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ABSTRACT; This book discusses basic questions of the theory 
of the flight' of controlled and unguided rockets of different 
assignment and the influence of their design and construction 
on conditions of flight. We consider the following forces 
and moments having an effect on the rocket in flight: 
tractive force (thrust), force of weight, control forces and 
moments, aerodynamic drag. The theoretical and experimental 
determination of aerodynamic coefficients is described, as 
well as the character of their change in the process of flight 
depending upon altitude and meteorological factors. The 
phenomena accompanying the flight at great heights and the 
phenomenon of aerodynamic heating are discussed. The basic 
positions of the theory of rocket flight are examined. 
Fundamental information is given on the formulation of 
equations of motion and the calculation of characteristics of 
trajectories of the flight of controlled and unguided rockets 
of different assignment. The concept on the establishment of 
optimum conditions of motion and the calculation of 
trajectories according to data of radar observations are 

• discussed. Different methods of stabilizing rockets in flight 
and factors affecting the deviation of the rocket from the 
calculated trajectory are investigated. The causes of 
dispersion during firing by the rockets and the methods of 
decreasing the dispersion are explained. The material of 
the book, explanations, and formulas are illustrated by 
examples, diagram, drawings, and graphs. Chapters II, III and
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PRINCIPLES .OF THE THEORY OF ROCKEY FLIGHT 

Andrey Aleksandrovich. Dmitriyevskiy 
Vsevolod Nikolayevich \' cahevoy 

Bas~.c questions are discussed in the book of the theory of the 
flight of controlled and unguided rockets of different assignment 
and the influence of their design and construction on conditions 
of flight, 

We consider the following forces and moments having an efffect • 
?n the rocket in flight: tractive force (thrust), force of weight 
control forces and moments, aerodynamic drag. 

The theoretical and experimental determination of aerodynamic 
coefficients 1a described aa well as the character of their change 
in the process of flight depending upon altitude and meteorological 
factors, The phenomena accompanying the flight at great heights 
and the ph nomenon of aerodynamic heating are discussed, 

The basic positions of the theory of rocket flight are examined, 
Fundamental information 1a given on t he formulation of equations 
of motion and the calculation of characteristics of trajectories 
of the flight of controlled and unguided rockets of different 
assignment, The concept on the establishment of optimum conditions 
of motion and the calculation of trajectories according to data or 
radar observations. 

Different methods of stabilizing rockets in flight and factors 
affecting the deviation of the rocket from the calculated 
trajectory are investigated. The causes of dispersion during 
firing by the rockets and the methods of decreasing the dispersion 
are explained, 

The material of the book, explanations, and formulas are illus­
trated by examples, diagram, drawings, and graphs, 

Chapters II, III and IV were wr1 tten by V. N. Koshevoy and tt,e 
remaining by V. A. Dm1triyevsk1y. They also edited the book, 

Book is intended for officers and students of military educational 
institutions and students of civil educational institutions, It 
can be useful to readers interested in rocket technology. 
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INTRODUCTION 

The theory of flight is a further devel0pment and practical application of the 

dynamics of a solid body, It considers the flight of different vehicles: aircraft, 

rockets, earth satellites, artillery missiles, aerial bombs, and others. 

In this book, co:lSidering its purpose, the principles of the flight of rockets 

moving in the field of terrestrial gravitation are discussed, Space flight to other 

plane ts is not considered, 

The theory of fli ght is studied by the solution of two basic problems, The 

fir st problem cons ist s in the calculation of characteristics of the motion of 

rockets by dat a known bef or ehand and the second, in the detecting of optimum (best) 

conditions of motion and traj ectories of the fli ght, 

The importance of the first problem cannot be overestimated, If we were not 

able to solve it or solved it insuffi ciently accurate, then our rockets would not 

fall on the assigned target and our satellites would not get into the required orbit, 

For the solution of the set pr ob l ems it is first of all necessary to det~rmine 

correctly what for ce s act on the rocket in fli ght and to know what their magnitude 

will be at each moment of time, Further one should formulate differential equations 

of the motion of the rocket taking into account all forces effecting the rocket, 

As a result of solving the differential equations al l the characteristics -of motion 

are obtained: speed of the rocket, acceleration, time of flight, and coordinates 

of the rocket on which can be plotted the trajectory, Even a brief acquaintance with 

the first problem shows that it is very complicated, 

The number of forces affecting the rocket in motion, the character of their 

change in the process of the flight, and also correspondingly the number of equations 

FTD-·MT-65-567 -1-



describing the motion and their form depend on the assignment of rocket, its 

construction, the method of stabilization in flight, and the proposed trajectory of 
the motion, 

It is most complicated to calculate trajectories of guided rockets intended 

for combat with fast moving targets, Such trajectories are complicated spatial 

curves. A somewhat simpler calculation of trajectories of rockets is the 

"surface-to-surface" class, 

Depending upon concrete conditions the problem of the ca l culation of 

trajectories of the motion of the rocket is solved, as a rule, with certain 

assumptions, Used more frequently th,m others is the assumption that the motion 

of the center of mass of the rocket and its oscillation ar ound the center of mass 
do not influence one another and are considered separately, At first we calculate 
the motion of the rocket as a material point located i n the center of mass of the 

rocket. Then by knowing the trajectory we aetermine the motion of the rocket ar ound 
its center of mass, The rocket is considered as a solid body, Deformation of the 

Lody and the motion of fuel and gas inside the rocket are usually not considered, 
The change ·of position of the center of gravity in process of motion in practical 

calculations is also not considered, 

With the solution of problems of the theory of rocket flight a large number 
of effective factors with a smaller number of assumptions can be considered during 

calculation on electronic computers, The method of numerical integration is 
sufficiently universal but very laborious, and only a small class of comparatively 

simple problems can be solved by tabular and analytic methods, 

Design calculations of trajectories are conducted, as a rule, for an ideally 
realized rocket proceeding from normal meteorologi cal conditions, However, in 
reality a number of factors appears which affect the deviation of the rocket in 

flight from the calculated traject ory, The dispers i on of trajectories of separate 
shots can depend both on the construction and technology of manufacture of the 

rocket (for instance, the eccentricity of the tractive force) and on the ~eviation 
of conditions of flight from the calculation (for instance, the change of 

meteorological factors, the nonuniform climax of the critical section of the 

nozzle and gas rudders, the imperfection of the control system, and others), The 
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study of factors affecting the dispersion of tra jec tories of rockets and the 

consideration of methods of the de crease in dispersion are also part of the theory 

of the fli ght. 

The science of the fli ght of r ockets and missiles is sometimes called external 

ball isti cs , Word "ball istics" i s from the Greek wor d me aning "throw"; therefore the 

name "external ballistics of rockets" i e just as wide spread as the. "theory of 

r oc ket flight. 11 

The theory of f light is close ly ccnnected with mathematics , phys ics, theoretical 

mechani cs , aer odynamics , meteor ol ogy, and geodesy, with help of which it obtains l 

the necessary information for further i nv"!stigations. In turn the theory of flight 

gives data for the design of roc kets and control systems, for the development of rules 

and tables of firing, and others, 

Let us examine further the bas i c stages of the history of development of the 

theory of roc ket fli ght. 

Al l progr ess ive humanity is delighted by successes of the Soviet people in 

subduing interplanetary space. In 1957, for the first time in hie,tory, the 

l aunching of artif.icial earth satellites was begun, In January or 1959 the nose 

cone of a space rocket l aunched in the direction of the Moon surmounted terrestrial 

gravity. The nose cone of the rocket launched in September of 19~•9 delivered to 

the Moon a Soviet pennant and with the help of the third space rocket the side of 

the Moon never seen was phot ogr aphed . Beginning i n May of 1960, in accordance with 

the plan of space investigations, our country launched four satellite vehicles; 

with their help, equipment was deve loped and living beings were returned to Earth. 

Thereby, it became possi ble to send a person into space and to return him safely 

to Earth, Our country was the first to master interplanetary routes by successfully 

sending from a heavy earth Satel li te in February of 1961 a space rocket on a 

trajectory to the planet Venus. 

On 12 April 1961 , on the satellite vehicle "Vostok," Major of the Soviet Army 

Yu, A. Gagarin, the first astronaut in the world, was successfully launched, flew 

around the Earth, and landed safely in an assigned region, This feat opened a new 

page in the history of the conquest of space, After Gagarin i n August of 1961, on 

the satellite vehicle "Vostok-2," Major of the Soviet Army G. S. Titov flew around 

the Earth more than seventeen times, stayed in conditions of weightlessness about 

FTD-MT-65 -567 -3-
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twenty-four hours, and thereby proved the possibility of prolonged space flights. 

In August of 1962, a prolonged group flight around Earth was accomplished on 

satellite vehicles "Vostok-3" and "Vostok-4" by officers of the Soviet Army 

astronauts A. G. Nikolayev and P. R. Popovich, and in June of 1963 with br1lla,1t 

success of one more great space feat was accomplished. Soviet astronauts V. F. 

Bykovskiy and V. v. Tereshkova in the remarkable satellite vehicles "Vostok-5" and 

"Vostok-6" accomplished a many-day joint space flight and landed safely on the 

territory of our native land, 

These flights into space considerably increased our knowledge about the 

Universe; they were the glorious triumph of labor, thought, and mind of Soviet man, L1' 

discoverer of the space era, and a colossal scientific and technical success, 

On 1 November ~963 in the Soviet Union there was launched the controlled 

maneuvering apparatus "Flight-1" equipped with special equipment and a propulsion 

system providing wide maneuvering in the circumterrestrial outer space. 

Thus for the first time multiple wide maneuvering of spacecraft was carried 

out in conditions or flight. 

The whole world sees that we stand on the threshold of still more surprising 

and magnificent discovel'ies. All these achievements were possible only with the use 

of the principle of jet propulsion, 

The principle of jet propulsion is widely applied and in the creation of 

combat weapona: intercontinental ballistic rockets, global rockets, zenith guided 

missiles, winged missiles, controlled aerial bombs and torpedoes, antitank guided 

missiles, and many other types of .armament. 

The contemporary state of world jet engineering to a considerable degree is 

obliged to Russian science and to its remarkable traditions, and therefore noting 

the main stages of development of the theory of rocket flight we will deal mainly with 

native works. 

The first informations on Russian rockets and missiles of barrel artillery can 

be found in the book, "Regulations of War, Oun, and Other Matters Concerning Military 

Science" written by Onisim Mikhaylov and published in 1620. 

Up to the time of t he appearance of the first scientific works in the field 

of rocket technology t he theory of the flight of missiles of barrel artillery systems 

was at a sufficiently high level. The first theoretically founded work by 

calculation of the trajectory of a free projectile was written by 0, Galileo 
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(1564-1642) and published in Bologna in 1638, From this work it became lmown that 

if the resisting force of air is not considered and the acceleration of gravity is 

taken as constant in magnitude and direction, then the trajectory described by the 

projectile wi ll be a parabola, It is obvious that the parabolic theory can be 

used only when the assumptions accepted during its derivation essentially do not 

affect the results of calculations (in the first place we disregard the resisting 

for ce of air), 

At the end of the 17th and beginning of the 18th Centuries the influence of the . 

resi s ting for ce of air on the flight of fast flying bodies was studied with special 

interest, First works on the influence of a medi um on body moving in it belong to 

ELgl l e!'l scientist I. Newton (1643-1727 ), The works of Newton pertained to the 

motion of bodies with low speeds and were not completely confirmed by later 

i nvestigations, 

Experiirents connected with the me asurement of the initial speed of a missile 

were conducted for· the first time in Russia in 1727, and the first description of 

experiments on the determination of the drag of air by motion of spherical rifle 

bullets for considerable speeds in that time (520 m/sec) can be found in the book 

of' the Englishman Robins , published in 1742, 

The first soluti on to the problem on the motion of a missile in air, taking into 

account the drag was made in 1753 by a member of the Russian Academy of Sciences L, 

Euler (1707-1783), Later , in 1755, in his famous work, "General PrincipleR of the 

Motion of Liquids," the beginning hydroaerodynamics was asswred, 

The first scientifi c investigations in the field of rocketry belong to the 

Rus sian artillery general K, I. Konstantinov (1819-1871) ., who headed from 1847 the 

Petersburg Rocket Ins ti tut ion and t..ad much to do w1 th the im:proverrent of the 

organization, production, and technology of the rnanuf ~cture of rockets. Konstantinov 

expres sed the physical essence of the motion of the rocket by the equality of increases 

of momentum of the rocket and the gas escaping from it, He also came to the 

important conclusion concerning the fact that the eccentricity 01' reaction ie the 

basi c cause of defle cting the rocket from the initially assigned trajectory of 

motl on and showed t he expediency of finned rockets for the improvement of the accuracy 

of firin . 

Rocket ar tillery of that time attained the greatest developnent in the first 

ho . of the 19th Century . Subsequently, the poor accuracy of the combat of rockets 
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and the successes in this relation of the barrel firing weapon lead to the fact that 

prior to the Firn t World War of 1914-1918 combat rockets were completely taken out 

of the armament of armies of all countries. Beginning from this time the theory of 

the flight is developed basically in reference to mlssiles of' barrel artillery and 

later, from the end of the 19th Century, in reference to the demands of aviation 

which began to be developed vigorously. 

In 1820 in Russia the Artillery School was opened and converted in 1855 into an 

Artillery Academy, The developrent of external ballisticJ , in many respects, is 

connected with these educational institutions. In particular, a professor of the 

Artillery School, V, A, Ankudovich, wrote the first textbook on external ballistics 

published in 1836. Lecturing in the Artillery Academy from 1855 to 1858 on external 

ball1stics the well-known Russian mathematician M. V. Ostrogradskiy was the first to 

solve in general form the complicated problem on the motion of a spherical revolving 

missile in air. 

From 1858 the school of Russian ballistics was headed by N. V. Mayyevskiy, 

(1823-1892), who contributed much to the development of Russian artillery, In 

particularity, his works on the study of the drag of air during high speeds of the 

motion of missiles and also the rotary motion of elongated missiles are very 

valuable. In his work "on the Influence of Rotary Motion on the Flight of 

Elongated Missiles in Air, 11 printed in 1865, N, V, Mayyevskiy proved for the first 

tire the existence of an oscillatory motion of the longitudinal axis of a missile 

during flight and investigated the property of this motion. N. V. Ma.yyevskiy was a 

talented scientist and designer, Under his leadership many native systems were 

created highly perfected for that time, The works of N. V. Mayyevskiy were continued 

by his pupil, the well-known scientist N. A. Zabudskiy (1853-1917), 

The principles of contemporary dynamics of rockets were embodied in the works 

of R~ssian scientists I, V. Meshcherskiy and K, E. Tsiolkovskiy, Professor Ivan 

vsevolodovichMeshcherskiy (1859-1935), outstanding teacher and scien.tist ., in his works 

on theoretical mechanics derived equations of the motion of bodies of a variable mass 

to which the rocket should be related. He formulated the equation of the vertical 

motion of a rocket, 

Konstantin Eduardovich Tsiolkovskiy (1857-1935) is rightfully considered the 

author of many basic ideas and theoretical positions embodied in the construction of 

contemporary space rockets and rocket missiles, In his early works K. E, Tsiolkovskiy 
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descriptively explained the essence of rocket propulsion using as an exampl e the 

displacement of a ship under the action of recoil force on the stern of a rapid 

fire continuously firing cannon. After the science-fiction narratives "On the Moon" 

and "Dream about Earth and Sky . Effe cts of Universal Gravitation" K. E. Tsiolkovskiy 

published in 1903 the work "I nvest i gati ons of Outer Space by Rockets." Given in 

this work is the well -known formula determining the greatest speed of a rocket 

assuming the absence air resistance and gravity. 

Expecting devel opment of jet engineeri ng and on the basis of his theoretical 

research, K, E. Tsiolkovskiy introduced a number of valuable propositions realized 

considerably later with the high l evel of development of science and technology. 

This pertains to his ideas of the use of liquid fuel for rocket engines of rockets 

during flights at great distances and the applicatio.1 of gas rudders of a rocket 

effective in a va cuum where air vanes have no effect . Tsiolkovskiy also proposed 

multistage rocket trains f or the obtaining of high speeds. Without the application 

of this idea the fli ght of the r ocket nose cone at great distances would now be 

inconceivable. Widelv used in our time is the idea of automation of control of the 

motion of high-speed air craft and rockets. The introduction of automatic control 

of the rockets permitted reaching a high accuracy of firing. As is known, nose 

cones of Soviet rockets tested in September 1961 with a firing range of 12,000 km 

deviated from the assigned point of fall by only 1 km. 

Deeply understandi ng the dif f .I culty connected with the flight of living beings 

in a rocke t K. E, Tsiolkovskiy raised the question of experiments connected with 

taking into account the influence of inertial overloads on the human organism and 

the establishment of safety conditions for it. During the study of the influenc:e of 

drag on a body moving in it K. E. Tsiolkoi/skiy examined the problem of the heaUng 

of bodies moving in air at high speeds, lmown now as the problem of aerodynam,c 

heating, the solution of whi ch is of great importance, 

The idea of use of the rocket principle of motion was expressed in the deat.h 

notes of revolutinary Nikolay Ivanovi ch Kibal' chich. 

Much was contributed to the development of rocket technology (in the period of 

its onset) and the popularization of the principle of rocket propulsion by Russi&ll 

researchers A. N. Fedorov, F, A. Tsander, and the talented inventor Yu. V. Kondratyuk. 

It is natural that in conditions of tsarist Russia and furthermore with the 

weak development of te chnology the idea of K. E, Tsiolkovskiy and his students were 

not developed, and his works did not receive due recognition. Only during the 
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Soviet regime was it possible to obtain the results known to all the world, 

In 1918, by the initiative of Vladimir Ilyich Lenin, the organization of the 

Central Aerohydrodynamic Institut~ (CAI) was created, The founder of the Central 

Aerohydrodynamic Institute was the most prominent Russian scientist-aerodynamicist 

Nikolay Yegorovich Zhukovskiy, who developed the principles of aerodynamic designs 

of aircraft and dynamics of flight, 

The first experimental works in aerodynamics were conducted by N. Ye, Zhukovskiy 

at Moscow University and the Moscow Hlgher Technical School (MHTS). The 

world-renown scientists-academicians A. N. Tupolev, B. N. Yur 1 yev, A, A. 

Arkhangel 1 skiy, B. S, Stechkin, V, v. Golubev and many other were pupils of N, Ye, 

Zhukovskiy and some were members of the scientific student circle organized by 

N. Ye. Zhukovskiy at MHTS. On the initiative of N. Ye.· Zhukovskiy in 1919 the 

Moscow Institute of Engineers of the Air Force was organized and converted in 1922 

to the Air Force Academy now bearing his name. 

In a special resolution of the Council of People's Commissars, Vladimir Ilyich 

Lenin called N. Ye, Zhukovskiy the father of Russian aviation. 

Modern science on. the dynamics of flight in many respects in indebted to the 

students of N, Ye, Zhukovskiy: Professors v. P. Vetchinkin, I. V, Ostoslavskiy, 

V, S. Vedrov, V. s. Pyshnov, Professor of the Air Force Academy D. A. Ventsel', 

Academician v. s. Pugachev, Pr'ofessor G, F. Burago, and many others. 

In 1918 by the decision of the Soviet government there was also created a 

continually active commission of special artillery experiments (KOSARTOP), which 

was assigned the solution of problems connected with the creation of artillery systems 

and with firing of them. In the commission Academicians N. Ye. Zhukovskiy, A. N, 

Krylov, S. A, Chaplygin and the most prominent scientists artillery men V, M. 

Trofimov, N, F. Drozdov, and G, P. Kisnemskiy worked diligently. Thus Academician 

A. N. Krylov during 1917-1918 for the first time developed a roothod of numerical 

integration of differential equations of the motion of missiles widespread at 
• present in case of the determination of characteristics of the motion of rockets 

for a different purpose, 

The founder of the new branch of aerodynamics, gas dynamics is rightfully 

considered to be Academician Sergey Alekseyev l ch Chaplygin (1869-1942), one of the 

most talented students of N. Ye. Zhukovskiy, Headed by S. A, Chaplygin for more than 

10 years the Central Aerohydrodynamic Institute quickly exceeded the similar 
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institutes of Europe and America in the scope of works, equipment, and their 

scientific significance. Until the end of his life s. A, Chaplygin remained the · 

' 
scientifi c lead of Sovie t aer o-gas dynamics , Many of its problems conne~ted with 

the theor y of fl i ght are solved by sc i entist s of the school of S. A. Chaplygin. 

Before World War II sci entists N, I , Ti khomirov and V, A, Artem1yev designed the 

f i r s t sol id-propellant rockets . Rocket s of the Soviet Army during the years of 

World War II wi th success smashed the enemie s of our country, 

I n the begi nning of the Second World War when distances of firing small 

unguided rockets - r ocke t miss i l es wer e small and the design of them resembled a 

missile or mine , the system of equat i ons descri '; i ng the motion of the center of the 

mas s of rocket hardly di ffered f rom t he system of equations describing the motion 

of the missi l e of barre l artiller y, To det ermi ne t he resisting force of air it 

was suff i ci ent to use model f unct i on s of drag or the so-called laws of drag. 

The t heory of' t he flight of unguide d roc ke t s i s sufficiently represented in 

the book of F. R. Oantmakher and A, M, Levin published i n 1959 (second edition), 

With the i nc r ease of f lyi ng r anges and speeds respectively, with the intro­

du ct i on of control, and with t he compli cati on of des ign and form of the rockets the 

equations descr i bing the ir mot i on wer e considerab l y compli cated. The use on a wide 

s cal e of cont empor ary ae1•0 and gas dynami cs , hi ghl y developed in the application 

t o demands of air craft build i ng , was r equired. The solution of problems connected 

with t he designing of roc kets began t o attract sc i entists - specialists in the field 

of dynami c s t abi li t y, aut omatic control , pilot less control , and the guiding to the 

t arget, 

The the ory of f light of cont rol led ballistic rockets intended for the firing 

at very great di stances, ear t h sat ellites , and i nt erplanetary ships requires the 

mos t ext ens i ve parti cipat i on a l so of astronomers, specialists in the field of 

celes tial mechanics . The ellipt i c the ory of the motion of planets, which began 

to be developed from the times of I. Kepler (1 571-1640) and I. Newton and our time 

has been cons iderab l y improved, i s use d with success for the calculation of the 

motion of sate l lites and space routes . A signifi cant role in the creation of the 

general theory of t he mot i on of r ockets is played by Soviet scientists, 

Great diff iculties have been encountered in solving the so-called inverse 

problems in searching for t he most advantageous optimum conditions of the motion 

of rockets, Fundament a l works in this direction are also published by our 
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scientists. 

The creation of contemporary multistage rockets, the technical basis of space 

flights, demanded enormous creative forces of many collectives of scientists, 

designing offices, and plants. 

Achievements in the field of rocket technology are so manifold and great that 

they can be reflected only in separate major works. This work deals with the 

schemes of three basic classes of aircraft, the fundamental peculiarities of which 

are directly connected with the following statement. These are the guided rocket 

with liquid fuel intended for flight at relatively short distances guided rockets 

with solid fuel for aerial battle, and the unguided rocket (missile) on solid 

fuel for firing at short distances. 

A rocket with liquid fuel (pump feed of fuel) is represented in Fi~ . 1. 

As is known, the reaction force appears during the rejecting of the mass of 

some substance called the working medium. In rockets the tractive force of Jet 

engine is formed during expiration from the nozzle of the motor of products of the 

burning of fuel, being in this case the working medium. 

The liquid propellant of rocket engines, as a rule, ~onsists of two substances, 

the fuel and oxidizer, called the components of the propellant. A fuel reserve is 

placed in tanks. Not enumerating all requirements of rocket fuels and their 

properties, let us note that in the quality of fuel a substance is selected which 

is able in mixing with the oxidizer during reaction of burning to liberate a great 

quantity of heat and gas. 

The air and gas rudders control the rocket in flight. 

Figure 2 shows the main parts of a rocket with two solid-fuel engines des i ~ned 

for aerial combat. The booster after burnout is separated. 

Depending upon the assignment and design of the ~ngine charge of it has a 

different form. The charge of the booster designed for fast acceleration 0~ the 

rocket should have a small burning time and give a great tractive force. In these 

cases charges are used consisting of several tubular trains of burning both on 

the outside and from within. The charge of the sustainer ensures a smaller tractive 

force with a prolonged work of the engine. 

The charge burns from the end, since the lateral surface of grain is covered 

by a special composition protecting it from burning along the length of the charge. 

Such a form of the charge ensures a long period of operation of the engine. 
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Figure 3 shows typical diagram of an ungulded rocket using solid fuel. 
Subsequently we will not distinguish between terms "rocket" and "rocket missile, 

since we consider the theory of the flight of these bodies. By the term rocket 
we mean all forms of rockets; however. In those cases idien the term "rocket missile 
In application to a specific sample is established. It Is left without change.

Fig. 1. Fig. 2

S)

Fig. 1. Diagram of a rocket with liquid-fuel engine (pump feed of the fuel);
1) nose cone; 2) fuel tank; 3) oxidizer tank; 4) turbopump assembly; 5) 

pellnes; 6) combustion chamber with r.ozzle; 7) precombustion chamber; 
fuel Injector; 9) alcohol value; 10) fin; 11) gas rudders; 12) air 

vanes.

Pig. 2. Diagram of an air combat rocket with a solid fuel engine;
1) booster; 2) sustalner; 3) control section ; 4) combat unit;
vanes; 6) homing device.

5) air
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Pig. 3. Diagram of an ungulded rocket with a 
solid-fuel engine:
1) combat unit; 2) engine chamber; 3) solid 
fuel; 4) nozzle; 5) fin.

1__K
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C H A P T E R I 

GENERAL CHARACTERISTIC OF BASIC FORCES AND MOMENTS 
ACTING ON THE ROCKET IN FLIGHT 

§ 1, System of Coor dinates and Angl es Determining the Position 
of the Rocke t In Space 

The trac tive f or ce of the mai n engi ne , ai r r esistance (drag), gravity, and 

contr ol for ces act on r0cket :i 1 , fli ght , Since the vector of the total component of 

all f or ces usual l y does not pass t hr ough the center of the mass of the rocket, then 

in examining the motion of the r ocket it i s ne cessary to consider not only the 

acting for ces, but als o their moments with respect to the center of the mass, 

The tractive for ce of the basi c motor acts in a direction of the longitudinal 

axis of the r ocket or cl ose t o it, The direc ti on of the aerodynamic forces depends 

on the angle be tween the veloc ity vec t or of the motion of the rocket and its 

longitudinal axis, The direc ti on of the action of gravity, as a rule, does not 

coincide with the two preceding direc tions, M,1reover, the purposes of ballistic 

calculations are different, Therefore, t o determine the position of the rocket in 

space it is impossible t o be limited by any one system of coordinates, In general, 

for the calculation of trajec tor ie s and the s olution of aerodynamic problems and 

questions of strength, stabflization and deter mination of characteristics of the 

d!.spersion with firing five systems of coordinates can be used: terrestrial (in 

rectangular or polar coordinates), conneeted, high-speed (continuous), semiconnected 

and semihigh-speed, 

For the beginning of the terrestrial system of coordinates the point of the 

launch is accepted or another fixed point w1 th respect to the Earth, The axis of 

the ordinates is dire cted along the r adius of the Earth, the axis of abscissas 

coincides with the direction on the target, and axis OZ is directed to the right, 

-



if one were to look in the direction of axis OX, and it is perpendicular to the 

first two, This is the right rectangular system of coordinates, On drawings and 

diagrams axis of ordinates is usually located vertically, and the axis of abscissas, 

horizontally, With the calculation of elements of trajectories of ballistic long­

range rockets and earth satellites we use the terrestrial system of polar 

coordaintes, The position of the center of the mass cf the rocket is determined 

by the radius-vector and polar angles counted off in vertical and horizontal planes, 

Besides the terrestrial system of coordinates we use the spherical system ac;cepted 

in astronomy, The celestial sphere is called the imaginary spherical surface of 

the determined radius, The position of the point of the center of mass of the 

satellite or rocket on the celestial sphere is determined, besides the radius, 

by two angles: the angle lying in the plane of the fund amental circle passing 

through the center of the sphere and the angle lying in the plane perpendicular to 

the fundamental circle, If for the basic plane we take the plane of the mathematical 

horizon, then the system of spherical coordinates is called horizontal, If, however, 

for the basic plane we take the plane of the celestial equator, then we will have 

an equatorial system of spherical coordinates (Fig, 4), In Fig, 4 the position 

Fig, 4, Outer view of celestial sphere 
from the east side: 

A - angle of declination of point M, 
T\ - hour angle, 

of Min the equatorial system is 

determ:ined by the angle of declination 

A and hour angles T\ and 180° + T\ plotted 

from the southern meridian westward, 

It is obviously that with the motion 

of the rocket or satellite the variabl es 

will be not only the angle of declination 

and hour angle, but also the radius of 

the sphere equal to the distance from 

the selected center of the sphere to 

the center of mass of the moving body, 

The connected or, as it is sometimes 

called, moving coordinate system is 

rigidly united with the rocket and shifts together with it, The origin of the 

coordinates is usually located in the center of mass of the rocket, One of the axes 

of the coordinates is directed along the longitudinal axis of the rocket, and the 

other two are perpendicular to the longitudinal axis of the rocket and to each other, 
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If the r ocket is conr.tructed in an aircraft design , then one of the axes of the 

connected system of coordinates is directed along the chord of the profile of the 

wing, and the other is perpendicul ar to it in the plane of symmetry. In the 

semiconnected system of coordinates one of the axes coincides with the projection 

of the vel ocity vector on the plane of symmet r y of the a ircraft; the other two 

lie in a plane perpendicular to the projection of the velocity vector on t he 

plane of symmetry (one i s directed along the l ine of the intersecting planes, the 

othe r supplements the system up to the r ight) . 

In the continuous (h ~gh- speed ) sys tem of coord inates one of the axes coincides 

with the direction of the velocity vector of the flight of the center of mass of 

the rocket, and the otner , perpendi cular t o it, lies in t he plane of symm.~try of 

t he aircraft . As wi ch the precedi ng , t he continuous syst em of coordinates i s a 

right rectangular system and is usually used during the study of phenomena flowing 

around bodies. The continuous system is ccnnec t ed with the ve locity vector and 

shifts together with it dur ing the motion of the r oc ket. During the study of 

phenomena flowing around in a reverse motion, when the mode l is motionless and the 

flow moves, the continuous system of coordinates is motionless and one of its axes 

is directed along the velocity ve ct or of th~ undisturbed flow. In the sem1high-speed 

system of coordinates one of the axes , just as in the high-speed system, coincides 

with the velocity ve ct or and other i s directed perpendicular to it and lies in a 

vertical plane , and the third axis i s horizontal. 

For a conne ction between the different systems of coordinates a system of 

angles is t aken (Fig. 5). The connection between the terrestrial and mobile systems 

of coordinate s is carr i ed out with the help of angles of pitch, bank, and yawing. 

Figure 5 ( con venient for anal ys is of the motion of rockets of the "surface-to-surface" 

class) shows the general case when the velocity vector of the center of mass does 

not coincide with the axis of the rocket and is not l ocated in a vertical plane 

coinciding with the direction of firing. The beginning of all systems of coordinates 

is placed in the ce nter of mass of the rocket. Here the terrestrial coordinates are 

designated X, Y, Z; coordinates· of the connected system are x1, Y1, z1; and the 

continuous coordinates ar e xO, YO, zO. Plane A in which axis OX and OZ lie is 

horizontal. Plane B passing through the axis OX is vertical. Plane C is also 

vertical but passes through the longitudinal axis of the rocket. The angle lying 
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Fig. 5. Diagram of the mutual location of 
terrestrial, connected, and continuous 
system of coordinates: 
t - pitch angle; t - angle of yawing; 
l - angle of roll; a - angle of incidence; 
~ - angle of slip. 

ln plane C between the longitudinal 

axis of the rocket and i t s proje ction 

on the horizontal plane A ls called the 

pitch angle and ls designated by the 

letter i. We distinguish the pitch 

angle with respect to the starting 

(horizontal) plane and local pitch 

angle measured with respect to the 

flowing horizontal plane occurring 

at a given moment under the rocket, 

It ls expedient to consider the latter 

separation with the determination of 

characterisltcs of motion of rockets 

intended for firing at very great 

distances, The angle between the 

projection of the longitudinal axis 

of the rocket on horizontal plane A 

and terrestrial coordinate OX is called the yaw angle and is designated by t, 

The turn of the rocket about the l ongitudinal axis ls determined by the roll angle 

l, 1,e,, the angle between the body axis of coordinate OY1 and the vertical plane 

C passing through the longitudinal axis of the rocket, It should be noted that axis 

of OY1 must not necessarily lie in plane~, as this can be represented in Fig, 5, 

For winged rockets constructed in aircraft design the angle of roll can be defined 

as the angle between the plane of symmetry and vertical plane passing through the 

axis of ox1• 

The connection between mobile and continuous systems of coordinates ls carried 

out with the help of the angle of incidence and ans~e of slip, The angle between 

the velocity vector and longitudinal axis of the rocket is called the angle of 

incidence a and lies in plane n called the drag plane. The angle between the 

velocity vector v and projection of the longitudinal axis of the rocket on plane E 

passing through the velocity vector and perpendicular to vertical axis ls called the 

slip angle~- For rockets of aircraft design and aircraft the angle of incidence is 

called the angle between the projection of the velocity vector on the plane of 

symmetry of the aircraft and the chord of profile of the wing, and the angle of slip 

-16-

.. 



• 

C 

is the angle between the vel ocity vect or and plane of symrnetry of the air craft. 

Figur e 5 also shows angles 8 and o, Angle 8 is called the angle of inclination to 

the horizon of the t angent to the tra j ec tory ( angle between the veloc1 ty vector and 

horizontal plane ); angle o is the angle of rotation of the trajectory. 

If t = o = o, we ob tain motion in one plane during whi ch ~• 8 + a • 

§ 2, Equation of Motion of th0 Rocket ( i n General Form) Thrust 

In gener al we will cons ider motion t o be the simu ltaneous separation and 

conne ction of parti cl es t o the bas i c var i ab l e mass of the body, A characteristic 

example of this model can be the moti on of an air craft with an ai rbreathi ng- jet 

tl_~_II 

I I 
V•dl' I ~ 

lfl•dll 1 dllz 

b) 
Fig. 6. Diagram of the change 
in mass: 
a ) composition of mas s before 
the connection and separation 
of particles; b) con~osition 
of mass after the connection 
and separation of parti cles. 

engi ne , through the intake diffuser of which 

pr oceeds a counter fl ow of air necessary for 

the operation of the engine. Simultaneously 

with the intake of air the products of the 

combustion of fuel with great speed back from 

the nozzle of the engine creating thrust. in 

the process of the connection and separation 

of particles the mass of the body changes 

continuously. Let us assume that the mass of 

the body is variable and the speed of the 

connection and separation of particles do 

not depend on the speed of the body. For 

simplicity we will consider the case of linear 

motion. 

Let us assume that in the con:;idered moment of time t the body has mass 

m + d~ moving with speed v. For the interval of time dt the mass of the body will 

be changed due to the connection of the elementary mass dm1 and simultaneous 

separation of mass d~ (Fig. 6), According to hypothesis established in the method 

of I. v. Meshcherskiy, the connection and separation of particles occurs during the 

infinitesimal interval of time similar to a shock. After connection the particle 

moves with a speed of the basic mass of the body, and the separated particle 

obtaining speed immediately loses interaction with the basic mass of the body. 

On the considered system of three masses forces act the resultant which is IF. 
As a result of the interaction among themselves masses m, dm..,._, and d~ and under the 
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action of forces ZF, the speed of united mass m + dln:t will be equal to v + dv. 

The speed of the mass dln:t before the connection is designated u and the speed of 

mass d"½2 after separation wa . 

Let us find the change of momentum of the system of masses m, d"½_ and d"½2 

for the time interval dt and equate it to the pulse of external forces 
•(v + dv)-mv + dm, [(v + d'1)-u) + 

+dms(111,-t')= ~Fdt. (1.1) 
I 

~arrying out the transformation, disregarding the dm:t.•dv and dividing both 

sides of equation (1.1) by dt, we ob t ain the equation of the motion of a body of 

a variable mass in general 
I 

,v ,.,, ( ,,,,, ~ 
111•7+ 41 v-u)+,;;-(1110 -v)- ~F-0. (1.2) 

I 

The equation similar to the one obtained was derived for the first time by 

I. v. Meshcherskiy and was named after him at the proposal of A. A. Kosmodem•yanskiy. 

Considering the motion of the point of the variable mass in projections on the 

axis of coordinates X, Y, Z, and I . v. Meshcherskiy obtained the following equations: 

• da, • dM, • ~• 
_,u + T (x - a,.) - 41 (x-•u)-.,.. F,. == <>, 

.. "·• • ""'• • ~ my + tit (y - u,) - 41 (y ~ w.,) - ~ F, == O; 

(1.3) 
.. ,x 

where X=- 7,- fl_,. is the d&rivative of x with respect to t equal to the projection 

f th d i Ox ;,;. l':x ""1 i th d d i ti f 1th t o e spee on ax s ; ... == 7 == tit s e sec on er va ve o x w re spec 

tot, equal to the derivative of vx with respect tot, i.e., projections of 

acceleration on axis OX, and so forth. 

I. v. Meshcherskiy called products of the form (dm/dt) (* - wa.) "the projection 

on coordinates axes of additional force." Taking one of the particular cases 

conaidered by I. v. Meshcherskiy when ctm:i. • 0 and dm2 = dm, we obtain 

(1.4) 

allowing the describing of the rectilinear motion of the rocket with a jet engine 

of the usual type. Thus I. v. Meshcherskiy showed that the equation of the motion 

of a body of variable mass (rocket) can be described just as the equation of the 

motion of a body of a constant mass, including in the number of acting for~es 

the "additional" force ~m/dt) (x - wax). 
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For the re ctilinear moti on of a rocket verti cally upwards I. v. Me shcherskiy 

wr ot e the equation 1 

.. ""' • ,u - -mg+ p - 7 • u, - R (x), ( 1. 5) 

where m is the mass of the r oc ket; g the a.cceleration of gravity; p the pressw•o. 

of' gases ; w the magnitude of t he relat i ve speed whi ch the burning particles have 

at the time of thei r separ ati on ; R(~) the air r es istance. 

Fr om the given equations of I, v. Meshcherskiy t he formula determining the 

t hrust of a j et engi ne can be ob t ained . 

By stand thrust we under s t and t he resul tant for ces of air pressure and exhaust 

gases applied t o the moti onless r oc ket being in a moti onles s undisturbed atmosphere, 

The-r ocket and a tmosphere are taken motionless so that t he thrust does not include 

the air r es i stance appear i ng with the r el ative moti on of the r ocket and atmosphere, 

Fig. 7, Diagram of pressure distribution 
affe cting a motionles s rocket in a motion­
l ess atmosphere, 

We use a particular case for a 

motionl ess rocket considered by 

I. v. MP3h~herskiy when 
.. .. .. 
,i-y-z=O. 

Then the equation of motion (1.5) 

wil l be transformed into an equation 

of equilibrium: 

(1,6) 

The component p + {dm/dt)w in equation (1,6) will be the thrust, Having 

obtained equation (1 ,5) I. V. Meshcherskiy did not give a detailed interpretation 

of component p, callini:; it "pre1ssure of gases." 

Let us r eve al the meaning of component p. I.f in the determination of thrust 

the r ocket and atmosphere are moti onless, then there is no air resistance but only 

external pressure, Fi gu re 7 gives a di agram of t he pressure distribution effecting" 

the motionless rocket with an op~!rating engine, Forces of atmospheric pressu'l"e p0 

act on the external surface, They are e'-iual in magnitude to the produce of pressure 

on the area and are directed perpendicu .. ar to that site on which they act, Al . 

the forces having an effect on the lateral surfa.ces of a rocket balance one 

another, Since with an operating ongine the atmosphex•ic pressure does not act on 

1 In this case I. V, Meshchersk:ty designated the vertical axis OX. 
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the output section of the nozzle through which the gases flow then there will 

pear the resultant force p0Sa directed in the direction of the expiration of 

gases (Sa is the area of the output se ction of the nozzle), In the output section 

of the nozzle the directed force p S ac ts oppositely, where Pa is the pressure of a a 
exhaust gases in this section, 

Thus in equation (1,6) we should replace p by Sa(p0 - Pa): 

•1-S.(p.-p.) + ~7 •W=O. 

As a result we obtain the equation for thrust in the f orm 

P- ": ·•-S.(po-Pa). 

Introducing into equation (1,8) the mass flow rate per second of gas 

l~,-.Qw_ " , ' 
we obtain the formula for thrust in contemporary writing 

0 
P- ~-• + s. (p. -Po), 

(1.7) 

(1.8) 

where OceK is the second flow rate of gas. 

reaction force. 

ot .. The component 1 •W is sometimes called 

The expression of thrust for a rocket located at the surface ·of Earth is 

P,-.o;- ·•+S.(p.-PoN), 

vhere PoN is the atmospheric pressure at the surface of the Earth for normal 

weather conditions. 

Comparing formula (1,9) and (1.10) we obtain 

P- P, + s.PoN(t - A)' ,.,, 

(1.10) 

(1.11) 
where p0 is the pressure at a given altitude; pON is the pressure at the surface of 

the Earth for normal wea.ther conditions. 

Designatlngn(g) • .Ji., we get , .. , 
P= P,+ s.,~, (t -ll(y)I, (1.12) 

Factoring 

for the thrust: 

, from the right side of formula (1,9) we obtain the formula 

where 
s. . •• - • + ~ (p. -- Po); a;;: 

(1.13) 

(1.14) 

we is the magnitude called by the well-known French scientist P. Langevin effective 

exhaust velocity. Calculations show that in formula (1.14) the second component, 
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as compared to t he first , is small and usually is not more than 10-15~; therefore 

the effec tive exhaust vel ocity ia determined basically by the velocity of gas at 

the output section of t he nozzle, w. If we refer thrust to the flow rate per second 

we will obtain the f ormu:.a determining the specific thrust or the so-called unit 

pul se: 
p •

1 
- Op = _.!!. I kgf • se c/kgf ~ (1.15) 

, Cff , 

The expression for the unit pulse can also be obtained from the common expression 

determining the thrust impulse : ' ' 
J- j Pdt=- i f Cice~•dt. 

The full pulse of the thrust 
• • 

during the whole period of t he engine's operation is 

where ID is the complete fuel 

operation. 

Transferring I t o ID we get 

'• 
I• ~JO ~· •· ·• 

- I c11•u• = - 1-, 
. . • 

consumption for the whol e period of the engines 

P,, = i I kgf. sec/kgf /. 

With ballistic calculati uns the rocket i s usually assumed to be a soild 

undeformed body. From mechanics it is known that characteristics of the motion 

of a solid body can be determined through the forward motion of the center cf reass 

of a body and the rotation around the center of mass. Using the conclusions of 

I. V. Meshcherskiy we will write the equation of the forward motion of a rocket 

in vector form: (1.16) 

where mis the mass of the rocket; ~ - the vect or of instantaneous acceleration of 

the center of mass of the rocket; P - the thrust vector; F - the total vector 

of all the resisting forces acting on the rocket. 

The equation of the r otaU on of a rocket will have the form 

J 
,; - -

·-;;;-=-M~+M,, 
(1.17) 

where J is the moment of inertia of the rocket about the instantaneous axis of 

rotation; m - the ve ctor of the instantaneous angular velocity of the rolling of 

the rocket; Mp - the vector of the moment of thrust; RF - the vector of the moment 

of aerodynamic forces (including controlling mcments). 

The position 01' a solid body in space is determined bJ six independent magnitudes 

ca: ed degrees of freedom. In the case conRidered three of them are coordinates of 

virtual displacement of the center of mass of a rocket, nnd three are angles of a 

-21-



'Mlllillll~lltJl!llli!ll:lfitl/JIIII _______ _ 

possible turn of the longitudinal axi s of a rocke t with respect to the center of 

mass. In accord~nce with this the equations of moti on (1.16) and (1.17) written 

in common form can be developed into six di f ferential equations. However, the 

unknowns are considerably greater, and the six equations appear to be insufficient. 

I t is necessary to know the t ime dependence : coordinates of the center of 

mass of the rocket (x, y, z); proj ections of the speed of the center of mass 011 

coordinate axes (vx, vy, v2); proj ecti ons of the vector of instantaneous angular 

velocity of the rotat i on of the longitudinal axis of the rocket on coordinate 

axes (IDx' IDY, m
2

) and of angles of pit ch, yawing, and bank (i, t, ~). 

Since there appear s t o be t wel ve unknowns, then t o the six equations of the 

dynami cs of a solid body shoul d be added six more ki nematic equations. 

Let us write equation (1.16) in pro jections on the Earth's axis of coordinates 

x, y, z: 
m- . '"" - p F • • 1 "- z- .r, 

'", 111° 41 =P,-F.;, 
• ' m• :t -P,-F,. 

To these we will add the three s t andard kinematic ratios: 

dX 
--fl• 

" Jtf 

~ 
-. -fl,; ,, 
7-0,. 

Equations of the rotation of rockets and ~ircraft are usually written in 

(1.18) 

(1.19) 

projections on combined coordinate axes. Any other system of coor~inates not 

connected with the rocket shifts with respect to the rocket, and this leads to 

necessity to use variables of moments of inertia in the investigation of motion 

of the rocket, which introd1ces a complication. Let us develop equation (1.17) 

in projections on the combined coordinate axes X, Y, Z: 

• J d•z; +·(J -• . J ). . • -~M • •. 
•-- - ID. - , • 

- .. .t, M •. • •• . .. Ir .. Ya .'• """"' · z,, . 

J.,, .- ~;t+'. tJ:,-~,;.>'•:r· .•• , -- -~M,:; c1.20) 

J,.. ';;• + (J,, ---J ... ,) ~"••,, - ~M,,: J 

where IM,.
1
, }:M,,, lM,, are sums of projections of moments of all the exter nal 

forces on combined coordinate axes; / 111 111
, J,

1 
moments of inertia of the rocket 

with r espect to axes of the coordinat es; 

velocity on the connected axes, 

• .. ,. •,., •._ are projections of the angular 
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Time derivatives from angles i, t, and 1 are determined by the known 

equations: 
• . + 
7 - •,, am 1 •,, cos r; 

'+ •,, COi 1-· .. ,, sin 1. 

71== COii I 

11- -•1 , -tg&(•,, cosr-111,, sin r), 

(1.21) 

Thus for finding the twelve unknowns we have twelve equations, and the 

problem of the determination of' the charact eri stics of motion of the rocket can 

be solved. 

Depending upon the formulation of the problem th0 influence of control on the 

motion o~ the rocket can be established, in two ways. If the forces and 

moments, including control forces and moments are known, then the unknowns will 

enumerate the twelve characteristics of motion which are determined in solving the 

systems of equations. 

In the second case part of the characteristics of motion can be assigned: 

magnitudes of coordinates, velocities, or angles. The characteristics of motion 

of the rocket are set in the function of time or other magnitudes, for instance, 

y = f1 (x) or i = f 2(t), etc. These functions are called program equations. For 

a full investigation of controlled flight and stabilization of the aircraft, we 

must add to the written equations of control describing the operation of the system 

of control. Depending upon concrete conditions the equations of control can be 

different. In this case the unknowns will be the control forces and moments which 

should ensure beforehand the assigned program of the motion. In equations (1.18) 

and (1.20) the control forces and moments as yet have not been separated by us. 

Additional complexities not reflected in the written equations consist in the 

fact that forces and moments are interconnected with characterisitcs of motion. 

Let us discuss the magnitudes entering the written equations and the connections 

between them. The mass of' the rocket is variable, and it depends on time and is 

equal to 

(1.22) 

where m0 
is the initial mass of the rocket. 

The flow rate per second of the operating substance of Gcex in general is 

variable, since can be changed with the regulation of thrust. 

Many forces and moments are interconnected with the characteristics of motion. 



........ 

For instance, aer odynamic and control forces depend on the speed and altitude of 

the flight. Thrust is a variable dependi ng on the position of the rocket above 

the surface of the Earth ( f ormula 1.11), 

Moments of inertia of rocket Jx, JY, and Jz characterize the inertness of 
1 1 1 

the rocket during its rotation around the corresponding axis, Let us recall that 

the moment of inertia is equal to the sum of the products from elementary particles 

of mass dm by the squar~ of the distance up to the axis about which the moment of 

inertia is taken, for instance : 
J_,, = J •! d,n, 

. __ .c., . 

Sign (w) shows that the integr al is taken for the whole volume. The moment 

of inertia, determined with respec t to coordinate planes YOZ and XOZ, 

11,- J xydm ,., 
is called the product of inertia, If through the center of the mass of the rocket 

three mutually perpendicular axes are thus conducted so that Jxy' Jyz' and Jzx 

will be equal t o zero, then such axes will be called the main central axes of inertia, 

If the body axes of coordinate x1, Y1, and z1 are combined with the main central 

axes of inertia, then the equations of orbital motion will take the form of equations 

in the form of Euler (1.20). With the operating engine the moments of inertia 

will be variables due to the change of the mass of the body because of fuel 

consumption. The numerical val ues of J , J , and J for the rocket are determined 
~ Y1 Z1 

just as for any composite body. We conditional l y divide the rocket into separate 

parts ha•ting a simple geometric form and identical density of substance and deter­

mine the moment of inertia for each part separately, Further summation is carried 

out according to the rules of mechanics, Thus for the calculation of moments of 

inertia it is necessary to have detailed drawings of the rocket and to know the 

law of the change of its mass in flight, Work on the calculation determination of 

moments of inertia and their change is very tedious and is laborious, Therefore, 

during approximate ballistic calculations they are t aken constant. With more 

exact calculations connected with the st ability and controllability, it is necessary 

to consider the variability of the moments of inertia . Experimental methods of the 

determination of moments of inertia of co1;:;,osite bodies giving more exact results 

incomparison with the calculation methods are developed in sufficient detail in 

mechanics and here we will not be concerned with them, We will further consider 

more thoroughly the influence of Earth and aerodynamic forces on the flight of 

rockets. 
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CH APTER II 

INFLUENCE OF THE FIELD 0~ GRAVITATION OF THE EARTH AND ITS 
ATMOSPID:RE ON THE FLIGHT OF ROCKETS 

§ 1. The Acce lerat i on of t he Gravity 

During the fli ght of r ockets i n space i n the vi cinity of the Earth they are 

attracted to Earth, or, as it s said, they undergo experience the influence of the 

field of gravitation of the Earth. The gravitational force of the rocket to Earth 

is one of basic for ces affecting the rocket 1n flight. This force considerably 

affects the characteristics of the movement of the rocket (speed, acceleration, 

direction of flight, and so forth), and therefore we will dwell on this in greater 

detail. 
According to law of universal gravitation any two bodies with masses~ and 

~ are attracted to one another with a force F directly proportional to the product 

of these masses and inversely proport~onal to the square of the distance r between 

them, i.e., 
(2.1) 

where Fis the gravitational force in kgf; l - proportionality factor called the 

gravitational constant or gravity constant; "'1 and m2 - mass of bodies in 

kgf•sec2/m; r - the distance between the centers of masses of the bodies is equal in 

meters. 
Gravitational ~onstant l is n~ri~ally equal to the force with which two 

bodies with masses at 1 kgf.sec2/m are attracted to one another if the distance 

between the centers of these bodies is equal to 1 m. Experiments showed that 

4 
m 

1-65.4. 10-11 JJ • 
kgf•sec 
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We apply the law of universal gravitation (2,1) to the case of the attract i on 

of the rocket to Earth, For this it is necessary to know the form of the Earth and 

the dist~lbution of its mass, Measurements showed that the form of the Earth 

can be sufficiently accurately considered an ellipsoid of revolution, The semia.xis 

of rotation is equal to 6, 356,911 meters and is located in a north-south direction 

and the equatorial semia.xis of the Earth is equal to 6,378,388 meters, The mass 

of the substance of which the Earth consists conducted from the center of the 

Earth in concentric spheres is distributed not strictly evenly, All this leads to 

the fact that a rocket with a constant mass in flight above different sections of 

the surface of the Earth even at the same distance from the center of the Earth will 

be attracted to it with a different force, However, the change in attractive force 

will be small and it in most cases in calculations of traJector:l.es of rockets is 

not considered, and the Earth is considered a sphere with a radius R • 6,371,106 

meters and with an equal distribution of masses in concentric spheres inside this 

sphere, 

If we designate the mass of the Earth by the letter Mand the mass of the 

rocket by the letter m, then the gravitational force of the rocket to the Earth 

will be equal to 

(2,2) 

where Fis the Earth's gravity; r is the distance from the center of the Earth 

to the center of the mass of the rocket, 

In calculations it is more convenient to deal not with the gravity but with 

the acceleration impar-t.ed to the rocket by this force, According to the second 

F 
law of Newton the acceleration from gravity I,=•' and therefore from formula 

(2,2) it follows that 

(2,3) 

In a particular case on the surface of the Earth the acceleration of gravity 

is equal t o 

Knowing 1, R, a~d M • 

M 
l,o-T'7ji· 

24 2 
0,6092,10 kgf•sec /m we 
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§ 2. Influence of the Rotation of the Earth on the Flight 
of Rockets 

In the determination of the acceleration of a rocket from the Earth's gravity 

the rotation of the Earth around its axis was not taken into account. From 

theoretical mechanics it is known that the rotation of the Earth requires the 

cons ideration of two more accelEirations whi ch rockets flying in space in the 

vi cinity of the Earth wil l undel'go. These are the acceleration of migratory 

• motion Jnep and Cori0lis acceleration JK op · 

• 

From where do these accelerat i ons appe ar? We will consider the absolute motion 

of a ~ocket about a motionless ~ar th , i.e., with respect to the system of coordinates 

located in the center of the Earth but not revolving together with it and all the 

time remaini ng motionless , The movement of the rocket with respect to the surface 

of the revolving Earth will be called relative. The migratory motion will then 

be the rotation of the Earth about its axis, The acceleration of the rocket in 

the complicated absolute motion wi ll be 

i.-i ... + i.., + i .. ,, (2. 5) 

where Jaoc is the vector of the absolute acceleration of the rocket; JOTH - vector 

of the relative acce lerc:J.tion of the rocket; J - vector of the translational 
nep 

acceleration of the rocket; JK op - vector of the rotating acceleration of the 

rocket (Corioli s acceleration). 

The relative acceleration is determined by the formula 

I. ~ ... - " ' 
(2.6) 

where voTH is the speed of the rocket with respect to the surface of the revolving 

~ Earth; dt is the derivative from the relative speed in time equal to the 

instananeous value of relative acce l eration. 

Direction JoTH coincides with the direction of velocity vector VOTH• 

The value J is found from formula 
nep 

1.,-,p, (2.7) 

where r 0 is the shortest distance (Fig. 8a), from the center of mass of the rocket 

to the a.xis of the rotat1Jn of the Earth; 0 is the angular velocity of the rotation 

of the Earth. 

Vector 'Jnep is directed from the center of mass of the rocket to the a.xis 

of rotation of the Earth along the shortest distance between them, and therefore 
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is sometimes called centripetal acceleration (Fig. 8b), 

y y 

z 

a) b) 

Fig, 8. Components speed and accelerations of the center of the mass of a 
rocket: 
a) decomposition of the vector of relative speed of the rocket vOTH along 
axis of the coordinates; b) components of rotary and Coriolis accelerations 
(in a horizontal plane), 

The magnitude of Coriolis acceler ation can be determined by following 

dependence: 

, • ., - ·2v .. ·_g ~n (iltlli a). 

wheresin (vOTH' n)is the sine of the angle between vectors vOTH and n. 

(2,8) 

The Coriolis acceleration is perpendicular to the plane conducted through n 
and parallel to VOTH, and is directed always to the same side as the end of 

vector v OTH' if it revolves together with the Earth with an angular velocity n, 

From formula (2,8) it can be est ablished, that the Coriolis acceleration is 

equal to zero on condition when either n = 0 (Earth does not revolve), VOTH• 0 

(rocket is motionless with respect to Earth), or s in (vOTH' n) == O, 1,e., VOTH 

is in parallel w1th nor OY, the axes of rotation of the i~arth, Consequently, 

Coriolis acceleration will practically be equal to zero or.ly in those moments of 

the flight when the speed v
0

TH of the rocket with respect to the Earth is parallel 

to OY, 

Equations of the motion of a rocket are formulated in projections on axes 

of coordinates. Let us show how the magnitudes of projections of relative, rotary 

and Coriolis accelerations will appear on the axes of a motionless system of 

coordinates X, Y, Z (Fig. 8b). 
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Project ions of the vector of relative acceleration J OTH will be equal to 

r espectively 

. ,.,,, .. 
lfta•- " • 

time derivatives from proje ctions of relat ive speed on axes of the coordinates . 

Proj ections of the ve ctor of the translational acceleration Jnep on axes of 

coordinates X, Y, Z can be determined from express i ons 

J..,6--%s;i,; I 
J..,,-o-. 
1.,..-..:...,0,, 

(2.10) 

Her e j ~ 0 because the projec t i on of r 0 on axis OY is equal to zero, 
nep Y 

s ince r
0 

is perpendicular t o the axis of rotation of the Earth OY. Projections 

of r 0 on axes OX and OZ are equal respect ively t o x and z. Minus signs for j x nep 

jnep z were obtained because the corresponding vector components of the trans­

lational :1cceleration are dir ec ted opposite the positive direction of axes OX and 

oz. 
Projections of Coriolis acce1eration are found by the formulas: 

1 .. 6-2vffl,Q; I 
1.,,-0-. 
1.,.- -~.,_.,a. 

(2.11) 

Let us explain formulas (2.11). Since the vector of Coriolis acceleration is 

perpendicular to the plane whi ch passes through the vector n (i.e., through the 

axis OY) and is paral le l to v0TH' then its projection on axis OY is always equal to 

zero (jK op Y • 0). The proje ction of Coriolis acceleration on axis OX (Fig. 8b ), 

is perpendicular to the plane YOZ which passes through OY and is parallel to VOTH z• 

Therefore, on the basis of formula (2.8) 

since sin (v
0

TH z' n) • 1 since the angle b1?tween vectors v0TH z and n is equal to 

90°. Projection J is directed in a positive direction of the axis OX, 1.e., 
KOp X 

positive since the end v turns together with the Earth along arrow A 
0TH Z 

(Fig. 8b ). 

The projection of Coriolis acceleration on axj OZ (j ) ls perpendicular 
KOp Z 

tet the plane XOY, which passes through the a.xis OY and is parallel to the vector 
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v • Therefore 
0TH X 

s1nce !sin (v , n)t. +1 
0TH X ' 

0 
(angle between v and n is equal to 90 ). 

0TH X 

The minus sign for jKop z was obtained because the end of v
0

TH x during the 

rotation of it together with the Earth turns along arrow B, i.e., opposite the 

positive direction of axis OZ. 

Let us estimate the magnitudes of acceleration of migratory motion and 

Coriolis acceleration. The magnitude of the acceleration of migratory motion (2,7) 

depends on the distance of the rocket to the axis of rotation of Earth and on the 

angular velocity of the rotation of the Earth n which is equal to quotient of the 

division of 2rr (angle in radians of a full turn of the Earth around its axis) by 

the time of this turn (23 hours 56 minutes and 4 seconds), i.e., 

n 2a I 
.. - <23·60 + 56)60 + .. -1,292. io-• sec· 

Let us assume the rocket is in the plane of the equator at a distance of 2000 

km from its surface, which is about 8370 km from the center of the Earth. Then the 

acceleration of migratory motion will be 

J..,- &'370, J()I (7,292, t0-•)1 -0,044 m/sec2. 

From the formula (2,3) when r = 8370 km the acceleration of gravity is equal 

tog • 5,70 m/sec2. As can be seen from the formula the translational acceleration 
T 

is small since it comprises 0,77~ of the magnitude of g, the acceleration of gravity, 
T 

Therefore the acceleration of migratory motion in calculations of trajectories of 

rockets of a near and even average range of action is often considered together with 

g,. (Fig. 9) calling their ge ometric difference g = ~ - ~ep the acceleration of 

~avity. The acceleration of gravity is directed in general not to the center of the 

Earth but at an angle A called the geographic latitude of the site of point A. 

