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PREFACE

This analysis was conducted for the Advanced Research Pro jects
Agency as part of RAND's continuing study of the propagation of laser
beams through the atmosphere. It examines in detail the characteristlics
of the collision-induced absorption of infrared and far-infrared
radiation by symmetrical diatomic molecules and rare-gas atoms in
order to provide a broader basis for the theoretical understanding of
collision-induced absorption, which is an important factor limiting
transmission in some atmospheric spectral windows. It is believed

that the results reported here represent substantial progress toward

fhat end.
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SUMMARY

A quantum mechanical calculation of collision-induced absorption
in the infrared and far-infrared spectral regions for mixtures consisting
of symmetrical diatomic molecules and rare-gas atoms is given. The induced
mement consists of a shert-range overlap term and a long-range quadrupole
te. Near molecular transition lines the quadrupole term gives the
main contribution to the absorption, while in the far wings the overlap
term is dominant. The Hz-He, Hz-Ar and N2-Ar systems are considered
and an estimate for the absorption coefficient near 10u for NZ-N2

systems is given.
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I. INTRODUCTION

The purpose of this Memorandum is to calculate the binary
absorption coefficient of infrared and far-infrared radiation in
mixtures consisting of symmetrical diatomic molecules and rare-gas
atoms. Atoms and molecules with no permanent dipole moment, and
consequently no dipole absorption coefficient proportional to the
density, are considered. The absorption mechanism considered here
is that due to the dipole moment induced between a pair of colliding
atoms or molecules. For small-impact parameters the induced moment
arises as a consequence of the distortion of the electron cloud during
the collision of two particles, atoms, or molecules, while for larger-
impact parameters the induced mcu.ent arises from the polarization of
one particle by the quadrupole fieid of the other. The induced dipole
moment is expected to be nonzero when the colliding pair are within
a few molecular radii of each other, Thus, absorption takes place
within the duration of a collision and the probability of absorption
is proportional to the product of the densities of the two species,

Collision-induced absorption in rare-gas mixtures was discovered
experimentally by Kiss and Welsh(l) and further studied by Bosomworth
and Gush.(z) Recently, Levine and Birnbaum(s’a) have made a theoretical
calculation of induced absorption in rare-gas mixtures using a simple
model to describe the variation of the collision-induced dipole moment
with internuclear separation. They obtain an analytic expression for
the absorption spectrum which agrees well with the experiments.
Previously, J. Van Kranendonk(s) has presented & theory for the integrated

absorption coefficient in diatomic molecules. JInterest here is in




the sbsorption coefficient ac a functien of the frequency of the incident
radiatjon field and not in this function integrated over all frequencies.
The energy abso~bed during a coi .sion between two dissimilar
rare-gas atoms goes into increasing the translational kinetic energy
only. The effects on the induced absorption due to the rotational
transitions that occur in the diatomic molecule are investigated here,
The frequency of the applied radiation field is taken to be less than the
frequency of the first excited vibrational level of the diatomic
molecule (4159.4 cm-1 for H2 and 2330.7 cm-1 for Nz;

consequently, vibrational effects on the absorption need not be con-

see Ref, 6);

sidered, The abscrbed energy in this c-se goes into both rotational
and translational energy.

In Section II a formal expression for the absorption coefficient
is written and the phenomenological indursd dipole moment is introduced
and discussed. In Section III an analytic expression for the abserption
coefficient is deriveu, and in Section IV an estimate is made of the
parameters for H,-rare atom, N

2 2

numerical values of the absorption coefficient are given as calculated

-rare atom, and N2~N2 collisions, and

as a function of frequency for these cases.

These calculations are aimed at providing a broader basis for the
theoretical understanding of collision-induced absorption, which is an
important factor limiting transmission in some atmospheric spectral
windows. For example, collision-induced absorption in 02 is dominant
at the Nd laser wavelength of 1.06u, and collision-induced absorptiecn

in the far wings of H,0 lines is important at the C02 laser wavelength

2

of 10.6u. These absorptions involve more complicated mechanisms and

require further development for their treatment.




I1I. FORMAL EXPRESSI.., FOR THE INDUCED ABSORPTION COEFFICIENT

Gaussian units are used with A = ¢ = 13 then e2

== 1/137. The
absorption coefficient o = (2n/c)l', where I' 1s the transition rat:.

That is,

al{w) = ﬂ‘?—z z ol - 3)1f|2(P1-Pf) 8(wg, - . (1)
f

In Fq. (1), V is the volume of the sample, E is the induced dipole
moment of the system of particles, e is the unit polarization vector of
the incident radiation field of frequency w, Wey = Ef-Ei is the energy
difference between a final state f and an initial state i of the molecular
system respectively,. Pi and Pf are the statistical weights of the initial
and final particle states.* Also, Eq. (1) indicates a sum over final states
(denoted by I) and an average over initial states (denoted by < >i)'
The appearange of the factor (Pi'rf) takes into account both absorption
(the P term) aud the reverse process, spontaneous emission (cthe P term) .
It is assumed throughout that the temperature T of the system is so low
that all of the particles may be taken to be in their electronic ground states.

Consider a system of rare-gas atoms (density nl) and symmetrical
diacomic molecules (density n2). The dipole moment arises from binary
coliisions between atoms and molecules and between molecules.** Con-

sider first the tem in o proportional to oy, that is, absorption

*
Explicit expressions for Pi and Pf are given {n Eq. (7) below.

