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abstract 

A finite element method of analysis is developed to determine the vibration 

characteristics of an aircraft fuselage panel, containing a fatigue crack. 

Experimental observations show that as the length of the crack increases, 

the frequency of vibration reaches a minimum when the free edge of the 

crack buckles. The variation in this phenomena with increasing plate 

width is studied both experimentally and theoretically. 

The analysis is developed in a systematic manner, and calculations are 

performed, at each stage, on problems with known solutions, in order to 

determine the accuracy of the method. The problems considered include 

the vibrations of flat plates of varying planform, the vibrations of a 

cylindrical shell, the buckling of a rectangular plate, and the vibrations 

of a rectangular plate in compression. 

The method is finally applied to the problem of a cracked plate in tension 

and the results compared with experimental measurements. The post buckling 

behaviour is calculated using a step-by-step analysis to permit linearisation 

of the governing equations. By considering the calculated stress distributions, 

the variation in buckling stress with crack length and plate width is explained. 

Distribution of this abstract is unlimited. 
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1. INTRODUCTION 

Modem aircraft structures are designed using a "fail-safe" 

criterion to alleviate premature failure due to metal fatigue. This criterion 

is based upon the concept that fatigue cracks and other forms of damage may¬ 

be tolerated, provided they do not grow to a catastrophic size between 

major inspections. Thus, the determination of the factors which attribute 

to the propagation of such cracks, is of considerable importance. Many 

investigators have performed tests to establish the rate of propagation of 

a crack due to the pressurization cycle of fuselage cabins. In high speed 

aircraft, further propagation may take place due to pressure fluctuations 

associated with the turbulent boundary layer. The fact that a crack can 

propagate due to this effect has been established in reference 2. Some of 

the major factors effecting the rate of propagation were also determined. 

The tests described were performed on flat plates 10 ins. wide, 

13*5 ins. long and 0*06k in. thick. The specimens were subject to a constant 

tensile load which represented the fuselage hoop stress. A crack was 

initiated in the centre of each plate in a direction normal to the tensile 

load. When subject to pressure fluctuations in an acoustic test facility, 

the plate vibrated predominantly in its fundamental mode. As the length of 

the crack grew it was found that the frequency of this i.ode decreased until 

a point was reached when the free edge of the crack buckled outwards 

permanently; thereafter the frequency increased. In the region of minimum 

frequency the maximum rate of propagation occurred. 

The present investigation is concerned with establishing a 

theoretical method of determining the vibration characteristics of this 

simplified model, with a view to estimating the dynamic stresses. In addition, 

the effect of increasing the width of the plate has been determined. This 

1 
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has heen done primarily by experiment, as described in Chapter 2, but some 

of the phenomena observed are discussed further in Chapter 7 in conjunction 

with the theoretical calculations. 

The tests performed, determined the variation in frequency of 

the fundamental mode with increasing applied load, for a crack of constant 

length. The practical case of a constant load and a crack of increasing 

length was then obtained by cross plotting. These frequency stress 

curves may be divided up into three regions. In the first the frequency 

increases with increase of stress. Secondly, the frequency decreases with 

further increase of stress until the minimum frequency is reached, and the 

plate buckles permanently. Finally the frequency again increases with 

increase of stress, due to the increase of curvature of the free edge of 

the crack. 

In view of the nature of the phenomenon, and the fact that the 

stresses at the tip of the crack are in the plastic region, it would appear 

that an approximate type of analysis, such as the finite element displace¬ 

ment method, would be the most promising method of solution. This method 

was first developed to determine the static stresses in aircraft structures. 

More recently it has been used to calculate the static stress distributions 

in arch, dams and shell roofs. 

The method assumes that the structure may be considered to be an 

assemblage of individual components or elements, which are interconnected 

at their corners or nodal points. This idealised structure is then solved 

by a method akin to the Rayleigh-Kitz procedure. The most common types 

of element used are beams and rectangular or triangular plates, but in some 

instances quadrilateral, trapezoidal or parallelogram elements have also 

been employed. 

Because of the importance of the buckling region in the present 

problem, when part of the plate forms a doubly curved surface, it is 

desirable to use triangular plate elements in the idealisation, which is 

a convenient way of representing this shape. Consequently, only the 

triangular plate element is considered here. The analysis is developed 

2 
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in a systematic manner, and calculations have been performed, at each stage, 

on problems with known solutions, either theoretical or experimental, in 

order to determine the order of accuracy of the method. 

The general procedure for analysing flat plate vibration problems 

is developed in Chapter 3. It is shown later that the technique is quite 

general, in so far as it may be used for a number of other problems, with 

suitable interpretation of the matrices involved. The application of the 

method is dependent upon the availability of a large digital computer. The 

programming procedure which was adopted is described in Chapter 4. The 

same basic procedure was used in all the subsequent investigations reported 

here. The application to plates having arbitrarily shaped boundaries is 

demonstrated by considering rectangular, triangular and circular planforms. 

It is also shown that the solutions converge towards the true solutions .when 

the number of elements is increased. The theory is extended to cover the 

analysis of shells having arbitrary curvature and boundary configurations 

in Chapter 5» The particular case of a cylindrical shell having freely 

supported ends is considered. 

The buckling and post budding behaviour of plates is characterised 

by large deflections which introduce geometrical non linearities. This type 

of problem is analysed in Chapter 6 by a step-by-step procedure which permits 

linearisation. The introduction of simplifying assumptions enables the 

critical buckling stress to be detemined from an eigenvalue problem in 

an analogous form to the vibration problem. A method is given for analysing 

the vibration characteristics of a plate which is subject to static loads 

along its boundary. In general, this involves the step-by-step procedure, 

but this may be avoided for applied loads which are less than the buckling 

load of the plate, by making simplifying assumptions, as in the buckling 

analysis. 

In Chapter 7 the problem of a rectangular plate, containing a 

central crack and subject to a tensile load, is considered in some detail. 

The ability of the method to predict static stress distributions in general, 

has been adequately demonstrated elsewhere [1] , and so it has not been 



investigated here. The static stress distribution in the cracked plate 

is of some interest, however, in so far as it effects the vibration 

characteristics. Consequently, its ability to predict the stress 

distribution for this particular problem is demonstrated, and then used 

to explain certain phenomena which have been experimentally observed, 

concerning the variation in buckling stress with crack length and plate 

width. Support for this theory is given by the agreement obtained between 

measured and calculated buckling stresses. The static deflection curve in 

the post buckled region has been determined using the step-by-step pro¬ 

cedure. Finally, the variation in the vibration characterisites with 

increasing applied load have been determined. 

Chapter 8 contains a review of the important findings in this 

work. Possible methods of increasing the accuracy of the solution are 

discussed, and further work is suggested, which will enable investigations 

to be carried out on more represedative structures. 

k 



2 EXPERIMENTAL STUDY OF THE VIBRATION OF A CRACKED 

PLATE IN TENSION 

2.1 Introduction 

The vibration characteristics of a rectangular plate 13*5n x lO-O" 

and of thickness 0*064tr containing a central crack and subjected to tensile loads 

in a direction perpendicular to the crack, are given in reference [2] .In this 

chapter the effect of increasing the plate width is considered. In order to 

limit the magnitude of the applied load and also the size of the plate specionens, 

the experimental investigations were carried out on half scale models. 

As described in reference[2] for a given crack length the frequency 

of the fundamental mode varies with overall stress in the manner shown in 

figure 1. This curve may be divided up into three regions. Initially the 

frequency increases with increase of stress. In the second region the 

frequency decreases with further increase of stress until the minimum 

frequency is reached. At this point the free edge of the crack buckles 

permanently due to compressive stresses which occur there. In the third 

region the frequency again increases with increase of stress. This is due 

to an increase in curvature of the buckled edge of the crack. 

Any model which is tested should be capable of reproducing all 

these characteristics. The method of achieving this is now considered. 

2.2 Model Theory 

In order to simulate the physical characteristics of a vibrating 

cracked plate in tension by means of a model, it is essential that the 

significant parameters are determined. This is achieved by means of 

dimensional analysis. The central feature of this theory is Buckingham’s tt. 

theorem [3] . Van Driest’s modified form of this theorem [4] states 

that if, in the equation of a phenomenon, any variable depends solely 
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upon independent variables Xg, ..-, Xn such that 

x1 = f(x2, x3.yn) 

í(xlS x2> x3,...xn) = o or 

(1) 

(2) 

then, if r is the greatest number of variables having independent dimensions, 

equation (2) can be expressed alternatively in terms of (n - r) dimensionless 

quantities as 

^(ïï1,ïï2,..Tr_) = 0 (3) n-r 

where tn is a dimensionless quantity taking the form of a ratio of (r + l) 

of the variables. In this context, independence of dimensions means that 

the dimensions of one quantity cannot be represented as a combination, in 

the form of a monomial power, of the dimensions of the other quantities. The 

dimensionless quantities ik are determined from the relation 

.X 
7T, 

r+i 
«! a2 (4) 

X- X0 ... X J 12 r 

where powers oti,... are chosen to render ïï. dimensionless. 