Because of the smallness of the magnitude j in calculations of trajectories it is 
nep 

possible to consider that g is direct,:d to the center of the Earth &t an angle :>.., 

the geocentric latitude of the site of point A. 

Let us look how g will be changed in the trajectory of the rocket, From 

triangle ABC (Fig, 9) 



.. 

or 

I 

11 • UOS A " 

(2.12) 

Since, as we were convinced, 

Jnep is consid~rably less than gT, 

then the square of their relation as 

compared to unity can be disregarded 

and instead of formula (2.12) we 

obtain 

( 
• I, )' L- 1-2 . ..!!!..co1 >. T_ 

.I, . I, 
( 2 .13) 

Let us become acquainted with 

a mor·~ simple f ormula than (2.13); 

it i s also an approximate formula for 

t he determination of g, which we will 

obt ain from formula (2.13) by applying 

the widespread method of expansion by 

the binomial theorem. The formula 

of the binomial expansion has the 

f orm: 

Fig. 9, Joint calculati on of acceleration 
of gravity g and acceleration of the 

T 
migratory motion Jnep with the he lp of the 

acceleration of gr avity g (the rocke t is at 
point A above the surface of the Earth). 

Let us expand expression (2.13) by the formula (2.14): 

.l. - I -{ J •• , ) cos>. + _!_(!••~-)'cos'>. + .. · ,, ,, . ,, 
Disregarding members containing (/;') in the second power and above we obtain 

L, -t-(1 .. ')cos>. <2•1 5) 
r Ir 1 

where Jnep = r 0n
2

, or Jnep • n2
r cos~ (Fig. 9). 

Dividing the value of formula (2.3) by formula (2.4) we get 

Ra 
1,-=lu·-;.-, 

and then placing g from formula (2.16) and J into formul~ (2.15) we find 
T nep 

.L -1 _!l,.coa•>. 
,, ,,Jti . 
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Formula (2.17) shows that the ratio of the acceleration of gravity to the 

acceleration of terrestrial gravity depends on the distance r of the rocket to the 

center of the Earth and on the geocentric latitude X and permits 0.onsidering the 

change of g on the trajectory. In Table 1 results ar·e given of calculations by 

this formula for different rand:>.., 

From Table 1 one can see that what with flights of rockets in space in the 

vicinity on the Earth at a distance of r • 1.2R from the center of the Earth with an 

Table 1 

~~ • l,J I . ., " 

• G,11181 0_9954 0,9940 .. O.IN3 0$1977 0,9970 .. 1,0000 1,0000 1.0000 

1,1 R I l,O, 

0,9884 0,9724 
0,9942 0,9862 
1.0000 1.0000 

accuracy of about 0.5~, it is 

possible to consider the 

acceleration of gravity equal to :._:~ 

the acceleration of terrestrial 

gravity. The nearer the pole 

(A• 90°) the less the difference 

between g and gT, 

Formula (2.16) permits establishing the change of g with altitude, Thus, for 
T 

instance, at an altitude of 100 km above the surface of the Earth Sr• 9.52 m/sec2, 

i.e., approximately 3~ less than at the surface of the Earth. If, however, the 

altitude of the ascent reaches 500 lan ~ will decrease in magnitude about 14~. 

Hence it is clear why in calculations of trajectories of rockets intended for 

firing at comparatively short distances the acceleration of terrestrial gravity and 

consequently the acceleration of gravity are taken constant for the whole trajectory, 

In calculations of trajectories of rockets for firing at great distances it is 

neces~ary to consider the variability of g,. with altitude and to determine its 

magnitude by expression (2.16), If the calculation is approximate then we assume 

g • s,; with the necessity to obtain magnitude~ with possibly greater accuracy at 

each point of trajectory one should determine it by the formula (2.17) cir even the 

formula (2.12). 

The direction of the acceleration of gravity can be considered constant 

(along radius of the Earth at the launch point) only in calculations of trajectories 

of the flight of rockets at short distances; in other cases one should consider 

that it on the whole trajectory is directed to the center of the Earth. Only in the 

most responsible calculations of trajectories of intercontinental rockets is it 

necessary to consider that vector g is directed at angle A to the equatorial plane 

of the Earth. 
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Le t us estimate.the magnitdue of Coriolis acceleration. Formulas ( 2 .11) 

permit concluding that Coriolis acceleration ifl directly proportional to v-xoz 

the projection of the speed of the rocket on plane X, 0, Z, since 

(2.18) 

Calculations by fornrula (2.18) show .that when vxoz = 1000 m/sec, j*OP • 0.15 

2 m/sec , i.e., it compri ses approximately 1,5% of the acceleration of gravity. If 

vxoz = 200 m/sec a. neglect Coriolis acceleration will lead to an error of 0.3%, I , 

should be noted that v changes in the trajectory, and therefore the magnitude 
xoz 

of the error changes. 

With comparativel;y' small flying ranges the Coriolis acceleration is considered 

by means of the i ntr oduction of correcti ons for the full range of firing. 

By f11lfilling calculations of trajectories with a range of more than 50 km we 

should consider the curvature of Earth (Fig. 10). Instead at point C', as this is 

obtained in the assumption that the Earth is flat, the 

I 
ri 
V 

Fig. 10, Diagram illus­
trating the influence 
of the curvature of the 
Earth on the complete 
! .lying range of the 
ro,~ket, 

rocket will fall at point C. 

The difference between the distance along the arc 

of the circumference of the Earth OC •Land along the 

straight line OC' = X can be calculated by the approximate 

formula: 
L-X ! • I 

a---r- 21111,rz(-,12- '!;.';) - • (2.19) 

obtained in the assumption that the segment of trajectory 

c•c is a stl'air>.t line. The error from this assumption 

is small, sir:ce the magnitude of segment CI C is small. 

From formula (2.19) one can see that correction for the 

range of firing considering the curvature of the Earth 

depends on the angular distance~ and angle 80 of 

inclination tangent t n the trajectory at the point of 

fall, 

Figure 11 gives curves for determining the correction 

for the range of firing considering the curvature of the 

Eai•th. These curves are obtained by calculations by the formula (2.19) and show, 

foI' instance, that for trajectories with 0 • 60° and with tt:.e firing range X • 200 
C 

km the calculation of the curvature of the Earth increases calculation range by 
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}'ig. 10. Curves of the dependence of the error 
in the determination of range owing to the 
disregard of the curvature of the Earth 6 on 
the magnitude of range X and angle of inclina­
tion tangent to the horizon at the point of 
fall of the rocket ec. 

0.9~. The error in the flying 

range of rockets from di,regarding 

the curvature of the Earth when 

X a 50 km and 8c • 60° will be 

approximately 0.2~, and it is 

sometimes disregarded. 

It should be remembered 

that in calculations of trajec­

tories of rockets the solution 

to the problem of the calculation 

or disregard of the curvature 

of the Earth anct its rotation 

depends on the purpose of the 

calculation and requirements for 

its accuracy. 

§ 3. The Earth's Atmosphere and Its Properties 

The atmosphere is the air envelope of the Earth. The flight of rockets in 

space in the vicinity of the Earth occurs within limits of more or less dense layers 

of the atmosphere, which definitely affects the characteristics of the movement of 

the rocket. For instance, a ballist~c rocket with a flying range of about 5000 km 

ascends above the surface of Earth to an altitude of about 1000 km, In order to 

consider the influence of the atmosphe~e on the flight of rockets it follows first 

of all to know the structure of the atmosphere and its properties. 

Long term investigations of the atmosphere at first with the application of 

aerostats, aircraft, sounding balloons, and in re cent years with help of 

meteorological and geophysical rockets, earth satellites, and spaceships with a 

person on board, allowing the penetration into its highest layers, accumulated 

much data explaining the structure of the Earth's atmosphere and its properties. 

Although everything is still not clear the process of investigating the atmosphere 

continues, and for the solution of problems of the theory of flight definite 

conclusions can be made about the struture and properties of the atmosphere of the 

Earth. 

For a study of the laws of the distribution of meteorological elements at 

altitudes up to 25 km the method of sounding of the atmosphere with the help of 
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radiosondes fastened to a balloon filled with hydroger. found wide applicati on, 

Radiosonde is transducer of temperature, pressure, and sometimes humidity. Signals 

of temperature, pressure, and humidity are transmitted by code by means of a radio 

transmitter. After deciphering these signal we obt ain exp~.·imental dependences for 

temperature, pressure , and humidity. 

The law of the change of pressure with altitude, determined by the barometric 

formul a (2. 29 ), agree with experimental data w1th sufficient accuracy. 

In connection with this we are often limited to the measurement of the 

t emperat ure at different altitudes, and the pressure and air density are calculated 

by the theoretical dependences (2.29) and (2. 31), Part ial experimental data can be 

ob t ained by measurements of tempera ture and pressure with help of the aircraft on 

which the necessary instruments are i nstal led. But this method does not have a wide 

appli cation, since much time is required for measurement, the altitude of the flight 

is limited, and other reasons, 

A second widely applied method is the method of sounding of the atmosphe're by 

me ans of mete orological r ockets, 

The temperature of the atmosphere is measured by resistance thermometers and 

pressure by manometers of tre corresponding range of presoures. At an assigned 

altitude the nose cone with the measuring equipment is separated from the rocket 

and descends by parachutes. In the descent of the nose cone transducers record the 

change in pressure and temperature, and the equipment transmits the obtained data 

to Earth. Then the influence of the interaction of the nose cone with the atmosphere 

is considered. Using the equation of the state of gas, barometric formulas, and 

also laws of the dynamics of gases, by the formulas of time [T(t), p(t)] we find 

the dependences for temperature and pressure in the function of altitude, 

Upper-atmosphere research requires the measurement of coordinates of the nose 

cone for different moments of time so that the function of time [T( t), p( t )] . 

can be transferred to the function of altitude [T(y), p(y)]. 

With this method the stratosphere to an altitude of approximately 80 km is 

studied. 

The third method is based on the use of geophysi cal rockets and artificial 

earth satellites. 

This method is used for the investigation of the ionosphere (for altitudes 

greater than 80-100 km). ThP, study of the ionosphere is carried out by different 
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methods. To measure pressure and density of the atmosphere manometers are used 

allowing to determine atmospheric pressure up to 10-9 mm Hg. 

With the investigation of the atmosphere at altitudes of about 450 Ion, the 

method of analysis of the diffusion of sodium vapor released from the rocket is also 

applied. 

The atmosphere consists basically of dry air and water, The dry air is a 

mixture of nitrogen (~78~), oxygen (~21~), argon (~0.94%) and other gases (hydrogen, 

helium, carbon dioxide, and others). 

The whole atmosphere can be conditionally divided into a number of layers with 

properties different fr om each other, The lower part of the atmosphere is called the 

troposphere extends from the surface of the Earth to such altitudes where the air 

temperature ceases to drop with altitude. The drop in temperature with altitude 

can be explained in the following way, Dry air is almost transparent for solar 

rays and is heated basically due to the heat of the Earth; therefore, the further 

frcm the surface of the Earth the less the air temperature. At the boundary of 

the troposphere thermal terrestrial radiation ceases, and the temperature no longer 

drops. The boundary of the troposphere depends on the latitude and longitude and 

on the time of the year. Thus the average annual altitude of the troposphere above 

the equator is approximately 17 km and above the pole where the Earth's surface is 

colder about 8 km. In the summer when the Earth returns air of greater heat the 

altitude of troposphere is higher and in winter lower. At latitudes of about 45° 

the altitude of the troposphere on the average is 11-12 km. 

However, sometimes the air temperature with a rise from the surface of the 

Earth is at first increased and then starts to decrease. This phenomenon is called 

temperature inversion and occurs in the winter in the morning, or even in the summer 

after a cold night when the Earth during the night is cooled so much that it does not 

return the heat but on the contrary obtains it from layers of air adjacent to its 

surface and cools them, 

In the troposphere a large part of the mass of air is found (up to altitudes 

of 10 Ion this part is approximately 75~) and almost all the moisture of the 

atmosphere. Therefore, in the troposphere clouds are formed, precipatat1on falls, 

there occurs an intense agitation of the air, and winds blow both in a horizontal 

and vertical direction (ascending and descending air streams). This leads to 



a great instability of the properties of the troposphere not only in the t ime of 

the year but also in small time intervals. 

Directly above the troposphere there :!.s the layer of tropopause ( substratosphere), 

a transition layer between the troposphere and stratosphere; its thickness is 1-2 

km. 

Further there J S the layer of air called the stratosphere extending to altitudes 

of the order of 80 ~n. The stratosphere is characterized by the almost complete 

absence of humidity, and the wi nds blow from east to west, i.e., opposite to the 

rotation of the Earth and are almost constant i~ rirec tion, Temperature in 

stratosphere varies intensely only in the layer at an alti tude from 35 to 50 km, 

where there is ozone whi ch absorbs part of the shortwave solar radiation, From 

this the air temperature increases sometimes to a magnitude of +100°c, whereas on 

the average in the stratosphere it is -8 5°c at the equator and -4s0 c at the poles, 

Ab ove the strat csphere the ionosphere is located , It contains only about 0.5~ 

of a l l the air mass of the atmosphere , In the ionosphere the air is greatly rarefied, 

In such a state the air absorbs most of the shortwave solar radiation and its 

temperature reaches 1500° and more by day, but at night drops considerably. Such 

fluctuations of temperature are accompanied by great vertical shifts of air, In 

the ionosphere night air flow and polar auroral occur, For instance at an altitude 

of the order 370 km a swayed curtain of beams is observed, These phenomena are 

electromagnetic in character, since from the interaction with solar radiation the air 

is ionized, The nature of them up to the end has not been clarified, 

The influence of the ionosph~~ on the flight of rockets 1s small, The 

resistance of air is only several grams per square meter of cross section of the 

roc ket . Therefore , in calculations of trajectories of long-range rockets, starting 

from altitudes of the order 120-1 50 km ( and sometimes smaller), the air resistance 

is not considered , But even a : ow air density during a prolonged flight of a body 

can noticeably low,:r its speed, For instance, a multiturn flight of satellites 1n 

the upper layers of the atmosphere leads to such a decrease in their speed at which 

the satellites enter into the dense layers of the atmosphere and burn if measures of 

protection are not taken. 

The heating of the rocket in the ionosphere from the interaction with air is 

small, In spite of the high temperature of the air the quantity of it in the 

ionosphere 1s so little that the influence of molecules on the surface of the rocket 
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• does not cause considerable heating. 

The upper layers of the ionosphere located higher than 800 km are called the 

sphere of dispersion (dissipation}. The sphere of dispersion co111>letes the 

atmosphere. The upper boundary of the atmosphere is difficult to determine exactly. 

At present it is considered to be at an altitude of about 3000 km, W1th1~ the 1phere 

of dispersion the rarefaction is so great that before the collision with each other 

the air molecules fly very great distances. In other words the length of the free 

path of the moleucles is very great and attains several hundreds of meters and more. 

With this the speed of the separate molecules can be so great that these molecules 

will abandon the field of terrestrial gravity and depart into outer space. 

Air, as also any other gas, is characterized by pressure, density, and 

temperature. Moreover, since in the atmosphere there is moisture (water vapor), 

then for the charcteristics of properties of humid air it is necessary still to add 

the content of water vapor per unit volume of dry air. 

All these parameters characterizing the properties of the atmosphere change 

both with altitude and time. The study of regularities of the change in atmosphere 

and forecasts of its state is the concern of the science called meteorology, The 

theory of flight without data of meteorology will not allow an accurate calculation 

of the trajectory of the rocket nor a prediction of the dispersion of the trajectories 

during the firing by many identical rockets. 

In meteorology the air pressure is mear· red in millimeters of mercury (mm Hg) 

and is called barometric pressure, and its magnitude is designated by the letter h. 

The connection between barometric pressure h in mm Hg and pressure pis in kgf/m2, 

is given by the following formula 

1033.1 
,--.-··- 13,&h. 

( 2. 20) 

In gases pressure, temperature, and density cannot be changed arbitrarily and 

satisfy the equation of state, For dry air within the atmosphere the following 

equation of state ls valid: 

-fr.-RT, (2.21) 

where n1 ls the mass density of dry air (specific gravity) in kgf/m3; T ls the 

temperature of dry air in absolute degrees (°K); R is the gas constant of dry 

air equal to 29,27 kgf•nv'kgf•degree. 

Replacing in formula (2.21) value p1 by barometric l½_ and using formula (2.20) 



we obtain 

( 2. 22) 

The pressure under which humid air is found (mixture of dry air and water 

vapor), according to the law of Dalton, is equal to the sum of partial pressures of 

dry air and water vapor (partial pressure is called the pressure which would be in 

a volume occ upied by a mixture of gases if it had been occupied by only one gas of 

the mixture). 

If we designate the partial pressure of water vapor bye, then the barometric 

pressure in humid air h will be 

( 2. 23) 

The equation of state for s t eam water vapor can be thus written: 

n1 - 13,&-i,-, c2.24) 

where n2 is the specifi c gr avit y of water vapor in kgf/m3; R2 is the gas constant 

of water vapor. 

Temperatures of water vapor and dr y air will be ide11tical, since they are mixed 

f orming humid air. 

The specific gravity of humid air n i~ composed of the specific gravity of dry 

air and water vapor, i.e., 

n-n, +n't 
Subs tituting values of f1i and n2 from formulas (2.22) and (2.24) and consider­

ing f ormula (2.23) and also the f act that R2 : (8/ 5)R, we obtain 

n 13,M ( 3 , ) 
--,,,-I-TT· ( 2. 25) 

For the convenience of the cal culation of the influence of atmospheric humidity 

we introduce t he concept of virtual temperature into the calculations: 
,_ r 

5 , • (2.26) 
a-TT 

This is temperature of dry air for which hand n are the same as for humid air. 

Equality (2.25) with an introdu~tlon of virtual temperature is simplified: 

·n • -13.6·'1i. (2.27) 

If one were to consider that meteorologists give immediately the value of 

virtual temperature taking into consideration atmospheric humidity, then the 

convenience of introducing the concept of virtual teq>er 1ture will become clear: 

it not necessary in calculations of traJectori~s to consider directly atmospheric 
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humidity. The atmospheric state of the air is completely determined by barometric 

pressure h, specific gravity n, virtual temperature T, and also the speed and 

direction of the wind. 

§ 4. Averaging Meteorological Factors and Standard 
Atmospheres 

Parameters of the atmosphere (or, as it is said, meteorological factors) vary 

with time. These changes occur not only with the time of year, not only with the 

time of year, not only with the exchange of day and night, but also in shorter 

time intervals measured in hours and minutes, Wind is especially variable. Gusts 

of wind in the lower layers of the troposphere change every 1-2 seconds both the 

speed and direction of the air streams, In the upper layers of the troposphere Jet 

streams of air are observed, and the rocket entering into these will move in 

conditions differing from the preceding, 

How can we consider the influence of the atmosphere on the flight of rocket 1f 

its parameters chan~e all the time? First of all it is necessary to find at each 

altitude above the surface of the Earth the mean values of parameters of the 

atmosphere, pressure, temperature, density, and so forth near which their changes 

occur and then to replace all variables of the values of parameters of the atmosphere 

by their mean constants. 

""· 
Such an idealized atmosphere with definite meteor,ological 

factors of its properties for each altitude will 
,.I..,__ ________ ,__ __ _ 

I -IS -U ·45 ·ZS ·5 •I~ t•1: • 

. Fig. 12. Curve of the change in 
virtual temperature with altitude 
of the terrestrial atmosphere. 

not change w:i .. h time. This permits comparing 

data of any calculations of trajectories 

conducted for such an idealized atmosphere and 

revealing the influence of certain changes on the 

fligilt of the rocket. Regarding, however, the 

results of these calculations, they will be the 

average most likely. The influence of the de 

deviation of weather conditions from the 

standard is considered in the theory of correction. 

In the calculations t he normal artillery 

atmosphere, international standard atmosphere, 

and temporary standard atmosphere are used. 

Let us consider their properties and peculiarities . 

The normal artillery atmosphere (NAA) 



considers the atmospheric humidity, which is especially important with the firing 

of unguided rockets (missiles) at comparatively short distances. 

At sea level in the normal artillery atmosphere the following values are 

accepted: h0N• mm Hg; n0N = 1.206 kgf/m3 ; e 0N= 6. 35 mm Hg (50% relative humidity); 

TON = 288.9°K (or +15°C). 

Here index 11 011 signifies that all magnitudes ar e measured at sea level, and 

index "N 11 indi cates that they belong to the normal artillery atmosphere (NAA). 

In NAA, as in other s t andard atmospheres, it i s considered that through out 

the air is motionless , i . e ., there is no wind, 

The change in determining the par ameter (virtual temperature) with altitude is 

shown in Fig. 12 and corresponds to the approximate average annual distribution of 

Fig. 13, Diagram 

it throughout the atmosphere. The normal artillery atmosphere 

was developed up to altitudes of 30 km. Since at altitudes of 

more 30 km ther e is little atmospheric humidity, the value of 

the virtual t emper ature and standard temperature practically 

coincide. In Fig. 12, at altitudes above 30 km data of later 

investigations are given. Virtual temperature is called the 

determining parameter because it permits from conditions 

of vertical equilibrium of the atmosphere finding the 

of the conclusion change in barometric pressure with altitude and then with 
of the condition 
of vertical the help of the equation of sta.te, the law of the change in the 
equilibrium of 
the atmosphere. specific gravity of air. Let us show how this is done. 

Let us consider first of all the condition of vertical equilibrium of the 

atmosphere, For this at an altitude of y above sea level we will separate the 

infinitesimal element of air by t he thickness dy (differential of y) with the area 

of base S (Fig. 13), From below pressure pacts on this element, and from above 

p + dp, where dp is infinitest irnal change of pressure occurring with a change in 

altitude at an infinitesimal distance dy. 

The condition of vertical equilibrium is the equality of weight of separated 

element of air of the difference of forces of pressure on it from below and from 

above, i.e., 

II SdJ -pS-(/1 + 4p)S. 



Reducing Sand reducing similar members we obtain 

n,,---4,. (2.28) 

Substituting into formula (2.28) the value of n and p from expressions (2.27) 

and (2.20) we get 

13,6 -~-13,&di_ 

i.e., 

t--t. 
This is the simplest differential equation with divi ding variables. Solving 

this equation we obtal n 

(2.29) 

Knowing T(Y) from the curve in Fig. 12 we will be able to find by the formula 

(2.29) h/hoN= D(y}. The curve of function Il(y) is shown in Fig. 14. From the 

curve one can see that the barometric pressure 

" 
111------------. 

Fig. 14. Curve of functions • 
Il(y) and H(y) infinite pressure 
and density of altitude of 
terres t rial atmosphere above 
sea level. 

continuously decreases with altitude, 

Then with the help of the equation of state 

(2, 27) we will obtain the l aw of the change of the 

specific gravity of air throughout the atmosphere. 

Indeed, by knowing how Tis changed and also h with 

altitude from formula (2.27) we will obtain (when 

Y • o) 

(2.30) 

The division of formula (2.27) by formula 

(:2,30) gives 

n t ... _ 
JC:: - r-· • ..u. . ( 2 • 31 ) .. .... . 

n 
This function is designated H(1) •7r.:• Its .,, 

curve, obtained by calculation from formula (2.31) 

is also shown in Fig. 14. 

Let us turn to the consideration of peculiar• 

ities of the international standard ~tmosphere (MCA) [ISA]. It differs from the 

NAA by the disregard of at mospheric humidity and also by certain values of parameters 

of the air at sea level, In ISA these are accepted: T0 • 288°K; p0 • 0,125 

kgf•sec2/m4 (this correrJponds to n0 • 1.255 kgf/m3); Po= 1.0333 kgf/cm2 (or 760nm~). 

------........-·-,-..---

.. 
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At an altitude of 11 km above sea level the curve TY ls ISA has an angul ar point, 

which is inconvenient in the fulfillment of the calculation of trajectories by the 

numerical method, In other respects the character of the change of temperature and 

also the pressure and air density with altitude remains the same as in NAA, and 

therefore there ls no need to cite the curves of these functions, 

In fulfilling calculations of trajectories of rockets 1t is necessary to use 

tables for T(y), H(y), TT(y), which are given in books [13) and [26) and in other 

11 tera t ure. 

The temporary standard atmosphere [TSA-60](BCA-60) cai.tains a height distribution 

mean values of basic thermodynamic parameters and other physical characteristics 

of the atmosphere for al titudes up to 200 km. TSA-60 differs from NAA and lSA 

basically by the calculation of thermodynamic 

• 

r 

Fig. 15. Law of the change in 
temperature with altitude, 

parameters and physical characteristics up to 

altit udes of 200 km, 

Tables of TSA-60 contain values of 

temperature, barometric pressure, density, 

function of pre ssure and density, speed of 

sound, dynamic and kinematic coefficients of 

viscosity, acceleration of gravity, and the 

mean path of the molecules. 

The input value in the tables is altitude, 

The initial dependences are the laws of 

the change in temperature and molecular weight 

of the air depending upon altitude. 

According to the character of the change in temperature with altitude, the 

atmosphere ls divided into 10 layers (Fig, 15), in each of which a linear change 

ls set about of the "molecular" temperature by the so-called geopotential altitude 

~, determined from the equation 

• ,. ' ·-
-- .&I. ,, fu' (2.}2) 

The difference ls in the magnitude of the temperature gradient 

~.- :~· ( deg/m). 

The kinetic temperature ls connected with the molecular dependence 

/ • M 
~-T••-.;• 
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where M0 and Mare the molecular weight of air at sea level and at altitude y, 

For y • 0-95 km it is assumed M c const ... 28.966 g/mole .. Mo (therefore, up . 

to 95 km T • T11 ). At altitudes above 95 km, due to the dissociation of o~ygen, 

the moleuclar weight is changed according to the law 

M - 23 + l= V 14500()! - (y - 95000)1 

(when y • 200 lan, M • 27,114 g/mole). 

At these altitudes T is considered by the formula 
M 

r.-r .. + a •. (4>-4>.)~ 

wheret * and T correspond to the lower boundary of the layer within which the 

"* 
value of gradient a is constant. 

II 

A change in pressure with altitude is determined by the equation of vertical 

equilibrium of the atmosphere. Considering air an ideal gas and considering the 

change in g,. with altitude we will have 

(2.33) 

But since the acceleration of gT depends on altitude (2.16) we introduce 

function t. 

Substituting into formula (2.32) the value gT from the expression (2.16) and 

integrating from Oto y, we obtain the formula for the scaling of yon t: 

(2.34) 

where R
3 

is the mean radius of the earth. 

From formula (2.33), taking into account expression (2.,2), we will have 

'• I , - - W d'I>. 

Integrating expression (2.35) we obtain formulas for pressure: 

- in an isothermal layer (the same ae (2,4, etc) in Fig. 15): 

Ja I - It,. - 0,434294 -,),. ( fl> - (I).); 

(2.35) 

- in a. la,yer with the temperature variable according to the linear law (1. 3, etc,) 1 

fal-ltP - I , .. '•• +••(•-••; 
• .;I'• ,.. . 

where p* is the pressure on the lower boundary of the layer, 

Formulas for densities are analogous. 

The dynamic coefficient of viscosity is determined for altitudes up to 90 lan 

by the Sutherland formula 
... ( T • )''• 11 + 110.4 
r-l't )'; 1+110.4' 
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where T0 • 273,16°K; 

µ0 when T .. T0. 

The speed of sound is found from the expressiou 

a - V KfRT.,. 20,0463 VF m/ sec. 

I nit ial values of char ac t er i sti cs oft.he atmosphere (at sea level are determined 

on the basis of exper iroont s and theor etical dependence s: p0 • 1.03323 kgf/cm2 • 

0 
""760 mm Hg at lat itude 45 32 1 4011 at a t emperature T = 273.16°K and specific 

µ0 = 175°10-6 kgf,sec/m4; 

gravity 

13, 595 g/cm3; T0 = 288 .16°K; M0 = 28.966 g/mole ; 

2 
g0 = 9.80665 m/sec ; R = ~9 . 27 kgf-m/kgf , deg. 

§ 5, Influence of the Change in Meteorological Factors 
on t he Flight of Rockets 

Let us consider the quali t1at 1 ve influence vl' the change in meteorological 

fact ors at differ ent point s of the t ra jec tory of the flight of the rocket. 

First of all l et us dwel l on t he influence of air density p (or its specific 

gravity IT ) on the fl ight of rockets . An increase in air density leads to an increase 

in the value of all aerodynamic for ces and moments (including the resisting force 

to the flight of the r ocket), The increase in the resisting force to the f l i ght QJ; 

r ocket will cause a deceleration of the flight and, 

/IJUI 
J a 

• 

• 

. 

• 

-

~ 
I r ·- ISO, kg 

Fig. 16. Curve of the change 
in tractive force with 
altitude . . 

consequently, range. With an increase in air 

density, moreover, osciallations of the rocket 

around the center of the mass caused by some 

factors (shock during launch, gust of wind, and 

so forth) will attenuate more quickly. 

Let us now investigate the influence of the 

change in atr pressure on the flight of rock~ts. 

Air pressure directly affects the magnitude of the 

tractive force. 1 A decrease in air pressure 

increases the static componenet of the thrust i.e., 

the second component in the expression (1.12). If 

we remember that with altitude air pr essure quickly decreases, then it will become 

clear why tractive force increases in proportion to the ascent of the rocket 

upwards (Fig. 16). The cc,mparati ve ly small increase in tractive force is explained 

by the f act that the second components in expression (1.12), depending on air 

1Tract ive force= thrust [Tr. Ed. note], 

.......,....._,_,, .... _,.1,..r--_,...,. 



pressure, does not exceed 10-15~ the magnitude of tractive force, 

The influence of the change in air pressure on the flight of rockets occurs 

also through air density, From the equation of the state of air (2,25) one ca.i 

see that with an increase in h (with a constant temperature T) there occurs an 

increal1e in the specific gravity of air n ( or p = Il/g). Therefore, an increase 

1n h, for instance, will decrease the flying range of the rocket, and, inversely, 

1f the atmospheric pressur,e decreases then the air den&i ty decreas,:!s and the flying 

range increases. 

Let us see how the temperature of the air influences the flight of rockets. 

Thie influence is carried out in two ways. The first is through air density. A 

temperature rise (with a constant pressure), as the equation of state (2.25) shows, 

leads to a decrease in air density, which increases the flying range of rockets, 

Secondly the influence of temperature is carried out in the following way. If 

the temperature increases, the value of speed of sound in air increases, and 

since from physics it is known that th,. speed of sound is equal to 

where His the adiabatic index (for air His equal to 1,405). 

The relation ~ depends on the speed of sound, where vis the speed of flight 

of the rocket, An increase in a will decrease this relation. In turn the air 

resistance to the flight of t he rocket depends on ...J_. With low speeds of .the 
a 

flight a decrease in the relation ; will lead to a decrease in the air resistance 

and an increase in flying range of the rocket, and with high speeds of the flight 

(as a rule, supersonic), on the other hand, a decrease in the relation ~ 

increases the air resistance, and the flying range dacreases, 

As we sec the total influence of temperature on the flying range is complicated 

and requires for manifestation in each concrete case numerical calculations, 

The next meteorological factor, atmosphereic humidity, also influences the 

flight of rockets. Formula (2.26) shows that the value of virtual temperature 

depends on humidity, With an increase in humidity the virtual temperature is 

increased, We have Just now consid(:red what occurs with an increase in temperature, 

Let us add only the following, Atmospheric humidity is changed in rather wide 

range (from Oto 1.2~ content of water vapor per volume), but this changes the 

virtual temperature insignificantly, less than 1~. If we remember that humidity 
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basically is concentrated within the troposphere, it w11J become clear why it follows 

to consider the influence of humidity only with t.l1e firing of rockets at short 

distances when a great part of the tra.1ec tory is within the troposphere, 

Wind changes the direction and flying range of a rocket owing to the change 

in magnitude and direction of the relative speed uf its movement in air, 

The action of the wind on the rocket results in the turning of the axis of 

the rock,!'\; around the center of mass. On the powered flight trajectory when the 

rocket engine is operating, with the turn of tne axis the direction of the tractive 

force will also turn, Consequently, there w1ll appear an additional lateral 

component of thrust whi ch will deflect the rocket to the side of the calculated 

trajectory. 

Thus on a powered-flight trajectory the rocket will have two additional 

lateral forces applied to it: aerodynamic, created directly by the wind, and 

gas-dynamic, being part of the tractive force and caused by the turn of the axis 

of the rocket from the wind. Let us consider the influence of a cross wind on the 

flight c .' the rocket on the powered flight trajectoy and on the segment of free 

flight in the example of' a rocket whose center of mass A is nearer to the nose cone 

than point B of the application of resultant aerodynamic forces (Fig, 17), 

On the powered flight trajectory the direct influence of the cross wind with 

a speed w
60

K on the rocket creates an additional aerodynamic force R60K applied 

~t point B, This force is equivalent to force R6OK applied in the center of mass 

A of the rocket and to the force couple forming the moment 1'\5oK (reduction of force 

R to point A) This moment will cause the turn of the axis of the rocket at a 
6oK ' 

certain angle Aq> with reference to the tangent to the trajectory. At the same 

angle the line of for ce of thrust P turns. Let us expand force P on two components: 

P , in the direction of the tangent to the trajectory, and P~ , perpendicular 
Hae uOK 

to this tangent. 

From Fig, 17 one can see that forces R~ and P~ are applied at point A and 
uOK uOK 

directed to various sides. In order that the rocket be accelerated the tractive 

force should be greater than the aerodynamic r esisting forces. Therefore, it 

1s obtained that P6OK > R6OK and from action of wind the rocket will deviate to 

the side whence the wind blows, i.e., windward. 

There is a different picture on the segment of free flight: where there is 

no tractive force there is no P~ , and therefore the rocket will deviate under 
uOK 

~, ... -, ... ~,- -· ... ·--•---_..._.._ ______________ , _____ _ 
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the action ot torce ~ 01 to the Elide llhlch the wind 

blowa, i.e., leeward. Accurate calculation• ahow that 

with an identical croaa wind on the entire traJeotorJ 

the drift or rocket due to the action ot the wind on 

a powered flight traJector1 can be even aeveral 

times more than on the segment ot tree tlipit, and 

al though the deflection occurs to vario•Ja aidH the 

impact point or the rocket all the 1am will be 

deflected trom the plane or firing to the aide 

which the wind blowa. 

Besides the lateral component or the wind, a 

longitudinal component acta on the rocket directed 

along the tangent to the trajectory or the rocket 
. Pig. 17. Diagram or the 
power load or a rocket from flight or against the wind. The influence of this 
action of a cross wind 
with apeed wdo•• longitudinal component or the flight or the rocket 

11 directed with the rocket motion and decreaae1 them 

1r it acts opposite the direction of the flight or rocket. 

It should be stipulated that, repreaent1ng any wind by two componenta, lateral 

and longitudinal, we consider that the lateral component can be in any plane 

(horizontal, slanted) provided it 11 perpendicular to the tangent to the trajectory 

or the rocket. Such a deco1111>011t1on or wind into two componenets 11 convenient 

for the manifestation ot the qualitative influence or it on the flight or the rocket, 

Having considered influence or the Earth's gravitational field and 1ta 

atmoaphere on the flight of rockets, let ua turn to a detailed study of one of the 

basic force, applied to the rocket, air resistance which very conaiderably changes 

the parameters ot its motion in the trajectory. 

• 

.. 

• 
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CH APTER III 

THE INFLUENCE OF AIR RESISTANCE ON THE FLIOHT OF ROCKETS 

§ 1. Aerodynamic Forces and Moments Affecting a Rocket in Plight and 
Their Coefficients 

In the first chapter briefly all forces hav1,,r an effect on rocket, among 

them air resistance, are charac terized. Let us now consider this force in greater 

detail and the .. nfluence whi ch 1t has on the flight of rockets. 

The force of aerodynami ~ drag R is composed of forces or air pressure directed 

ulong the normals to the surface of the rocket and forces or air friction about 

this surface and tangent to it. This resultant force R is applied to the rocket 

at a ~oint whtch is called the center of pressure (point Din Pig. 18). Usually 

Pig. :t8. Diagram of the reduction 01' air 
resistance to the center of mass of the 
rocket A . . 

the center or preaaure does not 

coincide with the center of maaa 

or a rocket. Ir one were to 

lead the force or aerodynamic 

drag to the center or maaa or 

a rocket, as this waa done 1n 

the second chapter adding to 

the center or ma11 A two rorcea 

R1 and R" equal in magnitude to 

R, parallel to it, and directed to tli.e opposite sides, then the action or Ron the 

rocket will be the same as the action of the force R1 •Rand moment Ra formed by 

the t'orce couple R-R". Force If• applied in the center of maaa or the rocket 11 

called the main vector of r- e·:-odynamic forces, and moment 1
8

, the main moaent ot 

aerodynamic forces. The basic action of the main vector of aerodynamic forces • 



oona11t1 1n tbe deceleration ot the tlilht ot the rocat. Under the action ot the 

•1n .,..nt ot aerodynamic torcee the rotation ot the rockat around the center ot 

it■ -■1 occur,. 

How do we determine the magnitude, direction, and point or application ot R? 

'1'he direct aumution ot torcea or friction and preaaure conti oualy tr1buted 

on the aurtace ot the rocket are very COJll)l1cated and labor oue, nee tor th1a it 

11 nece11ary to know the law or d1atr1but1on or all these rorcea and to produce the 

COIIIP11cated calculatiooa. 

P1rat ot all let ua find the co111DOn formula tor air reoiatance. Prom 

phyaical conaiderat1ona it was established that air reaiatance depends on the rorm ~ 

and d1•naiona ot the rocket, the speed ot ita flight and rotation around the center 

ot maan, on air density a~d 1ta v1acoaity, on the speed or sound 1n air determined 

by ita temperature and influencing the diatribut1on or perturbations 1n the air, 

and alao on the position or the rocket in the trajectory, i.e., 

where v 11 the speed or the flight of the rocket; d - characteristic dimension or 

rocket (tor example, caliber)J p - air density;µ - coett1c1ent or v1acoa1ty ot 

airJ a - apeed or sound in air; w - inetantaneous angular velocity ot rotation ot 

the rocket around the center or maaa; a - angle or attack;~ - angle or alip. 

In formula (}.1) n considered the proceaa or the flowing around the rocket 

by stable air and did not consider the influence on R or heat radiation from the 

air to the eurface and certain other factors insignificantly changing the 

magnitude of the air rea1atance. The form of the rocket determines specific torm 

of tormula (}.1). 

Experiments confirm that there 11 auch a functional dependence (}.1). However, 

it 11 inconvenient since it haa too many independent variables. Ia it po111ble to 

decrease the number of parameters on which R depends? Yea, according to the theory 

of d1•na1on and similarity. Thia theory is called to give preliminary information 

for a qual1tat1vely-thaoret1cal analysis or complicated physical pheno111tna for 

which either there is no clear scheme described by mathematical dependence•, or 

if there 11 such a scheme the solution of mathematical dependence• de1cr1b1ft6 

it 11 encountered by inaoluable d1ff1cult1ea. With the help of the theory of 

d1mena1on and similarity it waa poaaible not only to convert the form ot the 

functional dependence (}.1) 10 that the independent variable• would be d1111n1ionle11, 
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but alao to reduce them by three. Aa a reault we obtained the toraula 

R-~·~·•(~. : : ~. a; J). 
where• 1a the sign or a certain functional dependence. 

In general: 

where ,-i(.-is the velocity pressure; s-!f is the area or the middle aection 

of the rocket; ~ is the number of M; CR is the d1menaionlesa aerodynamic 

coefficient dependent on a number of factors (M, a, P, and others), 
..!!!.-' Experiments show that in separate cases factors , ••• a, and P weakly 

affect R, and it is possible not to consider them. For instance, in the theory ot 

the flight the following formula obtained in the assumption of the cotnc1dence ot 

the longitudinal axis of the rocket with a tangent to the trajectory 1a widespread; 

where C. (:) or C.(M) 11 the coefficient (sometimes function) drag. 

However, the theory of dimension and similarity is powerless to determine 

concretely the form of the functional dependence CR or Cx; it is different for 

bodies of different form and can b~ determined either by experiments or theoretically 

according to the approximate scheme of physical phenomena with the flowing around 

the rocket by air (the latter is rarely successful), 

Investigation with the help of the theory or dimension and similarity permitte,d 

obtaining the following formula for tt1! magn1 tude or the main moment or aerodynamic 

forces Ra: 

where, besides the earlier designated magnitudes, i is the character1atic di•na1on 

of the rocket (for instcllce, length); mis the d1mena1onleaa aerodynamic 

coefficient dependent on the form of the rocket, its position in the trajectory, 

the speed or rotation, and so forth, 

Dependences (3,3) and (3,5) are useful and for the separate components 

If and Ra' 

Let us expand the main vector of aerodynamic forces on components along tlow 

axes (X, Y, Z) and connected (X1, Y1, z1) systems of coordinates (Pig. 19), Thea• 

components have the following names: 

I 

l 

I 

11 

I 

I 
I 

l 

l 



----------------------

a) 1n the cont1nuoua ayatem ot coord1nateas X - drqJ Y - l1ttJ Z - lateral 

torce; b) 1n the coMected ayetem ot coordinatees x1 - longitudinal torceJ 

Y1 - nor•l torceJ z1 - lateral force. 

COllll)C)Mnte ot the main moant or aerodynamic torcee in continuoue and coMected 

ayat•• have the following deeignat1one1 Xx and ' - momnte or bank in 

continuoue and connected 1y1te• or coordinatee reepectively; My and My - yawing 
1 . 

110a1nte; ~ and ~ - pitching momnte (eometime they are called longitudinal 
1 

moante). 

By knowing component• R or~ in any eystem or coordinate■, it 11 eaay find 

their values. Por instance: 

Directions of Rand Mare determined 

by three values of angles which can be 

calculated by the formulas: 

Pig. 19. lxpanaion of the main vector 
ot aerodynamic torcee R' on component■ in 
connected and coninuoue 1y1tema of 
coordinate 1. or 

M 
COi <, .. Jl) - -At..: 

X 
~ -(.C. R>-y; 

, 
coe(,,R)-y; 

COi( .. R>-¾, 

Inaemuch ae the nam11 or part of the component• If and R coincide then it 11 

certainly necessary to cit9 not only the magnitude ot these componenta, but alao 

to stipulate to what eyatem of coordinates they belong. 

In aerodynamic design■ it 1a more convenient to deal not with the component• 

or torcea nnd momenta, but with their coefficients. In accordance with tormulaa 

C,. :,) and C:,. 5) we can aaaume that 

• 
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x-c,tS; 
r-c,.s, 
z-c.,,s; 
M1- ■.rfSl, 
M,-·•,fSI; 
M.-•.fSI, 

where ex, CY, Cz, ~• ~• mz are the corresponding dimensionless coefficients ot 

forces and moments in the continuous system of coordinates, 

In the connected system of coordinates components~ and Ra are determined by 

formulas analogous to formula (3,6) but having the index 1 in designations or 

components of forces and momen t s and their coefficients, 

Names of coefficients include names of those components or forces or momnta 

which they characterize, For instance: <., - drag coeff1c1.ent; C - coefficient 
X Xi 

of longitudinal force; 

system of coordinates; 

system of coordinates, 

mz - coefficient of pitching moment in t.hd continuoua 

~ - coefficient of the pitching moment in the connected 
1 

From expression (3,6) one can see that values of coefficients of forces and 

moments differ from values of the very forces and moments by co-factors qS for forces 

and qSi for moments, which are reducdd in both parts of the equality (3,7), 

Therefore, formulas connecting the forces and moments will be th'! same for the 

connection between their coefficients, For instance, from Fig, 19 the dependence 

is evident between components of force R in the continuous and connected systema 

of coordinates: 

x - x, COi <.c.. .c> + r, cos c,, . .s> + z, co1 <•, . .s); 
f - X, COi (.s1, J) + Y1 COi (.1a, .,) + Z1 COi (.11, .,); 

Z - X, COi (.Sa, 1) + Y1 COi (.,,, 1) + Z1 COi (•1, •~ 

Consequently, coefficients of these forces will satisfy the following analogous 

dependence11 

c1 .-: c •. eo1 <.c.~ .s\ + c,, co,<,,.~>+ c .. co1 <1, . .c); I 
c,-c., cot(~,.,>+ c,, c01(y1,.1) + c .. co1(.1a,,>; I 
C• - C1 , COi (-'t, •) + C,. COi (,11, 1) + C .. COi (•1, .I~ 



JOl'IIUlaa tor the coetticienta ot .,_nta will be analogoua to ,,.1), and in the■ 

it ia neceaaary to aubatitute ~ instead ot CXi. 

Subaequently we will deal not with the forces and mo•nta, but with their 

urodynaaic coetticienta, r •lllbering that magnitudes or the torcea and momnta 

the•elvea Will eaa1ly be d termined by the tormula (J.6). 

It ia neceaaary to conlider t hat tor the convenience of calcula tlon or 

traJect1.>ries ot guided rockets in equations or motion (1.16) and (1.17) the control 

forcea and momnta are considered separately. Therefore, in such ca■ea, deterlllinlng 

the urodynamic coerr10ient1 one should not take into account thoae 1urrace1 or 

the rocket which participate in the creation of control tor cea. 

lor convenience of calculation, aerodynamic coerr1c1ent1 are divided into 

separate coJll)onenta. 

The drag coefficient or a rocket 11 

c.-c.,+ c., + c., + c .•. (3.8) 

where C 11 tht: coefficient or friction determining the portion or forces or 
Xr 

friction in the drag or the rocket; ex 11 the drag coefficient from pressure 
p 

along the normal to the surface or the rocket; in case or the flight or a rocket 

•1th 1uper1on10 speed ex • 
p 

appearance of shock waves; 

coerr1cient or base drag. 

e , wave drag coefficient, thus called because or the 
x, 

ex 1a the coefficient or induced drag; ex 11 the 
1 ~ 

Let us explain the physical meaning or coefficients or base and induced drags. 

During the flying rocket iu its bottom part a region or lowered pre11ure will be 

rormd in comparison with the pressure or ambient air. Thia occurs because or the 

flow separation from the surface or the narrowing part or the rocket which 11 

accOJll)anied ~Y energy eddy formation. 

The existence in the tall part or the rocket of a zone or re,luced preuure 

increases the general real stance or the air, since in the determln,,tlon or 

aerodynamic forces (anci, consequently, their coefficients) the dlft'erence in 

pre11ure1 in perturbed and unperturbed air 11 considered, 1.e., the so-called exceaa 

pressure. In the case or the flow separation in the tall part or the rocket 

excess pressure negative (a vacuum ls for•d and the air re111tance to the 

move•nt of the rocket increases. The pressure of unperturbed air 11 considered 

in the formula or the tractive farce or a Jet engine (1.10). 

.. 



----
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It a ~ocket has a wing or tin there noticeably appears a litt effect on the 

drag force, which leads to the creation or induced drag, Thia occur■ becauae the 

vector of 11ft or the rocket Y turns opposite the direction or the flight at a 

certain angle and gives the component Xi, induced drag (Pig. 20c). The turn 

b) , 

r, 
c) 

Fig, 20. Diagram of the formation of induced 
drag or the wing: 

a) eddy "moustaches" formed with the flowing 
around of the wing induces speed V~cp; 

b ) V M ep slopes the flow at angle t:.a; 

c) drift or flow turns the vector of lift at 
t:.a leads to the creation of the force of induced 
drag xi. 

1a caused by the additional 

speed of directed (induced) 

eddy "mouata hes" descending 

from the wing under the action 

or the incident flow (Pig, 20a). 

These eddies, N. Ye. Zhukov1kiy. 

and N. A. Chaplygin thowed, 

appear with the flowing around 

or the wing by the air flow. 

The induced speed 1a directed 

downwards fromthe 1urrace ot 

the wing and being added with 

the approach stream velocity 

slopes it downwards (Pig. 20b), 

This changes the angle or 

attack and leads to the turn of the lift vector and creation or induced drag. 

The coefficient or force of induced drag, as shown calculations and experiment,, 

confirm can be determined thusly: 

. C .. ¾c: . .- . . '. . ' . 
(3.9) 

where is the wing aspect ratio; 1 is the wing span; S 1a the wing area 

in the plan. 

From formula (3.9) one can see that the greater Cy and the smaller~, the 

bigger the coefficient or the force of induced drag. 

With the calculation or coefficients of lifting and lateral forces and all 

moments we usually divide them only into two components, taking into consideration 

frictional forces and forces or pressure on the normals to the surface or the rocket. 

For instance, the coefficient of 11ft is 

c,-c;,+c,r 

where C is the coefficient dependent on frict on; and CY is the coefficient 
Yr p 
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dapenclent on pre11ur~. 

Purtheraore, 1,n cal9ulation1 ot rotary (oscillatory) 110tion ot rocJlllt ll'Ound 

the center ot 1ta ma11, it 11 more convenient to Hparate trom the vector ot the 

•in 110ant ot aerodynamic rorcea with help ot the theory ot d1mn11on and 

11111lar1ty, that part ot it which cau1e1 duiping or the rotation or the ~ocat. 

Thi■ part 1a the momnt or damping I. The nature or th11 moment involve■ the air 
.ll 

re111tance to the oscillatory 110tion or the rocket in the trajectory. 

Lit u■ a11ume that, for inatance, the rocket revolvea around 1ta center ot 

ma11 in a vertical plane with angular velocity wz (Pig. 18). Then separate point, 

ot the aurtace or the rocket will have speed v• con111ting of the geometric ,um 

ot the apeed ot forward motion ot the rocket v and the peripheral velocity v
01

p, 

1.e., i• • i + i . Thia will lead to the change ot th~ local angle ot attack 
Olp 

at mgnitude t.a, which 1a determined tran the triangle ot apeed (Pig. 18) in the 
V 

following way: t.a .. arctg ~ or, becauae or the amallneaaea or the qua.,t1ty 
v w r w r 
~ • ! , a more limple formula t.a : ! , where r 11 the radiua or rotatio"l ot 

the conaidered point. With the change of the local angle or attack 11ft alao 

changea at magnitude t.Y proportional to t.a. The reduction to the center ot maa1 

ot the rocket of all forces or t.Y applied to beparate points or the aurface of 

the rocket will replace them by certain additional 11ft Y and moment or damping N . 
.ll .ll 

Prom Pig. 18 one can aee that forcea or t.y having an effect on the lett part 

of the rocket are directed downward• and on the right part, upwards. There1·ore, the 

magnitude ot force YA appeara amall and with calculationa 11 usually not conaidered. 

Therefore, with the derivation or dependence t,.4) the amall ettect ot angular 

velocity or rotation w waa indicated on the magnitude ot the main vector ot a 

aerodynamic torcea. 

It 11 another matter with the moment or damping. Porcea ot t.Y on the left 

and on the right or the center or the ma11 or the rocket tend• to revolve . it to one 

aide, and the moment or damping proves to tie conaiderable. Calculation■ 1how that 

the magni_tude or the moment or damping 11 ..ij_~ of the whole moment affecting the 

rocket. The momnt ot damping 11 alway, directed oppoaite the rotation ot the 

ro~ket and tenda to brake and die out. 

The theory ot dimenaion and limilarity give■ auch an expre111on tor the a,ant 

ot damping: 



• 

where m 1a a certain coett1c1ent dependent on the form ot the rockat, number ot X, 
A , 

and other magnitudes. 

If we conaider what f• 'f, then we can write 

(:,.10) 

where mA 1a the coefficient of the moment of damping diftei ing trom m; by the 

co-factor 1/2. 

If the rocket flies on the rectilinear section of the trajectory and oacillatea 

around the center of mass in the vertical plane with a apeed ~ • a, formula (:,.10) : 

permits writing 

(:,.11) 

Thus, if one were to consider the moment of damping s~parately, the vector ot 

the main moment of all aerodynamic forcea can be repreaented b~ the sum 

R
8 

• R
0

'!' + RA, where R
0

T is the stabilizing or tilting moment. 

'I'he names "stabilizing" (sometimes "restoring") and "tilting" indicate 

direction of action of the vector R'
0

T. If, for instance, the pitching moment "z 
is directed so that it tends to decrease the angle of attack of the rockat a 

obtained by 1t by some causes, then it ia called stabilizing and the rocket 1taelf, 

statically atable. If, however; "z tenda to 1ncreaae a it is called tilting and 

the rocket, statically unstable. For a statically atable rocket the center or 

pressure is located after the center of mass (Fig. 18) and for a atatically 

unstable rocket inversely. Let us recall that the moment created by the CCl\trola 

1a conaidered separately and does not enter into 10
,.- Therefore, the concept or 

static stability does not reflect the actual atab111ty of guided rockets in 

trajectory. Even the statically unstable rocket can be fully atable on the 

trajectory due to the correct operation of the control ayatem. Then it 11 called 

dynamtcally atable. The stability or the flight or rocket• 11 related in greater. 

detail in the aixth chapter. 

Let µs atudy one more force separated from the main vector of aerodynaatc 

forces. Figure 21. ahows the mechanism of appearance of this force called the Na&nua 

force. Figure 21a depicts a rocket streamlined by the counterflow ot air with apeed 

v., revolving with angular velocity wx around 1ta axia and being at an angle ot 
1 

attack a to the direction of the counterflow. The tranaverae part ot the incident 

flow with speed V•non 1nteracta with particles or air dragged into rotation by 
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the 1urtace ot the ro\ at ( Pig. 21b). At the place where the tlowa 1111et there 

will be an increased pressure, and at the place where they are directed equally, 

a) b) 

Pig. 21. Diagram of formation of the 
Magn-121 force: 
a) revolving around 1ta longitudinal 
axla the rocket is 1n the flow of air 
at angle of attack a; b) diagram of 
the flowing around of a rocket of a 
transverse component of incident air 
flow. 

• a decreased preaaure. As a result 

of such red1atr1but1on or pressure, 

1n comparison with the case ot the 

absence of rotation of the rocket, force 

Rua 1a obtained ( Pig. 21b) which 

is perpendicular to the plane of 

resistance and revolves together with 

thio plane. 

The theory of dimension and 

similarity permits finding the following 

form of the formula for Magnus force: 

(}.12) 

wh, re Ca 11 the coefficient of Magnus force; wx is the angular velocity of 
Ma 1 

rotation of the rocket around the longitudinal axis symmetry (ox1), 

Pormula (}.12) shows that the Magnus force is proportional to wx, and 
1 therefore the largest value will be for rockets and missiles atLo111zed in the 

traJectory of rotation around its axis with a great angular velocity (tor instance, 

turboJet missiles). But also in this case the specific influence of this force is 
comparatively small, In the calculation of trajectories ~erodynamic coefficients 

obtained without taking into account the influence of rotation of the rocket 

around its axis are used. The Magnus force is applied at the point not coinciding 
with the center of the mass of the rocket and therfore gives the moment tilth 

respect to the center of mass, which is not sufficiently studied at present. 

Thus far we have considered the flows of air circumfluent the- rocket to be 

stable. However, in practice we must study the unsteady flows of ~1r and their 

influence on the aerodynamic coefficients of rockets. Where do• find the 

characteristic unsteady flowing around of the rocket? In the first place with 

sharp maneuvers of the rocket when the flow rate of air near the separate places 

of the surface of the rocket are changed by a considerable mangitude for a short 

i nterval of time. The same is obtained during the influence on the rocket of wind 
gust. 



Furthermore, the oscillatory motion of the rocket around the center of mass 

and also the vibrncion of insufficiently rigid se ctions of the body ~ing, and fins 

also lead to the unsteady flow of ai.1.• at the surface of the rocket. 

The complexity of solving problems of unsteady flows forces us to seek 

approximate solutions, Wi t h this goal we apply a3sumptions simplifying the 

complicated phenomenon of the unsteady flow. Thus, for instance, we consider that 

the aerodynami c for ces and moments effe ctive in the plane XOY (Fig. 19) is not 

influenced by the motion of the rocket in other planes although strictly speaking 

this is not true. Al so ver y f r equent ly the applied assumption about the fact that 

the magnitudes of l ift and pit ching moment are proportional to the angle of attack 

a turns out to be correct only f or limited values of angles of attack. However, 

practi cally rockets are always rather well stabilized in the trajectory and their 

angular displacements ar e compar a tively small, and therefore the above-mentioned 

assumptions turn out to be fu l l y acceptable, 

Considerable simplifi cations are introduced into the calculation by the 

hypothesis of stationarity, whi ch assumes that aerodynamic forces and moments during 

the unsteady flow depend only on values ~f the speed V of forward and w of rotational 

motions of rocket and on values of angles of attack a and slip~ at each given moment 

of time. This assumption can be applied with the sufficiently smooth change or 

speed of forward and rotational motion of the rocket. One of the causes making the 

hypothesis of stationarity inappli cable is the delay of the downwash. 

Let us consider this phenomenon in the example of a winged rocket with the 

fins located b~hind the wing (Fig. 64b). The flow encounters the wing at an angle 

of attack a, and passing it slopes at angle t; therefore the fine are flowed around 

at an angle a-E, The l ar ger a the large~£. The time necessary for the flow to 

pass the distance from the wing to the fins will be designated At. Then during the 

change in the flight of the 4ngle of attack of the wing a with speed~• a at 

any moment of time the fins will be flowed around at an angle of attack which had 

to appear earlier for the time At, If, for instance, a is increased, then as 

compared to the steady flow (in the case of a flight with a• con.at) the fins, 

because of the delay of downwash, wi ll be flowed around at a smaller angle of 

attack and will create actually a smaller lift and smaller pitching moment. 

Therefore, from values of lift and pitching moment, determined by the hypothesis 

of stationarity, one should subtract corresponding magnitudes. These correction 



magnitudes are proportional to the change of angle Aa, which the larger it la the 

greater the angle a is changed. If one were to consider that the change of a 

during the tim·!I At is equal to a•At, then it is possible to understand why the 

corrections introduced into values of aerodynamic coefficients of 11ft Cy and 

pitching moment~ are directly proportional to a. 

Thus, taking into account the assumptions made with the unsteady character of 

the flowing around of the rocket by the air flow, the following can be assumed: 

c, - c,. + "> + c;.; 
•,- .. ,. + ... ,.+* 

(3.13) 

(3.14) 

where C and m_ are values of coefficients of 11ft and pitching moment respectively '~ 
Yo zO -~ 

when a• a• O; c~ and~ are static derivatives of coefficients of lift and 
• • 

pitching moment respectively at the angle of attack; C~ and~ are rotary 
• derivatives of coefficients of lil't and pitching moment at a. 

The rotary derivative (at~) is also called magnitude mi in expression (3.10) 

for the moment of damping. 

The influence of the unsteady character flowing around the rotket by air at 

the magnitude of drag coefficient ex 1a very complicated and as yet is insufficiently 

developed. 

Prom expressions (3.6), (3.13), and (3.14) for symmetric rockets for which 

C • ~ • O, with the condition of applicability of the hypothesis of stationarity, 
Yo 0 

the following formulas are obtained: 

(3.15) 

(3.16) 

In conclusion we give typical curves of the most widespread aerodynamic 

coefficients as functions of the angle of attack (Fig. 22) and the M (Mach) 

number (Figa. 23 and 24). 

,I 

.. • 
Fig. 22. Curve of 
dependences C, C, 

X y 
and~ on the angle 
of attack a. 

• • 
Fig. 23. Curve of depen­
dence• C, C, and m 

X y ·-z 
on the M number. 
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curve of dependences 

on the Mach number. 
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§ 2. Theoretical Bases of the Determination of Aerodynamic 
Forces and Moments 

For the ca~culation of the trajectory of a rocket and its oac1llatory motion 

it is necessary to know the magnitude of all the components of aerodynamic force• 

and moments at any moment of the time of flight. By what means will we solve thia 

problem'' 

I~ ihe first place the obtaining of aerodynamic properties of a rocket is 

stipulated by calculation either from tables or graphs, or by empirical formulas 

reflecting the r esults of earlier conducted experiments, or by formulas obtained 

theoretically. The advantages of these means are evident: it is not necessary to 

conduct any experiments. Results are obtained rel~tively quickly even when there 

is only a sketch of the rocket, i.e., in the first stage of its design. The 

usually low accuracy, small interval of application of empirical formulas, and 

great labor-consumingness of calculation according to exact theoretical formulas 

are insufficient. 

