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FOREWORD
The solution for the fluid forces on an oscillating
oylindrical tank as given in Reference (1) are for lateral
translatory motions alone. The present report extends the
solution to include tank rotations about a transverse axis.
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SIMMARY

The solution to the problem of forced oscillations of a fluid in
& oylindrical tank undergoing translations and rotations along and about
a transverse axis through its base is found by an extension of a previous
solution for translations only (Reference 1). Through the use of the
LaPlace transform, the results are written in the form of transfer functions
giving the transverse force and moment about the tank bottom for arbitrary
planar motions of the tank. Only the fundamental mode of fluid sloshing
is considered in presenting the final results and only small disturbances
are admitted.

Solutions are presented both for a tank moving in a fixed acceleration
field (as on earth) and in an acceleration field garried with the tank (as
in a freely falling missile).

A mechanical analogy of a fixed mass plus a pendulous mass is found
to duplicate the forces and moments identically in both the fixed and
carried acceleration field cases.

In an appendix, the equations of motion are developed for a missile
containing a large fluid tank through the use of the hydrodynamic transfer
function. The resulting equations are shown to coincide with those which
would be obtained through the use of the mechanical analogy.
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ANTRODUCT JON

A cylindrical tank, partially filled with a liquid, is considered to
translate and rotate in an arbitrary manner along and about a traneverse
axis through its base.

The object of this report is to prasent a complete hydrodynamic
solution giving the forces and moments on the tank as functions of tte
tank motiona. For aprlications to a missile stability study these results
are given in the form of motion-to-force transfer functions and, alternately,
in the form of a mechanical analogy.

!
!



‘ CONY AIR PAGE 2
E;n AR &Y SR St SSivesinse REFORT NO. ZU-7-069
% KED &Y . moD&L 7
_/ wensED sy 4 DATE 16 Oct. 1956
A
NOMENCLATURE
A,
8,
c - dizensionless parameters defined in equations (9) and (10)
0,
i F - force in x direction - pounds
J - Bessel function of first kind
K, = tank parsmeter, ¢, h/a
M - total fluid mass - slugs
m = hydredynamic moment on tank - 1b.ft.
P - hydrodynamic pressure - psf
S - area - feet?
' «~ kinetic energy - 1b,.feet
v = potential energy - 1b.feet
Q -~ tank radius - feet
¢ - acceleration of gravity - fps?
A = depth of fluid ~ feot
, ¢ - total fluid particle velocity = Vi *+rr v ur? - fps
~ « radial coordinate -feet
< - la Place variable - sec.-1
4 - time - secC,

u,yw = fluid velocities in coordinate directions .+ ,
$, 2 respectively - fps

X4 2 - cartesian coordinates

2,4 Z - polar coordinates
fpaz

oLy = acceleration in Z (axial) direction

( fSn = coefficient of fluid mode feetl/sec,

samst yona
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NOMENCLATURE (CONTINUED)
& - root of J =0
o -~ rotation of tank about its base
© - fluid density | - slugs/ft>
Wn = fluid mode patural frequency - sec.™
2, - defined atgpuating frequency - sec,~1
é - fluid 7elocity potential : §=-Grad ¢ - feet2/sec.
Yo - angle of pendulum with tank axis
[, - angle of pendulum with vertical (= ¥'-6)
Ve - analogous fluid "angle®™ defined by equation (15)
le - analogous fluid "angle" defined by equation (18)
A
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- ANALYSIS

Reference (1) presents the equations of motion and boundary conditions
for e perfect fluid in a oylindrical tank having & vertical axis and under-
going an arditrary lateral translation. Choosing a cylindrical ocoordinate
system as in Figure 1, the problem is shown to reduce to that of finding the
velocity potential ¢ (2,4,2)  esatisfying lePlace's equation and subject
to the boundary conditions that

i) at the tank walls the fluid particle velocity must equal that of the
wall and that

11) at the free surface

°¢  of -0

3t? roz

vhere oLy is the acceleration in the Z direction.