The deflections w of a vibrating cracked plate in tension are 

dependent upon the plate dimensions 2a, 2b, thickness t, crack length 2£, 

the applied force F, the frequency of vibration ft. Young’s modulus E, 

shear modulus G, and density p. Thus we have the relationship 

w i ( a, b, t, ft, F, ft, E, G, p) (5) 

or <f>(w, a, b, t, ft, F, ft, E, G, p) = 0 (6) 

The dimensions (indicated in this chapter by square brackets) of these ten 

parameters are 

P 
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[ w ] = L [ a ] 

[ Z ] = L [ F ] 

[ E J = 1-11-½-2 [ G ] 

= L [b] =L [t ] = 

= MLT [ fi ] = T-1 

-1 -2 
ML T ¿ [ p] = ML' -3 

(7) 

where M, L, T denote mass, length and time respectively. The greatest 

number of variables having independent dimensions is thus three. For 

these variables it is convenient to choose a, E, ft. The resulting seven 

independent dimensionless parameters are thus 

*1 = 
w 
a ïï3 = T 

^ - F 
ïï5.- — 

a E 
Tic = 

E 
= _£ 

(8) 

,2Eif] 

giving 
¢(711,712, .., 7T7) = 0 (9) 

The model and full scale phenomena will be similar if all the 

non-dimensional variables tti,..., Try have the same numerical values. 

■*2» require that the model and full scale structures should be 

geometrically similar. Since | = ^ , where v is Poisson's 

ratio, 7t6 requires the two materials to have the same value of Poisson’s 

ratio. tí!, 7r5, Try provide a means of relating the deflections, loads 

and frequencies respectively, 

we have 

w = p )w VQ ^ t 

If subscript m denotes model quantities 

m 
m (10) 

^ = (#) 
m 

E 
m 

'm ui) 

fi2 =( m 

) (/) (1-) “ (12) 
m m 
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From (11) a relationship for stress may be deduced, namely 

(1-) ‘E 
m 

m ( 13) 

and so strains are given by 

m < lh) 

Since there are three variables with independent dimensions, three 

design limitations may be imposed. By a suitable choice of material both the 
Ü p 

ratios m 
E 

are determined. The third choice to be made is the 

geometrical scaling factor 
m 

a 

When choosing the material for the present application, due con¬ 

sideration was given to the fact that the stresses in a region around the 

crack tip are in the plastic range. Mansfield [5] has shown that when 

considering a simple deformation theory for plastic flow, the strain-stress 

relationships are obtained from the corresponding ones for elastic theory, 

by replacing Young’s modulus by the secant modulus Ec and taking Poisson’s 

ratio V = g. The secant modulus may be expressed in terms of Young’s modulus 

and an equivalent stress in tension. Using Ramberg and Osgood’s method of 

representing the materialb stress-strain curve in simple tension [6] 

a relationship for the secant modulus of the form 

2n 

1-=1- ‘(m1) 
°1. 

(15) E ■' ’•E 
s 

is obtained where k, h are constants which, together with E, describe the 

stress-strain curve. 

In a region of plastic flow the non-dimensional parameters k, n 

should be included in the above analysis. This would give the additional 

requirements that k, n should be the same for model and full scale. This is 

readily satisfied by taking the model material to be the same as the material 

of the full scale structure. 
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The length scale was chosen as a compromise between the maximum 

load which could be applied, and also the maximum frequency it was desirable 

to consider. Consideration was also given to the standard thicknesses of 

sheet material commercially available. An upper limit of 20,000 lbs. was 

placed upon the loading rig for the model structure, and it was desirable 

to simulate a full scale value of 80,000 lbs. Thus from (11) it may 

be seen that — =3. This also satisfies the requirement that a full 

scale frequency of 500 c.p.s. be represented by a model value of no more 

than 1000 c.p.s. With these restrictions on the design of the model, the 

scaling factors for obtaining full scale parameters from model values are 

F = 1+F 
m 

= 
m 

(16) 
m 

m 

2.3 The Test Rig 

A special loading rig, illustrated in figure 2, was constructed 

in order that tensile loads, up to a maximum of 20,000 lb., could be applied 

to specimens having widths of 5, 10, 20 ins. The specimens were clamped 

between half inch steel plates and the tensile load applied by means of a 

hydraulic jack. All the specimens in the present investigations had a 

depth of 6*75 ins. An increase in depth could be accommodated by re-locating 

the upper steel plates. This operation was simplified by using counter 

weights to balance the weight of the steel plates when the fixing bolts were 

removed. 

The hydraulic system is illustrated in figure 3. Six of the 

seven shut-off valves and the three pressure gauges were mounted on a control 

panel as shown in figure b. The system was so designed that the parts of the 

jack cylinder above and below the piston could be pressurised independently. 

Tensile loads were obtained by pressurising the part above the piston, the 

9 
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pressure “being measured by the 600 p.s.i. and the 2,000 p.s.i. gauges. 

Mounting in, and removal of the specimens from the rig, was facilitated by 

pressurising the part below the piston; the pressure in this case being 

measured by the 250 p.s.i. gauge. 

The loading rig was calibrated by mounting two tensile test pieces, 

made of high strength steel, complete with mechanical ext en some t er s, between 

the two sets of clamping plates. This gave a relationship between the 

extension and the gauge pressure. The relationship between the extension 

and the applied load was obtained by mounting the specimens in a tensile test 

machine, thus giving-the following calibration :- 

Applied load (lbs.) = l8*l8 x gauge pressure (p.sd.) (17) 

A block diagram of the instrumentation used in the tests is shown in 

figure 5. The specimens were excited laterally by means of an electromagnetic 

exciter poisitioned centrally, just below the upper damping plates. In this 

way adequate response was obtained in the fundamental mode of vibration with 

a minimum of interference from the exciter. The displacements of the 

specimens were measured by means of a capacity probe. It was found that in 

measuring one mode shape, a far greater range of amplitudes was measured, 

than wag possible with a single capacity probe of given sensitivity. 

Consequently the displacement was amplified and measured by a spectrum 

analyser. The displacement signal was also displayed on an oscilloscope 

together with a signal representing the exciter input force. In this way 

a check could be kept upon the phase difference between the excitation and 

response. 

In order to demonstrate the validity of the scaling theory, the 

frequency of the fundamental mode of vibration of a half scale model of a 

13•S" x 10*0" plate containing a 3 ins. crack, was determined for applied 

3 2 
stresses up to 2^ x icn lb./in. . The resulting curve is compared with 

corresponding curves obtained from tests on full scale panels, using both 

discrete frequency siren excitation and electromagnetic vibrator excitation. 

: 

! 
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in figure 6. The curves show close agreement for stresses helow the buhkling 

stress. Some scatter is present in the value of the buckling stress, but this 

is within the accepted range of experimental scatter. 

Further model tests were performed to determine the buckling 

stresses for 3*5 and 4*0 ins. cracks. In reference [2]it was shown that 

the buckling stress for a 13*5,f x 100tT plate 0-064 ins. thick could be 

calculated from the relation 

a = 1-18 E(|)2 (18) 

In figure 7, has been plotted against (l/£2) resulting in equation (18) 

representing a straight line. The experimental points obtained from the 

model tests lie close to this line. 

2.¾ The vibration characteristics of plates of varying width 

The vibration characteristics of a 10 in., a 20 in. and a 40 in. wide 

plate of depth 13*5 ins. and thickness 0»064 ins. have been determined by- 

testing half scale models as described in the previous section. The model 

specimens were manufactured from aluminium alloy L73. Details of the 

specimens are given in figure 8. The central slot, which represents a crack, 

is obtained by first of all drilling a 3/32” diameter hole at the centre of 

the plate and then making a cut to the desired length with a hacksaw blade. 

In the tests described here, further holes of 3/64" diameter were drilled 

at the ends of the slot to reduce stress concentrations there, ensuring that 

the crack did not propagate during the tests. On completion of the investi¬ 

gations for a particular crack length, the crack was extended with a hacksaw 

blade and a further 3/64" diameter hole drilled at each end. 

The length of the central crack of the 20 ins. (full scale) wide 

plate was varied from 2 ins. to 6 ins. and the applied tensile stress was 

increased from zero to 21,000 lb./in.2. Investigations on the 40 ins. wide 

plate covered crack lengths in the range 2 - 8 ins. and tensile stresses 

from zero to 26,000 lb./in.2 

The variation of the frequency of the fundamental mode with applied 

tensile stress and crack length, for these specimens, is given in 

11 
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figures 10 and 11. The curves shewn follow a similar pattern to the ones 

for a plate of dimensions 13#5,f x 10'0" given in figure 9. 