In second place , it is possib le to make a model of a rocket in reduced scale 

and to subject it to tests in wind tunnels simulatin~ the interaction of the 

rocket with the atmosphere during its flight. But ai experiment in wind tunnels 

does not simulate the flight of a rocket accurately enough, and therefore, the 

aerodynamic characteristics are determined with errors which in separate cases 

can be ve ry great. Besides wi nd tunnels, for carrying out the experiments reaction 

trolleyd fixed on rails are used. A rocket or its nose cone is put on the trolley. 

Models of a rocket or its nose cune are also tested. The rocket motor acclerates 

the trolley with the studied object to the required speed, and transducers installed 

on it give the necessary information as to the speed, acceleration, cour1e, forces 

and others. By processing the obtained data it is possible to calculate the force• 

effective on the rocket and their coefficients. 

Tests for the purpose of the determination of aerodynamic coefficients are also 

conducted on aeroballistic tracks by means of firing a model from a special gun or 

artillery piece. The flight of model on trajectory is recorded by different 

methods (optical, magnetic, etc~ or is photographed. 

In the third place, if a rocket already is made and can be launched, then 

with the help of di ffe rent transducers and telemetric equipment tranam1tt1ng 

readings of the transducers to Earth and also by conducting observation■ of the 
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' 
,rocket flight with the help or different recording equipment set up on Earth it is 

possible to obtain the necessary data and to calculate the magnitude or certain 

components or aerodynamic forces and moments in different time intervals or the 

flight, As we see this way proposes the carrying out of flying tests or a rocket, 

Plying tests are usually conducted during the final adjustment of the rocket in 

the last stage of its creation, 

Each or the methods of testing has its advantages and deficiencies; during 

the adjustment of the model they complement one another, 

As aerodynamic characteristics of the rocket in wind tunnels are obtained during 

flying tests and also by calculation they will be related later, since at first 

it is necessary to study the theoretical bases or the determination or aerodynamic 

characteristics, 

The science which permits the determining of aerodynamic forces and moments 

is called by aerodynamics, Without a knowledge of the bases of aerodynamics it 

is impossible to determine not only by theoretical means the aerodynamic 

characteristics or a rocket but also to find them by experimental data, 

In aerodynamics themethod of converting motion is often applied, which consists 

in the following, The flight of the rocket with velocity v with respect to the 

atmosphere (Fig. 25a.), is replaced by the flowing around of the motionless rocket 

by air with the same velocity V • v (Fig, 25b). This turns out to be more 

convenient for the theoretical solution or the problem of the interaction 

, .. -

a) . b) 

Fig. 25, Diagram illust~at1ng the method of the 
conversion of motion: aJ flight of the rocket 
in a motionless atmosphere with the speed v; 
b) airflow around the motionless rocket with the 
speed V • . v, 

on the rocket with air 

and 1B immediately realized 

in wind tunnels where flow of 

air on the motionless model 

of the rocket is forced with 

the necessary velocity, The 

correctness of the method of 

the conversion of motion is 

confirmed by the many years of practical application, 

Practice shows that, first of all, one should study the flow of air in the 

layer directly adjacent to the streamlined surface of the rocket, Really the flow 

in this shell determines the power influence of air on the rocket (frictional 

force and force of pressure) as well as the laws of transmission of heat from air 
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to the r,urface of the rocket and inversely. It appears that in ~rder t c recognize 

how the air in this shell flows it ls necessary to know how it f ).ows and in the more 

distant layers from the rocket. In other words, it is necessary to determine 

the pattern of air flow near the rocket as a whole, The study of the flow of air 

around the rocket permi tted es tablishing that the flow at various points has a 

difference resulting in the manifestation of forces of the internal friction in 

air (vis cosity ). Experiments show that the faster the speed of the flow of air 

changes the greater the f or ces of inter:1al friction in 1t and inversely. Let us 

give formula of Newt on wel l -known from physi cs and well confirmed by experiment: 

~v 
w-117,, 

where t ls the shearing stress from forces of friction in air in kgf/m2 (frictional 

force occurring on 1 m
2 of s r f a1~e ); ~ is the velocity gradient in s;c , shows 

how fast the airspeed changes along the coordinate y directed along the normals 

to the dire ction of the flow of l iquid; µ is the dynamic coefficient of the 

2 
viscosity of liquid at kgf ,se c/m. 

For air µ~ 2•10- kgf •se c/m2 (smal l ). Therefore the forces of viscosity 

noticeable appear only in those places of the flow where the gradients of speed 

are great, for instance , in dire ct pr oximity to the streamlined surface of the 

rocket. The point ls that parti cles of air totiching the surface of the rocket 

as if they adherP. to it and have a speed equal to zero, OW1ng to the internal 

friction of the par ti cles of air located further from the streamlined surface will 

have a greater speed than the particles located nearer to the surface of the 

rocket. The speed of the air par ticles will increase in proportion to the distance 

from the surface of the rocket , However, this increase is not infinite and in 

a comparatively short distance the speed attains such a value which would be at 

'( 

Fig, 26, Change in the speed 
of flow V according to t he 

X 
thickness of the boundary 
layer. 

' 
this point of the flow if we did not consider 

the influence of the internal friction, 1,e., 

for ces vis cos ity in air, This le the boundary 

layer. 

The boundary layer is called the region 

of flow directly adjoining the streamlined 

surface of the body in which the influence of forces 

of viscosity of liquid appears (air and, in 

general, gases) on its motion. The remaining part 



-- ----- ---

of the flow called free flow. In order better to understand this let us consider 

the typi<al picture of the change of speed in the boW'ldary layer (Pig. 26). At 

point "O" or the surface streamlined by air we place the rectangular system or 

· coordinates in ouch a manner that the Y axis goes along the external normal to 

the surface or the rocket. With an increase in y the horizontal projection of the 

apeed Vx is increased, and the angle~ of the slope tangent to the curve Vx(Y) 

decreases. Mathematically this ls expressed by a decrease in the gradient of speed 
dV 
~ in proportion to the distance from the streamlined surface. The place should 

o.y dV 
be where d~ • o. With this y • 6. ~he magnitude 6 ls called the thickness of the 

boundary layer, It is ~sually smalJ ln comparison with dlmenalons of the stream­

lined body. For i nstance, with the airflow around the wing 6 consists of several 

hundredths or even thousandths of a chord of t)le profile of the wing. 

With the approximation of y to 6 the speed Vx 1s changed so slowly that it 

1s practically difficult to determine the boundary separating the boundary layer 

from the remaining part of the flow. Therefore, 6 1s found from the condition 

Vx • 0.99 V, 1.e., th~ thickness of the boundary layer is considered to that place 

where the speed in the boundary layer Vx differs from the speed in the free flow 

V by a magnitude of approximately 1~. 

Outside the boundary layer the viscosity of the air practically does not 

affect on its flow. Therefore, it can be considered non-viscous or, as is said, 

an ideal liquid. 

Thus the whole flow is conditionally divided into two parts: boundary layer 

and free flow. In each of these parts properties of the air idealized, and in 

calculations we deal not. with the real air but · tth its model. As a rule models 

of air are allotted different properties. In the free flow the air can be considered 

an ideal compressible liquid, but within the boundary layer it is not possible to 

~ consider the compre1s1b111tj i.e., to consider the air as a viscous incompressible 

liquid. 

Such a division of the flow i~to two parts and the application of simplified 

models of air in each of these parts of flow permits with sufficient accuracy for 

practice the describing of the interaction of tlE flying rocket with air by 

equationa and the solving of these equations. 

Let us allot these models the property of continuity. This means that however 
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small the volume of air is considered the properties of dr in this volume will 

rem.~in constant. In this case it is possible to use differential calculus, i.e., 

to operate with such a volume of air the dimensions of which are differentidlS or 

coordinates (infinitesimal). 

With common conditions at the s urface of the Earth 1 mm3 or air contains 

27•1015 molecules. Such a huge quantity of molecules in a small volume allows 

considering the air as a solid ( continuous) medium. For a great discharging (in 

high layers of the a tmosphere) air can no longer be considered continuous. 

Peculiarities of aerodynamics of the flight of rockets in the high layers or 

the atmosphere will consider separately. 

Let us agree further that the models of air are electrically neutral. In 

this case it is possible not to consider the presence in air or a certain quantity 

of electrically charged particles (electrons and ions). This will allow not to take 

into account the force of interaction of the air with eloctrical and magnetic 

fields. 

Moreover, we will consider that in air no physical and chemical transformations 

occur with the release or absorption of energy. 

With the made as umptions at any point of the flow the air will be characterized 

by the following parameters: pressure p (kgf/cm2), mass density p (kgf•aec2/m4), 

temperature in absolute s cale T(°K), and velocity vector or the motion V or the 

given infinitesimal volume of air in the vicinity of the considered point. 

All these parameters are continuous functions or coordinates of the given 

point x, y, z and time t, i.e., 

•. p(x,y,1,t), p(x.y,1,t), T( .~,y,1,t) and V(x.y,1,t~ (3.17) 

These functions can have regions of break in the case or the appearance or 

so-called compression shocks, the theory of which will be considered at the end or 

the chapter. 

Flows of air described by functioos (3.17) are called by spatial unsteady 

( nonste.tionary). This is the most common form of flows but also the moat 

complicated. Among the elementary functions it is almost impoeaible to detect 

suitable ones or the expression of p, p, T and V. Therefore, in practice we try 

the flows by simpler ones but with similar properties to replace. So we usually 

consider the .steady ( stationary) flows, the parameters of which do not depend on 

time t. 



The still simpler flowa appear ~o be the flat or axiaymmetric flows for which 

p, p T and V depend only on the two coordinates. The simples flow ie the 

one-dimensional steady flow. For auch a flow p(x), p(x), T(x)., and V(x) are 

functions of only one coordinate. 

Baaic Laws of Aerodynamics and Their A~plication in the Theory of 
Rocket Fl1gh s 

To aolve the probleffi of aerodynamics for any point (x, y, z) ot the flow of 

air around the rocket at any moment of time we must find p, p, T, ~~d V. Thia 

will be sufficient for the determination of for ces of influence of the air on 

a rocket of any form, since it will be poaaible to simulate all forces from 

pressure along the surface of the rocket, normal and tangent the components which 

determine the desired force. 

To detect the four unknown functions, p, p, T, and V, it 1a necessary to have 

four initial equations. These equations are called the principal equations of 

aerodynamics and reflect the most common properties of the flow of air satisfying 

the laws of mechanics. The principal equations are: equation of state, equation 

of discontinuity, equation of motion, and equation of energy. Inasmuch as these 

equations represent the principal interest, we will consider them in detail. 

Equation of State 

Experiments show that with the change of any two parameters from three 

(p, p, and T) the third parameter quite definitely changes. This occurs in both 

moving and motionless air. Consequently the parameters p, p, and Tare connected 

by the dependence determined by the molecular structure of air and called the 

equation of state. Into the equation of state different constants of c1 which 

characterize certain properties of air also enter. In common form the equation of 

state has the form 

For different gases and also for different conditions in which they are found 

many equations of state are known. The contemporary kinetic theory of gases 

permits determining the constants in the equation of state for any gas if for it 

the different characteristics (including those obtained by spectral analysis) are 

known. 
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The frequently applied equation in aerodynamics is 

,-oRT (R - gas constant) 

called in physics the equat ion of state of an ideal gas. 

(3.18) 

The equation of state is used for parameters of gas at a point. However, 

sometimes the parameters of gas i n some volume are taken as the average for the whole 

volume, for instance, in the chamher of a jet engine, and then the equation or 

state is used for these aver age par ameters. 

Fur incompressible l iquids the equation of state appears very simply: 

p-= const. 

Equation of Discont inuity 

The equation of dis continuity is such an equation which expresses the law 

of conservation of mass: the mass of substance does not disappear and appear 

again. Therefore, there exists a quite definite relation between airspeed and 

air density: 

ip I d d 
-.+ "c,v.>+-,;<,v,>+ ,.c,v,>-n 

This is the equation of discontinuity. 

For steady flows ft• 0 the equation of discontinuity 18 simplified and 

has the form 

.. ' ' "1i (pV,) +-,; (pV,) +,; (pV,)-Q 

(}.19) 

(3.20) 

For the incompressible liquid p • conat the equation of discontinuity is still 

simpler: 

(}. 21) 

For the limited definite section of the one-dimensional steady flow the 

equation of discontinuity 1s obtained from the f ollowing considerations. A mass 

of air flowing in a unit of time through any section of the flow should be the 

same. Otherwise either the law of conservation of the mass will be disturbed or 

the flow will not be steady, since betweens .ne sections the mass of air will 

not be steady, since between some sections the mass of air will begin to be increased 

or de creased. But the magnitude of the mass of air flowing in a unit of time 

through the section of flow Fis equal to pVF. Therefore, the equation of 

discontinuity will have form 

pVF-conat. (}.22) 



Equation of Motion 

The equation of motion represents one of principal laws of mechanics: the 

produce of the mass of a body by its acceleration 1s equal to the force applied to 

the body. Let us apply 1t to the mass of air included in the elementary volume, 

and the equations of motion will formulate consecutively along all three axes of 

the coordinates. As a result we will obtain the following system of equations of 

motion 1n projections on the axis of coordinates 1n the form of Euler: 

(3.23) 

With the derivative of formulas (3.18) mass forces (for instance, the force 

of weight) and frictional force were not considered, since 1t 1s established that 

for air they are small as compared to forces of pressure. 

For one-dimensional steady flow the equation of motion will have the form 

or 

v,v+ll..-o. 
. , 

The integral of this equation has the form 

f .... r 7 '.":' const 

and 1s called the Bernoulli equation, which ls correct for the elementary 

(1nf1n1tely thin) stream of air. 

Equation of Energy 

(3.24) 

(3.25) 

The equation of energy expresses the law of the conservation 01' energy in the 

flow of air. The law of the conservation of energy indicates that energy doee not 

disappear and does not appear again and only passes from one form to another in 

equivalent quantities, What transitions of forms of energy occur in the air flows? 

From physics it is known that gas possesses internal (i.e., kinetic energy of 

molecules of gas in their chaoti c body motion) and potential energy (1.e., energy 

of the position of molecules of gas). If the gas occurring in the flow moves, 
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then it still has kinetic energy dependent on the speed or the tlow. Moreover, 
in the flows or gas there occurs internal friction between the individual 
particles or gas and friction of gas against the surface circumtluoua to it. Work 
of the forces of friction in irreversible form passes to heat, which by •ans of 
thermal conduction and radiation can be dispersed in the gaa and to be transmitted 
to the objects surrounding it. 

How are the forms of energy of gas expressed? 

The internal energy of the unit of weight of gas (1 kgf) 11 equal to cvT' . 
where cv is the specific heat capacity or gas in kcal/kgf•deg and T 11 the temperature 
of gas in degrees of absolute scale, 

The potential energy of 1 kgf or gas can be determined by the work ot the force■ 
of pressure expended on the compression of it without friction, and heat supply 
and removal up to the given pressure p and density p. The magnitude ot this work 
is equal to IL, and with the help of t he equation of state p • gpRT can be expre11td gp 
in terms of temperature and will be RT (kgf-m/kgt). With the determination ot 
potential energy the work forces of weight was not considered, which in the air 
flows circumfluent the rocket in flight is small in comparison with the work er 
forces of pressure in these flows. 

The kinetic energy of 1 kgt gas movir.g w1 th speed V 11 equal to fs ( kgt-m/ktg). 
If one were to designate the work of forces of friction in 1 kgf air L 

TP and quantity of supplied (or removed from it) heat tQ respectively, then th•t law 
of conservation of energy in the steady flow of air will be expreaaed by i;he 

following formula: 
• AV-eJ'+ARI'+ _..+AL.,+ Q-c:onlt. 

. . 

In this formula all forms of energy are determined in thermal uni ts with the 
help of the thermal equivalent of mechanical work A• ~4,~!• We uae equation 
(3.26) for the unit of weight (or mass) of gas moving in the flow in ita trajectory. 

In fordaula (3.26) it 1s convenient to consider the internal and potential 
energy of 'air together, since each of these forms of energy depends on the 

temperature T. Introducing the concept of enthalpy 1 • cvT + ART, i.e., equal to 
the sum of the internal and potential energy and considering that cv +AR• cp, 
w~ o~tain 

I+ 4t + ~ +·Q~ comt. . ' 

<,.21) 



where t • cpT, and cp is the specific heat capacity of air with the constant 

pressure in kcal/kgf•deg, 

In aerodynamics we most frequently deal with adiabatic processes, 1.e., such 

proceuea during which the air does not obtain heat externally and does not 

return heat. With this Q • Q • AL , 1.e,, the heat will be f ormed only owing 
Tp Tp 

to the work of forces of fri ction in air. 

In this case equation (3.27) is simplified and takes the form 

(3.28) 

We should say that it is possible to arrive at the same form of equation of 

energy by not only considering the pro ess to be adiabati c, but not taking into 

account the force of friction (LTp • o) in air. 

One more form of the re cording of the equation of energy will be obtained 

after the following transformations of equation (3 .~8): 
V· JL. T+--,.-conlt, 

where 
II -e T•f-e ,_L_ t, .L-~.1.; 
A , , AR, t, - e. , • - I , 

C 

since gr• lo- from formula (~.18) and k • ..R., 
p CV 

Thus, the equation of energy can be written thusly: 

va t L T+ r-,-·, -conlt. (3.29} 

For the elementary stream of air in the flow around the rocket it is possible 

from the equation of energy (3.29) to obtain the equation of the adiabatic curve. 

For this let us use the equation of motion (3.24) and equation of state (3.18). 

Differentiating equation (3, 29) and compar i ng i t wi th equation (3. 24) we get 

• ,,(L)·-2.. 1'=r , , 
After simple transformations we obtain ordinary first order differential 

equation with the separable variab l es: 

~ -•·.!L , , . 
. 

by integrating which fr om p0 to p and from p0 t o p we obtai n the equation of the 

adiabatic curve: 

In those cases when there ar e no i r reversible transitions of energy of the flow 

of air into heat and the entropy is cons t ant, equation (3.30} is called also the 
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equation entropy. 

Thus we obtained the basic equations describing the motion of air as an 

ideal compressible liquid, These are the equations of etate (3.18) diacontlnuity 

(3.20), motion (3.23), and energy (3.28). Together they form the system of 

equations whi ch permits determining the unknowns p, p, T, Vx' Vy, Vz for any point 

ofaasigned flow with definite boundary conditions (for instance, the contlnuoua 

fl owing around of the surface of the rocket). 

Let us show how the fundamental equations of aerodynamics are applied during 

rocket flight in the Earth's atmosphere by sufficiently simple but important 

examples for underfitandlng the essence of the phenomena. 

First of all let us turn to the one-dimensional ls entropic steady flow or 

ail'. The f ormulan obtained for such a flow will be useful for the flow of air 

inside the thin (elementary) streams but are applied for such real flow, which 

occur with the flow of gas through the nozzle, channels, etc, 

Let us obtain the formulas by which knowing the airspeed in aoine section of 

t he flow, it ls possible to cal culate· the temperature pressure, and density of it 

in the same section. In the equation of energy (3.28) we determine the quantity 

on the right side for such a section of the flow where V • O. The parameters of 

air 1n the section are called parameters of braking and are supplied by the index 

"o." We obtain 

whence 

From the formula for the speed of sound, well-known from physics, •~v.lf~ we find 
a2 

T • lcglf and substitute it into expression (3.31). 

Then 

(3.32) 

C 

Rememberl~g that AR• cp - cv' and k • c!• and designating~ • M, from formula 

(3. 32) we find 

(3.33) 

The Mach number is a dimensionless speed and applied widely in aerodynamics. 

Applying the equation of 

Po • S+Jr/To for parameters of 

the adiabatic curve (3.30) and equation or atate 
I •. t 

braking we get { ¥°i1=r -~and(-¥}r-r -,. and 



therefore considering formula (3.33) will find 

(3. 35) 

Dependences (3.33), (3.34), and (3.35) permit us by the M_ number charac­

terizing the speed of rocket (or the speed of air incident on the motionless rocket) 

and also by air parameters Pao• Pao• and T., determined at the altitude of the flight 

of the rocket, for instance, according to tables of the international standard 

atmosphere (26], to determine the parameters of braking of air p
0, p

0
, and T0. 

These magnitudes will in reality exist at the point of the rocket where the 

airspeed circumfluent its surface is equal to zero. Such a point is called the 

critical point of the rocket. Parameters of braking char acterize either force (p0) 

or thermal (T0) influence of air on the roc ket. They enter into empirical and 

theoretica l formulas applied in the the ory of the flight of rockets. Substituting 

into formulas {3.33), {3.34), and {3.35) M_, P., Pao• and Tao,we find the desired 

dependences for the parameters of braking: 

T,- T. ( I + a 2. 
1 

• M~); 

I 

,_ ... ,.(1 + .!i1-·M~)A; 
I 

"' = p - ( I +. • 2 I • M~ )r-1 .• 

(3.36) 

(3.37) 

(3. 38) 

Now let us see how to find the speed of a one-dimensional flow in any section 

of it. For this we will turn to the equation of discontim1.1ty (3.22), from which 

it is clear that first of all 1t is necessary t o know for snme section 1\ are 

values p
1 

and v
1

. Then, finding the value pVF = p
1

V
1

F
1 

• cons t of the right side 

of formula (3. 22} we wil l be able , excluding p, t o find the dependence V{F} of the 

flow rate or M number fr om the are a of its se ction . However, this dependence is 

complicated to obtain and in practice wa use be fore hand the composed tables. For 

instance, by the Mach number we can find IL., L T F p*V* , where the parameters 
Po Po'~•,;• pT 

marked by the ln rl =x * a1'c determined at that poi nt of flow where V • a and are 

called critical parameters of the flow. 

Further let us study the theory of shock waves. 

With the interaction of bodies with supersonic flows of gas (or with the 

motion of bodies in motionless gases with supersonic speed) regions appear in 
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which parameters of gas change extremely fast and intermittently. Such regions 

are called co"1)ress1on or shock (ballistic) waves. The naroo "shock wave" reflects 

a sharp intermittent increase in the density of gas at the front (on the surface) 

of this sudden increase . 

Experi~nce shows that it is otherwise impossible to change the supersonic 

flow of gas, to subsonic flow ae transferring it through the shock wave. Therefore, 

during the flights of rockets within the atmosphere at such a sptred when at least 

on one section adj acent to streamlined surface of the rocket there appears 

supersonic speed a shock wave wil l evidently appear. The minimum value of the 

speed of the rocket during which shock waves appear is called the critical apeed 

of the rocket. The magnitude of this speed is less than the speed or sound, since 

the flow of air incident on the surface of the rocket 1s accelerated, and the local 

velocities or it can be considerably greater than the speed of the flight or the 

rocket. 

With the appearance of shock waves near the flying rocket the phenomenon ot 

shock stall approaches. The resistance of the flight of the rocket during a 

shock stall sharply increase, t~e lift decreases, and, moreover, vibrations can 

appear which are dangerous for the strength of the separate parts of the rocket (for 

inst·ance, the wing or fin) vibration. Therefore, it is necesaary to understand 

thoroughly the nature of shockwaves and to learn to calculate the parameters of 

gas during them. Without this it is 1Mposs1ble to determine the aerodynamic 

characteristics of a rocket flying at a speed exceeding its critical velocity and 

it is Jmpossible to find measures of control with the harmful aftereffects of the 

shock stall and also by experimental means to determine by pressure measurements 

the magnitude of the supersoni c speed, 

The nature of the shock waves is connected with the specific (special) 

character of the propagation of weak perturbations (sound waves) during the motion 

of the source of perturbations with supersonic speed in a motionless gaa. If the 

source of the perturbations in the form or a material point, the di1111naions of 

which are negligible, will be motionless, the waves or the weak perturbation are 

evenly spread to all sides with the same speed a, the speed of sound. The surface 

of the wave of the weak perturbation is a sphere with the radius r • at, where~ ­

is the time which elapsed from the moment of the formation of this wave (Pig. 27•). 

A different picture will be observed with the motion of the point source or 
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weak perturbations in motionless 

gas with speed V greater than the 

speed of sound a (Fig. 27b). 

Let us designate the position of 

the source of weak perturbatio: s 

in terms of equal intervals of time 

by figures o, 1, 2, and 3, At 

Pig, 27. Propagation of weak perturbations 
( sound waves): 

first it was at position 0, and 

a) with a stationary source, b) with the 
motion of this source in air with super­

at the considered moment upon 

the expiration of the interval of sonic speed. 

time 3t it 1hifted to position 3 passing 3Vt, During the time 3t the wave of weak 

perturbations, having formed at point 0, will pass 3at and occupy the position of 

the sphere with a radius 3at and with the center at point 0, The wave of pertur­

bations, having formed at point 1, by the considered moment of time will be a 

sphere with the radius 2at and with the center at point 1, since from the moment 

of its formation only the time 2t elapsed, By this same cause the wave which was 

formed at the moment of the findin~ of the source of weak perturbations at point 

2 will be a sphere with a radius at, Finally at the considered moment the source 

of weak pertu.•bations is at point 3, and the wave only starts to be formed and 

the radius of the sphere of it is equal to zero. 

It can be easily proved that all the spheres touch in one straight line 

emanating from point 3, i.e., they are inside the circular cone with the summit 

,,t this point. Indeed the line 3-2 1 -1'-0', touching all the spheres in the plane 

of Fig, 27b, is a striaght line, since triangles 3-2-2 1 , 3-1-1 1 , and 3-0-01 are 

similar as straight lines having an identical ratio of left legs to the hypotenuses: 

2-t II • 
-r=l'"-~--v; 
1-l' ., • 
-r=r - lVf - 'V: 
o-cr a., • s=T-m---v· 

Thus we see that with the motion of thepoint source of weak pertubations with 

supersonic aound all the pertubatlons spread only inside the cone with the angle 

at the summitµ• arc sin V' orµ• arc sink Forming this cone ls the line 
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of w.ak perturbations, since at any moment of time at each point one sphere of 

we ak perturbations touches. This line of weak perturbation• ia called the Mach 

l i n~ or charac teristic line, Let us recall that on the line of weak perturbations 

all the parameters of gas are changed to infinitesimals, and therefore the line of 

weak perturbations is not the shock wave, 

How is it possible to explain the appearance of shock waves? They are formed 

during the motion with the supersonic speed of a body the surface of which can be 

considered consisting of an infinitely large quantity of material points, each of 

which is the source of weak perturbations. Therefore, in separate regions of space 

a) 

Fig. 28 ,- Forms of shock waves : 
a ) curvilinear; b) linear; c ) oblique 

near the body a multiple 1U11111ation 

of an infinitely large quantity of 

weak perturbation• occurs1 the 

parameters of gas in the1e regions 

are now changed not to 1nf1n1tes1mals 

but to f1n1toa. Theae regions are 

shock waves, zones of a sharp intermittent increase in den11ty, pre11ure and 

t emperature of gas . 

Shoc k waves can be complicated surfaces with curvilinear generating lines. 

With the entry into dense layers of the atmosphere of the head blunt part of the 

rocket with supersoni c speed the shock wave (Fig, 28a), w1ll be curvilinear 

and de parting from the streamlined surface, If the blunting of the nose cone is 

made fl at, then for t he curvilinear shock wave there will be a brightly expressed 

sec ti on ca lled the normal shock ( Fig. 28b ), th'? front of normal shock wave is 

perpendic ular to the direction of flow. Frequently oblique shock waves are observed . 

These are rectilinear shocks, the front of which ~1th the direction of the flow 

consists of an angle less than a right angle. Oblique shocks are formed (Pig. 28c), 

efore the conical pointed noae cones of rockets and before wing1 and t1n1 

having a profile in the form of a wedge or rhomb and are characteristic in that they 

are adjoint to the streamlined surface, i.e., they touch it at least at one point. 

What is the thickness of the shock waves? If the gas ia non-viacoua and do 

not conduct heat, the thickness of the ehock wave is equal to zero. Only an 

approximate answer can be given to this question for real gas. For thia it 11 

necessar y with the help of fundamental equations of aerodynamics to 1nveat1gate 

with what greatest speed the paranw!ters of a viscous gas can be changed in space 
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taking into acc ount the losses of heat to rad1at1or, and the thermal conduction and 

liberation of heat fr om the work of internal forces of friction in the gas. Such 

an investigation shows that the thi ckness of t he shock wave l s close to the mean 

value of the route of the free path of mole cules in gas and has an order of 

magnitude of v, where vis the kinematic modulus of viscosity of gas and a is the a 

speed of s ound i n the gas . For air under normal conditions the thickness of the 

shock wave is close to 1 0- 5 mm. Therefore, in calculati ons it ls possible to 

consider the shock waves as infinitely thin and to depi ct them as surfaces and 

lines . 

To calculate a shock wave we must know the parameters of gas befor·e the shock 

and find the par ameters of gas after the shock. Mathematical formulas depend on 

the state of gas after the shock. If the speed of the r ocket ls such that the Ma ch 

number attains 5-6 , the properties of air after the shock practically do not change 

(the case of constant he at capaci ty). With Ma ch numbers from 5-6 to 7-8, in 

conne ct ion with the great increase in a ir t emperature after the shock, the 

specific heat capacities pr ove t o be not constan t but depende t~ t on temperature 

( the case o..' variable of heat capacity). Fina lly, with Mach numbers of more than 

7-8 the temperature after the shock increases so much that air molecules begin to 

break and disintegr ate into at0ms, and then a thermal dissociation of molecules 

occurs . Properties of air af t er the shock are changed and depend on the re la tive 

number of disintegrating moleucles , 1. e ., on the degree of dissoci ation whi ch 

depends on the t emper ature and to a l esser degree on pressure (the case of 

calculation of dissociation). 

Let us consider the most complicated case of the calculation of dhisoclation 

in the example of the fl owing around of a wedge-shaped pr ofil e by an undi stur bed 

flow of air when an oblique shock wave appears (Fig. 29). The obtained ca l culation 

Fig. 29. Diagram of oblique 
shock wave with the flowing 
around of the wedge by a 
supersoni c flow of air. 

dependences will be useful for the curvilinear 

shock if it ls divided into a suffi ciently large 

quantity of oblique shocks (replacement of the 

curve by the broken line). 

An experiment shows that advanc ing on the 

wedge-shaped profile with angle~, the undisturbed 

supersonic flow (with speed v1 ) will turn also at 

angle ~ and wi ll be f l ow along the surface of the 
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wedge with speed v2 < v1 , where a turn will be carried out with the transition of 

the stream of air thr~ugh the front of the oblique shock wave, Thua after the shock 

wave there wi l l be a unifor m f low but with another direction and different velocity, 

With the t r ansit i on thr ough the shock wave all parameters of gaa will be changed 

by the shock, but a l ong the shock (both before it a nd after it) the parameters of 

air wi ll r emai n the same . This expla ins why t he t angent component of the airspeed 

be f or e the shock v
1 1 

i s not change d and is equal to the tangent component of the 

airspeed aft er the shock v21 , 1. e ,, v1T • v2T. Really 1f the component of speed 

changes it s magnitude · long t he shoc k, then the cause of this could be only a 

change of pre s sure along the shock, whi ch experimer: tally even for cons!derable 

lengths of the shock is not observed. 

First of all le t us examine in essence the physical phenomena with ~he 

transition of a parti cle of air through the front of the shock, We already know 

that t he thi ckness of the shoc k wave is extremely small, and therefore the change 

of pressure 0n a parti cle of air transient through the shock will occur exceptionally 

fast. The parti cl e wi l l be as if subjected to a blow, During this blow, owing 

t o the work of for ces of internal friction, part of the energy of the particle 

wi ll change irre versibly into heat, which after a short time of the proce11 will 

not succeed in abandoning the particle neither by radiation nor thermal conduction 

and i n additi on wi ll in crease its temperature, From what has been 1aid it is clear 

t ha t the pr ocess of transi tion t hrough the shock can be considered adiabatic, but 

i t i s imposs ible t o cons ider it isentropic since the entropy of air S besides 1a 

sharp l y i ncreased. 

Let us compose the system of equations connecting the parameters of air before 

the shock with the par ameters of air after the shock, First let us appropriate 

i ndex 1, and sec ondly index 2, 

According t o the l aw of the conservation of mass, the maaa or a particle of 

air whi ch per unit of time will intersect the front of a shock wave through a 

unit of its s urface on the norma l to this surface should not be changed, therefore 

The change of momentum of the considered mass should be equal to the pulse 

having an effect on this mass of force, and conaequentlJ 
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where (p
2

- p
1

) i s the di ff~ r ence of pressures on t he air part ial intersecting the 

front of the shock wave. This differe nce is numeri cally equal to power 

applied to this parti cle , i nas much as the time ac ti on i s equal t o unity , and the 

area on whi ch the pressure ac ts is a lso equal to one . 

The following wil l be the equation of the conservation of energy of air 

before and after the shoc k wave : 

(3. 41) 

during the writing of whi ch it was t aken i nto account that the work of for ces of 

friction L irrevers ibly trans ferred part of the energy of air into he at Q, which 
Tp 

completely resembled · n i ncrease in the entha lpy of air after the shock wave, 

In other words, on the right side of the equation (3.41) two components Q and AL TP 

equal in magnitude are mutually destroyed, 

For the air both before and after the shock the equati on of state of idea l 

gas wll l be correct , i . e ., 

Pa -=1P1 -~• T, and Pa==Da·~• T . ... ,, ..., . 
where µicp' µ20p are mean molecular weights of a ir respectively before and after 

the shock; R
0 

is the universal gas cons tant. 

Di viding these equations by each other we obt ain 

.I!. - .1!... T, . 1'1,, ,. ,. T. ... , . (3. 42) 

Let us use the property of the tangent components of speed v1 T = v2T, and 

the n from triangles of expansion of spee1s before and after the shock (Fig. 29) we 

get 

1, e , I 

(3.43) 

where a is the angl e between the front of the shock and direction of the incident 

flow ( angle of shock), 

The f ollowing two equations a lso are obtained from triangles of expansion of 

speeds : 

v,. -= V, 1in 8; 
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Earlier it was noted that with the dissociation the properties of air after 

the Jump depend on the degree of dissociation and are determined by temp~rature T2 
and pressure p2. Therefore the dependences for 12, a2, s2, and µ

20p are 

compl i ca t ed and ar e obta i ned after thermodynami c calculations in the f orm of 

t ~bles or gr aphs [14]. 

The sys t em of equati ons is closed by the formula f or the transition from the 
;iow r at e a f t er shock waves t o the Mach number: 

M.
. v, --... (3.46) 

I n the ob t ained system of twelve equation~ lfour of them are given by t ables 
or gr aphs for 12, a2, s2, and µ20p) there are the following twelve 

P• ,- T., V., v ... M., 8, t,. a,. . s., l'ltr V,r 

unknowns: 

Wi th this the followi ng parame ters of the gas before the shock should be 

known: cp
1

, k1, p1 , p1, T1 , v1 , M1, 11 , a1 , s1, µtop' and f3, which are given not 
arbitrari ly since they ar e connec ted with each other by a numb&r of relationships. 

For instance , 11 = cp
1

T1; 

To sol ve the obt ained 

v1 
~ = a

1
, etc , 

system of equation comparatively simple ~thods have 

been developed , If we will deal with the normal shock these methods are simplified, 
s i nce 0 = rr/2; s in2e • 1 ; V • 1n Usually we determine the 

par ameters of air by these methods in the case of variable heat capacities. 

Methods for the case of cons t ant heat capacities appear considerabl '" simpler, 

i . e ., when M < 5-, since µ20p = µ1, and instead of graphs or tables for t 2, a2, 
s2 simp le formu las ar e usefu l . Fr om results of calculations tables are compiled 

al b wi ng an ea sy and quick determination for air from k • 1. 4 to Mi_ and f3 of the 
p p T 

angle of the shock and al so..£;~;/ and the pressure ratio of deceleration 
P1 P1 1 p 

afte r the shock to the impact press ure before the shock ...l.Q. 
P10 

For a pr actical app licati on of the calculat ions of shock waves, for the case 
of a const ant heat capac ity it is conve nient to use graphs of shock fields (Fig. 30). 
The shock polar ls the geometri c p lace of the ends of the velocity vector after 

the shoc k V 2., wh ich i s obtained with the ass igned Mi_ and k numbers of the incident 

flow if we change the angle of the wedge f3 and hold the beginning of vector V 2 
all the time at one point (the pole ). Essentially the shock polar is a hodograph 
of speed v2 after the shock. 

The shoc k polar permits finding the magnitude v2 and also the angle of the 
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shock 8, For this it follows from the pole O to conduct a line at an angle of the 

wedge t3 to the crossing with the shoc k polar plotted for the required M:i_ (or v1) 

r 

Fig , 30, Graph of a shock polar. 

and k at poi nt p, The segment Op 

determine s the magnitude v2, and the 

angle between axis OVx and perpendicular 

to the line ~p will be the angle 8, 

If the angle of wedge t3 approaches 

to zero, then with the help of the polar 

it is possible to establish that v2 

tends to v1 (intensity of the shock 

drops, but the angle of the shock 0 
1 

tends to the magnitude arc sin M:i,' i,e., 

the shock turns into a line of weak perturbations which as it was earlier established 

exac tly forms with the ve ctor of the incident flow V, angle µ. 
1 • arc oin Mi'. 

-'-

If we i ncr ease angle t3 the end of vector v2 will come to point g, and v2 

will be equal to the critical ve l oc ity a*, If angles of t3 are such that the t:nd 

of v2 is on the shoc k polar from point g to point r, then the speed after the 

oblique shock wave will be subsonic (smaller than a* ), i.e., after the oblique 

shock w ve the flow of gas can be both supersonic and 

shock t j e flow r ate wlll a lways be subsonic and equal 

shock mi the sho ck polar corresponds t o point S, 

subsonic, After the normal 
*2 a to v2 • V.. The normal 
1 

What wil l be with the shoc k wave if angle t3 continues t o i ncrease exceeding 

the value of t3 corresponding to the contact of line Or of the shock polar at 
Hp 

point r? Consequently , f or this case on the shock pol c:.r it is imposs i ble to determine 

ne ither the magnitude v2 or val ue 0 for the oblique shock, This means that the 

oblique shock ceases t o be re ctilinear and when t3 > t3Kp is turned into a curvilinear 

departing shoc k. An experiment confirms such a re covery, The greater the 

departure and bend of the shock the grea ter the angle of wedge f3, With an increase 

in the number of M1 
of the i nc ident fl ow the departure of the shock from the point 

of wedge inversely de creases , 

The segment of the shock polar from point S to point r is useful for 

calc ulating the de parting curvilinear shock if i t is considered consisting of a 

suffi ci ently large quant l ty of separate rectilinear shocks, 1. e., the curvilinear 

front of the shock is replaced by the broken line, To determine the magnitude of 
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vel ocity v2 after some segment the curvilinear shock it is necessary to know the 

angle of inclination of this shock e1 to vector v1• By plotting the line at this 

a.ngle from the pole O and dropping a perpendicular on it from point t, we will find 

the line of crossing of this perpendiculsr and segment Sr of the shock the polar 

point u of the end of the desired speed v2i. 

The form of the curvilinear departing shock, if it ls possible to reproduce 

the exper l ment, can be obtained by me ans of photographing this shock. In the case 

of' absence of experimental data t he form of Jump can be revealed only by means or 

a very compli cated and bulky calculation producible on electronic digital computers. 

Some of these s uch calculations were made by P. I. Chushkin and N. P. Shulishlna (15], 

who computed tables allowing to determine coordinates of the curvilinear departing 

shock during the flight of conical bodies in air blunted by the sphere or ellipsoid, 

with different Mach numbers. In these ta.bles wave drag coefficients or such conical 

bodies are also given. 

Let us note the interesting peculiarity of the flow of gas after the 

curvilinear shock: the irrltatlonal and lsentropic flow past such a shock ceases 

t o be both irrotatlonal and isentropic. This occurs because the intensity of the 

shock at different places of it ls different. In the average part of the curvilinear 

shock a segment of the normal shock can be found; according to the removal from 

this segment the angle of the shock decreases, and the intensity of the variation 

of parameters of gas past the shock also decreas&s. Particles of gas on adjacent 

traje ct ories will have a different speed and different value of entropy. This 

wi ll l ead to the fact that a transverse gradient of speed will be formed 

which will cause turbulence of the flow. I~ spite of the fact that the entropy 

particles of gas along trajectories after the shock wi l l not noticeably be changed 

its value is different for different trajectories, and the flow cannot be considered 

ise ntropi c (with identical entropy). 

If, however, the shock is rectilinear (normal or oblique) these phencmena do 

not occur, and after the shock the flow will remain irrotational and isentr~~ic. 

When the curvature of the shock is small in the first approximation the flow after 

the shoc k can also be consider irrotational and lsentropic, 

-81-



§ 4. Theoretical Determination of Aerouynamic 
Coefficients 

The theoretical determination of aerodynamic coefficients encounters great 

difficulties mainly mathemati cal. Considering ·; olume and assignment of this book 

we l imit ourselves onl~ to the simplest examples. 

We start from the determination of aerodynami c coe fficients considering the 

fri ctional force of ai r aga inst the surface of a rocket flying in it. For this 

purpose let us consider the plat e in the f l ow of air and then we will extend the 

obtained data to the rocke t . For a clarification of forces of friction of air 

LJ inst the str eamlined surface it is necessary t o consider regularities of fl ow 

of air in the boundary l ayer. We will consider the air within the boundary layer 

of the viscous incompressible ltq~ld. It is possible to consider the influence of 

compressibility of air ori 1.ts flow in the boundary layer by means of the introduction 

of correctives into formul as obtained for an incompressible liquid. 

Let us consider for simplicity only the plane steady flow, i.e., that during 

all parameters of air are only funct ions of coordinates x and y (Fig. 26). In 

practice in very many cases the variaticns of parameters of air accordlng to 

width of the boundary layer are insignificant, and tt.ere f ·..,re the results of the 

solution of the two-dimensional problem are widely applied, 

Let us analyze the flow of air in the boundary la1er. For this let us see 

how the fundamental equatjons of aerodynamics will appear for the considered case. 

The equation of state for an incompressible liquid will be the conditlon p • const. 

The continuity equation for the plane flow is obtained from the formula (3.21) 

IV-1. + IV, 0. u ,.,-- (3.47) 

From formula (3.25) when p • const we obtain the 1n~c~ral of the equation of 

motion (Bernoulli equation) 

v• 
2 + f-conn. (3.48) 

The equation of motion for a viscous liquid from the equation of motion in 

the form of Euler (3.23) should differ by the presence of the components, 

considering the forces of internal friction which we, not making a complicated 

derivation, designate Nx and NY: 

(3,49) 
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,v, ,v, ~ 
v .. h+ V,o;---w.+Nr 

In such a form (t aki ng into account the forces of viscosity) the given 

equations are called Nav i er -Stokes equations. 

( 3, 50) 

A direct solution t o tr. ~ system of the equati on for the boundary layer is very 

ompli ca ted and succeeds only with the very simplest boundar y conditions. For 

lnst~nce , the ac curat e so uti on of ~he motion of a vis cous liquid near a thin plate 

el onging t o academi ci n N. Ye . Kochin (1944), is we ll -known. 

Ana lyz ing the order of comp onents i n equations (3.49) and (3.50), it is 

possible t o conclude that 

(3. 51) 

This is the mos t important result of the analysis of the boundary layer. 

From formula (3. ?1) it follows that the pressure about the thickness of the 

oundary layer is constan t and such that 1t is on the boundary between the free 

fl ow and boundary layer. In other words, the boundary layer does not change the 

pressure in a free flow, and the refore the hypothesis about the absence of a reverse 

boundary layer effect on the free flow is correct. The above mentioned permits 

calcula.ting the pressure at the streamlined surface by formulas of an ideal 

compressible liquid in a free flow and, by measuring the pressure at the wall of 

the flow, comparing it with the calculation, checking thereby the accuracy of the 

mat 1ematical formulas and the calculations themselves. The error connected with 

the dis regard of thickness of the bo ndary layer is small, since the boundary layer 1 

is usually thin. 

When does that which has been said about the constancy of pressure along the 

thickness of the boundary layer not take place? In the first place when 6 is 

commensurable with the dimensions of the rocket, which occurs at the end of the 

long streamlined surfaces and, secondly, in the zone of interaction of the shock 

wa ve with the boundary layer where the pressure along the thickness of the 

boundary layer is variable, 

Pararreters of air in the boundary layer and, consequently, frictional forces 

agalnJt the streamlined surface essentially depend on the conditions of the flow, 

which can be laminar or turbulent, With the laminar flow particles of air move 

along smooth trajectories not being mixed; the flow itself has a laminar 

character. With the turbulent flow particles of air move along the complicated 



trajectories, shift in a transverse direction from layer to layer, and are mixed, 

The airspeed and other parameters at a given point of the turbulent flow are changed 

in time near the me an va lue. These varia tions of the parameters have a random 

charact er and ar e cal led pulsation. Strictly spe aking , the turbulent fl ow i J 

always transient, However , i f wer e to apply the mean constant value of the 

parameters of air (p, p, T, and V) then such an averaged turbulent flow will be 

steady, and f or it t he ear lier ob t ained dependenc es wi ll be correc t . 

Let us look at the typi cal streamline air flow of some body (Flg.31). In the 

nose se ction of the body there appears a laminar boundary layer a (Fig, 31), 

Further with the increase of the flow rate 

it passes to the turbulent boundary layer 

c in which, however always in direct 

proximity to the streamlined surface 

can separate the laminar sub-layer f, 

The transition from the laminar to 

Fig, 31, Boundary layer with the turbulent conditions of flow occurs not 
flowing around of a body by an air flow: 
a - laminar boundary layer; b - trans­ at once but within the certain transition 
ition layer; c- turbulent boundary layer; 1 yer b 
d - curve of speed in a turbulent layer; a • 
e - curve of speed in a laminar layer; The 
f - laminar sublayer, conditions of flow in the boundary 

layer can be recognize with the help of 

the dimensionless Reynolds number 

R,- v,, • .. 
where Vis the fl ow r ate; dis the characteristic dimension of the ~treamlined 

surface, pis the mass air density; µ isthe coefficient of viscosity of air, 

'l'ne physical meaning of Re is that it is the standard of the relation of 

forces of inertia t o for ces of viscosity in air, The larger Re is the greater the 

share is apportioned to for ces of inertia (pV is the monentum of unit volume of air) 

and the smaller the forces of vis cosity(µ determines th~ force of viscosity). 

With this, 0f course, dis t ortions appear eaaier of trajectories of particles of 

air, whirling and mixing, since the forces of viscosity cannot oversome the action 

of different accident a l pulses appearing in the Rir, The transition from laminar 

to turbulent conditions of flow is determined by ReKp' a certain critical value of 

the number Re, If Re< Re then the laminar flow occurs; if, however, Re> ReKp Kp 
then there is the tur bulent flow, 
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Other things be 1ng equal the ve locity curves in the turbulent boundary layer 

is mor e c anple te than i n lami nar , but the fri ct ional forces are greater (d and e 

i n Fi g, 31}. This is explained by the difference in the mechanism of friction i n 

air , Wjth th laminar fl ow fri cti on i s carried out owi ng to shifts in mo l ecules 

of a ir i n the ir O$ ci llatory moti on from a layer with one speed to a layer with · 

another speed, With the turbule t f low such shifts carry out whole particles of 

air , Therefor e , t he equa l i zi ng of the speed along the thi ckness of the flow occurs 

faste r . 

Exper i ments showed that a change in the speed along the thi ckness of the 

boundar y layer can be descr ibed by t he following dependence s Vx(y); 

V = a + by + cy2 + dy3 - for lami nar condi t ions of the flow, X 

whe r e a , b, c and d - are coefficients determined from physical 
consi dera t ions; 

Vx = ✓ (f ) 1/7 - fo r ur bu l ent condit ions of t he flow, 

(3. 52} 

(3. 53) 

Applying f ormulas (3 . 52 } and (3.53} from equations (3.47), (3.48), (3.49), and 

(3. 51 } one can determine the charac teristics magnitudes of the boundary layer at 

a plate with a length L located at an angle of attack a• O in the undisturbed flow 

of alr with t he speed v •. Perturbations of the flow caused by such a plate are 

negl i gi ble , s o that the speed on the boundary of the free flow and boundary layer 

is everywhere equal t o v., but the pressure is constant and equal to P., the preasure 

i n an undt oturbed flow, Thus, for instance , for a laminar boundary layer the 

thi ckness of it 6 at distance x from the beginning of the plate proves to be equal 

to 

V •"' where R,.- ---;-• 
(3. 54) 

From formula ( 3, 54} one can see that the thickness of the boundary layer is 

larger , the larger x andµ are and the smaller p and v •. 
The coefficient of friction of t r.e laminar boundary layer Cr, determining 

the frictional force of air against the plate Xr • CrqS, is from the expreasion 

R 
.. _,., 

where •a.•-- . .. 
C l,'t ,,-~· 

Analogous formulas for the turbulent boundary layer have the form 

•-~ d C G.074 filT an ,- .pr· 
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A comparison of the basic parameters of laminar and turbulent boundary layers 

leads to the following to conclusions . 

For the turbulent boundary layer : 

- V increases more qui ckly along the thi ckness of the boundary layer (curve 
X 

of speeds is fuller ); 

- the thi ckne ss of the boundary layer along the length of the plate increases 

more quickly; 

the coefficient of fri ctional force is greater than for the laminar boundary 

layer , i.e., the turbulent friction is greater than the laminar; 

the l arger the number Re, the ;nore the parameters of the laminar and turbule nt 

boundary layers differ. 

Using these conclusions the designers of rockets try to make the profiles of 

wings and other surface s in such a way that the boundary layer is laminar, and the 

force of aerodynami c drag to the flight smaller. 

Formulas obtained for the plate are the basis of a widely applied method of 

approximation of the determination of coefficients of forces of friction of air 

against the surface of the rocket. This method is correct with the following 

assumptions: 

- both in the laminar and turbulent boundary layer near rocket forces act 

which can be expressed by fo mulas obtained for the plate circumfluous by 

incompressible liquid; 

- the transition from the laminar to turbule .. t boundary layer is carried out 

immediately without a transition zone ; 

- the distribution of parameters along the length of the turbulent bo•mdary 

layer the same as if the turbulent layer started from the summit of the nose cone 

of the rocket ( curve 0-b-c in Fig. 32); 

- a separation of the boundary layer from the lateral surface of the rocket 

does not occur. 

The order of calculation of the resisting force of friction is the following. 

1. By the altitude of flight p. andµ •. 

2. From the formula 

xnau ls determined which is the 

Reynolds number). 

n v . .r ... ,. "'• .. --_.;;;;;;_;;.. ... 
laminar boundary layer (here ReRp is the critical 
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As experiments showed it is 

possible t o consider for subs onic 

f ows Re = 4,105, and for supersonic 

fl ows 
Kp 5 

Re = 6. 5, 10 . 
Kp 

3. The coefficient of frictional 

f or ce f or the part of the rocket 

circurnf l uous t he laminar boundary 

layer is ca lculated: Fi g. 3 . Bo undar y l ayer of a s olid of r vol uti o . ·c ,.., ,--~·· .. 
4. The coeffi ci ent of fri ctional for ce f or the part of the rocket circurnfluous 

t e lami n r oundary Jqyer is ca l ~ulated: 

C 0,o74 ,.,,-=~ . .. 
5. The Reynol ds number for the entire length of the body 1C is found: 

R v.x..,. , ... ----­... . 
non 

Cf ( coeffici ent of fri ctional for ce for the who l e body) is determined TYP 
on the conditi on that t he turbulent boundary layer will be on the whole lateral 
sur fa ce S~ . I t i s re comme nded t o do this depending upon the magnitude Re by uOK non t he f ormula ( 3. 5 ) different empirical f ormulas ensuring best agreement with the 
experime nt. 

7, Cf ( coe ffi ci ent of fri ctional for ce for the whole rocket) is calculated 
t akin i nt o ccount the f act that the boundary layer acts on the surface S , 

(5oK and the fri ctiona l for ce of the rocket is determined by the middle section (the 
bl gges t ) S • 

Mvl ,n I 

c,- c,... . ~ + c,,,, . ~ - c,,,, . .!m., ... ~ .,... 
where S is the lateral surface of the rocket flowed around by the laminar boundary nau 
l ayer , 

8. The resisting force of the rocket in the flow from friction against the 
la t er al surface i s de termined: 

X C ·-~ ,- ,·-,--·S .... 
If the rocket has wings , planes and so forth, then for thdm frictional forces 

are s imilarly determined which are then added to the earlier found Xf. 
Now let us examine t he phenomenon of the separation of flow from the 

streamli ned surface and see when the separation occurs and what are its results. 
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For this we wil l cons ider the boundary layer for the curvilinear surface AB (Fig. 

33). On segment AM the sections of air streams decrease, since the flow encounters 

Fig. 33. Diagram of the formation of the separation 
of the boundary layer from the streamlined curvi­
linear surface: 
AE - streamlined curvilinear surface; Br - boundary 
between the free flow and boundary layer; M - point 
on the middle se ction of the streamlined body; 0 -
separation point of the boundary layer; BOn - zone 
of reverse flow. 

the convex surface; the speeds 

increase (Vu> v2 > v1) 

according to the equation of 

continuity, and the pressure 

in the flow and, consequently, 

in the boundary layer de crease 

(this is evident from the 

Bernoulli equation (3.48) 

where p • const). On segment 

ME, on the other hand, the 

sections of air streams are 

increased, the speeds de crease (v5 < v4 < v3 < Vu)' snd the pressures all over the 

section of the boundary layer are increased, which brakes the air streams over the 

whole section. Along the se ction of the boundary layer the air streams have a 

different kinetic energy , The less the energy the nearer the stream is loc ated 

to the streamlined surface, This is clear, since the speed is .ess for these 

streams, Consequently, an identical increase in pressure along the section of the 

boundary layer will brake those streams more which are nearer to the streamlined 

surface and have a smaller kinetic energy. On the streamlined surface the1·e can 

be the point O (Fig. 33) where ( ~x) .. 0 (tangent to the curve of speeds will 
yaO 

be directed along the normal to the streamlined surface), Here near the surface 

the increase in pressure brakes the stream, On segment OE the pressure continues 

to increase and the air motion appears from places with great pressure to places 

with smaller pressure, i,e,, opposite the flow in free flow, Along the line On 

a re\·erse motion interacts with the boundary layer and is carried away from the 

streamlined surface, A separation of the flow or separation of the boundary layer 

occur. Moreover, in the region of the line on vortexes are engendered. Point O is 

considered the separation point of the boundary layer, On section OB, owing to the 

separation of the bou~dary layer, the pressure sharply decreases, which increases 

the drag of the body t o the flow and decreases the lift, From the energy viewpoint 

t he ncrease in drag occurs due to the transformation of kinetic energy of forward 

motion of the flow (or the body if it moves in air) into energy of the rotation of 
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" L· µur cl es . The t epe r the outlines of the a fter bodie s ( tails) of the stream-

1 ,, ed o J change , the f a er the boundar y s ':! par ates layer, since the cross sec ti on 

,, .- r e ums w 11 1ncre:.ise mor e qui ckly , the speed will i nc rease fat1ter, and the 

11t · t:,;o ·e t · ..,es r a s e r , he m0r l nt en lve ar e the s treams of air i n the boundary 

t· , 

'I' h<: :1 ove - me r i one hows that f or practice it ls i mportant t o be able to 

., , I v1. l ie pr o lem 0 1' the bo !ldary layer near the curv i linear surface and t o 

LI ~•-· ·m r,e l c po l r of s par n on of the bound r y layer, For t his there ar·e 

d1 I' : ,. 1·e11 l me t.h ods he ncco nt of whi ch em r ges outside the pre sent book, 

O 1 tl.e magn i of f or ces of fri cti on grea t influe nce is the r oughness of 

l ie s ud·cic e stream i red ., a ir characterized by the al t itude of prominence, The 

t"t·e :,t.er t e a l it e of pr omi ne.'1 e the great er the fri cti ona l force, It is possible 

t u ca l cul a t e t he fri c t ional f or ce , taki n i nto account the roughness of the surface 

J irfe r er t empiri cal f ormu as nd graphs obta i ned fr om data of experiments [12]. 

Duri r t: hl gh s peeds of' the fli ht of a r oc ket i n the boundary layer a large 

qu;.11 ,ti ,; of he a is re leas ed , p rt of which can be diverted to the streamlined 

sur1·uce . Ther ma l proce sses i n the boundar y layer affect the magnitude of the 

1'ricti or al fo r ce . It appears t hat t he earlier obtained formulas can be used when 

tl e p· r cime ter s of' as (p , µ) ar e ca l culated with a certain mean temperature, called 

t he char acteristi c t emperature , with whi ch we will examine somewhat later. 

How ar e tho e ae rodynami c coeffi ci ents whi ch depend on the distribution of 

pr e s ~ure l ong the urfac of the r ocke t (with the exception of that part of its 

s r f' ac e whi ch is nol ci r cumfl 11ous by the i ncident flow separated from .Lt) 

determi ne d th oretlcnlly? The magni t ude of th~se coeffic-ienta depends on the 

.A r 1 . de and char ac te r of d is tr i bution of pressure along the surface of the 

r oc ke t . Consequent ly , f lrst of a ll it i s necessary to determine theoretically 

the pres sure a t any !J0i nt of the surface of the rocket of interest to us, Thi r 

i s complic a ted theor ,Hical problem, and it is solved comparatively easy only for 

bodie s wit h simple for ms of' t he s urface ( cone, plate, and so forth). 

Let us consider the fl owing around of a cone by a supersonic flow (Pig. ,4) 

with an angl e of ir cidence a• O, since it is the typical form of nose cones of 

many r ocket ~. It appears that in the space between the surface of the cone and 

shoc k wave t he f low of air has interesting properties: its parameters are not 

changed a long any for ming intermediate conical surface co~ducted from the vertex 
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Fig . 34. Diagram of the fl owi ng 
' l' Ound of a cone by supersonic 
flow. 

of t he cone at an angle 0, With this~ i 0, 0 , 
K CK 

i.e., 0 changes from the angle of the cone ~K to 

the angle of shoc k 0 cl<' However, on various 

conical surfaces t ne air parameters with such 

~roperties are called coni cal. 

The trajec tory of a parti cle of air passing 

through the surface of a shock wave turns at the 

angle ~2 < ~K' and therefore with the further 

motion of the particle of air a gradual turn of 

its tr ajector y continues (Fig, 34), With this 

the speed decre ases and the pressure rises, 

The dependences between the parameters of 

air before and aft er the sho~k and the angle of t urn of t he flow ~2 with the flowing 

around of the cone by supersoni c flow will be the same as w~th the flowing around 

of the wedge. This is ob t a ined br ~ause the initial equations will be in both cases 

identical , It should only be rememuered, that the angle of rotation of the flow 

with the flowing around of the wedge (flat case) is equal to the angle of wedge, 

~nd wlth the flowing around of the cone less than the angle of the cone in which 

the spatia lity of fl ow appears, 

Fi ur e 35 shows the shock polar 1 plotted for t he definite flow rate of air 

The theoretical solution to the problem of the flow around the cone 

Flg . 35 , App le -shaped curve for 
cones cir cumflowed by a super­
soni c stream with ve locity V~. 
1 - shoc k polar; 2 - apple­
shaped curve. 

