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framework of the simple multipolar theory of Green and Rivlin) the anti¬ 

symmetric part of dipolar stresses make no contribution to the equations 

of motion or to the energy equation and are not determined by a free energy 

function. Here, the significance of these stresses (in a complete theory) 

is further discussed with reference to a simple example of torsion of a 
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1. Introduction. 

Green and Rlvlln [l] have presented a general theory of a continuum 

m which stress multipoles of various order were introduced using con- 

ventlonal kinematics. We refer to this as simple multipolar theory end 

it is valid for any material and Includes temperature effects. Further 

use of this theory has been made by Bleustein and Green [2], Toupin [3] 

other considerations, has developed a theory of couple stresses for iso¬ 

thermal elasticity which he calls materials of grade 2. A special case 

of the theory of Green and Rivlin for dipolar elastic materials can be 

shown to be equivalent to the theory of Kupin for materials of grade 2, 

apart from the presence in the theory of Green and Rivlin of a set of 

additional stresses which are not determined by the energy function. 

This difference is, at first sight, unimportant since these stresses 

make no contribution to the equations of motion, nor to the rate of 

work terms in the energy equation over any closed surface, and they do 

not contribute to the resultant force and couple over any closed smooth 

surface. Green and Rivlin [l] and later Bleustein and Green [2] made 

use of these stresses in order to find correct surface conditions as¬ 

sociated with the basic differential equations of the theory. 

One purpose of the present note is to display more clearly the 

relation between the theory of Green and Rivlin and that of »lupin for 

elastic materials. Moreover, a straightforward application of Toupin's 

theory, or that part of the theory of Green and Rivlin [l] which is 

equivalent to that of Toupin [3], to the problem of simple torsion of a 

right circular cylinder using linearized elasticity shows that care must 

among 

2. 



be exercised in evaluating the couple by a direct method. This is dis¬ 

cussed from a number of points of view in Sec. 4. 

2, Basic equations. 

We use a fixed system of rectangular Cartesian axes and denote the 

coordinates of a typical point of the continuum at time t by xi , 

where Latin indices take the values 1,2,3. The corresponding reference 

state is t 'noted by XA . We quote the basic equations from Green and 

Rivlin [l] but use the notation of Bleustein and Green [2]. 

The conservation of mass equation is 

(2.1) 

where o is density, v^ velocity and a comma denotes partial differenti¬ 

ation with respect to ^ holding t fixed. Also 

(2.2) 

The equations of motion for the non-symmetric monopolar stress 

tensor a. . are 

"ji j * ofi * ‘"'i (2-3) 

where ^ are monopolar body forces. The monopolar tractions ti , 

acting across a surface with outward unit normal n , are 
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y (2.4) *1 ' \ “ki 

The moment equations are 

Tij * aij + + 0(Fij - ri3) ■ Tji (2.5) 

In (2.5),, Fij are dipolar body forces per unit mass and pP^ are 

dipolar inertia terms. If the dipolar tractions associated with a surface 

whose outward unit normal is nk are , then for an elastic continuum 

riJ " "k Skij ' (2.6) 

Also, for any continuum 

h “ (2.7) 

where qk is the heat flux vector and h the flux of heat across a 

surface with unit normal . 

When the continuum is elastic, we have 

àx4 âxj^ ÒA 

'(kj)i = p 3T 3T ^ 
rst 

(2.8) 

Ji 

àx. ô xJ òx à2x. 8a 

0 ( 3r ¿TxT* 3x srsi: > 3f s t s t rst 

8x. 8x_, 8a 

+ 20 -r 3? 8T" ïïjT W 
r s rs 

(2.9) 
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where the HeLnholtz free energy function A is specified by 

(2.10) 

T is the temperature and 

Ers = sç zrs Erat ' 5F àxsèy.t 
(2.11) 

In evaluating (2.8) and (2.9) A is written as a function of 

1 (E + E ) and ï (E . + E . ) to avoid ambiguity. Also 
2 ' rs sr 2 rst rts 

(2.12) 
^kji S E(kj)i + ECkj]i 

with the usual notation for symmetry and anti-symmetry in the indices 

k , j . The anti-symmetric part of the dipolar stress not 

determined by the Helmholtz function A . These stresses make no con¬ 

tribution to the equations of motion and no contribution to the rate of 

work equation over any closed surface in the continuum. Previously, 

Green and Rivlin [l] and Bleustein and Green [2] took the view that 

these stresses could be taken to be zero at points inside the body but 

that they played an important role in considering surface conditions. 