(' Tor the case of the tank vhich also undergoes a rotation & about a
transverse axis through its base, the complete mathematical statement of the
problem is contained in the following equations:

2 2 2
9 AR ] I3 d P
922 'R A Y a2 5¢2 *3z22°° (1)
-w =g—j: =-(é£ +i) cos ¢ (2)
1’ Lrra 2
-w =§?§ = 6 cos ¢ (3)
' 2 *0 2* 0
2
(&) -o
{ Z=h

In equation (4), is the acceleration in the carried Z direction.

' 'wmﬂ
P TPy T NN - = - e
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Following the lead of Reference (1) a solution is sought in the form of a
series of products of Bessel and Hyperbolic finctions. By a trial process, the
following potential function is found to satisfy equations (1), (2) and (35

. . ssh-{’-"i
pe-frri)a o9 D au () D5
n
a 4ad %“) g swh-ii——ﬂ

(5)

¥ fn. G" -/\‘j/(fn) cos’ # cosh 55'——— 5

Here J4 is the Beuel function of the first kind of order one, and the ; n are

the roots of J, = O. In satisfying the boundary conditions represented by
equation (3), use has been made of the equality

4Qd *)
A Z RN
¢

The undeterained coefficients 5, in equation (5) are found by satisfying
boundary condition (4). Substitution of equation (5) into (4) leads to

-2’ (6h +%).. *Z A J(M—)(xzz*a)nz)—ar 461
(£2)
4a.J :
er“d'ez (£r-1), ({,,)coah L =9

Qa A
,l"rn'tanh{n
a Q

Here the time derivatives have been written in operational form through the
use of the laPlace transform. " 4 " is the LaPlace vnrhblc and the "barred"
quantities are the transformed functions of " 4 ",

This last equation is now mulitplied through by 2~ and U, A and
then integrated term by term between the limits of sero and "a". The following
integral properties are used in establishing the result: :

rans 1s1k-a

[JUSE T PO all
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a
2 gn/’“ a’
A J(—) dr = J
L 5; "\ a ;:T / ({n) )
a mYx n
A A
s o
o Gn) m=n
where J,'(g,l)=0 C

Following the proceduve as outlined, one obtains

- a2 - - 2 a;r - 20.,—
= [’4 el (’d M h cosh §L£>J
Q

oy (o2 G2 (4 = 0
Selving,

= ald X+ 4 2)
P )

2 0O <l
where Ry = -EL </ T ok a >
a

Equation (6), vhen substituted back into equation (5) (transformed)
yields the desired potential function

mw_
cos ¢ y
COSh {ﬂ—

>z LSttty (63

5”‘4(55*7_«)4 cos p+lad

- 4ad<{a—> \SMA-E-Q%—-—'Q
+492§n (m €0 cosh —-(L—ah' )

vand 1198 .
- e TN =~ » E . .
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|
A wvell-known property of the velocity potential is that it is related to
the disturbance (dynamic) pressure by*

34

'Dd =/O t

Q

Therefore, frem equation (7) the transformed pressurs disturbance is

) §nx
5 +9h( +_Q ) LA cosh 3
- =~4{8z+x)1 cos ¢ *3‘142(4 %% ‘)(5: DD < >C°s ¢m

2= a 4aJé§a—> 34"1/15"—62;/—‘2

+d0 ) — (8) '
L — §ﬂ-(7n a (;) cosh—{ﬂ-—;: 2

a

Forcea in X direction

The dynamic wall pressure is given by equation (8) with _~=a . The
lateral force is then obtained by the integral

h, 2m
of
o 0

The integration whan carried out leads to

acosP dodz
rea

fnh
. ) " a v Cosh-G-—— —i
Fl)=-¢ xM-4 8 {M?*4Mhz (m)(f:"—/) cosh .&QL"
- :

e L‘?r‘” EEGH e

where MeT,L0a zh

-

/
* Por aquilibriun, the Buler 0quation gives %35 Grad P and hence

$*- 7 Grad Pdt where Ddt is the impulge per unit area applied
to the fluid. "By definition ° ?f «-Grad § . Hence, ,§ fpdt “d
impulse per unit urea., Then Lhe forge per unit area (procsure) = /0 ot

e c - . - - -
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Within each of the summations appearing in the above exrression the terms
for . greater than unity are negligibly small at all exciting frequencies
excepting those near the higher fluid mode resonances. The relative importance
of thozhigher mode terms may be judged by the succession of denominator factors
( f{n "=/ ). The first few of these are:

f,z"" / = 20386
§,5- 1 = 27.46

2
§s -/ =785
£5-1 =1%.0

Consequently, it is satisfactory to omit the higher mode terms for most appli-
cations, If this step is taken one may write