There can be no net induced dipole moment for two identical rare-
gas atoms (in the same electronic state) since the system is completely
symmetrical about the center of mass. However, this 18 not the case for
two diatomic molecules.




by the: induced moments arising frocm the collision of a rare-gas atom

and a symmetrical diaromic molecule. i.ater on, the term proportional
2

to n, [Z.e., absorption arising from binary molecular collisions) i~

*
estimated, It is assumed that

an Vn2
R, R = ) ) HR ) (2)
i=1 j=2

i.e,, the dipole moment arises from binary collisions and is a function
of the distance between the centers of mass (Rij) of the two colliding
particles, The wave functions describing the centers -~ masgs motion

of the particles can, in the first approximaiiown, be taken as plane
waves. Then by a straightforward procedurs Eq. (1) may be reduced to

(@)

a form oxpressing o in terms of two-particle matrix elements. Thus

= 4n’ o 2“’/2 !(E(R)-Z)ifiz (P, -F) 6(wﬂ-w)> . (3)
\Y

wnere now the initial and final states refer to the two-particle system

interacting with the radiation field,

B €], g = [ 'R 0t GR) D (B 0
where
- - - = h
ik-R ikeR
R) = ®) ¥, @ =Ry @
@y (R) = e u 3, 3, -
> (5)
-, = -ol.-o
o w = Ru @ v, @ =Ry 5@
£
T %

Experimentally these two cases may be distinguished by .or example)
arranging n, >> n, so that the absorption arises predominately from
collisions %etweeﬁ diatomic molecules and rare-gas atoms.

ik
The u(R) tems in the relative two-particle wave function, which is
determined by solving the 3choedinger equation with the two-particle inter-
action, is taken to be anity in the first approximation. This corres onds
to taking straight line collision paths in the classical apptoach.(3: )




by are the rotational wave functions and k and k' are tiue relztive

mom2nta of the colliding particles before and after the collision,
respectively.

For the atom-molecule system,

E, = k2/2m + E
i Ji

Eg = k'%/om + F
Jf

4 6)
m = reduced mass = mlmzl(m1+m2)

EJ = rotational energy = RJ(J+1)

o

where J is the rotational quantum number and B is the rotational constant

of the molecule. The statistical weights of the initial and final particle states

are given by
-E,/nT ]
P, = (2J1+1)g1 e 1 (1/21'rmu'1‘)3/2

and [ (7)

«E  /uT
P, = (20)g, e £ (/232
o

where x is the Boltzmann constant, and g and gf are the statistical weights
&
for the nuclear spin states of the diatomic molecule. It is well krown

that the relative statistical weights for the symmetric and anti-

(6)

symmetric spin states are
g(sym)/g(antisym) = (I+1)/1I for I integral ‘1

(8)
= I/I+l for I half-integralJ

where I is the nuclear spin. Upon combining Eqs. (3)-(8),
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3 3,0
e(a) = 4nn n m(l/ZmnT)slz(ZJ +1)"1 Ak, Pk ‘
1"z { 3 3 |
3,3.M M (M7 T (2m) §
1°9871 ¢
2
- - 2 e-(k /annT) .
x |G, | = {(2"1“)31 o)
£ "t J1 D
2 (2J1+1)gi e ;
i
== J.(J,+1)
1 ~wnT ®T 1M1 o
(21 +1)g e } e 8w, -w)
where
o220

=W = - om (k" "-k%) E:JfJ1 (10)
i
and H

E =E_ -E (11)

JfJ1 Jf Ji

In Eq. (9, the summations over the initial and final continuum states

k an¢ k’ have been replaced by integrations over d3k and d3k'

respectively,

To proceed, an analytic form is specified for the induced dipole

moment. The induced dipole moment of a pair of colliding particles may

be resolved into two parts. One part is the overlap dipole moment

which results from the distortion of the electron cloud during close
collisions (r < collision diameter). The other part of the induced
dipole moment arises from the polarization of one particle by the
quadrupole field of the other and vice versa. The quadr: jole-induced

dipole moment arises from long-range collision (r 2 collision diameter).

These two parts of the moment are discussed separately.




In view of the close agreement of Levine and Birnbaum's(3’4)

theory with the experimental results, we use the same functional
form for the overlap-induced dipole moment between the rare-gas atom
and each nucleus of the diatomic molecule. The form they use is
p(r) = YT exp (-yzrz), where Y-l and W, are the range and strength
respectively of the dipole moment. In the car2s considered here
Y ~ (1-2) X‘l. That is, the important values of r are of the order

of the internuclear separation of the mc:ecule, For distance in
this range the rare-gas atom '"sees" each nucleus separately. This,
however, would not be the case when y-l is much larger than the inter-
nuclear separation.
In the present calculation any interparticle potential is ignored,
and hence g:raight line collision paths are assumed. Realistically,
a potential exists between the particles which contains a repulsive
part that prevents the two particles from approaching too close to
one another, so there is actually a small moment for distances within
the range of the repulsive part of the interparticle potential. The
factor (yr) in the moment cuts off che moment for r < Y-l. Similarly,
for large interparticle svparation, when the electron clouds do not over-
lap there is very little contribution to the overlap moment. The factor
exp (_erz) cuts off the moment for r ELY'I. Strictly speaking. the
repulsive and overlap ranges are not equal. In this calculation, as
in Refs. 3 and 4, a single range is used to specify the induced moment.
By using the modified gaussian model for the induced overlap
moment Levine and Birnbaum were able to obtain a simple analytic
expression for the absorption spectrum. By matching the theoretical

and experimental results (for LHe-Ne, He-Ar and Ne-ar systems) at the



peak of the spectrum they cbtained values of y and po. Using these

values of y and p they obtained good agreement over nearly the entire
[

range of the spectrum (especially for He-Ar systems). For the cases

considered here, H, and Nz/rare-gas atom absorption, no experimen:tal

2
results exist as yet, However, using the mathematical form for the
moment that was used by Levine and Birnbaum leads to analytic expres-
sions for the absorption spectrum in terms of o and y. Then physical
arguments are used to estimate values for o and y in terms of the

values obtained by Levine and Birnbaum for the rare-gas cases, 1In

view of their good agreement with the experimental results this

procedure seems jus.ifiable,

The main contribution to the induced dipole moment arises for
values of r where ry ~ 1. In the cases considered here, y -(1-2)X-1.
That is, the important values of r are of the order of the size of
the atom or molecule (the electron clouds overlap and hence distort
the charge distritution).

The quadrupole-induced dipole moment is equal to the quadrupole
field of particle one at the position of particle two times the
polarizability of particle two, and vice versa. In the case of a
diatomic molecule/rare-gas atom collision there is only one term,
since rare-gas atoms possess no quadrupole moment, Qualitatively
the overlap-induced moment contributes t. the high-frequency part of
the absorption spectrum, since the overlap moment arises from close
collision, On the other hand the quadrupole-induced moment contributes
to low frequencies in the Q and 0 b~anches and frequencies near the

rotational transitions in the S branches, since the quadrupole-induced

A

— SV
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moment is due to distant collisions. (Near the rotational transition

frequencies the momentum transfer is small.)

