ot o

— mar e e

e e ———ea e = i i A

@9
Ne)
@D
)
e
O
=
-]

ARL 67-0223
NOVEMBER 1967

fierospoace Resoarch Laboratories

COMPRESSIBLE TURBULENT PLANE
COUETTE FLOW

ROBERT H. KORKEG!H
RONALD A. BRIGGS, MAJOR, USAF
HYPERSONIC RESEARCH LABORATORY

Project No. 7064

This document has been approved for public'release and sale;
its distribution is unlimited.

OFFICE OF AEROSPACE RESEARCH
United States Air Force

Reproduced by the
CLEARINGHOUSE
for Foderal Scientific & Technical
Information Sgringfield Va 22151



ARL 67-0223

COMPRESSIBLE TURBULENT PLANE
COUETTE FLOW

ROBERT H. KORKEGI
RONALD A. BRIGGS, MAJOR, USAF

HYPERSONIC RESEARCH LABORATORY

' NOVEMBER 1967

Project 7064

This document has been approved for pubiic
release and sale; its distribution is unlimited.

AEROSPACE RESEARCH LABORATORIES
OFFICE OF AEROSPACE RESEARCH
UNITED STATES AIR FORCE
WRIGHT-PATTERSON AIR FORCE BASE, OHIO




Cagre ' e C A

2an cars it o ETRCLSER
- E

AL

hiaprigon )
-y

FOREWORD
This report was prepared by Dr. Robert H. Korkegi and
Maj Ronald A. Briggs of the Hypersonic Research Laboratory, Aerospace
Research Laboratories, Office of Aerospace Research, United States Air

Force. The investigation was carried out under Project 7064 entitled ' High

Velocity Fluid Mechanics."
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ABSTRACT
Equations describing compressible turbulent plane Couette flow for
the case of equal heat transfer at both walls have been developed for a
perfect gas based on the von Karman mixing length model. This model was

selected'because of its good agreement with available turbulent plane

Couette flow measurements of incompressible flow and furthermore, lacking
compressible Couette flow data, it is shown by Spalding and Chi that those

theories based on the von Karman model give best agreement with

compressible turbulent boundary layer measurements.
A sample calculation is given for the heat rate to the inner surface of
a rail-guided slipper (representative of slippers supporting rocket boosted

sleds) based on the assumption of a small air gap between both surfaces.

KTy e vty

e e .




| o8 had - \
S
1
3
¢
~ -l e e - - - - .
L - m——— ———
]
.

TABLE OF CONTENTS
L PAGE

FOREWORD.oo.ooo.o.tooconpolo.o.o'oo..o.-oo ii

;ix‘ ABSTRACT L I I T R e e T e e e I e I I T ) iii
;l‘ fj LLST OF FIGUBES e 8 8 o e e s 8 o 2 e e o 3 e s s e e w e 6 s s e s e e eV
l‘; bIOMENCLATU’RE . L] . . . L] . L] . L] . L] . . L] . - . L] ‘ - - L] * * . . L L] L) vi

i INTRODUCTION . ¢ & v e v e e v v et oo m e e amennnnens 1

TURBULENT FLOW MODEL. . 4 v v v v v v vt o v oo n v v e v ewss 1

INCOMPRESSIBLECASE ® ‘s 8 & & 2 e & 8 ° & & s 6 s & * o e s v s e o 5

T

!
i
!

Q GOVERNING EQUATIONS .+ v v 4 o v v e e v oot et oot e ee s T
! DEDUCTIONS FROM THE INCOMPRESSIBLELAW. . . ......... 6

COMPRESSIBLE CASE . . . . ¢ v ¢ v v v v o o v o s o s o o s o s s o s 8

REFERENCES 4 + v o v o o o o o ot o ottt o ot soeeeeees 12

vowlac U b e

H .
I v
:

|

| Y




oS SNV,

LIST OF FIGURES
FIGURE PAGE

1. Sketch of Turbulent Plane Couette Flow. . « « . . . . . . e s e e s 13

2. Theoretical Skin Friction and Heat Transfer Coefficients
for Turbulent and Laminar Plane Couette Flow Compared
g with Experimental Data of Ref. 2 « « « « ¢« v « ¢« ¢ v v v 0 o v 0 o 14

s

3. Incompressible Velocity Profiles Compared with Experi- \
mental Dataof Ref. 2 . . . « ¢« o ¢ ¢ v o o S ¥ ’

4. Theoretical Skin Frictior. and Heat Transfer Coefficients
for Turbulent Compressible JPlane Couette Flow with

Equal Wall Heating. . . . . . . ¢« ¢ ¢« o o v v v v e e e e e e 16
5. Ratio of Compressible to Incompressible Skin Friction
Coefficients for Various Repo o » o v« v v v v v v v v v v v v 0 bt 17
f 6. Velocity Profiles for Turbulent Compressible Plane Couette
b Flow for Various Mach Numbers atRe= 104 . . ... ... ... 18