A comparison of the results for a given crack length, shows that 

there is an increase in frequency with plate width, due to an increase in 

plate area in direct tension. There is also a variation in the stress at 

which the area around the crack buckles. When this buckling occurs the 

frequency of vibration reaches a minimum and so the stress at buckling may 

be determined from these frequency curves. In figure 12 the stress at 

buckling has been plotted against (l/£2). For the 20 ins. wide plate 

the experimental points lie close to the line given by (18), which is 

the equation for the buckling stress obtained for the 10 ins. wide plate. 

At low stresses the experimental points for the kO ins. plate lie close to 

the line 

o = 3-66e(j) (19) 

At stresses above 17,000 lb./in. the experimental points lie below the line 

given by this equation. The variation in buckling coefficient and 

departure from a linear relationship between and l/SL2 has been caused 

by a variation in the stress distribution. Further discussion on this 

effect is deferred until Chapter ?. 

The modes of vibration along the x-axis of the 20, kO ins. plates 

with crack lengths of 1+, 5, 6 ins. are shown in figures 13 to 18. In each 

case the ratio p of applied stress to buckling stress is also varied. For 

a given crack length, the maximum frequency in the pre-buckled region occurs 

when ]x lies between 0’7 and 0-75. If u is less than this value the mode 

shape varies considerably with plate width and applied stress. For values 

of p greater than 0*75» the predominant vibrations occur in the area around 

the crack. The width of this area is approximately twice the length of the 

crack. In the y-direction, increasing the applied stress has only a small 

effect on the mode shape; the predominant vibrations occuring over the full 

depth of the plate. 

In the practical case, the crack length will be increasing and the 
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applied tensile stress constant. The variation of the frequency of the 

fundamental mode -with crack length is given in figure 19 for an applied 
p 

stress of 13,000 lb./in. The three curves for 10, 20, 40 ins. plates 

are cross plots from figures 9, 10, 11. As the crack extends the frequency 

is reduced until the critical buckling length, corresponding to the applied 

load, is reached. Further extensions in crack length result in the frequency 

increasing due to the increase in curvature of the free edge of the crack. 

Increasing the plate width produces a higher frequency and also gives a 

variation in the critical buckling length. For the 10 and 20 ins. plates the 

critical length is approximately k ins. whilst the kO ins. plate buckles for 

a crack length of 7 ins. 

The variation in frequency with crack length at an applied stress 

of 17,000 lb./in. is shown in figure 20 for a ins. plate. The increase 

in stress results in a higher frequency at zero crack length and also a 

critical buckling length of approximately 6 ins., hence the steeper descent 

to the minimum frequency. The variation in mode shape as the crack extends 

is shown in figure 21. As the critical buckling length is approached the 

area of predominant vibration reduces to an area around the crack which is 

about twice the length of the crack in width. 

These investigations have shown that increasing the plate width 

does have a marked effect on the dynamical characteristics under consideration. 

This effect is mainly due to the variation in buckling stress for a given 

crack length. Future investigations should consider other plate widths and 

also variations in the plate depth. In this way it should be possible to 

determine what other geometrical parameters, other than crack length and 

plate thickness, ought to be considered in determining the buckling stress. 

13 



3.1 

Matrix methods of structural analysis have "been developed 

Introduction 

3. SMALL DEFLECTION ANALYSIS 

during the last ten to fifteen years in connection with the analysis 

of highly complex aircraft structures. The fundamental assumption, 

which is common to these methods, is that the structure may he 

satisfactorily represented hy a finite#number of basic elements. In 

the case of an aircraft wing, the basic elements are defined by the 

intersections of the spars, ribs and skin. In order to utilize the 

facilities of an electronic digital computer, the structural analysis 

of the individual elements and the assembled structure is formulated 

in the notation of matrix algebra. These methods may also be 

employed to analyse two-dimensional systems such as plates and shells. 

The plate or shell is assumed to be represented by an assemblage of 

individual elements. These elements, however, are not quite so 

clearly defined by the geometry, as in the case of an aircraft wing. 

Other considerations, such as applied loading, likely stress 

distributions and modes of vibration, have to be taken into account 

in performing the idealisation. 

As in the case of conventional structural analysis, matrix 

methods may be divided into two groups, namely, those formulated in 

terms of unknown forces and those formulated in terms of displacements. 

In reference [7] > Argyris has developed the general theory with both 

forces and displacements as unknowns. The striking feature which 

emerges is that the two methods are completely analogous. Knowing 

the equations in either of the two procedures, we can write down, by 

a simple translation process, the equations in the other procedure. 

There does exist, however, significant differences in the detailed 

application of the methods. 

Ik 
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Much of the early work on aircraft structures in this country was 

devoted to the first method, probably as a result of the extensive work of 

Argyris [ 7, 8 ], More recently, Taig and Kerr [ 9 ] have shown 

that displacement techniques are particularly well suited to the analysis 

of low aspect ratio multicell box structures. In their application to 

plate and shell problems, research workers both in this country and in the 

United States have, in general, chosen to exploit the displacement method. 

It has been shown by Hessel [ 10 ] , however, that linear static plate 

and shell problems can be analysed successfully by the force method, which 

is the technique adopted by Denke [ 11 ] in his analysis of non-linear 

static problems. 

A considerable amount of development of the displacement method, 

as appl-ed to static plate and shell problems, has been achieved in the field 

of Civil Engineering, where detailed studies of gravity dam sections [ 12 ] 

regarded as plane stress problems, and thin arch dams [ 13, 14 ] , with 

either single or double curvature, have been made. These methods may be 

extended to analyse the vibration characteristics of plates and shells. In 

this chapter the procedure for analysing flat plate vibration problems is 

developed* 

The general procedure for analysing a plate problem by the finite 

element displacement method may be summarised as follows : 

(i) The idealisation of the plate into a finite number of 

individual elements, interconnected at a finite number of 

nodal points. 

tii) The evaluation of the element properties. 

(iii) The structural analysis of the assemblage. 

The idealisation process consists of approximating the plate by 

an assemblage of triangular, rectangular or quadrilateral elements. In 

what follows only the triangular element will be considered. 

3.2 Element Properties 

The first step in the determination of the element properties is 

to assume certain deformation patterns for the displacements {u} of the 
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element. These deformation patterns should he chosen in such a manner, that 

satisfaction of continuity of displacements, at the corner or nodal points, 

also ensures continuity along the element boundaries. It will also be 

advantageous to assume as many deformation patterns as there are nodal 

degrees of freedom. The displacements are thus written in the form 

{u} = [ M(x, y) J {A} ( 20 ) 

where [ M(x, y) ] is a matrix of functions defining the displacements {u}, 

and {A} is a column matrix of constants. These constants may be determined 

by introducing the nodal co-ordinates successively into the expression (20) . 

Thus the nodal displacements {u^} are given by 

{u.} = [C ] ÍA} ( 21 ) 

The matrix [c] is square and so may be inverted to give 

{A} = [ C ^iu^ ( 22 ) 

The internal element "strains” {e} may be expressed in the form 

U) « [ B(x, y) ]{A} ( 23 ) 

where the matrix [ B(x, y) ] is a differential of the matrix [ M(x, y) ]. 

Introducing equation (22) into (23) we obtain 

{e} = [Bj[c_1 ]{u.} ( 24 ) 

The material "stress-strain" relationships may be written in 

the form 

(a) = [ D ] {e} ( 25 ) 

where ia) denotes the internal stresses, and [ D ] is a matrix of 

material constants. 

Hence to} = [ D ][ B ][ c"1 ]{u.} ( 26 ) 
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Now the internal virtual work W_ associated with the virtual 

strains {e} is 

W. = Í it}T ia} cbcdy (27) 

where A denotes the area of the triangle. Introducing (24) and (26) 

into (27) we find that 

W_ = {u.}T[ c_1 ]T } [ B ]T[ D ] [ B]dxdy [C-1 ]iu.} (28) 
11 A 

where iu.} are the virtual nodal displacements associated with the virtual 

strains {ê}. 
The inertia forces if} per unit area acting on a plate element may 

he written in the form 
(29) {f} = ß2[mp ](u} 

where £2 is the frequency of vibration and [ m ] is a matrix of inertial 

constants. The work done by these forces in the virtual displacement {u} is 

W = j {ü}Tíf} dx dy (30) 

Introducing (20) and (22) we have 
WM = n2 {u.}T[C-1JT J [M]T[m ] [m] dxdy [c-1] {u.} 
MX à y 

(31) 

If the nodal forces corresponding to the nodal displacements (u^} 

are {s^^}, then the external work done during the virtual displacement 

{Ü.} is 
WE = (u/ts.) (32) 

Applying the theorem of virtual work gives 

Wr. + WM = W_ EMI 
(33) 

that is 
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^{Ü.r^Cf1]1 J[M]TM[M]dxdy[c“1] {u. 
A 1 

= {^^[o J [b]T[d] [b]dxây[c"1] {ui 

If we now apply a unit virtual displacement at each of the nodal degrees of 

freedom in sequence we obtain an equation of the form 

where 

= fk]{u.} - ß2Jm]{tu} 

M - [0-1] TJ 

is the element stiffness matrix and 

[m] = f C'1 ]T / [M]T[m ] [mJ dxdy[c_1] 

(34) 

(35) 

(36) 

is the element inertia matrix. 

