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FCBEWORD 

The solution for th« perfect fluid forces on a tank 
oeclllatlng in a carried acceleration field as given in 
Reference (1) are in error throurh the use of an inconplete 
free surface boundary condition. The present report presents 
a corrected solution« 

t 
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The correct boundary condition at the Dree surface of a fluid 
in a tank oscillating in a carried acceleration field (as in a freely 
falling missile) is derived and then a; riled to the potential function 
solution of Reference (1).   Results are written in the form of trans- 
fer functions giving the transverse force and Resent about the tank 
base for arbitrary planar motions of the tank. 

A mechanical analogy of fixed mass flus pendulous moss ir fiven 
which duplicates exactly tho forces due to the first (fundamental) 
fluid mode« 
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INTFODOCTION 

A cylindrical tank, Tsartially filled with a liquid, le considered 
to translate and rotate in an artltrary nanner alonf and about trane- 
verse axes through its base. 

The object of thl« rerort if to tresent the correct perfect fluid 
hydrodynsaic solution for tank forces and moitents for the cose in 
which the acceleration field is carried with (rotates with) the tank. 

; 

. 

M».C W-7.> 



COMN/AI« — ASTP^Orsj A^-J-riCS 

Pafe:    2 
Report Rot   20-7-074 

in 
i I07A-I ' 

V 
WOMBCLirog 

At ' - dlBeMlonless paraneterB defined in equations (7) and (8) 

AJ 
/^ - force in X direction - pounds 

J - Beeeel function of flret klr^ 

** - tank paraneter, f a h/a. 

M - total fluid aase - slues 

^ - Ib.ft. 

P - hvdpodynanlc preacure -psf 

a - tank radlua - feet 

/i - depth of fluid - feet 

-frs - total fluid particle Telocity B ylu? + IA*+ ur* 

.* ~ radial coordinate - feet 

^ - La Place Tariable - sec.-l 

t - tiM - sec. 

",*< 'fcr- fluid ▼elocitlee in coordinate directiona 
^ , B       reepectlvely 

>v 
- fps 

^ 
, 2 - cartesian coordinate» 

>S^ ;JS - polar coordinates 

»r - acceleration in Z (axial) direction - fps2 

A - coefficlont of fluid node - feet2/8ec. 

?a - root of ^   =0 

0 - rotation of tark about ite base 

f> - fluid density - slups/ft3 

(On - fluid node natural frequency - "OC,"' 

MT.CV.T.J 
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WOKEHCLATURg (COWTINOED) 

- defined attenuating frequ^r.cy 

- fluid velocltj potential :a »-Grad f 

- anplc of pendulun with tanlc axis 

- analofoua fluid "anFls" defined by equation (9) 

-   FOC. -1 

- f^etV^c. 
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AMALTS 15 

Reference (1) presents s solution to the equstlons of notion and 
boundary conditions for a perfect fluid In a cylindrical tank undergoing 
snail arbitrary translations and rotations (see Fig. 1). Unfortunately, 
the free surface boundary condition «ployed therein for the case of the 
carried acceleration field Is Inconplete. 

To the writer's knowledge, the correct boundary condition was 
given first by Gleghom In Reference 2,  although the solution derived 
therefron was in error. 

To derive the correct free surface boundary condition for the 
carried field case, reference is made to Fig. 2. For a static tlrFlnF» 
it Is seen that the total pressure at any point below the free surface 
Is given by ( Q     small) 

P */OOLT [/i -je ->t^ coe 0»] 

Hence, for the case of fluid sloshing, the addition of the disturbance 
pressure tern gives 

P.*± •fi - JY ^öLrlA-«-^0**^] (1) 

whare  #   Is the velocity potential defined by £*-Croud $       . low 
at the free surface i B m h.    )  one muet always have 

DPM dP    dP_    dSv      9P    ±4   .  dP    d&   _ Q 
Dt     dt     a*,    dt       0+    dt       da    oLt 

Substituting Eq. (1), letting  dgJcCt ~urm -di/s&      and discarding 
higher order terns, one obtains the linearised boundary condlt.'^n as 

jHa *OLr%4-<xTSi,6cöa4 d V dB 
(2) 

at       B ~h. 

M?.C V-T.» 
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lq. (2) Is the conplet« free surface boundary condition for the 
carried acceleration field ease. If the potential function of Reference 
(1) is now treated with Kq. (2) as the free surface boundary condition, 
the following results are obtained (details omitted since they parallel 
those of Reference 1) t 

YriwUT frttntlil 

i-4* 
Sinh. k~ti 

«Ä^WR^^iTE 
where ^-.Zzkt^hJl 

K' 2oLr  (cosK^-i 

cosh 
a 

and the ^  are the roots of Jl      - 0. 

