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ABSTRACT 

This paper is primarily concerned with selecting a subset 
of k populations such that the probability is at least 
P* that the selected subset Includes the population with 
the largest (smallest) quantile of a given order a 
(0 < a < 1) . In particular a procedure is proposed and 
studied which is valid for any family of distributions 
with increasing failure rate on the average (IFRA).  It 
Is compared, asymptotically, with a distribution-free 
procedure proposed by Rizvi and Sobel. 



SELECTION PROCEDURES FOR RESTRICTED 

FAMILIES OF PROBABILITY DISTRIBUTIONS+ 

by 

Richard E. Barlow and Shantl S. Gupta 

1.  INTRODUCTION ANP SUMMARY 

Let  n-.ru n  be k populations. The random variable X 

associated with n  has a continuous distribution F. , 1 «= 1,2, ..., k .  We 

are primarily interested in selecting a subset such that the probability is at 

least  P*  that the selected subset includes the population with the largest 

(smallest) quantile of a given order a(0 < a < 1) .  We assume each F. has 

a unique a-quantile,  C  . •  Let F. .(x) = Fr.ii denote the cumulative distri- 

bution function of the population with the ith smallest a-quantile.  In tht 

following, we consider families of distributions ordered in a certain sense with 

respect to a specified continuous distribution G and propose and study a 

selection procedure which is different from the nonparamctrlc procedure of Rlzvi 

and Sobel (1967).  We assume 

(a) f^iCx) > Frk](x^  1 ' 1«2 k and a11  x ' 

(b) 3    a continuous distribution    G 3  F,   , < G, VI ■ 1,2,   ...,  k , 

where     -^  denotes a partial ordering relation on the space of distributions. 

This research was partly supported by the Office of Naval Research contract 
NONR-1100(26) at Purdue University and Office of Naval Research contract 
NONR-3656(18) at  the University of California at Berkeley.    Reproduction in 
whole  or  in part  is permitted  for any purposes of  the United  States Government. 



A relation •<   on the space of distribution is a partial ordering  if 

F < F V distributions F 

F :< G, G :< H implies F < H . 

Note that  F ^ G  and G -^ F do not  necessarily imply F = G . 

Various special casts in audition to stochastic ordering are: 

F -< G iff F(0) - G(0) - 0 and G F^X^  is (i) 

nondecreasing in x > 0 on the support of F . 

F -^ G iff G' F(X)  is convex on the support of F 

-1. 
F -< G  iff F(0)  - G(0)  - %    and    G    F^    is 

(li) 

(iii) 

Increasing  (decreasing)  for    x    positive   (negative)  on the support  of    F 

F-<  G Iff F(0)  - G(0)  - H    and    G~ F    is concave-convex (lv) 

about  the origin,  on the support of    F   . 

If    G(x)  - 1 -  e~X    for    x > 0  ,   then  (1)  defines the class of  IFRA 

distributions studied by Birnbaum,  Esary and Marshall  (1966) while  (ii)  defines 

the class of  IFR distributions studied by Barlow, Marshall and Proschan  (1963). 

For any distribution    G,  F "^ G iff F(x)    crosses    G(ex)    at most once and from 
* 

below if at all as a function of x for all 9 > 0 .  If G(x) ■ 1 - exp(-x ) 

for x > 0 and  X > 0 , then F-< G implies that F is "sharper" than the 

family of Wolbull distributions with shape parameter X .  Implications of 



orderlngs defined by (iii) were studied by Lawrence (1966).  Van Zwet (196A) 

studied orderings defined by both (ii) and (Iv).  Clearly ■< ordering implies 
c 

•< ordering and «\ ordering Implies -<( ordering. 
* s r 

If X = (X.„X.T, ...» X. )  is the observed sample from the ith population, 

then wc restrict ourselves to the class of statistics T •= T(X )  thac preserve 

both ordering relations (a) and (b), I.e., 

P,,   {T(X) < x} > P_   {T(X) < x} 
F(i]   " "   " F(k]   " " 

(a') 

for all x and i = 1,2 k . 

^(X^ ^GT(Y) 
(b1) 

1 = 1,2, ..., k where Y = (Y^Y-, ..., Y )  Is a random sample from G . 