~rrnitte1 plotting an apple-shaped curve 2 

and whole network of dotted lines (ABC type), 

which are hodographs of the flow rate V 

between the shock wave and surface ~f the 

cone, In order to find the flow rate on the 

surface of cone VK if follows from the 

beginning of O coordinates to draw a straight 

line at an angle ~K of cone up to the creasing 

with the apple-shaped curve at point A, 

Segment OA will be the velocity vector VK 

on the surface of the cone, If now from point A to point C we draw the dotted line 

of the hodograph of speed, then the segment OC will determine the magnitude of the 

ve locity ve ctor V
2 

of the flow after the shoe¥ and angle ~2 is the angle of rotation 
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ur I' Low after the shock wave . The angle of the shock 8 before the cone is 
CK 

deter mi ne d be tween axis Vx and tr.e perpe ndi cular dr opped f rom the beginning of the 

·ourdlnates on t e on i n ati on of line EC , From t ab les we find breaking pressure 
:t l' er the shoc k P o· Now accor ing t o de pendence (3 .38 ) we can find the pressure 

un t,he cone pl< = 2) ( 1 
k - l 

+ ~· !t 1f-I whi ch, as we know from propertie s of the 

l; unl c it l n ow, wll l be denti cal over the entire surface of the cone . This makes 

l t pos s i le t o ca lcul at e mp ly the for ce of drag of t he cone from the pressure 

X
9 

( w·, ve dr a• ) and , onse q en t y , ex , the coeffi cient of this for ce . 
B x

8 
i s equal to the pr oduct of excess pressure on the surface of the cone 

( pl< - p
00

) by the ar ea of he proJe t i on of the surface of the cone on the plane 

!Jt.~r pendi cular t o its axis , L e ,, by SR • 'IT!' ! • Thus 

(3. 57) 

On the other hand , X can be expressed in terms of its aerodynamic coefficient: B 

(3. 58) 

By compar i ng expressions (3. 57) and (3. 58 ) we obtain 

C 
,.-,. -

.... - f -, •• 

i . e ., the coe ffi ci en t of wave drag of the cone when a• 0 will be equal to the 

pressure coeffi cient on the sur f ace of the cone. 

For the cone there are t ab l es all owing according to the number M.,. of incident 

n ow and angl e of cone t o f11 d 8CK , pl<, and even CXB [13]. 

Solutions f or the cone ser ve as a basis for the method of approximation of 

the de termination of press ur :) on t -ie surface of a solid of revolution of arbitrary 

f orm (Fi g. 36). Experiments ahowed t hat the pressure at the arbitrary point A is 
very close t o the pressure whi ch would be on the cone with angle~, equal to angle 

K 
~ of dip of the angent to the axis of the solid of revolution drawn to surfaces K a 

of the body at point A, This n~thod ls called the method or local cones and permi.ta 
determining the di stributi on of pressure on the surface or an arbitrary solid or 

re voluti on and t o ca lculate the respe ctive aerodynamic coefficient,. 

How ar e the aerodynami c coefficients of rockets of complicated form determined? 
The mos t wide spread are semiemp i r lee l methods which provide 1'or the 

conditiona l separation of the rocket into a n11mber of characteristic •parts: noee, 
cylindri ca l and tail (after body) part of the body, separate con1ole1 of the wing 
and fin, e t c . Further, ac cording to theoretical or empirical formulae for the given 
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Ma ch number, a ltitude of flight, and ang le s 

Flg. 3 ·, Diagr am i llustrati ng 
the method of l ocal cone s . 

a and ~. and according t o ge ometri c dime nsions 

different aerodynami c coefficients of separ ate 

parts of the r ocke t are ca lcula ted. For 

instance , by the formula (3,9) the coe fficient 

of induced drag of a wing; with the help of 

the method of loca l cones we find drag 

effi ci en t of the nose cone of' the rocket , and so on, Aerodynamic coefficitnts 

of small pr otruding parts, as a rule, ar e estimated t ogether f rom experiment al 

at a . Then , considering the correct princ ip l e of the independence of ac ti on of 

for ce s , whi ch consists in the f ac t tha t aerodynami c forces of separate parts of 

the r oc ke t ( and this me ans the ir coeffi cients) do not inf'J , nee on another, the 

ar alogous coe ffi ci ents of al l parts of the r ocket a~e added, Thus aerodynami c 

coeff i cients of the whole rocket are obtai ned, 

The princip: e of the independence of ac ti on of f or ces proves to be far from 

l ways correct, and there for e i t is necessary t o intr oduce a correction into the 

ob t a i ned aer odynami c coeffi ci en ts oi' the rocke t for the mutual influence on each 

other . 

§ 5, ExpE>1·iment c,l Determination of A~r odynamic Coefficients 

I n the begi nning or § 2 a brief characteristic of the methods of experimental 

determi nat i on of ae rodynami c coe f fic ients was given . Let us dwell in grt t er 

det ai l on the tes ts of mode l s of rockets i n wind tunnels and on flying tests. 

~~he wi nd tunnel is a devi ce in whose working part is created uniform flow of 

air wnich shifts with different speeds (or Mach numbers ) and influences the 

Fig . 37 , Diagram of a wind tunne l with 
a closed con t our: 
1) compress or; 2) pre combustion 
chamber; 3) str ai ghtening grid; 4) 
nozzle ; 5) closed working part; 5) 
model of r ocket ; 7) diffuser; 8) 
tur ni ng bl des . 

investigated model , which is geometrically 

similar to a r ocke t and made in reduced 

scale, 

There is large number of different 

f orms of wind tunnels: those with a 

prolonged and short-lived action, with 

open and closed working parts, with a 

round or rectangular cross section of 

the working part, and others. According 

to the range of the flow rate the wind 
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tunn ls ar e divided in t o s ubs oni c (M up to ~o.8), transonic (M from ~o.8 to 1,3), 

super soni c (M f rom ~1 . 3 to 4- 5), and hypersoni c (M above 4-5), 

Le t u examine the evice f r equen t l y used f or wi nd t unnels. 

The wi nd tunne l with a close d cont our (Fig . 37) t hr ough which circulates air 

l. · t yp1 ca . I n th l s case t he power of the compress or 1 is consumed by the 

• rmount i r g u!' a ll drags o the a l r movement i nside the wind tunnel, To decrease 

t he magn itude or these osses the interna l wall s of' the tunnel are made smooth, and the 

t.1 r ns ar e smoo • . For t hi s purpose t her e ar e t ur n1 Y.g blades 8 installed at places 

of the turn of : he fl ow, I n wi nd t unne ls of the closed type the working part 5 

wi th the mode l 6 can be bo th open and hermeti cally se~led. In the latter case 

t her e is nc oucking of air fr om the space surrounding the tunnel, losses to air 

fr i cti on agai nst the walls of the working part are less than losses to friction of 

air agai nst air, and there is the possibility before the experiment to pump ou ~ 

part of the air from the tunne l in order to decrea :;e the power of compressor 

ne cessary f or the creati on of a de finite speed, Sometimes, on the contrary, a 

specia l heavy gas 1s pumped i nt o the tunnel (for instance, freon), the speed ot 

sound i n which 1s smal l and t he Ma ch number M • f 1s therefore great with an 

ide ntica l flow r ate, Fr om the working part of the tunnel air enters into a special 

device (diffuser) which br akes the flow convertin£ its kinetic energy into potential 

energy , By passing the r oute from the diffuser to the compressor with leas speed 

the air loses less of its energy to the overcoming of the resistances. 

Wind t unne ls of the closed type can be not only subsonic but transonic and 

e: ven super son i c , I f the fl ow i n the working pa.rt is supersonic, for its deceleration 

the diff user should be at first tapered and then expanded. However, one should 

consider that for the cr ea ti on of supersonic flow very high power of the coq>reaaor 

l s ne cessary, For i ns t ance, the power of a compressor of a 1uper1onic tunnel -1th 

the cr oss section of the w0rking part 40 x 40 cm~ attains 900 hp. Therefore, moat 

freque ntly supersonic tunne ls operate with brief action. 

Pl re 38 gives a diagr am of a supersonic wind tunnel of brief action of the 

cylinder type with the preheating of air and ejection, The electric motor 1 put1 

i nt o action the compress or 2, which during the time of preparation for the experi­

ment s hould i n the battery of cylinders 7 create the necessary reserve ot air. To 

de crease the capacity of the cylinders the air in them 1s forced under great 

pressure , The air should satisfy the following requirements: it should not contain 
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Fig. 38. Diagr am of a supersonic wind tunnel of the cyl inder type with the preheating of air and ejection : 
1) electri c mot or; 2) compressor; 3) refrigerator; 4) 011 sump; 5) receiver; 6) desic cant; 7) battery of cylinders; 8) reductor; 9) high speed va lue; 10) heat er ; 11 ) pre combustion chamber; i2) nozzle ; 13) closed working part of the tunnel; 14) mode l of the rocket; 15) 
diffuser; 16) ejec t or ; 17) mixing chamber; 18) diffuser; 19) muffler. 

impurities of oil which enter 

it in the compressor and should 

not have water vapor whi ch at 

low temperature wil l be condensed 

in the working part of tunnel 

disturbing the homogeneity of 

the flow and covering the model 

with a layer of ice. Therefore, 

t he air before entering the 

cylinders is subje cted to 

thorough purific ation, First 

of all the air is cooled in the 

refrigerator 3 where vapors of 

oil are turned 1 to a liquid which 

is separated from the air in 
the oil sump 4. Then the air enters the ~ec e1 ve r 5 in which it is expanded, cooled, 
and loses most of the water contained in i~. Tht rust of the water is removed 
from the air in the desi ccant 6. Pressure in the precombustion chamber 11 of the 
tunnel usually does not exceed several atmospheres, and therefore the air passes 
through the reductor 8 whi ch decreases pressure to the required magnitude, With 
the help of the high speed valve 9 the supply of air in the wind tunnel is ensured. 
The higher th~ flow r ate of air in the working part of the tunnel 13 the lower its 
t emperature . With numbers M ~ 3.5 in the open working part and about 5-6 in the 
herme ti cally sea led working part, the temperature of the air· becomes so low that 
condensation of atmospheri c oxygen begins, In order to avoid this and to have the 
possi bility of i ncreas ing the airspeed in the tunnel, the air is heated in a spe cial 
devi ce 10. In the precombustion chamber 11 where the heated air enters it passes 
through a spe cial grid whi ch decreases the vorticity (turbulence) of the flow. 
The neces sary flow rate is created by the detachable nozzle 12 which is profiled 
so that on the model of the rocket 14 placed in the working part of the tunnel 13 
a uniform flow of air s trikes air. To decrease the losses in the tunnel at the 
output of the working part the diffuser 15 is placed, in the narrowing part of which 
the air passing the system of oblique shocks is braked up to subsonic speed. The 
deceler ation of flow continues then in the expanded part of the diffuser. The flow 
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r at e i n the wor ki ng par can be made greater the lower the pressure at the output 
of the Lliff user, Thi s pres sure can be Jecreased with help of ejector, If ·,he 
air under pressure passes through the nozzle unit of ejector 16 and acce l e.rates 
t o gr en t speed, t hen 1 the humber of mi xing 17 a~ the output of the diffuser 15 
wi e i'orme zone of r •duced pr essure , In other words, the ejector will ensure 
th suc l< i of' a i 1· f r om the diffuser , increase the pressure drop at the entrance 
·n exit of the working par t of t he tunnel , and therby i~cr ease the flow rate and 
M ll mbe r of t he tun~e To decr ea se the noise produced by the wind tunnel, the 
ulr speed is decr e· sect i n t he diffuser 18 and the air is fed into the muffler 19, 
c1 cham er of lar ge dimens i ons fi lled by a sound-absorbing material. Only by 
p· ss ing t hr ough the muffl r the air with low speed is ejected into atmosphere, 

Thus the cont empor ar y supersonic wind tunnel is constitutes complicated 
complex of structures a ct equiproont , but it permi ts obtaining uniform flows of 
a ir with a l ar ge M number . 

Pi ur e 3 ~ives q di a ra m of a device and principle of action of a typical 
hypersonic ae rodynami c shock tube, In the section of high pressure 1 the compressor 

I / ft-'-'__ t ~ l 
-· -----~,P-

Fig, 39 , Diagram of a shock 
1} sect i on of high pressure ; 
3} secti on of low pre ssure ; 
t he rocket ; 5) wor ki ng part 
tunnel. 

i 
wii, d tunnel: 
2} di aphragm; 
4) model of 

of the 

presses a light gas (for instance, 

hydrogen). With calculated pres1ure 

the diaphragm 2 breaks and a light gas 

with great speed flows into the section• 

of low pressure 3 where there was 

preliminarily created a high rarefaction 

of air. Through the air in section 3 
ther e is at first the shock wave and then the hydrogen proceeding from section 1. 
Be t wee n them the air forms the so -called working plug which, passing through nozzle, 
obt ains a uniform field of speeds and flows around the model of the rocket 4 placed 
in the worki ng part of the tunnel 5. 

Shock wind tunnels a llow the obtaining of the M number up to 20 and even more. 
However, the time during which the model is blown by the flow with un1forn1 speed 
is very small and comprises only about 10-5 sec. For so small an interval of time 
the contemporary i ns truirents permit measuring the pressure and te111>9rature of the 
air circumfluent the model. Shock tubes are used mainly for determ1n1ng properties 
of air during hypersoni c speeds. 

With the carrying out of experiments in wind tunnels the following methods are 

-95-



applied allowing to determine the qualitative picture of the streamline flow of 

the model of the rocket by the ir flow and a lso to obta in a sufficiently accurat"! 

ap~~aisal of ma gn i t udes of forces and moments ( or their coeffi cients) havi n~ an 

ffec t on the model of the rocke~ . 

I f one were to mount the model of the rocket with the help of a spe ci al holder 

on the wind-tunnel balance , it is possible t o measure dire ctly the components of 

the main vec t or of aerodynami c for ces 3nd ~o calculate the respective coefficients , 

f or 1 1 stance , Cx• Cy• m
2

• Constructions of wi nd-tunnel ba lances are diverse 

(me chanical , strain balance , and so forth) and permit pr oducing me asurements of 

for ces with great acc uracy , 

For the clarification of tPe distribution of pressure on separate 5urf9ces of 

a model of a rocket or e ve n over its whole surface ~o-called drain tests are 

conducted, For this at points of the surface of the model interesting to us we 

dri l l holes, and then with t he help of metal li c or rubber tubes the pressure of the 

air flow created by the wi nd tunne l from is transferred these holes to manometers 

and me asured, By knowi ng the distribution of pressure on the surrace of the model 

it is possible with the help of theoretical dependences to determine the coefficient 

coe ffi cients aerodynamic f or ces and moments applied to the model of the rocket 

i n the given experiment, Furthermore, it is possible to establish the presence or 

a bsence of the f l ow 3eparation from the streamlined surface anrl the place where it 

happened, 

At the disposa l of the aerodynamicist-experim~nter there are several optical 

methods of investigation Let us dwell on two of the most important and widely 

Fig. 40. Diagram of the apparatus for 
the production of s chl ieren photographs: 
1) source of light; 2 ) lens; 3) working 
part of the wind tunnel; 4) f ocus; 5) 
screen ; 6) knife diaphragm; 7) mi cro­
metr i c s crew; 8) zone of air compressi on ; 
9) impact point of th~ r efr ac tion consol i­
dati on of the be am. 

applied: schlieren and interference. 

The schlieren method permits obta ining 

a very graphic picture of the streamline 

flow, since i n photography near the 

model zones of raised pressure and zones 

of rarefac tion are visible and a lso are 

distinctly depi cted in the form of dark 

bands of the shock wave. A diagram of 

the apparatus for the production of 

schlieren spectra of the streamline flow 

is given in Fig. 40. From the source 1 
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beams of light, with the help of lens 2, pass through the working part of the wind 
tunnel 3, converge at the focus %, and are presented on the screen 5. The knife 
diaphragm 6 moves upwards or downwards by the mlcrometrlc screw 7 •nd before the 
t'.-'t'lnnlag of the experiment Is set so that Its point Is at the focus 4 and the screen 
has a uniform small Illuminance. Let us assume that during the blowing of the model 
In the zone 8 of the working part of the wind tunnel a change In density of the air 
flow will occur. The air ceases to be an optically uniform medium and will 
refract the light beams In the direction of the place where the air density Is 
greater. If In the region of the zone 8 the local condensation of the flow occurs 
the beams will be refracted, will pass higher than focus 4, and will be retained 
by the diaphragm at point y, l.e., they will not reach the screen. Hence It 
becomes clear why shock waves on the screen (or on the photography of It) are 
obtained In the form of dark bands. On the other hand, zones of rarefaction will

look lighter than the general back­

ground of the screen, since the light 
beams refracted by them go lower than 
the focus 4 and additionally Illuminate 
t:.e correspondltig places on the screen. 
Figure 41 gives the typical schlleren 
photognphy of the flowing around of 
a model of an unflnned rocket by 
supersonic flow on which there Is 
distinctly visible the form of shock 
waves and also the region of compression

Fl(-. 41. Schlleren photography of the 
flowing around of a rocket model by 
supersonic flow.

rarefaction, and vortex trail behind the bottom of the model.
The Interference method Is used for the experlsmntal determination of the 

field of air density near the Investigated model. By knowing the air density p 
at some point of the flow It Is possible with the help of theoretical dependences 
obtained earlier to calculate at this point the pressure, speed, or temperature of 
the air. For Instance, pressure Is determined by the known density from che 
equation of the adiabatic curve (5.30). The speed Is determined from the Bernoulli 
equation (3.29) according to known magnitudes p and p, and for the determination 
of temperature the equation of state of gas Is applied (3.18).
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Fig. 42. Di agram of a f our -mirr or i nter­
ferorne ter: 

How is the air density de t er ­

mined i n the i nterference met hod? 

In order t o unswer this questi on 

one shoul d remember that light 

cons titutes electromagnetic 

oscil l ations of defined freq uency . 

If two beams of l i ght from one 

source pass an identical optical 

path, the phase of oscilla tion of 

them al s o will be identical . If, 

however, the optical pa th of these 

beams will be different comi ng 

1) monochromatic source of light; 2) lens ; 
3 and 6) semitranspare~t mirrors; 4 and 5) 
mirror; 7) screen; 8) working part of the 
wind tunnel; 9) transparent glass. 

to one point, the y wil l have a different phase of oscillations. The phenomenon 

of optical interference consists in the interac tion of beams of light with various 

phases of osc illation. With this on the s creen where such beams drop there wil l 

be a uniform il l uminance , but some pict •.ll' e with the alternating of light dark 

places will appear. 

Let us examine the diagram of a four-mirror interferometer (Fig. 42) . From 

the source of light 1 beam passes through lens 2 in parallel bundles on the 

J ---""' J , , 
I I 

r 

J 

I\ 

I 

/t 

semitransparent mirror 3 which reflects part of beams 

and passes part of them. With the help mirrors 4 and 5 

the beams reflected and pgssed through mirror 3, fall on 

the semitransparent mirror 6 which gathers them together 

and feea::i them to screen 7, The working part 8 of the 

wind tunnel is between mirrors 3 and 5. 

If the working part of the wind tunnel is closed, 

for the compensation of the change of magnitude of the 
Fig . 43. I nterference 
pa ttern of the s tream­
line flow of a rocket 
model. opti cal path of light passing through the transparent 

glass in the wor king part of the tunnel between mirrors 4 and 6 the transparent 

glass 9 is pla ced. Before the experiment the semitransparent mirror turns at 

smal l angle, and therefore the beams reflected by mirrors 4 and 5 will not be 

combi ned on the mirror 6, and on the scree11 the interference picture in the form 

of par allel dark bands, whi ch corresponds to the undisturbed flow with a uniform 

field of density , wi ll appear . The model of the rocket in the air flow changes 
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Lhe a ir dens ity , The opti ca l path of 11 ht beams passing through sect i ons of flow 

with diffe r en t density is d1ft'e rent , This dis torts the initial lnterferer,ce picture, 

an th bands ar e dis t orted (Fl . 43). From physi cs 1t is known that the change 

1 ulr density can e ca l culat 

I and : 

lf one knows the displa cement of the interference 

,-,_[ I + 1(11~ l)] • 

where ls the air den 1 t J at the poi nt of flo w where the displacement of the band 

:; equal t o rn parts of the 1 lt J al di stance be t ween the bands; p
0 

ls the density 

ol' th und1 tur ed now; " i s he wavel ngth of the ligh t sent by the source; 

L 1 the width of the wor k1n p· rt of the wind tunnel ; n is the index of a 

r e fra cti on of 11 t y ai r . 

Let us consider t he f ly1n tests. During the flying tests it ls possible t o 

tr · e the flight of the roc ke t from Earth, for instance , with the help of two 

phot otheodol1te s located a t the ends of a defini t ely selec ted base T1, T2 (Fig, 44} 

with the extent ( length} known and to photograph the rocket through certain intervals 

of time, By knowing for each moment 

of time values of angles a1, ~1 and a2, 

~2 (Fig, 44), one can determine the 

position of the r ocket in space, 

Knowledge of the trajectory and the 

speed of the flight of the rocket permits 

checking the accuracy of the calculations 

and to make more accurate the separate 

calculated quantities, 

Flg, 44. Diagram of the determination 
of the rocket posit i on in space with 
the help of two phototheodolltes, 

A defi ciency in the application of 

of phototheodolltes ls the necessity to 

conduct flying tests in good clear 

weather and ls e liminated by the replacing of the phototheodolltes by two radar 

sets operating sync hr onously , Although the position of the rocket in space can 

de t ermined by one radar se t the prese nce of the second permits increasing the 

rel i ability and acc uracy of the given tests. The speed measuring method of the 

f light of the rocket , based on the Doppler effect can be used, The radar tracking 

the roc ket sends to 1t a radio beam with a definite conntant frequency of 

oscillations . The frequency of oscillations of the radio beam reflected from the 
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the rocket is continuous l y measured by a spe cial devi ce of the radar. By t l s 

frequency is deterni tned the speed of the departure or approach of' the rocket t o 

the point where the r adar i s l oc at ed. Thus at any moment of time we know th~ 

magnitude~~, the derivative of the distance between the r adar and rocket r by time 

t. By knowing ~~ and the t r a j ec t ory of the r oc ket we can find the speed of' it at 

any moment of time . 

The limitedness of dat a obt ained during the trackin of the fli ght of the 

rocke t from Earth ( tra j ectory nd speed of fli ght) conditi oned the f ac t that on 

bo rd the r ocket different dat a units, began to be placed and by mens of t elemetri c 

equipment their data ar e transmitted t o Earth. The informati on obtained fr om the 

r ocket from transducers o. ac ce l erati on is of great importance. To det ermine drag 

nd lift it is ne cess ary to know the angle of incidence of' the rocket, whi ch al so 

i s continuous l y me asured by the trajectory. One of the methods of measuring the 

angle of incidence is the registration of the difference of pressures of the air 

flow circumfl uent the cap placed on the nose cone of the rocket with holes from 

various sides. At the angle of attack a• O the pressures at all holes of the 

cap are identical. If the angle of incidence a f 01 the pressures will not be 

identical and by their difference one can determine the magnitude of the angle of 

incidence (for instance, calibrated · cap, beforehand in the wind tunnel). According 

t o the magnitude of aerodynamic forces the respective aerodynamic coefficients are 

cal culated. Integrating the data of the accelerometers we obtain values of 

respective speeds which are more accurate than with the photographing of the rocket 

in trajectory. Besides the above-mentioned, during the flying tests temperature 

of the surface of the rocke t at different points, angles of bank, angles of 

displace ment of the steering system, and s o forth are measured. For rockets 

s t abilized in trajectory by the rotation around its longitudinal axis it is i mportant 

t o know the change in the angul~r velocity of the natural rotation in t r ajectory. 

These data can be obtained from a r adio detonator with a dipole antenna. During 

each turn of the r ocket the axis of the dipole will be directed twice towards 

the receiver, and therefore the signal will pass through its least value. The 

angul ar velocity will be thus determined by half of the frequency modulating the 

radio signals taken from rocket. 

Abroad the behavior of the axis of revolving rocket is determined with the 

help of solar camera having a slot through which on photographic film after each 
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r 8vol uti on of t he rocket th image of the Sun falls in the form of a dash. 

Furthermore , there i s another slot proceeding perpendi cular to the longitudinal axis 

CJ 1' the roc ke t and pr ovidin on he phot ographi c film a re aoing line. The distance 

l'l' um t,h8 ash t o the r ea ding line de pends on ·; he angle between the axis of the 

1· u, ·l<•; t, a1 1d direc ti on t o1-1ard the Sun . Thus tr.c magnitude of the angle betwe1rn -the 

ax l J ur the rocke t and d re cti on t oward the Sun i s re corded on the whole trajectory. 

Tit, Jolar carner n permit r eco 1 nizing not only this angl e , but al so the number of 

u1·n s ,J i' the r oc ke t J r a un t of time and the calculat ing of such coefficients how 

.11x , CR a d ot h r . 
. :11 

§ Standard Functions of Air Res istance 

0 e of th mos t import nt aerodyn, '111. c properties of rockets is the drag 

;0effi ci ent Cx• Ther e f ore it i s mos t fully s tudied both for missiles and for 

1· v1.: ke t o differ ent assignment . It appears that for r ockets (or missiles) close 

in aerodynamic f orm the curves of depe ndences ex(!) or Cx(M} are such that for 

di fferent values of Ma ch number their r elati on can be assumed approximately 

constant. 

If one wer e t o assume the values of Cx(M} for some model rocket with the most 

fre quently encountering aerodynami c shape to be the standard, designating them 

Cx3T(M), then f or any r ocket with similar external outlines and with the dependence 

C (M} the fol~owing condition will be observed: 
X 

(3.60} 

wher e i i s the f orm fa ctor of the given rocket with respect to the rocket accepted 

as standard . 

The mor e simi lar the out lines of the rocket are to the standard, i.e., the 

near er these rockets are in geometric similarity of their form, the more accurate 

the value of formula is observed (3. 60). This makes it possible not to produce 

lar ge and expensive works in the determination Cx(M} for every newly designed 

rocket in the first s t ages of its creation but to be limited only to the 

determination of its form factor with respect to the rocket similar in aerodynamic 

f orm to the one examined. Then the necessary de, endence Cx(M} of the rocket will 

be ob tained fr om the expression (3. 60). 

The v lue necessar y 1n calcul ations of trajectories of the drag of the rocket 

(missile , mine , and others) with different values of the Mach number will be 
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de t ermined fr om the expression 

(3.61) 
The nume r i cal val ues of i depend o,: the form of roc ke t selected as the standard , 

and ther ef or e r educing the value i for a cer tain r ocket should always be indi cated 
in reference Lo wh at model or standard form C (M) the value i determined. X3T 

It is conveniently to use i for an agreement of the calculation by determination 
of the dis t ance of firi g with the exper iment. In this case i will be considered 
not only the form of the r ocke t , but also a l l fac t ors not reflected in the 
c l culation ( f or i nstance , oscillations of the longitudinal axis of the rocket ). 
This can expl i n the certain distinction i n the numeri ca l values of the coeffi ciert 
of form det ermined as the coefficient of agreement with the experiment during the 
firing of identical rocke ts, but at different angles of departure and at different 
speeds ut the end of work of the engine . 

In calculations of trajectories it is convenient to deal not with the drag 
X, but with the accelerati on J imparted to the rocket by the force. If we 
des i gnate the mass of th~ rocket as a given moment by the letter m, on the basls 
of Newton's second law ( me chanics) 

(3. 62 ) 
Let us reduce the formula (3. 62 ) to a form more convenient in calculations 

with the help of formula (3. 61) and also evident relationships S • 1; n • gp , 
where dis the charact eristi c dimension of the rocket (for instance , the di ame ter 
of the middle se ction), and n is the specific weight of air . 

Taking i nto accou_.-.t; what has been said we have 

1 ""' n "' J-·-;; ·-r·,·T•tC1 " (M). 
This equation can be written more briefly thusly: 

J-CH(y)flO(t1), 
or 

id 2 0 103 
where C =--- is the ballist i c coefficient; mg 

n H<,)-71;;; 

O(e)- : • 10-1 • n,,,1'C1 " (M)-

- 4,74 • J0-• ·1'C,.n(M); 
E-CHC,)O(t1); 
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G( v) i s the fun ction of drag of the roc ke t accepted as the s tandard. 

I n the pr ac tice of the calculati on of tra j ect ories tables for standard 

1' un ctl ons of G( v) are widely applied whi ch were compiled in r e ference to the 

:., o- called laws of drag, 11 Si acc i , 11 11 1930" and "1943," and obtained by means of t he 

pr uce ss i ng of a large number of' exper i mental fir i ngs of ar t illery missiles . With 

• the appli cati on these l aws one should r emember t hat in the law Siacc i the standard 

mi sile was 8 poorly s treamlined missile of t he time befor e the First World War, 

• 

ln the l aw of 11 1930" it was a missile with a very bood aerodynami c form (long-range) 

ut with a comparatively small quant i ty of explosi ve , and in the law of "1943" t he 

standard missile was of the time of Wor ld War II with a good loading and, due to 

t hi s a somewhat a worsened f or m. 

I n the t heory of flight t he fun ction F(v) • O(v)•v, is often applied. Taking 

i nt o account thi s fo rmLl a for the f or ce of drag we will have the form 

X- •CH (J) F (t1). (3.66) 

Figure45 srows the cur ves of t he model functions F(v) for different laws of 

dr ag . These curves permi t making the following conclusions. In the first place 

the drag increases wi th an incr ease in the speed of the flight. Secondly, this 

F 
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increase is especially intensive in the region 

of transonic speeds of flight. And finally 

the gr eater the drag the worse the aerodynamic 

shape of the missiles accepted as standard. 

For instance , l et us compare F(v) for the 

l ong-range missile (law of 11 1930") and the 

missile with ittle elongation of the nose 

cone (law of "Siacci"). 

Model functions of drag are especially 

widespree.d w1 th the calculation of trajectories 

of missiles (minutes) of barrel artillery. 

In the case of the application of the 

Fig. 45. Funct ions of F(v) for 
different laws of drag. 

individual dependence Cx(M), obtained by 

calculation or by experiment for a given 

rocke t, it ' s expedient to ca l culate J from the following formula: 

J - 0,474 • : • fl'C., (M)H(y)-
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§ 1. Pecul i arities of the 
yers o t e YI)erson c 

Such types of r oc ket . as intercontinental , ballistic, and anti-rockets rise 
hundred of ki l ometers a ove th~ surface of the Earth wher e the air density is 
ins i gni ficant . The average di stance which mol ecules of air pass before collision 
with each other , called the l ength of free path of molec ules , can be very great in 
hi rh layer s of atmosphere . And indeed, if at sea level under normal conditions the 
length of the fr ee path of the air mole cules is equa l appr oximately to 6 . 4 , 10- 5 mm , 
then at an a l titude of 80 km it ls already more than 3 mm and at an al titude of 
1 50 km r eaches 40 m. The hypothesis accepted by us ea~l i er that air is s olid 
medium is inappli cable at eat hei ghts , since the length of the free path of air 
molecules A is commensurable with the charac teristic dimension of the rocket L, and 
not every molecule interacting with the surface of the rocket. undergoes coll ision 
with other mole cules . Conse quent ly, the frequency of collisions of molecule s is 
le ss than the frequen cy of collisions with the rocket. In dense layers of the 
atmosphere each molecule affe cts the surface of the rocket in close interaction with 
other molec ules , since it collides continuously with them. The division of 
aerodynamics studying the properties of rarefied air flows is cal led superaero-
dynamics. 

Depending upon the magnitude of the ratio i • K, called the Knudsen flow, the 
f ollowing f orms of air f low are distinguished. If K < 0.01 the flow is solid and 
the regularit i e s ob t ained by us for it are useful. If, however, K > 10 the flow 
i s free -molecular, i. e ., the molecules of air practically do not affect the flight 
of one another . Among these flows it is possible to separate the flow with a slip 
whi ch approaches when 0.01 < K < 0.10 and characteristically the slip of molecules 
near the surface of th? rocket. In the region 0.10 < K < 10 properties of the flow 
of air ar e very compl ex, and they are similar partially to properties of the free­
molecular flow and partially to properties of the flow with slip. Such flows are 
:•elat ed t o transiti onal regimes of flow. 

Let us examine properties of free-molecular flows of air. A rocket in a 
free -molecular fl ow doe s not affect its parameters, since the molecules reflected 
from its surface in conditions of great length of the free path practically do 
not infl uence fl ow because of extremely rare co -. Usions. Therefore in front of 
the r ocket shock waves do not appear even at great supersonic speeds. To determine 
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r esisting for ces of the flight of a rocket we must know the magnitudes and directions 

of pee d of mol ec ules be fore and after the shock against the surface of the rocket. 

The kinetic theory of gases established how speeds of molecules are d11tr1bute 1 in 

the free -molecular flow before the shock against the surface of the rocket, but 

such a law of di str i but i on after the shock i s not known . Fall ing on the sw•fac€: 

of the roc ke t the mole cule is he ld there for some time (about 10-6 sec) and 

exchanges it s ener gy and pulse with the material of t.he surface. The new direction 

and vel oc ity of the mol ec ule depend on the degree of this exchange the mechanism 

of whi ch ls insuffi ci en t ly s tudied. It i s therefore necessary to apply the 

simplified diagrams of reflec tion, such as, specular, diffusion, and Newtonian 

dlagramn (Fig. 46). Specular re flection occurs with a constant tangential component 

. ,. \ f / 

'

\ \ I/ I 
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¥.
v""' ....._, 

v. ------- v. 
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a ) ~ b) c) / 
Fig. 46. Diagram of reflection of air 
molecules from the surface of the rocket: 
a) specular reflection; b) diffus!on 
refle ction; c) Newtonian reflection. 

of speed of the molecule to the 

surface of the rocket and with a 

change in the sign for the no~mal 

component of speed. Owing to this 

the angle of incidence of the 

molecule is equal to the angle of 

its reflection (Pig. 64a). The 

diffusion reflection assumes that 

the molec ules wi ll abandon the surface of the rocket at different angles and with 
diff~rent speeds (Fig. 46b ). The law of distribution of these speeds will be 

the same as in the incident flow, but the mean velocity depends on the surface 

temperature of the r ocket. The Newtonian diagram of reflection (Fig. 46c) 

assumes that air molecules r efle cted by ~.he surface of the rocket will move along 

1 t, 1. e ., the normal component of speed V •n will be equal to zero ·after the 

r efle ction . I n reality the diagram of reflection w.lll be some intermediate 

r efle cti on be tween the considered diagrams. 

With the flow with the slip of properties rarefactions of air appear first of 

all in the boundary layer where, due to the small numbers of collisions with other 

mole cules , it l s possible the latter do not "adhere" to the streamlined surface 

but s lip al ong it. The air t emperature near the sur1ace of the rocket wil l not be 

equal t o the temperature of the mat~rial of this surface. Experimental 

investigations show that the thickness of the boundary layer in flows with slip 1.1 

gr eat, the fri ction of air against the surface is r ~latively great, and it1 
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viscosity great l y affec ts the pres sure at the surface. The common dependences 

for the boundary layer be come useless be cause of this. 

Thus we see the complexity of the interaction of the rocket with rarefied 

air. This leads to the f ac t that the theoretical dependences describing this 

interac tion ar e complicated and insuff i ciently reliable, and therefore for 

c l cula tions ·experiment al data are appl ied obtained by means of tests of models 

of rockets in wind tunne ls , the firing of models in t ar ge t ranges, and also the 

pr o easing of flying t ests of rockets in high layers of the atmosphere. 

The criterion of slmi larity in superaerodynamics ls considered the number 

M •.::!....,where ci • hgRTCT 13 average molec ul P.r speed , i . e ., the mo3t pr obable 
Ci J 

peed of the air molecul es , nd TC T is the t emper 2.ture of the sut' fa ce of the wal l. 

Let us show how 1t ls poss i ble t o calc ula tE> appr oxi mate l y the pressure 

coeffi cient 1f one were t o accept the diagram of r t·flec tion of Newt on (Fig . 46c). 

The change l n the momentum of air r eaching per unit of time per unit of surface 

of the rocke t in the direction of the normal to it should be equal to the power 

impulse appl i ed to this surface, 1. e ., 

,. V .• (V •• -0)-(1-P.)· 1 • 1. 

From Fig. 46c, one can see th:i t V•n • v. sin ~, and therefore the pres sure 

coeffi cient 1:3 
- ,-, 
,- 1 i -21in•~ , .... 

-r 
(3. 67) 

It appe ars that p depends only on angle~ between the direction of moti on 

and se cti on of the surface. Calculating p for many points of the nose cone of the 

rocket with help of formul a (3. 67), one can determine the coeffi cient of its drag, 

High speed ls charac teristic for the f11ght of many types of contemporary 

rockets. For instance the speed of the entrance into dense layers of the 

atmosphere of the nose cone of a ballistic rocket with distance of firing of about 

5000 km r eaches 6000 m/se c and the Mach number is M - 18. With such high speeds 

a number of problems studied ln the dlvlslon of aerodynamics of hypersonic speeds 

appear. 

The most •acute is the problem of the struggle with aerodynamic heating, since 

a considerable part of the kinetic energy of the nose cone of the long-range 

r ocket, owing to fri ction against the air, turns into heat. Part of this heat 

by means of r adiation and thermal conduction ls dispersed ln the air, and the 
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remaining heat continues heating of the nose cone of the rocket. If one did noi 

take spec i a l meas ures the nose cone could be greatly heated and even burn. To 

·a cul te the pos si ble hea ti ng of the nose cone it is necessary to know the 

par ameter of air in th o ndary ayer at i ts surface, which can be determined only 

111 the pr ocess of cal cula ti on of the flow of air near the nose cone. 

Le t us virtua l y i nves ti ga t e the physi cal phenomena accompanying a flight with 

hyp~rs onl c speeds. 

Hi gh speeds or a fli ht cause the appearance of intense shock waves in front 

uf the nose cone . The press ure, density , and temperature of the air after the 

hock wave are incr eased so consider ably that the thermal dissociation of molecules 

0 1' g;ase s of whi ch ir cons ists approaches . Energy is expended 1n the dissociation 

and t hi le· ds t o the owering of the temperature of the air. But 1n spite of this 

the air t emperature after t he shock wave can attain huge values, Thus, for instance, 

in a fli ght with the Mach number M • 24 at an al ittude of 10,000 m after the linear 

se ment the shock, the t emperature of the air is equal to approximately 94oo°K. 

An interesting pe culiarity of the shock waves in the region of hypersonic speeds 

is their curvilinear form. Even around the sharp edges of the wing or near the 

sharpening of the nose cone the shock departs from the sharpening and 1s distorted. 

This i s exp lained by the fa ct that practical ly sharpening 1s not ideal, and there 

i s lways a certain r adius of blunting. Furthermore, with hypersonic speeds on 

a streamlined sur face near the point a boundary layer of considerable thickness 

appears whi ch makes the pointP.d part seem more blunt. The increase 1n the th1cknesa 

of the boundary layer 1s explained by the decrease 1n the value of the number 
V x 

Re •~ after the shock. 
µ.2 

I n the theory of sho ~k waves it 1s proven that with the increase 1n the Mach 

number of the incident flow the angle of inclination of the shock 8 decreases. 

• Ther efor e , in the region of hypersonic speeds shock waves are disposed very close 

t o the surface of the streamlined body (Fig. 47), I .'.' it 11 remembered that with 

•. s uch hi gh speeds the boundary layer 1s sufficiently thick, then the possibility 

of the interaction of the shock wave and boundary layer will become clear. Thia 

interaction appears most fully in the n~se cone of the body near the sharpening 

( Fi g. 47, 1), is called an intense interaction, and consists in the following. 

After the most distorted segment of the shock (where it 11 close to linear) the 

flow rate de creases considerably, but the pressure increases sharply. The region 
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Fi~. 47. Diagram of the 
flowlng around of a body 
at h pers oni c speeds: 

1) regi on of inte nse 
l11tvrac tion; 2) r e i on 
of weak interac ti on . 

of increased pressure penetrates into the boundary 

layer and brakes lt, which can lead even to the local 

separation of the boundary layer from the stream­

lined surface . Frict ion in the region of the intense 

interaction de creases be cause of this. 

Another pi cture will be in the so-called 

regi on of weak interac tion (Fig. 47, 2), which i s 

locat ed on l arger r emoval from the nose cone of the 

oJy than the r egi on of' the intense interaction. Here a smaller distortion of 

the shoc k characteristic. Af t er the shock wave the fl ow rates are larger and 

t he pressures smaller , and the influence on the boundary layer is not of the shock 

1~· ve but the fl ow of air after it. This flow advancing on a sufficiently thi ck 

uundary layer , f lows as if more thi ckened, and there fore in the flow there appe ars 

un add _ti onal induce d pressure Ap whi ch is transmitted t o the boundary layer is 

so great tha t a noticeable dece leration of them due to the induced pressure is 

not obt ai ned . Therefor e , in the region of weak interaction the friction of air 

against the surface is great . 

The complexity of the physical picture of the streamline flow is increased 

by eddy f ormati on in streams of air which passed the bent shock wave. From 

turbulence there appears additional friction which changes the kinetic energy of 

the flow by irreversible means into heat. The entropy o: air from this is 

i ncre ased, and since this increase is different for different streams, dependi ng 

upon the angle of inclination of the shock, the flow after the shock can~ot be 

consider ed isentropi c hampers the presence of the subsoni c zone of flow in the 

r egi on of gr eat est distorti ons of the shock also hampers the calculations. 

High air temper ature in the boundary layer leads to an intense heating of the 

streamli ned surface . Ther e appears a heat flow from the boundary layer of air 

t o the s treamlined surface, which decreases the quantity of heat in the boundary 

layer and consequently lowers the air temperature in proportion according to the 

appr oach t o the streamlined surface. The complicated law of the distribution of 

t emperature in the thi ckness of the boundary layer is obtained. This in turn 

leads to the compli cated change of all the characteristics of air dependent on 

t emper ature :µ, cp, p, and other es . The boundary layer with variable characteristics 

ording to the thi ckness of it can be calculated only with the help of electronic 
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dlGital computer machines . For engineering calculations a simple and convenient 

me t,hod is necessary , whi ch proved t o be possible to create only by means of 

aver aging the air t emperature acc ording to the thickness of the boundary layer. 

·uch u.n aver a e t empe r ature 13 the determining temperature, which by applying it 

i s poss i ble fr om earlier ot t a i ned formulas for an incompressible liquid to deter­

ml ne cc urat e ly enough the power influence of the boundary layer on the body and, 

f'urthet'mor e , by calc u]a tl ng the hea t transfer to calculate correctly the temperature 

of' the tre· ml in9 s ur fu ce. 

To cal cu t e the magnitude of the determining temperatl.L"e researchers proposed 

-~ vcr a l empiri cal f ormulas . Readers who are interested in the problem of 

ae r odynami c heat ing and the c l culation of the thermal bou1. ·ary layer should 

write t o works [1 ] and [17]. 

Having investlgated the nature of the resisting force of air to the flight 

of rocke ts in the basic laws of aer odynamics, l et us now examine aerodynam1c 

dia ams of roc kets of different purpose. 

' 
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CHAPTER rJ 

AERODYNAMIC DESIGNS OF ROCKETS OF DIFFERENI' PURPOSE 

§ 1. Design Diagrams of Rockets 
To guarantee the maximum range of the flight of a rocket, the stability of 

its flight in the trajectory and good controllability, and also for the execution 
of a number of other requirements the dimensions, external form, and controls of 
the rocket should be selected very carefully. In other words, the aerodynamic 
design of a rocket should be conducted, 

By aerodynamic design is meant the rational selection of :,he external forms 
and mutual location of the body, wing, fins and controls of rocket fo~ the purpose 
for best fulfilling its operational requirements. 

The successful selection of the aerodynamic design diagram of the rocket 
governs ~ts quality on the whole, and this question is purposely given much 
attention in the process of designing the rocket. 

Let us divide all diagrams into two classes. To the first class will belong 
aerodynamic designs of such rockets for which the body does not have sharply 
protruding surfaces (unf'inned rockets) and to the second class those ~1th additional 
sharply protruding surface from the body (finned rockets), wings and fins. 

Wings of a rocket are usually those surfaces which adjoin the body and serve 
for the creation of 11ft, and the fins are those surfaces which serve tor the 
transfer of the center of pressure to a necessary place (for instance, for 
production of sufficient static stability of the rocket). 

Aerodynamic designs of rockets of the first class can be divided into two 
groups: guided and unguided. An example of an aerodynamic deaign of an unfinned 
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guided rocket Is the American ballistic rocket 
"Atlas" (Fig. 48) which has a body In the form of 
a solid revolution and Is guided with the turn of 
engines secured on a Cardan suspension and also 
by special (control) motors,

Unflnned ungulded rockets can be referred to 
as turbojet missiles (Fig. 103).

Aerodynamic designs of finned rockets (second 
, class) can be divided Into wingless and winged.

Designs of wingless finned rockets. Just as unflnned, 
are subdivided Into ungulded and guided. Exanqples 
of ungulded finned wingless rockets are rockets 
of close range of operation, which "guard mcrtar" 
units shot during World War II, the American rocket 
"Honest John" (Fig. 49), and others.

A controlled finned wingless rocket Is the American rocket "Corporal" (Fig.
50), which in a powered-flight trajectory Is guided and stabilized with help of

gas rudders, and for stability on the

Sustftlr.tr
or ft

-'•rdftr. Jb u.t

Fig. 48. Ballistic unflnned 
guided rocket.
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Fig. 49. Finned wingless ungulded 
rocket.

passive segment of the trajectory (In 
free flight) It has a fixed fin 
(stabilizer) In tall section due to 
which Is statically stable.

Winged rockets as a rule, are 
guided (at least In a powered-flight 
trajectory), since the wing creating 
lift serves for flight control. With 

the classing of the rocket to a certain diagram It 1s sometimes difficult to 
distinguish the fin with a large surface f^om the wing with a small surface. For 
Instance, the American air combat rocket "Qenle" (Fig. 51) does not have a wing but 
has a fin, and Its stabilizer Is X-shaped and located In the tall section. This 
rocket Is guided with the help of deflecting plates attached to the trailing 
edges of the fin. Because of the absence of a wing such a rocket cannot sharply 
change the form of trajectory, l.e.. It possesses poor maneuverability.

Externally the Swiss antitank roctet "Cobra-4" (Fig. 52) Is similar to the
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"Genie" since it also has in the tall section X-shaped surfaces. However, they 
are sufficiently great, create great lift, and provide good maneuverability at a 
low speed of flight (~80 ra/sec), and therefore the "Cobra-4" belongs to winged 
rockets.

GRAPHIC NOT REPRODUCIl-LE
Winged rockets have many forms of aerodynamic designs. 

According to the presence and location of the controlling 
fin with respect to the wing (besides vertical) diagrams 
of aerodynamic designs of winged rockets are divided Into 
three subgroups: normal, "canard" and "tailless."

The normal diagram of aerodynamic design assumes 
that the controlling fin (rudders) Is located behind the 
wing in the tall section of the rocket. According to such 
diagram aircraft and many types of winged rockets, for 
Instance, the American winged ground-to-air rocket "Bomarc" 
(Fig. 53), are usually constructed.

In the "canard" diagram the horizontal controlling 
fin is ahead of the center of gravity of the rocket In Its 
nose cone. The American winged missile "Navajo" (Fig. 54)

Is constructed.
The diagram of a "tailless" rocket does not have a horizontal controlling fin.

In particular. It Is obtained with the use of a sweptback wing having a large 
ai'APHIC NOT REPRODUCIBLE

sweepback angle. In this case the end 
part of the wing Is so close to the tall 
part that the need for a horizontal 
controlling fin disappears. An exan?>le 
of the embodiment of such a diagram Is 
the American winged rocket (winged 
missile) "Snark" (Fig. 55). Rockets 
constructed from the "tailless" diagram 

can have an uncontrolling fin (including the horizontal) located both ahead and 
behind the center of mass. The necessity of such a fin appears when there Is 
tendency to ln^)rove the characteristic of the static stability and dan^jlng of the 
rocket. For Instance, the American winged rocket "Falcon" of the alr-to-air type 
(Fig. 56) has motionless surfaces ahead of the wing, which being cross-llke, decrease

Fig. 50. Ballistic 
finned wingless guided 
rocket.

Fig. 51. Wlngiiss guided air combat 
rocket.
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the excessive static stability of the rocket. Such surfaces are called destablllzers. 
Destabilizers also improve the characteristic of damping.

9

fin

Fig. 53. Ground-to-air winged rocket.

An Amerljan rocket of the same class the ”Sparrow-IlI" (Fig, 57), on the 
other hand has a cross-llke motionless fin behind the wing. This fin ensures the 
static stability to the rocket and dan?>en8 It oscillation around the center of mass 
more quickly.

A variant of the "tailless" diagram Is the diagram of the "flying wing". The 
body of such a rocket 1s almost completely Inscribed In the outline of a wing.

According to data of foreign source 
such a diagram will possible be used 
In rockets with an atomic engine.

Thus far we have examined 
aerodynamic designs of single-stage 
rockets. For multistage rockets the 
presence Is characteristic of definite 
peculiarities In their aerodynamic 
design caused by the consecutive

Fig. 54. Winged rocket (winged missile).
separation of the stages. Kie multistage 

rocket, as a rule, has great length and to give It stability the first stage 
frequently has a developed fir. Before the separation of the first stage the 
aerodynamic design of the rocket can be considered finned and wingless. After 
separation of the first stage, depending upon the assignment of the rocket, its 
aerdynamlc diagram can also be finned wingless or unflnned (ballistic rockets) or
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winged (ground-to-air rockets and last gilding stage of the rocket).

K
no^^ntroiling fin

Pig. .55. Winged rocket (winged Pio. u. ....
lolsaile) 56, Winged missile*

GRAPHICS NOT REPRODUCIBLE

Nose cones of ballistic long-range rockets are made, as a rule, detachable 
from the body. The reason for this Is that body of the last stage of the rocket 
18 destroyed, since It Is not designed for great overloads which appear with the 

rin entrance with great speed Into dense
layers of the atmosphere. The accuracy 
of firing rockets with undetachable 
nose cone would be poor. To make the 
body of the last stage of the rocket 
sufficiently durable would be 

unprofitable because of the considerable 
Increase In weight of the construction 
of the rocket.

For execution of Its assignment the nose cone when entering the dense layers 
of the atmosphere should be definitely oriented with respect to the tangent to the

trajectory. If the nose cone Is statically stable, 
then such orientation will occur automatically, in 
sufficiently dense layers of the atmosphere the axis 
of a stable nose cone will accon?>ll8h a certain 
oscillatory motion around the tangent to the trajectory.

Nose cones of ballistic rockets are usually 
constructed In the form of a cone. For a uniform 
cone (with equal distribution of mass over the entire 
volume) the center of pressure Is located nearer to 
the vertex than th center of mass. Therefore, to

Pig. 57. Winged missile. 
GRAPHIC NOT REPRODUCIBLE

Fig. 58. Diagram of a 
nose cone of a long- 
range rocket:
1) warhead; 2) "shirt”.

-114-



t o impart stat i c stability t o t he nose cone of t he rocket 1~ is necessary e i t he r 

t o dj splace the cent er of gr avity nea r er to t he vertex or t o transfer the center of 

dr a~ f urther away f rom the ver tex , In pr ac t ice a mor e conv -nient alternate pat h 

is usua lly adopted supply i ng the conical nose cone a ·skirt'' (Fig. 58), which is 

a continuation of t he contcal su rface . 

§ 2, Cont rols of the Rocket Flight 
and Controlling Forces 

An unguided r ocket moves in a tra.j ectory which is called natural or ballistic. 

For the nat ural t r a j ect ory it is char acteris t i c that all f orces applied t o the rocket 

in fli ght ar e reduced t o the resu l tant direc ted on the tangent t o the tra j ~ct ory. 

The gu ide d r oc ket should have ~.nether t rajectory different from the natural 

so that the r ocket wi l l succes sf ul ly execute i ts task (for instance , hitting a 

moving ta rge t ). The t r ajectory can cease t o be natural if a force directed at an 

angle to the tangent t o t he t r ajec t ory will be applied to the rocket. Part of this 

f orce directed along t he norma l to t he trajectory is called controlling. Device 

ensuring the nece ssar y cont r ol fo r ce in a flight are called controls. Controls 

comprise a system of cont r ol of t he moti on of the rocket which are ma~e up of a 

complex of equipment and device s ensuring measurement of deviations of the actual 

motion of r ocket from t he nec essary directi on of flight, the formation of the 

corre sponding signal, and the cr eation of the control force. 

Cont r ols can be divided i nto t hree types: aerodynamic, gas-dynRmic, and 

combined . Th i s divi sion is carr ied through depending upon the vector of what force 

applied t o the r ocke t par t i cipates in the creation of the control force. Three 

kinds of f or ce s act on t he rocket in .flight: gravity force (gravitational), 

ae r odynamic , and tract ive f orces of the engines. As yet man has not been able to 

govern gr av i t y fo r ce s. 

Aerodynamic cont r ols create a cont r ol force owing to the turn of the vector of 

aerodynami c f or ce s. For i nstance, with help of elevator deflection there ·appears 

a cont r ol fo r ce displac ing t he rocket along the normal to the trajectory to a 

cer ta in side . 

Gas-dynamic controls for the creation of a controlling force deflect the vector 

of t he tract ive for ce {for instance, with jet vanes) from the direction of the 

tangent to the tra j ec t ory. 

With t he cr eation of controlling forces the combined controls use both 
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ae r odynami c fo r ce s an rac ive f or ce s. 

Le us r ace how the con rol f or ce is created and hv~ the deviation of the 
r ajec or y of he 1·ocke o ~L r s as illustrated by jet vanes. Jet vanes consist of 

f o r pl ts fr o a ma e r i 1 which coute racts well the high-temperature stream of 
om stion produ cts of f u 1 . J t vanes are placed at the ou le of the nozzle 

and can rn a some an 1 

-v;J 

o a cer tain side. Figure 59 shows how with the turn 

of one of the horizonta l vanes 

at angle o the force 1\, appears, 

which applied to the vane 

(and, conseq~enlty, to the r ocket 

a s a whole). The component X 
p 

of this f orce acts along t he 

axis of t he rocket, braking its 
Fi . 5 . Dia r am of t he re tion of a control 
f or ce of a r oc ket y mens of jet vane. fli ght. The other component Yp 

of f or ce RP is a part of the 
on r ol f or ce . If one wer e t o bring f or ce Yp to , he center of mass of the rocket 

A 

r o ke 

i on of 1 on t he "11 ht of the r ocket will b~come clear. The moment 

in 

y the pai r of f or es YP - Y"p, will turn tht rocket around the center of 
a er ai~ an l e of incid ence a owi ng t o which the lift Y applied t o the 

e en er of mass will appear. The difference of f orces Y - Y' will p 
o s ti te he ma ni ude of the control f or ce under the action of which the center 

of mass of he r oc ket will e in to de vi at e in the direction of t he control force. 
Aer o ynamic con r ols are used f or r oc kets flying in sufficiently dense layers 

of he a mo sphere and wit 1 reat speed , i.e., when t he aerodynamic f orces are 
sf 1 i en ly r ea . Aer odynamic con r ols are divided into t he f ol l owing groups: 

rf ce s , i n e r cep ors of air f l ow (spoilers), and turning wings. 
o rol s rfaces , or simply r ~dde rs, can be place d at different places of 

r o k In r ocke s of t he "canard" diagram t hey frequently directly adjoin t o the 
o yo he r oc ket (Fi. 54) and are alled steering fins. Very often the rudders 

a r ' i r ec ly ehind the wing (Fi. 55 ) or behind the fixed fin (Fig. 53 ). 
Cc . r ol surf ces in roc ke s SPrve as rudders elevators, ailerons, and elevens. 

h ve r ~ posi i on of the rt•.ide rs is in a vertical plane, and a deflection 
of h o o e s ide will cause a tur n of the r oc ket to the right or left of the 
v r i 1 plane 1 w t h the flight occurred. The elevators deviate from the 
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horiz ontal plane in which the flight of rocket occurs. Operating the elevators 

permits the rocket to change the direction of flight in a vertical plane, i.e., 

to change the altitude of the fliyht. The combination of rudders and elevators 

makes it possible to control the rocket in two mutually perpendicular planes 

horizontal and vertical, i.e., to carry ou ~ practically any maneuver in apace. 

However, t here is another control of the rocket in space. There 11 on the 

rocket , beside s t he elevators, rudders of bank or simply ailerons. Ailerons 

consist of two control surfaces located or1 the wing tips and deflecting to various 

a) 

Fl . 60. Flight contol of the rocket 
by means of giving it bank: 
a) deflection of ailerons begin banking 
the rocket to the right; b) turn of the 
normal component of force Y1 led to the 
apoearance of a lateral component 
contro l force Z shifting the rocket to 
the right. 

side. If one aileron goes down the 

other goes up and inversely. If 

ailerons deflect the rocket inclines, 

banks, 1.e., the angle of bank directed 

to the corresponding side appears. With 

this the elevator deviates not from 

vertical but from the inclined plane, 

and the horizont,1.l component of the 

control force appears turning the 

rocket to the proper side {Pig. 60). 

Elevona differ from ailerons with 

the poaaibility to deviate from the 

surface of the wing to any side independently from each other. In rockets it may 

be necessary to turn the whole fin and not Just part of it. This permits the controls 

to work more ef fectively at small angles of rotation. 

Spoilers or interceptors of flow (Fig. 61) work on such a principle1 from the 

surface of the wing a thin plate which brakes the flow 11 advanced. Pressure on the 

v. -
Fig. 61. Di agram of a spoiler 
device r 

surface of the wing in front of the protruding 

plate 11 increased, and after plate a 

aeparat ~on of flow occur,. Thia lead1 to a 

change in the magnitude of the 11ft. For 

conveni ence of co trol, with the help of 
1) spoilerJ 2) center of 
oscillation of the spoiler; 
3) wing. 

spoilers the latter are brought into 01cillatory 

motion, and therefore they are sometimes called 

vibrating spoilers. The amplitude and frequency of oscillation• of the 1poiler 

are not regulated. The magnitude of the control force is changed by mean■ of 
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$h1t'ti11g the center of oscillation. The nearer the center is to the surface of 
thP. wing the greater the time durine; which the spoil.er will be advanced and the 
wing lift will l:,e changed greater, 1.e., the magnitude of the control force will 

be larger. In thin wings the spoiler is alter~~tely advanced first from one side 
then from the ,1ther side of the wing. The advantage of spoilers over rudders is 
the smaller weight of the cont rols (including the drive). Therefore, the spoi ler 

control is used in antitank rocket i:i where one of main requirements is a minimum 

takeoff weight (for instance , antitank rockets "SS-10" and "Cobra-4"). 

A deficiency of the spoiler control is that t his group of controls not ensure 

the rocket of sharp maneuvering. 

The pivoting wing is a common wing with the pos~ibility to turn with respect 

to the bo~y of the rocket around its longitudinal axis or perpendicularly t o the 

longitudinal axis of the r ocket. This turn of wing changes its angle of incidence 
leading t o a change in the cont rol force. The advant~ge of such a control is the 
good maneuverability of the rocket, since the control force is created owing to 
the turn of one wing~ and the inertia is l ess and the turn can be made faster . The 
r ocket should be turne6 with the pivoting wing when it is required to carry out 
a quick maneuver in the trajectory. For instance, the American rock2t "Sparrow-III", 
intended for the combat of aircraft with air targets, has an X-shaped pivoting wing 
(Fig . 57). 

The deficienc iE::d ot the pivoting wing are the large hinge moments necessary for 
turning the comparatively heavy wing. However, the power of the drive is not very 
great, the since angles of rotation are small and therefore the speed of turn may 

also be small. Another deficiency is a certain increase in the drag of the rocket 
due to gaps between the wing and the body. Furthermore, a shift in the cente r 
of gravity with burnout leads frequently to the appearance of a negative angle of 

incidence of the body and an increase in loads on the fin during a maneuver, which 
increases the bending moment applied ~o the body of the rocket. 

Gas-dynamic cont r ols ca~ be applied with success in those cases when 

aerodynamic controls become little effective in rarefied layers of the atmosphere 
and also at low spe ed s of flight of the rocket (for instance, at its launch from 

the Earth). 