Equation (34) relates the nodal forces to the harmonic nodal 

displacements of frequency The matrices [kj, [mJ represent the 
element structural properties. The stiffness matrix [k] is the same matrix 

that would have been obtained by a purely static analysis. The columns of 

this matrix represent the nodal forces required to produce a unit displace¬ 

ment at a single nodal point. The inertia matrix [ m] represents the 

equivalent point masses and moments of inertia required at the nodal points 

to produce the same loading as the distributed inertias. 

3.3 Assumed Displacement Functions 

The critical phase in the preceding analysis is in prescribing 

suitable deformation patterns (equation(20 ) for the element. Any assumed 

displacement function should satisfy certain requirements in order to ensure 

convergence to the true solution as the size of the element is reduced. 

The requirements, which have been proposed by various authors, may be 

summarised as follows: 
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(i) 

(ii) 

(üi) 

(iV) 

The element should be allowed to deform similarly to the 

deformations developed in the corresponding region of the 

continuum [15] • 

The function must be a linear function of the generalised 

displacements • 

Continuity of deflections and slopes must exist between 

adjacent elements (15 f 16 ; 17]. 

If the nodal slopes and displacements are consistent with a 

state of constant curvature and twist, then the chosen 

displacement function should implement this state (ref. 20). 

In -particular the complete set of rigid body displacements 

must be represented [16] • 

When increasing the fineness of the network representing the 

structure, the displacements of a sub-element should be 

identical to those generated in it before sub-division 

[16 f 18] . 

Most of these requirements are easily satisfied. The condition 

which causes most difficulty for a triangular element in bending is the 

third. One of the first displacement functions to be used is one proposed 

by Clough [15] . Taking the lateral displacement w and the rotations 

3w/8y, -3w/8x as nodal degrees of freedom, he assumed the following 

polynomial expression for the displacement w: 

(v) 

2 2 
w = Ai + A2x + A3y + A^x + A?xy + A^y 

+ A^x3 + A8(x2y + xy2) + A^y3 (37) 

where A^ A2,...A9 are constants. This function satisfies all the above 

requirements except continuity of slope between adjacent elements. Only 

recently [ 19 ] bas a function been proposed which does ensure continuity 

of slope. With this function, however, numerical integration becomes 

imperative in deriving the element characteristics. 



3.4 Triangular Element in Bending 

The procedure for determining the stiffness and inertia matrices 

of an element, as developed in section 3.2, may be applied to elements of 

any shape. By way of illustration a triangular element will now be considered 

If the polynomial expression (37) is used for the assumed dis¬ 

placement function, then equation (20) takes the form 

w w 

8w 

3y 
8w 

3x 

1 X 

0 0 

0 -1 

y X xy 

1 0 X 

0 -2x -y 

y2 X3 (x2y + xy2) y3 

2y 0 (x2 + 2xy) 3y‘ 

0 -3x2 -(2xy + y2) 0 

where the lateral displacement w and rotations 0,0 are defined in 

figure 22. Evaluating this equation at each of the nodal points, we see 

that the matrices given in equation (21) are defined by 

iUi} = 1W1’ 0xl’ eyl’ W2’ 0x2’ 0y2* W3’ ex3* 0y3} 

(38) 

{A} = 

[Cj = 

{Aj^, Ag, 

10 0 

0 0 1 

0-1 0 

1 

0 0 

Xg 0 

» Ap) 

0-1 0 -2X2 0 

1 x3 y3 X3 x3y3 
0 0 1 0 X. 

0 

0 

0 

X3 
X2 

0 

3x2 

X? 
(x2y3 + x3y2) 

(x| + 2x3y3) 

0-10 -2x3 -y3 0 -3x2 -(2x y + y2) 

0 

0 

0 

0 

0 

0 

3y2 

(39) 



,32tx 
M = +1)(-2^ + V 

The columns of the inverse matrix [ C ^ ] may he obtained by taking each 

nodal displacement in equation (21) to be unity in sequence, whilst the 

others are assumed zero. Because of the large number of zeros in the 

matrix [ C ] the resulting set of equations are easily solved. It may be 

seen, however, that this process breaks down whenever 

y^ + 2Xg - Xg = 0 

In this case the matrix [ C ] is singular and therefore an inverse does 

not exist. 

In plate bending the stress resultants are given, using the sign 

convention in figure 23, by 

3y' 

32w 

3X2 

32w . 32w 
M =-D(v^ 

y 3y2 3x2 

M = +D ( 1 - v) 
xy 3x3y 

(41) 

where D = 
Ef 

, E being Young’s modulus, v Poisson's ratio and 

12(l-v2) 

t the plate thickness. Defining the "stress" and "strain" matrices as 

r ■. r,. w 1 r *» _ f32W 32W ^ 32W t 
{,) - ,MX, M^), W-(—, — . 2 mF1 

the matrix of material constants [ D ], as defined by equation (25) 

becomes 

[ D ] = D 1 -v 0 

•V 1 0 

0 0 £ 

(42) 

where £ = 
1 - v 
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Differentiating the displacement function yields the "strain” 

matrix [ B ] as defined by equation (23) ♦ 

[B J 0000020 2x 6y 

0 0 0 -2 0 0 -6x -2jr 0 

0 0 0 0 2 0 0 4(x+y) 0 

(43) 

Introducing (42) and (43) into equation (35) , and defining 

a generalised stiffness matrix 

it vill be seen that 

H - 

[id =/ [B]* [D] [Bj dxdy 
(44) 

km 
o 

o o 

0 0 

0 0 

0 0 

0 0 

0 0 

1 

0 

V 

3h_ 

SYMMETRIC 

1 

3hx 0 3vh Vr* 

(vVhy) 2Ç(hx+hy) (hx+vhy) 3(vr^+r^y) {(3-2v)rL 

0 0 0 3h 3h 9vrc 
xy 

+2(2-v)r^ } 

3(r2 +vr2 ) 9r2 
xy xx^ ^ XX 

(45) 

where hx, h = coordinates of the centroid of the triangle 

Ar4 
2 2 

'xx* Aryy* Arxy * second moments of area with respect to the given axes 

2 2 
r = r g zz + r 

XX yy 
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it may be noted that each element of this matrix involves an integral of the 

form J xmyn dxdy. 

A 

In Appendix it is shown that the result of this integration 

F m n v2+1 T m+1 r 
JxyMjr» -¡fl) I I 

r=0 s=0 

is 

(-l)r+s(m+l)f_ m+l-s s 

(m+l-r)i(r-s)!s!(n+r+l) x2 x3 

m+1 
3 

(m+n+2) x3 ^ °> x3 ^ x2 

n+1 m+1 

y3 x2 m+1 
¿_£_ y (-i)r(m+i); 
(m + 1) r“0 (m+l-r)!r!(n+r+l) x3 = 0 (50) 

, n+1 m+1 

y3 x2 

Tn+1)(m+n+2) X3 =: x2 

Thus it is possible to compute the elements of [m] , and hence the structural 

element inertia matrix which is given by 

[m] = [C"1]1 [m] [C-1] {51) 

3*5 Equilibrium of the Complete Structure 

Having idealised the structure as an assemblage of finite elements 

and also having determined the element properties, the next step is to 

ensure equilibrium of the complete structure. This is achieved by con¬ 

sidering the equilibrium of the internal and external applied forces at each 

nodal point. 

The structural properties of each individual element, as represented 

by equations (34) -(36) , are referred to local coordinate axes. In 

order to simplify the equilibrium relationships, these equations are now 

referred to global coordinate axes, which are common to all elements. 

Referring to figure 22, the coordinates in the local system are 

related to the ones in the global system by the equation 

2k 





Now the nodal displacements of the element g - {u?}g may 

he expressed in terms of the displacements of the complete structure {U0} 

by the relation 

(¾ - [.si (1°) (60) 

The matrix [a ] will consist of rows which are entirely zero except for 

one element which is unity. In formulating this matrix for the various 

elements, it is assumed that the elements are interconnected at their nodal 

points. 