Surface conditions. 

Surface conditions were discussed by Green and Rivlin [ll and 

Bleustein and Green [2]. Here we develop the discussion a little 
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further in order to show the relation of the present theory to that of 

Toupin [3]. The rate of work of surface forces at time t over any 

arbitrary closed surface A is 

R 
Vi + Tji vij)dA (3.1) 

Now 

Dj vi + nj DvJ 

where 

(3.2) 

\ (6 n,, 
jk J 

â 
(3.3) 

Provided the quantities involved are single-valued and sufficiently 

smooth on a smooth closed surface A , we can show that 

r (^ji + v^]dA*0, (3.^+) 

A 

/'S tji * äHnj tji] “ - ° 
A 

K ^ + ^ W * Tij ni "m Tmj] dA = 

(3.5) 

(’.6) 

where H is the mean curvature at a point 

mutation symbol. Using (3.4), the rate of 

on A and is the per- 

work expression (3.1) becomes 
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(3.7) 
** rr * 

R = ; I (t. vi+ DVj^îdA , 

A 

where 

h = h - CJ TJ1 2ImJ TJ1 
(3.8) 

** 

h ’ nj Tji (3.9) 

Moreover, in view of (3.5) and (3.6), 

JJ , 
/»✓ 

A 

half (xi h 4 Tij)dA ■ (xi h + ni C'“ • 

(3.10) 

(3.11) 

Following the procedure of Bleustein and Green [2], we can show that 

* ** 
t¿ and t^ can be expressed in terms of the dipolar stresses 

and they do not depend on the stresses • Thus 

ti = nj Tji " pn1(Fji ‘ rji) " nj nk ^(jk)! 

" 2nj Dk S(jk)i ' ^Dk V E(kj)i 

- 2Hnj \ S(jk)i 
(3.12) 

and 

** 

ti = nj "k Z(kj)i ‘ (3.13) 
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When surface forces are prescribed on any surface A , then t* and 

** 
are also prescribed and are the appropriate conditions to be 

adjoined to the basic differential equations. The conditions (3.12) 

and (3.13) are equivalent to those used by Green and Rivlin [l] and 

f-leustein and Green [2] since, if t^ is prescribed, the correspond¬ 

ing term (the last) in (3-12) can be eliminated from t* before the 

use of the stress boundary condition. The quantities t* , t** in 

(3.8) and (3-9) can be obtained vithout discussing the integral (3.1) 

simply by eliminating from surface conditions in which the 

twelve quantities t^ , T^ are specified. They are therefore point- 

wise conditions. 

Toupin [3] using a Hamiltonian principle applicable to perfectly 

elastic media at constant temperature, introduces (in Sec. 10 of his 

paper) surface forces by an integral which corresponds to (3.7). His 

equations for the equilibrium of an elastic solid can be shown to be 

equivalent to equations (2.3), (2.4), (2.5), (2.6), (2.8), (2.9), (3.8) 

and (3.9) above when inertia and body force terms are zero and when the 

stresses are put equal to zero. These stress components should not be 

confused with the anti-symmetric components which correspond to 

Toupin's stress couple. The stresses ^(^j)! correspond to Toupin's 

hyperstress tensor which is defined in terms of derivatives of the work 

function (A here) and is necessarily symmetric in k , j . The stress 

S[kj]i plays n0 part in TouPin's theory because his starting point is 

equivalent to using (3.7) instead of (3.1). 

The foregoing results are valid when all the functions involved 

are sufficiently smooth and the boundary surface is a closed smooth 
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surface A . When there are discontinuities across an edge in the 

direction of the tangent planes to the surface, additional considera¬ 

tions are require^ . We now indicate briefly the necest>ary modifications. 