Several method s of the turn of the vector of tractive force exist. We have 
already considered how the flight control of a rocket with the help of 0et vanes 
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occ urs; however, in ensuring the rocket of sufficiently high maneuverability suct1 

·,anes have two essential deficiencies I low stabilit y, because of the fact that 

they are in a high-temperatu re medium moving with great speed, and also considerable 

drag . The first deficiency compels us to find specially stable materials for jet 

vanes , othe rwise tney can burn up toward the end of operation of the e.ngine. Then 

the rocket will stop being controlled a,r,d will descend frorn the calculated 

t r a je: ct ory. Because of the second def ic iency part of the tractive force is lost tc, 

the surmounting of the drag of the jet var es. 

I n ballisti.c r oc kets turn ing engines are widely applied. Thus, for instance, 

t he Ame ric an ballistic unfinned r ocket "Atlas" is cont r olled on a powere d-flight 

t raj ec t ory with t he tu rn of a j et engine chamber. On t his roc :,;.et there are 

specia l controlling engines ensuring lateral stability to the r ock:et and allowing 

t he cont r ol of H on t he initial sect i on of free flight f c. r the ccrrection of the 

t ra,j ec t ory. 

Attempt s a re known t o cont r ol the rocket by means of a turn of the rozzle or 

a special cap placed i.mmediately behind the noz zle and embracing the stream of 

gases . The cont r ol by redistribution of the t ractive force in r,everal nozzles is 

~- c·~: 
., 

Fig , 62. Di agr am of t he c1·eatiori '"lf 

possible. For instance, on t he English 

antitank rocket "Pye" there are a 

number of nozzles of the sustainer 

engine l ocated about the circumference • 

The control system permits covering one 

or several nozzles and thereby creatihg 

the control force necessary in magnttude 

and direction. This rocket does not 

have aerodynamic controls. a l ate ral f or e~ by means of liquid 
inj ect i on into the supers onic part of 
the nozzle: 

l l hole f or the in j ection of the liquid; 
2 r eg i on of flow of the injected liquid; 
3 shock wave . 

Recently considerable attention 

has been given abroad to the method 

of control by the vector of tractive 

for ce by rr.enas of bl owing ( injection) liquid or gas into the nozzle of a jet 

engine [4 8 ]. The fluid fl ow i.njected into the supersonic part of the nozzle through 

the hole 1 (Fig . 62 ) interact s with the supersonic flow of gaseous products of 

combust :.'..on of the fuel and, deviating frorr. the initial direction, flows into 

region 2. 
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The region of in j ec t liquid 2 is a bat1· ,et f or the supersonic flow in the nozzle, 

~r~kes this flow, and create s the shock wave 3. After the shock the speed of gas 

~ecreases, the pressure incree.ses, and the flow of gas turns. WitL this the 

~ressure on the walls of the nozzle after the shock wave turns out to be more than 

;l;f there were no injection of the liquid. This leads to th~~ ap:peair . !C1e of the 

l ate r al f orce Y" the magnitude of whicl-i is equal to Urn i.i,,.in a' '' an the f or ce s 
uOR 

fr om the increase in pressure as compared to the case of the absence of injection 

which have an effect on the wall of the nozzle after the shock wave. 

By varying the quantity of liquid i njected into the no zzle per unit of time , 

it is possible to cont rol the magnitude of the lateral and, consequently, control 

f orce. The direction of the cont r ol force can be changed by injecting liquid 

through different holes located along the circumference of the cross section of the 

nozzle. 

A c~rtain decrease in t he tractive force, owing to the irreversible l os ses 

of mechanic~~ energy of t he gas flow with the ~ransition of it through t he front 

of the shock wav(, ts approximately compe.,sated by the increase of thrust from 

the expiration through the nozzle of the injected liquid. 

Not enumera~.ing other forms of gas-dynamic controls let us t tirn to the combined 

type of controls the principle of the action of which has been known for a l ong time 

and consists in the following. On trailing edge of wing or another fixed liftinr; 

surface (fin) the nozzle is mnde in the form of a turning slot through which 

gasr;s pass with great speed. By regulating the turn of the slot it is possible 

t o direct the strea1n of gases t o a c •rtain side of the lifting surface at a 

different angle, The control forc e will consist of the normal component of tractive 

force from the expiration of gases through the slot and of an additional normal 

component from forces of air pressure on the lifting surface, which appeared from 

the redistribution of pressure al ont?; the contour of the lifting surface with the 

int eraction of the air flow circumfluent this surface with the stream 0f ge~GC 

passing through the slot., At present there are attempts to use e. jet spo1.ler. 

A stream of gases in a jet spoiler is guided through the slot in the wing upwards 

or downwards and considerably changes the wing lift. Tr.ls change can be increased 

even more if one were to vary the exhaust velocity. 

Deficiencies of combined controls are that they effectively operate only in 

sufficiently dense layers of the atmosphere and with a certain minimum of the sptbl 
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of flight, and turns of the slot-like nozzle 

are also needed in the reliable source of 

gases and mechanism. 

Fig. 63 . Diagram of flight control 
of the r ocket by the turn of an 
engine . 

Let us briefly examine the calculation 

of the magnitude of force appearing q,n the 

controls during their operation. It i s 
most simple t o determine 1t in the case of the control of turning the whole engine. 
From Fig. 63 one can see that YP = P 1 sin 5, whe.re P 1 i s the tractive force and 5 
the angl e of rotat j ,m of the engine. The component of the tractive force along the 
tangent t o the trajecto ry will be changed lit tle, since it is equal to P • P cos 6, 
and bis comparatively small and cos 5 differs little from unity. 

If jet vans or air vanes in the form of deflecting surfaces are used, then for 
cal culat:on the f ollowing f ormula are used: 

r, - o,,as,q == r po&: 

X,=-(C,o+ ~&1)Srf, 

(4.1) 

( 4. 2) 
6 where Ypo = Cyp!\,q; SP is the characteristic area of the vanesJ q is the velocity 

heRd incident on the roc ket of t he air flow (or flow of gases in the nozzle of 
th e engine f or jr t vaneJ ); c5 , CxO' c6 are aerodynamic coefficients determined by YP X 
ca l culation O J~ according to experiments in wind tunnels. Formulas (4.1) and (4.2) 
show .,ow magnitudes Y p and Xp depend on the angle of rotati on 5 of the rudder 
surface . If for Yp this dependence is linear (Yp is proportional to 6), then that 
f or Xp it ic more complicated and approximately described by the parabola similar 
to coeffi ci ent ex in Fig. 22. From formula (4.1) it is evident how accordin~ to 
t he ascent of t he r oc ket above the surface of the Earth Yp created by aerodynamic 
controls decreases . Really since q m ef, then it proves to be that q is directly 
propor t i onal t o the ai r density p which quickly decreases with altitude. 

Cont r ol f cr ces created by spoilers, turning nozzles, caps, and so forth and 
also combined controls are determined mainly by experimental means because of the 
complexity and insufficient study of phenomena ~ccompanying their operation. 

§ 3. Aerodynamic Interference 

Aerodynamic interference h called the mutual influence of bodies near one 
anothe r in the fl ow of air on the fl owing around of them by this flow. For 
instance , the flowing around by the air flow of a winged rocket consisting of a 
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body Md wing differs from the flowing around of the same bodies of the rocket and 
its wing but isolated fr om eac h other. The forms of streamlines of shock waves and 
the vor tex tr.,11 will oe different, and this will change the distribution of forces 
of pressure and forces of f r iction along streamlined surfaces. Aerodynamic inter­
ference leads to t he fact that the sum of aerodynamic coefficients calculated 
separately for the body and wing of the rocket will not appear equal to the 
r e,spect ive aerodynamic coefficient of the r ocket on the whole having the same body 
and wing . Therefore, it is especial ly important t o know the laws of aerodynamic 
interfer ence . By knowing the laws it is possible not only t o determine t he 
aerodynamic coefficents of the rockets, but also by fulfilling the aerodynamic de sign 
of t he r ocket we can use reasonably the results of the i nte rference in thei r 
interests . However , the phenomenon of ae r odynamic interference is so compl icated 
t hat up to the present t i me there have been no suffic ient ly simple and r e l i able 
t he oretical soluti ons t o this problem; and therefore by creating a roc ket in 
calculations it is necessary to use either qualitative conc lusions of the the ory 
or empirical f ormulas . 

Subsonic and supers onic air flows behave differently, and therefore let us 
examine the phenomenon of ae r odynamic interference separately in condi t i ons of the 
rocket flight f irst with subsonic and then and supersonic speeds. 

The wing and body of the rocket at the place of their connection form a 
complicated surface remainding one of a dihedral angle (Fig . 64). As a rule this 

Pl acus of appaaran o• 
of di ff J SC!" pock et , 

b) 

Fig . 64 . Diagram of a winged finned r0cketz 
a) r ar efact i on above and compression of air under the wing is t r ansmit t ed t o the body increasing its lift ; b ) body of the rocket increases the angle of incidence of t he wing by angle ~a= a - a•, 
and the wing slopes the flow at angle£. 

angle increases, and therefore 

the spe ed of the subsonic 

flow decreaHes and the press'1re 

increases. Furthermore, the 

flow of air inside this angle 

undergoes a s i ~ultaneous 

deceleration from both walls 

(wing and body). All this 

leads to the deceleration of 

the flow and a sharp increase 
of the t hicknes s of t he boundary layer. The so-called diffuser pocket is formed. 
Inside the diffuser pocke t even at small angles of incidence there occurs a breakdown 
of the boundary layer accompanied by a strong eddy formation. We already k11ow that 
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thi s phenomenon leads t o t he increase of drag of the r ocket and to the decrease of ~-t s lHt . 

'rhe m
0

gni t ude 6C on wh 0 11 the drag of the rocket is i ncreased, i s 
• '" X v! HT 1 

~e te rmined by experimental data and i s on the ave rage 0 . 01-0.02. To decrease t his 
h•nmfu l phenomeno11 ( focrease of drag of the r ocket and dec rease of its lift ) the 1 
connec t i on of t he wi ng with the body is made smooth wit h t he help of "f airl ngs . " 

I 

The presence of tt1e body of the rocket disturbs the continuous di stribution of 
t he circulati on about the wi ng (along t he span) , and th is l eads to the i ncreas e 
of' inouced drag of the wi ng . The jnfluen ce of the body , and also the gondolas of 
mot or s :f t hey ar e plac ed on t he wing and are not extracted in i t s profile, i s 
cnns ider ed by the i ntroduct i on into the f ormula of the coeff icient of induc ed dr ag 
( 3. •~) i nstead of rea l wing aspect r at io 1 of the effective extens i cn 

). 
1- == ~. l + s,1s • 

where k1 is the coefficient consi dering t he f or m of the wi n~ i n the plan (it s 
magni t ude is 0 . 6- 1. 0 ) ; Si i s t he wing a r ea ove r l apped by t he body of the r ocket; S i s t he wing ar ea in the plan. 

Thus , the variable part of t he drag of the r oc ket dependent on the angle of .incide nce can be calculated by the f or mula 

c., ..... - c., + AC., HP 

Mor eover, at subGonic speeds of fli ght the interference of the wing and body 
of t he r ocket inc r ease s the par t of t he drag coeff icient of t he wing Cxnocr' 
not dependent on the angl e of incidence . This increase is estimat ed by t he coef f i cient of interference k ent ering t he f or mula considering the decrease of v! HT C owing t o the cove r ing of par t of wi ng area by the body of tr.e rocket. '.rhe 

X ll OC'T 

drag coefficient c,f the wing , t ak i ng into account the i nterference, is determined fr om the f or mula 

• C,.._, -c,. (I-•■-, i-)· 
The wing and body mutua l ly af fect t he lift of one another. This is explained 

in the fo l l owi ng way . Let us assume the r oc ket is at a certain an~: e of i nc idence I 

a (Fig . G%) , 
then the body as if crushe s unde r itself part of the n ow, and 

t here f ore the s t r eams of f l ow de viat e under t he body downwards and on each side 
J f it upwards. Thi s incr eases the a1 ,~ le of incidence of the wing by 6a and, 
conseque ntly , i ts lift . The i ncrease of p,essure under the wing and decrease of 
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i:i,ressure above t h,e wi!.ng are transmitted to the body of the rocket (Fig. 64a) and 
also increase it s lift. However, at subsonic speeds of the flight of rockets this 
increase in 11ft of the r ocket almost is completely compensated by the decrease 
in lift due t o the seµaration of the bounda.ry flow in t he region of the connection 
of the wing and body. Theref ore, in the first approximation we consider the lift 
of the rocket equal t o the sum of the lifts of the wing and body. 

Now let us cons ider the phenomenon of aerodynamic interference of the wing 
and body of the r ocket during th"J flight of it t:tt supersonic spreds. At the 
connec tion place of the wing and body the expansion of supersonic flow increases its 
speed and de r reases the pressure. This permits in most cases avoiding tt.e 
separation of t he boundary l ayer and, connected wi th this, the increase in drag 
and als c decrease in lift of the r ocket . If one were t o consider that perturbat ions 
at supersonic speeds of the fli ght spread inside the cones with angleµ (Fig . 66 ), 

b) 

Fig. 65. Figure i llustrating 
the application of the rule 
of "area 11

: 

a ) diagram of r ocket; b) 
equivalent solid of 
r evolution. 

then it becomes clear that it is possible in the 

fir st approximation to disregard the change in the 
drag rf the r ocket owing to the change of induced 

drag of the wing with the connection of it with the 
body. 

The increas~ of the lift of the rocket from 

the mutual in~luence of the wing and body at 

supersonic speeds of the flight is considerable, 

and the coefficient of the lift of the rocket can 

be approximately calculated from empirical formulas. 

The aerodynamic interference of the body and 

wing of the rocket change the magnitude of the 

pitching moment applied to the ~ocket and, 
consequent l y, the position of the center of pressure. The change of the moment 
fr om ae r odynamic in~erference in the first approximation does not depend on the speed 
of' the flight of the rocket (on M) and is determined from empirical formulas. 

Everyt hing said above on the aerodynamic interference of the body and wing 
can be related t o the interference of the body and fin. However, with the presence 
on t he r ocket, besides the wing, of still another fin, this forces us to consider 
changes in the streamline flow of the rocket which are formed owing to the downwash 
caused ahead by the disposed wing and fin. 
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Let us consider the interference of the body of the rocket and f i n Which is 
the zone of the flow perturbed by the wing of the rocket. The chief characteristic 
of this case of interference is the flowi ng around of the fin by the fl.ow perturbe..i 
by the wing of the rocket. In the first approximation in the calculation we 

consider only the change of the angle of incidence of the fin owing to the 

downwash by the wing . The angle of incidence of the fin (Fig. 64b), is 
de termined afte r the following formula: 

where a i s the angle of incidence of the rocket; " is the mean value of the downwash 
angle behind the wing . 

As it was no~ed above , because of the complexity of the phenomenon of 

aerodynamic interference, it is cons idered in calculati.ons only approximately. It 
is especially complicated to consider it in the region of the transtransonic 
speed of fli ght when the system of local shock waves appEciars and is reconstructed 
prior to the shaping of the front and rear shocks when the local shock waves interact 
with the boundary layer . Therefore , in the practice of the• construction of rockets 
the area rule is used , which permits r educing to a minimum the harmful phenomena of 
interference. 

The area rule is based on the position well-checked by experiments about the 
f act t hf,t t he drag of the r ocket (Fig. 65a ) is approximately equal to the drag 

of the solid of revolution having the same distribution of areas of the cross section 
along its axis as f or the actual r ocket (Fig. 65b), 

Therefore, ty connecting the body of the rocket with the wing and fin it 

follows thus t o distribute the area of the cross section along the ~.xis of the 
rocket as occurs for the solid of revolution of most advantageous form or close to 

such . The area rule is useful not only in the transonic speed range of flight, but 
also f or supersonic speed s; h0wever, it is necessary t o fulfill the cross section 
not at a right angle but at an angle a = arc sin i to the axis of the roci<:et. 

• Consequently, it is obtained that for each speed of supersonic flight the angle of 
the cros s section will be its own, and therefore the form of the rocket providing 
the least drag is als o its own. Rocket designers must design the rocket form so 
that 1t possesses the least drag at such speeds of flight during which the rock,9t 
must fly the greater part of the time. If one were to apply the area rule, the 
body of the rocket at connection places of the wing and fin becomes thiMer (see 
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, IJ)~~,ed lines tn (Fig. 65a.), which considerably decreaaes the magnitude of the drag ~' ' bt ~he rocket. 

In seleot.ing the aerodynamic diagram of a rocket one should consider the 
r Pll#.n& moments appearing in flight from different conditions, the sum of which is 
called' the moment of oblique airflow. The cause of the appearance of the moment 
Of oblique airflow is asymmetry of the flowing around of the rocket by air, for 
1nstance, during the carrying out of a maneuver in a horizontal plane with the angle 
of incidence. The asymmetry of the streamline flow is caused by the following 
f actors: 

1 - difference of the actual angles of sweepback of consoles of the wing; 
2 - influence of downwash after the wing on the fin; 
3 - blackout of one conso.le of the wing by the body of the rocket; 
4 - different places of the separation of flow f1•om consoles of the wing, which 

are obtained because of different conditions of their streamline flow; 
5 - different influence of wing tips on the streamline flow of the surface of 

t he wing (e~d effect of the wing); 

6 - different mutual influence of the wing and body of the rocket at places 
of the-. r connection (root effect). 

' I 
I 

I 
I 

Fig. 66. Diagram of a rocket for the illustration of causes of the appear­ance of the moment of oblique airflow. 
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Figure €6 shows by respective numbers regions of manifestation of the asymmet11y 
,, ' 

of the flowing around of a winged rocket and denotes by ar:t"ows the dire,cU,on of t 1he 

separate components of the moment of oblique airflow. There will be the s,~me 

direction for the moments bot h with cruciform wings and the Uns, but und.er the 

condition that the ungle of incidence of the rocket is greater than the angle ot ,1 

• slip. Designers of' a r ocket are thus obliged t o design bank controls, for instanr.e, 

ailerons, so that the magnitude of the rolling moment ts created by the.m is la:rge·r 

than the moment of oblique airfl ow and the rocket after a maneuver can return 

• quickly enough t o it s initial po.::; ition . 

§ 4. Ideas on t he Most Advanta eous 
of D agrams o Roe ets o 

Evaluation 
ss gnment 

In process of t:ie aerodynamic de signing of a rocket it is almost always 

necessary by all accessibl e means to striVP. t o decrease the drag coefficient. This 

makes it possibl e t o obtain an as signed speed of the r ocket with a smaller propellant 

weight, i. e ., t his will decrease its launching weight; or with the assigned. weight 

of the rocket this will incr ease its speed (and, consequently, the flying range); 

or with the assigned spee d and launching weight this will increase the part neces,sary 

for a payload (warhead, container of instruments, etc). 

It is practically difficu~t to make the outer form of a rocket so th•t it w!il 

have the least drag, since it is necessary to deviate from the most favm.•able 

form caused by the necessity t o dispose the engine assembly, instruments, ancl a:rm4LJ1lept 

and als o by operating conditions, and others. The finite limitations on the (Q,r,m 

of the rocket are superimposed by the methods of its manufacture. 
I ,I 

How can we decrease the drag coefficient ex? In general it is determined by 

equation (3. 8). 
'i '! 

.. 
For a decrease in ex p and ex B t ,he contour of the rocket should ha:vie a re.Uo4~~ • , 

form. At subsonic speeds of t he flight this form is teardrop-shaped,. At $UP,EU:'~li>tl~C 

speeds for a decrease in the wav ,, drag one should use the pointed form of tne bo~r 

• of a rocket and also profiles of the wing and fin. The greater the sharpen!~ the 

less the angle of shock and the less the losses in it. Losses are espedally gree1t 

and before the different flanges, and therefore we try to decrease 't}he!rtt,. 

of ex and to the decrease 

i s given. 
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1 To decrease CXB in the region transtransonic speeds the leading edges ot the 
1 1 wings and tin are made sweptback, and the actual wings and fin are made with amall 

extension,. The relative thicknesses of the profile of the wing and fin should be 
as little as pos tble. These requirements aatiafiea well the triangular (in plan) 
Wing tinding wide diatribution in rockets. The great advantage ot such a wing is 
the stable position ot the center or pressure at different apeeds ot flight, which 
facilitates the stabilization of the rocket. 

Let us show how the sweepback ot the leading ~dge decreases the drag of the 
wing and helps to overcome the shock stall. Prom Pig. 67 one can see that the 

brodynaio l'idgea 

Pig. 67. Diagram 
of the flowing 
around ot a swept­
back wing. 

profile of a sweptback wing is flowed around by flow with 
the speed of perpendicular to the leading edge and equal 
to Vn • Vmcos x, where xis the angle of the sweepback. 
The larger x the leas Vn with a constant Ver,• A decrease in 
Vn permits removing the shock stall into the region of 
larger values of Ver, and conaidering lowering ex in the range 
transtransonic 1peed1. 

In the region of subsonic and supersonic speeds it is 
desirable to have a rectangular wing, since it increases the effectiveness of the 
aerodynamic controls located gives to the rocket great lateral stability, and 
transfers the center of drag nearer to the nose cone of the rocket, which with the 
increase ot the speed of the flight is usually displaced nearer to the tail section. 
Por instance, on the Amel!'ican two-stage ballistic rocket "Pershing" the fin of the 
first stage is made triangular with a great sweepback, and the fin of the second 
stage flying with supersonic speed is rectangular. 

The component of speed VT causes the overflowing of the boundary layer along 
the wing and the runoff of it from the wing tups which decreases the lift. For 
preventing this harmful phenomenon on the upper surface of the wing protruding 
surfaces, called aerodynamic ridges are made, however, excessive tapering of the 
torm of the rocket can lead to undesirable consequences. The sharp nose of the 
nose cone and sharp edges of the wing and fin are quickly heated and can burn if the 
rocket flies within the terrestrial atmosphere at great speed: very sharp edges or 
the wings and fin with a relative small thickness cause separation of the flow from 
them with small values of the angle of incidence (a:' }-5°). The sharp nose cone 
of the rocket has a great extension and poor damping, etc. 
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Others factors affecting the selection of form ot the noee oone ot ttile rocket, 

should be remembered. Thus for rockets of tactical assignment, a ,considerable 

part of the trajectories of which is in dense layers of aitmosphere ,.nd 1E, subject 

to accidental influences of the wind and to changes of air density !&nd it,jl 

temperature, it is apparent expediently to make the nose cone as pointed aa 1 

possible. This will pr oduce the maximum decrease the drag of the rocket and 0'11~ 

of its flight along the de scend1ng branch of the tHjectory. Tile less thi$, time is 

the l es s the trajectory of the nose cone of the :rocket wiU deviate from the 

influence of the atmospher e (wind, air densityi etc.), i"e., the accurl!,cy ,of s~c~ 

a rocket hitting a target will be increased. Tne vulnerabilit,y f:rom tne action ! 

of antimissile means of the enemy also decrea1>etl• This iS the path taken ~Y tl)e 

creators of the AmericM r ocket "Pershing" with a rna,r:imum firing range of 750 l(,m. , 
1

1 

I .I I, 

on tho nose cone of this rocket there is a Sharp Up with a fused covering tes1aUn& 
I I I I ;I 

' I j, 

I I l1 !1 the influence of high temperat ures of ae.r(l)dyna.tnic hee.Ung. 
I I , i I 

To decrease ext one snoul.d have a laminar b0\.1.~dary lay,er ov~r the ~n~~~e i 1 

surface of t ,he, rocket; for this the surfM,~ of t}1:e roc~et s}?.oul~.· be 111111
1 

ootll :, ~~ ' 1

1 
'I , 

,I I I i ,, I I I II •'1 I I 

not have flanges and unevennesses,11 which c1an leaq to tur'buliza~1i1dn ~t \he, ~qun,a~ , • 
' . I, ,' .!' 'I!! II I 'I I 

layer. lt is necessary to rerneber that a part o:f C,.,r c~ bf! gre .. at not onl~_ ,rt
1

1

i' '., 

subsonic speeds of the rooke,t, but also at great au;ersonic s-p~~ds wpeh e~~: ~~b:re~~,. : 
, , ',! ' , I 1', 1' 1: 

with the increase of speed. It 1i; especie.ll.Y 11mportant to decrease , Cxf f~ltf ilong ' , ,1 
ii I ,I ,, I I 

I ' ! I ' I ' I ~ I 

rockets having a large lateral sµrface as c:ompared to the are,; of the 111i,d<iJe aect1Jop , ·I ii .I I I ,, I 

I: I ' 

and, consequently, the greateF part of the frietiq,nal fo'Jitce 1,n t}fle t 'o1l!'l f 1~J;".<?~ ' pr 
I I ii --,1,, I 

I ' Ii 

I I I I II i I the drag. 

To decrease cxi one s,hoUld take the wings w~\h t})e largest , possible 11,~theri~ng~' , 
,,, i 1'11 :1, ·1 I: ·1, ,I: ·I ' 

A (see formula .3. 9 ); the form of tnem should be near to elli.ptic (~dOes111~ ~)'l~ "' '1,, J :, I ,'·' '1.
1 

11, 1 .Ii, 

least induced drag ). There are foreign r<::lck.e.ts ~d aircraft ~ving a, ¢qnildal tw~~t I ;I 

of the wing when the nose cone of the protile d>f the w1ng 1'5 d1s!torted d~atda'~
1 

' :' ""'i'l'!'·'" I 11 1 

I 11 I 

The wLM 9f •µch. ' and th:1.s distortion prog.ressively increases to th~ wing Ups. 
:l 1

i 1 1 

form turns the vect or of lift nearer to the vertical and thereby decr,aaea the tq~~~ .r 

of induced drag (projection of lift on t~e direction of flight),. ,; ' '1; ;i , I, 
,I , , , 

1 

I ii~ I • ' 

To decrease Cx.n the tail section of the rocket shO\:lld be smoot~~ tape,re~ 1 ~p 11, , 1 

The ,a,11lie!r the , 
I ,, 

, , ,,I 1I , 

separation of the boundary l ayer, the larger the area cf the tail •ec,Uon o~ I t'e 1 .. : 

that the separation of the boundary layer is not premature. 

rocket will be , subject to the influence of r ,arefaction, and the grfu~ter the to : 
i ' 

I -- . ····••· ... ··•·· -·----- ....... ------""1""'111""'11--:, ""',1----
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of' the base drag will be. 
I 

OWing to the fact that on narrowing tail section the speed of the flow flowing 
aro'1Jld it increases, but the pressure decreases and the center of the drag of the 
rocket with the narrowing tail section shifts to the nost: cone. This decreases the 
stability of the rocket. In order that this will not occur it is necessary to 
increase the tail fin area, which increases the drag of the rocket and decreases tfie 
gain from the creation of narrowing tail section. 

It is interesting to note that presence of a stream of gaseous products of the 
comp1,111tion of fuel of passing from the nozzle to the tail part changes the picture 
of the streamline flow of this part of the rocket by air. OWing to the sucking 

' (ejection) action of the stream, the separation of the boundary layer can occur later. 
Furthermore, the area of the action of the base drag decreases by the magnitude of 
the surr1 of the output sections of the nozzles of the jet engines. Thus on a 
powered-flight trajectory the base drag of the rockets decreases. Under favorable 
condit~ons of the location of the nozzles and form of the tail section of the rocket 
it is possible to obtain the full disappearance of the force of the base drag and 
even to create a "pushing" force. 

Even a brief acquaintance with the idea of the "most advantageous form of 
rocket '1 convil!ces us that the process of aerodynamic d,~sign ic very complicated. 
In the b~ginr.ing through diverse variants are worked, and only after their thorough 
comparison is the best selected. With this one should strive to keep the 
aerodyflamic diagram the simplest; every complication introduced into it should be 
justified. For instance, for the variant of the guided ballistic rocket with 
gas-dynamic controls it is necessary to make the fin only in that case if for 
stabilization in the trajectory (such rockets, as a rule, are unstable) too powerful 
controls will be demanded. In this case the presence of the fin in the tail section 
of th~ rocket will be justified, since it will transfer the center of drag nearer 
to the center of mass and will decrease the static instability of the rocket. 

In conclusion of this chapter let us give a comparative appraisal of the most 
complicated but very widespread aerodynamic diagrams of winged rockets: normal, 
"canard," and "wingless". Advantages of the normal diagram are the following. 

1. The wing is flowed around by an undisturbed flow, and therefore conditions 
of its operation are favorable. 

2. The angle of incidence of the rudders ap (Fig. 68) in flight is less than 

-
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the angle of incidence of the wing a which permits giving the rudder's sufticientiy 
K 

large angles of incidence, ensuring a large control force and, consequently, a 

sharp maneuver of the r ocket i n f1ight. The separation of the flow from t~e ,sµr:fact,1 
I I, 

of the rudders will begin only after it oc curs on wing, and since this 1$ not al,l!Otftd 

because of the sharp dee r ease of the wing lift then it appears that the ru,ddera 

will not limit the maneuverability of the rocket. 

3. The beniUng moments applied to the body or the rocket are comparat:ively 

small, since of the small angl es of attack of the rudders the loads on them are ti 

not yery large. 

4. The rudders can be used as ailerons for producing the l:!ank ot the 
Deficiencies of the normal diagram consist of the following. 

1. In the zQne of the petturoed ('llapered) flow the fil') appea~e, wh.tic,~ is ! , 

I 
sub.jectE!d in this case to shaking ,from the influence of ab 1 impact , i~pad, ot 
periodic character appearing trom incidence on the fin, Of the e~dYIM ,, fbwt. ?Ai$ 1 

• . . , , I Ill' 11 'I 
flow separates from the surface o:f the wing e;l.ther at l, 1arge .:,.ngies of fr~ci~tz:ic, Ut 

I 
I 
I, 

' 1 1 I I ;, 
the flitht oocur,s with subsQnic , m<:>re accuratdy subse#doal spee~I) Of ~or1\e1•• ti:: 

1 

!iii i' 

ar~ formed after the cu1·vUinear shock wave ( if th~ spe~d e>f rhght 111
1
·, eupefsoJd 1,. ' '

11
1 

' ' I I l I II .f , j I ,I 

' I ' I I'' In the first Cllse the shaking of the fin is called ),u•~f~tiqs $l'ld in th~ e~c'ond , I . ' 

hi,sh-sp~ed iiurreti.r&, By avoiding buffeting the designers tr!Ul~fet th~ t~rt 

" higher tha:n the plane of the wing beyond perturbing t'low 
I 

but the we1Er;Ht dt t~e , , 
1

, 
1 1 

construction of rocket increases and the rigiq.i'ty decreases, and thepe treq\l.ent~~t , , , r, It Ii, I 

, .. I 
appears a flutter-vibration o,f the fin with the pos1rt'ble breakt~ qt i ,t 11, r:t:he ~~J,ii 

'llbrJt1es ~1th a fl.µtt,f Plfi~" to' i~f 

___ ,...,.. ___________ ~_ 

Fi g, 68. Control of a rocket with a normal 
aerodynamic diagram: 

a) pos!tion before the turn of' the rocket; 
b) position after the run of the rocket. 

• • • I I' , '1 

Low rlg:l~Uy, sine,!! the d~tf~bup~~•l1] , 
1
~:: 1 

' 'ii ,1111' ,1, 
, , , ·I ! r'I I :'h1~~(i7 i I o:f a 1,pw,-dgid tin period:lJca:,i:Ly ~~"1ii~~'1i , 
' I I I I!' ' ' 

the l ,pe.,d oni it on the s~,cle of th, ' 
1, 

' ,1:, 

I Ii I ' I! L1
: j,t: 

2. The lift of tbe ro¢~et (>n1 t~e : 
1 1 r ,,, , 

1 

IL ' ' I ' I Jl I 

whole decreases w1iih the dt!!~~ectft.it 

of the rµd,ders, 1:1ince the 1.1,:tt 1~, 

directed to the oppoid te ,dd'e than ' 
,,, 

the w:l.ng 3,1ft and bo~y of the roclte~ 

(Fig. 68) • 

The distance l)eb:een the 

center 
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1 lj I ,, 



" I 

.., ,,,.,.1,,,,,..,,i~,,-~i.-................ . ....... ... _,1,, ,11< . ,,.,, . ,i 
1· 

. ,.,.~ ••• ,,,, •. ,.., •. ,,,,1,,.,,,.,1,1., _ _.. ....... , ..... , . ,.., ........ ,,,l,;, ..... , •• ..,..--..~,.,,_,_ .... ______ 1! .. !~1--......----· ,., 

in rockets constructed from the normal diagram is less than for rockets made of 

the "c-.nard" diagram with identical lifts Y and Yp• Indeed from Fig, 68 and 69 

one can aee that frorn the condition of equj 1.1br1um during stabilization with the 

defined -.ngle of incidence (equality of moments of forces Y and YP): 

r._.-¥ and~.- r,r, • 
usually vY > ,c,f, and therefore xH < xY . 

--p P U,J:l u.J:t 
This worsens the stability of the rocket construct~d of a normal diagram, and 

w1th ,an identical static stabilitye other equal conditions of oscillation rockets 

made of the diagram "canard" will dampen faster, since the moment of damping is 

obtained greater (further from the center of gravity the controlling fin is 

attributed owing to which it dampens the oscillation faster in a viscous medium, 

air), 

Advantage of the "canard" diagram are: 

1. The fin is in the undisturbed flow, 

2, The lift of the rocket is increased owing to the lift of the rudders 

di~ected to the same side. 

3, The characteristics of dampinc, as were mentioned above, for the "canard" 

diagram are better than for the normal, 

~. The horizontal rudders have comparatively small dimensions, 

5, The "canard" diagram permits easier distribution of the fuel tanks and 

propulsion system, inasmuch as the controls are in the nose cone of the rocket. 

, I 

_ ,_,,._ . 

Fig, 69, Control of a rocket constructed of 
the diagram "::anard": 

a) position before the turn of the rocket; b) 
position after the turn of the rocket. 
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Thus the rocket carried of the "canard" type does not have deficiencies ot 

per.uliar to the normal diagram. 

However, the "canard" diagram has its deficiencies which lim'it its practical 

application. 

1. A flow tapered by rudders affects the wing, which leac!s to the appearance 

of a rolli ng moment effective about the longitudinal axis of the rocket. This 

l arge r moment t he smaller the wing aspect ratio, since almost all its surface is 

subjected to the i nfluence of t aperP-d flow. 

2. Because of the appearance of the rolling moment from the oblique airflow 

of the wing, t he rudders cannot be used as ailerons since this moment of bank will 

be directed opposite to the r olling moment appearing from the action of the ailerons, 

and t he work of the ailerons can be brought to zero. 

3. Since the angle of incidence of the rudde,rs (Fig. 69) is greater than the 

angle of attack of the wing by the magnitude of the angle of displacement of the 

rudder wi th respect to the uody of the rocket, i.e., 

. the separation of flow can occur pri,marily from the rudders • With the deparation 

longitudinal osciallations of the rocket appear. 

4. Due tc narrow range in which the center of pressure Jhould be with reap:ect 

t o the center of gravity, t he design of the r<.•cket completed in the "canard" 

di agr am is very complicat ed. 

5. Loads on the rudders and the moments bending the l1ody ot the rocket othe,r 

t hings being equal, ar e gr eate\r than in the case of a norma·.1 diagram, sine~ the 

angl es of incidence of the rudders are great. 

Besi des those enumerated, to the deficiencies of the "canl'lrd" diagram one ahoUld , 

add the di fficulty of providing directional stability, since tl.le long nose cone of 

t he rocket cr eates great disturbing moments requiring a well-dev·el8ped ve~ical 

fin with a large arm wit h respect to the center of gravity. 

Advantages of the "tailles,s" diagram • 

1. Downwash does not effect wing lift. 

2. The absence of a horizontal controlling fin somewhat decreases the drag 

and lowers the weight of construction. 

I 

3. 

compact. 

The rocket with 11 tailless configuration has small 11rt1na surfae ~s ~<1, :t,s 

1 

ii 

l 
I I 



of the "tailless" a;re the following, 

, ;1! ~- It 1s not adapt.ed for sharp 111$neUvers, since with rudders on the trailing 
~ I : j i • ! I • f I I ' I I ' 

e,ie·J r :{t ri~:, ~pig it ls dil.tficult to accomplish a fast maneuver because or the small 

'i I ' 'i'~fl,[~~ :,:O,?ntrdll:lri$ mO"l'nt (snort dtatanoe from the ""1• ot tile turnir,g rudders, 

11 t 8 .' ~h, ~~n~1~r 1 of gravity of the rocket). To increase t):le control.ling moment it is 

1

1 ,•!r • , 

i 1J~
1
e,J,ry t ~ increase tllle controlling 11ft, and this results either in the increase 

of\ t~~ $Urf•ce of the rudders or the increase in the angle of their deflection, 

wlit cq. .t ~c:i:,'ease the power of the cof'ltrols. Both of these increase the weight of the 
1, I Jj :·1] 

1 r:~Qk~:t ., 
,!I ·1,;1• ,; 

It ~s ditt;l.cu.lt to c!>'btain ·a sufficient .etatie stability, since the distance 

t?e ~enter pf mass encl center ot drag in a rocket of a "tailless" diagram 

, , , i,s 1smdl, , 
• Ii : .,.II 

, , , 't 1,~ [Pooi: characte,ristics of dainnina, This is obtained because the surfaces of I I' I f' •-,;::> 

: t~e ~pc,~et are locl~ted, ~ear the center ci't mass around wnich the oscUlatory motion 
1·, , "I I , 

o~ t11~ :rH
1
cket occuirs. 

' , , ;I: i'I ~ ~' Wit~ tpe incre•se in the M number ( speed of fligl}t) the center of drag 
11 111 I· I· I 

• h i qu:!c~l~ 41!-Jpl,aced, and t herefore the reserve of static stability quickly increases. 
I ' ! I 

'nli;s,, 1tor 1~$:tance1 when M • 1,5 1t is increased ~.5-3 times whereas tor rooketa of 
I I ii i I I 

th!:! 1•c;a:na11:1d'' diagram this increase is 1.,-1.5. 
! 

~in ~st!l.111at1ng aerodynamic. diagrams o.r rqckets one should remember that each o.f 

tn~m i's, 1~oo~ tor its type of rockets. For instance, ground-to-air rockets, as a 
I 

rule. are rjlade with fins or wings, and so forth, 

'I' 

' 

• 

I 

I 
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0 H A P T E R V 
I 

THEORY OF THE FLIGHT OF ROCKETS OF Q~PFERal' ASS~GNMIM!l'' 

§ 1. Flight 11 of ,, to~~~; , Jocketa, ,to t e tartlt✓o- ar
1 

Ii dia•~ , 

I,,', 

' 

' , , I 

Let us ccmsider the flight of a well-,st,abi,11,zed ~ide~ :rqckej i•~ :1nto1 ~cp 

the rotation of tne Earth and dr resistance. Ler. ue ,aHUl\le that '1th• 1copt-~l • 
,I 1. ,I: 1 i 

each moment of time combines the longi,tudinal ~is of the roqkle, , with, t}l:~ 'v•i~p: 

vector tangent to the trajectory of the motion. With the 1weU-vort'.~ ,1opn~r 
1 

, 
I 111 

' I 

, ,, I 

it is possible not to consider the oscillation of tM roqket ~1th reep,, ,oit, 1tQ 

center of mass and to consider the motion Of the rocke1t a• 'tht mot1Qn Ot 'th~ : 
I 

I 
point. 

:1 

At first let us write the differential equation of motlon ot tM Qe,.tel' ,~ 

of the rocket in vec t or form in absolute moticr>n ueing formul~:s (~,,16h1 ~112.~1): 
I, 'I 

I, 

•1<1. + J.. + 7..,>-,~W-:1_., 1
1
·, <:~ ~ ,~ !~ 

' • 1'' 

T~e place of launch and place ot fall of the rocket of t~e cl••~ co~-.t:~•~•4 I ' 
are on the surhce of the Earth. The control of the r~ket and t '~e <;?baer~ad~ ," 

of its flight are carried out also with. respect to poj,nts located QO th, I~~,,. 



connected with the ,Earth. The pcsition of the rocket 

wi;Ll be dete,rm1ned by coordinates !>t1 y, z, or the 

ge01raphicaJ. longitude ri, latitude A, and radius r. 

Prel1minarUy we, will write the project'ion1 of' the 

~reduct of the 111&$nitude of ,tractive force by the 

cosine Of the angle between the direction of the 

vector Of force and corresponding axis. Cosines 

Qf the angles will respectively be equal tot 

where v0TH x, v0TH Y and v0TH z are projections of 

'' ' 1
1
the 

1
steed . Of' tl'\e center of ma.as ot the rocket on tM coor!U.nate axes. Omitting 

I ., . . 

1 .~,s~~u~titlY! the •~gm, "OTH'' Jigns we obta~n 
''I' • I 

It 1, '1,'1' :' 
• • I I 

!,I, '.11 I ' 11 

1 • , :'' ~~ojec::hon·~ ~f 't~e tl'lac't,~:vel force iire determined by the s.lmple formulas: 
I I ,I I 11 ,I: ',' ' 

I I: jl I ~- I I 

'
II. 1' ,[ II p~ ~ IJc.;k, •. . ; P.," p • .!£; P.,. p ..... 

1" •• ' . • ' • ' • 

1,·1 11 . I 

).1( : Ur iee~s1;,no'e depends . o~ the spe~d Of the rocket with res-pe.et to the 
II 11 ' ! 

ji1 · 

1 
r ~ti#9irpti~r:~ , ~~ , 1, determ1f1:~d 1.n the c,se C01'!;J1.dered by formula (,.,). 

1 " 11 , Th~ pr9jeetto~ 9f th1's force on t\\e coordtnate aHs will aJ.1so be equal to the 
I' ~it~cle :pf f~rc~ 1lnult~pli:e,d ~Y: the ccsine of' ttie angle between the direction of 

I ii 11
11 

j 

'
1 

! , 1l~~ v,ctor of the t iracti v:e force e,nd the corresponding axis: 
I' ! I ,,1 

We will de:f11'\!! COIT\ponent forces of the gravitation ot Earth using forrula (2.16): 

• • 'R' • 
r.,.--,••11"'',; . 
• . .. • j 1c,,.,,,, •• ,... ,- ; (5,5) 

• RI I r,,-"'l•·-;r-• T• 

whe,re a, li., and ! ,re cosines of angles between the direction of the action of 
· r r r 

fCi>rC~ FT and the corresponding coordinate. 

... 

1,1 

I 
I, 



.. 

.. 
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I ' 

Using those written and also formulas (2.10) and (2.11) we obtain tne sys~enl 

of differential equations describi.ng the motion of the center ot mass ot t~e 

rocket: 

'II 
11 

.. I I; 

I
f 

' I' 
I ' ' ;, 
I Ii, 

i' I 

' 

I 
Let us establish the connection between the position of the roc,~et ~n t~e s~1;L,,pftdl, 11 

rec.tanguhr system of coordinates and its ge01rapnt,.e latitude ' imd ipl)gltu<S••1 'I 

From Fig, (70) one can see that 
I I' I ' II ' 

•-,e~l•fn • ,, : , 
,~,••r>.; I 
,._1,c~

1
l~o•• , , 

I 

Differentiating tWice in time ~ill get •~ 

··••~ •,-Te, ·••· and • J Md t . 
I ' :, 'I, ' ' 't 

Subst1 tu ting into formuh1B ( 5 .6) resulte of 't.t\e ditte1~en:t11,t~q~ at to~~l~• 'l 

(J.7), we obtain the system of linear differential equatl~n•~ l'b'•U!~,~~ 
1 

cumbersomeness of the syst. em we. will wr, 't.·. e it he·. r·e i!n th t' :i.J ' ·"1 'w;. " .,i bi.i' 
.i. , , e Orll'l 'O" J'UnC-r ' ,~r ,....., ,,, 

depenC,ences: 

I 

,-,. ,, .• l. ;. ,., t ~I 
~,, ... ,.t. ,j, ~ ;, ~ ~ '~1 
~.,.,(~, 11, l, f, ~ I ~ f~ I 

I 

I I 

, I' 

The compledty of the solution of written equ•Uons i ,a e:vtd,nt, 
I "I ,I 

However, 
I I 

difficulties are surmounted with the help of electric comput~rs • 

I I ' I ' From the common system ot c,quat1ons 1/t 1a e-.11:y to obtaln a, ,:r,t~m ~l~~cr11:>'1.~ 1 

, • I 1\,' 
the particular cases of motion, Characteristics of ,motion of the center or ma•'• 

' ii 

of the rocket with a nonoperating engine ( on the p$ss1ve seeUoh of the 

trajectory) can be determined with the use or equations (5.6) il.n whlc1' P must 'be 
' I 

equatr,d to zero, With the calculation of motion at great height• in t~e ci,Q~.uf 1 

, , I :,1 1" 11, terrestri81 rarefied space, when it is possible not to conaf~er the! re.Hs~lng force1 

I, 
I, ,I:; 



I I , 
' I 

of air it is necessary in the formula (5.6) to omit the members taken from equation 

(5.4). 

In the latter case it is easy to trace the influence of the rotation of the 

Earth on the flight of the rocket. Let us assume that point A in Fig. 71 and 72 is 

the projection on Earth's surface of a conditional point of the entrance of the 

rocket into rarefied layers of the atmosphere when with drag it is possible not to 

be cons i dered. At first we will not consider the rotation of the Earth. The 

y 
projection of the conditional point of 

the entrance of the roc:tet into dense 

layers of the atmosphere on the 

descending branch of the trajectory will 

be designated by B. Thus the projection 

of the planar trajectory on the surface 

of the Earth without ta~ing into account 
X 

- its rotation will be AB. Axes of the 

coordinates are located in such a manner 

that OX is in the meridian plane passing 

through point A. The latitude AB and 

longitude~ of point B can be easily 
B 

determined by trigonometric functions 

Fig. 71. Projection of the trajectory of 
~he flight of a rocket over the Earth: 

of angles a,~. and 2W, shown in Fig. 

71. Let us designate the time of the 

flight of the rocket in rarefied layers 

AB - without taking into account the 
rot~tion of the Earth; AB' - taking into 
account the rotation of the Earth. 

of the atmosphere by the letter t. During the time t the Earth will turn from west 

to east at the angle nt, and the longitude of the point of entrance of the rocket 

into the dense layers of the atmosphere will be 

11a-11,-W. 

The latitude of the entrance point of the rocket into the dense layers of 

atmosphere will not be changed with the rotation of the Earth, and the latitude of 

the projection of this point on the surface of the Earth will not be changed. 

The pro j ection of the trajectory of the rocket over a revolving Earth will have 

the form of curve AB'. Correction for the rotation of the 
I 

Earth BB is plotted with 

any azimuth of the firing against its rotation, i.e., as it 1s shown in Fig. 71. 

In the determination of time of motion of the rocket t and magnitude of section 

:I 
,I 

ir 
I 

I ! 



I
, I 
, I 

, I 

Fig, 72. Planar trajectory of a ballistic long­
range rocket : section K - K1 - elliptic part of 

t he trajectory; XCT OYcT - launching system of 
rectangular coordinates. 

AB, it is necessary to use the 

absolute velocity of motion of the 

rocket, which is equal to 

'i, - """ + "• 
where v is the speed of the 

e 

migratory motion of the launching 

point of the rocket, 

Speed ve depends on the 

latitude at which the rocket is 

launched and the azimuth of firing, 

The relative speed VOTH should be 

determined at the selected point 

of entrance of the rocket into 

the rarefied layers. 

The greatest mangitude of ve, 

equal to the peripheral velocity 

of the Earth , is at the equator. With the launching of the rocket along the equator, 

in the direction of the rotation of Earth from west to east, to the spe.ed VOTH 

ca l cu lated with r espect t o the Earth must be added the speed equal approximately 

4G':, m/sec . With the launching opposite the r otation of the Earth this magnitude 

must be subt rac ted from VOTH' 

With th ~ launching of r ockets putting into orbit our first artificial satellites 

to the valu e of v approximately 200 m/sec was added because of the rotation of 
0TH 

Ea rth. 

The common formulas (5.6) and (5, 7) also permit obtaining a system of differential 

equat ions de sc ribi ng the fli ght of the ballistic rocket or its nose cone without 

t aking into account the rotation of the Earth on the passive uncontrolled section 

of t he fl i ght outsi de the dense l aye rs of the atmosphere, 

If in t he system of equati ons (5,6) v, ~, and n are equated to zero and z z 
me1!be r s con s idering the tract ive forc e and aerodynamic drag are omitted, then we 

will obtain the case considered corresponding to the planar trajectory of the motion. 

Remembe ring that angle A = 90 - -y, and considering only the gravitath,n of the Earth, 

f r om formula (5.6) we obta in 
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~f n • 90°, then in formula (5.7) 

• ••r•1inr. l 
l•r•CGIT, r 

(5.10} 

Twice difterentiatinf the values of (5,10} and substituting results of the 

d:l,fferent,iation into formi.;las (5.9) after simple transformations we obtain: 

(5.11} 

I 'I 

These M·e the known differential, equations of t he motion of the rocket on the 

,,;.mp~wered section of thEI n,1ght in the central gravitational field of the Earth 

wl tho~t taking iQto eccount the drag and rotation of the Earth written in polar 

c~ordina:1!~19 r and l, The system (5, 11} is the l;>asis of the so-called elliptic 

tneory allowing approximately to determine the characteristic of motion of the 

billistic rockets and earth satellites, 

§ 2. Programmed Oui~e~ Flight 

A programmed flight occurs w~th the observance of a change assigned beforehand 

of some characteristic of motion. For instance, for ballistic long-range rockets the 

program Qf the change of the pitch angle on a powered-flight trajectory is assigned 

ensuring the needed form of the trajectory. 

Let us formulat~ an eqµation of motion describing controlled flight. For 

simplificatlon we will not consider the influence of rotation of _the Earth, and we 

will consider gravity constant in magnitude and direction. Let us assume that the 

roll and yawing control ensures the flight of the rocket in a vertical plane 

passing through the launching place and target. With the accepted assumptions it is 

possible to consider that forces acting on the rocket will lie in one plane, and the 

trajectory of the flight is a flat curve. The acceleration during curvilinear motion 

can be presented as the sum of tangential and normal accelerations. These 

accelerations are directed along the so-called natural axes of the coordinates. The . 
tangential (tangent) acceleration is equal to v and i~ directed along the tangent 

:I; 
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to the tra,jectory. Normal acceleraiion, sometimes called centripetal, is directed 
2 

along the normal to the trajectory center of curvature and is equal to T. 
The curvature of the trajectory.! can be represented by the formula p 

+-1¾1, 
where d8 i s t he elementary change of the angle of inclination of the tangent to ihe 

trajectory; 

dS is the elementary segment of the curve. 

By substituting we will obtain the formula for the normal acceleration: 

f-•l~I-
The sign of the derivative~ depends on the form of the trajectory. If 8 

decreases with the increase of the arc there will be a minus sign, if inversely then 

a plus sign , 

As example we will consider the motion of a winged missile duJtii.ng launch wHh 

he lp of a booster. Let us compile a diagram of acting forces applied to the center 
of mass (Fig. 73). Projections of these forces on the tangent and normal for 

Fi g. 73, Diagram of the action of forces with 
the flight of the winged missile under the 
act ion of a booster: T - direction of the 
tangent to the trajectory; n - direction of the 
normal to the trajectory. 

clarity are placed in Tabl,e 2~ 

Designations of forces and 

angles are taken from Fig. 73. 
Control forces are brought to the 

center of mass [TsM] (Ull) and 

forces couples are not shown on 

the figure. Sign before the 

projection shows the direction 1of 

the component for~e. If the 

direction of componenet coincides 

with the direction of the axis 

there is a plus s i gn, if does not coincide, a minus sign . 

Table 2. 

Force 

Tract:lv~ force 
Drag 
Lift 
Com;:onent ol' force of weight 
Loss of thrust on the surface 
control 

Control forces 

Ta."1,1,;an~ comp,nent (pr,:,­
jection on &Xie T ) 

P••t-1) 

f•li18 

-X,•COl(l-8) 

-),·linll-8) 
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Nor'll.!L,. c011p,nent (pro­
jection on &Xie n) 

-_, .... 
+,x,,•••-•l 
-Y,•CIDlll-8) 

11 

1,, 

111 

11 
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ln T8ble 2 by~ and YP the sum of forces given by the monotypic control systems, 
is implied and by P the total thrust of all the engines. 

tet us write the equation of the motion in projections on the tangent and 
normal: 

•••P•c01(•-l)-X.;.;.9.1in81-1 
-X,•coe(t-8)-Y,•1ln(t-8)i 

•"6-P,1tn(•-I)+ Y-.-q•c018-
-X,•1la(t-8)+ r,,co1(t-8i 

(5.12) 

On the right side of the latter equation the signs are changed to the opposite as 
• cOll'lpared to the table, because the derivative 8 with the decrease of angle 8 has 

a minus sign. 

In the equation of rotary motion we will consider the following moments. 

Moment of aerodynamic forces Ma which is approximately equal to the product of 

Y • t, where Y is the lift and t the distance between the center of .mass TsM and 

center of drag [TsS] (UC) (Fig. 73), The mom~nt of control forces is~• which is 
approximately equal to the product YP • L, where L is th,! distance from the center 

of mass of the winged missile. 

Certain rockets have several controls. For instance, the rocket of the "V-2" 
type {Fig. 1) has jet and air vanes. In this case in equations of motion, instead 

of the control forces and moments, there should be t he sum of forces and moments: 

Dpi' Dpi'Upi' etc. Also the tractive forces and moments from them for 
different simultaneoulsy operating engines should be summarized. The equation of 

rotary motion will have the form 

(5.13) 

To the three written equations must be added two evident kinematic equations 

~-••co18; ,l 
1-••1ln8 f 

and equation determining the program of the flight. 

( 5 . 14) 

Numerical values of projections of all forces on normal axes of the coordinates 

depend not only on the construction and dimensions of the aircraft, but also on 

t he magnitude of angles a, E, e and•· Since the booster prior to the moment of its 
separation from the winged missile is rigidly secured, the angle E does not change 
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during t he flight; angl es a and 0 change and could determine the characterisitics of 

t he mot ion, but a r eliable measurement of them presents great difficulties. 

The pitch angl e S. i s changed relatively simply and reliably enough in flight. 

~he ref or e i t i s sel ecte d as an el ement determining the program of the flight in• 

ver t i ca l plane . 

The form of the program S. • f(t) for the pitch angle depends on the construction 

of the rocket, form of t rajectory, and method of control, Figure 72 shows the 

traj~ctory of a ballistic rocket; Fig. 711 

gives trajectories of the motion of a winged 

missile and winged gliding rocket. The 

winged missile, as a rule, starts from ale.rited 

directing then passes to a horizontal flight 

at a constant altitude up to the region ot 
the target where it dives on the target. The 

Fig . 74 , Trajectory of t he f l ight: 
1 - of a winged missile ; 2 - of a 
wi nged gl i ding rocket . 

altitude of the flight is se.t beforebaM. 

Therefore the pitch angle• during the climb 

changes smoothly from the initial value tq 

S. "" o. The change of t he pitch angle depends on the barometric pressure of t.he 

amb i ent ai r changing with alt itude. 

Afte r t he separat i on of t he booster the horizontal flight of the winged missile 

1s carried out under t he action of a sustainer engine. Let us assume that the 

t hrust vect or of t he sustainer engine is directed along the longitudinal axis of 

the body of t he winged mi ssile, then the angle E .. O (Fig. 73), Furthermore, for 

the horizontal flight S. = 0 = 0 and 8 = O and from formula (5.12} we obtain the 

system of equat i ons de scribing the horizontal flight. When ya H • oonst 

••-P-(X + X,.,); t 
Y± r,.,-f. ( (5.15) 

When m = const, if P > X + Xynp' the speed will be increased; if P < X + Xynp 
the speed will decrease . For a flight with a constant speed equaUty P • X + ~, .i. 

yn .. 
is neces sary, Since during the flight m e.nd q decrease owing to the burnout of 

fu el, t hen for the observance of the constancy of the altitude of the fU,ght it ~s 
neceGsary t o change due to the change of the angle of incidence of Y e.nd Y 

ynp 
connect ed among themselves, 

The l cng-range ballistic rocket takes off vertically with a further gradual 
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, , ~ee!l~aie o,f the pitch angle (Fig. 72). Toward the end of the controlled flight a 

small rectilinear inclined section is set on which the engine will be turned off when 

the rocket achieves the calculated speed. Turning off the engine on the rectilinear 

fect'icm deorea,es the influence of' perturbations connected with the shutdown of the 

engine on the deflection of the rocket from the calculated trajectory. The angle of 

inclination of the rectilinear section to the horizon, together with the initial 

speed., determines the 11equired distance of firing. An example of the calculation 

curve of the change of the pitch angle of the ballistic rocket is shown in Fig. 75. 

Fig~ 75. Calculated program of the 
change of the pitch angle with placing 
of the ballistic long-range rocket on 
the uncontrolled part of the tra­
jectory: 1 - ideal curve; 2 - example 
of re,cord1ng of the real change of the 
pitch •ngle in the proc~ss ot flight. 

The equation of the curve •np • f(t) should 

ensure a smooth transition from & = 90° to 

& .. & . Let us formulate a system of 
K 

equations describing the controlled flight of 

a ballistic rocket on a powered-flight 

trajectory. Let us consider the two­

dimensional problem, and we will not consider 

the influence of the rotation of the Earth. 

Control forces YP and XP will not be 

considered separately but will be included 

in drag and lift. We will direct the tractive 

force along the longitudinal axis of the 

rocket. Let us formulate the system of equations in projections on the axis of 

:rect,angular starting system of the coordinates (Fig. 72). The projection of the 

velocity 'lector on the X axis will be designated by the letter u and the projection 

of it on the Y axis by the letter w. We denote projections of acceleration of 

t errestrial gravitation on the same axis gTX and gTY respectively: 

l,.-1,•1i■ Ti 

• I,, -·I,· COIi. T· 
Having written equation of motion in projections on the selected axes of the 

coordinates and having added the usual kinematic and trigonometric relationships 

evident from Fig. 72, we obtain the system of equations 

(5 .16) 
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If we add t o the written equat i ons an equation determining the program pitch angle (a + 8) =, = ,(t), and an equat ion determing the change of the mass of the rocket 
np 

m(t ) , then the syst em can be solved by numerical integration. 
For wi nged rockets, for inst ance, for the A-4B rocket of former German army, the initial sec t i on of t he motion had a t raj ectory similar to the trajectory of the 

§11d1~ 
f r ee flight such a winged rocket should pass into conditions of a gradual Tes1oen (Fi g . 74}. In this cas e t he program should ensure takeoff with a gradual dec.rease of the pitch angl e . With t he achi evement of an optimum altitude the change of the pi t ch angl e should ensure a gradual transition to conditions of a gliding descent. The syst em of equat ions describing the gliding descent of a rocket with a constant pitch angl e can be obtained from the equation (5.12) and (5.14}. Let us take , as also f or the horizontal flight, ~ == 0 (Fig. 73), -• • -8 • const and 8 a o. The minus s i gn shows that, and 8 are read off from the horizontal downwards, Then 

n-P-X + f•1ln8-X;, 
r ± r,-,.coee; 

•-••co18: j-v•1fnt. 

The equations of the controlled flight with the engine turned, off can easily be obtained f r om preceding equat i ons if the thrust P = o. 
During the flight acc i dent al perturbations and t he work of the who1e control system l ead to oscillat i ons of t he longitudinal axis of the rocket and, consequently, to the deviation of the pitch angle from the program values (Fig. 75). DJring well working cont rol t he pitch angle insignificantly deviates from the calculated f light det ermined by program, 

The pr ogr am of the flight can be established not only by the pitch angle the f orm of t r a j ectories, or altitude of the flight. The change of speed with time v( t ) t he normal overload s or some other characteristics of motion can be assigned be f orehand, Programming can be carried out not only in a vertical plane but also in a hori zont al plane and also for space trajec t ories . 
The selection of the program of flight, taking into account all the requirements gi ven t o t he rocket, is one of serious stages of designing. 