The internal forces for the element g are thus 

is?} = [ [k°] - ^°] ] [ag] (61) 
g -- -gJ ‘ BJ J 1 g' 

And so the internal forces for all the elements may be written in the form 

{s0} = [ [K°] - ^[M°] ] [a] {U0} (62) 

where {s0} = Í {s°}i 

o 
iSi}2 

^i>n 

[K0] = 

n 
(63) 

n 

lM°] m. 

m n 

If the external forces applied to the structure are denoted hy 

{S0}, then equilibrium of the nodal points of the complete structure is given 

■by 
(64) {3°} = [a]T is0) 
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That is 

where 

1S°> [ [k°] - a2 [m°] ] lu°) 

[K°l = [»]T Pi (»1 

Pi - [a]T [«°1 H 

Equations (66) , (67) may also be written in the form 

PI = Í I*JT K) W 

PI = X [•/ [»°1 t»Bl 
Ë 

(65) 

(66) 

(67) 

(68) 

(69) 

The operations involved in the right hand side of equation (68) 

consist of adding the elements of the structural element stiffness matrix 

[k°] to the appropriate elements, depending on the ordering of the nodal 

displacements, of the overall stiffness matrix [K°]. This process is 

repeated for every element of the structure. The whole operation is 

equivalent to adding the stiffnesses of the elements adjacent to a given 

nodal point. In practice, it is unnecessary to calculate the matrices 

[a ]. The information they contain is calculated from the ordering of 

the nodal points and the ordering of the structural elements. Similar 

argumeris also hold for equation (69) • 

3,6 Boundary Conditions 

The final stage of the analysis is to find solutions of equation 

(65) which satisfy the conditions which exist at the "boundaries of the 

structure. These conditions consist of the so-called ’’artificial and 

’’natural” "boundary conditions. For plate and shell type structures part 

or whole of the "boundary will be either clamped or freely supported. This 

gives rise to the artificial boundary conditions that either the displace¬ 

ments and/or the rotations are zero. Ihe natural boundary conditions 

arise from free boundaries along which the shear forces and bending moments. 
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vanish. Therefore the nodal forces and moments, collectively referred to 

as forces, will be zero along this part of the boundary. It may be noted 

that flexible supports do not constitute either artificial or natural 

boundary conditions. The known stiffnesses of the supports are added into the 

appropriate locations of the stiffness matrix [K°J. If the natural modes 

of vibration of the structure are required then the nodal forces at the 

interior points are also taken to be zero. 

If the nodal forces and displacements are re-ordered such that 

the known displacements and the corresponding forces appear together in 

{U0}, {S0} then equation (66) may be written in the form 

Kïi K 

K 

12 
o 

- M, 
11 M12 

M M 
21 22 

u; 

u 

(70) 

where {U^} are the known displacements 

be written as 
(¾) 

21 22 j 

The boundary conditions may now 

0, {s°} = 0 (71) 

Introducing them into equation (71) yields the following equations 

[ [Ky - ] (¾} = o (72) 

{S2} = Í EK2l-l - J {U1} (73) 

The first of these equations (72) , is in the forra of an eigen¬ 

value problem, the solution of which gives the natural frequencies and the 

corresponding modes of vibration of the structure. In practice the matrices 

[k!?-], [M° ] in equation (72) are obtained by deleting the rows and 
•LJ- i-L 

columns of [K°J, [m°] , respectively, which correspond to the zero displace¬ 

ments. Having obtained equation (73) may then be used to 

calculate the forces on the part of the boundary along which the displace¬ 

ments have been prescribed. 
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4 . THE VIBRATION OF FLAT PLATES 

h.l Introduction 

Finite element techniques may he used to determine the vibration 

characteristics of flat plates having arbitrarily shaped boundaries. To 

demonstrate this, and also to illustrate the accuracy which can be expected, 

three plates having different shaped boundaries are considered. The first 

is a simply supported rectangular plate whose sides are in the ratio 

1*48 : 1, the results of which are compared with an exact solution. The 

second is a cantilevered triangular plate of aspect ratio 6*7, and the 

results are compared with experimental data. Finally, a clamped circular 

plate is considered and the results compared with a Rayleigh-Ritz type 

solution. 

The method used is given in chapter 3. The assumed displacement 

function used is the cubic polynomial 

w = A1 + A2x + Aÿr + A^x2 + A^xy + Agy2 

+ A7x3 + Aa(x2y + xy2) + A^y3 (74) 

This function is not invariant with respect to the choice of 

coordinate axes, and so the positions of the local axes have been 

varied in the rectangular and triangular plates and the resulting so3.utions 

compared. Finally, the number of elements used has been varied to 

illustrate the convergence characteristics of the solution as the size 

of element is decreased. 

4.2 Computer Programme 

Finite element techniques are computer orientated methods of 

analysing structures. Any discussion of a particular application would 

not be complete, therefore, without a description of the programming 

procedure adopted. The sequence of calculations which are necessary for 

the solution of flat plate vibration problems are indicated in the flow 
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diagram in figure 24. It may be seen that the programme is composed 

of four main stages, namely: 

(i) The iiput of data 

The formation of the stiffness matrix of the assembled 

structure 

The formation of the inertia matrix of the assembled 

structure Fm0 1 ; ir 
The calculation of the characteristic roots and vectors 

of the equation 

(Ü) 

(iii) 

(iv) 

[ [CJ-*[<•,]] {U?} = o hj •* i'iiJ j -i 

where X = fi2, to give the natural frequencies and 

normal modes of vibration of the structure. 

In calculating the input data it is assumed that a plate is 

divided up into HE triangular elements in such a way that there are 

NPR columns, the Ifth column of which contains NPC(I) nodal points, 

giving a total of NP. An example of how this is done is given in 

figure 25* The data required by the programme is as follows. 

NE, NP, NPR - as defined 

(75) 

{NPC} 

[NGE] 

[G] 

- a matrix of order (NPK,l) as defined 

- a matrix of order (HE,3) whose Irth 

row gives the nodal point numbers of 

element number I. 

- a matrix of order (HP, 2) whose iHh 

row gives the global coordinates of 

nodal point number I. 

TH, E, PR, RHÕ - plate thickness, Young’s modulus, 

Poisson’s ratio, mass density. 

- number of constraints 

- a matrix of order (NC,2). The first 

number of any row specifies the row and/or 

column to be eliminated from the diagonal 

submatrix, indicated by the second number in 

the row, and its neighbours. 
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The stiffness matrix [K0] is formed by, first of all, 

calculating the nodal coordinates of element number one referred to local 

axes specified by the matrix [NOE] . This information, together with the 

plate thickness, Young1 s modulus and Poisson^ ratio, is used to calculate 

the element stiffness matrix [k°J referred to global axes, which is 

defined (see chapter 3) by 

[k°J = [h]t[c-1]t J [b]t [dJ [B]as [cf1] [s] (76) 

#! :111 il; 

The elements of [k°] are finally added to the appropriate elements of 

[K0]. If the nodal points of the element are numbered n^, n2, n^ 

fk°] is partitioned into nine submatrices fk0].. of order (3, 3), then 
aJ i j 

the submatrix [k°}.. will be added to the (3, 3) submatrix of [k°J whose 

leading element occupies the position (3n. - 2, 3n. - 2), for i, j = 1,2,3. 

This process is repeated for each of the WE elements. It is interesting 

to note here, that by suitable ordering of the nodal displacements the 

matrix [K°] takes the form of a band matrix as indicated in figure 26. 

All-the non zero elements lie in a triple band of (3NPR - 2) submatrices 

about the main diagonal, the diagonal submatrices being of order 3NPC(l) 

for I = 1, 2, .., NPR. There are a number of ways of achieving this, as 

described by Argyris in reference [g] . The method adopted here is to keep 

the displacements at each nodal point adjacent to one another. Finally, 

the matrix [K°J is obtained from [K°] by deleting the NC rows and 

columns specified by the matrix [mcn] . The inertia matrix is 

obtained using a like procedure. 

In the investigations described in this chapter, two methods of 

determining the characteristic roots and vectors of equation (75) have 

been used. When the order of the matrices [k^] , was less than 

50 a method was adopted which made use of existing methods of finding the 

roots and vectors of a single matrix. Equation (75) may be transformed 

into the more usual characteristic value problem 

[T] - A [I] ] {V} = 0 (77) 



where [l] denotes the unit matrix, by expressing [m^J in the form 

KJ = w WT (78) 

where [l] is a lower triangular matrix. This is obtained by using a symmetric 
Chclesky decomposition [ 20 ] . Premultiplyir.g equation (75) by [L-1] 
yields equation (77) where 

[t] = [it1] [4] 

and {V} = [l]T {U°} 
(79) 

(80) 

Equation (77) may now be solved by Householder's method [ 21 ] . It may 
be noted that the matrix [t] is a fully populated matrix, and so, if its 

order is large the method is inefficient with regard to storage requirements. 
On the other hand, the Householder method of solving equation (77) is a. 
very efficient method indeed. 