42x,— +8h (4249. ,2)
_46 - w/ <

(9)

Fla)=-4"XMmM-a’8n (72/' " c,) raMA [

whater | A i -2 CanhK
! K, (g1

C = 4 cosh K, -/
: 'K cosh K,

h
K = (’1
§ = 184 -

Moments about the Tank Base

The moments about the tank base, positive in the sense of positive &
(Figure 1), due to dynamic fluid pressures are given by

IE

ku
a4 2
Eé.z/ cos Pd padr

a2
Za cos @ d.p.ia*ﬂvs"s.
A« (o3 <]

PORM 18124
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If these integrals are eveluated and the results are again restricted to
the fundamental mode terms, theie is obtained

)= -a” xMh {3 + 4”?} ) Mhz{é + D,}

2= - 2
*42,14/152[ ’E {.‘f( 2] (10)

@,%)

I R+K, 8tcnh K, —cash K
h » = / ~/ /
where® 0, =232 T, 7)) cosh K,

l 2 SM K/"K[
=9
0 =R T Deosh K,

Equations (9) and (10) comprise the major result inasmuch as they provide
the desired force and moment transfer functions,

It is worth noting that the integral of the dynamic pressure normal to the
tank ba:se is sero. Thus, the sloshing motion has no influence on forces in the
Z (longitudinal) direction and the inertial properties in this direction remain
those of a rigid mass. The integral of the uniform hydrostatic head A
over the base gives the force in the Z direction as

*For the reader who may puszle over the choice of notations here it is noted
that the symbols were adopted to conform to those of Reference 1.

PORSE 1098-A
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Static Fluid Forces

|

While equations (9), (10) and (11) provide the tank forces dus to tank
accelerations there also may be forces due to static displacements of the tank.
Two cases pust be distinguished:

a) the acceleration field is carried with (rotates with) the tank,
being alwayes in the Z direction. This case arises in the freely
falling missile whose acceleration is due to rocket motor thrusts
directed alwayes in the longitudinal (3) dire tion. In this case the
fluid level tends always to follow the tank motion and hence no static
forces or moments are produced.

b) the acceleration field ie fixed. Thie case arises with the tank
oscillating in a test stend on the ground. The static tipping of thre
tank produces a disturbance pressure (2.2 6 cos ¢ ) throughout
the tank. Integrated over the tank surface this disturbance pressure
produces a transverse force in the positive X direction and a positive
moment, ' The transverse force is exactly cancelled by the horizontal
component of the main hydrostatic base pressure ( g h ) so that
there results finally

-

F sraric = 9

(12)
2

(7} l
M sraric = M?h<4hz i “2—) 6

Equations (12) must be added to (9) and (10) for the tank moving in a fixed
accelerstion field,

Mechandcal Analogy

In preparation for the derivation of a mechanical analogy the following
rearrangement is made of the hydrodynaric solution., First, the results are
rewritten here:

2 - =/ 2 2
'3 o -42£M_42th<-é_ *CI>*.42MA, 3 "X."{llg__c\éz*ﬂ ) (13)
< *W
- 2 - / az 2=, 2
M= -4 ZM/':(‘Z—*W>-4 GAMh \3 *D,>

2 - P L —‘
+42Mh.52_ = Z;Ih’e&()g 52) :+M}h(—$7'l—z *—é—) e : (14)

