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FCREWORD

The solution for the perfect fluid forces on a tank
oscillating in a carried acceleration field as given in
Reference (1) are in error throurh the use of an incomplete

free surface boundary condition., The present report presents
a corrected solution,
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SPMARY

The correct boundary condition at the free surface of a fluid
in a tank oscillating in a carried acceleration field (as in a freely
falling missile) is derived and then arrlied to the potential function
solution of Reference (1), Results are written in the form of trans-
for functions giving the transverse force and mcment about the tank
base for arbitrary rlanar motions of the tank,

A mechanical analogy of fixed mass plus pendulous mass is given
vhich duplicates exactly tho forces due to the first (fundamental)

fluid mode.

M?.Cv-7.9
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INTRODUCTION

A cylindrical tank, vartially filled with a liquid, is considered
to translate and rotate in an artitrary manner along and about trans-
verse axes through its base.

The object of this rerort is to rresent the correct perfect fluid
hydrodynamic solution for tank forces and moments for the case in
which the accelaration field is carried with (rotates with) the tank.

MY.Cv.2.3
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- dimensionless parameters defined in equations (7) and (8)

- force in X direction - pounds
-« Bessel function of first kird

~ tank parameter, &, h/a

- total fluid mass - slugs
= hydrodynamic moment on tank - 1b.ft,
= hydrodynamic pressure - psf

« tank radius ~ feot
- depth of fluid - feet
- total fluid particle velocity = VuT+ur T+ w? - ;s

- radial coordinate - foet
- La Flace variable - sec.~1
- time - sec,

u,yw - fluid velocities in coordinate directions .~ ,

7.,?,3 - cartesian coordinates
A2 - polar coordinates

$§ , 2 respectively - fre

acceleration in 2 (axial) direction - fps?
coefficiant of fluid mode - feet2/sec,
root of J, =0

rotation of tank sbout its bass

flusd deneity - slups/rt’
fluid mode natural frequency - e,

™MY.Cv.7.9
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- angle of pendulunm with tank axis

N 4
CONVAIR — ASTRONAUTICS Bedind
NQMENCLATURE (CONTINUED)
0, - defined attemuating frequency _ aei)
§ - fluid velocity potential : & =-Grad § - feet”/sec.
r'P

'y - analopous fluid "anfls" defined by equation (9)

mr.Cv.7.9
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ABALYSIS

Reference (1) presents a solution to the equations of motion and
boundary conditions for a perfect fluid in a cylindrical tank undergoing
small arbitrary translations and rotations (see Fig. 1). Unfortunately,
the free surface boundary condition employed therein for the case of the
carried acceleration field is incomplete.

To the writer's knowledge, the correct boundary condition vas
given first by Gleghorn in Reference 2, although the solution derived
therefrom vas in error.

To derive the correct free surface boundary condition for the
carried field case, reference is made to Fig. 2. For a static tirring,
it is seen that the total pressure at any point below the free surface
is given by ( O small)

P=pa,[h-2-46 cosd

Hence, for the case of fluid sloshing, the eddition of the disturbance
pressure tern gives

P, o¢

%*5¢ tarth-2 -10coe ] (1)

vhere ¢  1s the velocity potential defined by ﬁ--Grud ¢ . Now
at the free surface ( 2 = K one must alvays have

DP 9P 3P da ,

Dt~ 3t 3 dt

9P d4¢ , aP
3 at 2

RIR

P 2 _
7 ¢ =0

@

Substituting Eq. (1), letting oz/d¢ =w = -3§/0x  and discarding
higher order terms, one obtains the linearized boundary condit’cn as

3 3 .
a—i,t +a,o—g =0, 20 cos § (2)

at 2=h .

M?.CV.7.3
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Eg. (2) is the complete free surface boundary condition for the
carried acceleration field case. If the potential function of Reference

(1) is now treated with Eq. (2) as the free surface boundary conditionm,
the following results are obtained (details omitted since they parallel
those of Reference 1l):

Yelocity Potential
§=-4(0z+21)n c”¢*£“‘2(‘%ﬁﬁ'@%“)"’ ’)oos¢
a 4ad, /") sinh o
*“Zatﬂu(fﬁ“"”m—h—r.u_ 0
y - jn 2
= ana fn_n
= 2 20&,. cosh=g~ —/
w (mzz-)
and the §, are the roots of J,” =0,
Diaturbance Prespure
o 4f (4)

Py '/° ’/‘Jv ¢

Integration of the pressures over the tank walls and base loads to
the transverse force anl moment about the tank base.