FHR R R P
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III. CALCULATION OF THE ABSGRPTION SPECTRUM

OVERLAP-INDUCED DIPOLE MOMENT

The induced dipole moment between a colliding rare-gas atom and
a symmetrical diatomic molecule is taken as a superposition of the
atom interacting with each of the two atomic components of the molecule

respectivel:’, That is,

10 = 3¢ + 3¢ (12)

2)

where r, and r, are the separations of the atom from each of the two
nuclei respectively. Choosing a coordinate system with the z-axis
parallel to the polarization vector of the incident radiation field and
calling the molecular internuclear separation vector 2a gives

2

_Y_rz - 2r2

- - Y
u(o)(r)-e = “oV[Erl) e 1 + (rz) e 2] (13
z z

where

- - - - -
r.=r -aandTr, =T+ @

1 2

First the matrix element of U+e between the initial and final
centinuum states is calculated. Suppressing the rotational quantum numbers

for brevity, we have

-4 -~ _—.l.-._._. -.-°
(“(O)'e)k’k - f a3, ik LD elE r

(14)
- J‘ d3r (;‘a e-iQ-r

where
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Substituting Eq. (13) into Eq. (14) gives

—OO.-Q) - ) - 1303 d3 ia'?l -erf
ORI O Wo{e ]. ¢ T &
2 2
13-r “yvr
iQ°a p ,3 2 A
+ e f d r2 e z, e }
2 2

= v, eiQ.a f d3r z eiQ.r e YT 4+ terms a-~-a (15)

*
The integral appearing in Eq. (15) is elementary and easily found to be:

= 22 _3/2 2, 2
Jvdsrzefdre-yr _nn VSQz o~ (Q7/4Y)

Substituting this value into Eq. (15) gives

/2
. b/ Lo 2, 2

(16)

~ —p
+ terms a -+ -a

Next one must calculate the matrix element of Eq. (16) between
initial and final rotational states of the molecule. Suppressing the

subscripts .’ and k,

o —
(u.z)JfM . =<anfluzl.lini>
eI

where the initial and final rotational states are referred to the z-axis.

Suppressing, for brevity, terms that do not depend on angular coordinates,

* o
Due to the rapid convergence of the integrand for r > v 1 negligible
error is introduced upon extending the upper limit of the r integration
to + =,
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we find

/Jtnf\u:hiui> = <1f1~1f|qz eia'a‘JiMi>+ terms @ - -a  (17)

For frequencies of the order of the peak in the absorption spectrum,

-

iQ.a

|Qa| 5.1 and hence one may expand e and retain the first nonvanishing
term, In the case of diatomic molecule/rare-gas atom collisiouns the

main contribution comes fr-. setting eiﬁ.;.e 1. That is, for diatomic
molecule/rare-gas atom collisions the overlap-induced moment is
independent of the orientation of the molecule. On the other hand,

for molecular-molecular collisions involving identical molecules (in

the ground electronic and vibrational states) the matrix elements of

the angle-independent part of the overlap-induced moment are zero, since

the colliding system possesses a center of symmetry. Hence, the lowest-

order nonvanishing term for systems such as N,-N,, H,-H, comes from

- 272 "2 2
the (Q'a)2 term in the expansion of eiQ'a (see Eq. (17)). The angle-
(7

dependent part of the overlap moment is small, and hence for fre-
quencies of the order of the peak the overlap moment contributes to
the Q branch only, For frequencies . ..cn that 'QaIAz 1 (tail of the
Q.3

spectrum), a power series expansion of e is not valid and the over-

lap moment is Strongly angle-dependent. For example, in N -N2 absorp-

2
tion the peak in the spectrum is approximately 100 cm-1 and arises
from quadrupole-induced dipole moments. Near 1000 cm-1 {(~ CO2 laser
wave number) where Qa > 1, the inain contribution to the absorption is
expected to come from the angle-dependent terms in the overlap-indu:ced

moment. For the present, attention is focused on diatomic molecule/rare-

gas atom collisions near the peak of the spectrum. Later on, the

absorption in N,-Nz collisions near the CO2 lagser wavelength is estimated.
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L e

Setting eiQ.a > 1 in Eq. (16), the overlap matrix element is given

e 0 e PO O L L S PO

by
o MR T G M (5T 6 (18)
kk Jiaufui
QUADRUPOLE-INDUGED DIPOLE MOMENT
For diatomic molecule/rare-gas atom systems the long range
quadrupole-induced moment ﬁ(q), which can be inferred from Ref, 7,
is given by
me+2
-:’-o(q) a1 -o.-o
T ( L) z Y, (ﬂ) Yzm(Or) ee forr2o (19)

where the z-axis is taken parallel to e, 3} is a unit vector in the
r-direction, Q, and (1, are the angular coordinates of T and @
respectively, Qb is the polarizability of the rare-gas atom, and qo

1s the quadrupole moment of the diatomic molecule, The assumption is made
that the quadrupole-induced moment has meaning only for values of r 220,
which is the collision diameter of the colliding particles.

Upon taking matrix elements of Eq. (19) between initial and final

continuum sgtates,

(-é°u(q) Yt ™ %‘" @.q Y,(R) e T (20)
where
- = 3
T = ]-E'r ¥,4(0) 10T 925 (21)
) r

and 3 =K'k T is a vector and must be proportional to 6. That is,

T=IQ where I-(a-T)/Qz. Then

- .3
T = [ 33, v o7 e
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o dind

Taking the z-axis of integration along 3 and expanding eiQ't in terms

of spherical hammonics,

@ 4 93,(Qr)

QT=1,00m o &£ 22—
Jg 3 R

where j2 is the spherical Bessel function nf second order. The lower

(22)

limit on the r integration has been set equal to the collision diameter
o appearing in the interparticle potential.