(3) 

K^Hvi U) 

Integration of the pressuree over the tank walls and base leads to 
the transTerse force anJ Bonent about the tank base. 

1 [2    4*?)* {J     ^Z-^ffrx'-O00^^/ 

* ^r   2Aih [fx+he (<i**ad](Z + Kn3hh.Hn~c<sh. O 
Tjoosk K i*u**>n') 

W 
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where     M-TT^a   h. 

'tn —r~ 

As in Beference (1) these reetilts are spnciallzed for effects of th«» 
fundamental fluid sloshing mode alone (subscript "l" in the sumratlons). 

Here 

D       .   I    Z*Kf sinh Hi -ccoh, K, 

it * /ö^ 

Note that here and frllowlnr» the two freouoncy rarair.etRrs vrttter. 
without eubscrlrt are underetrod to be for the fundamental sloshinr ir.ode, 

Equations (7) and (8) are put into the form from i/ Ich a m^chanienl 
analopy is derived by means of the substitution 

^ OLr      e 
(9) 
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where   Lp~ CLr/CO 

After soffie rearranpinp one obtains* 

a 

The equations of notion for the mechanical   svster of Yip, 3 sre 
Identical In form with the above, beinp 

f * •■ ^ XAie- 4* QhoMo* Ml ocT rF 

A tent-by-temi comparison between eouatlone (10) and (11) yields 
the equivalences between the hydrodynamic and lueehanicO syptern pivon In 
Table 1. 

• In writing these equations use has been made of the Identity 

/ 2 

\n-c w-T.j 
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AULOCOQS MBCHAHICAL S1STB1 PARAMETERS 

CABRIED ACCELERATICW FIELD 

Maehanieal qylr^ypnwK 

Mo M (i -/J,) 

N. izU\*-**)/('-*) 
*l MA, 

MKfa AfiffätD, ~82) 

*, K Bz/*f 

h OLr/u)* 

*   *,-** 4 (/ - JP/rf) 

"Thin relatlonflhlp 1B already satlafled by a 
can ahow that              /                    J?*      L0 

preceadlng«quality, !••«, we 
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DISCOSSIOli 

The machanlca]  svster. of Fif. 3, whose paranattn are rive« In Table 
1, duplicates exactly the forces and moisents on the tank and the fluid 
dynanic response for the fundamental fluid mode.   Tbus, the anaJopy should 
prove convenient for »echanisation in missile stability invcetipntions. 

Analyticnlly, the rresent result differs ftrfB that of Pcference (1) 
only in the definition of the term     A      .    This chanpe results in re- 
ducing the excitation of fluid due to tank rotation over that found for 
the carried acceleration field case of Reference (1).    Thf> effect,  in 
terms of the mechanical analopy,  is to lower by a distance    Lp    thn 
station at which the pendulum excitlnp acceleration acts, thereby maklm 
the locations and napnitudes of both the excitinp acceleration and the 
feedback forces identical  in the fixed and carried acceleration field 
cases. 

Th» mechanical analorv found herein le therefore IHenticnl with that 
found  (correctly)  in Reference (1)  for the fixed acceleration field case. 
In addition to beinp matheraticallv correct, this IrtenticaJ  corrosrondence 
is asthetlcallv pleasinp, inasmuch as it arrears underiralle to reoulre 
a shift in mechanical »inalorv ufon the chanpe over fr^r. fixed to carried 
acceleration fields (as was the case in Reference (1)). 

A further sureriorlty of the rresent result li^s in the fact that 
the equations of forces and motion, as written for the mechanical  analor-y 
in the carried acceleration field,  are now correct ftrnr. the joint of view 
of pure mecharics.    The same was not tru« of the carried acceleraMon 
field mechanical analopy of Reference (1), whose equations of mod on wire 
made to durlieate the (Incorrect) hydrodynamlc solution and were therefore 
themselves incorrect. 

MT-C V.J.» 
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COHCLUSinil 

The correct ferfect fluid solution for forces and roments on a 
cylindrical tank of fluid iinderpcing small transverse displaeeitents and 
rotations in a carried acceleration field has been derived. A mechani- 
cal analogy has been found which duplicates exactly the forces, moments 
and dynamic resronse of the fundamental fluid sloshinr code. 
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FIGURE 1 
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PICÖRE 2 

TAJIK ROTATING IN A CARRIED ACCELERATION FIELD 
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FIGÜFE 3 

AXALXOOS MECHANICAL FTFTEM 
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