Velocity Profiles for Turbulent Compressible Flane Couette

Flow for Various Reynolds Numbers at M. = 4.0 . . .. ... .. 19
8. Density Profiles of Turbulent Plane Compressible Couette
Flow for Various Mach Numbers at Rey, = 4. . 20
9. Enthalpy Profiles of Turbulent Plane Compressible Couectte
Flow for Various Mach Numbers at Rey, = 104, .. L. 21
10. Sketch of Slipper in Proximity toRail. . . . v « ¢ v v v o o v . . . 22




e R AISISIR I o

NOMENCLATURE

b half-gap height

Cs¢ local skin friction coefficient

Ch local heat transfer coefficient

E constant empirically determined

h enthalpy

k ¢ eddy conductivity 7

1 mixing length

m Eqn. 8

M Mach number t

M, Egn. 8 ‘\}

D pressure “i

Pr randil number

q rate of heat transfer §

R gas constant

Re Reynolds number
3 T temperature ;
E u velocity ;
¥ T uly,
Z u, shear velocity
ﬁ ut nondimensional velocity
) ;
f Yy distance from lower wall |
f y+ nondimensional distance ’ ;
K mixing iength‘»constant ;
i |
3 vi |




1 eddy viscosity
T shear stress
Subscripts

b half-gap

c properties at midpoint of gap
d gap width

r upper wall

t turbulent

w lower wall

€ eddy

@© free stream
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INTRODUCTION

Turbulent plane-Couette-like flow has been observed experimentally
by Reichardt1 and I\Jbertsonz in apparatus utilizing endless moving belts.
Both authors, as well as Squire3, present theoretical treatments for the
incompressible case.

Based on experimental evidence (cf. Refs. 2 and 4), turbulent plane
Couette flow can be expected to occur at Reg = 0 (103) where d denotes gap
height. In the data of Couette, presented by Robei-tsonz, laminar flow was
observed for Rey = 400 and turbulent flow for Rey = 103 between concentric
cylinders with a spacing of 1. 7% of the cylinder radius.

Interest in compressible turbulent plane Couette flow is stimulated
by such problems as the rail-guided slippers supporting rocket-boosted
sleds acceleratedto speeds of several 1000 f.p.s. at the Test Track
Directorate of AFMDC, Holloman A¥B. Fully developed shear flows can be
expected in the ajr gap between slipper and rail surfaces, and the Reynolds

rumbers based on gap height are large enough for turbulent flow to prevail.

TURBULENT FLOW MODEL

For lack of experimental data on compressible turbulent plane
Couette flow, the turbulent law selected is chosen as that wkich gives best
agreement with turbulent boundary layer data at supersonic speeds,
compatible with good agreement with the low speed skin friction and velocity
profiles for turbulent Couetie flow measured by Robertsonz. The data of
Robertson were used because of the large number of measurements
presented and their good agreement with the earlier work of Couette.

According to the excellent survey of theories for turbulent boundary
layer flow of Spalding and Chi6, those based on mixing length give best
agreement with experiment for both the adiabatic and nonadiabatic wall case.
Two of the three theories giving best agreement are those of Wilson7 and

Van Driest8, both based on the von Karman mixing length.
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On the strength of these findings coupled:with the good agreement
with Robertson' s data, the von Karman mixing length is selected as

turbulent flow model.

GOVERNING EQUATIONS

For Couette flow the equations of motion reduce to

Momentum T const = T (1)
Ay (2)

Where T and q are taken to denote the sum of laminar and turbulent

Energy q-Tu const =
shear and heat transfer respectively, the subscript w denotes values at the
lower wall, and u denotes the time average value of the velocity. A sketch
of the flow is shown in Fig. 1.

‘Note that T = const is a simplifying approximation in most turbulent
boundary layer theories, whereas it is exact for Couette flow.