Suppose C is a simple closed curve on a closed surface A 

dividing A into two parts A^ and , and suppose there are discon¬ 

tinuities in or in the tangent plane to A across C . For 

definiteness, let n (with components n¿ ) stand for the outward unit 

normal vector to the surface, s (with components s^ ) for the unit 

tangent vector to C and m = s x n (with components m. = e. s n ) 

for the unit normal vector to C . Further let n^ and n^2^ refer 

to the outward unit normals to A, and A. ; and let s^ , m^ and 

(2) (2) 
£ , m stand for the values of s , m when C is part of A 

and when C is part of A2 , respectively. Then, instead of (3.4) to 

(3.6), we have 

ff [DjÍT^ v4) , 2HDj Tj1 v4] dA . f ï T31 vt 5] dc 

A C 

iT[djTjit2HnjTji]tji a« . 
A C 

'mJJ txl (Dm Tmj * 2itam Tmj) * Tij ‘ ni \ TmJ] « 
A 

= Ví/lí xi“pTPj H dc • 
C 

In (3.4a) to (3.6a), the surface integrals are taken over the entire 

surface A = A^ + A^ , the circuit line integrals 

are taken along the direction of the unit tangent to C with 

si ) = ■ sj ) (keeping the area in question to the left), and 

(3-4a) 

(3.5a) 

(3.6a) 
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í f 3 = fi + *2 » 

where f is any function which takes different values ^ and f2 on 

either side of C in the surfaces A1 and ^ , respectively. 

Also, in view of (3.5a) and (3.6a), it follows that 

X ti dA « J'l' t^dk+J f mj Tji ] dC , 

A A C 

+ Tij) ^ 

= e 
kij rr (xi + "i tj Ma + r Cx m T . ]! 

- i P P.1 
dC 

We have already seen that ^ , t¡* do not involve the anti-symmetric 

stresses Z[kj]. . it can also be shown that the integrands in the line 

integrals in (3.10a) and (3.11a) are independent of ^ provided 

these stresses are continuous functions at C 

4. Torsion of a circular cylinder. 

In this section, we quote the results for the special case of 

linearized elasticity. All stresses are now referred to points in the 

initial reference body and are measured per unit surface area in this 

body. For convenience, we use now to denote points in the initial 

body. Then, with p now denoting the initial density, 

(3.10a) 

(3.11a) 
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oA=^\e e +ne e 
rr ss rs rs 

+ al ei(ik) ej(jk) + a2 ei(ik) ek(jj) 

+ a3 ek(ii) ek(jj) + a4 ei(jk) ei(jk) 

l5 ei(jk) ek(ji) (4.1) 

for a solid which is initially isotropic with a center of sysimetry, 

where \ , w , are constants. Also 

;ij = I (ui,j + uj,i) > 

ei(jk) = ui,jk » 

(4.2) 

where u. is the displacement vector. It follows that 

T..=\e S..+2ue.. , 
ij rr ij ij * (4.3) 

E(k,i)i = al Cer(rk) 6ji + er(rj) 5ki] 

+ 2 a2 [ek(rr) Bij + 2er(ri) Sjk + ej(rr) Bik] 

+ 2 a3 ei(rr) 6jk + 2 a4 ei(jk) 

+ a5 Cek(ji) + ej(ki)] * (4.4) 
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i or equilibrium under zero body forces 

^ij + Zki,j,k (4.5) 

or 

Tji,j ' z(kj)i,kj = 0 (1..6) 

We now 

U3I $ I , X 

of the form 

examine the pure torsion of a right circular cylinder 
2.2 2 s 2 
x + x2 = r - a , and assume that the displacements are 

U1 = " T x2 x3 » u2 = T x1 , = 0 , 

where t is a constant. The only non-vanishing strains are 

e13 = e31 “ - I ’ =¾ ■ e23 * e32 " i T xi > 

el(23) = ' e2(l3) 3 " T * 

FVom (4.3) and (4.4), we find that the only non-vanishing stresses are 

T13 ’ t3i " - x2 » T23 = t32 = ^ T xi , 

Z(32)l = • S(31)2 = ^ T » 

(4.7) 

(4.8) 

(4.9) 
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where 

n = 2 au - a5 . 
(4.10) 

The equBtions of equilibrium (4.6) sire sâtisfied. 

On the surfBce r = a (in fâct, on Bny surfsice r = constant) it 

can be verified at once from (3.12), (3.13) and (4.9) ttat 

j a 

ti = 0 , t1 = 0 
(4.11) 

Moreover, over smy surtace x = constsint, 

h = T31 ' 2 S(32)l,2 » 

t2 = t32 - 2 » 
(4.12) 

t3 = 0 , ^ = 0 . 