Strictly speaking, setting the lower limit arbitrarily equal to o
is incorrect, Upon intrcducing the two-particle distributioa function
into the integrand of Eq. (22), one can now integrate over all r, The
two-particle distribution function, in the low density limit and at

temperatures considered here, is proportional to e-v(r)/""T

where V(r)
is the interparticle potential. Any realistic interparticle potential
(for example the Lennard-Jor.es potential) becomes very large for small

r (r << size of molecule), and hence (e-v(r)/"T

<< 1), a negligible
contribution to the integral, comes from small r. For r X size of the
molecule, V(r) ~0 (i.e., the two-particle distribution function is
constant). The main contribution to the integral comes from r =g,
In view of other approximations involved in the calculation it is felt
that unnecessary mathematical complexity is introduced by using the
exact two-particle distribution function., Therefore we uge, as an
approximation, a distribution which is zero for r < 0 and is equal to
unity for r 2 0,

For frequencies w S xT for the Q branch, and frequencies near

the rotztional transition frequencies for the S branch, Q, the momentum

transfer, ~+/2myT. For 4T approximately equal to room temperature and
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values of m and o considered here, Qo >> 1 and hence the asymptotic

value of jz may be used. Setting x = Qr, Eq. (22) becomes

o d[j,(x)]
6.?-,/20“ 1Q2[ —22—‘—

'QC x
(23)

= /707 1 QP 51“733 + 0Q)d + ...
(Qo

Therefore,

=, /20% 1(3-e)ein o

(Qo) 3
Thus

2.u(0 3/2,8.2, 8in Qo
(e'u’(q )k’k -ﬁ doqo(l*ﬂ) (3 e) 3 Yzo(na) (24)
(Qo)
Taking matrix elements with respect to the rotational wave functions

(suppressing factors that do not depend on rotational quantum numbers),

it is found that

(el 5)~ Cedrolen)

'5(23,+1) ¥
B lﬁn(ZJf+1) C(JiZJf,Mio)c(Jinf,oo) (25)

where the C's are the well-knewn (lebsch-Gordan coefficients.(s) Fram

Eq. (25) the selection rules for quadrupole absorption are easily
obtained; they are AJ = (Jf-Ji) =0, + 2 and AMi = 0. Fcom Eqs. (24)
and (25) it is found that
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. %
23,1
+.2(a) - Qo) 8o Qa1
<J:“f|(e E )k'k|JiMi> 12mia q,(Q-e) 3\27 1
(Qo) £
X C(J,20M0)C(,23,,00)  (26)

)

where § = k' - K.

CALCULATION OF THE ABSORPTION SPECTRUM

According to Eq, (S5;, it is necessary to square the matrix elements of

U

gee (U= ﬁ°+ﬁ(q)) and then sum over final states (rotational and
continuum) 2nd average over initial states (rotational and continuum).
Consider the rotational part first: suppressing notation (hat does
not depend on rotational quantum numbers, the average for a given
initial rotational state takes the form
v = (2Ji+1)" 2 |<qu£| uee |J1Mi>|2

M M, '

where E-Z = (E(°)+ E(Q))-E. From Eqs. (18) and (26) it is found that

Z

2,, 2 e
(6-’6)2{1&2 @/ 420y gy BlnTGo

J.J )
1 9 Q")
5.2 (R +R) @n”
= (Q-e) (R6+ q
where
) -3/2 -4
AO b1 LY
and
2 = s 24 1 N2, .,
AJ(L,1) = (127 q ) (sz+l)c (3,25,,00)

*No cross term between overlap and quadr-.pule moment appzars

in Eq. (27). The cross term is proportional to
o - c -
Zc(Jinf,niO)aJiJf ZC(Ji2Ji,M1) 0

M M

MM {

ersarras

e
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The first te m in Eq. (27) is the contribution from the overlap term,
while the second is the contribution from the quadrupole term. The
angle-independent overlap term contributes to the Q branches only,
while the quadrupole term contributes to the S, Q and 0 branches.

To evaluate the integrals over K and k' indicated in Eq. (9),

variubles are changed from E, K’ to E, 6 respectively. Then (suppres-

sing factors that do not depend on k or Q),

3 3 2 —
V(W) ~ j' L9 f Lk ek 2 6[(2m) 1(Q2+26-E-A2)] (28)
(2m) (2m)

where

2

4 = 2m(w - E )

Iy

and

o = 1/2muT

Holding @ fixed for the k integration,

2 2 .2

a(w) ~ (2m) 2 (0/Q) fk dkd(cos e ®* 6(cos y + 9‘2—"2—{:—)

where y is the angle between k and 6 and the 6 integral is suppressed.

Performing the integral over cos y,
-2 P ekz
a ) ~ 29 2w [ kdk e

R

Q

(29)

where
2 2|

k =l-—Q-A'
Q 2Q
The limits on the k integral are determined by requiring [cos y| =1
and k 2 0, The integral appearing in Eq. (29) is elementary, and

alw) ~ (2m)"2(m/2qe) e *¥0.
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Hence from Eq. (28),

3 -ek2
o - 2
o) ~ @20 [l V@D rR)
R and Rq are defined in Eq. (27). When the z-axis of integration is
o

chosen to be parallel to g, the angular integration becomes elementary

*
and gives

2
- ® -ck

a(@) ~ (M A @/3¢) ]‘ Q> dge ? (R4R)

To o q

4
5 + ) + 54

2, = . 2
= (2.“)'4 (m/3€) eGA lzf Q3 dQ {AZ e 2'Y 4Q
0 [o]
-[ﬁ + §.A_4]
L2800 4 4ad? } (30)
6 e
1 Qo
7w -[xz(a+b) + %]
- 2m ™ mb/3e) €0 /2 [ Pax fa o x
0 Lo
2 1
A2 sinsz “b(x” + —5)
s <1
(cx)

where a = A2/2Y2, b= eAZ/Q, and C = 8c. Two types of integrale appear

in Eq. (30). The first is of the form

- 5 — .