In the compressible analysis, only the symmetrical case of equal
wall temperatures and heat rates will be considered, which implies the
velocity profile will be antisymmetric about the midpoint of flow. Thus,

following Fig. 1 and utilizing Eqns. 1.and 2

G = TGy T Tyl (3)

where u, = v u, is the midpoint velocity, the subscript r denoting values at
‘the upper wall.
Necglecting the laminar contribution to shear and utilizing the

von Karman mixing length

du

- 2 (dur? d
e () e e

dy

where K is a mixing length constant whose value is taken as 0. 49, one

obtains the differential equation

2
d?ut ‘P_ Y (du+\

» A————— - ,4
T P egn) " (GE) = g

2
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where yt and ut are nondimensional height and velscity defined as follows

Sy

Ct
b= 5 =TVg Reny
} (4a)
at = & /2 B
UL Ct ug

uy = 'rw/pw is the shear velocity, and Reynolds number and skin
friction coefficients are based on midpoint values, b and u, -~ see Fig. 1 --

and wall viscosity, and defined as follows

Re, = 22 St _Tw /PN
bovy, 72 Pw Uc ‘ue /

With the boundary condition ut (y+ = 0) = 0, the general solution of

Eqgn. 4 yielding the velocity profile between the fixed wall and.the midpoint
of the flow is

ut { pE=ut,
yt = CS‘ exp (K (P—,Adﬂ dut (5)
Y VP 4

(o} o

"
.

e

If one applies a second boundary condition of (du/dy)y =0~ Tw!/bw
at the wall, e.g.,

dut =1
= =
A PO

one obtains a constant of integration

C = 1. (53')
However, as the flow near the wall is dominated by laminar motion, one

cannot rigorously apply a boundary condition based upon.a turbulent shear

flow model. Therefore, in accordance with standard turbulent boundary

layer-notation {ci. ‘Spalding and Chi),

_ K
C'E
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is used where the value E is determined empirically. E/K may be viewed as

a scale or stretching factor -on the coordinate y. Thus,

2 o e o e[ ]

Yo Yo Py

The density ratio p/pw for the compressible case is related to the
velocity distribution by means of the energy equation, Eqn. 2. Introducing
an eddy viscosity j¢e ,» eddy conductivity ke , and turbulent Prandtl number

Pr. = cp pE/ ke » the turbulent shear and heat rate .are written respectively

ke an _ MHe dh

cp dy " Pr. dy

- O
Tt"p' an Qt" é

€ dy

Neglecting the laminar contribution, from Eqn. 1, T = He (du/dy) = const

hence q = q; = - (Twlpre) (dh/du), and therefore Eqn. 2 is written

ZLQ}+T us= -
Pr€ du wbt® "y

Assuming Pr€ = 1, and introducing Eqn. 3 for the case of equal

heat transfer, its solution is

ki

h = hW + uc i ; (174)

A Mach number, M., based on midpoint velocity and wall enthalpy is

defined

-1 ucz
Equation 7 can thus be written

b o1+ m?(2u-®)

hW

u (7a)
Ue

where U=

L e b
e ———

e e M i 7 7

-
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Now, limiting the analy¢is to the case of a perfect gas -~ p =

PR T --, and noting that the préssure is constant throughout the Couette
flow
T h « -1
9__=_E=_V_".._..,+22—_—z-]
P T o [l m* (2u-1u )-‘ (9)

INCOMPRESSIBLE CASE
For p =p, = const, the solution of Egn. 6 is

e
= 1 Ct ( —\/_C—_f Y
— "\/2 In (1+E7\/5 Rebb) (10)

[ 74
n

'G

and the skin friction law {u = u_ for y = b)

_\/E;":‘ % ln (1 + Eﬁ/-g—f— Reb> (11)

Best fit with the experimental data of Robertson is obtained for
E = u'8. 8 (Note that E varies from about 11 to 13+ in various turbulent
boundary layer theories based on mixing length, cf. ‘Ref. 6), and further-
more, since turbulent Céuette flow has been observed only for Rey, 2 103

for which (ENC;/2 Rep)i > 200, Eqn. 11 can be approximated as

1z Ct
fg= w5 @8TV3 Reb)
(12)
2 /— fCt
or . W’/C—f = 5.44+ 2.51n! \/-?:— Reb>

This equation is plotted in Fig. 2 and gives very good agreement
. 2 . .
with Robertson's measured values as well as those of Couette given in the
same reference over the whole range of Rey,. Also shown in Fig. 2 is the

laminar law Cf Rep = 2. Note'that Eqn. 12 is almost idéntical to the skin

.