Controlled Flifht of Rockets Designed for dombat w th .Fe.st-Moving Targets 
Trajectories of the flight of guided ro<,;kets designed for combat wi.th ,tast­moving t arget s are complicated space curves. The form of the trajectory depends on 
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, , he t~p~ of launch, character of the target, characteristics of its motion, method 
I 

Qf guidtns the rocket to the target, mutual location of the target and launcher, on 
I ' • 

the ditection and magnitude of vectors of speeds of the rocket and target before 

encounter. and on other causes. 

The ballistic calculation should give all the basic parameters of the trajectory 

proceeding from which it is possible to Judge the necessary cnaracteristics of the 

control system and rocket complex on the whole. Usually the calculation is carried 

out in several approximations. At first we establish the characteristics of the 

trajectory of the center of masses of the rocket, taking into account the 

fundamental equations of the dynamics of the flight and kinematic dependences 

ensuing from the assumed method of guiding, With this the expediency of the selected 

method of guiding to the target and the possibility of striking the target are 

established, and the c;:urvature of the trajectory and the normal accelerations of 

rocket are determined. In the process o:~ the designing and manufacture of a rocket 

balli~tic calculations are repeated with the introduction into them of new data 

on the rocket and the system of its stabilization and control. For correctly 

stabilized and well-guided rockets the real trajectory is close to the calculated 

trajectory. 

The carrying out ballistic calculations in complete volume is a complicated 

and laborious matter, It is possible, however, using kinematic methods of investi­

gations of trajectories to find certain properties of them, allowing an initial 

judg.ement on the acceptibility of a certain method of guiding and the establishment 

,of the boundaries of initial data within which it is necessary to cany out more 

exact solutions, 

With purely kinematic methods of investigation, kinematic equations determining 

the direction of the velocity vector of the rocket are solved apart from equations 

describing the dynamics of motion, The necessity to have beforehand the dependence 

of the rocket on time vp(t) limits the applicability of such methods. For many types 

of rockets considering the changeability in the process of motion of the mass of 

the rocket, tractive force, and aerodynamic forces, it is impossible to obtain 

vp(t) without a solution to problems of dynamics of motion of the rocket, In most 

cases kinematic methods permit having analytic solutions utilized with investigation 

of the motion of homing rockets, The speed of the rocket is most frequently taken 

constant. 
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For the conveniencG of consideration of complicated trajectories it is 
expedi ent to divide t hem into three basic phases. The f irst will considered the 
launching phase on which the flight is usually uncontrolled. In the second phase 
the control system enters and the rocket is put into a trajectory corresponding to 
the selected method of guiding to the target. The third phase is the guiding phase 
and precedes the encounter of the rocket with the target. 

Characteristics of motion on each of tlle phases depend on many above-mentioned 
factors. In the first (launching ) phase the control, as a rule, does not work and 
the calculation of t rajectory can be conducted from the system of equations descri~ing 
the fli ght of unguided rockets. 

The calculation of the trajectory of the second phase, the phase of the 
t ransition from free fli ght to controlled is the most complicated. However it 
effects the gu idance path preceding the encounter of the rocket with a ta.rget very 
little . In this section we will consider the plotting of only the last phases 
of guidance paths corresponding to the assigned method of guiding. 

For r oc ket s striking fast moving targets command guida.nce, homing guida.nee, and 
combined methods of guidance control are used abroad. One of the characteristics 
peculiarities of every guidance system is the method inherent to it of the guiding 
t o the target. Two methods are well-known: guiding to future position aJ)d guiding 
by t he method of combination. The latter method is used only with command methods 
of guidance. Guiding to future position is used both with command methoda and 
homing guidance. 

The comr i.nation of different methods of guidance are known. 

With future position guiding the following principle• determing the mae;nitude 
of the lead angle are applied: guiding with a constant lea.d angle, conaecutive lead ,, 
guiding with parallel and proportional approach, a.nd guiding with a z_ero lead ,anglLe 
by the so-called linear curve. 

Let us consider the guidance path of rockets corresponding to the nallled 
principles of guidance. 

F\tture Position Guidance 

Future position firing is the basic methot\ of the firing of trunk artillery 
at fast-moving targets and is well developed. As it is known the posHion of the 
future is selected in such a manner that during the time of the motion of' the missile 
the target also shifts to the future position (Fig. 76). 
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If with command guidance we 

designate by eu and ep angles of 

elevation of the target and rocket and 

by ~u and ~P their azimuths, then the 

coMection between these angles will 

be determined from Fig, 76 by the simple 

equalities 

.. - .. +,-.. ,,,-,.+,~ 

Fig. 76. Position of the rocket and 
target before encounter: A - horizontal 

plane; e 
1
~ - angle of elevation of target; 

ep - angle of elevation of the rocket; 

In ~he process of guiding lead 

angles 6ep and ~Pare variable. There 

are many fonnulas in which lead angles 

are given. In common form their 

functional dependences can be expressed ~u - azimuth of target; ~P - azimuth of 

rocket. 
thusly: 

,.,_
,,,".

 ,,. ; •. ;,. 
... .,.

 •. , ... ►. 

&J.-/,(, •. ,,. ;., ;,. ••• •,. a,, t, ... ), 

(5.19) 

(5.20) 

where rU' rp are radii-vectors of the target and rocket; ru, ;·P ;yr.e speeds of the 

change of radii-vectors in the process of guiding; a, b, a1, b1 , e-t.c., are constants 

characteristic for the given system of control, 

The concrete form of the function~l depen1en~e is d~tarmined with the designing 

of a whole rocket complex. It is possible to indicate only two gener~l requirements. 

The direction of the motion of the rocket should change smoothly with a possibly 

great approach of the trajectory to rectilinear. It is also natural that magnitudes 

of the current angular leads 6£P and 6'3P should decrease in the process of guiding 

and when rp = ru should be 6ep = 6'3P = O; otherwise, the rocket will fly wicte of the 

mark. 
With a correct launch of the rocket and rectilinear motion of the target with 

a constant speed the ideal trajectory of the flight of a rocket is close to the 

trajectory of free flight. Therefore, in the first approximation characteristics 

of the motion of the rocket can be determined by a solution to the system of equations 

describing free flight with independent variable time. Having calculated the 

family of trajectories with different initial angles of departure 80 and by knowing 
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the characteristics of motion of the target we can obtain the values of initial 
l ead angles. In reality the trajectory of motion of the rocket will be somewhat 
distorted owing to the maneuver of the target and other causes, and the assumed 
instantaneous point of encounter will change its position. Such a very complicated 
calculation can be made only by having data on the whole rocket complex, 

Let us now consider the kinematics of motion of the target and rocket on the 
l as t phase of the path before t heir encounter on th~ trajectory of future guiding 
posit ion. We will assume t hat the target and rocket move in one plane. 

The relative position of the rocket and target will be determined by the 
di stance r (we will call it the radius-vector) and the two angles a and~ between 
the instant aneous velocity vectors of the rocket and target and line of sight 

I 

Fig. 77, Diagram of angles 
determining the relative 
pos1tion of the rocket 
and target. 

of coinciding with r (Fig, 77). Angle a determines 
the lead. For the orientation of the line ot sight 
with respect to the motionless system of coordinates 
we introduce the angle 1, Let us designate as be(ore 
the angle of inclination of the velocity vector of 
the rocket to the horizontal line in terms of 

:, The change in distance between the rocket and 
I target during an infinitesimal interval of time 1s 

'.• equal to the difference of projections ot speed ;vu 
and vp toward the direction of the vector rs 

The minus sign before the second component shows that with the increase or 
speed vp the distance r decreases. The speed of the change ot angle y will be 

~ .... ,-..... 
• - r (5 ,. 22) 

Normal accelerations of the target and rocket are determined by the product of 
the tangents and angular velocities: 

... --.(f+t ); 
... -•,{¾+¾ ). 

Let us consider the case of the constant lead angle a • a
0 

• c,onst and 
rectilinear motion of the target, 
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1?i't h ~'bviotU! tl)a~ for these conditions ant.t • o, i.e., 

Fao:ti~ryihg out vu on the right sides and designating 

,-!l.. .. 
(5.25) 

(5.26) 

' ~e '' oandiit ton of the ideal lead during which the encounter of the rocket with 

the1-' t arg,,t i:s, ensured Mis tihe form 

••·•ln••••••lnJ. (5.27) 

Flor t ,ti, cg,nsidered case a • a
0 

"' const we wil.l designate 1:3 in equality (5.27) 

in terms 0f ~ B ca:J;ling it the angle of obligatory encounter: 

(5.28) 

Then 

(5.29) 

Te.ki'ng 1n expression (5.21) a .. a0 and dividing the expreuion (5.21) by the 

exp,re$~i()rt (5.29) we set 

iet ~s investigate the possible condit1on1;1 of encounter of the rocket with the 

target with the a.ccepted method of gu.idin,g. For guaranteeing the encounter r should 

decrease, and this means that 

If one were to proceed from the expression (5.21) then this inequality should 

be ensured 

c:oeP <,,.,01.., 
Using the, condition of t})e ideal lead (5.27) we obtain 

1'(l-1ta•-.) > l -JP•11n1 2t, 

I 1 ,, 
I 'I 

,, 

' 

I I 

I 

I. 

l 

I. 



•. 

• 

,,, I 1'1'11 

t, I 

Consequently, with the considered method of guiding, tor a guarantee ot the 
rocket hitting the target it is necessary to have p > 1, i.e., the speed of the rocket 
should be greater than the speed of target. Moreover, with definite p and a0 tor 
the guarantee of the equality (5.28) the value of 13 correspondi~li to it should be 

:B 
kept in the guidance process. It is obvious that in real conditions with ttie 
maneuver of target this is not observed, and consequently, the reliability of the 
encounter of the rocket with the target is not ensured. 

The cases are of practical interest when 
I 1> I, -.<90' and tin-.<-;· 

For these con.Htions let us find the possible magnitudes of normal acceler1.t1oh1 
determining the overloads of the rocket with its approach to the target. 

The normal acceleration of the rocket is determined by formula (5,24). 
Remembering that for the accepted conditions l • O, and R, is found by the formula 
(5.22), we obtain 

where 

We determine the dependence r on t3 by integrating the expression (5.30): , . 
J !!. -r ,4-,·•;, .,ta , 1.-iii ,,-
'• .. 

Converting this expression after the integration we get 

F0r a guarantee of the encounter of the rocket with .the target t3 should tend to 
t3B. Then the limiting accelerations will be: 

when •<2 lima.,-0; 
when •>2 Hma.,-oo; 
when t-2 0< lima.,< oo . 

It is obvious that only the case k, 2 can be used practically, 
An analysis of formula (5,32) gives the region of possible values of pas a 

function of a0 (Fig. 78), As can be seen from the figure the region of theoretically 
' possible conditions of encounter with homing guidance with a constant lead angle is 

extremely limited, 

I 
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Encounter is 
impossible 
sin a>½ 

Encounter is impossible 

.. .. .. 
Fig. 78. Dependence of the relative speed of the rocket on constant lead angle, The 
shade4 area corresponds tQ conditions of encounter of the rocket with the target 
'W1itlh a finite magnitude of normal 
accelerati~ns. 

• of the 

jectory of the 
ket, -y • const 

I 
Fig, 79, Approximate plotting of 
the trajectory of a rocket guided 
by the method of consecutive leads 
(parallel approach): K - conditional 
point of encounter if the target 
and rocket maintain their direction 
of motion and 2peed which they 
had in first phase (in the interval 
between straight lines 0-0 1 and 
1-1 1). 

If we were to apply the condition of an ideal lead to the formula (5.22), then 
we will ol;>tain R = O, and this means that in the guidance process the line of sight 
wUl automaUcally remain parallel. Such a method or lead guiding obtained the 
name of the method of parallel approach, With the rectilinear motion of the target 
the rocket will fly along a direct line, 

Wd.tn the more general case of the curvilinear motion of the target and parallel 
displacement of the line of sight the lead angle a cannot remain constant and should I 

change depending upon the change of angle~. Considering the changeability of the 
angle suoh a method of guiding ~s sometimes cAlled the method of consecutive leads, 
With the known characteristics of the trajectory of the motion of the target the 
approximate graphic plotting of the trajectory of the rocket causes no difficulties, 
The method of plotting is shown in Fig, 79, Plotted on the trajectory of the motion 
of the target are positions of it, O, 1, 2, 3, ,,,, corresponding to the intervals 
of time 6t, and from every point straight lines are conducted parallel to the 
clirection of the' initial angle of sighting, Plotted on the initial line of sight 
0 - 0 1 is the position of the center of mass of the rocket (point 0 1 ) and from it 
on the line of sight 1 - 1 1 an intersection is made by dividers, The opening of 
the divider is established proceeding from the condition of the ideal lead (5.27), 
Taking approximately for the first section 

. I ., d ; • ., 11n rce,= 0_ 1 an 11n •cO'I= '1 _ 1. , 
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we will obtain the length of the path of the r ocket for the first segment 

a=:r-0-1 · ., •. ... 
This dimension will be equal to the opening of the divider. From point 1 1 

i s made mark 2 1 on line 2 - 2 ' by the dimension 

rr::1'-1-2.~ ~ 
~ 

• 

etc . Plotting continues up to t he cr·ossing of trajectories of the target and rocket. 
The average speeds of the t arget and rocket on each of the segments can be defined 
as the semisum of speeds in t he beginning and end of the considered segment. The 
necessity to have beforehand the dependence of the speed of the rocket on time vp(t) 
limits the applicability of the graphic method of plotting the trajectory. 

Now we will formulate a system equations approximately describing the considered 
case of the motion of the rocket in a vertical plane, Like the preceding system, 
considering the rocket ideally controlled, 1.e,, where the axis of it coincides 
with the velocity vector we use the equation of motion 

"'• • 7 • P-X-1'11'• 1ln t. 

From Fig. 79 one can see that 8 • 'Y - a, where 'Y is the magnttude of' the, 
cons t ant dependent on the inHial position of the targE!t and rocket, and ab 

determined under the condition of an ideal lead (5.27}, Using the usual kihelll&tic 
dependences 

and the condition of the ideal lead, we obtain the system consisting of three 
differential equations and one trigonometric: 

f-w; 
..... -.ta,,111, . .. 

With the known characteristics of the motion of the ta,rget (vlt •~dB) tlle ~Jetem 
is easily solved by numerical integration. 

The method of calculating the trajectory during the approach of a. roc:ltet 
with a target in an inclined plane will be considered below, 

To establish the possibilities of the considered method of' guicUng let us 
conduct kinematic investigation of conditions of encounter with constant ap,eda or 

I' 



Case p > 1 Case p < 1 

JI 

a b 

Fig. 80, Diagram of the interception of a recti­
linearly moving target ~heh p = const and with the 
par~llel method of approach, 

........ --....... _ ... .,_ 

the target and rocket, 

For the case p > 1 the 

rectilinearly moving target 

can be intercepted at any 

relative position of the 

rocket and target during 

the time t.t, inasmuch as on 

angles a and~ only one 

limitation of the ideal l ead 

is superimposed (Fig, 80a), In the case p < 1 the region of positions of the 

rocket at which the interception of the target is possil 1.E is considerably reduced. 

'To guaraf}tee the interception the equality vpt.t 2 • vut.t 1, should be kept as before; 

however, the rocket before the interception should be found in space bounded by a 

cone the angle of which (Fig. 80b) µ•arc sin p. If in the initial position the 

rocket 1,~ found on the surface of the cone with angle µ, then the only direction 

erts\.ahng interception will be the direction of the motion perpendicular to forming 

co~e. If the rocket is inside the cone different initial lead angles from a1 to a 2 

are ~ossible, and extreme trajectories of the motion_ of the rocket 9 and 9 
will be rectilinear. Trajectories of the motion -of the rocket lying between o2A 

and o2B for the guarantee of encounter should be curvilinear. With the maneuvering 

of the target the region in which its interception is possible still decreases. 

Thh question required additional study. 

Let us see how the normal accelerations of the rocket will change with the 

conside,red method of approach. It is obvious that with the rectilinear uniform 

motion of the target a == o, and only cases of the maneuvering of the tal 6et are 
np 

of interest. Since according to the basic condition of guidance ,a• o, that 

" . •u--•'7 and a11,-•,•7• 

Differentiating the condition of the ideal lead and substituting ir. 1 t the 

value of (5.34), we obtain the connection between normal accelerations of the rocket 

and the taJiget: 

.. 

.. 

'Tltn r111u rt1'1 Ill! 'NIIUI• T 



After simple transformations we get 

···-···~· 

I ' I 'I I I I ~ I ' 

It is obvious that for the case p > 1 normal accelerations of the rocket will 

be l ess than the normal accelerations of the target. 

For the case p < 1 if the rocket before the approach is on the boun~ary ot 

the region of possible interception, on the generating cone with angleµ (Fig. 80b), 

t hen 

•-f, coa•-0. 

••• --oo . 
••• 

Obviously such a case cannot be used. If we were to designate the practieaHy 

acceptable relation of accelerations in terms of ·- ... . ... ' 
then the initial angle 130 should be equal to 

,__arclin J'>f_,.h. 
It is obvious that 130 < u, and this means that the region ot rattonal po•U;,iona 

of the rocket befor<.:.: its approach to a target is less than the region detel'lllined 

with the condition of the possibility of interception. 

Let us consider further the method of guiding to a target with the alternate 

lead angle a but de~ermined by some dependence assigned betorehaM. WUely1 known 

is the use of the linear dependence between the angular velocity of rotation of 

the velocity vector of the center of mass of the rocket 1md the angul.at vel.oclty 

of rotation of the line of sight when 

. I ~fr 7••·-;;• 
This method of guiding to a target received the name of proportional appt9&a~. 

Using equation (5.22) we obtain . .. .. ,_., ..... ..--•· , . • 
According to Fig. 77 8 •a+ l, then 

. -S--<•-o ttia·•r;.,·••. 

This equation in final form is not integrated, and it ia necessary to 'IOlve 

it numerically Jointly with equation (5.21). We can investigate the pQl111ib'ie 
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variants of the encounter of a rocket with a target only after the calculation uf 

t he family of trajectories responding to the concrete assignment. For the simple 

case of the horizontal rectilinear motion of the target when a= 2 and p = const, 

the normal acceleration of the rocket remains final under the condition 

F\lture position guiding is widely used both with command methods of control 

of the rockets and with homing guidance. The selection of the lead method depends 

on the assignment of the rocket and is established with the designing of the 

entire complex as a whole. 

Linear Curve Guidance 

Let us consider as earlier the motion in a vertical plane of passing through 

the beginning of an ideal trajectory of guidance. 

According to the principle of the plotting of a linear curve at every moment 

of time the velocity vector of the center of mass of the rocket should be directed 

towards the target, i.e., guidance with a zero lead angle is carried out, With 

the kn¢1\tfn (l)h$raoteristics of the t ,l"/ljectory of the motion of the target the graphic 

plo~ting of the trajectory of the rocket is also very simple (Fig, 81), By plotting 

-

Fig, 81, Diagram of the interception 
of a target in a vertical plane by a 
linear curve, 

1[!1, 

on the trajectory of the target the 

positions of it, 1, 2, 3, ,,,, correspondlng 

to the intervals of time At, and by plottin~ 

in the direction of the target consecutively 

vectors vpiAt, where vpi is the averaged 

speed of the rocket for the given interval 

time, we obtain the trajectory of the 

motion of the rocket. The average speed 

vpi can be determined as the semisum of 

speeds in the beginning and end of the 

considered segment. With the large scale 

of plotting and small intervals of time 

At, i.e., with a large number of points 

the curve can be plotted with an accuracy 

sufficient for solution of certain practical 

problems, 



• 
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Now we will fo rmul ate a system of equations approximately describing t he 
l'Ot1s i dered case of moti on of an ideally guided rocket. Similarly to the preceding 
wr, n~,e Lhe earlie r written equati on of motion. In this equation for the method 
, ,,· I J nPHr cu rve guiding the angle 8 will be determined from the kinems t i.c dependence 

t.9-b-1, 
•• •·-6 

Di ffe r entiat ing t his equation we get . -·· 7- G.-.ijt((x,-x)(•• -•)-<,.-,H-.-•)J, 
ct y,, dxu 1~J. . , r w = af i s the vertical component of the speed of the target; utt = at is the 

~ dx l 
I,, ,,·i zontal component of t he speed of the target: w • 'at' and u • ctr are the vertica 
•• • ,1 ho r i zont al components of t he s peed of the rocket respectively, 

!Is ing the usual kinematic dependences 

1.•1 0 nbta J n t he system from four equations: 

As u rn a. l 

•,-Y•'+iJ. 
Th~ sys t em can be solved by methods or numerical 1ntegra~1on. 'n\e system is 

il r,1 ve rs~l and is useful for any initial angles ot departu.re and 11peed1,. The readings 
or an~l es O should be done , as u~ual, counterclockwtae. ~ith the help ot the 
pr 0pos ed met hod the motion of the rocket in an inclined plane pa-.sing throuah the 
,, ·-: i ~ ox .:an be investigated, Conlidering that the study ot Ute spatial 110tibn 
of the ro cke t in coordinates X, Y, Z requires a complicated sy.•~e• ot equ~t1on1, 
wr: wlll as sume ttiat maneuver of the target and rocket 11 carriet.' out in one plane. 
Thvn the fundamental equation or the motion 1n plane B (JP1& •. , 8?) wUl •tl•ve t~e 
f orm· 

■·.;,.•P-X ..,. ... ~••t. 
whne q, ls t he angle between the velocity vector at the , given point, &U'lcl hdrUontal 
pl ane . 

-157. 

I ' 
I [II 

! I 

I 1,,, 

I 1111 

I 

I I 



1, 

• I 

Fig, 82, Diagram of the interception of a target 
in an inclined plane by a linear curve, 

Let us determine sin~ i n 

terms of t he angle B variabl 

in the process of motion, l yin 

in the pl ane of intercep t ion , 

and the as signed angle X 

determining the inclination of 

the actual plane of the 

intercent ion of the hori zon , 

From the mutual ly connected 

triangl es abc, abi, and bci 

we obtain 

•int- sin 8, sin1.. 

It is natural that when x = 90° sin~= sin 0, and when x = 0 sin~= 0 , The 

other three kinematic equations of the system (5.35) will r emain without change , 

Thus for the calculation of trajectories of the guidance path of a rocket in a plane 

determined by angle X, we obtrain the system of equations differing from the sys t em 

(5~35) in that in the firft equat.ion sin 8 will be replaced by ~. 
~ \ 

The numerical solution of such a system ·does cause no difficulties, since~ ,, 
1~" 

d.epends an 0 and the constant X, With the calculation of P and X one should consider 
I 

that they depend not on Y', as in the system (5. 35), but on the real altitude 

h == y·sin X, This system can also be used for an approximate calculation of a 

spatial ideal trajectory of the guiding of the rocket with any maneuver of t he 

target, For such a ci9-lcula;tion. it is necessary to assume additionally that at 

each step of integration t'1e instantaneous plane of maneuver of the target is 

retained, The position o,r the plane is determined by angle xi constant for the 

given step of integration, 

Angle Xi is deterrr1ined in terms of the ratio 

11nx,-.!!..l, ,., 
where hui and yui are targets coordin~tes determined for the given step of int egration 

(Fig, 82), 

As an example we will give results of the solution of the system (5,35) for 

initial conditions of the problem taken from the book [34), 
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Initial conditions . l The speed of the target fl ying hor1zontally toward the 

r oc ket 1.s vu = 200 m/s ec . The speed of the rocket in the beginning of t he work 

of' t he guidance system is VP = 800 m/sec and consequently , p = 4. The target 

fli es at an altitude of 9150 m, The initial slant range is 36,900 m, The initlal 

angl e of the line of sight is 

Results of the solution of this example are given in Table 3, 

Let us consider the kinematics of motion of the rocket on the laFt phase of 

the path before ::. ts encounter with a target assuming p = const, We obtain the changE 

in di stance between t he target and rocke t and the speed of turn of the line of 

si ght for the linear curve proceeding from formulas (5.21} and (5,22} assumtng 

a= 0 in them: 

Normal acceleratio.ns of the target and rocket are determined from formulas 

(5.23) and (5.24): 

(5:l .• 38) 1. 

I (5.,,,1 

With t he rectilinear motion of the target an~• O and 

('5,40) 

Dividing the value of (5.37) by the values of (5.40) we obtain tne im:portaint 

formula: 

Let us investigate condition of encounter of rocket with a target wtth ,tin
1
~at 

I curve guidance. From formula (5.37) one can see that tor ensuring the e~cd\.!.nt,exi 

of the rocket with a target it is necessary to observe 1nequ&11tly p > c9s ~~ an~ 
with this -R, < O and magnitude r will decrease. 

Since the greatest possible value is cos~= 1, then for guarantee,..ng thfl! 

encounter with any initial positions of the target and rocket it 1s nec;:e$safM td 11 

. I 1 Conditions of the problem are transferred to the metrli.c syat~m o'f un:Lts. 1 

' I 
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have p > 1, i.e., the speed of rocket should exceed the speed of the target. T'hi s 

condition clearly is illustrated by a particular case of attack in the tail section 

of the targe t when ,, 
COi~ - I and 7,-0.(1-p). 

If p < 1 the rocket will not overtake the target, 

In the particular case of a frontal approach p can be any value. However, 

this case should not be considered with the selection of the speed of the rocket 

vp, since even a small deviation of the target from the rectilinear flight can 

lead to a miss. 

Table 3 
··--~--. 

0 0 
I m 

t ¾ xp Yp V I - Remarks 
p mo 

. ··--·-~--~ .-.- -·-~. -- --- ---·- ·- ·-··· -·+-
sec m m m m/sec degree I --

0 I Ufa 0 0 800 14-. 1. I,.» Beginning of guid 

2 • lleO 400,G lU0,4 1••· 0,913 
4, Mia 3140 IJI 121,4 141•40' 0,966 

6 34552 4740 1232 13.1,0 14'50' O,Mt 
I 14161 11381 le&S 145,3 I IS'O'l 0,932 

J,O I ~~ 8005 ,110 151,2 1s•1s· 0,1115 

I~ mt 9673 2569 871,7 15•30· 0,8111 

14 ~2 I U365 aoti 115,9 1Q•45· 0,181 

IG 32552 IMS &\U 900,9 16'03' o.acw 
It\ 32152 . 14121 4040 916,6 u;•24· 0,1147 
a, 311152 10000 4569 93.1,1 16'47 o,aau 
,-1 31:152 11401 5119 950,4 17'1S o,in:s 
2-1 ;d52 I 20'201 5697 908,5 17°49' 0,70ti 

2'l 305$2 ~ 6307 987,S 11°32' 0,779 

28 30152 23975 6956 1007,4 19'32' 0,76:! 

30 29152 25885 7659 1028, I 21 •oo· 0,7 .. ~ 
8:l 29352 J78Q7 ~ 1049,S 25°06' 0,728 
'I 2W76 200ll2 32'12' Point of encounte 
33,. 11150 1004,6 0,72'l 

ance 

r 

Let us define the limits of possible normal accelerations of the rocket with 

its approach with a target on a linear curve. We substitute into formula (5.39) 

dependence r on 13 obtained after the separation of the variables and integration 

of the equation (5.41): 

After subr,titution we will have 

(5.42) 
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Enc ounter with departing target i s reliably ensured when t3 = 0, In all cases 
except the encounter at tack with the approach of the rocket with the target~ tends 
t o zer o, Then from expression (5.42 ) the limiting accelerations will be when 

~o 2 > p > 1 lim anp = O, p > 2 lim anp = ro , With the encounter attack cos 2 < O, 
and t3 tends to~ and the accelerations will change the sign remaining when p > 2 
infi nitely large. Since the real rocket cannot move with an infinitely great 
nMmal acceleration, then as it approachs a target it will go out on the calculated 
t rajec tory and can fly wide of the mark. Thus for guaranteeing the full 
r el i ability of an encounter with ideal guiding on a linear curve one should have 
the condition 

If by rules of firing we exclude the possiblilty of sharp maneuvers of the 
rocket, then when p > 2 it is possible to strike the target with acceptable values 
of overloads. 

,, Linear curve guidance is accomplished usually with the homing guidance of 
rockets designed for the At riking of comparatively low-spee~ naval and gr¢.md 
targets. Guidance at high-speed targets requiJ'es spec!lal conditions o~ firing:. 

Guiding by the Method of Combination 
With guiding by the method of combination the control syst.em holdl!I the rocket 

on a straight line connecting aiming point with a target. l)le to this it is said 
that the rocket is sighted by the method of covering the target, and the tr,Jectory 
of the guiding is called a three-point curve. A graphic plotting of a three-point 
curve is given in Fig. 83. On the trajectory of the target its posi'Uona are 
marked o, 1, 2, 3, .. , corresponding to the small intervals of time 6t, With mobile 
point of aiming, for instance, with the guiding from a ship or aircraft, on the 

# , , , II ' ' ' I tra,jectory of the motion of the aiming point also marks O, 1, 2, 3.,., are p,lotted 
, I corre ding to the selected interval of time 6t, Marks on traJectorifs' of t~e 

motion of the target and aiming points corresponding to identical moments of time 
are connected by straight lines. With a fixed aiming point we will have, '& pencU 

I ,1 of straight lines convergent to it (Fig. 83), On one of the straight line~ pot~t 
,1 ' ' 

is plotted corresponding to the beginning of trajectory of guidance, One 1houid 
pay special attention, to the finding of this point, 1!f' the place of le.uncn ot the 
rocket is at considerable distance from the point of aiming, and it is impo11ible 
to assume them combined. From the beginning of the trajectory of guldanct; 

I 
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consecutively on each of the straight lines 

the position of the rocket is plotted by 

dividers the opening of which is taken equal 

vpi•6t. Plotting continues to the crossing 

of the trajectory of the target and rocket. 

The average speed of the rocket on a 

segment can be determined, as 
• - ' tt,1 f ",11 I 

"••- 2 
where vpi and vpi+l are the speed of the 

rocket in the beginning and end of the 

considered segment. 

After the plotting of points of 

pos i tions of the rocket smooth curve is 

drawn through them. 

pi~ , 81~• . ~ppr~~i~-t
1

e pl:ottiiqg Ci>f At every moment of time the velocit~ 
1thE! tr~Jectory of ,~ rocket suided 
'l;ly tM 111etn¢d of combination. vector of the rocket is directed toward 

• t~e1 e~~eHed po.int c;,f • encount~
1
r of the rocket with a target at a certain angle to 

1 ! I ,111 :11, . ,, 

t}fle1 f/i!~ ;t:1:is-veotor wassing through the aiming point, center of mau ot the rocket, 
I, I 

,a~d, th~ 'tattet. Gti! d1f\g with a certain lead angle is obtained where the line 
I I I · ,, 

o-f s1$ht wUl form part, of the rad'ius of the vector revolving with the motion 

ot the targe,t and rocke't around the point of aiming. Let us determine the magnitude 

''of the lE;!ad angle ct. Let us aesume dUring the infinitesimal interval of time dt 

the t"°rget will shift from polsition a to position b (Fig. 84). With this the 

radiu• v·e~tc;,r will, t1.,1rn at angle d-y, and the rocket will shift from position a I to 

pos1t!I..On b'. Proc.eeding from Fig. 84 with a high degree of accuracy it is possible 

to write that 

and th~• rel at ion 

Hence 
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'!'he formula obtained illustrates well the connection of the met hod of gutding 

by three points with the earlier considered methods. In the beginning df the ~1:dd4l'lf ii , 

when rp "" o, a= o and t he traj ect ory of the motion of the rocket is close to a 

linear curve, at the end of the guiding when rp "" r l.1 sin a = ½ sin 13 and the 

trajectories is close to t he trajeoto~t~ 

of guiding plotted proceedings firl!i)m 

the conditions of an ideal lead O>. 21),. 

On the whole the method of gµidi~g 

by three points can be C<iln,sidered as 

a method of guiding with consecuUVie 

lead in which the lead an$le is 

position data w1t th re1spect 
' a aiming point i fi , • '- ~ 

.Let us give ttie (or1114;La 

Fig. 84. Diagram of the plotting of 
angles for the combination curve. 

t- -.f;,• liRJ, 

For the deter~nation of~ we present that 

... •_a_ . ~'~·1,.•:~, 
• · w, :(,!~,-~ ,r 

Differentiating and dividing the numerator and d~no111;Jnat(ilr ,of 

by d-y we obtain 

I 

- -,.)--...,_ . ...,,., ................... . , ........ . . 



We will also find the derivative* proceeding from Fig. 84. 

Equating rp + drp to rp we get 

(r,'t>' + (dr,)1- (fl,dt)'. 

Dividing by (d~) 2 and using the expression (5.44) we obtain 

;,-v(,.·liY-r:• 
After differentiation of the formula (5.45) and transformations will have 

-~:.. ?!t;:-1 (I+ t'( ,, .... ), )· 
. , .. ¾, -,; 

(5.46) 

Using the fundamental equation of dynamics and the common kinematic equations 

we obtain the system of equations describing the ideal trajectory of the guiding 

of a r ocket by a three-point curve. The solution to this system, as the preceding 

solutions, should be carried out by the numerical method. 

The normal acceleration of the rocket will be determined, as usually, by the 

formula 

or 

From this formula several general conclusions can be made. With the approach 

of the rocket to the ta1·get rp tends to rlt and with an encounter rp • rlt; therefore, 

(r••ri )8-,:-,:( ~-l ). 

In the case p < 1 with a certain 1 an infinitely great normal acceleration of 

-1:.he rocket is possible. Thus in the design of the rocltet it is necessary that p > 1. 

At the same time anp is directly proportional to the square of tne speed of the 

target, increases with an increase in p, and with large values of vlt and p can 

appear impermissible. Furthermore, the normal acceleration of the rocket is 

inversely proportional to the distance up to the target rlt and with small distances 

of firing can also appear excessively large. This leads to the fact that the method 

of ~uiding by a three-point curve is used for rockets designed for combat with 

comparatively low-speed targets, for instance, antitank rockets (missiles) controlled 

from stationary and mobile command posts {ships, aircraft, tank) and designed for 

the striking of low-speed or stationary targets. 

Guiding by a three-point curve is carried out usually by command control methods 
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1y heam or wires. 

A t endency t o use t he best properties of either command methods of control 

or homing guidance l ed to t he appearance of the combined methods. The tra j ectory 

of the motion of t he r oc ket wi t h a combined method of control consists of separate 

segments corresponding t o accept ed method of guidance on each of them. For instance, 

command guidance to future position can be combined with homing guidance with 

par allel app roacb. For t he increase in accuracy r,f guiding a possibly smooth 

conjuncti on of tra ject ories of separate segments is desirable, not only by angle 0 

bu t also by the angular velocity*• 

The selection of a cert ain method of control and method of guidance to the target 

i s established in ever y concrete case with the designing of the rocket, proceeding 

from it s assignment after thorough scientific, engineering, and economic 

investigations. With this it is a goal to make the system of control simpler and t he 

weight of it and the rocket itself less . 

§ 4 . uncontrolled Flight 

Rockets with short range ( rocket (missiles) of field artiller) ,· as a rule, are 

uncontrolled; certain types of antitank rockets, ground-to-air, and others ~re also 

uncontrolled. The flight of such rockets is uncontrolled on the entire tlrajectory,; 

the flight of guided rocket with the control turned off also becomes unconholied. 

Stabilization of unguided rockets (rocket missiles) is carried out by t he fin 

or rotation. With a st ab l e flight of well stabilized rockets ~ngles of inc:1,denc;:e 

appear small, and the effect of lift and overturning moment is insignificant. 

Therefore, it i s possible to consider separately the forward motion of the center of 

mass of a rocket and its motion with respect to the center of mass. Let us consid~
1
r 

the forward motion of the center of mass. For this we will examine the free fHght 

of rockets designed for firing at comparatively short distances. In many cases it 

is possible not to consider the rotation of the Earth and its curvature, and the 

gravity can be assumed constant in magnitude and direction. 

The system of equations describing the free flight of the center of mass can be 

to considered as a particular case of the system describing controlled flignt. 
I 

Therefore, in the system of equations (5,12) we will omit the terms considering ithe 

influence of control. For the majority of unguided rockets the vector of tractive 

force coincides with the axis of the rocket and~= o. 
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__..........,,.._µ.,..,. ,..,_,..~_ .. ·, .,~. ...., ... , - ....... - .. ,~ ... -~, ... ,,~ 

' for small "~le• ot attack cos a .. 1, but dn a .. 0 and Y .. 0, and to add the common 
I !, , :I ··;, ' 11 

' , k:~n~~i';io rela't;i.on19hips, then we will obtain the system of equations describing the 

m<!>ticm of the center of .mass of unguided rockets: 

••-.· P . - .X. - .. • .••in8i I •·--f1•C011i 

-•••COi e; • 
. . • - I 

, .. •••tin 8. 

(5.48) 

Let us recall. that the first two equations are written in the normal system 

of coordinates, i.e., in proJections on the tangent and normal to the trajectory. 

FrequenrtlY we use the system of equations of the motion of an unguided rocket 

with -the independent variable 
' 10~ 

>.- -----, .. 
which is the relation of the weight of' the burnt fuel to the initial weight of the 

rocket. 
In tne f1rs1; equation of' the system (5,48), on the basis of formulas (1.13) and 

'(15,,~6). we replace P an~ x. 

~b\9rin 

Moreover, f'rom the determination of X it is easy to 

. ,fl,fte'i:, simple transforn18.t1ons we o'btain 
• • J.! • [' ,:,,.,,,, H'tv' • ,1 ll -,-;!r- wr:,1 ·' +1·•in&~t;• 

~--.A.I·~•. 
1[ a;; • ' 

l·l.. •O•COII; 

f • 0!_ •"•sine. 
The aystem· describing free flight on the unpowered section of the traJectory 

after turning o:tf the engine is easily obtained from equations (5.48) with the 

condition P "' Oa ,••--X-f••in8; 

•"'--f • co18; 
~-,••co18; 

j.-•••in8. 

It ls obviqus that in the latter system the mass of the flying rocket is 

constanti since the eng;lne ceased ope11at1ng. This sy.stem 1s used for the c:;alculation 

Qf \rajectories 9f 11).issiles ot trunk artillery. If d,rag sets through model function 

g!:(v) ,, then :i.n the Cartesian system of coordinates equations of the flight of the 

I 

I 

I ,. 

,.j 

f1: • . . • ·-I r -· ...,,,...,,.,,.._._...,....,.,.,II""',---..-------' 
11,:.; . '. i.11 1:' !1 1:,' I ;1.,1 



unpowered section of the trajectory will have the form 

v. 

•- -CHC.,)0(f1) u; 

•- -CHC,)O(o)•-i; 

11-•; . ,-•. 
Let us recall that u and ware the horizontal and vertical projections of speed 

Since on thP. unpowered section of trajectory there is no consumption of .mass, 
then ballistic coefficient C = canst. In the written system the change in the speed 
or sound with altitude is not considered. 

The system of equations describing the free flight of the center or mass of a 
ballistic rocket (or its nose cone) on an unpowered section of the trajectory, taking 
into account the influence of drag, is easily obtained from the system (5.16) if in it the thrust P = O: 

'• X•co.8+ Y•1ln8 . -;;-- • • -,r,•11n1; 
ff X•sla8- >'•Cot8 
7i- - • . . • -1',•tOIJ; J . . . 
~X tl'I • • X • 
" - 11; -,,; == •; ta 8 == • ; tr T == R + 1 . 

In contrast to the simpler system (5.11), written in polar coordinates w1thou~ , 
taking into account the drag, the system (5.50) in final form is not solved, It 
must be solved by numerical methods, 

For the approximate calculation of small trajectories or free flight passing in 
a vacuum, in that case when it is possible to disregard the rotation of the Earth 
and its curvature, equations are used which do not consider the drag, For small 
speeds of motion in air, approximately up to 50 rn/sec, drag can be disre~arded, and 
it can be considered that the body flies as if it were in a vacuum, In these cases 
the only acting force will be the force of weight, The system of equations is 
evident and is known from a course in physics: 

where v0 and a0 are '•..,,._ initial speed and angle of departure, 

I II 

I 

I 
I 
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§ 5, Analytic Solutions to Eguat.!.2!1! 

The solution to equations of flight is necessary both in the designing and also 

in the use of rocket complexes. In order that a rockit will hit its target or an 

,arth satellite will enter an assigned orbit, it is necessary to calculate correctly 

the trajectory of their motion. 

With the guiding of a rocket at a mobile target characteristics of the motion 

of ~he tar,get and rocket are determir.dd by instruments tracking them. Equations 

of flight of target and rocket are solved in the guidance process, and to the control 

system of the rocket are sent corresponding signals changing the direction of motion 

of tne rocket. A fast solution of the complicated systems of differential equations 

of flight 1s possible only on ele'ctronic computers. Analytically, without the 

application Qf computers, it is possible to solve comparatively a few relatively 

simple problems. Along with this analytic methods permit simply conducting 

preliminary investigations connected with the determination of the characteristics 

of motion of the rocket. 

The solution in the case of' the rectilinear motion of the rocket is most 

simple if we do not consider the drag and gravity. In this case the equation of 

ir.otion will have the . form 

Substituting values P and m from formulas (1.15) and (1.22}, we obtain 

"·-·· or" •-10-" 
• 

(5.52) 

±ntroducing the new variablel•fo- f O~l.integrating, and substituting, we 

obtain the speed of the rocket ,at the moment of time t: 

DeE11gna:ting the complete fuel con,umpti0n to the end of the engine's ol)eratton 

,., 
tK by • =-} tOJI, we obtain the formula determining ideal greatest speed which 

the rocket can have without taking into account gravity and drag, i.e., 

• 



I 

•--•,In.,!:;, qo 
where ln qo _ '.J..1 is the natural logarithm of the fraction the numerator of which is the initial weight of the rocket and the denominator, the weight of the rocket after 
the fuel consumption. 

The given formula was first ,jeri ved by K. E. Tsiolkovskiy and named after him. Although the formula is obtained for ideal conditions as we will subsequently see it can be app lied with success for theoretical research in the field of rocket 
technol ogy. 

We obtain formulas determining the free flight of a body or constant mass without taking into account the drag but taking into account the f orce of weight. Differential equations (5. 51) are elementarily integrated with the initial conditions: t = o, x0 = vO•cos 0
0 

and y
O 

= v
0

•sin 0
0

. dependences x and yon time tare obtained: 

"·•"-'·co, 8., 
,-•J•1in8-~. 

After integration the 

• Excluding t we obtain the equation or the trajectory in the form of the well-
known equation of parabola: 

The speed at any moment of time can be calculated by the formula 

The altitude of the trajectory is equal to 
.. • .. ' ... . ........ .. ' . '' ·"i·••e.. y~ 1i . 

The maximum range in a horizontal direction is 

x • .:-,1a2e._ 
. I 

The time of the flight to the impact point is 

T • ~.:.!!!!,. 
I 

(5.55) 

(5.57) 

(5.58) Let us investigate the differential equations (5.11) determining the motion ot a body of constant mass in the central gravitational field of the Earth •ithout taking into account the thrust, drag, and rotation of the Earth. Let us consider the beginning of the trajectory to be point Kand substitute accordingly~ by, 
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GFi~. 72). Then as a ree· 1lt of the simple solution of the system (5.11) we can 

'Obta:tin the t ,ormula of the trajectory of motion of the center of mass of the rocket: 

,_ , ' 

. t..-••coatt-,r 

~he obtained dependence is the equation of the conic section in polar 

coqFd1nates. 

(5.59) 

tn ,analytic seometry conic sections are called lines of crossing of the lateral 

surtace of a circular cone by different planes. The magnitude pis called the 

parameter of the curve and e the eccentricity of the curve. 

For the considered case 

where r0 = R + h0 determines the conditional boundary of the atmosphere starting. 

· from which it is possible to disregard the drag (Fig. 72). 

(5.61) 

Frequently we are also not considered with influence of the atmosphere on 

the form of the initial and end ,surface sections of the trajectory and assume that 

the curve described by equation (5.59) starts directly from the surface of the 

Earth. In this case in formulas (5.60) and (5.61) it is necessary to take r0 .. R, 

then the formula for the eccentricity of the curve will have the form 

(5.62) 

DepeniUng upon the initial conditions of flight (v0 and 80) the trajectory of 

the motion of the center of mass of the rocket determined by the formula (5.59) can 

be a circle, ellipse, parabola, and hyt:erbola. 

If in formula (5.59) we assume e = O, then r = p ~ const and the trajectory 

of the motion of the center of mass of the rocket will be a circle. For the 

obtaining of e = O it is necessary that the second component in the subradical 

expr~ssion (5.62) be equal to unity. This requirement can be fulfilled if one were 

to launch in a circular orbit, i.e., to assume 00 • o. Then it is easy to show from 

formula. (5.62) that there should be the equality 
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The speed determined from this relationship is called the orbital velocity: 

•.-Vf.;R. 
For the conditional la unching from the surface of the Earth when R = 6:571 'km 

v0I ~ 7900 m/sec. 

Since in reality the beginning point of the trajectory should be at a 

considerable distance from the surface of the Earth, then replacing R by rand 

using the f ormula ( 2. 16 ) we obtain 

•• -Y lw· ,t, < 7900 m/sec. 
'• 

When e = 1 the trajectory of the flight of the center of mass will be a 

par abola. I f the starting point is on the surface of the Earth, then for the 

guarantee of e = 1 it is necessary by the formula (5.62) to have v~ - 2gT0R. The 

s peed determined from the last relationship is called the escape velocity: 

ooa-~== tt200 mjsec. 

If the beginning trajectory calculated by the f .ormula (5.59) is on the 

departure from the surface of Earth, then from formula (5.61) we find 

. .I /Ii . 
"• • V ~ .. • T. < 11200 ·rn/sec. 

At launching with e0 ?; O and v5 I v5II the rocket (or its nose cone) will 

overcome the Earth's gravity and will fly a:way into interplanetary space. If 
* * v0 > vOII' then e > 1, and the trajectory of the flight will be a hyperbola. 

* * Speeds v0I and v0II are speeds in absolute motion. For the calcµlat~on, of 

velocity with respect to the Earth it is necessary, as it was shown ea1rlier, t<i> 

consider the speed of migratory motion dependent on the rotation of Earth. 

At any value of e, within the limits of-1 < e < 1 (besides e • O and ~0 • Q) 

the trajectory turns into an ellipse. If O < e < 1 and 80 = 0 I then the 1!z!a!~tfo~10J'Y 
I' I' 

will be an ellipse for which the conditional center of the Earth w~~~ be tlie lii, cr ;L 
1 1 ,111 

point of take-off (Fig. 85). 

The nose cone of the rocket launched thus becomes an artUioi 1al eart h 
'I I ijl 

satellite with an elliptic orbit. Therefore, the investigation of ttie 'mo~~bn, ~f': 1the ,, 
I ' I Ii ~ 11,1j 

material point in the central field of gravitation obtain~d the name of el,~i ~' '+. q,
11 l"I" 

theory. The beginning of the elliptic theory was a1;1s4meC, I. Kepler in ,l6:l.9. , ~\In 
' ' ' ' : , I ;",ili!1l/1I 

Kepler Is first law it follows that the planets move in eUipses a1: t he, r~c~~11~ li1Qtt!p.t 
11 1111 l~~I 

of whic.h is the Sun. Frequeritly the motion satisf'yi~ equation 1(5 ,.59) ls 
1
19~~~~) 1 

Kepler motion. ' 11
' :1 l:i, 

' I 

I I 

I i I 



For ballistic long-range rockets In most cases 
It suffices to have Vq < 7900 m/sec which corresponds 
to e < 0. By selecting the corresponding conditions 
of the launch the required distance can be obtained 
(Fig. 72). Other characteristics of elliptic 
trajectory are obtained simply also from the given 
formulas. Assigning values of vectorial angles 
Vq* iPj, ... iPjj, by the formula (5.59) we determine

r^ corresponding to them.

Fig. 85. Trajectories of 
space vechlcles calculated 
from equations of conic 
sections: 1 — trajectory
of a ballistic rocket;
2 — circular orbit of a 
satellite: 5 - elliptic 
orbit; 4 — parabolic 
trajectory.

values rg, r^, r^, .

The largest value r^^^ and the angle t corresponding 
to It are also determined from the formula (5.^9);

*‘max”^^ were

to substitute (Pg = 0 and r = r^, then

(5.63)

♦ = arccos^^?. (5,61*)

The flying range measured along the arc of the circle with a radius of r^ is 
equal to ^Vr^. The distance along the surface of the Earth

AB = 2^R.

The speed along the elliptic orbit will b<-- determined by the formula (Fig. 36)

» = + (5.65)

where Is the speed In a radial direction equal to r; v^ is the tangential speed 
In a direction perpendicular to the vector r equal to rm.

Substituting r and r(p in formula (5.65) and expanding their value, we can 
obtain the dependence

«’=/('’»> »». r).

The time of the motion is sonnwriat more complicated. If the second equation 
of system ( .11) is multiplied by r It cannot be presented in the form

Tntegratlr.g we obtain

= (5.66)

The arbitrary constant of integration C will be determined from the initial 
conditions when
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c-,;,,•.co,e.· 
Subst i tuting the valuer into formula (5,66), transforming and integrating it 

we obtain t he expression for t ime: 

' ,_ r f " 
, .... COi.. (l-1•C01(♦ -,ll1' • 

(5,67) . 

The integral is taken in t he final form, but the formula i.s complicated. 

Characteristics of the motion of the nose cone of the rocket put into orbit and 

becoming an artificial eartL satellite are also determined approximately by the 

I 
I 

I f 

Fig, 86 , Decomposition 
of the vector of speed 
on rad i al vr and 
tangential vt components, 

elliptic theory, For instance, the perigee, the 

point of minimum distance of elliptic orbit from the 

c~ndHional center of the Earth, is equal to 

'• • i ~,. 

The apogee, the point of the greatest distance 

from the conditional center of Ear~h, is equal to 

The semima.j or axis or the ellipse or the orbit 11 

The semiminor axis is connected with the semimajor 

through the parameter of ellipse p and is equal 

A projection of the trajectory of the motion of an artificial satellite on 

the Earth is constructed approximately, proceeding frO!ll the assumption tpat i' t~~ 

direction of the plane of o:rbit of the satellite is constant with re15pec1~ to t 'he 

stars, By knowing the speed of the satellite along the orbit and the ~lar 

velocity of the rotation of the Earth, it J.s simple to construct a d; agrallli pf 
, , I 

1 1:i'lf11[' I 
projections of positions of the satellite on the Earth ''S surface. Wi:th 1111 !!LCC4r:ate 

calculation of the characteristics of the motion of long-range rockets and earth 

satellites and t he construct ll.on of projections of their positions Cl>n the ~urtaC!!! of 

the Earth, it is necessary addition~lly to consider a number of 'pert~ithing facf!t~~ ' 

We consider that the Earth is a spheroid formula (2.16) should be definitized and 

developed in proje~tions on the axis of' the coordinates. It is nece•saz;y ~P 
'II' , 

-11,-

I
ll 
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1

i~tp ,~ccount the Coriolis force, the possible influence of the Moon, and others. 

I I ii•' I c~l¢~+'~tf:ob of influence of the Moon on the orbit of the earth satellite will 
11 :11 II 'I :I I 

: d~rruwf qonsid¢ration of the problem called in celestial mechanics the three-body 

[Pro'biem:. As a result of the action of perturbing factors the trajectory ot the 

motlol) e,f a long-range rocket or the orbit of an earth satellite will be somewhat 

dev~ated, from the plane constantly directed with respect to the stars, but the 

char~cte:ristics of the motion will not correspond accurately to those obtained by 

the1 .ap:pro!dinate elliptic theory. The calculation of influence of all perturbing 

factors is very complicated. 

Tl\e solved differential equations of flight did not contain terms taking into 

apcount, the drag. As waa shown in the third chapter the change in aerodynamic 

coeffilc~~nts de-pending upon the speed o.f tne body in air cannot be exactly described 

b~ ~r).ctl~ns o:t simple form. Ther~fore, only certain particular cases of 

. eqµ•t;on~ of t+1ght .in air are analytically solved with the introduction of 

t dd,iti,C!>n~l assumptions. 
1 

' • ! , , '{ine ,, snt:e~' of form ( 5. 49) is \1Sed most frequently. Bes,ides the assumption 
' I ·" , ' 

~7Ti~t~~;i 1n ~~e , obtMning of tne actual system (5.49) we additionally consider 

hh~~ th~ 'flow rate p~r second of .gases emerging through the nozzle :l,.s constant in 
,, I ~ I 1I 

1 
' 

h 1mfl an~ equ11:l. to 

wher,e 'J.> 1$ the weigM; of propellant expended during the time of operation of the 

rocket ,engine and 'l' is the per1o4 of duty of motor. A function of the change in 

ai1r d~en~ih w~th altitude is :replaced by the constant H(y· ) • , , , cp 

A!t
1
er t~e eorresp~nqing t:rapsformations we can obtain this equation from the 

nrs:t ~gu~t,iQO (~,~9) 

wnet1e 
, •• c11 1t,c,>'£?1 

,._ .. 
~ 

The last ~qua:tion clill be integra,ted if one were to take angle 8 tor constant, 

I 

....,..,.. ___ "·"' ·----""'~ .. ..,..,.;--;--'1 

': II I 
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The first component of the right side, constituting a modified formula of 

K. E. Tsiolkovskiy (5.54), determines the speed of the rocket without taking tntb 

account t he influence of t he drag and weight. The second component considers t he 

influenc e of drag and the third influence of weight, Thus the remaining equations 

of t he system (5.49) can be i ntegrated in the same way. 

The second component of the equation ~5.71) contains under the integra l the 

experimenta l function F'(v) ass i gned by a t able; for the calculation of t he third 

component it is necessary to se l ect the constant value of sin 0, There is d1ff1.,cu1ty 

in t he solution of other equations of t.he system (5.49), therefore caloula,tion is 

made with the applicat ion of special tables on separate sections of the trajec t or~ 

in several approximati ons. 

One of the methods of calculation is presented in work [29), 

The equation of the free fli ght of a rocket on the unp.owered ,section df 

t ra j ectory can be also solved analyt ically. Methods applied for the eolut!i on 

of such equations are well-known from external ballistics of missile$ of bar~el • 

syst ems. The system (5.50) can be easily coqverted so that inC,ependent vatiable 

will be the angle of inclination of the velocity vector to the horizon 0: 

The first differential equation gives after the solution a detpertdence (in 

polar coordinat es) v = f( B), called the equation of the hodog:raph of speed. 

Equation in differential form before the solution is also called eq'\l&,tion of tie 

hodograph, This equation is convenient in that it is connected with ot h!:!'l' ~q,µa.Ucm~, 

of t he system (5,72) only through the function H(y), chang:tng dight~y wH,li 

a. ltitude. If one were to take H(y) eonstant, then in the equation tne t,a 

variables u and 8 remain, since 

In spite of this, the equation nevertheless cannot be intesrai'te!! ~i)tt, the, 

arbitrary form of functi<!:in F{v), Additional s!l.mp1'ific$tions are necess- ry,, . 

first analytic solution was carried out by L. Euler witn the qti11~11at i!c iaw 
the drag. 

-l:75-

,,, 

, , 1 f' 
I ilL, I l

jj I• 
,!1 

I ,, 



If we assume F{v) = Bv2 and designate b . CBH(ycp), that in the equation of 

the hqdograph va:riables can be separated, and the equation is integrated 

• • • 
J, •• r • 7 - -, iii"I' .. .. (5.73) 

Both integrals are solved simply. 

Speed is determined from the expression v • co~ 8 • Although the substitution 

into the remaining equations of the system (5.72) of the dependence u • f{8), 

obtained after the solution (5,73), permits dividing the variables of the equations 

i n t he final form are not solved, For the determination of x, y, and tit is 

necessary to apply the numerical method of L. Eull':r or special tables. With the 

use of the described method of the solution of equations of flight, it is necessary 

to consider that the square law of drag will agree with experimental data at 

comparatively low speeds (less than 250 m/sec). 

The analytic method of the solution of equations of flight is also well known 

owing to the introduction of additional assumptions. In the equation of the 

hodograph the function F' U), is introduced where U is the magnitude having the 

dimension of speed and is called pseudospeed. Value U is determined from Fig. 87: 

The vector of the pseudospeed is parallel to the vector of the initial speed 

and has the same horizontal projection U, which is the actual v. Since the simple 

Fig. 87, Pl0tting the 
vector of pseudospeed 
u. 

replacement of F(v) by P(U) gives considerable errors, 

then additional corrnction factors are introduced into 

the equation of thP hodosraph. 

The substitution has the common form 

H C,) I' ( t1) :::= t/1 (ti), • 

where k is the compensating error of the correc·tion factor. 

Special investigations showed that for the tlat !"iring 

with small a0 and large initial speeds the angle 8 

changes little along the trajectory, and H(y) • 1. In 

t his case k ; c;s 8 is sufficient. For ground-to-surface firing with great initia,l 

speeds, although the cos 8 changes little in the trajectory but H(y), 1, the 

following replacement is necessary 

•H(,>l'(o)::=H<,c,)~'(l/) :t. 

-
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I 
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For average angles of departure and speeds substitution of the pJ1ecedins is 

s omewhat more complicated 

i . e ., 

wh ere 13 1s the additional numerical correction factor. 

The last r eplacement bears the name of "Siacci substitut ion." After the 

int r oduction of 1t into the equation of the hodograph and a separation of vairU:blf'l s 

we can be obtain 

The integr al of the left side is undertaken in the final form and is equai to 

I t g 8 I :0 , The integral of the right side, Just as the integral Of tl}e re.-+PiNJ . 
1 

equat i ons of the system (5 . 72), in final form is not und'ertaket\. For th.e d~~er~i~ til~bn, 
I I 

of t g 0 , t, x, and y tables of special functions D(~), I(U), A(U~
1

1, an'd' t(t1) ,I 

called tables of "basic function," are 8ippl1ed. 

The input value into these ta.blPs is the pseudoapeed U. The stan~al"d' tifo~W
1
i 

formulas have a very simple fo rm. For e~ample, the coord i nate 

11 • iJ (D (~.,... 0(1,)IJ1 

The solution based on the use of tables or ''&\lxiUary t"fneUc!ins'i , :' 
I ' 

the input values are v0 and c,1x1 wt:iere c• • c~ ls ,known. 1' 1

1

,'' ' 1 

For large angles of departure the ~tAe>cl ,ot p•e!-lr~~spee<t sSit,~I c 

errors. Tables of numerical values' ot the coeff~c~~~t ,~ ~re c~l~e' 
I ' ' I' I I 

00 :i 60° ( 28 ). The appJ:lcation ot the 1m~thocl or p'*e~~ospe~d 1:rl 1-i;, ihn , 

possible for the calculaUon o'f ,chan:cter1st1cs or the l1ftU.)1l~On ot ,~i bod
1 

' I I 

mass, 1. e., for the calculation of powered-flight tr~jectorles 1 d1i Wll'l 
I 

I !.,.; lj] 11 1 The first equation of the system (5.49) can be r~pn.ac,d b,y :, ejtjiatJ 
" 1 11 I 

' 
I 



Ii 
'! I 

I I 

tl!i~, proJ~~tion of the equM1on of motion on the axis OX ot the cartesian 
I 

11,1:,.1i!il l ' ' 11. I '•I J. 1 

; ~· !l 1 f,pr,~~aves ~ 

:o1e \V~re, pow to aasume, just as with the solution of the equation (5,70), 
l:i I i I 'II I 

i const~ H(y) .. H(~'cp) and e • ecp 

~i1 the c9nstants and the numerical correction factor are included ink. 
'I 

, it add;l.t!ional.J,y one were to assume 

·-~===~ 
-· cqa • ., and to designate 

:I 
I I, 

,I, ' 
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Calculations by the tables lead to the simple interpolation according to v0, C aqd 

80. 

For the calculation of trajectories of surface-to-air firing to the th1ee J1'P'1~ 
parameters a fourth is added, the time of motion. 

