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abstract 

a «««ral .at of condition. 1. given nndW which a property 1. ondecldable 

for a fwuy of languag... ßc*nple„ are given of the application of this result 

to well-known families of languages. 
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A NOTE ON UNDECIDABLE 
PROPERTIES OF FORMAL LANGUAGES 

Recently there have been attempts toward a unified theory of languages 

and automata by using closure properties to characterize families of 

languages [4] and abstracting the notion of a class of acceptors [4,9], Many 

of the properties enjoyed by such families as the context-free languages, one¬ 

way stack languages, and some complexity classes of languages defined by 

Turing machines can be established uniformly from machine or language structure. 

Relations between decision problems for associated classes of machines have 

also been established [9]. In this paper we establish the undecidability of 

an Pr°Perties and all families of languages fulfilling certain specifications. 

We obtain as corollaries many well-known results such as the undecidability of 

the inherent ambiguity problem. For example, to establish that it is undecidable 

whether a context-free language is, say, mstalinear, we need only find a 

context-free language that is not metallnear. 

We shall assume the reader to be familiar with the definitions of regular 

sets and regular expressions [10]. For sets of strings A and B, we use the 

notation: 

AB - [xy/x is in A, y is in B) 

A/b ■ (w/3 y in B such that wy is in Aj 

B\a « (w/3 y in B such that yw is in A] 

Asponsored dn P^ the Air Force Cambridge Research Laboratories 
AiTpWp Aerospace Research, USAF, under Contract FI962867OOOOÖ, and by the ’ 
^ °f Scieritif;Lc Research, Office of Aerospace Research USAF 
under AFOSR Grant No. AF-AFOSR-1203-67. ^ research, USAF, 
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wbere A is the monoid freely generated by A with identity €. A language is 

«-free if it does not contain e; a family of languages is e-free if all its 

members are e-free, A generalized sequential machine (gsm) is a 6-tuple 

M ■ (K,Ep Ay 6, \,qo) where 8 : K x -* K and X ; K X -* are functions. 

We extend 6 and X to K x £* as follows. If q is in K, x in £*, and a in £, 

tuen 

6(q,xa) - S(6(q,x),a) 

S(<l,e) - q 

X(q,xa) - X(q>x)X(6(q,x),a) 

■ e. 

Then we define 

M(L) - (Xiq^qJ/w in L) 

M'^L) - (y/Xiq^y) is in L}. 

A homomorphism is a one-state gsm mapping. A function f is €-free if f(w) ■ e 

implies w • e. We let N represent the positive integers. 

To say that a property is undecidable for a family of languages is, of 

course, only an informal way of saying that in a certain enumeration of the 

iamliy (e.f,., by grammars) the set of names of languages with this property is 

not recursive. Wé shall introduce the notion of an effective family in order 

to provide a formal background for our results which will be expressed more 

informally. 

Definition. An effective family of languages is a quintuple (£,5, f^f^u) 

where 
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(1) 2 iß a countable vocabulary and u a total recursive function such 

that for any finite subset ^ of 2, is in 2-2^. ? is a family of languages. 

(2) ^ is a function from N onto ? such that the mapping g defined on 

N X Z* by 

g(n,v) - 
1 if w is in ^(a) 

undefined otherwise 

is partial recursive. 

(3) f2 is a total recursive function from N into the finite subsets of 2 

such that for all n in N, 

f^n) s [f2(n)]*t 

Notation. Let be the regular expressions over 2 and let R in R define 
£ 

the regular set R. 

Definition. fg^p,) is effectively closed under a binary operation <2 

on 7 if .here exists a total recursive function ã : N x n - N such that 

flíaín^iig)) ■ a(f1(n1),f1(n2)). (2,^f^f^u) is effectively closed under a 

binary operation ß on ? and the regular sets if there exists a total recursive 

function ß on N x 8UCh that f^ß^R)) - ßi^in),!). 

Definition. A property P is ugdecidable for (2,¾^) if P is defined on 

members of ? and the set 

{n/^in) has Pj 

is not recursive. 

Observe that a property undecidable for (2,^fpf2,n) might be decidable 

for (2, fpfgju) if f1 i f^, since f^ might not be effectively constructible 

from or vice versa. 
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In the rest of the paper we shall assume that L, fp fg, and 4 are fixed 

and use 7 instead of (E^f^f^u) and write '1 = 2^" instead of 

"^(n) c [f2(n)J Note that we demand only that [fg(n)] be some finitely 

generated monoid containing f^(n)j there may be c fg(n) with f-^n) also 

contained in E^. Thus, most finite specifications of languages (such as 

grammars, acceptors, regular expressions, etc.) include a maximal vocabulary 

but usua?JLy not a minimal necessary vocabulary. 

The main results of this paper appeer in two theorems. Each theorem is 

followed by corollaries which give examples of the use of the theorem to 

obtain generally known results in language theory. For the purpose of 

exhibiting these examples, we assume the reader to be familiar with the theory 

of context-free and context-sensitive languages; most of the biockground 

material can be found in reference [2], 

Theorem 1. Let 9 be effectively closed under union and under concatenation 

* (l) 
by regular sets and let "L^ ■ E^" be undecidable for in ?. 7 If P is 

any property that is defined on 7 and 

(a) is false for at least one Lg in 3e and 

(b) is true for all regular sets and 

(c) is preserved by inverse gsm, union with (e), and intersection with 

regular sets, 

then P is undecidable for 9, 

^More formally, "f^n) - (f2(n))#" is undecidable for (E^f^fg,**). 