Strictly speaking, the upper limit on the quadrupole term should be
Qmax ~ 21/c. However, due to the rapid convergence of the iategrand for
large Q the upper limit has been set to o,
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2 k-3
-, -(a x° + ) - ~(ay + %,
. ~ - d
I, fo x° dx e b 1 IO ydye

2K (2 /aB)

3a2

= (B/0) x2(2 Jad)

where Kn is the modified Bessel function of the second kind of order n.
The second integral appearing in Eq. (30) cannot be expressed in
closed form. However, the limiting cases of large and small C lead

to closed form expressions.

© -(ax2 + ﬁij
dx x 2
"0 x

For C << 1 the sin2 term varies slowly over the region where the

exponential term is nonzero. Applying the method of steepest descent

to 12 it is found that

I, = (a/B)% sinz[C(B/u)%] 1(0(2 vaB), c <1

o= 02K0(2 J2B)

For ¢ >> 1 the sin2 term oscillates rapidly over the ~egion where the

exponential term is nonzero, and hence its average value, %, may be

substituted, yielding

*
See Ref, 9.
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I, ~ % K (2 JaB), ¢ >> 1

The integrals appearing in Eq. (30) may be obtained by substituting

o= atb, B= b in I1 and o = B=b} in I,. The result is

2
2 2
2 A A
4, 4 cd"/2 (o =
aw) ~ (2r) (mA /3¢) 2 {175 K2(2bJ1+5) + ;2 I.q} (31)
where
2
6§ = a/b = 4muT/vy
and o G+
I = Q; e x sin2 Cx

- czlco(2b) for € << 1
~ % K (2b) for C>> 1

Replacing all of the factors previously withheld, it is found

that

(w-Ej,.3.)
n
1" w oHT 31[(2J1+1)

a(w) = (w-E
3n (ZmnuT)%Z z { JJ :

e NEREY 3 \ (32)

- uT
- agy T e == k(2 /1) ¢
145 i“f

A%(4, 9

+ 8 Iq]}
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where
b= (w-E ) 14xT
JfJi i
6= 4mnT/y2
C= Ao
-B_ +

Z= Z (23;+1)g; e *T 110

Iy

Ao, Aq and Iq are given in Eqs. (27) and (31) respectively. In
obtaining Eq. (32) gf has been set cqual to gi, since the interaction
does not change the nuclear spin,
Examining the overlap temm in Eq. (32) it is found that it is
identical to the results given by Levine.(a) This is expected, since
in the present approximation the molecular overlap temm is independent
of molecular orientations and hence is formally the same as the rare-
gas case. Examining this term further it is found that the peak wo
in spectrum is given by w °-6uT[(L+6)%-1]-1 where § = 4mxT/y2. For
low temperatures (yT << uTo = y2/4mo o is independent of temperature,
while for high temperatures (xT >> uTo = y2/4m) o -(uT)% exp [-(wm%/y(uT)%)].
The values of uTo for the systems considered here are 100 cm'l, 40 cm-l,
and ~ 6 cm-l for Hz-He, Hz-Ar, and Nz-Ar respectively, Room tempera-
ture (uT = 200 cm-l) lies in the high temperature region for the
cases considered here, Also, the temperature dependence of the
location of the peak in the absorption spectrum is given by
(nT << uTo) w_ ~ constant independent of tempzrature for low tempera-
tures, and (xT > uTo)wo ~f(uT)% for high temperatures. That is,

for low temperatures the peak in the spectrum remains fixed as the
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temperature is varied, while for high temperature the peak moves
toward higher wave numbers as the temperature is increased (and vice
versa).

The width of the absorption spectrum Aw is approximately

6xT[(1 + 'I/To)}i -yt

. PFor low temperatures (T << To), dw ~,12nTo
(i.e., independent of temperature), while for high temperatures
(T > To), Aw ~-6(u’1‘°)35 (n'.l‘)35 (i.e., proportional to the square root
of the temperature). These two limiting cases may alsdo be obtained
dire:tly from physical arguments. The low temperature case, T <« To’
implies P << y where P is the relative momentum of the colliding particles.
The induced moment gives rise to an attractive force which increases the
relative kinetic energy from a very small value (P2/2mo at large
distances to a value AE -y2/2m at distances of the wz¢{:. - y-l. From
the uncertainty principle (42At ~ 1), the transition rate (a.At-l)
and hence the width of the spectrum is Aw = 2mAE = At-l ~—ny2/m = éﬂuTo
(i.e., independent of temperature), Fer the high temperature case,
T > To’ we have Aw ~—2ﬂAt~1. In this case the rate is appreximately
(nT/m)% and the distance approximately y-l (as can be inferred from
the uncertainty principle). Therefore, Aw ~a4n(nT)% (uTo)%.

Numerical estimates of the overlap-induced dipole parameters in

Hz, NZ/rare-gas atom systems and quantitative results for the absorp-

tion coefficients for these cases are given in the next section,
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IV, ABSORPTION SPECTRUM OF HZ-RARE ATOM AND Nz-Ar MIXTURES

OVERLAP DIPOLE PARAMETERS FOR DIATOMIC MOLECULE/RARE-GAS MIXTURES

In order to obtain numerical results, estimates of the phenome-
aological parameters p  and y are required. Levine and Birnbaum(3’4)
o
have determined these parameters for three cases of rare-gas atoms;

values are given in the following table.

DIPOLE PARAMETERS FOR RARE-GAS MIXTURES

System
Parameter He-Ne He-Ar Ne-Ar
o-1
y(A ) 1.920 1.357 1.446
uo(debyes) 0.121 0.166 0.223

In order to estimate o and y for systems considered here it is
assumed chat y'l is proportional to the collision diameter o occurring
in the interparticle potential and that LR is propoertional to both

the collision diameter and the number of electrons in the outer shells

of the component particles. The first assumption seems reasonable,

since the range of the induced moment is proportional to the separation
of the particles when their electron clouds are overlapping and hence
to the collision diameter characteristic of the interparticle potential,
The second acsumption also seems reasonable since the magnitude of the
dipole moment is proportional to the mean separation cf charges (which

is taken to be y-l) and the mean number of electrons involved in the




24

collision (taken as the electrons in the outer shells of the colliding
*
particles). The inner electrons are too closely bound to be of much

consequence to the induced moment.