Using the tables of surface-to-air firing it is pouible for the trajectory 

determined by vO, c, and 00 to find xt, Yt, and vt corresponding to different times 

of flight of the missile t 1 , t 2, t
3

, etc. 

The beginning of the unpowered section of the flight of the rocket of the 

"surface-to-surface" class is sometimes at a considerable altitude, and therefore 

a direct use of ballistic tables can give considerable errors. In this case it is 

necessary to use the law of the similarity of trajectories of Langevin. 

The French scientist, P. Langevin, established the dependence between tile 

characteristics of two trajectories for which the tempe'rature and preas\lre of 

ambient air 

different. 

correspond to the point of the beg1Ming of the trajectories are 

I With the establhhment of the dependence it was dsumed that tt.,e: ch~e pt 

te~-perature with altitude is the same as with the standard ~tmc;,sp~ere,~ Let 1~11 

designate the hor:lzontal distance ot the unpowered, aec~ion ot the trajecto~ie• .11 

I I I I 1111 I 

by x2, the elements of the l>eginni~ ot the unppwered aection by the, fndex' :k.~" ah~l1' 
the end ot the section by the index C (F1Jg, 88). 

From the law ot similarity of trajectoriu we tln~ 

I' 
I 

where 
I 

I 

i, 

' 
j i 

I I 
i 

: I 



In these formulas the letters v, 
K 

,ii:•.· 188. Di•r&ID of the· division ot 
:~~ei tit,~,c~~w o'fi a ropket 'into 

•: s~p~ntt~ aee1;1ona • 

ex, hK and -rK designate correspondingly 

the speed, angle ot departure, 

barometric pressure, and virtual 

temperature at the point ot the beginning 

ot the unpowered section of the 

trajectory. 

The ballistic coefficient tor the 

unpowered section (see formula },65) 

is equal to 
. .,. 
,. - .,...__ • 1111 , 

, ,...I , .tr~. v-. , 

Values of funl1!tion ~x' ~y• ,i,8 , ~v• and ~Tare taken from the common ballistic 
I I 

~&bl.es i,.ccord,ine; 1to the input values C*, v-r K' an~ 8 • • Thus, tor instance, 

i~( C*', ~ -r K' 8K) is equal tQ the distance determined br, ballistic tables tor numerical 

,#l~es of 111$~nitu(les shown :Ln parentheses,. 

i~e ·complete flying range ,~s equal to 
I 

' ,, 
i' ·I I 1· I 

re fif~t ,powere~-tlight trajectory is cdcula.ted by one of the methods about 

, ~tt~~~ W&~, d1f!~'1S$~'4 above, or h solved by one of 
1

the nUllle,rical methods. 

ii 
1

' ~e thb!! sec;,tion can also ~e calculated app
1

roximately by expand :l.ng in series 
! . 

, 1t ltlle tµnetion y 111 1l~(lx) qear point c. Thi, method is well-lmown in the ballistic or 
I 

irunk •~ste~s,. 

'fhe methc;:,<,ls of approxi~tion of the calculation of trajectories of rockets 

h~vin~ a relativei:Y short firing range can be retrered to as the so-called method 

'et the eqUi val~nt ~rtil.lery 111:1.ss:Ue. This method assume, the detecting of such 
' ' ' 

1rii~ifl conditions of departure o'f the arUllery 1111:dle (80 and v
0 

), at which at 
I ; '1. r ' 

'tt1e jPo~n~ ot the ,ht. ot opef&.ti<!>n of the ~ngine Qf the tlr~dectory ot the artille:ry 
1,1 _j , j I' 1. ' j 

111~a~1ie ~pul~ fi&Vi~ Cdin,1dence with the trajectory or the rocket in ll'l&initude and 
I I! I I ' 'I' I 

1,',1, : 1 " .. •·. t rec~ioh ot t ~e vUqcitY1 vecto,, 1.e., 
1i I I I I, 11 

1 
, ~

1~¢n
1
e i~oµid be the ' ~,quality v • v R and 8 "' Q 

8
, 

at, the p· oint w~th, CC!<>rdlnatea x and y ~ . . JC JC 

!t ~e nat~ral that th_, equivalent 

, trt ,illery mis•tle ahO\lld ha:v:e the same magnitu4e of b&ll1i!stlc cQettiqi!!!nt aJ that 
I ' I I ' 

' qt t lh-. r 'ocket dn the unpowered, section Of' the trajeQtory, 1. e. • C1-r:. The c1lc1,1late(! 
·1 I I I ... 

1 1 

1 ~.tlajectory o,t' tbe eqi!-~V~lent: !ft18~1le, shoul,d po1ne,1de with the trajectory of' the I , , 

I ' 

I 

'I: 
I~ 

! " .. 

I 

I 



I I 

I ! "'' 

I 

. I 

1 , 

I i 

of the rocket on the unpowered section of the trajectory. Up to the point with 

corrdinates xM and y R the trajectories of the rocket and missile do not coincide. 
The initial conditions of the trajectory of the equivalent missile can be determined 

, I with the help of ballistic tables or by one of the analytic methods or the solution 
of problems of flight of artillery missiles, for instance, the method of pseudo'apeed. 

By estimating the analytic and tabular methods of the solution of problems 
of the theory of flight one should still repeat that these methods are approximate 

and considered a comparatively small class of special problems. At the same time 

they permit comparatively simply the conducting of different ballistic investi­

gations. 

§ 6. Numerical Methods of Solvi, Equations of 
Flight an the Appiication of Iectronic 

computers 

The complexity of the phenomenon of the controlled flight of rockets the 

requirement of fast and high accuracy of the calculation of characteristics of 

motion, and also the great volume of calculations lead to the necessity to cond~ct 

investigations in the field of the theory of flight with the use of electronic 
compt t ers. 

Problems connected with the theory of flight for the first time began tQ tie 

solved with the use of mathematical machines and computers in instruments controlling 
artillery fire. 

Contemporary electron computers by the principle of the solution ot i'iath~ma~i~al 
problems are divided into three classes: electron digital computers of discrete 
(continuous) analog computers of continuous action, analog c.-omputers of contlrtubµs 
action or the so-called analog computers, and computers of mi~ed types. 

Machines of every class can be large and universal designed for the soluti¥ 
, I, of various complicated mathematical problems and relaUvely small s~eoia+ize!S 

designed for the solution of monotypic problems in a definite field of technol~. 
' In our country there have been a number of machines ot classes which are used in 

the national economy and defense technology. The f"olloW~J'\I unher1al .digital 

computers are widely used [STRELA] (CTPFJIA), [BESM] (S8CM); M-2, M-~, [URAL-2) 
I ' 

( YPAJI-2), and others. 

t-,achine BESM, developed in 195:,, f9r a long time remained the n,qat high-'111etd 
• s.,

1

erl• U
1

1

1
1 

lJ computer in Europe. Among analog computers of continuous •ction these ~ere • 
I,, 
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' 
p,r0duced1 [IPl'-5] (MT-5), [MPT-9] (MIIT-9), [MPT-11] (MIIT-11), [MN-2] (MH-2}, 
I 

' (NN-7] (IIH-7), and many others. 

Examples of specialized computers are the [PUAZO](IlYA30) (instruments of the control of artillery surface-to-air fire) and different computers of the system of 
antidrc,raft defense. In forces of [PVO](llBO) (antiaircraft defenae) and [PRO](IlPO) 

J 

(antim1111le defense) radar instruments together with computers are used for the 
detection of targets and the guiding to them of guided rockets and aircraft­interceptora. 

The numerical methods well developed in mathematics permit reducing the so.l....t.ion of different very complicated problems to the fulfillment of four arithmetic 
' ope,rations: addition, subtraction, multiplication, and divilion. This principle 

of numerical methods is assumed as the basis of the creation of digital computers. 
The cury:tng out of arithmetic operations in a defined sequence is determined by 
the program of work of the machine. The program of work can be set up for the 
solution of different problems, and therefore digital computers are universal. The great merit Of them is the high accuracy of the solution. The main disadvantages are the complexity of the equipment, the laborious Job of setting up a program and the complHity of the preparation of the machJne for work. 

]~ ~lectronic analog computers mathematical quantities are depicted in the form at continuously changing values of voltages. All the actions are produced with 
vo;tag,s reflecting the given 1Jalues in the corresponding scales. The great merit 
ot, such machines is the comparative simplicity of the equipment and the compactness. Deficiencies of the models can relate to the possibility of obtaining considerable n11on reaching several percent. 

PrOblems of theory of flight in principle can be solved both on digital and 
analog computers. Considering the peculiarities and possibilities of serial 
computers of~ certain class, it is preferable to use digital computers. Computers of continuous action are irreplaceable during the analog formation of the process 
of oscillations and flight control ot rockets. Let us consider the peculiarities 
of the solution of equations describing the motion of the center of mass of rockets on electronic digital computers. 

Specific diagrams and examples will be given in reference to the common Soviet computer [URAL-2] (YPAJJ-2). 
For the automatic carrying out of calculations in accordance with the program the electronic numerical computer should have the following three main parts: the 

• 

It 
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11 

I 

I 
1 1 

I ' 
1 1 I 

, I 

• 

arithmetic unit intended for the execution or direct calculation; the work memory 
' unit in which numbers and commands are stored the results of intermediate ca.l,culatioJ!l& · ' 

are recorded, the needed numbers are taken and distributed; and the system f<i>r 

guaranteeing the automatic operation of the computer. The fundamental block di:N~aiil 

of the URAL-2 computer is given in Fig. 89. The arithmetic unit (AY) executes the 

. 

- Arithmetic Unit 
AY 

' 
I I' 
I , II a !I , 

Printin4 OutpUt 
unit perfor-
TTY ator 

. Il®'-2 
'I .I 

' ' Output of rei9ults 

Control 
system 

' yy 

I 
Storage unit 
on a mag-

• .Storage unit IOW-e drum 
• on ferrites 

Ha.l ~torage unit 
on mag-

' . netil). tape 
Storage unit 
on P'lllOhed 
tape HI1JI 

T 
•Input ot initial 
1ntonn4tion 

I'll 

1111 

arithmetical and loeical 

operations above the nu~b~rilJ 

in addition to that the A,Y 

has a device for the recept1on 

and issuins of info11mation 

and also units of interaction. 

with the control system of the 

computer -.nd 1nd,pendent 

Cl,ntrol of the AY. The, me"oty 

unit ooneiats of thr,e st1q141~ 

' 
stortt.ge un~ t on 'ferrJ:t;es t~rl Fig. 89. FUndamental block diagram of the 

compute.r URAL-2. 
which t~e ipemorr 'fl~ts ,~r~, ',. 

ferrite cores, the storage unit on a magnetic ch·um with '(jont~t'Pl units toJt 1:ttj~ , : ,
1 

1 

'.;,II lj'. I' ,, ,j 111 1'11;'1 I 1
, 1 I' 1 I recording and readout of' information, •nd the stoirqe unit on 1111,~e,tlc t:age. 1!!He , ' , 1

1 
1 , 

I I I. 1' 1 

input into the computer of initial information consisting of' numbers ~~ qq~~r ':Ii I i 111 I 
1

, I!: i: I I I I 
.,, . I is carded out through a special .storage unit on puctled ta~e. 11' ·,, i<' I 

'I ·I· ,, ' l ldj :'.·11, ,,111 11 Results of calculations of the computer can iSS\\e ttirough tl':,e out:C,\\t p~rro~.;11M
11 

I: 
I' .I , !Ii '· 

unit on punched tape and through the pri1.nt1ng unit on paper t~e. Tht c:<>hb~~ , ~stem 
,1 1 1 1, 

. , . .i i: 111 I ensures the automatic control ot ,all parts of the computer 1n -o¢ord~Ci!~ wJ~~; :~~,: 1' 
i, . · I, I '·I' program and manual control from the panel. Besides the enumert.tijd pe::rt, Qt t~,, : , , 

I I "'11'11 'I, 
computer interconnected by the assembling or circuits and 1n Ci)pe~l9itiop~. t lhelje:1 w~, 1' I ,,: I 

I '"'- J '
1 

,, I ii 1111 still the so-called external uni ts operatilllg se~ar•tely trom the c'Olll'Pqt~\~• 1 'if~,s ,. , ; 1i' , 

1,~ 1 
11 ;

1
11111 ,1\11,, I I,' 'I 

is the keyboard unit with the help of. whJch on.· pun .. ol').ed ta,pe is ~ut a , •e~ o•~' ,,c ,, , 
1 

,a 1~
1 

'. 'I 1 
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copies for the purpose of a. check, The mutual Check~n& c,t t•ves is cqndµct , 11 9
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i

1
l:l l~~~I 1 

control-count1ng unit. During the oheet in the case ot the nonc0Jnclbenoe
1 

o~ 1 

' 

1
' 

puncture on the tapes a cc,rresponcUng signal ia given. 
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The preparation ot a problem tor the solution ot it on the computer machine conaiata ot two basic stages. 

The first stage is the selection ot the numerical method ot the solution and formulation ot mathematical formulas. 
·The 11cond atqe 11 the pr01ramm1ns. 

Let ua consider the basis ot numerical method• ot the solution ot equation, 
ot flight. The method ot numerical integration tor the aolution ot equations ot 
external ball1at1ca was first proposed by A. N. Krylov in 1917. Thia method uses 
the theory ot interpolation and finite differences. 

In the preceding paragraph it was shown that basic ditt1cult1es with the 
integration ot equations ot the theory ot flight consist in the functions determining 
the drag F{v) or Cx(M), do not have a simple analytic form and are usually given 
by a table. Also given by a table is the function ot the change in air density with 
altitude H(y). Methods ot numerical integration permit calculating the definite 
integral from the function by the a111gned table. In this case the so-called 
interpolating function is used which under the sign ot integral replaces the real 
function whose analytic torm is unknown. It such a replacement occurs on the small 
segment ot the curve, that a sufficiently high accuracy ot integration can be obtained. 

Let us assume that the interpolaUng function will bey• t(x), then the 
increase ot the definite integral from~ to xn+i is equal to 

The simplest interpolating function is linear. The formula of linear 
interpolation is obtained from the rule of proportions: 

(5.79) 
where yn+l - yn • cyn is the difference between the subsequent and preceding values 
of the function corresponding to the values of the argument; xn+l - xn •his the 
interval of change of the argument or the so-called step of the argument. 

According to the formula (5.79) the unknown value of the function corresponding to the value of the argument xis equal to 
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With the linear interpolation the area under the curve will be separated into 

a number of trapezoids, the calculation of the total area of which is very simple 

(Fig, 90). At the same time the :lntegration by the rule of trapezoids tor the 

y 
obtaining of high accuracy ot the soltuion re~~rea 

a small step of the argument h. The small step 

11•1 

'" 
----=--=--t""----- • ,. ' ... , 

will lead to a large volume of the calculating ~ork,. 

Moreover, with practical calculations it is not alwars 

possible to have a table of experimental or caleulate~ 

data with a small step of the argument. 

Fig . 90 , Integration by the 
t rapezoidal rule. 

If with the numerical integration ot equations 

of flight to special interpolating functions are 

used, the step of integration can be tncreased as 

compared to the integration by the rule of trapezoids. The interpQl~ting tuncUon 

is comprised in the for m of a polYJi).omia.l of a degree pe:r. \lnit Sffl:8,,l.l~r tl').an tnat 9t 

the numher of assigned values of functions on the aeceptt,d segment ~t interppla~1(?11., 

Furthermore, the interpolating function sh<i>uld pass throui~h all the -.asig~ed pqi!~~s, 
' I '1 

of the interval. 
! !ii 

' ·1 ' I I· I 1,1 In solving the many technical questions the interpol,1ati1;1g t\j.nct
1

;~m, of ~r~e 

is widely used. In the numeriical integration' of equ,uon's qt' fliJht w1:tti ! ~hE! , 1 
,Iii 

I I I I Ii 
application of keyboard computers ( electricai calcul1U11S mach,tne·s) Md , ~b~e~s ~ ~~ · 

, I 

logarithms, interpolating formula.a fo~mulated with 1the use of ~e.blei, ,~t 1f'~~'ti t 1 

differences are applied, 

If a certain function y • f(x), for instance; Cx(M) "" 
II II 

i 1.1 • '• Ugn~d 'l:>y ,~t,;e 1 

·, I .. '' . I 
the~ t~, ~~ he,, : 1 

I I I ' 

I 

tabl e with a change in the argument through the const(nt step h,, 

difference of the first order or first diftere,ice is Call~,\:! 

The second dif 

In order to compile the table of finite ditterenc.es it is neeeas••"'"· tJ;. , 
I II +tJ I r 

' ;· ' ,1 11, I I from every value Of the function the value precedina it and to ,reQ,br(I !: the1. db 
' I I 

results in the column on the r1ijht in one line 'fJth ~he Jubttah:end ,t•,f,f t;~~ 
1 I! 

I 

,, 

I Ii 
,,j 

i I 

I 

I 
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It we use horizontal line ot the table ot ditterences it 1s posnible by applying 

(5.78) to obtain the tollowing formula determining the increase ot definite integral 

( 
l l l ) Ay,-i Ya+ T 61•-w••1.+ 1i 61Y• • 

It one were to use the slanted extrapolation line ot the table of differences 

the formula will have the torm 

(5.80) 

The latter tormula is interesting in that it permits having Ayn' on the basis 
2 :, ot the preceding differences t:,.yn-i' 6 Yn. 2 and 6 Yn-:,• Using this formula it is 

possible to integrate forward being based on the character or the change in functions. 

If one were to compile a t~ble of finite differences ot derived functions of y~, 

that it is possible using the given formulas to solve the ordinary first order 

differential equations to which the differential equations describing the flight 

of the rockets are reduced. For the slanted line by analogy with the formula (5.80) -

Ay, - • (,~ + ½ Ay;_, t ½ Aty~-1 + ¾ flly:....,) • 

Having Yn and adding Ayn we obtain the following value of the functions 

, ... -,.+.,. 
(5.81) 

(5.82) 

The easence of numerical integration results 1n the application ot the last 

two simple formulas. By gradually moving step by step and increasing the table of 

ditterences, one can determine all the values ot the function y • t(x) in the assigned 

limits. 
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The solution to the problems of the theory of flight is complicated b,' !t;~e tac~ 

that it is necessary to solve several equations jointly. It is desirable to s,el.ect 

the system with the smaller number of equati'lns sol ved Jointly and with the 

argument most convenient for the given problem. For instance, tor the cdculatlo~ • 

of the powered-flight trajectory of the unguided rocket it is convenient to talle 

the system according to the argument t. for the numerical solution we wUI 

reconstruct the system of equations (5.~o) on cartesian coordinates and replace, 

in the first equation P and X from formulas (1. 12) and (,.66). For the simplid.ty 

writing we usually designate tg 8 mp. Then we obtain 

where 

~••i(D-B); 

f--f, 

D•¼fift+·t~,, 111-lt<,)J}, 

and 6 • 1CJI U> 0'(•~ 
'' 

It is obvious that the first three, e,quattcms of :tl:1,e system (5.8,~ 1-.l'lould, ~,e: '' 
'I"' I ' 

solved jointly. For the const-.nt increment of the table <?f r i n1te ,d~~t,eren~M:, t tl I 
, I 'I .. •. 11 I 

is necessary to have besidies the inihal values the fb,st thr~e val'µfS ~. y, :u~ ,~d 
I 'j' I 

p. These values are us4ally obtained' by the method ot aupQeals i ~~ ~ppr9xlmati~P~ .. 
' I :n I 

Calculations are made with the multiple use ot the foJ;muia ('5 .. 81)
1
, and th~ re$4~1i 

I , 

is regi stered in a special form called the basic form ('table 4)1. 
I 

Lines in the calculation form are increased ,in the following orcler~ 

1. By the formula ( 5. 81) wi tn tne replac~ment of y by U -.nd c~t,~~apord~ , 

dif~erences ~un is ealculated. 

2. With the use o,t formula (5.82) the following is e&1cu)late~­

..... II!'~~+'._~ 

By second formula (5.83) 'Pn+i :1.s caJ.cul~ted. 

4. , By tl')e formula (5.81) with the ~orresponcttng r,;e1aceJ14tnt 6Piri ~s, 

Bi the formula (5.82) 
I ' 

.~ ""'"• -f- ,4,l" , 1:i 
I 

6 • Kn awing, un•i -.rta p
1

n+i w:S. th the thit,d. to~:ta Q~ ~._e 'i•j •~••' 
4etermined. 
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7. By Yn and the corresponding differences with the help of the formula of 

numerical integration formulated along the broken line of the table of differences 

6yn is calculated. 

8. By the formula (5,82) this is determined: 

1.+a - 1• + Ay., 

9. Using values Yn+i' un+i' and Pn+i with the first formula of the system (5,83) 

un+i is calculated. 

Since the formula (5.81) iR formulated with the help of a slanted extrapolation 

line, after the increment of the lines it is necessary to correct 6un by a more 

accurate formula of the broken line, 

The described method of the calculation is used with the solution of problems 

of the theory of flight on keyboard computers and also with the application of 

tables of logarithms. It is used for calculations comparatively small in volume 

when the use of electronic computers considering the complexity of the program error 

detection and correction economically is not Justified. It is expedient to use it 

for check computations with the progran. error detection and correction on the electron 

computer, 

The peculiarity of the solution of systems of equations of the theory of flight 

on the comput(~r URAL consists in the fact that the ordinary differential equations 
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to which the majorit y of equat i ons desc ribing the fligtilt be long:. ar:e s olb,ed ¢in the 

compute r accord i ng to the method of Ru:1ge-Kutta . This i s also true o.f the 

numerical method of i ntegr ation , but it permits calculaUng with.out the r ,e.petition 

of calcul ation by means of approach . Assumed as a basis of the method it' the 

, de compos ition of the desired f•mction in a seriea in given powers of (x - xn) of 

t ~e ar gument near the assigned known point (x, y) of f unction y{x): 

,-,. + (x-x.)y~ + c.r-;,!!r .,; + ... + 

+. (.r- .r.\"' . IJ(•J + .. "• ... 
As a result of investigations the following standard-working formula is 

obtained: 

whe re 

,,.== ! <•, + 2•2 + ~. + •.>, 
•• - ". I (x.: ,.>, 

.,==1'•/(x,. + : i )'1 + tL ), 

•·="·!( x,. + : ; y,,+ ½ ). 
"• -=Ii•/ (x1 + /,; y,, + k3). 

Applying the formula of Runge -Kutta we find the approximate value t>.yn, after 

which by the formula (5 , 82 ) we dete rmine Yn+i ' For the new initial point we take 

xn+l = xn + h and :i'n+l = y (xn + h). Repeating the calculations we obtain the table 

., I 

of the sougnt function in the assigned limits. As can be seen from the given forinUlas 1:j[ 
" 

the ir.t egration is reduced to simple actions and can be carried out by the arithmetic 

unit of thf' electronic digital computer. Moreover, for the solution on ~or~p~ter, 

i. t is nec,;ssary to present in the form of polynomials or tables the change in air 

density with altitude {function H(y) and the change of mass of the rocket ,,,1th time 

m(t). If some complicated process of the control of thrust is assumed,, it 1s 

necessary to assign by a. polynomial or table the law of the change in tn~tiv:e fqrce ' 

with altitude or time. Special attention should be given to the assignment of the 

function determining the drag Cx(M) or F( v) . . With the preparation ot the sQl\lti1on 

for ea.ch calculated magnitude the accuracy of the sol.11tion or the nurqber Of 

significant digits are established. For instance, the coordi~ates x a;n~ y are 

calculated correct to 0.1 m or 1 m, and the time 1s calculated correct' "tio o.q1 sec,1 , 

etc. Simultaneously it is expedient to establiu11 betoreha.nd the step o( '-ntegr9it~on, 

.' I 

.,; , i ' .,I 
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e~~ri.ng
1 
the r+,cesaary accuracy o,t the solution proceeding trom peculiarities 

1
111
ot 

1

i~e ca1,u1,~~d trajectory. With the transition through the speed ot sound 
, , Clif Ve,s CK(M) o:r :F(v) sharply change ( see Figs. 2, and 45), and the great step of 

'it!Jit:tegr aU0n can not ensure 1:he assigned accuracy. It is necessary to consU,e .. 1.~t 

'the 1~omputer can operate with an automatic selection of the step. In the solving 
~r~c•11 the obtained accur•~Y 11 compared with the a1111ned. If the error on the 
1e~ected •~ep ot integration at lea1t for one of the equation, doea not aatiaty 
th• ,ui.gned accuracy, then the atep of integration automatically d•creaaea twice 
(halved). However, it 11 nece11ary to con11der that 1imilar work require• a very 
large ,rogram, and for it1 realization much computer time will be expended. Therefore, 
it is more preferable where this is allowed by the required accuracy of calculations 
to operate with a constant. step of integration. Similar considerations should 
be considered with the desin~ to take into account the changeability of cx(M) with 
altitude. As is known from the third ehapte~, the function Cx(M) is variable with 
altitude owing to the change in the Reynolds number. The obtaining of curves of 
Cx(M) for different altitudes involves no great difficulty. However, the use of 
several curves will leau to the increase in the program ~f calculations and, 
cohsequently, to the increase in computer time. 

With the preparatl on of the ass l gnment to carry out the calculations, it is 
necessary to ,Vlticipate ri.Lso the charact,·H· and volume of the prepared information 
iss1,1e,d by the printing unit of the computer. With the prngram error detection and 
co11rection it is well to have for control checks the results of solutions obtained 
by some other method, for instance, the numerical integration with the application 
of keyboard computers and tables of logarithms. 

In conclusion let us note that the possibilities of contemporary electronic 
digital computers are very great, but the composition of the programs is a 
sufficiently ~omplicated and laborious matter. A poorly formed program lowers the 
productivity of the computer. With the prepar~tion of the problem for solution 
on the computer, the composition of the program, and debugging of the machine, it 
is necessary to know well the system of the computer and its peculiarity. It is 
also necessary to have a clear idea about the problems of the subject to be solved. 
After the program error detection and correction the computer can replace dozens 
of people and execute work in periods inaccessible with manual methods of calculations. 
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§ 1. 

The establishment of the most advantageous (optimum) conditions of motion 'is 
one of the mos t important and complicated problems or the theory of flight. As !!IJ'l 
example of an optimum problem it is possible to cite the determination ot the angle 
of departure a.t which can be obtained the grea.test horizontal flying range with the 
assigned initial speed. The angle dP.termined from t hese conditions is ca.lled the 
angl e of maximum range 00 • The angle of maximum range is determined most simply uax 
with the value gT = const if one were not to consider drag, From formula (5,57) 

oncept on Optimum Solutions of t he Theory of Flight 

i t follows t hat X = X when sin 2 a0 = 1, i.e., when 8
0 

== 45° . . ~ characteriet1c uax Max example i s such a det~rmination of the angle of maximum range within the elliptic 
theory when gT 1 const, From Fig. 72 one can see that the maximum range will 
correspond to the largest value of the angle j determined by the formula (5.64), From Kepler equations we can be obtain the formula connecting angle t and a

0
: 

(5.84) 
Us ing the known rule of det ectin~ the maxlmum of the function, it is necessary 

to ta ke the derintive a½:, (tg t) an~ t o equate it to zero. After transformat i ons 0 
we will ::-bta in the fo rmula de te rmining the angle of the maximum range: 

(5,85) 

Figure 91 giveR the curve 00 Ma>. .. f(v0 ), comprised for case r
0 

• R (Fig. 72). From the graph one can see that with small initial speeds the angle of maximum range is close to 45°. 

With a.n increase in the speed the angle of maximum range decreases attaining zero at orbital velocity, 

If one were to consider drag the problem of the determination of the angle 
of maximum range would not be solved in analytic form without additional si_mpli­
fica.tions. The most simple way is the consecutive carrying out 01' large quantity 
of calculations for different values of 80 and the plotting of curves X • f(8

0
). 

The value of 80 uax can be determined either by curves or methods of inverse 
interpolation, Ever. for the simple cases of the motion of a body of constant m&88 
in air (missile of trunk artilJ.ery) the angle of maximum range depends not only on 
the initial speed but also on the caliber and for~ of the missile united by the 
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Fig, 91. Dependence of the angle of max:!.mum 
range on speed v0 by the elliptic theory. 

I " 

Fig. 92, Dependence of the angle of 
ma.ximum range on the initia.1 speed 
and caliber of the missile. 

The solution of ex~reme problems in rocket technolo':Y began with the so-called 

sec;ond problem of Tsiolkovsky consisting in the determination of the law of the 

change of mass of a rocket and its speed depending upon the time at which can be 

expected the greatest altitude of the ascent of the rocket. In statement of the 

'l!'siolkovsky problem it is solved for the vertical ascent of the rocket in a consta.nt 

fidd of gravitation withou:t taking into account the drag. As the investigation 

showed later a calculation of the drag is necessary. 

The most validated selection of opti!Dllm variants of the solution to different 

problems in rocket technology is baseC, on strict mathematical methods of calculus 

of variations. The object of calculus of variations is the investigations on the 

extremum (maximum or minimum) of the singular magnitudes called functions. 

The functional is a variable quantity of the value which is determined by the 

select ion of one or several functions, For instance, the area of a certain surfa.ce 

is a functional, since it is determined by the selection of a function entering 

into the equation of the surface z • z(x, y), The drag of a medium to a body moving 
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in it with a definite speed also is a functional, since it depends on the function 
determining the form of the surface of the moving body, One of the first problems 
solved by the method of calculus of variations was the problem on the curv~ of tte 
fastest slope, In this problem it was required to determine the form of the 
flat curve connecting the two points locate~ at a different alt1tu4e by which the 
body would be rolled in the shortest time, If one were not to consider the drag 
of the medium and the friction such a curve turns out to be a cycloid, 

The calculus of variations started to be developed at the end of tht! 17th 
Century. The founder of it is rightfully considered the member of the ~~ssian 
Academy of Sciences, L, Euler, Let us cons1.der one of the schemes of the solution 
to the variational problem of rocket technology, Let us aseume that it is required 
to find the function determining the fuel consumption (change of the mass of the 
rocket) at the time during the realization of which the altitude of vertical ascent. 
of the rocket will be the greatest, Let us use the Meshcherskiy equation (1,5} 
for the vertical ascent of the rocket omitting in it for simplification of 
investigation the magnitude P and assume g a const, 
dv/dt, we will have 

• •• Replacing X and X by V and 

(5.86) 

Let us assume that the mass of the rocket changes by the dependence m • m
O
ft, 

where ft is a function characterizing the change in the mass of a rocket (fuel 
consumption) in the process of the operation of the engine, In the beginning of 
the motion ft(O) • 1. 

Substituting in the equation (5,86} value m by m0rt and dividing all the terms 
by the constant mO we obtain 

Let us carry out the change of variables introducing the value of the elementary 
path of the rocket dS: 

Then 

II 
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A~ter tranafp~tion ,-ncS inte1rat1on w, obt&in 

I .r I'• t "f" > !!_. J l,r+ ii; R(•l . 
(5 ,88) • 

! 

such a tuncticm '1:(v) at whioh the value ot the 1nt,gral wi1.ll 

be the la:t'gest, i.e., let us determine such a law of the change ot mau from 

~P•~d ~f which the altitude of a1cent ot • rocket wU~ be the greateet, 
, ·I ' 

The finding of such a function is called the investigation of' the integral 

S to extremum, The investigation should be conducted under definite bour1ary 

conditions: in the beginning of the investigated aection the speed of' the rocket 

11 v • v0 and ft• 1, i.e., the ma11 m • m0 and at the end ot the section v • vK 

and m • m1 reapectively, These conditions are determined by the design features 

of the considered type of rockets, By omitting the actual investigation requiring 

a special mathematical preparation we will write the final result: 

. R(•) <•-•> + 'i ,R(d):.,.. 
/, (fl) - _.,_ ., '" . ,. (5,89) 

The dependence obtained cannot be directly used for the solution to cur 

problem, since th,? majority of the systems of equat ions describ•:!U the motion of 

rockets with the independent variable t. From formula (5,87) ~.t is easy to obtain 

, "' , f. n R(t1) ,,-.--,-,1- •ii·•--..-, 

whence directly .. 
' j

. (/, +I.•)• 
- 1 • 

• . • J,r + ii; R (o) 

After the solutton of the integral the dependence v(t) can be found. Having 

two dependences ft(v) and v(t) it is possible to determine the desired dependence, 

Le,, to. find the function determining the change ot mass of a rocket at the time 

when the path of the rocket will be the greatest, 

Let us draw attention to the fact that the general consumption of the mass 

(fuel) remains constant and only the optimum (most favorable) variant of its 

expenditure during flight is detected. 

'Many variational problems of the theory of flight of rockets were solved by 

Professor Kosmodem•yanskiy [8]. A number of variational problems connacted with 

the launching of ballistic long-range rockets and artificial earth satellites have 

been solved by Okhotsimskiy and Eneyev (10), 
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In practical work theoretical variational methods are always c-ombined with 
constructive development s . Let us give several well-known examples. Ear~ier 
we described the construction and peculiarity of the flight of winged rockets. 
The winged rocket of the former German army, "A-4B" was a ballistic rocket of the 
"A-4" type supplied with wings 2.2 m2 in area. The trajectory of its flight is 
'3hown in Fig, 74, The "A-4" rocket had a firing range of 320 km and, similar 1;o 
it in weight, the winged rocket "A-4B" approximately 592 km. Thus owing to design 
changes it was possible to increase the distance .approximately 1,8 times. 

A detern1ination of the most advantageous program of flight for these types of 
rockets, taking into account all the requirements, can be the object of investigation 
with help of calculus of v~riations. Let us give one more characteristic example 
concerning multistage rockets. Using the formula of K. E. Tsiolkovskiy we compare the 
ideal maxir:1um v~locity of the motion of the last stage of a •1;hree-stage rocket 
with the velocity of a one-stage rocket having the same initial weight and amount 
of fuel as a multistage rocket. 

We take the initial launching weight of both rockets at 60 t and the effective 
exhaust velocity of the working fluid at 2500 m/sec, Let us assume that in each 
of the rockets there are 45 t of fuel completely depleted during flight. For a 
single-stage rocket the rates 

-L-• ,,-• 
approximately corresponds to the relation for the "A-4 11 rockets. The ideal 
maximum speed of a single-stage rocket by formula (5.54) is 

••-25001n4-2500, 1,386-3460 mjsec. 
Further let us assume that in the tanks of the first stage ot the comp.osite 

three-stage rocket there are 25 t of fuel, with the weight of the sta«e at 30 t; 
in the tanks of the second stage, 16 t of fuel, with the weight ot the stage at 20 t; 
in the tanks of the last stage, 4 t of fuel, with the weight of the stage at ~0 t. 

The maximum ideal speed of the last stage will be 

"• -2500(•• ~ 25 l-ln 30~t& +-In iJ!r )-4560 m/sec. 
Thus due to a design change (application of a thret-stage rocket) the nose 

cone of it with payload will have a speed approximately 1.3 times greater than the 
speed of a single-stage rocket. The determination in the first approximation of 

the most advantageous number of stages and their weight relationsMps should be 
object ot investigation with the help ot calculua ot variation~. 
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1 , o~ f~• 88 ppe can ,ee that the complete, d11tance ot tiring is compo•ed ot 

I! i :; 1 t~f;ii~~~t~c♦ ~1 eorJ1e■pondlile: tc> the ■ect10n ot flight ot the rocket with the engine 

' I ,-~~-~~ "10 the •um ot dietance■ x2 + x:, correaponding to the tlight ot the rocket 
1 

11 ';°"II t h• Ul)p•e'lled1 notion with a non-operating engine. Almo■t alway• tor rocket■ ot 
I 

the ,u:.-tace,-to-eurtace cla11 the unpowered 1ect1on ot the trajectory 11 con1iderably 

Urger than the pQWered. and b&1ically determinH the complete tiring range. The 

d11tance cQrr11ponding to the powered 1ection ot the trajectory depend• on the 

param•tera ot the end ot the powered-tlight trajectory, A flight on the powered 

section ot th• trajectory can be controlled and uncontrolled. In both ca1e1 the 

character1et1c1 ot the powered tlight are calculated in 1uch a way a1 to en1ure the 

mo1t advant-seou■ condition, ot tlight on the unpowered 1ection ot the trajectory; 

Con'lidering that the complete range 11 determined by the unpowered eection ot the 

trajectory it 11 po111ble to write the tunctional dependences 

·where v, 8, y, a:nd x, are parameters of the end of the powered section of the 
K K K K 

trajectory; c11 is the ballistic coefficient on the unpowered section of the 

trajectory; a1, a2, ... , and an are secondary factors determining the distance (to 

thel!l can be attributed, for instance, the influence of weather conditions). 

'l'he control ot an factors affecting the distance, or, at the least the 

qalculation of them in the process of flight, is a problem whose solution is 

associated with great difficulties, However, this is not always necessary, 

For instance, for ballistic long-range rockets a greater part of the trajectory 

passes in rarefied layers of the atmosphere, and therefore the influence meteoro­

logical factors turns out to be insignificant and they cannot be considered, For 

rockets of operational-tactical assignment, the distance of the firing of which 

is small. relati,vely and the greater part of the trajectory passes in the dense 

layers of the atmosphere, the influence meteorological factors is considered an 

intro<iuction of corrections into the intial conditions of firing, If one were not 

to consider, the possibility of the change in aerodynamic properties of a rocket in 

toe process of flight (i.e., the ballistic coefficient ell), then the factors 

determining the firing range will be parameters of the end of the powered section 

of the trajectories: speed vK, angle 8K, and coordinate xK, YK• 

~~,fl~i,,....,.1 •• j.,,,1,11--,1 1+1i-t1 

I ,1 1 

.. 
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To obtain the assigr.ed distanc,3 it is necessa.ry to turn off the engine, · 1.e., 
to ensure tho necessary v K with definite values 8K, y K' and xK. 

Let us assume that v, 8, y, and x are computed values of par~eters of th~ K K K K 
end of the powered section determining the assigned distance, and vM, 8K.ll, yllJ., 
and x are real values of these parameters. KA 

To compare the real parameters with the calculated it is necessary to equip 
the rocket with equipment which would allow the measuring during flight of real 
values of all parameters determining the distance and comparing theti1 with the 
calculated values. This is a very complicated problem. 

Only with a strict observing of all calculation characteristics ot the powered flight is it possible to obtain at the same moment of time the equality 

~ .. -•.;· e,.-e,; 
.a..-%a; , •• -, .. (5.91) 

Apparently it is easiest to reach the rated conditions of motion with command 
methods of control with a constant sighting of rocket by radio facilities. Similar 
systems of control can be used in rockets of the "surface-to-air' and "air-to-surface" class. However, for rockets of the "surface-to-surface" these methods are not 
applied for several reasons. With self-contained guidance systems which can be 
suppHed to rockets of the "surface-to-surface" strict observance of tt,e rated 
conditions of motion on all parameters presents great difficulties, and conse­
quently the observance of all equalities of (5,91) is also difficult tp reach. 

Inasmuch as the complete distance depends on the four parameters, the th•M intrudes that a deviation of one of them from the computed value l«OUld have been 
possible to compensate by the corresponding change of another but in such a '~~, ~, 

I I I 
to obtain the calculated distance of the firing. For this it is necessary to compare during flight the real distance determined as a tunction of the combination of 
parameters v.., 8 , x , and y with the calculated distance. In th~s ¢ase, beside• M A A A 

I the measurement of all parameters in the process of flight it is 1t1ll neoe■sary to have on board the rocket a. calculating mechanism which by ~btained inf prlnahl:,q, 11 

1 

'I I 
would calculate the expected real distance, compa.re it with the caleulated d!l.stanoe, 

•Ill and send the corresponding commands to the conti-ols. Coordinates o!r the l)0
1
1!ii~iph 1

" 

' ,I I , 111 
of the rocket in this case do not have to be dete1'1!1ined with respect to the Evt~• ,, 

I I 1111 

r1 
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1
Jl:i1lii:~1St$nce, 'ti'ith an astronavigation guidance system the coordinates of a rocket 

1 :nf 1,11 

~ a~• d~termined with respect to so111e big star. 
I I I '11' I 

I I I I 

,, : A'5 1 tf&$ alrea~f said, for ballist:t.c rockets the greater part of the trajectory 
I 

~mt ~ contro~il.ed, and the complete distance should be determined by the combination 
I i!'.lj II 

qf' ;, Ofltb~t-,~s , en • p~ered-tlight trajectory. 
I 

I • 

In qrder tct> con11der the influence of each of the parameter, it 11 nece11ary 

t,
1 

fttermirte tht dev1-.uon of the d11tance from the calculated di1tance caueed 

t!i ' ~he d•viatlon from calculation ot each of the parameter,. Let u1 auume that 
I 

IP 

I I !I, I 

Ii~fi '4a t,Jte the to~•l diffu•ential fr0m thie function. From mathematics it is 

(5,92) 

k'.M~n that the tota,l lliff'~rential is eq\l&l to the sum of the partial differentials, 
the ;' '1 

' ~ 
1, 

I I ,' ·, ' ' JI• . • " ~ ' + .k .J. + ·~ ~. + ., ,I, 11 .,_. • -- • .,. ' I~ • fl I 'li;. • 11-'■ 1i. • .-, .. (5.93) 

pa,rti~l ~e:rivativ:e~ 'I.~~ , 3' ~i , -i. ~x, ~d '). ~x determines th,e cha,nge of the complete 
' , ill I ' ' oy, K o8 K c:,X 'K oy !( 

dl~~1!~~¢e ,w~tl'i a. c'h,n,;e of :each ot 1 ~~e para.meters separately on an infinitesimal. 
'I I 

I 

:1,;; I I ,1; 1 i
1
~ poss\:bl!E! with a cert1a1n, e1i tor to replace the infiniteSimal by the finitely 

I I ' I ! 

sma'U • v•lues an~ 1'<:> -t;ake the llinear dependence of the distance on each ot the 

W~en from f~?11mlla (5,93) we find: 

(5. 94) 

li1-v ~8 Axx :y 
Wei !les:l,gnate µv • 1Jil: ., µ8 • 7m: , µx • 'E and µY • .. , and will preoent 6vK, 

' K •• K K K 

M, Ax, $d ,Ay ais ditferences between the calculated and their real current 
ft K K 

Tnen from formula {5.94) we find: 

••.-~.-•.; ,., ... -• · •• I I • 

~-.c ...... ..., ,.,.-,.-, .. 

u-.... (", -11.) + .... c•. -•.> + 11.r(.r. -.r.) + 
. + .. , <.,. - ,.~ (5.95) 

It is obviously that 6x = O when the real distance coincides with the calculated 

... 
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For a definite rocket proceeding from the assigr.ed distance can be calculated 
the left side of the equality (5.96), which is callad the linear tour-term 
contrclling function or linear four-term functional. This method of control requ.irea 
measurements in the flight of v , 8 , x , and y and a calculation of the right :side ll ll ll ll 
of equality (5.96) and comparison of it with the precomputed value of the controlling 
function. 

At the time of the approach of equality (5.96) the engine of rocket should be 
turned off. Since the magnitude and direction of the velocity vector at the time of 
the turning off of t~e engine can be determined not only in terms of v and 8 but K JC • 
also in terms of projections of the velocity vector on ri~ht-angle coordinate axes 
u and w, then the controlling functional can be formulated proceeding from the K K 

functional dependence: 

1t1aF(~ •• ~ 11). 
In this case the rocket should be supplied by instruments measuring u, w, x, 

ll A ll 
and y. The selection ot a certain met~od ot formulation ot the controlling .n 
function depends on concrete conditions. Difficulties ot realization of the system 
of control founded on the use of the tour-term controlling functions are evident. 
At present for rockets of the "surface-to-surface" class having a great unpowered 
section of the trajectory the method of range control of tiring 11 1.1.pplied, which 
is based on the calculation of the unequali ty ot· the influence ot the above,-ment1oned 
parameters on the firing range. 

If one were to investigate the influence of small deviations ot each of the 
parameters (Av, A8, ts.(., and Ay) on the deviation of the complete distance, then K K K K 
it will appear that ts.(. and cy affect ts.(. little. The influerce of 68 depends on the K K K • 
actual magnitude 0 . 

J( 
Figure 93 shows curves illustrating the dependence of the 

distance corresponding to the unpowered section of the trajectory on vK and 8K. 
From the graph one can see that the distance is less sensitive to a change in the 
angle of departure in region of angles close to the angle ot maximum range. 
Therefore, if one were to turn off the engine with the program angle ot pitch clo■e 
to the angle of maximum range, 1.e., to assume• • 8 (Fig. 75), then the 

K Kmax 
influence of A8 on ts.(. will be small. From formula (5.95) we will obtain with a 

J( 
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Fig. 9}. Dependence of range on speed 
on vK .and angle of departure 8K: 1 -
tor speed vKlJ 2 - for speed vK2; 
V K2 > VK1. When 68K1 • 68K2 the 
deviation of range tixKl > tixK2• 

certain error 

When Ax• Owe will have the monomial 

linear functional IJ.v 'ic • IJ.v v .ll' which 

corresponds to the control 1peed. In this 

ea1e during the flight only the 1peed is 

mea1ured and with the achievement of the 

equality v.ll • vK the engine will be turned 

off. The 1peed 1hould be mea1ured with as 

great an accuracy as po1sible. Contemporary 

airborne equipment of the measurement of. 

speed, known by foreign sources, produces 

errors embodied in the very princ;p1es of 

the measuremunts. However, the accuracy of distance firing proves to be acceptable. 

Calculation of Trajectories of Ballistic Rockets from 
Data or Radar Measurements 

Ballistic rockets are one of the .most threatening forms ot rocket weapons, and 

the development of effective methods of combat with them is one of the most important 

problems confronting contemporary military technology. For the timely interception 

and destruction of a ballistic rocket it is necessary as early as possible to know 

the characteristics of the trajectory of its motion and the possible point of impact • 
. 

Therefore, in the system of antimissile defense, besides batteries of antimissile 

missiles there are radar stations of detection and tracking of ballistic rockets. 

Radar stations are divided by the location of them from the defended object on three: 

stations of distant detection, stations of accurate tracking, and stations operating 

in the zone of direct :l.nterception. For a reliable operation of the system of anti-
• 

missile d£fense early-warning radar stations should be located at a distance of not • 

less than 1600 km from the defended object. They provide approximate data for 

the calculation of characteristics of the trajectory of the motion of the ballistic 

rocket. Radar tracking stations are located not nearer than 500-800 km from the 

defended object, track the target [RDD] (P.lUl) for several tens of seconds, and 
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continuously determine the coordinates ot it with as high an accuracy as po11ible. 
Radar station~ working directly in the zone ot interception should eneure the tracking 
of the target and antimissile missile, determine their coordinates, and jointly with 
the guidance system direct the antimissile missile at the point ot a11umed encounter. 
Radar stations work in a complex with computers which according to data ot radar 
measurements determine the characteristics ot the motion ot the rocket [47]. 

The crew ot the trajectory ot the ballietic rocket trom data ot radar 
measureuenta is a complicated problem, Let us give an idea ot the so-called tinal 
methods ot calculation determining the dependence between the mea1ured magnitude• 
and sought parameters ot the trajectory, Final methods ot calculation are baaed · 
on the use ot laws of the theory ot tlight. To calculate the trajectories ot 
ballistic rockets the theory ot Kepler motions 11 used. 

To calculate the trajectory means to determine the position ot the plane ot 
trajectory with respect to the Earth to calculate the dimension• ot the trajectory 
and to determine the transit time of the ballistic rocket ot characteriatic Y,('lnts 
of the trajectory, its summit and point ot impact. 

We arrive at a solution on the assumption that the ballistic rocket moves 
without drag in a central gnvitational field and without taking into account the 
influence of the rotation of the Earth. Then in accordance with the rocket discussed 
earlier we will describe elliptic trajectory. 

The r Hdar station, located at point C, determines the distance to the 
target pi' its azimuth f:3i' and the angle ot elevation ot the target ai (Fig. 94)• 

Target of the 
ballistic 
rocket 

• Fig, 94. Diagram of the measurement of the position of the ballistic rocket by a radar station at the time ti. 
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In Fig. 94 CPO is the plane ot 

the triangle paseing through 

the location ot the radar station 

(C), the instantaneoue position 

of the ballistic rocket (P), and 
the conditional center ot Earth . 
(o). 

To calculate the trajectory 
from the minimum of data with 

one radar station it is nece11ary 
to have two meaeurements ot 

azimuths f:31 and f:32, two measurement■ 



'' .. 

of angles of elevation of the target a1 and a2, two measurement of the alant range 

P1, ,and p2 one measurement of the speed of the change in distance ( doppler speed), 

and one recording of the time of observation. 

The orientation of the plane of trajectory with re■pect to the Earth can be 

determined by two anglear angle e0 between the plane of trajectory ot the rocket 

and the line cor.necting the point ot locatio.n ot the radar ■tation with the center 

of the Earth (OC) and the azimuth ~0 determining the position ot the plane ot the 

triangle ( COD]( CO.Il) relative to the direction northward, The plane ot thtl triangle 

COD 11 perpendicular to the plane ot trajectory ot the rocket. Prom the geometric 

con1~de1ntion1 
•• •·-• . .. -.. , ...... 

Having two corresponding measurements panda, it is possible to calculate 

the two values 61 and 62• Using the two azimuths ~1 and ~2 and calculated values 

of 61 and 62 one nan determine ~0 by the formula from spherical trigonometry: 

(5.97) 

After the angle of e0 will be determined from the equality: 

(5,98) 

The major semiaxia and eccentricity of the elliptic trajectory will be determined 

with the help of angle e1, lying in the plane of the trajectory and counted off of 

the line [OD](O.Il)(Fig, 95): 

e,-• ± arctc (tg (~-,,)sin&0), (5.99) 

where ~1 is one of the measurements of azimuth of the target. 

The minus sign pertains to the direction of the flight shown on the drawing 

{Fig, 95) and the plus sign to the flight in the opposite direction. On the basis 

of the measured magnitudes we can calculate also the product of r 2e, the speed of 

the rocket v0 and the semimajor axis of the ellipse 

(5.100) 

The trajectory of the rocket with respect to the surface of the Earth can be 

oriented with help of angle &0, determining the position of the peak of the 

trajectory {Fig, 95), The time of passage of the rocket through the summit t 0 

will be determined from the Kepler equation: 

(5.101) 
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where 

• - arc 1in [Vr=7d11 <9, -!.t>], 
I I+ l•COI (81-80) 

where 01 ls the value of the angle corresponding to the moment ot time ot measurement 

of data by the radar station, ti. 

Given formulas are constructed taking into account the theory ot Kepler motions 

and are correct for the calculation of elliptic sections of the trajectory. It the 

Fig. 95. Determination of the 
posit101 : of the ballistic rocket at 
the moment of time t 1 in the plane 
of the trajectory. 

radar stations obtain intormation on rockets 

moving in the air, for inatance, on a 

powered-flight trajectory, then the methods 

of calculation and the mathematical formulae 

should be different. Moreover, the tinal 

methods of calculation in pure form cannot 

be applied, since the radar stations obtain 

information on the moving target with variou1 

kinds of interferences. At the same time 

range of operation of the radar stations is 

such that they can give much inform&tion during 

a certain time. This permits, be1ide1 the 

dependences of the theory _of flight, using 

methods of mathematical statistics, which 

increases the reliability of the calculations. For the obtaining of timely 

information at the command posts of antimissile defense and at launching aites of 

antimissile missiles the computers operating in complex with the radar stations 

should be especially high speed • 

... ----· 
....... 
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C H A P T E R VI 

STABILIZATION OF ROCKETS IN FLIGP.".1.' AND FIRING ERROl- 3 

It is difficult to overestimate the importance of problem of atabilization of 

space vehicles. If space vehicles (rocket, aircraft) are not stable in flight, 

then it obviously will be impossible to expect that they will fly correctly in the 

assigned direction. Guarantee of stabilization flight is part of the general 

problem of the stability of motion, The problem of the stability of motion was 

first solved by the well-known Russian scientiats: N. Ye. Zhukovskiy in his work 

"On the Stability of Motion," written in 1882, and A. M. Lyapunov in the work 

"General Problem on the Stability of Motion," published in 1892, At present the 

theory of the stability of motion is considerably improved. At the same time the 

complexity of the mathematical apparatus of the classical theory of the st~bility 

and insufficiency of initial information on the newly designed object frequently 

compels us to look for a less strict, but sufficiently reliable, means of 

calculating space vehicles on the stability of motion, In this chapter certain 

examples of similar calculations will be discussed. 

Depending upon the assignment of the rocket (space vehicle) the method of the 

stabilization of it in flight is selected. The stabilization of unguided rockets 

is possible either by fins or rotation. For guided rockets stabilization is 

attained due to the correct selection of the aerodynamic shape of a rocket and 

operation of the flight controls, To guarantee a stable flight and the observance 

of the necessary characteristics of motion the rocket is supplied with instrument 

of flight stabilization. 
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§ 1. Concept on the Stability of Flight 

The investigation of any space vehicle, including a rocket, on the stability 

of motion is carried out in two ways. First it is possible to formulate and solve 

the complete system of differential equations describing the flight, taking into 

account the action of all forces, including the disturbing forces, which may cauae 

an inC'nrrect fli ght of the aircraft. After the solution of the system of equations 

according to the characteristics of motion we judge the regularity of the flight. 

This way, although it is a theoretically strict one, is not always used in practice 

because of the impossibility to have exhausting data on all the perturbing factors, 

for instance, the action of wind gusts, eccentricity of the tractive force, and 

others. Secondly, an investigation of stability of motion can be conducted without 

considering the action of the perturbing factors and without solving the complete 

system of differential motion equations. Having formulated the differential equations 

of deviations of elements of the trajectory from the calculated and conducting an 

analysis of these equations, it is possible to judge the stability of the flight 

of the aircraft. 

In the theory of the investigation of the stability of space vehicles the 

method of small perturbations has been used much. In this method the deviations 

of parameters of the perturhed motion from undisturbed motion are assumed to be so 

small that in the perturbation equations these parameters should be considered 

in the form of sums containing deviations of the parameter only in the first power . 

.For instance, the speed, angle of incidence, and pitch angle in the perturbed 

mot ion ca.n be represented thusly: 

•-v. + At,; I 
·-•.+Ac; 
·-•.+At, 

(6.1) 

where v., a., a.nd •• are the speed, angle of incidence, and pitch angle in the 

undisturbed motion the characteristics of which are determined without taking into 

account the action of the perturbing factors, and 6v, t:ia., and Mare deviations 

of elements of the trajectory after perturbation. 

Thus the actual perturbing forces and the effect from their action are not 

considered. Only changes of the characteristics of motion after the action of 

perturbing forces are considered on the assumption that these changes are small. 

The method of small perturbations permits reducing the perturbation equations of the 
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r~cket motion to linear differential equations solved relatively simple. 

Numerous investigations showed that for symmetric space vehicles to which the 

majority of rockets belongs it is possible to consider separately longitudinal 

and lateral stability. This considerably simplifies the calculation,, 

• Let us con1ider a simpler ca1e of inveatigation of the 1tability of motion of 

a winged mi111le in rectilinear flight when with the change of ma11 of the mi11ile 

a,nd denlity air p cannot be con1idered, Let u1 take limpl1f'icat1on1 of the 1y1tem 

(5,12) already utilized by u1 earlier, We will con11der that the vector of the 

trac-tive force coincidea with the longitudinal axil of the rocket, 1,e,, t • o and 

will include~ and Yp correspondingly in drag and lift, Then from formulas (5,12) 

and (5,1,) will obtain: 

• •·: -P•c01•-X-q,1ln 8; 
. '8 . 

. •·.--P•1fn•+ Y-f•co18; (6,2) ,,. 
J,."' -Mr 

For linearization terms entering the right side of the equations of motion 

are decomposed in Taylor series. Let us recall the mathematical bases of the 

Taylor expansion assuming that we will further use only the first terms of 

decomposition, For simplicity we will also take the dependence of each of the terms 

of the system (6.2) only from two arguments. Similar simplifications, not distorting 

the essence of the question, per~it considerably reducing the writing of the 

formulas. Ta.king into account what has been said, the formulas of decomposition 

ca.n be thus written: 

(6. 3) 

where f(x, y) is the value of functions with constant values of the arguments. 

Components included in the brackets are partial differentials of the considered 

function. From what is written one can see that an increase in the function with 

a change in arguments on t:i.x. and 6y will be equal to 

6/ (~, _y) =- / (~ + Ax, )' + 6J1) - I (x, y). (6 .4) 

Let us assume that the aerodynamic components, were earlier agreed upon, will 

depend only on two magnitudes, speed of the flight v and angle of incidence a: 

x-1.<", •>: 
r-/,C", •>; 

M,-/1 (fl, •). 
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Expa.nding the last dependence in a series according to formula (6.3), we obtai n: 

(6.5) 

The sign* shows that the given magnitude pertains to the undisturbed motion at the time corresponding to beginning of perturbation. 
Introducing conventional designations we rewrite formula (6.5) in such a form: 

X - X. + lrAfl + X-4-; 
r .. r. + rAfl+ r4a; 

M.-M._ +M:Ao+M:Aa. 
Similarly we expand terms cont~ining the tractive force P: 

(P• 1in 1) == P. •sin••+ P'Ao ••in••+ P. • co1 ca.Aa; (P•cou) =- P. • cou. + P'Ai,, cou. -P. • 1in ••Aca. 
Considering the weight of the rocket q on the section of perturbation to be constant we will obtain by the formula of decomposition 

{f•1in8) =-f•sin8* + f•cos8*A8; 
(f •C018) =-f •COS8• -q• sin 8.A8. 

We linearize the first equation of the system (6.2) hav~ng preliminarily substituted on the left side of the equation 

!!!.. - ~ <•· + Al,) "" . ". --.-. 
Using the results of expansion in series we obtain 

"" • • 7 • P. ·cos._ +prAfl, cou. -:-P• sin._ Aca-
- X • - ~A11-X-A..- f ·sin&. -f · cos &.Al. 

Carrying out the corresponding substitutions we obtain for the second equat i on 

•(fl,+ Av)": =-P.•sin•• + P'A11,1in•• + P.cossAa+ 
+ Y.+ Y9At,+ rA«-9,cos&. + f•1in8.A8. 

Linearization of third equation is evident. 
Proceeding from geometric considerations we replace 

48=-Al-k 
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Because of the smallness of a angles we take sin a. - a and coa a. - 1, Let 

u,s omit in the second equation the term m6v•dd~8 , having the second order of smallness 

and uee the equality which can be obtained from the system (6.2) tor the 

undisturbed motion: 

P.•co11.-X.-f•1in8.-0 

Pe•lin-. + fe-f •COlle-0, 

Aa a result ot the transformations we obtain the system ot equations: 

•~-(P'-X,A•-(P.-.+ X'-

-f • COi ie) 4--f • coa 8.AI; 

""'•(11--t-)-(JJ:-.+ Y9)A•+ 

+ (V- + P.-f •1ln8.)61+f•linl.AI; 

11 !!J •• M:A• + M;As. 

(6.6) 

This system consists ot linear uniform differential equation• with constant 

coe,tficienta. The method of integration of such equations of reduced to a dimension­

less form is well-known. The common solution ot the system of equations ia the 

sum of particular solutions of the form x. ke>..t 

·•-A,~+~"+A.i"+ Ai'; I 
~-Bl'+ Bl"+ ,,,'' + Bl'i 
.u-cl' + c,11' + c.-'' + c.,...,, 

(6. 7) 

where >..1, >..2, >..3, and x4 are roots of the characteristic equation of the fourth 

power 

(6.8) 

Thia equation is formulated with the solution of the system ot differential 

equations (6.6). 

Coefficients of general solution Ai, Bi, and Ci and coefficients of the 

characteristic equation ai, being real magnitudes, are determined proceeding from 

coefficients of the basic system (6.6) and initial conditions tor each concrete 

case separately. 

Roots of the characteristic equation (6.8) can be real or complex conjugate, 

and therefore for the general Judgement about characteristic• ot motion ot a apace 

vehicle after perturbation a more detailed analysis of equations is necessary (6.6). 