In Section 2 of this paper, we propose and study procedures R (R')  for 

selecting the population with the largest (smallest) a-quantile for distributions 

which are ■% ordered with respect to a specified distribution G .  The infimum 
* 

of the probability of a correct selection is obtained in Theorem 2.1 and asymptotic 

evaluation is given in Theorem 2.2.  Section 3 deals with quantile selection 

procedures for the class of IFRA distributions.  In Section 4, we study the 

efficiency of procedure R with respect to a procedure studied by Rizvl and Sobel 

(1967) under scale type slippage configurations.  Asymptotic relative efficiency 

of R with respect to a selection procedure for the gamma populations proposed 

by Gupta (1963) Is also investigated.  Section 5 deals with selection procedures 

for the median for distributions that are "V ordered with respect to a specified 
r 

G .  In Section 6 we propose a selection procedure with respect to the sample 

mrnns for distributions that are "^ ordered with respect to G(x) •> 1 - 
-x 

Application  to  the  selection of gamma populations   Is  also ^vf0   ^n  Section  6, 



QUANni.K  SELECTION  RULES   FOR  DISTRIBUTIONS    -<   ORDERED  WITH RESPECT TO    G 

Wc are given a sample of size    n    from each of  the    k    populations 

n  ,1 = 1,2,   ...,  k .    The distributions    ¥,.,    and the specified distribution 

G    satisfy  the  assumptions   (a)  and   (b)   of Section 1.     The distributions    F. 

are,  otherwise,  unspecified.    Of course,  the correct pairing of  the unordered 

and ordered    FJ'S    is not known.     We denote  the k-tuples     (F.,F„,   ...,  F.)    by 

Q .    Let    T denote the Jth order statistic from    F      where    J  < na < j + "!   . 
j, 1 1 

Clearly,     T     ,      "•■£..   the a-quantile as    n -► ^    and    -^ -* a  .     The rule we 
- '       1,1 a.l n J       a.s. 

propose  for  selecting  the population with  the largest ot-quantile  is: 

R  :   Select  population    n    iff 

T        > c        max        T        ,  j  < no < n + 1   , (2.1) 
3,1 '      1 < r < k    J*' 

where c *  c(k, P*, n, j)  is some number between 0 and 1 which is determined 

so as to satisfy the probability requirement 

Inf P{CSlR} - P* . (2.2) 

where CS .stands for a correct selection, i.e., the selection of any subset 

which contains the population II,. , with distribution Ff. , .  Before discussing 

the main theorem concerned with the evaluation of P(CS|R} , we present a known 

result for order statistics.  Let H  . (x) be the cdf of the jth order statistic 

from F, ,  and let G (x) be the cdf of the jth order statistic from G . Let 

us define 



so that 

^m 

V(X) " Yn'W51»  -r BJ.nWX) (2.3) 

Since 

Gj1 HJ.1(X) =  ^J01"1 BjF[i](x)  = G'1 FIi](x)   • (2.4) 

we soo that  order statistics preserve each of  the partial ordering relations 

(i) -  (iv).    For additional applications of   (2.A)  see van Zwet   (1964). 

We now state and prove a theorem which enables us  to compute  the constant 

c    which defines  the  procedure    R  . 

Theorem 2.1; 

If    Fu)(0)  - G(0)  - 0,  F[1](x)  >  F[k](x).  x > 0,  i - 1,2 k    and 

F[k) ^G  .   then 

inf  P{CS|R}     -   /    [G   (-)]k"1 dG.(x) 
n o        J  C J 

(2.5) 

Proof: 

Note that 

P{CS R} I [Si HJ-1<X/C)] '"" (x) 

i / [v^']11"1^.,.«- 



We wish to bound the right-hand side.  Let X.  (r = 1,2 k)  be i.l.d. 
J »r 

with c.d.f.  IL . (x) .  (Note that XJ  H T^   when  F,., = Fr. ,, V, .)  Let 
j.k J,r j,r        [1]   [K]  1 

(Kx) •= C~  H . (x) " G~  F. .(x)  so that (|i(x)/x  Is nondecreasing in x > 0 , 
JJ»K         IkJ "" 

Then 

.,v  v   <|>( max X,  )   max QiX.     ) 
MX1.r) <  l<r<k 3>r u  l<r<k   

3,r 

X,   •-  max X^       max X, 
j.r l<r<k j.r l<r<k j.r 

(2.6) 

so that 

J^r! JUi. 
max <>(X.  ) - max X 
l<r<k l.r l<r<k j.r 

(2.7) 

Since Y   ■ ((»(X  )  has distribution G  for r ■ 1,2, .... k , we have 
J »r    J »r J 

P{CS|R} > P - ^,   r —H— > c? - H. , \ max X. 
^k l<r<k 3'r 

ijL 
- G. ^ max Y 

J I l<r<k J'1 

> c (2.8) 

-/ (Gj^)]1""1 dG^x) , 

provided    c    is between 0 and  1. 