R e
n

+2MZ *114%00 (% i, tank K, (5)

K B ™=7) (¢ 7+07)
3 l,a’| 2 2 ! sinh K
M= -2 ‘ZMh.{z f-q-;iz] 4 OMh {J +4ZW}
< x*ho 4 fﬁi}]@*-l(nakan cash Kn) (¢
o 2Mhz sk K (4,—-—1-——’\)+wn) (6)

Kn

“r.Cv.7.)
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wvhere M= ‘)‘Tﬂa.‘a h

_§nh
st

As in Reference (1) these results are specialized for effects of the
fundamental fluid sloshing mode alone (subseript "1" in the summations).

2 3 =2
F =-¢21M~429hM(—2’-+c,) raMma, 2 x;%g {;_Q) =

2 2 2=
2 1, a 2 2f 2 < X.*Gh(&'ﬂ’
m= -< %M{z ""—1‘” -d OMh {E*D}*J Mh BZW 3)

2 tahK
K (5%

[

Here A =

-

B. =2 I 2 +K,sinh K, —caoh K,
2 Fl2 (gl ~/) cosh K,

Note that here and following, the twn frequencv rarameters vritter
without subsecript are understcod to be for the fundarental sloshinr mode,

Mechanical Analogy

Equations (7) and (8) are put into the form from which a mechanical
analogy is derived by means of the substitution

2 2 2 =2
) I 4 xrhe (£ +57)
re-ge = - TS (9)

MY.Cv.7.3
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2
vhers L,=a,/W
After some rearranging one obtajins®

2
Fz-aem(i-a) -fem(‘-e’- 'l -Bz) +MA oy M

2
m=-4* ‘l.Mh(—’ B -53) -429,1415'(}'— +p,—52) +MhB.a, T

PP (20)

——

-2
@)=~ 21; [4‘7&*4"9/1 (/ - g'—,;)]

J

The equations of motion for the mecnanical svstem of Fig, 3 are
identical in form with the above, being

Fev a®tmy - o Ohohoe Moy I

M= —a L h My = LOMASHI) M R, T > (11)

(%) r, = -LL,, 6% +<"0 (n,-L)

A term=bv-term comparison between ecuations (10) and (11) yields
the equivalences between the hydrodynamic and mechanical system piven in
Table 1.

® In writing these ecuations use has been made of the identity
/ 0.2
*GA =2 Tart e

N'\

M?.CVv.7.)
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TABLE 1
ANALOGOUS MECHANICAL SYSTEM PARAMETERS
CARRIED ACCELERATION FIELD
Mechanical Rvdrodynamic
M M ('"41)
/ a.z
ho h(‘é‘ 44? “82)/(/ ",4,)
M, MA,
l
MR+, MK(5+D, - 82)
h, h B, //4,
2
Lp ar f0
¥ h[ -Lp h (/ = ﬁz/&)z)
*This relationship is already satisfiod by a preceedingequality, i.e., we
can show that n* Ly
B[4 = 1- Gt

M?.Cv.7.3
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DISCUSSION

The mechanical svster of Fig. 3, whose parareters are riven in Table
1, duplicates exactly the forces and momente on the tank and the fluid
dmamic resronse for the fundamental fluid mode. Trus, the analopy should
prove convenient for mechanization in missile stability investirations.

Analyticnlly, the rresent result differs frem thet of Peference (1)
only in the definition of tre term . . This chanpe resulte in re-
ducing the excitation of fluid due to tank rotation over that found for
the carried acceleration field case of Reference (1), The effect, in
terms of the mechanical analopy, is to lower by a distance L, the
station at which the pendulur exciting acceleration acts, thereby makins
the locations and magnitudes of both the exciting acceleration and the
feedback forces identical in the fixed and ecarried acceleration field
cases,

Thy mechanical analorv found herein is therefore i1dentical with that
found (correctly) in Reference (1) for the fixed acceleration field case.
In addition to beinp matheraticallv correct, this identical corresyondence
is astheticallv vleasing, inasmuch as it anpears undeciratle to reguire
a shift in nmechanical analorv uron the change over fron fixed to carried
acceleration fields (ae was the case in Reference (1)).

A further sureriority of the yrresent result line in the fact that
the equations of forces and motion, as written for the mechanical analocy
in the carried acceleration field, are now correct frem the roint of view
of pure mecharics. The sare was not trus of the carried accelera’.ion
tield mechanical analogy of Reference (1), whose equations of mocion were
rade to durlicate the (incorrect) hydrodvnamic solutior. and were therefore
tremselves incorrect.

M7.C V.73
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CONCLUSTON

*The correct rerfect fluid solution for forces and roments on a
cylindrical tank of fluid underpoing small transverse displacerents and
rotations in a carried acceleration field has been derived, A mechani-
cal analogy has been found which duplicates exactly the forces, moments
and dynamic resyponse of the fundamental fluid sloshinr rode,

“M?.Cv-7.3
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PROBLFM COORDINATES & DIMENSIORS
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TANK ROTATING IN A CARRIED ACCELERATION FIELD
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FIGUFE 3

ANALOGOUS MECHMANICAL SYSTEM

M?.Cv.7.9