Conducted investigations showed that three forms of roots of the characteristic 

equation (6.8) is possible to which three types of the perturbed motion correspond. 
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If all four roots of the chara.cterist1c equations are real the solution of the 
equation ( 6. 6) will be like the solution of equation ( 6. 7). With this the change 
of each of t{le elements of the trajectory will be determined as a resultant four 
aperiodic functions. If two of four roots will be real, and two will be complex 
conjugate of the type A•~± iv, the solution of the equation (6.6) written by ua 
for the purpose of reduction only for the change of the pitch angle will have the 
form 

(6.9) 
In this case the change in each of the element• will be determined by the 

summation of functions characterizing the proce11 of oacillatlon with two tunctiops characterizing the aperiodic motion. If roota of the characteristic equation are 
two pairs of complex roots the solution to the equation (6.6) will have the torm 

(6. 10) 
In this case the change in each of the elements will be determined by the two 

functions characterizing the process of oscillations. 
The change in magnitudes of increases A•, Av, t:ll, and others 11 connected with 

Il l 

the concept on the stability of the motion of a space vehicle. If increments increei~e with time the motion will be unstable if the increase does not change in time, then 
such a space vehicle can be called neutral. If the increase in decreasing 
approaches zero such an apparatus can be called stable. 

Sta.bility of motion is determined by the character of the exponential function 
eAt. If when t - ex, l > o, the value of the function increases indetiniitely, and 
the motion is unstable. To guarantee the stability it is neoe11ary to ha.ve ,hen 
t - ~ the value A < o. Then the exponential function will approach ze;roi ,and the motion will be stable. The condition of long:l.tudinal stability of ~he rectillinear . esta.blished motion of a space vehicle, worked out taking into account the possible types of roots of the characteristic equation, is usually formulated in the following way: to guarantee the longitudinal stability it is necessary and sufficient that 
the real roots and real parts of the complex roots of the characteriatic equatilon (6.8) be negative. 

A qualitative answer to the question on the stability of a space ~ehicle can 
be obtained by not determining the roots of the characteristic equation (6.8). To obtain negative values of real roots and real parts of the canplex root it is 
necessary and sufficient to fulfill the condition: 

111 I I I 

I 

.-Jl-,...l~~ -~----.Jr.. ,.l..,11 ..,.,1,11,....i.L--4 • ..iJ,..i......i,..i,!i.-t:4t'!f.i"'""r't~ 
--------"-.~-, ..... - - -•~ 
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With the ob1ervance ot thi1 condition the motion will be ,table. 
Let u1 recall that the 1imple case ot con1tant1 v and p. It v, con1t and 

p ~ conat then it 11 nece11ary to check the atability ot the motion tor ditterent 
pointa ot the trajectory. It ia especially complicated to aolve the problem tor 
rockets deaigned tor combat with surface-to-air high-apeed maneuverin1 targets. If 
is known beforehand the pouibility of at leaat a briet action of large -perturbing 
force, and momenta, then the check according to the method ot ,mall perturbation, 
doea not give a11urance in the atab111ty ot the apace vehicle. In this case it is 
necessary to formulate and to solve differential equations of the motion taking into 
account the perturbing factors. A simple example of a aimilar approach 11 given in 
the following paragraph. 

§ 2. The Use of Electronic Analog comeuter• for the soiutiofi or Pfotiemi dr tftt 
'i'tieoa or tii5ht 

Electronic analog computers reproduce continuou1ly in voltage• the physical 
procesa interesting the researcher. Thia analogy ii attained by the tact that the 
proce11 occurring in the electrical circuit collected on the machine 11 described 
by the aame differential equations as the one conaidered. A change in the different 
electrica.l magnitudes including the voltages ii eaaily recorded and obtained in the 
form of curves. The deciphering ot curve• with an application of corresponding 
scales permits having not only a qualitative picture of the phenomenon, but also a 
numerical value of different characteriatica of the proce11. 

Let us conaider the peculiarity of separate baaic element, of analog computers. 
Operations of summation, of integration, of inversion of voltage (change of aign), 
and differentiation Qre carried out by the computer •with the help of electronic 
amplifiers of direct current. Moreover, the computer contain• tactora, functionals, 
and recorcing elements. To solve a certain problem on the electroni~ computer it 
is necessary at first to compile a block diagram con1i1ting of 1eparate aections. 
For thia it is important to known asaignment of ~ach of elements and ita 
characteristics. 

Let us consider the circuit of operation of a d•C amplifier•• a aumming element 
of voltages. Usually the three-stage amplifier uaed givea at the output a voltage 
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proportional to the input with a. reverse sign: 

1--b, 

where x and y are the input a.nd output voltages, and k is the amplification factor 

equal approximately to 105-106 . 

The switching of the amplifier into the circuit of the computer by the circuit 

shown in Fig. 96 gives the summing link. With the formulation ot the equation of 

I 

., "a 
r, 
I I 
~J 

·,, ii ' ~ 
.1, Z1 

' 
ft" 

tn 

i. 

I the summing network it is assumed 

that the amplifier almost consumes 

no power at the input and that 

Amplifier 
y 

through the resistance feedba.ck R 

nasses the full current I Z y:R, 

where y is the output voltage of 

the summing network. 

Fig , 96 , Dia.gram of a summing network of 
a.n electronic computer. 

By not setting a goal to 

determine the &.ccuracy of the 

summing network a.nd considll:iring 

the sign of the output voltage it 

ic possible using the summation 

rule of forces of currents with 

pa.rallel inclusion to write 
• 

1--·l:t.. 
I 

where i is the current intensity at the inputs to the summating networks. B 

Using Ohm's law we obtain the voltage at the output of the summating network 
• 

1•-RI·-i-, 
I ' 

(6 .11) 

where xi and Ri are correspondingly the voltage and resistance at the inputs to the 

summing network. 

-i: r, t he ca.se of the equa 1 ity of all resistances R1 = R2 = . • • = Rn = R, we obtain 

1•-l: ~., 
I 

end with t he equa.lity of resistances and input voltages we obtain at the output the 

product of t he voltage of the input by the constant 

1a-U. (6.12) 

where x is the input volta.ge, and n ts the number of inputs. If one were to apply 

f0rmula. (6. 11) to a circuit with one input having an input impeaance of R1 and 

voltage of x1 the output voltage will be 
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If 
1•-r.•.1,. (6,1:,) 

Thi1 formula approximately de1cribe1 the re1ult 11ven by the circuit ot the 

1caling network, 

The assignment of nonlinear t'unction1 in analog computers 11 po11ible by two 

methods, For any one model dependence, for in1tance, y • sin x special converter• 

are u1ed; tunotion1 of arbitrary form are carried out with the help ot nl'lnlinear 

converters a111mbled from separate cell■ con11lt1ng of the coupling ot diod~ 

elements with the suming amplifier, 

a) b) 

Fig. 97. Diode element of an electroniceomputer: a) circuit of an element 
with a diode; b) graph of the voltage of a diode element. 

The magnitude of the voltage at which the current will go through the diode 11 

established by the potentiometer proceeding from the formula 

(6.14) 

where Rn, and xn are the resistance and reference voltage (P'ig, 97a). With the 

increase in the voltage x at the input up to x • x0 the output voltage y remain■ 

equal to zero, since the diode does not pass a signal to the input of the amplifier 

(Fig. 97b). When x becomes larger than x0 the voltage at the input to the amplifier 

xBX will be positive, the diode will begin to pass the 1ignal, and the voltage at 

the output of the amplifier will increa1e proportionally to x - x0 (111 the slanted 

straight line on the graph of Fig. 97b). J:Nring this time the output voltage will 

be detern,_ ned by the formula 

(6.15) 

The angle of inclination of the straight line will be determined by the 

magnitude of the resistances. A combination of ■everal circuits aimil,r to the one 
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described permits with a certs.in approximation reproducing in voltages the function 

of arbitrary form assigned to the table containing abscissae and ~rdinatea ot 

points lying on the approximated curve, In Soviet computers of the [IPT](mlT), 

' 

t 

Fig. 98, Step approximation of 
a time-dependent function, 

feedback of which is switched a 

amplifier gain to be infinitely 

~ . 

,, 

and [MPT](MI1T) types are applied block• of 

variable coefficients realizing the step 

approximation of time-dependent tunction1 

(Fig, 98). 

The integration of the function, i1 

carried out with the h~lp of the integrating 

network consisting of the amplifier into the 

capacitor 

large and 

(Fig. 99), Considering aa before the 

assuming that the amplifier doe1 not 

consume power at the input, it is pouible 

to write that charging current ot the 

capacitor is equal to 

(6.16) 

Voltage on the terminals ot the 

capacitor will increase with the speeds 

-5----J.r, 
Fig, 99. Circuit of the integratir.g 
network, 

where c is the capacity of the capacitor, 

Replacing i from the formula (6.16) 
we obtain the basic formula of the integrating network: 

1 where ctr." is the constant factor before the integral. 
1 

When CR1 = 1 

Each analog computer consists 

' ,,-- f "41. 
• of a whole eeriea 

complicated auxiliary devices described by us. 

(6.17) 

of basic elements and other 

A solution to the problem on the spatial motion of a guided rocket in a 

complete formulation (with the smallekt number of assumptions as pos1ible) ii a rather 
complicated problem on analog ·computers. In a number of cases it is 1mp011ible to 

solve the two-dimensional problem within the assumptions usually used in nUlllerical 
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integration. This is explained by the fact that the aerodynamic forces and moments 

nonlinearly depend on many variables, a,~, v, and others (see the third chapter). 

-The known methods from the mathematical theory of electronic computers allowing 

' the solution to the problem with functions of many variables are also very difficult 

with practical execution. Therefore, the solution of complicated problems of the 

theory of flight is more expedient on digital electronic computer,. Solved on the 

computers are problems with additional assumptions determined by peculiarities of 

a specific computer outlined for use. 

• Considering what has been said let us consider the motion of the rocket with 

respect to the center of masses only in one vertical plane on the unpowered section 

of the trajectory. We consider the characteristics of the motion of the center of 

mass to be known and determined by some other method for instance, the method of 

numerical integration. 

Let us assume that the center of mass moves rectilinearly with a small change 

of altitude so that the mass air density can be assumed constant and the angle of 

inclination of the trajectory to the horizon (8) equal to zero. 

Let us use the formula (5.13) assuming in it~= O, since we consider 

the flight of the unguided rocket, and let us replace Ma by M0T + M~. Then the 

equation of the rotation of the rocket with respect to the center of masses can be 

thusly written: 

(6.18) 

where besides the known stabilizing moment (M 'and damping moment (M ), the 
CT' ~ 

moment of perturbing forces (MB) is still introduced. The action of this moment 

will be assumed during a. small interval of time. With the motion of the rocket a 

simila.r moment always can be the effect of some briefly effective cause, for instance, 

a gust of wind or the change in eccentricity of the tractive force with the 

transition from the booster to the sustainer and others. Using the formula (3.16) 

for Mz = M
0

T and expression (3.11) we will write 

We will designate: 

M~7 =:S•-'f •l I m:lm; 
At. -spv/1 I m.l~ 
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Since in our case e • O, then•• a and•• a. Let us expand values ot the 

moments entering the right side of the equation (6.18), and let ua introduce the 
accepted designations: 

As a result we obtain the linear second o,·der differential equation with variable 
coeff i cients and a constant right side describing the process of 01cillation1. 
It cannot be solved in our caJe by elementary functions but can be solved on the 
analog computer. 

For a solution to the equation we will use the method of lowering ot the order 
c-f t he derivative for which we will replace the obtained second order equation by . t he equivalent system of two first order equations considering that•• ~z' where 
~z is the angular veloc j ty of plane oscillations ot tne longitudinal axis of the 
r oc ke t with respect to the center of masses: 

., + aJ, (I).,+ •J, {t). - ,i,; ) 
•-•r 

Proceeding from the princ i ple of operation of the analog computer the differential 
equations describing the electrical process occurring in it with th~ analog formation 
should be the same as the differential equations describing the real proce11. In 
our case the system of differential equations describing the proce11 realized by the 
electronic computer should have such form 

(6,20) 

where U~z• uf
1
(t)' uf

2
(t)' and u1 are magnitudes of voltages characterizing in the 

corresponding scale the values ~z' r1(t), f 2(t), &. The coefficients con1idering 
relationships of scales are designated K1, K2, K3, K4• 
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Lt~t us present voltages in terms of real magnitudes and corresponding scale: 

u. -"· •,; . • • u,, ,,, - .. ,. ,,,,, (t); 
o,, (I) - .. ,. ,,,Ii (t); 

u.- ..... 
,-aa,', 

where u:» IL~I; u.r (t)lv :•cl; I-Lr (t)l~I; u,ltlare the cor2·e1i,onding 1calea z 1 · 1 . 2 m 

from the voltage■; utla!cl 11 the 1cale of time during the tran1ition trom the real 

proce11 to analog formation. 

Let u1 introduce the written tran1ition formula• into the 1y~tem of equation, 
:I) l,L 

and divide the fir1t equation by..:!., and the second by .1.: 
I-Lt IJ.t 

(6.21) 

So that equation (6.21) will be the same a1 the equation {6.19) it is necessary 

to calculate the coefficeients in terms ct the selected 1cales, It is necessary 

to ensure the equalitie~: 

The numerical values of the scales are selected proceeding from the peculiarities 

of the computer in such a manner that the operating voltage• at the output of the 

amplifiers will not exceed ±100 volts. Let us conduct multiply, and additionally 

let us designate 

u, .. ,,, - "•u,.,,,; u, .. ,,, - "P,.,,r 
After replacement in the formula {6.20) of the infinitesimals by small finals 

we obtain the system of equations directly collected on the computer: 

{6.22) 
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The system of equations is very simple and can be solved on some small analog 

computer, 

Let us describe an example of the solution on the common native small universal 

model [MN-7] (MH-7). 

Model MN-7 is designed for the investigation ot nonlinear 1y1te1111 to the 

sixth order, It consists of a power unit, resolving unit, and an electron 

oscillograph, The power unit provides power to the computer, The re1olving unit 

with setting field serves for the ■et ot the problem, introduction ot initial 

conditions and constant coefficients, control ot the amplifiers and the repetition 

and registration of the solution, 

The cathode-ray oscillograph serves as a visual ob1ervation ot the character 

of the investigated process, To record the proce11 to the 01cillograph mu1t have 

a special photoadapter, Recorc1.ng of the process can al10 be made ou loop 01c1llo• 

graph, The maximum duration of studies process is 200 seconds, The graphic block 

6·3 

-----~,.> iH·IO 

Fig, 100, Structural diagram of the MN-7 

diagram, compo1ed tor the ■elution ot the 

described problem, 11 given in Fig, 100, 

The independent variable with the ,elution 

is time; therefore the amplifier 8 en1ure1 

a linear dependence between its output . 

voltage and time, It is desirable 

beforehand at least tenatively to 

know the duration of the expected 

process for the selection of the 

duration of the time of analog 

format ion . The full voltage ot output 

of the amplifier 8 at the end of proce11 

should not exceed 100 v. Let us 

assume, for instance, the duration 

of the process is 1 sec and ~t • 

• 100 v/sec, then 0,01 1ec ot the 

real process will correspond to the 

voltage of 1 v, 0,02 sec, 2 v, etc. 

model composed for the solution of the Every second the voltage will be 
problem of oscillations of the longitu-
dinal axis of the rocket, equal to 100 v, After amplifier 

8 the voltage is inverted by 
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amplifier 9 and is fed to the nonlinearity blocks B-1 and B-3 ensuring the obtaining 

of functions uf
11

(t) and uf
21

(t)' The multiplication blocks B-2 and B-4 issue the 

~roducts Ur (t)u• and Ur (t)u~. It is necessary to remember that the construction 
21 11 z 

ot a multiplication block is such that with the supply at its entrance ot the two 

multipliers at the outlet we obtain a product on hundred times smaller, To obtain 

the full magnitude of the product it is necessary to increase the co-factors so that 

the product from the coefficients of the increase will equal 100. In the diagram 

(Fig. 100) voltages 1ou• and 1ouf
21

(t) are sent to block B-2 and B-4, voltages 

1oou:uz and uf
11

(t)' From the multiplication units products uf
21

(t)u& and uf
11

(t)u~z 

are transmitted to the integrating amplifier Y6. Here through the timer the voltage 

corresponding to the perturbing moment and determined by the right side of the 

equation (6.22) is sent, i.e., the magnitude K3. The time relay works in program 

conditions depending on the character of' action of the moment. 

The voltage U~ from the output of the amplifier Y6 is sent in two directions: 
z 

multiplication to the unit B-4 for the production of the product Ur (t ' U, and 
11 ' :uz 

to the integrating amplifier Y5 whose output voltage is equal to -1ou,. Subsequently 

t he voltage -10U• after inversion is sent as a multiplier to the multiplication un1t 

B-c::' 

The magnitude of Y5 the voltage taken from amplifier corresponding to the 

value & expressed in scale is recorded either with t he help of the cathode-ray 

oscillograph and photoadapter or with the help of the loop oscillograph. 

Figure 101 gives an example of the recording of U• c f(t). In the example 

t he voltage corresponding to the perturbing moment and determined by the magnitude 

·II ' -ec - - - · ... ... + - ,- - --t ... -- -t ... + +s 
Q2 

i' 
Q& Q8 l,O 

h 

I \ I...., 
\, ..... -, 1 ... .... -

,I 

) -•U 

Fig . 101. Example of a recording of the solu­
t ion by determination of the pitch angle on an 
electronic computer. 
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H3 was switched off at the time 

of the first maximum of the curve 

U• c f(t). As can be seen from 

Fig. 101, by the cessation of 

action of the perturbing moment 

oscillations of the longitudinal 

axis of the rocket quickly 

attenuate. Having deciphered the 

recording in the scale of the 

ordinates it is easy to obtain 
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t he change in the pitch angle by the time 

where vis the scale of the oscillogram. 

Amplifiers Y:, and Y4, Y12 and Y14 provide operation of the nonlinee.r unite 

i n accordance with the construction of the machine itself. The remaining amplifier• 

shown on the diagra.m (Fig . 100) and not specially stipulated are intended tor the 

inversion of voltages. 

After deciphering by the oscillograms a.ccording to the character of the change 

of the pitch angle i and its greatest magnitude, it is possible to judge the 

stability of the motion of a.n object and the correctness of coefficients m~ and mil' 

set with the aerodynamic designing and established with the solution on the 

computers at a1 and a2. 'I'he solution to more complicated problems of the theory 

of fli gh t will naturally be ensured by more complicated block diagrams. The 

computers applicable in this case should possess greater possibilities than the 

simplest computer described by us. 

Wi th the analog formation of complicated phenomena connected with the flight 

of guided rocket s it is not alwa.ys possible to describe rel.labii enough the work 

of separa.t e sections of the control or the operation of some instrument by 

mathemat icel dependences accurately reflecting the physical picture of the 

phenomenon. In this ca.se the property of electronic computers is used to work 

in combination with the ac t ual equipment included in the general block diagram of 

t he solut i on to the problem in the computer. 

With use of electron computers it is necessary to remember that the solution 

to various kinds of problems is accompanied by certain errors which are sometimes 

rather considerable. Therefore in solving some problem of the theory of flight it 

is necessary to evaluate the accuracy of the obtained solution, Th~ methods of 

evaluating errors with the realization of different dynamic systems in a.nalog 

comp~ters are described in special literature. 

§ :,. Stabilization of Guided Rockets 

For simplicity let us consirter only the longitudinal motion of a guided 

rocket of the surface-to-surfa.ce cla.ss supplied by the automaton of angular 

stabilization. Earlier we examined the system a.nd operation of controls which 
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provide a sta' l e flight of the rocket in accordance with the program of motion 
assigned befc 1hand. The fundamental pitch control circuit is shown in Fig. 102. 

During operation the programming mechanism produces electrical signal 
corresponding to the program change of the pitch angle with time •np(t). At the 

Mechanism meaeuri;,g 

Signal to the 
steerin device 

Controlling surfaces 

the real pitch angle same time the sensing device 

measures the real pitch angle & 

and transmits the corresponding 

Fig . 102. Fundamental diagram of the stabil­
ization of a guided rocket by a pitch angle. 

signal to the converter. A 

comparison of signals of the 

program and real angles of pitch 

is transmitted to the steering 

machines and controls which in 

turning change directicm of the 

movement of the roc~.-at. The 

angle of mismatch by the pitch 
can be approximately connected with the angle of rotation of the controls with 
help of the so-called static coefficient of the system of control H by the formula 

From formula (5.13) we obtain the trim ratio when & = 0: 

M.+M,-0. (6.24) 

Using formula (4.1) we obtain approximately~ m Yp
0

5L, where Lis taken from 
Fig . 78. 

Hav :i ng inserted the value of~ and Mz from formula 0.16) into expression 
(6.24), we find the following dependence between a and 5: 

(6.25) 

The minus sign shows that with a turn of the controlling surfaces to one side, 
for instance, clockwise, the rocket will turn to the other side (counterclockwise). 
Compa,ring formulas (6.23) and (6.25) we will have 

GI - -llt (8-0,,). 

In turn for the wingless rocket the pitch angle is easily presented as the 
sum of angle J =a+ 0, then 

(6.26) 
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To obtain the system of equations describing the controlled flight of' a rocket 

with a. stabilizing syst em we will return to equati:,ns (5, 12) and (5.14). Let us 

equat e in the expression (5 .12) the constant angle~ to zero and include~ in the 

drag X, and YP in lift Y. Since the angles of incidence are small we assume 

sin a• a and cos a• 1. If' in formula (3.15) tor brevity we ~esignate 
2 

pv a 
Y0 = 5T CY and substitute the obta.ined value Y • Y0a in expression (5.12), then 

after additional simplifications and transformations from formulas (5.12) and 

(5. 14) we have: 

• P-X 
•--.-- -f•lint, 

·- (P+ Y,)M(t,,-8) __ ,•COl8. 
•(l+M) c,' (6.27) 

i-•••int; 
%= 1'•COl9; 

t.,(t). 

The syst em has four variables v, 9, x, y dependent on t and can be solved if 

the program of the pitch a.ngle $ (t) and the dependence determining the change in 
np 

mas s m( t ) are given. 

After solution of the system it is possible to judge in the first approximation, 

without taking into account the action of the perturbi~g factors, the correctness 

of the flight of the rocket. The selection of characteri stics of control 

inst r ument s providing a stable flight of the rocket is based on the theory of 

automa tic control. 
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§ 4. Conditions of Stable Flight of Turbojet 
Missiles

It Is known that a fast-rotatlnp body, for Instance, a gyroscope, resists the 
Influence of external forces. If one were to push a gyroscope lightly It will not 
overturn, but Its axis will try to occupy Its former (before the push) position 

and will begin oscillating.
With the motion of a fast-rotating missile the aerodynamic overturning moment 

tends to overturn it. But the missile, as a gyroscope, in resisting moves stably 
and does not overturn. Of course, the angular velocity of the rotation of such a 
missile should be calculated in the appropriate way.

Rocket missiles revolve due to the escape of gas from the slant-positioned 
nozzles (Pig. 103). The tractive force P forming with the operation of each nozzle

GRAPHIC NOT REPRODUCIBLE

Fl.r. 103. Diagram of the expansion Into vector 
components of the tractive force of a slant- 
positioned nozzle of a turbojet missile.

can be expanded Into two
components: Pq acts along the
longitudinal axis of the missile;
P acts perpendicular to It and 
K

directed along the tangent to
the circumference passing through
the centers of outlets of the
nozzles. The sum of the
component forces effective
along the axis of the missile
will transmit a forward
motion to It and the sum of all
P forces will revolve the missile 
K

around Its longitudinal axis.
To formulate the equation describing the oscillation of the longitudinal 

axis of ti:e missile In accordance with the accepted basic assumption we will 
consider the forward motion of the center of mass of the missile does not affect 
the character of oscillation near the center of mass. The trajectory of motion of 
the center of mass will be considered as rectilinear with a constant angle of 
inclination tangent to the horizon, l.e., 6 - const. We will not consider the 
change in position of the center of mass In flight and moments of Inertia.
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Let us consider the influence on the missile of the basic perturbing factor of 

the l ongitudinal des t ab111.z ing aerodynamic moment. We will combine the center of 

mass of the missile wi th the beginning of rectangu lar coordinates the axes of which 

b) 

Fig . 104 . Diagram of angles de te rmining the 
position of the revolv i ng missile on the 
t ra j ectory : a) in a te rre strial system of 
coordina tes ; b ) in a coupl ed sys tem of 
coordi nates . 

are parallel to the launch axis (Fig. 

104), Let us assume that the velocity 

vector of the center of mass lies 

in the vertical plane YOX. The 

plane passing through the velocity 

vector v and body axis of the missile 

x1 will be called the plane of drag. 

The destabilizing aerodynamic moment 

M acting in the plane of drag will 

deflect the axis of the rocket from 

the velocity vector on the angle 

of inc1dence . By a.nal ogy with the revolving gyrosc ope the angle of incidence will 

be a.t the same U me the nutation a.ngl e and is usually designated by 5. The angle 

between the vertical pla.ne YOX a.nd the plane of drag is called the angle of precession 

and is designated by v. 

Thus wi th the accepted assumptions the position of the missile will be determined 

by the th r ee angles: 5, v, and the angle cp determining the rotation of the missile 

around its l ongitudinal axis. Figure 104 gives the vector of the moment Mand . . . 
vectors of angular velocities 5, v, and cp. Equation of the rotation of the missile, 

formulated with the a.ccepted assumpth1ns, are integrated when v "' const and with the 

fo llowing 1.nitial conditions: when t ,: O; 50 = O; i .,, 50 and v '"' v0 , As a result 

G~ integrat i on these formulas can be obtained: 

(6. 28) 

(6. 29). 

In the first formuJ~ ~ is the almost constant speed of precession: 

•-~- er, __ c
14
, 

A (I + COi I) - 2 • 
(6.30) 

where c is the a.xial moment of inertia; A is equatorial moment of inertia; r0 is 

the intial angu lar velocity of rotation of the missile about the longitudinal axis. 

Since for stable missiles 5 does not exceed ~10°, then without great error it 
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is possible to equate 1 + cos 5 ~ 2. 

The nutation angle 5, besides a and 50, depends on the importa.nt characteristic 

o • 1 - ~ When o < 0 angle 5 will inc r ease continuously in the process of motion, a 
and, consequently, the missile will be unstable. Formula. (6.29) is obtained under 

the condition that o > o. In this case the nutational oscillations are presented 

harmonic with the period 
2K 

r- --.r-• .,. 
With the action of air medium t he osc illations gradually attenuate. Consequently 

so that the missile is stabl e on the initial stage of the fl ight it is necessary 

that CT ) 0. 

What constructive measvres will ensure this? The condition of stability, 

proceeding from o > o, can be written thusly: 

(6.31) 

The magnitudes on which~ depends are determined in many respects by the 

d1mensions or the missile and we designate it: 

P-/[d, ~. A. c., H(y)). 

As was already mentioned, the stability of the missile is ensured owing to its 

rotation. So that with~ assigned beforehand to have the inequality (6.31) it is 

necessnry to increase a or, in conformity with formula (6.30), to increase the 

angular velocity of rotation r0 . The equation of the rotation of the missile about 

the longitudinal axis will be written using designa.tions of Fig. 103: 

c¼-P•n•f•siny, (6.32) 

where n is the number of nozzle holes. 

G 
...Q.eJl 

g 

Using the formula (1.13) we replace the full tractive force Pn in terms of 

and integrate. After i ntegration we get 

cc,,-, .. >-•,·-#: <•-.,.),int, 

where r0 and r lH are a.ngular velocities of rotation of the missile about the 

longitudinal axis at the end and beginning of the considered section of the 

tra.jectory respectively; '.I) and 'j)H are the fuel consumptions by jet engine toward 

the end and beginning of the considered section of the trajectory. After converting 

we obtain 

(6.33) 
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Using the last formula and condition (6.31) 1t is possible to solve whether 

the tu rbojet missile will be stab le on the initial nection of the flight during the 

t ime of operation of the engine . Since the inves tigat ion was conducted with the 

assumptions correct for short rectilinear trajectories, it is necessary to check 

t :-. e sta.b111ty ha.ving divided the whole section of the tra.jectory into a number 

of sepa.rate short sections. The length of the sections should be such that in 

order for t he beginning of each of them t o have 601 = O, since the formula (6.29) 

is obtained pr oceeding from this cond i tion. For each of the sections it is necessary 

to ta ke the mean vales of the speed v of the center of mass of the missile, angles 

8 of the s lope of the trajectory, moments of inertia C a.nd A, and other magnitudes. 

Of course, the characteristics of the motion of the center of mass of the missile 

on the power ed fl ight t rajector y should be calcula t ed beforeha.nd. If the condition 

of s tabi li t y (6. 31) is not observed the designer should increase the cant angle of 

the nozz le blocks l to the forming diameter de (Fig . 104). 

On the unpower ed phase of the fli ght the curvature of the trajectory turns 

out to be considerable and it is impossible to assume 1t to be rectilinear. In 

this case i t is neces sary t o consider the speed of the lowering of the tangent to 

the t r ajector y 9 . On the initial rectilinear phase of the flight the nutational 

osci llations a.nd precessiona.l motion are carried out about the vector of the speed 

of the center of mass of the missile v. On the curvilinear pha.se of the flight 

these motions are accomplished about the so-called dyna.mic axis of equilibrium not 

coinciding wi th the veloc ity vector v. 
I f the missile in the direction of flight revolves from the left upwards to the 

right , the: dynamic axis of equilibrium will also be deflected to the right of the 

y 

r 

Fig. 105. Position of the dynamic 
axis of equilibrium of the revolving 
missile on the curvilinear phase of 
the trajectory. 

velocity vector (Fig. 105). The angle o 

determining the position of the dynamic 

axis of equilibrium can be calculated by 

the formula 

a,--j-111. 
The absolute velocity value of the 

lowering of' the tangent is determined f'rom 

the second equation of the system (5.48). 

Then 
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With a certain va lue of t he angle 5P the l ongitudinal axis of the missile 

can be disposed at a considerable angle to t he ve l ocity vector sufficient for a 

loss in stability. Theref or e the angl e 5 i s sel ect ed f or t he criterion of stability 
p 

with the mot ion of t he r evolving missi l e on the cu rvilinear phase of the fli ght. 

Let us see at what place on t he t r a jectory the angl e 5P will attain the largest 

value. 

The equality (6. 34 ) ca.n be thus t r ansformed : 

» Coll 8 
u, = " • H (y) v' ' 

(6.35) 

where K is t he propor t i onal ity factor . 

From equality (6, 3':J ) one can see that the angl e 5P at t ains the largest value 

i n the region close to t he peak of the vr aj ectory, since t here the cos 8 will be 

the largest and the product H(y)v3 the l east . 

Since the point of t r aj ector y at whic h the angl e 5P will attain the maximum 

is unknown beforehand, and since i t can be f ound only by means of many repeated 

calculations, then we usually determine P at the peak of t he trajectory. The 

numerical value of the permis silbe magnitude 5P depends on concrete ~onditions. 

Let us draw attent ion t ot he cont r adic tor y nat ur e of the conditions of stabtlity 

on the initial section of the t r aject ory and at t he peak. To guarantee the 

inequality (6.31) it is nece ssary t o increase a, i. e ., in accordance with formula 

(6.30) t o i ncrease t he angular velocity of r otation r 0, and for the decrease of 

angle 5P in accordance with f or rrru l a (6.34 ) t o decrease a and consequently r 0 . 

These two contradictory requirements ca.n be comb ined f or angles of departure up to 

8 < 65°. Therefore ground art illery does not shoot revolving missiles wit h angles 

of elevation of more thant ---65°. Pr oceeding from t he condition of correct 

stabilization the f ull length of t he revolving mi ss iles should not be more than 

5-6 caliber. 

Let us note one more peculiar ity of' t ra j ectories of missiles stabilized by 

rotat ion. Because of the angle 5P t he l ongitududinal axis of the missile for t he 

greater part of the t ime of flight i s al ong one of t he sides of the vector v. 
In accordance with Fig . 105 with a r ight r ot ation the axis of the missile in flight 

will deviate to the right , and t he tra jectory of the flight of the center of mass 

will be also curved to t he right . 

This phenomenon is called derivat i on. The derivation of a missile at the 

point of impact can be de t ermined bot h experimentally and by calculation. 
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Tur bojet missiles are designed for firing at comparatively short distances. 

As compared to turbojet missiles fin-stabilized rockets, whose construction is 
dep icted in Fig. 3, poss es gr eat pos sib ilities with respect to the increase in 

dis t ance of firing. For instance, in arming the army of the NATO countries the 
11 Honest John 11 rocket with a solid-propellant rocket engine is used. With a total 

wei ght of 2.2 t weight, a warhead of 680 kilograms, and a propellant weight of 

goo ki l ogr ams the rocket has a fir~ng range of 32 km. 

The essential drawback t o unc ontrolled fin-stabilized rockets is the great 

di sper sion at firing, There is an especially great dispersion in a lateral 

direction, The main cause of dispersion is the noncoincidence of lines of force 

of t he th rust with tlie cent er of mass and longitudinal axis of ther rocket. Moreover, 

due t o a ce r t ain inaccuracy of the manufacture of the rocket in form it is not 

ideally symmet ric, and the t otal vector of drag also does not pass through the 

axis of the rocket. The symmet r y, of a rocket and the coincidence of its a.xis 

with the axis of the nozzle in manufacture are strictly controlled, but nevertheless 

the r e are errors, The asymmetry of the tractive force effect and aerodynamic 

• 

f or ces i s provided by additional moments effective for various rockets in various 

planes , whic n l eads to the dispersion of rockets at firing. To decrease the 

influence of asymmetric action of the tractive force we give to the fin-stabilized 

r oc ket s a rotation wi th a small angular velocity, the so-called "turning." 

The asymmetric action of the tractive force on the rocket during flight changes 

it s direction and deflection from the direction of firing and for each rocket 

tu rns out to be less. The dispersion also becomes less. 

The turning of fin-stabilized rocket s as a means of decreasing the dispersion 

was firs t indicated by the well-known Russian artilleryman General K. I, 

Konstantinov, In his work published in 1856 he wrote: "From the very beginning 

of the i nt roduction of rockets studies were made to increase the accuracy of the 

• fl ight of rockets by transmitting to it a rotation about their longitudinal axis." 

Subsequently the methods of rotation were indicated, Let us give one of them here. 

Fi gure 106 shows the cross section of bypasses drilled in walls of the rocket 

chamber, Solid propellant gases discharging through the channels owing to the 

influence of the reactive force turn the rocket about the longitudinal axis. 

In spite of the turning the dispersion of finned unguided rockets nevertheless 

appear great, and the firing of such ,·ockets, as a. rule, is conducted not at single 
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targets but at a group of t arget s l ocated in a cons iderable area, 

§ 5, 

Fig . 106 . ~i agr am of the posi tion of hypass es of a r ocket chamber of a tu rning r ocket . 

Errors i n Firin , Correction For mul as and the 
spers _on o Roe es 

An appraisal of the firi ng accu r acy of r ocket s and missiles of barrel artillery 
is based on the theory of errors . 

Errore of firing are div i j e d i n .o const Rnt (systematic and accidental}. The 
source of systemati c errors acts equ lly on ~11 shot s . For instance, a longitudinal 
f avorable wind increases the firi ng ra nge oppos jte the calculation, and a head wind 
decreases it , Othe r met eor ol og jc al factor s affec t the parameters of the trajectory, 
If one were to consid er i n the calc11lAtions the influence of the corresponding factor, 
the systematic errors can be , if not excl uded compl etely, then to a considerable 
degr ee decreased, It is nece'-' "Ar y to reveal the caus es of systematic errors and 
to consider them in the prepar ation of firing . 

Random errors are the consequence of the combinat ion of acc idental changes of 
separate magnitudes. fhe entire r ocket , its separate const ructive units, and 
components are manufactu r ed with corrPsp onding tol er ances for dimensions, weight, 
and other parameters, Change s in diffe rent magnitudes within the tolerance and 
the divers i ty in the influence of meteorol ogical f actors lead to the dispersion 
of points of impact of r ocket s . 

Random errors appear wi thout definite order, and cause s of their appearance 
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are known somet imes only qual itat ively and somet i mes are quite unknown. Mathematical 
stati stics and proba.b111ty theor i es give regularities allowing t he estimation of 
r andom errors and the consid~ration of t heir influence during calculation of the 
effect ivenes s act i on of r ocke t s at the t arget. 

Special complexi t ies are encountered during calculations of errors of the firing 
of gu ided rockets, for which t he number of factors affecting the deflection of the 
t raject ory of the flight from that calculated is especially great. 

Let us consider t he influence on parameters of the trajectory of constantly 
effect ive f actors. These factors are considered by means of transformation of 
differential equations describinr t he flight. For examp1~ , in the fifth chapter 
there are equations describing t t e motion of a rocket. Thee•'! e1_uations are 
di f ferent for cases of calculation of the curvature of the Earth and its rotatit~ 
a.nd without calculation of these faotors. If a c8lculation of parameters of the 
t r ajectory is conducted without taking into account the curvature of the Earth and 
i t s rotation, t hen t he error dependent on the method of calculation of distance 
will enter into the common error firing. A comparison of results of the calculation 
by a certain system of differential equations will give a magnitude of error 
dependent on the met hod of calculat~on. The calculation of the changeability of 
certain ~et eorological factors, for instance, variable in altitude and wind direction 
and others, requires t he formulation of new differential. 

I n many cases new differential equations need not be formulated: An example 
of calculation of the curvature of the Earth without formulation of new differential 
equat ions is examined in t he second chapter. In those cases when the change of 
some magnitude has little effect on t he range, its influence can be considered with 
t he help of corrections. 

In formula (5.94) the dependence of a small change in the firing range on the 
small changes in magnitudes determining the distance is given. In the theory of 
corrections the partial derivatives 

,. - A.r. . ,. - Axfl . ,. ::::::: ... . ~::::::: ... 
~- &111 ' M;;- 68•' ha Ax.' 1h•• Ay• 

etc., are called correction factors. With the calculation of corrections for 
ox ox ox barrel artillery the partial derivatives-,-, and - are called basic correction 
ovo 080 oc 

factors. Certain correction factors for other magr.itudes can be calculated by 
basic correction factors. Especially widespread is the calculation of corrections 
for a change in meteorological factors. Basic ballistic calculations are made for 
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normal meteorologica.l conditions, Rockets are launched in real meteorological 

conditions which according to certain parameters differ from data the standard 

atmosphere. The influence of these deflections on the distance is considered 

with the he lp of the theory of correc t ions. If there are p~·ecomputed corrected 

coefficient s, t hen it is not complicated to calculate corrections in distance. 

Le t us assume that for ass i gned conditions of launch the correction factor for 

the air temperature ls 
0 of 1 the firing range 

dX = 34 . 3. 
ot 

This means that with a change in air temperature 

changes 34.3 m. Let us assume that at the moment of launch 
0 the t emperat ure decreases opposite that of the calculated by 5;0 = 15 . Then the 

correction in distance f or the change in temperature will be 

•- d~ -,- Ii; ,3,0 =-34,3, 15=-514 M. 

Similarly corrections are computed separately on each of the changeable elements. 

The full correction in distance is calculated as the sum of separate corrections, 

each of which is undertaken with its sign. The calculation of corrections is 

conduct ed duri ·1g the preparation of initial data for firing and with the processing 

of result l of tests when the obtained experimental distances are reduced to normal 

initial conditions. Data on corrections are placed in the firing tables applied 

to the rocket complex or artillery system. So that it is possible to determine the 

deviation of meteorological factors from the normal it is necessary to conduct 

sounding of the atmosphere be fore firing with the determination of real values o; 

meteor0logical elements. The method mentioned above of the calculation of 

corrections permits cal cul at ing them if the change in meteorological elements if 

constant a.long the whole t rajectory. Therefor,3, the changes variable in altitude 

of meteorological el ements are replaced by certain average values. These values 

obtained the name of ballist i c averages. Thus, the average ballistic change in 

temperature ls in a special form is the calculated mean deviation of temperature 

from the normal l aw, which is mentioned in the second chapter. 

The concept 11 avera.ge ballistic wind" is also known. The calculation of 

correction f act ors and ballistic averages is a. complicated problem. Special 

complexity are encountered during the calculation of trajectories consisting of 

separate sect ions calculated differently. In the second chapter the influence of 

a cross wind on a rocket missile on ne powered and unpowered sections of the 

trajector y is de sc ribed . 'rhe calcula • on of c'.:'rrections for the wind is also a 

complicated and laborious problem, ~he actual corrections are calculated witt. 

' 
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certain errors which should enter into the general error of the firing. 

It would be incorrec t to judge the accuracy of firing accordin~ to one shot, 

since this very result is acddental. To esi:imate the accuracy of firing is used 

a me an or probable error is used. In probability theory it is proved that the 

probability in obtaining an error within ±i:1 ts expressed by formula 

( 6. 36) 

determining the area under the Gaussian curve (Fig. 107): 

A -••i• 
1=i,r;e • 

( 6. 37) 

where e is the base of natural logarithms; his the constant called the degree of 

ac curacy. 

The dependence y(6) is called the probability density or law of distribution 

of cont inuous random variable. The Gaussian curve is called the normal law of 
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Fig. 107. Normal law of distribution 
of' errors. 

where E is the mean error. 

distribution, The probability of some event 

is caJled the ration of the possible number 

of cases favoring the given event to the 

number of all possible results of the tests. 

Obviously the probability can change from 

0 to 1. If the probability of the fact that 

with a given measurement the error will 

not exceed the bounds of ±E, equal to 1/2 

then this limit is called the average or 

probable error. Mathematically this can be 

written: 

(6.38) 

According to the Gaussian curve the probability of obtaining errors in certain 

limits expressed in probable errors independently of the measured magnitude depends 

only on the number of mean errors in a selected interval. 

Figure 107 gives the approximate distribution of values of probabilities of 

obtaining errors within the limits of ±4E. T~e percent corresponds to the part 

of theareaunder the Gaussian curve lying within limits expresced in E. By 

more exact calculations limits ±4E, covers 99.3% of all the area under the curve 

if one were to integrate within limits of ±a>. This means with a large number 
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of tests written limits of ±4 E, 99.3% of all measurements will fall. The actual 

value of the probable error with a finite number of tests is determined by the 

formul a 

{ . 
' 1:~: 

E-0,6745 n'- 1 , (6.39) 

whe r e 61 i s t he devia.t ion of t he result of measurement from the arithmetic means, 

and n is the numbe r of mea surements. 

The measur e of dispersi on of impact points of rockets and missiles can be 

assumed t o be t he a.verage or probable deviations determined by the formula (6.39). 

The di stance dispersion is determined by the range probable error B. With the 
.n 

ve r tical surface firing (shield) the probable deflection in a vertical direction 

BB is determined. Wi t h firing by site and by shield the lateral dispersio~ is 

charac t erized by a probable deviation in the lateral direction B0• 

The named probable deviations are calculated by the formula (6.39). During 

firing deviat ions of impact points of separate rockets (missiles) are measured by 

some met hod from the selected beginning of the countdown, In the direction of 

f i ring we de si gnate these deviations xi and in ~ateral direction, zi' Coordinates 

of the center of grouping of impact points are obtained as arithmetic mean values: 
• • 
~x, };11 

I I 
Xo--n- and Zo= -,.-. 

De s ignat ing t he deviations from the a.rithmetic mean values in terms of 

.1.¥1 == x, - x0 and ~z, == z, - z,,. 

by the f ormul a (6,39) we obtain 

With a large number of tests the impact points of rockets are located in the area 

i ns i de t he ellipse called the ellipse of dispersion with semiaxes 4B.n and 4B
0

, 

In the absence of at-normal shots connected with malfunctionings of the material 

par t , wi.thin limits of the ellipse of dispersion there should be 99,3% of all the 

impact point s. If one relates the probable deviations to the firing range we will 
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obtain characteristics of ac~uracy of fire: 

Characteristics of dispersion B.ll, BO, and BB are tota.l, and they depend on 

the dispersion of sepa.rate factors determining them. 

If the probability chara.cteristics of dispersion of sepa.ra.te determining factors 

are known , the expected cha.racteristics B.ll, B0 , and BB can be calculated beforehand. 

For such ca.lculations we use the formula of addition of mean errors known from 

probability theory: 

where Ei is the mean error determined by the independent action of only one cause 

Let us consider a simpler case of dispersion of missiles of barrel artillery, 

'rhe dispersion of missiles occurs due to a change from shot to shot vO, 00, C. 

The influence of dispersion of meteorological factors for one firing cannot be 

considered. As a rule, the causes p1·ovoking a change vO, 00, and C act independently 

of each other. Let us designate the mean deviations: v0 in terms of rv, 00 in 

te rms of r 0, and C in terms of re. Magnitudes corresponding to a change in distance 

in the ca~e of action of only one cause are: 

ox ox where -- , -- , and 
ovo 000 

IX cJ8 iX ax •. -~•r.; IX8 -ae;-•r8; IX,==ol'•r,, 

£!... the correction factors already known us, 
oc 

Since each of the causes acts independently of each other, the calculated 

r ange probable error is determined by the formula 

(6.40) 

A reverse way of calculation of characteristics of dispersion of one of the 

determining magnitudes is possible according to data of full dispersion, For 

instance, if one were to shoot from the barrel system at an angle of elevation 

close t o the angle of maximum range and to determine the experimental 

knowing that at angles close to the angle of greatest distance, ox ~ 
080 

the magnitude 
«: .I ( Ix )' ,, - lf f B'!- ¥;''~ • 

B Ji then 

o, to and (6.40) 

The magnitude rv is determined very simply from results of ballistic firings 

us i ng the fornrula 
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(6 ,41) 

where t:,vi is t he ~eviation of the initial speed on separate shots of vi from the 

ar ithmeti c mean speed in the group 

• ~·, 
I • "e,- -;,-, 

61'1 - 1'rp - v,. 

It i s considerably more complicated to calculate the expected characteristics 

of dispe r s:·.on of unguided rockets for which the number of factors affecting 

di:Jpersion are considerably greater. It is necessary, for inst ance, to know t he 

component of dispersion dependent on the dispersion of uni t puls e of fuel 

IX ax, c: o1 . ,,, 
on the dispersion of wei ght of the charge 

IX a_x.=-jJ;'"·r. 
and on the inaccuracy of determination meteorological factcrs, especially wind. 

Still more complicated is the question of the calculation of expected 

dispers i on of guided rocket s, which should be solved together with an appraisal of 

th.e accuracy of work of the control system. The matter is complicated more by the 

fact that eac h type of rocket has i ts errors typical for a given method of 

cont r ol. 

As was stated in Chapter Five the control of rockets of the "surface-to-surface" 

in speed is realized by t he linear controlling functional µvvK. At the same time 

for a more accurate control four-term controlling functional is required in accordance 

with the left side of the equality (5.96). Replacement of the four-term functional 

by monomial give s an error called the error of the control method or systematic 

error, In the considered case this error will be 

ax. - "-e• + 1-'.rK, + .,.,, .. 
The determinat ion of partial derivatives ox , ox and others by linear increases 

dVK o0K 
6Xv 6X 
F , Ke: • and others also gives a certain error called the error of linearization. 

K K 
Inst rument s measuring the speed of the rocket also give a certain error called the 

i nst r ument error, Bot h of these errors can also be called methodical since they 

depend on t he control method of the rocket. It would be possible to name other 

sources of er rors. 



For rockets intended for combat with fast-moving targets the basic errors 

are considered to be errors dependent on maneuvering qualities of the actual rocket 

and instrument errors dependent on the control system. The great error in guiding 

to a target can be the inertness of t~e control complex. 

Let us consider the error dependent the maneuvering qualities ot a rocket. 

Maneuverability can be determined either by the minimum poesible radius ot the 

trajectory's curvature of the motion ot the center of mass or by the maximum 

possible lateral acceleration anp, on which normal overloads depend. For exanrple, 

we obtain the formula determining the possible error during the guiding cf a rocket 

by the linear curve method described in the fifth chapter. From formula (5.39) we 

obtain that the distance between the rocket and target (Fig. 77) is 
.,, ... ·•In' ,----. .. , 

Let us deterrnine the minimum value r for the case p < 1. Let us recall that p 

i s the relation of the speed of a rocket vp to the speed of the target vu• With a 

mi ss the function r(t) should have minimum and the derivative* should be equal to 

zero. Proceeding from formula (5,37), M, = 0 if the cos~ mp, Since sin ~ ... , 1 - p2 

the minimum distance betweer. the rocket and target with a miss (error of the shot} is 

determined by the formula 

(6.42} 
Wi th high-speed targets in the case considered the miss will be very great. 

For the case of firing at relatively low-speed targets (naval or ground) the 

magnitude of the miss can be insignificant. 

Similarly it is possible to derive formulas determining the error dependent 

on the maneuvering qualities of a. rocket and for other methods guiding to a 

ta rget. 

The minimum radius of the curvature, frequently utilized in plottings of 

t ra jectories of the ma.neuver of a rocket and the determination of zones of striking, 

er~ be determined by the well-known formula of kinematics 

•' pso-2.• ••• 
It is necessary to consider that the striking of a target is determined 

not only by the accuracy in guiding. The calculation of the effectiveness of firing 

should be made taking into account all the effective factors, including factors 

dependent on the construction and work of the rocket warhead. This is a great 
problem and goes beyond the limits of this book. 
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CONCLUSION 

The prospects of the development of rocket technology are infinite. The 
cons t ruction of rockets and systems of control of their flight improves at a. 

cont inuously fast rate. That time is near when rockets will be supplied nuclear and 
nuclear-electrical engines which will incornmensurably expand the possibilities 
of t heir practical application. 

In close contact with aerodynamics, electronics, theory of automatic control, 
st ud y of materials, and many other sciences, the theory of the flight of rockets 

has been developed. The requirement of the facilitating of construction and 

i ncreasing t he accuracy and reliability of the flight control systems forces more 
accurat ely t he calculat ion of elements of the trajectory of the rocket and parameters 
of it s oscillatory motion around the center of mass. This compels a rejection of 

a. number of simplifying assumptions, requires the attraction of a more strict 

and ac cur at e mathematical apparatus for the investigation of equations, and forces 
a seeking of new effec t ive ways of solving the problem of the theory of fli ght. 

For recent years the complexity of the solution of problems of the theory of 
f l i ght has been characteristic . In calculations of a trajectory it is difficult 
t o reject the calculation of the work of t he control and stabilization system. 
With t he investigation of the entry to the dense layers of the atmosphere of nose 
cone s of long-range rockets, it is necessary to solve jointly the equations of 
motion, heat transfer, and ablation r f protec-tive coverings, and so forth. 

The complexity of the theory of flight 1Jf rockets and its rapid developement 
r equi r e of persons working in this direction much preparation in the fields of 

mathemat i cs, theoretical mechanics, aerodynamics, electronics, and many other sciences. 
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The au t hors hope that their labor will help to understa.nd better the essence 

of phenomena a.ccompanying the flight of 1·ockets of different assignment and will 

impel a deeper a.nd ma.nif'old study of the theory of the flight of rockets, the science 

without which further progress of rocket construction and strengthening of the 

defens ive ca.pabili ty of our country is impossible, 

-237-

I 

' I 

1 1 

I 

ii 

.1 

I I 



' [ 1· I 

LITERATURE 

1. Mayyevskiy, N. V, A course in external ballistics. St. Petersburg, 1870. 

2. Zabudskiy, N. A. External ballistics. St. Petersburg, 1895. 

3. Tsiolkovskiy, K. E. Transactions on rocket technology. 0borongiz, 1947. 

4. Meshcherskiy, I. V. Works on the mechanics of bodies of variable mae:s. 
State Technical Press, 1952. 

5, Tsander, F. A. Problems of flight with the help of rockets. Oborongiz, 
1947 . 

6. Chernyskev, M. a. Role of the Russian scientific-t echnical concept in the 
de velopment of foundations of rocket flying. Publiclltion of the Moscow Higher 
Technical School im. Baumann, 1949. 

7. Bulinskiy, v. A. Dynamics of maneuvering of fighter aircraft in aerial 
combat. Voyenizdat, 1957. 

8. Kosmodem•yanskiy, A. A. Lecture on the mechanics of bodies of variable 
of mass. Scient ific not es of Moscow State University im. Lomonosov. Mekhanika, 
I ssue 154 , 1951. 

9. 0khots 1.mskiy, D. Ye. The theory of motion of rockets. Applied Mathemat ic s. 
Mekhanika , Vol. X, Issue 2, 1946 , 

10 . 0khotsimskiy, D, Ye,, and T, M, Eneyev, Certain variational problems 
connected wi th the launching of an artificial earth satellite, Progress of Physical 
Sc i ences, Vol. 63, Issue 1a, 1957, 

11 . Arzhanikov, N, S, and V, N, Mal'tsev. Aerodynamics, 0borongiz, 1956 , 

12 . Mel'nikov, A. P. Aerodynamics of high speeds. Voyenizdat, 1961 . 

13. Krasnov, N. F. Aerodynamics of solids of revolution. 0borongiz, 1958, 

14 . Kibardin, Yu. A. and others. 
and hi gh t emperatures of the air flow. 

Atlas of gas-dynamic functions at high-speeds 
Gosenergoizdat, 1961. 

15 . Chushkin, P. I. and N. P. Shulishina. Tables of supersonic flow near 
bl unted cones, Computer center of the Academy of Sciences of the USSR, 1961. 

16 . Drakin, I. I. Aerodynamic and radiant heating in flight. 0borongiz, 1961. 

FTD- MT-65 - 567 

I 

I 

ii 

I 
, I 



17, Sakharov, G, I. and others, Heating of bodies in motion with great 
supersonic speeds, Oborongiz, 1961, 

18 , Martynov, A, K. Experimental aerodynamics, Oboronigiz, 1958, 

19 , Vetchinkin, V, P, The dynamics of aircraft, Gosmashmetizdat, 1933, 

20, Pyshnov, V, S, Dynamic stability of airer.aft, Oborongiz, 1951, 

21 , Ostoslavskiy , I . V, Aerodynamics of aircraft, Oborongiz, 1957, 

22 . Lebedev, A, A,, I , v. St razheva, and G, I, Sakharov, Aeromechanics of 
ai r craft . Ob orongi z, 1955 , 

23, Vedrov, V, s. and M, A, Tayt s, Flight tests of aircraft, Oborongiz, 
1951. 

24 . 
pilot s. 

Bodner, V, A, and M, S, Kozlov, 
Oborongiz, 1961, 

Stabilization of aircraft and automatic 

25 , Loytsyanskiy, L, G, and A, I, Lur•ye, A course in theoretical mechanics, 
Stat e Technical Press, 194 8, 

26 , Feodos•ev, v. I. and G, B, Sinyarev, Int roduction to rocket technology. 
Ob oronigiz, 1960, 

27 , Investigation of optimum conditions of the motion of rockets, Collection 
of translations of f0reign articles edited by I, N, Sodovskiy, Oborongiz, 19,9, 

28 , Shapiro, Ya, M, External ballistics, Oborongiz, 1946, 

29 , Gantmakher, F, R, and L, M, Levin, Theory of the flight of uncontrolled 
rockets, Fizmatgiz, 1959, 

30 , Ostroslavskiy, I, V, and I, V, Strazheva, The dy~amics of flight, 
Ob orongiz, 1963, 

31, Pogorelov, D, A, Theory of Kepler motions of aircraft, Fizmatgiz, 1961, 

32, Rosser, D,, P, Newton, and G, Gross, Mathematical theory of the flight 
of unguided rockets, Foreign Literature Publishing House, 1950, 

33, Kooy, I , and I , Yutenbogart, The dynamics of rockets, Oborongiz, 1950, 

34, Lokk, A, s. Missile control, Fizmatgiz, 1958, 

35, Barrer, M, and others, The motion of rockets, Foreign Literature 
Publishing House, 1959, 

36 , Devis, L. and others, External ballistics of rockets, Voyenizdat, 1961, 

37, Schlichting, G, 
Publ i shing House, 1962, 

The formation of turbulence, Foreign Literature 

38, Problems of the motion of the nose cone of long-range rockets. Collection 
of Articles, Foreign Literature Publishing House, 1959, 

39 , Vermishev, Yu, Kh, Rocket control, Voyenizdat, 1961, 

40, Shternfel'd, A. A. Artifici.al satellites, Tekhteorizdat, 1958, 

41, Aleksandrov, S, G, and R, Ye, Fedorov, Soyiet satellites and spaceships, 
Publishing House of the Academy of Sciences of the USSR, 1961, 

42, Gutkin, L. s. Principles of radio control of pilotless objects, 
Publication, Soviet Radio, 1959, 

FTD-MT-6 5- 567 -239-



.... -
' 

43, Lebedev, A. A. and L. s. Chernobrovkin. Dynamics of the flight of pi :!.otless aircraft. Oborongiz, 1962. 

44. Eterman, I. I. Mathematical machines of continuous operation. State Publishing House of Scientific and Technical and Machine Building Literature, 
1957, 

45, Birkganli A. Yu. and .o. P. Voskresenskii. Programming for the digital r:omputer "Ural-2. ' Publics.+:ion Soviet Radio, 1962. 

46. Dmitrievskiy, A. A. and v. N. Koshevoy. Physical bases of the flight of rockets. Voyenizdat, 1962. 

47. Shapiro, I. I. Calculation of trajectories of ballistic missiles according to data of radar observations. Foreign Literat~re Publishing House, 1961. 
48. Aerospace Engineering. No. 5, Vol. 21, May 1962. 

FTD-MT-6 5-567 -240-

X 


	0001
	0002
	0003
	0004
	0005
	0006
	0007
	0008
	0009
	0010
	0011
	0012
	0013
	0014
	0015
	0016
	0017
	0018
	0019
	0020
	0021
	0022
	0023
	0024
	0025
	0026
	0027
	0028
	0029
	0030
	0031
	0032
	0033
	0034
	0035
	0036
	0037
	0038
	0039
	0040
	0041
	0042
	0043
	0044
	0045
	0046
	0047
	0048
	0049
	0050
	0051
	0052
	0053
	0054
	0055
	0056
	0057
	0058
	0059
	0060
	0061
	0062
	0063
	0064
	0065
	0066
	0067
	0068
	0069
	0070
	0071
	0072
	0073
	0074
	0075
	0076
	0077
	0078
	0079
	0080
	0081
	0082
	0083
	0084
	0085
	0086
	0087
	0088
	0089
	0090
	0091
	0092
	0093
	0094
	0095
	0096
	0097
	0098
	0099
	0100
	0101
	0102
	0103
	0104
	0105
	0106
	0107
	0108
	0109
	0110
	0111
	0112
	0113
	0114
	0115
	0116
	0117
	0118
	0119
	0120
	0121
	0122
	0123
	0124
	0125
	0126
	0127
	0128
	0129
	0130
	0131
	0132
	0133
	0134
	0135
	0136
	0137
	0138
	0139
	0140
	0141
	0142
	0143
	0144
	0145
	0146
	0147
	0148
	0149
	0150
	0151
	0152
	0153
	0154
	0155
	0156
	0157
	0158
	0159
	0160
	0161
	0162
	0163
	0164
	0165
	0166
	0167
	0168
	0169
	0170
	0171
	0172
	0173
	0174
	0175
	0176
	0177
	0178
	0179
	0180
	0181
	0182
	0183
	0184
	0185
	0186
	0187
	0188
	0189
	0190
	0191
	0192
	0193
	0194
	0195
	0196
	0197
	0198
	0199
	0200
	0201
	0202
	0203
	0204
	0205
	0206
	0207
	0208
	0209
	0210
	0211
	0212
	0213
	0214
	0215
	0216
	0217
	0218
	0219
	0220
	0221
	0222
	0223
	0224
	0225
	0226
	0227
	0228
	0229
	0230
	0231
	0232
	0233
	0234
	0235
	0236
	0237
	0238
	0239
	0240
	0241
	0242
	0243
	0244
	0245
	0246
	0247
	0248
	0249
	0250
	0251