Remark 1: 

The constant c ■ c(k, ?*, n, J) which defines the selection procedure R 

is detorminod by 



/ [Gj(J)]
k"1 dG^x) = P*. (^ < P* < 1) . (2.9) 

-x 
These constants arc tabulated for G(x) = 1 - e   for selected values of n, k, J 

ami P* in the first set of tables in the companion paper by Barlow, Gupta 

and Panchapakesan (1967). Clearly,  c is independent of scale. 

Remark 2: 

(V v If G (x) = 1 - e    ,  for x > 0 and 6, X > 0 , then for j ■ 1 , the 

values of  c  are independent of n .  This can be seen from the fact that the 

distribution of the smallest order statistic involves n only as a scale parameter 

and that the selection procedure (2.1) is scale invariant. 

Remark 3; 

It should be pointed out  that Theorem 2.1 requires only    Ffki "^ G  ; 

however,   to apply  the procedure    R ,  we assume that    F,., •% G, V     . 

Now we discuss  the asymptotic evaluation of  the probability of  a correct 

selection.     We state and prove the following theorem. 

Theorem 2.2; 

If    Frki(x) "^ G,  F,.,   (G)    has a differentiable density    f...   (g)     in a 

neighborhood  of  the a-quantile    C     (n  )     and     fr. ,(?  )  t 0   (g(n  )  J*  0)   ,   then in 
aa       IKJO        a 

our previous notation (see Theorem 2.1) 

.   ( v   >c)  j W./'-^w-M^, 
H. . \ max X.  - f   «f      \c        /—=     / 
J*k(l<r<k J«r   )   -00     V        c^     ' 

(2.10) 



as    n -> o"  , where    a = 1 - a    and    ♦(•)    is the c.d.f.  of  the standard normal 

variate. 

Proof: 

P)X.  .   > c    max X^ 
/  "" l<r<k-l    J' 

imax       (X,    -C  ) + ^^ 5 

/oTä ' /^5/(/Ji £..,(?  ))        , 
lkJ    0 /      (2.11) 

-» \ c/a 5 / 

since X. 

To prove the second part of   (2.10), note that    F,. , ^ G    implies 
I K j  ^ 

-1 
G    Fri.i(x)  ~ x    changes sign at most once and from    -    to    +  ,  if at all.     Since 

Fri ,  "^ G     is  invariant under  scale  changes,  we can assume     n    ■ ^       so  that [k]   A 
ö    ' a       a 

F(^ ) H G(^ ) . Either F-G in a neighborhood of C or the slope of the 

tangent line to F at C is greater than the slope of the tangent line to 

G    at    C     .In either case    f.   ,   (^ )  * g(^  )    and  in general    5    fr. i   (C  )   > 

na g(ri
a
)   ' 

Remark 4: 

Setting 

>       v-l/x       (1'c)   na 8(n )/?i\ 
j      ♦       If + Id*(x)   - P*   , (2.12) 

^_a^_M-a_aaM--_MMvji 



we sec  that 

:(k.  P*.  n.  i)*l-^'  P*'  ^ 
/5 

(2.13) 

;is     n •► 

For     k  =   2   ,   and    g(x)   ^  e       ,   wc see 

c(2.   P.,  n,  J)-!-^^--^-^-^/-^ Ü) 

where o"1 (p*)/önr 
(l-a)(-log(l-a)] 

(2.14) 

Subset Selection Rule  for  Smallest a-quantlle 

The rule  for  selecting  the population with the  smallest  a-quantile is 

R':     Select  population    11.  Iff 

dT        <    min    T       ,   j   < n < j  + 1 
3,1 "  l<l<k    J'1 

(2.15) 

where    0 <  d  = d(k,   P*,  n,  j)   <  1     is determined so as  to  satisfy  the basic 

probability  requirement.     If    F.   , (x)   < Fj.-^x),  i =  1,2,   ....   k    and all    x  > 0 

and    F...  ■< G   ,   then  the constant    d     is given by the equation 

QD 

/   [Gj   (xd)]1""1 dGjCx)  - ?* (2.16) 

where G(x) = 1 - G(x) .  In a manner similar to the proof of Theorem 2.1 we can 

show th.it 

00 

PfCSlR') > / (GjCxd)]^1 dG (x) 
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The values of d are tabulated for selected values of k, P*, n and j  in the 

companion paper by Barlow, Gupta and Panchapakesan (1967). 

