 
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7.  Append ix 

Wc use the notation of Section A.  Heuristically our argument is very simple 

and is essentially the same as that used in (3). 

.) r = vTV I   lh(x  ) - K[h(x  )) 
li = ] I 

_i ( n 

= n"^M h(X(1)) - h(i:(X(i))' 
U = i 

(7.1) 

-hln 

"n jj1
h,<E(X(i))) lx(i) -^^D^j 

= n"4 I    W-loP.(l -—T)) I     (D - l)(n - j + I)'1 
1=1 n ' ' j=i  J 

under    H     .     From  the  last  approximate  identity our result  follows.     The 

iustificatlon of  these approximations  poses  some minor  technical  difficulties. 

We proceed with the  proof  of  the  theorem.     We show  that   1,   ii  and  ill b)   suffice, 

Let, 

Jt(t)  -1 6  <   •-   <  1 -   6 o -        - 

■  0 otherwise 
(7.2) 

From Theorem  3 of   [3]   it  follows  that,   if     T    =  n~ *    ]    J J—T) h(X/.,)     then, 
n ^.     6\n+l/ {i) 

6 -  n* / + n"^    I    a   (j (n +  1)'1)(D.  -  1) + o   (1) 
n n jtl J P 

(7.3) 

where 

i 

a6(s)  "   (1 - s)'1 I J6(t)   h'MogCl -  t))dt (7.4) 
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% = iri X jj-^) M-]o^(, -i(n4 irl)) (7.3) 

and     o  (])     as usual   denotes   a   remainder  converglnj;   tu     0     in  probnhi li ty. 
P 

Now let 

'n .L_,     6\n+l ' (j) 
(7.6) 

R6,   = n"'^ y {h(X,.J   -   F.(h(X,.-)} 
nl j<(n+l)6 (j) (J) 

(7.7) 

and 

R  0  =  n ^ I {h(X       )   -   KChCX       )) 
nl j>(n+l)(l-6) K2' U; 

(7.8) 

Then, 

T     = T6 + R6,   + R*     +  Y6 

n n nl n2 n 
(7.9) 

We begin with, 

Lemma  7,1; 

7/6    -> 0    as    n J       n 

1=1 
(n+l)  "   a(nu) (D,   -   1)    '  0 (7.10) 

in probability. 

Proof 

n~h I   a6 i^k) - 3(^r) 
1=1   L    n 

(D. - D; 

■i  v r   / M     /M!2 

I      a6    ^l) -   a(nTl) 
i=i L   " J 

(7.11) 
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a6(s)   |2  <   (1 -  s)"2 

/|h,(- 

12 

iog(i - o) | dt for    6  > 0  .     (7.12) 

Moreover, 

I" ■ •■■(/ |   h'C-logd -  t))   |   dti    ds  < (7.13) 

To  see   (7.13)  note  that  the  left-hand  side equals 

11 1 

1(1 -  s)"2  f\  h^-logd -  t))|dt  j\   h'(-log(l  - v))   |   dv    ds 

(7.U) 
OO (J 

0    0 

)   ||   h^r)   I   e~u(l - e"r)    dr du 

after some standard arguments.    Now by c)   there exists    6  > 0 such that 

h^x)    has constant sign for    x <  6,  x >  6        and    sup .   j  h'fa)   j   < «  . 
6  < x < 6~ 

Then 

J:1 U 

/ Z1 h,(" )   I I   h^r)   |   e"U(l -  e"r)  dr du <  •  . 

6      '6 

Suppose for simplicity    h'(x)  > 0    x <   6,  h^x)  < 0    x >  6*     .     Then 
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6-1     6 

f    J\   h'(u )   ||   h'(r)   |   e"U(l  -   e"r)  du dr 

6       '0 

.-1 

I |   h'd.)   | ■f c      f  h'(r)(l -   e     )  dr du 

,-1 

7 h'Cu) jy'hCr)  c- dr + h(6)(l - e u)} du  < - 

(7.15) 

Continuing, 

since    / e~r   |  h(r)   |  dr < <-> 

0 

2 1    / |   h'Cu)   ||   hMr)   |   e~U(l - e r) du dr 
J0JQ 

Urn    2 / h'Cu)   e U  {h(u)  -  h(X)}  du -  /- 

u 

\l c\*{y) dv 

du 
du 

(7.16) 

/•-• 
lim    I   e " dh2(u)  -  2h(X)  / h'Cu)  e'U du ,/.. h'Cu)   e~U du 

r 2 « / h   (u)  e      du - h 
•'ft 

\»  .-' - 2 

6 

/e"U h(u) du h(ö)   e 
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+  lim - {h2(A)(]   -  e~X)   +  2h(A)(l  -  e"X) 
X>0 

I  h(u)   e      du 

+ 2h(6)   e~6  h(X)(l -  e'X) ) <  - 

2 -X 
as  long  as     h   (X)(l -   e     )     Is  bounded  as    X  -♦ 0   .     But   this,   of  course,   holds   if 

e 

/ h  (u)   e      du <  ■*  ,   and    h  t     in     (0,   6) 

One can dispose of the other pieces of the Integral by similar arguments. 