P
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friction law given by Rcbertson based on Reichardt' s solution for the

velocity distribution assuming a parabolic variation of eddy viscosity
/L= 5.5+ 5.751 R _\/-C--_£
_\/Cf - . + . (D Oglo ( cb 2

Velocity profiles from Eqn. 10 with ¥ = 0.4 and E = 8.8, are given
3
in Fig. 3 for Rey, = 10, 104, and 105 and compared with Robertson's

4
meagurements for Rey = 107,

DEDUCTIONS FROM THE INCOMPRESSIBLE LAW
If the velocity profile very close to the wall is examined, the log

term in Egn. 10 can be expanded for

E< (x5 ra)”

o3 Ct Cs y\2
yiélding = -1,2 \,—5 { “\/ Rebb [\E‘\/ Reb ]

¢ \
uw E Cf Yy
or ug =Y > Rebb (13)

which has the desired linear laminar character and precisely the laminar
formfor E/k = 1 except that the velocity profile has a much steeper slope
as [ (C£/2) Rey) turb >> 1 compared with [ (C¢/2) Reb] lam = 1.

It is thus found that the von Karman mixing length-model, which
depends only cn the local flow characteristics, gives the features of a
laminar sublayer when applied near a wall.

Also, taking the slope of the velocity profile from Eqn. 10

VR E C
d<uc/ - —i Reb

y_
) 1+E_\/-—Rebb
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At the wall
u_\
d \uc/ | E St
— . = — - Reb‘
y kK 2
a5 |
) y=0
as from Eqn. 13 and at the midpointy = b
(u_ E St
_d “u_C) 2 Rep ~ 1 Cf
~ - ~ —. - 2
a(L-, Ct .
b / y= b 1+E"\/2 Re,

It is also interesting to note the form of the eddy viscosity for the
incompressible case obtained from the slope -expressed above and rewritten

as follows

; E \ _du
Tw= Pw (VW+“T x Y TE

Here again appears the laminar form and the constant E/k as a scale or
stretching factor. Note that the form of the eddy kinematic viscosity from
von Karman' s mixing length-model is linear for incompressible Couette

flow
Vr= Kupy

As a matter of interest, the ratio of turbulent to laminar viscosity is

turbulent viscosity Eury Cy: Y
. N . = = E i Reb
laminar viscosity Vw 2 b
Thus, the approximation made in Eqn. 12 corresponds to neglecting
the laminar contribution to the shear.

The form of the eddy viscosity is actually not too important -- what

is important is the scale. Thus, if a parabolic eddy viscosity disctribution

= Ku_y (l-u/2b)

is taken, rather than a linear vzriation, i.e. =

o Ewe o~




ible case, i.e. E= 8. 8.

Introducing Eqn. 9 for the density ratio into Eqn. 6, one obtains

.
|
f: ‘r‘ (following Reichardt), the skin friction becomes
ol
¥ PR 2 /277 1\t Ci
Ak T
— = = {1 —_ "\/-: ) ’( —\/:- )
% Cr K<+E Ci Rep In{l+ E zReb
it
E which differs from Eqn. 1l only by a second order term.
3
; ;i COMPRESSIBLE CASE
; }: In a manner analogous with turbulent boundary layer development,
|
M it is assumed that the incompressible scale factor holds for the compress-
|
i
H

and the skin friction law (A= 1, y/b= 1)

! , .IZ 1 .
e | = W 2 — = .
1+ ;z' ) (E Reb/ 1+ m? exp (K"‘\ Ct m tan m,
1 - /Cf
-1 +K /3 m (16)

for compressible flow,

L iCf
< z E u= —V_ ut 2 __% :
L; " yt = exp <K S [1+ m?3(2u - w%)] “%au)dut (14)
1 e
L’; ‘ Integration yields the velocxty distribution
ot c —_—
} (HIIcT—Z£ 2>’E _\,/—Reb%)= N1 +m? (2u - ©8)
1 ol ) _ 7 [ =1 m -1 (1-u) m
-= — m° (1-T)} ex Kk T\i— — |sin  ——— -sin ———+
x Vo = PI Ve m NTrmz ~f1+m2]
1 /S8,
-1+ p 5 m (15),

A,

ki is

W SR e

s i *
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Eqn. 16 can be approximated in similar fashion as Eqn. 11 and

written

tan- "m

- 1+ -l—z' '—f' m?
2 1 m X 2 .
-\/—— = — —— In E "\/—Re (16a
Cf «k -1 ( NIFmZ b )

Note that, as m — 0, (tan-lm/m) — 1, and Egns. 15 and 16 reduce to the

incompressible form of Eqns. 11 and 12 respectively.