The rules R and  R'  select nonempty subsets.  The size of the selected 

subset is a random variable which takes values  1,2, ..., k . The expected size 

of the selected subset is a common measure of the efficiency of the procedure 

(Gupta (1963b)). However, it is difficult in our more general framework to set 

meaningful bounds on the expected size without further assumptions.  If we 

assume, in addition, that there exists G  such that G "^Frj-i for all i , 

then we can obtain an upper bound on the probability of including the "worst" 

population in the selected subset. We consider this in more detail later for 

IFRA distributions. 

If we assume that F, .(x) is stochastically increasing with respect to 

i , then 

P{select IKjjR} > P{select H. JR}  if i>j . (2.17) 

The proof is similar to the one given in Gupta (1967). A result similar to 

(2.17) is true for R, . 



n 

11 

3_.     Ql'ANTTI.E  SELECTION PROCKDUKF.S  FOR THE CLASS OF IFRA DISTRIBUTIONS 

If     F -< G    where    G(x)  =  1  -  e~X    for    x > 0  ,   then    F     Is an IFRA dlstrl- 
* 

butlon.     The  problem of  selecting  the best one of several  IFRA populations has 

been considered by J.   K.   Patel   (1967).     He was  interested  in selecting  that 

population with the smallest failure rate at a prescribed  time    T  .    His decision 

rult depends  only on the number of  observed failures  in     [0,  T]    for each 

population and not on the times at which failure occurred.     In this respect our 

procedure will utilize more  information,  though of course we  are selecting with 

respect   to quantiles rather  than failure rate. 

We show how to obtain    c.     values for the Weibull distribution with shape 
A 

parameter  A > 0 . We remark that the class of distributions  F , such that 

A 
x 

F «^G      where    G  (x)  =  1 - e for    x > 0    and    6,   A   >  0     Is the smallest 
*    A A 

class of continuous distributions containing the Weibull class of distributions 

with shape parameter    A    which is closed under the formation of coherent 

structures and  limits in distribution.      To select populations    «^   ordered with 

respect   to    G     , choose    c    corresponding to    r,  k, j    and    P*    based on an 
A 

exponential  assumption and set     c.   ■   (c) .    To see  this,   let    Y denote 
A J 11 

the J-th order statistic from population i  (all populations having the exponential 

distribution).  Then Y    is distributed as the j-th order statistic from G  and 
J»i « 

p_ {CS|R} - p 
GA 

Y1A 

max „1/A - A, 
l<l<k J,i 

(3.1) 

. P | i-ii  > (c )Ai 
' max Y   - K  \' 
l<i<k J*1 

+ 
Private communication with James Esary, 
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or c = (c.) 
X' 

If, in addition to the assumptions of Section 2 (see Theorem 2.1), we 

assume that  a) FfjiM > F, ,(x)  for all x > 0, 1 = 1,2, ..., k and, 

b) G ^Ff11  for all  i = 1,2, ..., k, X > 1  then we can obtain an upper bound 
A ^  IJ J 

on the probability of selecting the "worst" population, i.e.. 

. P{Sclecting nm|R} < / [G (-^)]k~1 dG (x) (3.2) 
o   J c       J 

where c is chosen so that 

oa 

,xx,k-l P{CS|R} > / [Gj^)]11"1 dGjCx) « P* 

Clearly, the upper bound is an increasing function of  X  for  X > 1 . 

Now we describe the relative performance for small sample size  (n ■ 15) 

for procedures R and R.  (the Rizvi-Sobel procedure - see (4.8)) using Monte 

Carlo techniques.  For this purpose we chose gamma and Weibull distributions 

with densities 

-x/91 
e   / x \r-l 

gamma.    ^y ^-J i - 1.2 

-(x/ei>r   r    /xV^1 

Weibull,        e ~ /^-\      .      1-1,2 

Based on  5,000 simulations, we computed     P{CS|R},  E(S|R)    and    PfCSlR.}   , 

E^JR.)   .    ( E(S|R)     IS  the expected  size  of  the  selected subset  using procedure    R   .) 