In order to evaluate the couple acting on the cylinder, in view of (4.11) 

for r = a , we use the right hand side of (3.11a) with the surface 

integral evaluated over any surface x^ = constant and the line integral 

evaluated along the curve x^ = constant, r = a . Thus 

M = e 
3ij JJ (xi ‘j + ni ‘J*1 dxi ^ 

+ 6 
3ij ft X1 -p Tpj E . (4.13) 

13. 
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the surface integral beii g evaluated over the plane area = constant 

and the line integral along thç curve = constant, r = a . The anti¬ 

symmetric stresses make no contribution to either integral in 

(4.13) and we have 

M'iT[xlT32 
A 

o 
2jt a 

o o 

where (4.9), (4.11) and (4.12) have been'used. It must be emphasized 

that the line integral in (4.13) contributes an important part to M 

and incorrect results would be obtained if this term is omitted. This 

term does not appear to be explicitly mentioned in Toupin's theory.* 

On the other hand, from (4.1) and (4.8), we have 

(4.15) 

from which 

(4.16) 

This must equal i M t so that 

(4.17) 

in agreement with (4.14). 

Line integral terms were mentioned by Toupin in his paper on the old couple 
stress theory L4J. 
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We now show how the same result can be recovered using the complete 

theory of Green and Rivlin. As in [l], we suppose that 

zero values at points in the interior of the body but not on its 

boundary surface. Then, over the surface r = a of the cylinder we 

can have 

(4.18) 

provided 

S[l3]2 = ‘ S(13)2 " 

E[23]l = ’ E(23)l * 

the remaining components of 

constant we have 

- n T > 

1 T , 

being zerot Over any plane x 
3 = 

(4.19) 

tl 3 a31 = T31 " Sk31,k » 

t2 = 032 = T32 - > 

t3 = 0 , (4.20) 

T12 = E312 ’ 

T21 = E321 ’ 

+See the remark after Eq. (4.20). 
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which involve only the tangential derivatives of and the remaining 

Tij being zer0* We reniark here that the conditions (4.l8)2 can be satisfied 

over r = a by the more general relations of the form 

IS]2 = ' E(13)2 + ai ^ » r[23]2 = ' ai nl » 

^23] 1 = " E(23)l + a2 nl ’ (4-21) 

^1313 = a3 ^ » ^[23] 3 = " a3 ‘‘l * 

However, the arbitrary coefficients a. (i-1,2,3) in (4.21) maybe set 

equal to zero without loss in generality and in what follows we adopt (4.19) 

instead of (4.21). 

Using the left-hand side of (3.11), the couple M is now 

** 

It may be noted that we are seeking a solution which would yield zero 

stresses on r = a and a couple over x^= constant and, as will become 

shortly, in obtaining this solution we only utilize the continuity 

[ kj ] i 
on r 

— - - 

a , = const. If the forms (4.21) are retained 

instead of (4.19), we can then show that the addiclonal terms give rise 

to zero resultant forces calculated from the left-hand side of (3.10) 
with i = 1,2 and zero couples obtained from the left-hand side of (3.11) 
with k = 1,2 . Moreover, the additional terms in (4.21) will not con¬ 

tribute to the couple calculated from the left-hand side of (3.11) with 
k = 3 • 

16. 
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M‘iT(Xl ‘2 ■ x2 ‘l* "lí - T2l) 

(4.22) 

where 

Z(13)2,l3 X2 ^31 ‘ S(23)l,2] 

+ E(31)2 ' S(32)l 
dx1 dx2 j 

M2 Jtt X1 E[a3]2,a x2 E[a3]i,a J[3l]2 ‘ ^[32]! } dx2,(a=l,2). 

The right hand-side of (4.23) is independent of and (4.24) which 

involves and its tangential derivatives may be expressed in the form 

txl ZÍ31]2 * x2 W 

é¡ [xl Z[23]2 + ^ dx. 

/{ X1 EC31]2 + X2 E[13]1 } * { X1 ^23)2 * } dx1 , 

where the line integral is evaluated along r = a , x3 =. const. With 

the help of (4.9), (4.23) yields 

(4.23) 

(4.24) 

(4.25) 
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(4.26) 

» 

14 2 
Mi=^Jt|iTa + 2jtT)Ta 

Assuming that E 

also obtain 

[kj]i 
are continuous on r = a , = constant, we 

r 
Mg * • T) T dx2 - x2 dxx) = 2 « T] T (4.27) 

since (4.25)2 involves only the values of 

(4.22)OJ we have 

on r a Hence by 

M 
M 4 , 

l + M2=2nUTa + 47tT]Ta (4.28) 

which is the required result and which is also in agreement with (4.14) 

and (4.17). In contrast to (4.13), the formula (4.22) for M contains 

no contribution from a line integral involving discontinuities. 
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