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A solution to the perfect fluid equations for sloshing in a 
conical tank, presented in Reference t, is extended to give the 
theoretical forces moments and surface weve forms. A mechanical 
analogy, in the form of a pendul.vm plus fixed mas?, is found to 
yield identical responses. 
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INTRODUCTION 

nieeilea th* propellanta coaçjriae the greîteat 
portiön oj total naas throughout moat of powered flight. The aloahing 
f theae fluida, in reaponae to miar lie accelerationa, producea large 

deatabilizing forcea necearitating a atudy of fluid behavior and means 
for aloah control. 

The preaent report representa a continuing effort in sloshing studies, 
this one being intended apecifically to treat aloahing in a conical 
Ian* bottom. Mechanical analogies hive proven useful for sloahinp 
repreaentatione in missile stability atudiea (Reference 2, 3) and hence, 
the development of one ia pursued herein also. 
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arbitrary constant 

distance from cone apex to pendulum 
hinge in mechanical analogy 

distance from cone apex to rigid mass 
in mechanical analogy 

depth of fluid measured from cone apex 

La Place operator 

acceleration in X « direction 

acceleration in vertical (y) direction 

arbitrary functions 

force in X - direction 

arbitrary constant 

length of pendulum in mechanical analogy 

moment about axis A-A 

total fluid mass 

rigid mass in mechanical analogy 

pendulum mass in mechanical analogy 

pressure 

cone semi vertex angle 

height of fluid surface wave 

fluid density 

pendulum angle in mechanical analogy 

natural frequency (of fluid mode 
and/or pendulum) 

ro»M a 
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V'd 

~ur. xr 

cylindrical coordinates 

rectangular coordinates 

coordinate direction with respect 
to walls. 
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Tbe spécial cas® of a conical tank with a semi-vertex angle of 

Th. fîuîHÎ ™ yith °nly tran8la^0“l tank motion Evolved, 
hiahpí irni! ®onaider®d inconPr«s8ibl« and non-vi-jcous. In addition, 

♦î*1’“** I8 productfl of 8na11 perturbation velocities 
?nVre neßlected- With these assumptions, the problem 

(Reference ^ Sfttlsfylne the followinS mathematical expreLione 

V1 (f) - O throughout the fluid 

2) 0n, z û on the tank walls 

3) fi-tb fA^/zO on the free 
surface, y = h 

(see FiTure1!)1*10"1 coordin',t®8 ^*<P* r^» with origin at the apex 

U Place's equation is 

4) iVf{ZSr t fe <p9a -_o . 

Now assume a trial solution of the form 

5) <p= F(±) . G(r;¡jj COS 6 . 

Substituting into Equation 4, one has 

F(t) • <3>r cos 6+-frF(i)-GrC0se -jiFC-tje-cose 

+F(i)(5{jyC0$ 6 zO 

"£A/C£ 
J r _L - ! . 

6) °rr + r z¿:> 
corresponds to the result obtained in Reference Î. 

Equation 6 
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Bj changing variables such that, 

-ur - rf-y 

y-r , 

Levin (Reference 1), shows that Equation 6 becomes 

7) -urir+if-) [e^{0^0^)-26 -.0 

and condition (2) gives 

8)6Vr¿? o/t XTzO (for a 45° apex angle y = r on 
the tank walls)* 

Assume the following expansion as a solution: 

9)02¾ It has been 

verified that by expanding the double recursion relations, 
through the first four terms and applying the conditions of 
Equations 7 and 8, only the n and ¿2, coefficients do not become 
sero. This results in 02 

O'zo ~ ^ 

then 

10) 
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From the change of v^rifiblee previously made and it can be found 
that, j % 

-ur—ir T/ye/tE/VAr., 

in -try 

Finally, 

is) ò -/= (t)r‘jcose 
Equation 12 now satisfies Eountions 1 aid 2. The remaining 

boundary condition, Equation 3, leads to 

È: rj coso+AyF rcos$ +A* reos g ~o 

O/l 

13) k F tAy f r -A, 

In La Place operational notation, 

f- (d h. -Ay ) z X.(A') 

or 

U) F(-4)-- k T/Fz 

vhers lf! the natural frequency of slosh. 