These values are given below: 
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Monte Carlo Coiriparison.^ of    R    and    R. 

P«- = .90,    k = 2,    n = 15 

Garana 

r = 1 

e^i,   32 = 2 

Garara 

r = 5 

8^2,    92 = 3 

Weibull 

r = 2 

^=1,    92=2 

F{CS[R] 

K(ö!K) 

.993 

l.'+7 

1,000 

1.88 

.985 

1.85 

PCCSK^) .997 

1.61+ 

1.000 

1.96 

.939 

1.76 

Computations performed by David Stanford of the Operations Research Center, 
University of California, Berkeley. 
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A.     EFFICIENCY  OF  PROCEDURE    R    UNDER  SLIPPAGE  CONFIGURATIONS 

We consic'er  slippage configurations    Ff   .(x)  = F(7)»   i *  I»2» , k - 1 

and Ff, .(x^ = F(x), 0 < 5 < 1 . We obtain asymptotic expressions for the 

probability of a correct selection and the expected size of the selected subset 

for procedure R and for two other procedures. 

Using our previous notation 

P{CSIR} = P|T. . > c  max T. 
I J'k "   l<r<k j,r 

Pu   (X . > c max 6 X. 
j.k | J'k "  l<r<k   j'r 

(4.1) 

J I ■J      l<r<k J, 

where Y  , r « 1,2, .... k are l.i.d. with the cdf G (y) . From (2.11), we 
J»r J ' 

obtain 

7    k-i/x     a-csn fua)^\ 
'{CS|R} « J  *   l^- +  2 I d*(x) . 

-oo     \ c6/a ä    / 
(4.2) 

Note that the probability of a correct selection is a monotone decreasing 

function of  6 .  For the slippage configuration 

E(S|R) - P{CS|R} + (k - 1) PJT  . > c max T  I 
I J*1 "   i^i J*1; 

(4.3) 

P|TJ   .   > c max T.   . 

PIT.   .-«C     > c max/    max     (T.     -6E.  )Jl  ,-C +5  -6C  \+c6t.  -61  |   (4.4) 
(J.I      a " l2<i<k-l     i,i      a  '  j,k    a    a    sa^       ''a    ^aj 

/, f(f.  K   (1- -)^\   .    9/ f.  f(K  )(l  - -)^\ 

-no       \ /a a / \ /a  a ' 
— Jd;(x) 



Setting k = 2 , we have 

15 

E(S|R) - P{CSIR}« * 
/^ v/l + A2 

(4.5) 

Setting the right-hand side of (4.5) equal to  e, - f(Ca) 4a f 1 ~ ~) ^ 

"  (e) . where we have put c »= c  .  Now using c ss 1 - — ' r       n n      /- 
/n ^\R?) 

(from (2.14)) 

(O ^(l-6-^-6 /-n) " ^U)^!**2^^*^) (4.6) 

from which,  keeping  terms  of  order    /n  , we obtain 

Ve)« 
[ - /S~a *"1(e)(l + ö2)^ + /2C6C f(C )]2 a   a 

2  2 2 r fz(c )(i - «sr a    a 

(4.7) 

Comparison with Rlzvi - Sobel Procedure 

Rizvi and Sobel (1967) propose and investigate a distribution-free procedure, 

R. , for the quantile selection problem. 

Select population n  iff 

TJ . > max T. 
J.l- 1<r<k J-a.r 

(4.8) 

where a is the smallest integer with 1 < a < j - 1 for which 

inf P{CS|R } > P* (4.9) 

is satisfied. 

A disndvantny,»' of rhls procedure is that for nny (t'lven ci  and  k  a value 
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of     a  <  j  -  1    may not  exist  for  some pairs     (n,  P*)   .     However if    P*    is 

chosen not  greater than some function    P,(n,  a,  k)    where    1/k <?.<!, 

then  a value of    a <  j  -  1    does  exist  that  satisfies   (4.9).     Rizvi and  Sobel 

compare  the  efficiency of   this  procedure relative  to several  competing procedures 

under   translation configurations. 

We discuss  the asymptotic probability of a correct  selection using their 

procedure  under  the slippage  configuration. 