For larger order matrices the method used was to evaluate the 
determinant DET(l) = [ [4J - for a range of values of A until 
a change in sign of the determinant was found, indicating a root of the 

equation DET(A) = 0. The rule of false position [ 22 ] was then used 

iterate to the root, correct to a specified number of significant figures. 
If the determinant is evaluated by means of the Gauss elimination procedure 
[ 20 ] then very little working space is required, additional to the 
space required to store the non zero submatrices of [[K° ] - A [M° ]]• 

Thus for large order matrices the method is more efficient with regard to 
storage requirements than the previous method. In comparison with the 
Householder technique, however, the method of obtaining the roots is very 
slow. 

^•3 Simply Supported Rectangular Plate 

The simplest problem one could use to demonstrate the finite 
element method is a simply supported rectangular plate. The exact solution 
to this problem [ 23 ] gives a frequency 

- JL f.Jh ^ 
2 W 

(m-1) (n-1): 
(81) 



where the plate has dimensions a and 1), m and n are the number of node lines, 

including boundaries, in the directions of a and b, and other notation as 

in-chapter 3. In the case considered here, the plate has dimensions 

13*5 X 20*0 ins. 

Initially the plate was idealised into 8, l6 and 40 elements as 

shown in figure 27 and the local axes taken parallel to global axes as 

shown in figure 28 (a). The error in frequency, when compared with the exact 

solution, is given in table 1. Two factors emerge from this analysis. 

Firstly, all the frequencies are underestimated. Secondly, as the grid is 

made successively finer, an increased number of modes appear and the accuracy 

of each increases. The overestimate of 7*37$ for mode 3, case 27 (b) may 

be accounted for by the fact that too few nodal points have been used to 

represent the mode shape in the direction having three nodal lines. 

The local axes were then taken as indicated in 28 (b) and the 

idealisations as shown in figure 29. In order to minimize computer storage 

requirements only one quarter of the plate was considered. The boundary 

conditions along the plate centre lines are obtained by considering symmetrical 

and antisymmetrical modes of vibration. When one of the plate centre lines is 

a line of symmetry then the slope and shear force along this line are zero. 

On the other hand, if it is a line of antisymmetry, then the displacement 

and bending moment are zero. The error in frequency obtained on comparison 

with the exact solution for the first ten modes are plotted in figures 30, 31. 

The number of nodal lines, including boundaries, in the directions of the 

sides are given in table 2 for each mode. The first five calculated 

frequencies converge towards the exact solution for mesh sizes greater than 3, 

whilst the next five converge for mesh sizes greater than 4. 

Finally the local axes were taken as indicated in figure 28 (c) for 

a mesh size of 5* The results are compared with the corresponding results 

from figures 30, 31 in table 3. It will be seen that on the whole the errors 

in frequency are much greater, and also that some of the errors are also over¬ 

estimates. 
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4.4 Cantilevered Triangle 

A general solution for the vibrations of triangular plates has 

not yet been found. A survey of the particular cases for which exact or 

approximate solutions do exist is given in reference [24] .Gustafson, Stokey 

and Zorowski have presented experimental results for cantilevered triangular 

plates of varying aspect ratio in reference [25] . 

A finite element solution has been obtained for a cantilevered 

triangular plate of aspect ratio 6.7. Solutions were obtained for mesh 

sizes 5 and 10 as shown in figure 32. For a mesh size of 5 local axes were 

chosen as in 28 (a) and 28 (b), and for the jnesh size of 10 type 28 (b) were 

chosen. The frequencies obtained are compared in table 4. When the mesh 

size is 5 and type 28 (a) axes used, the error in frequency is less than 

2»5? for the first six modes. The nodal patterns for this case are compared 

in figure 33 and show excellent agreement. The first mode is the fundamental 

bending with the node line at the root. Changing to type 28 (b) local axes 

shows a marked deterioration in the accuracy. The first two frequencies are 

still within 2*5# of the measured values but the error of the next four 

varies from 5*76# to 18-9855. However, increasing the mesh size to 10 yields 

all six frequencies within 3*265» The nodal pattern for the last two cases 

are very similar to the first and so have not been presented. 

4.5 Clamped Circular Plate 
¡f . 1 

Plates with curved boundaries may be solved by finite element 

techniques by approximating the boundary to a series of straight lines. In 

order to determine the accuracy of this method a circular plate with a 

clamped boundary was analysed and the solution compared with a Rayleigh-Ritz 

type solution [ 23 ] . A quarter of the plate was idealised as shown in 

figure 34,the mesh sizes being denoted by 5 and 8. The results obtained are 

presented in table 5- Modes 1 and 4 were obtained by assuming the normal 

slope along AB and BC to be zero. For mode 2 the assumption was made that 

the normal slope along AB was zero and that BC was simply supported, and 

for mode 3 both AB and BC were assumed to be simply supported. For a mesh 

size of 5 all of these four modes were underestimated, the variation ranging 

34 



r *r X'xnrv -ï;' ^v f!'f 

from 5*72^ to 12*26%. Increasing the mesh size to 8, all four are estimated 

to within 6%. :#¡ 

4.6 Discussion 

A finite element solution of the vibration characteristics of 

three flat plates with different shaped boundaries has been presented. These 

solutions have been compared with either analytic solutions or experimental 

results. 

Considering the type of axes illustrated in figure 28 (b), the 

method underestimates the frequencies. "When the number of elements is 

increased, it is found that after, possibly, an initial deterioration in 

accuracy, the solution then converges towards the true solution. This 

behaviour may be explained by the fact that the lack of slope continuity 

between elements induces excessive flexibility of the assembled structure. 

However, as the number of elements increases, the number of nodal points, 

at which compatibility of slope exists, also increases. This effect seems 

to have had a far greater influence on the results than the excessive 

stiffness of the individual elements. 

Using type 28(a) local axes has produced good results for only a 

small number of elements. This is probably due to a balance between the 

excessive stiffness of the individual elements and the excessive flexibility 

of the assemblage. In general, this type of local axis is not convenient 

to use. 

Thè one case in which axes of type 28 (c) were used (table 3) 

produced very erratic results. The lower modes were very greatly under¬ 

estimated whilst some of the higher modes were overestimated. 

This investigation has shown that the method of finite elements 

may be used to calculate the vibration characteristics of flat plates of 

arbitrary shape. Also, if the number of elements used in the idealisation 

is increased then the solution converges towards the true solution. 
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5. THE VIBRATION OF SHELLS 

5«1 Introduction 

The vibration characteristics of shells may be determined using 

finite element techniques, if the continuously curved surface is approximated 

by an assemblage of flat plate elements joined together at their edges • 

Rectangular elements may be used to approximate cylindrical shells [ 26 ] 

whilst shells of double curvature are conveniently represented by an 

assemblage of triangular elements. These techniques are illustrated 

in figure 35. 

Each of the elements is subject to flexure and stresses within 

its plane. If the stiffness and inertia matrices of an element are first 

of all calculated in the Oxyz axes (fig. 36), then they may be obtained by 

combining the plate bending matrices, derived in chapter 3, and ’in-plane1 

matrices, which will be derived in the next section. After transforming 

to global axes, the final stiffness and inertia matrices are assemb.leu in 

a manner similar to the one described for flat plate problems in chapter 3. 

5*2 In-plane Analysis of a Triangular Element 

The static analysis of two dimensionaJ systems using triangular 

elements was first proposed by Clough in refere -e [12] „This work will now 
be extended to the dynamic analysis of such systems. 

Taking the displacements u, v as modal degrees of freedom, 

Clough assumed the following displacement functions 

u = A1 + AgX + A3y 

v = Ajj + A^x + Agy 
(82) 

These Junctions satisfy all the requirements for convergence of the solution 

on reduction of the size of the element, as stated in chapter 3, provided 

the fourth condition is now taken to refer to a state of constant strain. 
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The in-plane analysis of a triangular element may be obtained from 

the bending analysis presented in chapter 3 by suitable interpretation of 

the basic matrices involved. The notation used will be the same except where 
stated. 

Writing equation (82) in matrix form gives 

u 

V 

1 X y 0 

0 0 0 1 

0 0 

X y 

(83) 

= [M] {A} 

Evaluating [m] at each of the nodal points yields the matrix [cj which 
may be invert d to give 

1 
.1 
X2 

0 
1 
x2 

kë-1) 
-X, 

1___ 

*2 

*2 73 

0 

0 

0 1_ 
73 

1_ 
*2 

X. 
0 tM -1] 

-X, 

X2y2 
0 

(84) 

The stress—strain relations for plane stress are 

a = 
X jrir^) + ve ) 

E ur^?) (vex + O (85) 

2(l + v) Yxy 

I i 

i i i I à 

J-1 
il. 



Taking the stress and strain matrices as 

{a} = {a .a } 
X* y* xy {e} = {Ex«Ey’Yxy} 

the matrix of material constants [d] becomes 

[D] = E1 F 1 V 0 
V 1 0 

0 0 Ç 

where E* = E/(l - v2), and Ç = (l - v)/2. 