Hence,
o
§o ° -onstant (33a)
and
vO = constant (33b)

where ¢ is the collision diameter and N is the number of electrons in
the outer shells of the collidir particles. From the values given in
the Table, for example, Eq. (33a) .. cairiy well satisfied. From

Eqs. (33a) and (33b)

Yoy (M), wTh),
W (No) g

(34)

[o)

-1
ra
B (Ny )B

where the subscripts refer to two different mixtures. For the three

cases given in the Table:

*Since the induced dipole moment is taken as a superpesition of
two terms (the rare-gas atom interacting with each of the two atomic
components of the molecule respectively) the molecular electron
contribution to N is taken as one half of the numher of outer she'l
molecular elzctrons while all of the outer shell electrons in t -
rare-gas atom are counted.

T naa——
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1) A = He-Ne B = He-Ar
W -1
"o (Ky )
—A . 0.73 = A0
2) A = He-Ne B = Ne-Ar
-1
qu 8y 5,
-u—-— = 0,54 - °* 0.47
og (Ry )B
3) A = He-Ar B = Ne-Ar
-1
u—- = 0,74 '——_'i— = (.58
og (8y g

The ratios agree fairly well for these cases.

Values of y and My for H2-He, H2-Ar and N2-Ar systems are now

estimated. Equation (33b) implies YA/YB = oh/oh. Then

YH2—He = (YHe-Ar) oHe-Ar/oH2-He

O-
=1.6 a1 (35a)

°.1
Wooar =12 A (35b)

Y
H.=At =
2 2

(Vhe-ar) Ohe-ar’®

and

6.1
YW,-ar = MVhe-ar? °ﬁe-Ar/owl-Ar =114 (35¢)
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to two significant figures. In arriving at these results the value of

the collision diameter g was obtained in the usual way as the arithmetic

o
mean of the values for the component gases.(lo) (o'H He™ 2.46 A,
2
o
O, -ar” 3.19 A, %, A" 3.7 %, and o, , = 2.91 %) Fram Ea. (34),
-1
(v )Hz-He
(n) 2 —— (u) = 0,044 debyes (36a)
0" H,-He -1 [
2 (Ny )He-Ar He-Ar
-1
(Ny )Hz,Ar
(uo) A T (uo) = 0.16 debyes (36b)
Hy-Ar (N Dy a He -Ar
and
a1
(Ny )Nz-Ar
(») = (») = 0.27 debyes (36¢)

o - -1 o
N2 Ar  (Ny )He-Ar He-Ar

The quantitative results i>r the absorption spectrum follow.

ABSORPTION SPECTRUM FOR HZIRARE-GAS ATOM

First consider the H2-He system. The reduced mass m for Hz-He is
approximately 4/3 amu (atomic mass unit) and the rotational constant B
for H2 is 59.3 cm-l.(e) In this example and the following the tempera-
ture T is taken to be of the order of room temperature (i.e., uT = 200 cm-l).
Using these values for B and uT it is easy to see that only the ground

and first few (about three) excited rotational states of H, are appreci-

2
ably excited under equilibrium conditions. The nuclear spin of H2 is %,

hence the total wave function must be antisymmetrical., This implies
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that the relative nuclear staristical weights are 1 and 3 for even

and odd rotational states respectively, The polarizabilaty of He is

>0,21 x 10 24cm3 (Ref., 11) and the quadrupole moment of Hz is

2= 0,49 eai (Ref, 7) where e i8 the electron charge and a is the Bohr
radius, Substituting numerical values ia Eq. (32) gives (at

xT 2= 200 cm D)
3
N -46 -1 *
QHZ_He(k) =1.53 x 10 [Q + z S(J)] N C (37)
J=0
where Q is the gum given in Eq. (32) with Jg = Je 3, = 0,1,2,3, 5(3)

is given by the summand in Eq. (32) withJ =J,, J_ = Ji-2, and

1’ °f

the wave number is k cm ~. 1In Fig. 1 the contributions of the
various branches and the sum of these branches are plotted as a function
of the wave number k (i.e., k = w/2n). The Q branch contains contribu-
tion from both the overlap and quadrupole-induced dipcle moments (the
overlap termm being ~ 90 percent of the Q branch contribution), while
only the quadrupole-indu~ed moment contributes to § branchea.**

As another example the Hz-Ar system is considered, The reduced

mass H,-Ar is approximately 1.91 amu, and the polarizability of Ar is

2
~1.63 x 10 4 3 (Pef. 12), Substituting numerical values into

Eq. (32) gives (at xT = 200 cm'l)

In all cases discussed here the contribution to o from the O
branches was found to be negligible compared tc the contributious
from the Q and S branches,

*
At w = EJfJ (resonance) Eq. (32) indicates that the quadrupole
i
contribution becomes very large. I ~ log (w-E ).
9 Ieiy

the rotational transition lines are not infinitely short but have very
narrow pressure broadened lines (<< 1 Cm'l) at room temperature and
athSpheric preasure. The absorption at resonance is finite; I ~ log

[(w-EJ ) +y /43 where y is the half width of the line. Due to the lack

Strictly speakiag,

of knowlédge of these line widths, the increase in the absorption spectrum
very near a resonance is indicated schematically,
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3
-46 ™ -1
. (0 = 2,75 x 10 {Q + ) S(J)} a0, (ca ) (38)
J=0

In Fig. 2 the contribution of the various branches and che sum of these
branches are plotted as a function of wave number, In this case the
absorption coefficient is roughly an order of magnitude larger then

the HZ-He case, This is due mainly to the larger reduced mass of the

HZ-Ar system and the larger polarizability and induced moment of Ar

and HZ-Ar system as compared with HZ-He.