Fig. 4 shows the compressible turbulent plane Couette flow skin
friction law given by Eqn. 16a as well as the laminar one obtained assuming
a linear viscosity-temperature relationship, and Pr = 3/4, for equal wall
temperature and heats rates

(Cf Rey,

-1
= 1+X= prm2
2 )lam 3 ¢

Note that, contrary to the turbulent case, the laminar skin friction

increases with Mach number due to increasing wall cooling.
Also shown in Fig. 4 is-the heat transfer coefficient Cy, whose
detinition is
Aw
Py, Uc (hy - hy)

where hy is the midpoint enthalpy. From Eqn. 7 -- hy =h + ucz/ 2 -- and

,Ch =

~

Eqn. 3, it follows that Cy = Cy. Alternately, the heat transfer rate to the
walls may be calculated directly from Eqn. 3.

1
ar = -qy = 3 Cf Py U’ : (17)

The ratio of compressible to incompressible skin friction coefficients
for various Reynolds numbers is shown in Fig. 5. (v
Typical turbulent velocity profiles, given by Eqgn. 15, are shown in

Figs. 6 and 7 for various Mach numbers and Reynolds numbers. The

density and enthalpy profiles, obtained from Eqns. 9 and 15, are shown in
Figs. 8 and 9.
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The very small variation of density across most of the profiles, as
shown in Fig. 8, suggests that the simplifying approximation of assuming
constant density at the midpoint value, Py in the integration of Eqn. 6 might
be useful,

Thus, with (p,/p,,) = (1 + m?)"' from Eqn. 9, Eqn. 6 yields

essentially the incompressible velocity profile modified for compressibility

e

V=L R
LI Vs S prpeey ST 2 4 (18a)
K 2 b

Y

and an approximaie skin friction law

(18b)

/&

_\/Z:' N1+ m? In
Cy K N1+ m?

The velocity profiles given by Eqn. 18a are somewhat fuller than
those given by Eqn. 15, with increasing departure at higher Mach numbers.
As for the skin friction law, C;, given by Eqn. 18b, is lower than that of
Eqn. 16a by about 5% at M. = 1, 15% at M, = 2, and increases to about 40%
at M = 8 for 10 SRe, = 10°.

Example :

Consider a slipper bearing riding along a rail at supersonic speed
with a small air gap between the slipper and rail surfaces ‘so that, in
cross section, the flow may be considered two dimensional in the first
approximation. Assume that at some distance behind the leading edge of
the slipper, the flow in the gap becomes fully viscous and Couette flow
develops. A sketch of the longitudinal cross section is shown in Fig. 10
indicating the approximate bow shock of the slipper.

For purposes of illustration it is assumed that the air entering the
gap:itraverses a normal shock portion of the bow shock, and the pressure

in the gap is constant and corresponds to that behind a normal shock.

10
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Assume u, = 4500 {.p.s. sothatu, = uy /2= 2250 f.p.s., and
the «ga; height is 1/ 8" so thatb = 1/16". Taking atmospheric temperature
as 70°F, T, = 530°R; the speed of sound, a = Nf?ﬁ_'f‘: = 1128 f.p.s., so
M, = 4.0 and M_ = 2,
From the normal shock relation for ¥ = 1.4

Pgap _ 28MJ -1
P N 6
4}

Here, assuming atmospheric wall temperature for slipper and rail --

Ty = Ty, = 530°R -- the wall density is

2
_ Pgap _ Po (ZBMc -1y o o 0., Slug
Pw= RT, - RT, \ &~ /) 0 0080 T

The Reynolds .number based on b is

u-b
Re, = Pwlc® = | 38x106
.‘p’w

so that the Couette flow can be expected to be turbulent.
For M. = 2 and Rey = 1. 3§x106, the turbulent skin friction

coefficient, as given by Fig. 4, is
Csf= .0014
The wall heat transfer rate, from Eqn. 17, is then

1 3
W= 2 TPy e

Btu

450 ft:z sec

ny

This heat rate is comparable to those experienced at the stagnation point of
some bodies during reentry. For example, the stagnation heat rates to a

Mercury capsule are approximately 230 Btu/ ft? sec.

11
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