PiCS'R,(   = pll,  ,    >       max       T. 
1 M'k "   l<r<k-l    J-a'r 

- P{ "ixi )^ fU  ) /T,         -6C + 
a               a 1   1-a.r      a ■  >      max     I —' ' ■  
Q 5 l<r<k-l \             6/a ä 

(6-1H 
-I ^ fUj 

« J 
-»00 

k-1 
(l-5)£ •n IU  i\ 
~        ^ ajd<?(x) 

6/a 5 

(4.10) 

The  derivation above  uses   the   fact   that 

T,       -fir. 

/—- °        a    1 \ /—=       / *a a law     \va a      / 

where     y/*^ = a/(n +  1)   . 

Simiarly 

E(SiR1)  -  PiCSJR  )^ 

(See Lemma  2 of  Rizvi  and   Sobel   (1967)0 

-<*>       \ /a ä /a "5 / \ /a ä / 
dMx) 

(A.11) 

Set tine     k  =  2   , we have   from   (4.11) 
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Equating  the  right-hand  side of   (4.12)   to     e   , we obtain 

nn   (t 
(l-(5)2[t     f(£  )]2 

ct        a 

(4.12) 

(4.13) 

For  the slippage configuration above we define  the asymptotic relative 

efficiency    A R E(R,R   ;6)    of    R    relative  to    R.     to be  the Unit as    c ♦ 0 

of the ratio of    IL   (e)    to    n^(e)   • 

"R (e) 

A R E(R,R1;6)  - lim —^-j-r 
1 e+0    nR(e) 

11m j^^^2 lliiÜ  - Y]2 

e+0 
r^S *"1(E)V/(1+62) + X/2ÖCC    f (C  )   2 

(4.14) 

Using the fact   that    F ^ G    implies 

and 

Ca  f(Ca) -  na 8(na)   ' we see that 

PpCcslR^ > PG{CS|R1} 

EpCslR^   -  P^CSlR^   <   EG(S|R1)   -   P^C^R^ 

(4.15) 

(4.16) 
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where both (4.15) and (4.16) are asymptotically true as n -•■ » for the 

slippage configuration. 

Comparison with Gupta Procedure 

Gupta (1963) gave a selection procedure for gamma populations with 

densities 

1 - exp(- •^-) (--f1,  x > 0, 9 > 0, 1 - 1,2 k 
r(r)e1 ""^ e^ 

v01'   i 

This p'ocedure, R. , based on the means of sample size n from each of the k 

populations is: 

R-:  Select the population corresponding to the observed mean x iff 

x. > b max x. (4.17) 

where b  is the largest constant  (0 < b < 1)  chosen so that P{CS|R2} > P* . 

Letting v ■ 2n r , it is shown that log b a» -d^—r where d is independent 

of  n and satisfies 

/  ♦k"1 (x + d) d*(x) - P*  . (4.18) 

Assume that  the ranked    8{'s    have the slippage  configuration    6,   .  ■ 59,. . 

0<6<1,   i-1,2,   ...,k-l.     Then 

E(S|R,)   - P{CS|R,} *  (k -  1)    /     ^^/x - -^-M */x - ^LMA)\ dMx ) 

C4.19) 

so that  for    k ■ 2 



19 

E(S|R2) - P(CSIR2)     *, 

v v-1 

(A.20) 

Setting the right-hand side of   (4.20)  equal to    e    and  solving for 

n " \   (e) 

-1 

"R 
(O g t2^   (o - ^l 

2r(log 6)' 
(4.21) 

"R  (e) 

A R E(R,R  -6)%  Um      2     r 
2 e.O    nR(c) 

2(l-6)2(£     f(e )]2 

 a a 

r(log 6]2 a 5(l+62) 

for    r  >   1   , AR E(R,R2;Ö)   >  2(1-°)     d-a)     f-log   (l-a)! 

r(log 6)2 a ä(l+62) 

Also lim    A R E(R,R  -5)  - —S _3_ 
6+1 ^ r a a 

(4.22) 

(A.23) 

^ / 1 ^  • V    Z 

so  that 11?    A R E(R.R2;6)   >   d^)  -^ikcü   ,     (lettlng     r  .   ^ 
6fl a(l-a) 

For    o - 4    and    r - 1.  lim    AR E(R.R  ;6)  -  [log 2]2 

6t 
,493 
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5•  SKI.KCTION V.'ITH RKSPECT TO THF' MEDIAN FOR DISTRIBUTIONS r-ORDKKKÜ WITH 

RESPECT TO A SPECIFIED DISTRIBUTION G 

We consider selection procedures with respect to the median for distributions 

F  which have lighter tails than a specified distribution G . We say that 

F.  has lighter tails than G  if F.  centered at its median,  A. , is i i i 

-<- ordered with respect to G (G(0) = h)    and T" *".,(* + O I n 
> T~ G(x)| n   . 

r dx i     i 'x=0 - dx    lx=0 

Here wo nro following an ordering proposed by Doksum (1967).  (See van Zwet (1964), 

Lawrence (1966).) 