ABSORPTIC™ SPECTRUM FOR NZ-Ar

Due to the relatively large rotational constant of H2 (Bo = 59.3 cm'l)’

the absorption spectrum, at room temperature, can be resolved into

two parts; a pure transiational component (Q branch), and a rotation-
translation ~omponent {S branch), On the other hand, in thz case of

N2 the rotational cor-tant is much smaller than for H2 (szza 2 cm~1),
with the resu.t that at room temperature the Q and S branches complietely
overlap., That is, a resolution of the absorption spectrum of NZ/rare-
gas atom systems Iirto a translational component and a rotation-
translation component is not possible. The N2-Ar system is considered,
The reduced mass of NZ-Ar is approximately 10.4 amu, thr quadiupole
moment of N2 is = 1,1 eai (Ref. 13). The nuclear spin of N, is 1,
which implies that the relative nuclear statistical weights are 2 and

1 for even and odd rotational states r: spectively, At room temperature
it is necessary to include the ground and about the first twenty

excited rotational states in the statistical average. Substituting

numerical values into Eq. (32) gives (T = _J0 cm-l)
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- -47 -1
uNZ_Ar(k) = 2.6 x 10 R(»n) nlnz(cm )
20
where R(k) = Q + £ S(J). The absorption coefficient for Nz-Ar
j=0

is plotted in Fig. 3 (the S branch contributes about 90 percent

of the total to R(k)). Very close (<<1 cm-l) to a transition

line the absorption becomes large, but this occurs in a very

narrow region about each line (compared to the spacing between them).

Due to lack of knowledge of the _-elevant line widths, the curve

(39

shown in Fig. 3 is the envelope of points away from rotational transi-

tion lines, Very close to the :esonances the absorption spectrum

has a series of very narrow spikes. The contribution of these resonance

lines to the integrated absorption coefficient is negligible, since
these lines are so narrow; therefore they are not indicated in Fig, 3
From the Nz-Ar spectrum an estimate of the absorption in NZ-N2
that involves single rotational transitions may be easily obtained.
Single (as opposed to double) rotational transitions are those
which involve 8 rotational transition in one of the colliding mole-

cules but not in both, To obtain this, one substitutes the polariz-

ability, reduced mass, the collision diameter for the N_-N, system,

2

and an overall factor of two for that of the Nz-Ar system, This

method treats one of tha N2 modules essentially as a rare-gas atom--
that is, as having no internal energy levels to excite it, It is
found that at the peak of the spectrum (~ 100 cm-l, room temperature
and atmospheric pressure) the absorption coefficient is of the

-6 -1 (2
vrder of 0.8 x 10 ~ cm =, Bosomworth and Gush report an experi-
mental absorption coefficient of ~ 4 Xx 10-6 cm-1 at ~ 100 cm-1

Presumably the reason for this discrepancy of values lies,
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in part, in the failure of our analysis to include the centribution

of double rotational trarsitions.

ESTIMATES FOR NZ-N2 ABSORPTION IN THE FAR WINGS

For frequencies w >> T and E the momentum transfer Q becomes

I

o
large (Qa >> 1 where a is one-half the internuclear spacing 2 0.5 A

for NZ). This can be seen as foliows: Q = !E'-E[ and k'2/2m = k2/2m

- E 9
el

Thus for large w, Q ~ w

2 )
k /2m ~ 4T, hence for w >> xT, E inplies Q ~ (me)%.

5

+ w Jf"i o
. At the CO2 laser wavelength (k 2 107cm )

we find Qa 2 1, and hence the overlap moment is angle-dependent

(i.e., eia‘z # 1). Large Q implies close collisions and hence the
quadrupole-induced moments do not contribute, Also, since the overlap
moment is angle-dependent the Nz-Nz system no longer possesses a center
of symmetry and can have a nonzero overlap-induced dipole moment. By

a process similar to that which led to uqs, (35) and (36), it is

)
found that (o = 3.75 A)

N)-N,

i / 1.05 &L 40)
Ny-N, = (Yue-Ar) %He-Ar cNZ-NZ * (
and
-1
Ny Dy .y
22 .
(u) = () = 0.11 debyes (41)

o :l o
Ny Ny (W) Dgeuar He-Ar

Instead of using Eq. (12), we take the overlap-induced tipole

moment of the two molecule system to be

G(r) = G(r)) + () + () +(r,") (42)
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The vectors ;1, ;1', ?2, and ?2’ are defined in Fig. 4. Letting

T be the vector between the centers of mass of the two molecules, and

1 and 2&2,

where the subscripts 1 and 2 refer to the two molecules respectively,

calling the molecular internuclear separation vector 2a

it is seen that

"}
+
W}

]
")

[}
o

"
o

e (43)

¥}
+
ol
1
ml
+
o
[]
(=}

The integral over the relative coordinate (?) is the same as before,

that is, in place of Eq. (17), it can be shown that

(0P @l aPan®) - g, [(actiy

i—o.-o i—o.—' -i_..—o
(1), + R, (T,

+ terms a; - -a, a, - -82J (46)

where the sub- and superscripts 1 and 2 refer to each of the two molecules

respectively and

3/2
u n - - 2 ‘02
L 4 ~(Q°/ex") 45)
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Taking the z-axis parallel to the polarization vector of the photon,

we expand e ® in terms of spherical harmonics; that is,
4.3 a +J .
.a _ Q
e an Y 17 35(0a) ) Y@ YpO0 (46)
J=0 M=-J

where YJM are spherical harmonics, and Qa and cb are the angular

coordinates of the vectors a and Q respectively., Because of the

symmetry of the N, molecule about its center of mass, only even J's

2
*
will contribute (as can be deduced from Eq. (44)). Also, since

Qa 21 the asymptotic form of the spherical Bessel function is used:

J/2

jJ(Qa) ~ sin (Qa - %ﬂ)/Qa = (-1) sin Qa/Qa for even J.

The average over the azimuthal quantum numbers talkes the form

.