From (7.11) and (7.12) it readily follows that 

a6 (s) -> a(s) (7.17) 
n 

for every  0 < s < 1 and again by (7.12), (7.16) and the dominated convergence 

theorem the lemma follows.  Suppose we can show 

11m sup Var R6, ■= 0 (7.18) 
6-H)   n     ni 

for  i » 1, 2 . We claim the theorem follows under our assumptions.  To see this 

note that (7.9) and (7.18) imply that for every e > 0 , there exists a 6 

such that 

11m sup dfl , T6 + Y6) < e (7.19) rn  \ n  n   n/ - 

where 

d(X, Y)"E{|X-Y|(l+Ix-Y  I)"1} (7.20) 

is  the usual metric   for convergence  is probability.     Now,   (7.3)  yields  for     6     as 

■MM 
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above, 

d(T   ,   n"^    l    aÄ(l(n +  D'^CD,  -  1) + n"2 u"5 + Y*  ) <   t (7.2]) lim sup 

and by  I.emma   7.1,   for     6    sufficiently  small 

lim sun    d|T   ,   S    + n*5  p6 + Y6\ <   c (7.22) 1n     \ n      n n        n/ ~ 

This,   of  course,   implies   that   there exists  a  sequence of  constants    K      such 

that, 

lim    d(T  ,   S    + K )  - 0  . (7.23) n        n      n        n 

Since S  and T  are both asymptotically normal with mean 0 by Lemma 4.1 n       n J   > J J 

of [2] and (ii) and the central limit theorem, it follows that K -* 0 . We 
n 

prove (7.18) for  i = 1; 1 = 2 Is proved analogously.  Let  6 be defined as 

In the discussion preceding (7.15).  Define, 

Z. - h(X ) if 0 < X < -log(l - 6) 
11       "  1 (7.24) 

-  U. otherwise 

where the U.  are uniformly distributed on  (-logd - 6), B)  and independent 

of each other and the X. .  B is so chosen that the density of Z.  at h(-log(l - 5)) 

is the same as the density of h(X.)  at  rv,log(l - 5)) . 

We argue as in [2].  Let Z . < ... < Z. .  be the order statistics of the 

Z 's .  Then, 
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(l 
r.i   )     (MX(i)) - z(i)) 

E/ ); (h(x 
ii<6n 

2 

(i)   " Z(i)) ^X^^   >  -log(l  -  6)] 

<   2 K(i<LZ(i) '^(j) >-iog(i -   6)1 

(7.25) 

l<6n 
2 

F.lh   (X.,,)   Ifv ,      ,, 
( (i)       (X(i)   >   -loo(l 6)1 

The  first  identity  follows  by  definition of  the    Z     ,   the  second  inequality 

from  the    c       and  Minkcwski   inequalities.     Now, 
r 

'Yi<LZ(i) Ti*(i) >-logo 

2  2 Jx^>-loea-8)j 0   (7.26) 

since by [2] Lemma 2.2, P 

On the other hand, 

^in-j   ^ -l0?(1 "  6)1   - 0 exponentially. 

E(h  (X(1))   l[X,^   >  -logd  -  6)] 
(1) ) 

/ h2(v)  n:[(l -  1)1   (n-  Dl)"1 e-(n-1+1)v 

v>-log(l-6) 

(1 -  e    ) dv 

(7.27) 

< sup e 
v>-log(l-5) 

-(n-l)v   ,, -vxl-l     /n-l\  „,,2, 
(1 -  e y-1  n^J)   ECh^X^) 

Now, 
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-(n-i)v   ,. -vNi-l     /n-l\ 
sup e   v       '     (1  -  e    ) n(<   J 

v>-log(l-6) V     1/ 

.1-1   ..        ..n-i     /n-l\ 6 
6 (1 -  o) n(i_i/    for     i  1 "2 n   ■ 

(7.28) 

Finally, 

1-1   ,.       jcvH-l    /n-l\ sup  6 (1-6) n(       ) 
l<6n 
" 2 

rinlj nJIr>l 
^2j   a-*)   2 n(;:}) 

(7.29) 

by an easy induction argument on  1 . By Lemma 2.2 of [2] the right-hand side 

of (7.29) -*■ 0 exponentially.  Then, (7.27), (7.28) and (7.29) imply that 

lim 11m sup Var R , ■= 0 if and only if 
6^0       n     nl 

lim lira sup Var  J  Z^J 
^0       n   [i<6'n (i)J 

(7.30) 

where    Z       are defined  for  fixed     6   .     Since  the    Z   's     arc  Independently  and 

Indentlcallydistributed with a density  positive an  its  convex  support  and 

E(zJ)   < »  ,   (7.30)  follows from  [2].    The sufficiency of   (1),   (11) and  (ill)  b) 

for  the concl'ision of  the  theorem follows.     The sufficiency of   (1),   (11),  and 

(ill)   a)   is  an easy consequence of   theorem of   [3]. 

Using  the methods of   [2]   on    T       one can show  that     E(S    - T  )    -► 0  . 6 l n n        n 

As  In  [3]   the smoothness conditions on    h    may be relaxed. 
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