We wish to select a subset of the k populations containing the population 

with the largest median ^r^i •  The selection rule, we propose, is in terms of 

the sample medians.  We use the same notation as in Section 2.  The rule, R  is: 

R, : Select fT iff 
3 i 

T   > max T   - D, j < f < j + 1 (5.1) 

and D  is chosen to satisfy 

Inf P{CS|R.} - P* (5.2) 

"l 

where    Q      is set of all k-tuples   fF.»?«,   ...,  T.\  satisfying assumptions given 

above. 

Now,  we state and prove a  theorem related to  the Inflmura of probability of 

a correct selection when rule    R_    is used.    Let    F,.^(x)    denote the distributions 

with median    A,   ,,  1 ■ 1,2,   ...,  k . 

Theorem  5.1: 

If  Ffi](x) - Ffk](x) ' for a11 ^ G(0) ' ^ and G~lFrkl(x +  A[k]) 

Is nondoTiMslng (nonlnt renslng) in X ■» 0 (x < 0)  and 



-f" F.. ^x + A.. ,)!  n>-f-G(x)I  n>0» dx  [k]     [k] 'x=0 - dx    'x=0 
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then Inf r{C.s|K } = f   G^~l   (t + D) dG (t) 

where G.  is defined as before. 
J 

Proof: 

By stochastic ordering of the order statistics, we have 

P{CSlR_} >  f VT'}   (t + D) dH. . (x) J ~ _ ^  J •K J •K 
(5.3) 

P(X , >  max  X   - D 
( U l<r<k-l  J,r 

PlX. . - Ar, , >  max  (X,  - Ar. ,) - D| 
( j'k   [kl * l<r<k-l  J'r   [k]    j 

where X. ,,X. ^, .... X. .  are i.i.d.r.v. with distribution H. . (x) =   B,  Fr, ,(x) j.l J.2'      j,k j,k      j,n  [k] 

Let <Kx) = G~l?n , (x + Ar, ,) = G"1 M(X) where M 5 B.  Fr. , (x + A., ,) IkJ      [kj    j J,n  IkJ      IkJ 

is the distribution of  X,  - Ari , .  Note that  KX.   - Ari ,) •= Y^   has j,r   [k] j.r   [k]    j,r 

distribution G, .  Now ^^-  +  in x > 0, ^^-  I in x < 0 and  ♦'(0) > 1 
j        x -  '  x 

imply 

max  (X,  - Ar, ,) - (X, . - Ar. ,) 
> 1 

l<r<k-l j.r  "[k]7   v"j,k  "[k]' 
(5.4) 

To see (5.4) we need only verify that 

Mv) - iOO   , r ■z-:u-i T ^ -^ ■ > 1  for y > 
y - x y > x 
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Note that ♦'(0) °    (Q)   - 1 where f'kl (8)  i8 the density of F.j, (G) 

Case 1: 

(0 < x < y) ^^ + In x > 0 and ♦'(0) > 1 

imply r ■' y - x   - x 
♦ (Y) - t(x)  iixl > ! 

Case 2; 

iisi, (x < y < 0) follows from :tAÄZ- + in x < 0 and ♦'(0) > 1 . 

Case 3: 

(x < 0 < y) . In this case ♦(x) < x and ${y)  > y 

imply *&  - Mx) , 1  # r } y - x   - 

We have, by (5.4) 

max  Y   - Y   > max   X   - X (5.5) 
l<r<k-l J,r   J,K  l<r<k-l J,r   z'* 

which implies 

PlY. . >  max  Y. r - Dj < PJX. . >  max  X,  - Dl        (5.6) 
I J'11' l<r<k-l J,r   ) " | 3,lt ' l<r<k-l J,r   j 

which proves the result. 