. L e J

rORN 1318-4
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Here we have written within the dotted box those additional terms peculiar to
the fixed acceleration field problex.
Now let
-~ 2 x+n8 (427 (15)
Fo oL, PEEAL
vhere (= a,/a)‘ . Thus, equations (13) and (14) becowme
- 2 - 2= / 2 -l
Fu-d’im-amn(LrC)-a'MAL, 7, (16)
- 2 - / Q2 L= 2] \
e xMh(z YoRE) < é Mh (3 *D,)
: _ 0 Ja N s |
-4 Mh B, L, ¥ L+M?h<w + E) @ (17)
___________ -
Equation (15) may be written
(¢ %) & ==L [«*x +ré (7 2Y)
P
Making the _turthor substitution
2
— - JZ =
lp = TF Ty o (18)
this becomes
2 2 / ] 2 _Q2
— -— 2 -
(4*/.())/}:——— <4 Xt Qh/-—z) (19)
L W
If now ecuations (18) and (19) are used to elininate E‘F from (16)
and (17), one obtains
- 2 - 2= ! a,z
Fe-a®am(-a)-a"6m(5 2 —ea) . MA Xy (20)*
/ / 2
®*In writing equation (20) use has been made of the identity ) +C, =4, EE +4&; =8;.

n-im
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r—---- 277711
5 a Ly

+ MhB, oy /',',"*M?h('m 2) | (21)
4

Equations (20) and (21) express the results in the desired form, giving
the forces as functions of the tank motion plus a fluid "angle® whose equation
of motien is given by equation (19),

We nov proceed to determine the equations of motion for the mechanical
system of Fig. 2.

Pig. 2 - ANALOGOUS MECHANICAL SYSTEM

As in the hydrodynamic problem, twvo acceleration field cases are possible:
a fixed field and a carried field. While the equations of motion are similar
in these cases, their final rearrangerzents to bring them into the form of
equations (19), (20) and (21) differ, and hence we derive them separately
for convenience.

L ] d (2

The kinetic and potential energies for the system of Flg. 2 wher diejlaced
in an acceleration field carried with the axes are

/ , e / P . e o 2
T=? M, (x#hoe) + Z—M,[x, *(h,-LP)9+Lp b’,,} *s 1,8

SRR 1018-A
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c
"

M,y Ly ¥

N~

Using LaGrange's equation, the forces and moments and the equation of
nmotion in ¥, are

FomWMy+M) X =[Myhy +M, (h,~1)) 6 ~M, L, ¥y (22)

m=- [_:”oho M, (’H'LP)] x = [Mo hoz* I. +M, (h;'Lp)z] 6

oM, (h L)L, ¥ (23)
AN A Z’— [% «(h, -1 6] (24)
P
2 04
h = &r
vhere () L,p

Equation (24; is already identical in form with the corresponding hydrodynamic

esquation (19). If it is used to substitute into equations (22) and (23) for
7, one obtains (transformed)
2- 2=
Fa—-a2M -4 OMh,+ Mo, X, (25)
- = 2
M= -t XMy - 46 Mohgr 1)+ M, (b, L) oy K (26)

These equations are identical in form vith equations (20) and (21) of the
hydrodynamic sclution (less the terms in dotted box for a fixed field).
Compering term by term, the correspondences listed in Table 1 are found.

ORM 1818-A
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TABLE 1

MECHANICAL SYSTEM P
CARRIED ACCELERATION FIELD

MECHANJCAL HYDRODYNAMIC
Mo M ("’q;)
h, | ﬁ(ei . fn; - 52> /(/ -A)
M, MA,
Mhel, /w{"(g’ ro, - 52)
A -Lp A B, /,a,
e ’ ar /W z

h, -Lp A (/ - Jz'z/a.)z)

® this relationship is already satisfied identically by a preceeding equality,
10.0, we can shov that 2 2
6, /4 = 1-2%w

The analogous mechanical system ie thus defined. Equations (24), (25)
and (26) are its solution.

“Pixed Field* Pepdulun Sveten
The kinetic and potentiai energies are

s ) 5 . 7R .
T =g My (2t ho &)L M (%o (n-Lp) S0y 8] + 5 i, 6

Pl 1810.A
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/ /
" Useg Mphe g g [h 67 (-]

Using LaGrange's equation the forces, moments and equation of swinging
are found to be

F=-= (MO*MD x - [Mo"o"M/ (y 'LP)] & - M, Lp 7

= - [Mo ho+ M, (h,-z_,,)] % -[Mo ho + M, (A1) + ro] 8
- M Lp (L ¥+ [Mo ho +M, (’H'LQ] 8 + M gl, ¥p

- / - -
Fporw® rpx-—z-;[an,-ge - a, 6]