. -1
W = (2Ji+1)(i) (2341) 2 H'u 7

o

(M) (M) (M) (M)
R AP S

Substituting Eq. (46) into Eq. (44) and obtaining the indicated
rotational matrix elements (which can be expressed in terms of Clebsch-
Gordan coefficients), the operations indicated in Eq. (47) are then
performed, The sums over the M values can be obtained by using the
orthogonality conditions on the Clebsch-Gordan coefficients, and it

is found that

== sin Qa 2 sin Qa
H2 - 16Q2 1
z | Qa1 Qa2

2
2] pile) D) (48)

*
Since J is 2ven, it can be deduced that Ji + Jf must be even,




G

where

23, +1 .

i 2 2 o

F(1,f) = (23 +1) Z (23+1)7 ¢*(3,,3,3,,00) (49)
J(even)

In the following, 2 = a, = a. Replacing Eq, (30), it is found

that

2
® ek = 2, 2
alw) ~ (2m) "4 (4m/3ea) J‘ 5‘6‘1 sin Qae Qo @72y
0

2 ® 2
- (211)-4(4m/6ea4) eeA /2 I sz_) sin® Qa
0 Q

4
X exp [-QZ(L + f) - b

2v2 4Q2
) 3
= (21) “(4m/6ea’y €0 /2 1, ()
where
X -[x(as8) + 2
I, (o) -J‘ 9;:5 e sincx¥
0
¢ (50)
and
A= A2/2y2 = mw/y2
B = ¢2/4 = w/bnT
C=la-= (2mu0%a J

For w ..002 laser frequency, C > 1 and hence the sin4 term in the
integrand of I1 oscillates rapidly over the region where the
exponentisal is nonzero. Hence, its average value may be used,

yielding
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B
- 3 l_m dx e'[(A+B)x+;]
1 8 lg X
- 1§D K /T
where (51)

5= B/A= lomnT/‘Yz

Hence it is found for w >> T, E that
adl

(nz/z) oo hz w/ 21T %(ﬁ 1+ tumzcr)

oy, -y, (@) = +
22 8(2ﬂmuT)% B 4 ( hm;T)
Y
[ 20 B 2
-1 T i(Ji+1)
x| 2 e F(1,£)g,(23+1 (52)
<
Ji-O
Jf'J1+AJ
.
where
AR T RACRLY
z= Y e 8, (23,+1)
=0
-1 %
F(i,f) is given by Eq. (49), and the molecular density is n cm ., In
~w/uT

obtaining Eq. (52) the term (ZJf+1)e has been dropped since

w »> uT. For N2-N2 svstems the reduced mass is 7 amu and a = .505 A-l.

Hence from Eqs. (40), (41) and (52) it is found that at room

temperature

* 2
The factor n2/2 appears in Eq. (52) (instead of n') in order to
count each collision once.
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- -42 2 ~ k/4 -1
aNZ_NZ(k) 4.5 x 10 n{ixo(s.mc)e }(cm ) (53)

3.2 x 10742 2 ¥ 292k T 1317

where k = 10-2k. In obtaining these results only those final states
corresponding to AJ = 0, + 2 have been included. Since the overlap-
induced moment falls off very rapidly with increasing interparticle
separation (the moment having a maximum for r = y'l < molecular
separation), angular momentum considerations imply that AJ = !Jf-Ji‘ 2
for NZ' This can be seen by estimating the order of magnitude of the
relative angular momentum of the colliding particles, amvr, with

vV o~ (n'l‘/m)% T ~ y-l and noting that the photon contributes one unit

of angular momentum, At the CO2 laser wave number k 2 9.44 it is

found that

alkgy ) =3.3 x 107%% (euh) (54)
2

= 2.5 x 108 cn !

at atmospheric pressure (n ~ 2.7 X 1019), which is very small, Even
at high pressures the absorption coefficient remains small. For example,
at 100 atmospheres the absorption coefficient at 10,6y is ~ 2 X 10-11 cm-l.

Finally it is noted that the absorption coefficient is relatively

insensitive to temperature; therefore no large change in & is obtained

by varying the temperature,
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V. CONCLUSIONS

The results obtained for Nzlrare-gas atom and N absorption

)
in the far wing were deduced from 5 wodel which assumes a specific
functional form for the overlap-induced dipole moment, The deperience
o1. interparcicle separation is of the form used by Levine,(a) while

the angular dependence is introduced by assuming that the total over-
lap moment is a superposition of one particle interacting with each

of the atomic components of the molecule respectively, the latter
agssumption having important effects for close collision, when details
of the intermolecular potential become important. For close collisions
the assumption ¢f plane waves to describe the relative translational
motion of the two particles is offset by assuming that the dipole
moment g&ef to zero for small r, i.e., p = uoyre-yzrz. The fact.r yr
is used to simulate the effect of the scattering wave functions,

(@)

Levine has shown that this model is relatively insensitive to the
effects of the interp.rticle potentiecl for wave numbers near the peaks
in the rare-gas spectrum (100-400 cm-l). No experimental results as
yet exist for the far wings, and hence the accuracy of an extrapolation
of the overlap model iuato the far wings cannot be ascertained. The
results obtained here for NZ-N2 abzorpticn at k o 1000 cm-l have l},zen
based on an extrapolation of this iodel., The absurption coefficient
obtained is very small ard it is not f£-1t that any refin:ment of the
model will produce crders of magnitude changes in o. Therefore it is

concluded that this mechanism does not play an important role in the

atmosphere for the absorption of 10.6y radiation by nitrogen.
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Appendix

EVALUATION OF I{w)

Consider the integral I(w) defined in Eq. (28): i

I(w) = dz e x si.nsz“j {55)

A, B and C are given in Eq. (28) At x - 0 and x = = L.e integrand
approaches zero exponentially and has a maximum for x = (B/A)%. Upon
examining the numerical values of parame._ers for the cases discussed
in the text it can be seen that the sinZCx term is a slowly varying
function of x in the region where the exponential term is nonzero,
Hence, upon substituting those values of x in which the expomential
temm is maximum into the sin2 term,

L) -Ax-p-
x
I{w) = sinz[C(B/A)%] f dx e
0
f
Ax-

- - sin [C(3/A) ] ‘3‘5 {[0 & . x} (56)

- -2 sinz{C(B/A)%] g—A {KOEZ(AB)%Z\}

The formula
) -Ax-B'

J' = o ¥ e 21(0[2(“)%]
0

has been uced.(9) It can be shown that

1
3K,(2(4B)*]
i_a;__ - - (B/,s.)"E xl[z(u)"] (57)

i Hence, from: Eqs. (56) and (57),

I(w) =2 sinztc(z/A)"} (B/A)"“ KIFZ(AB)“] (58)
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