Note that we need not have restricted attention only to medians. 
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6.  SELECTION WITH RKSPECT TO THE MEANS 

Let u.  be the mean of the distrilmtion F(x; P^), i = 1,2 k and 

(a)  F(x; Ur.i) I  F(x; Uri^i)  for  i = 1,2, ..., k - 1 and all x 

-x 
(b)  K(x; um) < G(x) = 1 - e    for  i = 1,2 k 

Note that by assumption (b) wc arc confining attention to the so-called IKK class 

of distributions.  It will also be convenient to assume F(0; Pr.i) = 0 for 

all 1 . 

Let X
J = Z x-ii/n ' where x   is the j-th observation in a random sample 

J=l ij 

of size n from n  . Let K (x) = K(x; u.) be the distribution of x  .  Then 

if K^jCx) = K(x; u^j) 

K, ,(x) > K, .(x)  for i = 1,2, ..., k - 1 and all  x (6.1) 

K^, -< G for  i = 1,2 k 
c 

(6.2) 

(6.1) is an immediate consequence of (a) while (5.2) follows from (b) and the 

closure of IFR distributions under convolution (see Barlow, Marshall and Proschan 

(1963)). 

If we are Interested in selecting a subset containing the population with 

the largest Ur, i , we use the rule 

R^ : Select population R iff 

x  > c   max  x 
1 • 1 • k 
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1 t     fol  IOWS     ÜMt 

Ttu'oi .■!'•   f«. I : 

on 

rieslet :   /   [(;(-*-) J1"-1 dc:(x) 

— x 
wherf    G(x)  =  1 - e 

The proof   is   the  same  as  for Theorem  2.1.     The disadvantage   is   that   the 

right-hand  side  of   the   inequality is   independent  of     n   .     However,   by  restricting 

the  class  of  distributions   to  the gamma  family we  can obtain  a  lower bound  which 

depends  on    n   . 

Applieation   to  the  Selection  of  gamma  Populations 

Let   us  consider     k     populations with densities 

1     ~^J
X 

A° x        e /  r(a),  x >  0,   Ai  >  0,   i ■= 1,2,   ....  k 

Assume  that    a  >  1   ,  but  otherwise unknown.     This  implies  that  the distributions 

are   IFR.     We  are   interested   in selecting  the  population with   the   largest   (smallest) 

value,     WKI   ^fri^   .   based on an   independent   sample  of  size    n     fron each  of 

the     k     populations.     Note   that     Pr.j   =  a/*\i\      tor     i   =   1,2,   ...,   k   .     The   subset 

selectiiMi  rule  based  on   the  sample means,     x.,   i   =   1,2,   ...,   k   ,   is     R.     as  before. 
1 A 

y v n 

Let C    denote a gamma distribution with parameter a .  Since   I     x.. 
j = l     1J 

is distributed  as  a gamma random variable with distribution,    G it  follows 

from a result of van Zwet   (1964)   that 

G(na)^G(n) 



• 

• 

when a l • ll fulln\>s th;Jl in this case 

j [G(n) (...!..)Jk-1 dG(n)(x) 

o c' 

The constant c' is determined by 

o • J [G(n)(~)Jk-1 dG(n)(x) = t>* • 
0 c' 

th<tt f<lr s,·l··•·tinr. th~ p••pul<ttl••n with tiH' s111alh·st >. • tht· rult.· t · : lrr f,, . 

R5 Select population n1 iff 

10here d is determined by 

.., 
J [1 - G(n)(~·))k- 1 dG(n)(x) = P* . 
0 

l 'hc v.ll•~t ·s ••I J ;u ·,. t.r'ulalt.•,t in C:upla ami Sot ... !J (J9f,/). 

(6.3) 

(6.4) 

1 need not be tht• saml' for atl popuLllions . It 

is only ne~cssary that the distribution of the population, n(k) • with the 

largest mean be stochastically larger than the others . 
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14. UY wo•os: K•r wcwcts ere tec:hnic•lly munin&!ul t•rms 
• ellort phresf's that chsr•ctf'riz• • l'f'port •nd m•y be us•d as 
l.lldea •tn•s for ceteloaina the l'f'port . K•y words m11st b• 
selected so that no s•curity cl•ssific•tion is r~q11irf'd . ld~nti ­
fiers, a11ch as equipment mod•l de~iGt~stion . trsd• nam•. militill')' 
P"J•ct cod• nsm•. l"oar•phic location . may bt! used •s key 
wordsllllt will be follow"'d by •n andic dtion of trchnic .. t c.>n· 
test. 'nae enianm•nt or links, ,.Irs , snd wrtjj;hts is optione!. 
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