2
vhere W = ar/ L,

2 =,/ kL,

Since this last equation of motion is not identical in form with equation (19),
ve make a change in variable. Llet /, = &, - & making this substitution
yields, in opersational form,

(c*+ 0 Pp-—z;i4‘x+.¢’h, 5] (27)

Equation (27) is now idemtical in form with equation (1¢). If one next eliminates
¥s from the force and moment equations one obtains finally

Fe-dxmy-a“OMh M a1} (28)

m=- < iMoho—“'aé <Moh:'1q)*‘wl hy oyl "(Mohc M, "‘)ar 6 (29)

¢ VRS iS-A
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These equations are nov identical in form with the hydrodynamic solution
for the fixed field. Comparing term by term, the correspondences shown in
Table 2 are found, thereby defining the desired mechanical analogy for the
fixed acceleration field problem,

TABLE 2
C YS
CC ONF
MECHANICAL HYDRODYNAMIC
Mo M(/ —’q/)
/ a.‘z g
h, ( 2 :”? 52)//—'4')
M, MA,
2/
M h “I Mh 3’*0, - 53)
h, [} h B). /'ql
* h, h /—.Q"/ W?)
. a,z /
Moho * M, A, Ath Tz
"thess relationships are already sutisfied 1dent1cplly by the preceeding
equivalences.

It is interesting to note that the rigid portion of the mechanical
analogies are identical in both Tables 1 and 2 and that the pendulums differ
only in the height at which they are located. Because of t.ue differences in
their equations of motion howvever, the dynamioc forces produced by these
pendulums pre idemtical in each case. It is only in the presence or absence
of a static couple term that the results differ,

PORN 1018-A
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CONCLUSIONS

1. The forces and moments produced on a tank of fluld undergoing erbitrary
ezall planar motions have been derived. (equations 19, 20, 21)

2. For the case of the tank moving in a longitudinal acceleration field

carried with the tank, the forces and moments are duplicated exactly b
s mechanical system (Fig. 2) whose parameters have been found (Table 1
*  and vhose squations are given (equations 24, 25, 26).

3. Por the case of the tank moving in a fixed acceleration field the forces
and mowents are durlicated exactly by a mechanical syster (Fig. 2)
vhose parameters have been found (Table 2) and whose equutions are
given (27, 27, 29).

PORR 1098-A
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APPLICATION TO MISSILE
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rOonN W912-A



ANALYSIS C ONVYAIR PAGE 21 ,

PREPARKD BY A VISIGN OF GENERAL DYRARICS COSPORATION REPORT NO. ZU—7-069

CHECKED BY S4% BRSO mopgL 7

REVISED BY , pATE 16 Oct, 1956
0 ULI SECT]ON

@ - transverse displacement of empty weight nissile c.g.

r - distance from empty weight missile c.g. to base of fluid tank,
positive forward

M, - eapty weight missile mass
I, - empty weight missile inertia about the empty weight c.g.
T - rockel engine thrust

MasMs, Fas Fs - aerodynamic and rocket engine moment and force
derivatives

- missile attitude
- missile angle of attack

rocket engine deflection angle
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= transverse displacement of effective missile c.g.
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APPLICATION TO f OF MOTI

Consider the missile of Fig. A=l. The equatione of motiom will be
written for the empty weight missile center of gravity, treating the fluid
sloshing forcee as though they were external forces of known tranasfer
function acting on the missile at the tank base station.

WEIGHT C.6.

FIG, A-1

Summing forces and summing moments about the o.g. gives
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vhere A, , M;, F, Fs are aerodynamic and ocontrol moment and force
derivatives. :
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Now from equations (19), (20) and (21) ve -ay write the fluid forces
as ("carried field")

2 .
F=-"a (y.*ré) M(/ A) < 94’”’1(2/ -4-9’-1-:—82)
+MA, oy [ (A-2)

2
772 =-a® (; *r5) Mh(% +7%“ -@)-43544/1&6—*0, -89

vhere /. satisfies the equation

et [Gern(B] o

Substituting into equations (A-l) gives

Z

+[w~ (/-A,)-t-MhC-é— +3‘;;1; .-,55)] <ty

=[Mh8z + MA, r] a,,/:'F*Ma_a. * Mo (A=5)
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=MA, O, [+ Fp s F S (A-6)
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