“IMaHlilklliUMu 
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Proof. Let property p be false for Lg in Lg c 2g. Let L^ be in ^ with 

L1 c 2^. ijet c be a new symbol.' ' Then L ■ LjCZg U S^c^g is in y.'-5' We 
# # 

claim that P is true far* L if and only if For if then 

l ■ u raguto ^ hen°e prasxrt:f p- oui'r"i8c>Let ybe in h-h- 

Then, if L has P, so does 
_ * 

L n ycZg ■ ycLg. 

Let M be the gsm 

M - (íqo,q1),22,21UEgU{c},ô,X,qo) 

where 

8(qo,a) ■ Giq^a) - 

Mq0,a) - yea 

4p a) - a 

all a in Eg. 

—I # 
Then, if L has P so does M (LOycZg) ■ Lg-fc^and hence so does Lg. But Lg 

# 
does not have P. Hence L has P if and only if L^ » Z^, which is undecidabie, 

Hence, if 

(n/f^n) has property P} 

is recursive, so is 

(n/f-^n) - [fg(n)3#J, 

contrary to hypothesis. 

(2) 
In our formalism, L^ ■ and Lg - ^(¾) for some and n2 in N. Then 

- fg(n1) and Eg - fgUg) and c - uífgír^JUfgíng)), so that c is in Z-^UZg) 

(3) 
Note that L is effectively in 7. That is, given 1^ and ng, we can 

effectively find m in N such that f^m) ■ L. 

áaiÉHMIttiM 
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Remark. Vfe could replace conditions (a), (b), and (c) by: 

(a) There Is an e-free language Lg In ? which does not have property P. 

(b) All sets of the form Z^cEg have property P. 

(c) If L has P, R Is regular and y Is a string, then L 0 R and 

y\l ■ (v/yw Is in L} 

have property P. 

If we define an effective AFL as an effective family of languages 

effectively closed under union, concatenation, +, e-free homomorphism, 

intersection with regular and inverse homomorphism, we obtain as a corollary: 

Coronary. If ? is an effective AFL, if "L - is undecidable for L in ?, 

and if ^ is any proper subfamily closed under union with (e), inverse gsm 

and intersection with regular, then "L is in 5^" is undecidable. 

The next two corollaries depend on elementary properties of context-free 

languages and regular sets, and give results that were established in 

[1,3,7,8]. 

Corollary. It is undecidable whether a context-free language is: 

(a) regular. 

(b) linear context-free. 

(c) detenninistic context-free. 

(d) inherently ambiguous. 

Corollary. It is undecidable whether the complement of a context-free language is: 

(a) regular. 

(b) linear context-free, 

(c) context-free. 



2Ô August I967 9 m.738/038/00 

Corollary. If ? 1b any AFL properly contained In the context-free languages, 

It is undecldahle whether a context-free language belongs to 5. 

—“ 18 “^«“able whether a context-free language L has the 

property that L 0 is context free for all context-free lang.,.,-. 

^ 8ets ^ ^18 ^^»rty (U, « do au context-free subsets 

of a b (6]. An e-free language without this property Is (aW/n.m a 1). 

The property Is obviously preserved under Intersection with regular sets 

but not by Inverse gsm. But, if L = 2^ and y is In z^, then 

(y\L) n ^ - (y\(Lf^)] n 

- yMi/V^^) 

which is context free if L and ^ are context free and L has the desired 

property. 

The next corollary appears as a theorem in [5]. 

CoroUarjr. It Is recursively unsolvable to determine whether an arbitrary 

one-way stack language is: 

(a) regular. 

(b) context free. 

(c) a deterministic one-way stack language. 

Theorems. Let T be effectively closed under concatenation. Let . ¢) 

be undecidable for 5. If P is any property which 

(a) Is false for some e-free L„ In ï, 

(b) is true of ¢, and 

(e> is preserved by Inverse gsm and Intersection with regular, 

then P is unctocidable for if. 
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# # 
Proof. Let let Lg c Z^Zg, and let c be new. Let L - L^cLg. 

Repeating the arguments of the proof of Theorem 1, we see that L has property 

P If and only if L^ ■ 0, which Is undecldable. 

Corollary. It is undecldable whether a context-sensitive language is context 

free. 

Definition. If and ?g are families of languages, let A eJ^ be the 

family of all languages 

where is in and Lg is in ?g. 

Corollary. If ^ and 7g are effectively closed under concatenation, if 

"L^ 0 Lg ■ 0" is undecldable for in and Lg in ^and if P is any 

property which 

(a) is false for some e-free language L^ 0 L^, where L^ is in and 

L|^ in 7g, and 

(b) is true of the empty set, and 

(c) is preserved by inverse gsm and intersection with regular sets, 

then P is undecldable for ^ A 50. 

and Lg and L^ are in ?0 and c is 

new, then 

L * ( L^ OLg ) c ( L^HEL) ■ Lj cL . 0 LgCL^ 

and so L is in ^ A Again, P is true of L if and only if 0 Lg ■ 0. 

Corollary. For context-free languages L^ and 

n Lg is: 

(a) regular. 

(b) linear context-free. 

(c) context free. 

Proof. Notice that if L^ and L^ are in ^ 

it is undecldable whether 
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