The strain-displacement relations are 

{e} = 3x ^ 

0 ay 

3y 

a_ 
3x 

Thus the matrix [b] is defined by 

[B] = 0 1 0 0 0 0 

0 0 0 0 0 1 

0 0 10 10 

Calculating the generalised stiffness matrix 

W = t J [B]T [Dj[B] dxdy 
A 

(86) 

(87) 

(88) 

(89) 

(90) 

we obtain 
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As shown in chapter 3 the nodal forces and displacements are 

related by the equation 

{s.} = [k] {u.} - fi2[m]{u•} (97) 

5.3 Analysis of a Shell Element 

The stiffness and inertia matrices of a shell element referred to 

local axes Oxyz (figure 36) are obtained by combining the in-plane matrices 

given in the previous section, and the plate bending matrices derived in 

chapter 3. 

The in-plane forces at point j are related to the in-plane 

displacements at point k as follows (see equation (97). 

M 

r [kp]jk - n2k]<> ] 'PJjk 

(98) 

where 

and 

L PJjk 

XX 

ryx 

m 
XX 

m 
yx 

.xy 

,yy 

m 
xy 

m 

0 

yy 

subscript p denoting in-plane effects. The rotation 0 and the associated 
z 

moment Mz have been introduced for convenience. The stiffness and inertia 

elements associated with 0 have been neglected. In reference[ 13 JLt is 

KlMiliH MlllMilWUMBaWWnB 



suggested that this is justifiable when considering smoothly curving shell 

surfaces, since these terms will then have little influence on the bending 

forces in neighbouring elements. 

The bending equation (chapter 3, equation (34) )may be rewritten 

in a similar form, namely 

w (99) 

0 
X 

0 
Ò 

vh“e Kljk = ‘'■T 
? ^ 

jk 
the subscript b denoting bending effects. The subraatrix is 

defined in a similar manner. 

Combining equations (98) , (99) yields the following relation¬ 

ship between all the forces at point j and all the displacements at point k. 

where 

(100) 

(101) 



and [kg]^ 
XX 

Lyx 
P 

,yy 0 

-r ^ 
c c ^ 

0 

X 

(102) 

jk 

The submatrix ix [mg] 
jk 

is similarly defined. T&us for a shell element the 

complete relationship is 

{si> * [kg] ixu} - fl2[mg]{u.} (103) 

The matrices [kg], [nig] are of the order (l8 x 18), each (6 x 6) submatrix 

being of the form illustrated in equation (102). 

In order to transform this equation to the global system of 

coordinates, ve first note that the displacements in the two systems are 

related by the equation 

where [H] = 

(104) 

(105) 

and [ç] is a matrix of direction cosines, namely 



(108) 

(109) 

(HO) 

These are the stiffness and inertia matrices respectvely of a shell element 

referred to global axes. The problem of determining the matrix of 

direction cosines [ç] will now be considered. 

5.4 Rotation of Axes 

From a computational viewpoint, the most convenient method of 

calculating the matrix of direction cosines [ç] is the one suggested by 

Argyris [ 8 ] . 
...O r O O O , 

(111) Define « {x?, y¿> ? 

and 
V?. = y? - Y? 
ij i J 

= U*? - X°), (y? - y°), (z° - 2°)> 
J ' ’ 1 ’J ' 1 J (112) 

where (x?, y?, z?) defines the coordinates of the point i in the global 

system. 

If we denote the rows of [ç] by [çj, [ç2J and [ç3J then we can 
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determine [Zi\9 the direction cosines of Ox (see fig. 36), immediately 

from 

UiJ = ^ ^ L<x? -x?. (½ - y?. (¾0 - (113) 
'21 '21 

vhere 
o \2_ flt(0 iT r,i.O 

(^l) » 

(Xg - x°)2 + (y° - y£)H + (y® - y°) 0\2 0\2 
(114) 

Hence [CiJ is merely a (mathematical) normalisation of the row matrix 

,° 
21' 

)¾ 

[Ç2J represents the direction cosines of Oy. If we draw the 

line perpendicular to 12, and meeting 12 at the point 4, then [Ç2J also 

represents the direction cosines of the line 34. 

Defining ^ s y., 2^} (115) 

where (x^, y^, z/) are the coordinates of the point i referred to local 

axes, then 

¥3 * {x3, y3, 0} and Yt* *■ {x^, 0, 0} (116) 

The two coordinate systems are related by 

V = [ç] 

Hence = [?]^3iJ 

(117) 

(118) 

Comparing (116), (118) we see that 

x3 = 1^31^ 
(119) 

Now (¾) - iv°} {*;> 

[ç]T {4-3 - Ÿ4} 

^31 > - l?lJT x3 

tŸ31} “ l.el-lT l-çlJt'i'3l) 

1*4 

:. 

;--r**—---~ -.- 

: ' -j •; :• • ;^-j ' ! tr 



(120) That is (¾} = [l - UifUiJH^} 

where [l] denotes the unit matrix. |ç2J may now be obtained by normalising 
the row matrix . 

In order to determine [ç3J we depart from Argyris1 analysis. 
Denoting unit vectors in the directions of the axes x, y and z by x, ¿and z, 
then z^ is equal to the vector product of x and jr; that is 

A A A 

2 = 2S-Ü (121) 

Since [çij, [ç2J and [ç3J represent the components of x, ^ and £ referred 
to axes 0oxoyozo, then [ç3J will be given by the components of x„¿, namely 

^31 = Ç12Ç23 - ¢22^13 

Ç32 * ?13?21 - Ç23ÇH (122) 

^33 = ÇHÇ22 - C21?12 

5*5 The Complete Shell 

By considering the equilibrium of each nodal point, as in chapter 3, 
we obtain the equilibrium relationship for the complete shell, namely 

iS°} = [ [K°l - ] {U0} (123) 

where {S0} are the external forces applied to the shell and {U0} are the 
global displacements. The assembled stiffness and inertia matrices [k°J 
^d fl^j are defined by ^ 

[KsJ = 

[«s°] ' 

where the matrix [ag] is a matrix of ones and zeros as defined in 
chapter 3. The operation defined by equation (124) is equivalent to 

adding the stiffnesses of the elements adjacent to a given nodal point. In 
practice,, if the nodal points of an element are numbered n., n , n and 

I23 

I [*/i-g 

i [*jtkj w 
g gJ l“SgJ ^ g- 

(124) 

(125) 



J 
1 
SÍH 

1 n 

determine [çij, the direction cosines of Ox (see fig. 36), immediately 

from 

UlJ = ^ ^ - XÏ>’ <?°2 - V°1>’ ^ - Í>J (113) 
'21 '21 

where (¾¾} 

(x^ - xj)2 + (y^-y^)" + (y^ - y^) 
Px2 Ov2 

(1X4) 

Hence [çij is merely a (mathematical) normalisation of the row matrix 

[ç2J represents the direction cosines of Oy. If we draw the 

line 34 perpendicular to 12, and meeting 12 at the point 4, then [ç2J also 

represents the direction cosines of the line 34. 

Defining = {x., y ., z.} (115) 
■L «L X «L 

where (x^, y^, z.) are the coordinates of the point i referred to local 

axes, then 

¥3 * {xg, 72* an<i Ä ^x3» °* 
The two coordinate systems are related by 

ï = [c]^0 - 

Hence = [^]¾} 

(116) 

(117) 

(118) 

Comparing (116), (118) we see that 

. x3 * ^t4,31} 

(¾} * - (¾} Now 

* WT 
* ^3!> - i?lJT *3 

= {f3i}" UiJT 31' 

(119) 

Uk 



That is {^}= [I- UxJVJHO 
31 (120) 

where [l] denotes the unit matrix. [;2J may now he obtained by normalising 
n T 

the row matrix (¾) • 

In order to determine [ç3J we depart from Argyris1 analysis. 