The final form for the scalar velocity potential is then; 

15) - rycoso 
hs 

> 0» V A • Î 1 
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Not® that only a single sloshing mode, (only one natural frequency) 

is found hereby. 

From the equation for the velocity potential one can successively 
derive expressions for the dynamic pressure, force, moment and surface 
wave form due to the oscillating propellants as follows: 

Pressure 

The fluid pressure can be expressed as follows: 

p(4) - f\pt rcose] 

Now on the walls T/\ Hence 

16) COS<9 

Then the pressure at the walls is 

17) p(a) = f> - cose 

forces 

The forces exerted on the tank walls may now be obtained by an 
integration of the pressure in Equation 17 over the surface of the 
cone. By setting up a differential area for the cone, one obtains 

the integral: 

i 2.^ 

f J p-cos<xJ./\-cosô-§ j pcose-rydo 

» O« V A . 
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Integration results in the following expression for the forces 
at the wall. 

is the total muss of tho fluid. where 

This result is identical in form with that obtained for the 
flat bottomed cylindrical tank undergoing translation only. (Reference 

2). 

Momente 

The moments produced by the oscillating fluid are next obtained 
from nn integration of the forces on the tank. The clockwise moments 
about the y axis (Figure 1) are as follows: 

! 
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Surface V^vr ^£jjj 

Ae In Raference 2, the eurface w»ive fora cnn be derived by letting 
the pressure term in Fuler's eauation be zero. Then by denoting the 
•urface elevr.tion by ^ , one hass 

y / -k. 

^ -?4r-,, • ^ (S7^/ 4. rco$ a 

or at the wt.ll« where /^r/¿ -y 

20) 
k CfSÔ 

4 

¿St 
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The mechanical analogy used here will be similar to that used 
in Reference 3» so only the final equation» will be given along 
with the determination of the arbitrary constants. Figure 2 showe 
the mechanical system. 

laissa 
For tl.tr mechanical system the forces may be written directly as: 

where %p , the pendulum ".ngle, has a response 

Equation 21 can be manipulated such that the force equation is 
put into the form 

Equrtionr. IB and 22 are equal if and only if: 

follows that 
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OsaatitM. 
By chooBlng various pivot pointe for the pendulunm, the force 

analogy can be extended to include the moment equation. The moment 
equation for the mechanical system is as follows: 

^ X ^k0 _/W, Aj i'p 

again by using Equation 21 one can rewrite this ae the equation, 

23' Mz(Moh^+M'k, ) 

By comparing Equations 19 and 23 one finds: 

Mck0i-r>\k z/J kM 

k, :/.£/i./W 

Using the values for/VJo and obtained previously one finds, 

Jt,' = !.€k 

k0 z/.Zh, 

The mechanical analogy is thus completely defined. Table I 
sunaarizes the parameters. 
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The surface wave form of Equation 20 can also be expressed in 
terms of the displacement of the equivalent pendulum as follows. 
From Reference 1, liquation 102, 

¿'X 

and 

Substituting into Eqttation 20 and rearranging terms given, 

-¡¿(./fO1-)] 
¿I J 

or at the tank walls 

2b) 1 --ktfpCOSQ 

Note that the sloshing surface is a -J^^r surface, unlike that found 
for the cylindrical tank, Reference 2. 
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r^The equations for the forcee, momonte and surface wave forms for 
a conical tank (of 459 eemi-vertex angle) being subjected to 
arbitrary horizontal, translational motions have been obtained. 

The forces, moments and surface wave forms can be duplicated with 
the use of an equivalent pendulum system whose parameters, In terms of 
the fluid depth, tre given herein.< 

» O O M * 
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FIGURE 1 

PROBLEM COORDINATE SYSTEM 