Denoting unit vectors in the directions of^the axes x, y and z by x, ¿ and z, 
then z is equal to the vector product of x and that is 

(121) 

A A A 

Z. * X 

Since [?ij, [ç2J and [Ç3J represent the components of x, jr and £ referred 

to axes 0 x y z°, then [ç3J will be given by the components of x ^ y, namely 

^31 = ?12S23 “ C22?13 

Ç32 = ?13?21 - Ç23Ç11 

Ç33 = ?n?22 ~ ?21?12 

(122) 

5-5 The Complete Shell 

By considering the equilibrium of each nodal point, as in chapter 3, 

we obtain the equilibrium relationship for the complete shell, namely 

{S°} = [ [K°l - n2[M0] J {TJo} (123) 

where {S } are the external forces applied to the shell and {U0} are the 

global displacements. The assembled stiffness and inertia matrices [k°J 
and [m^] are defined by S 

1¾°] = I [.sf 1¾ [ae] (124l 
o 

K) = I [»/[»y [aj 
B 

(125) 

where the matrix [a ] is a matrix of ones and zeros as defined in 

chapter 3. The operation defined by equation (124) is equivalent to 

adding the stiffnesses of the elements adjacent to a given nodal point. In 

practice, if the nodal points of an element are numbered n^f n^, n^ and 
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[k°] is partitioned into nine submatrices [k°a] of order (6,6) then the 

submatrix fk^ is added to the (6,6) submatrix of |k£| whose leading 

element occupies the position (6n. - 5, 6¾ - 5), for i, j = 1, 2, 3. The 

inertia matrix is assembled in a similar mannere 

As in the case of a flat plate the next step in the analysis is to 

apply the boundary conditions. Again this is achieved by deleting the rows 

and columns of [k°] and ¡M°] which correspond to zero displacements and ' 

prescribing zero external forces elsewhere. This results in the following 

eigenvalue problem 

t tKSlli - ] ,iui> =0 (126) 

In the applications described in the next section the eigenvalues of equation 

(126) were obtained by the method of determinant evaluation as described in 

chapter 4. 

The computer programme used for solving shell problems follows a 

similar pattern to the one described for flat plates in chapter 4. 

5-6 Vibration of a Cylindrical Shell 

The analysis described in the previous sections has been used to 

determine the vibration characteristics of a cylindrical shell of length 

7'T ins., mean radius 1*925 ins. and thickness 0-101 ins. The ends of the 

cylinder were taken to be freely supported. One quarter of the shell was' 

represented by 72 .elements as shown in figure 37* The frequencies obtained 

have been compared with the experimental results of Arnold and Warburton 

[27 J. 

The modes of vibration considered were those which gave the four 

lowest natural frequencies. The wavefonns of these modes are illustrated 

in figure 38. When ths« is an even number of circumferential waves n, then 

the waveform is antisymmetric with respect to both the axes Ox and Oz. An 

odd number of waves produces a pattern which is antisymmetric with respect 

to Ox and symmetric with respect to Oz. Thus in both cases AB may be 

considered to be freely supported. When n is even CD is freely supported 

and when n is odd it is assumed to be a sliding support. 

46 



. . .. . 

Along a freely supported boundary the transverse and tangent 

displacements are zero, whilst along a sliding support the nomal slope 

zero, '©ms in all the cases considered we have the following boundary 

conditions. 

(iv) along CD 

either v » v zero when n is even 

is zero when n is odd. 

In addition we have assumed the in-plane rotations to he negligible, and so 

we must specify these to he zero along the boundary giving 

(v) along AB 0° is zero 

and along CD 6° is zero, 
z 

The results obtained are compared with the experimental results of 

referencel27jin table 6, where m denotes the number of axial half waves and 

n the number of circumferential waves. Considering the modes with only one 

axial half wave, that is 1, 2 and I», then it may be seen that the first 

fre4uency has been overestimated. As the number of circumferential waves 

increase the error reduces. Figure 6 of reference[27^hows that the 

strain energy in mode one is predominately due to stretching, whilst in 

mode four it is entirely due to bending. The in-plane displacement functions 

used in the analysis assume a linear variation of displacement. This 

produces an excessive stiffness when stretching of the middle plane takes 

place, thus accounting for the overestimate in frequency for mode one. On 

the other hand, the in-plane and bending displacements together do not give 

continuity between elements. This has the effect of producing excessive 

flexibility at the joins, and so has more effect when the bending energy 

predominates. In the case considered here the excessive stiffness of the 

individual elements and the excessive flexibility of the joins between the 

elements, has had approximately equal effect producing good results for 
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modes tvo and four* Mode three has two axial half waves which produces 

an increase in the tending energy • Thus the excessive flexibility of 

the joins predominates more producing an underestimate in frequency as 

shown* 

5*T Discussion 

A method has been given whereby shell vibration problems may 

be analysed using finite element techniques. Application of the method 

to a freely supported cylindrical shell has shown that fairly accurate 

results may be obtained for the lower frequency modes when a balance 

between the overstiffness of elements and overflexibility of joins exists. 

This balance does not exist for higher frequency modes, and so good 

estimates of frequency cannot be obtained. The overflexibility of the 

joins predominate, and so the accuracy of the method may be improved by 

using in-plane and bending displacements functions which together ensure 

continuity of displacement between elements • 
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6. LARGE DEFLECTION ANALYSIS 

6.1 Introduction 

If a plate is loaded in such a manner that the lateral deflections 

are large in comparison with the thickness of the plate, but small when 

compared with the other dimensions, then the problem is geometrically non 

linear, as defined by Novozhilov [ 28 ] . In this type of problem the 

strains are small compared with unity, but the rotations may be large in 

comparison to the strain. 

Problems involving geometrical non linearities may be analysed 

by finite element techniques using a step-by-step procedure. It is assumed 

that the loading process is divided into a series of small steps, each 

incremental load being small enough to permit linearization. After the 

application of ’n1 incremental loads a typical structural element will be 

in a state of stress. If a further incremental load is applied the element 

will deform, and so there will be a change in the nodal forces with respect 

to fixed axes. It will be shown that the stiffness matrix [kc] for an 

element in an initial state of stress takes the form 

[k0] = M + 1¾] (127) 

This corresponds to the segregation of nodal force increments, resulting 

from nodal displacements £<$u}, into a set [k]{6u}, which are generated by 

incremental strains, and the remainder [k^JUu}, which are of geometric 

origin, resulting from angular displacement of the initial nodal forces. 

6*2 Determination of the Stiffness Matrix of an Element in an 

Initial State of Stress 

In developing the stiffness matrix of an element in an initial 

state of stress we shall consider a triangular element subjected to both 

bending and in-plane forces. The analysis will be based upon that given by 

b9 

-—-:—------- — 



Turner, Martin and Heikel [29] r„ „ eleBe„t ouljectea to 

in-plane forces only. 

It is convenient to consider axes Õ x ÿ S which move with the 

element and local fixed axer* 0 x y z which coincide with the moving axes in 

their initial position, as mm in figure 39. The plane 5 x ÿ is defined 

by the plane of the element. 

Defining {6u} and {6u} as incremental displacements with respect 

to moving and fixed axes respectively, we have 

{5u} = i «9*! » 69yl, 6¾, <S0x2,56y2,, , , 6ëy3 } 

{6U} ={ 6U1 * 6V1 * 6V1 * 6exi » 60yi » 6u2* 6v2 *6w2»66x2> S0y2* fiU3 ’6v3 »5w3• «0x3 «S0y3> 

(128) 

y3 

Assuming the rotation of axes to be small, we may write the 

transformation 

{6Ü} * [gJíóu} 
(129) 

where the matrix [G] is a function of the element geometry. Considering 

equilibrium in the initial position we have 

{s} = [g]T {1} 

where 

(i) - (K*1, I/1, Sx2, ^2> sï3> sy3> ^-31 My3} 

is} = (S*1, S^1, Snl, M^, M^1, sx2, S^2, sz2, 

M^2, Sx3, S^3, Sz3, M^3} 

(130) 

(131) 

Thus, in the displaced position, the equilibrium conditions referred to 

fixed axes are 

is) + {6s} = [f][g+ 6gJT {5 + 65} (132) 
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The increment [ficj to the matrix [g] is due to the defoliation of the 

element introduced by the incremental load {6s}. The matrix [p] is intro¬ 

duced to account for the rotation of the axes Õ 5 ÿ 5. it is shovn in the 

next section that [p], which is a function of the displacements in the 

unbarred system, may be written in the form 

[F] = [I] + [6PJ (133) 

wfeere [l] denotes the imit matrix. 

Expanding (132), introducing ( 130) and (133) and neglecting 

second order terms gives the following equation 

ifis) = [ [6f][g]T + [6G]T]{£} + [g]T {6s} (134) 

Now, if we assume that the strains and fibre rotations with respect to the 

moving axes are small, then we may write 

Thus we have 

{6s} = [k] {6Ü} = [k] [g] {6u} 

[g]T{65} = fG]T[k][Gj{6u} = [k] {6u} Trr 

(135) 

(136) 

where [k] and [k] are the element stiffness matrices referred to moving 

and fixed axes respectively. 

It is shown in the next section that we may write 

T 

[[6F][g]T+ [ôG] ]{S} = [kjíôu} (137) 

(138) 

where 

fki] = I [^i 

5^ are the elements of {s} and [k^ ] are matrices which are functions 

of element geometry only. 

Introducing (136) and (137) into (134) gives 

{6s} =[k]{6u} + [k^íôu} (139) 

The matrix [kj is referred to as the geometrical stiffness matrix of the 
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element. 

6.3 The geometrical stiffness matrix 

In order to obtain the geometrical stiffness matrix of a triangular 

element, it is essential that ve first of all determine the orientation of 

the axes Õ x ÿ z with respect to the axes 0 x y z and hence the matrix 

[g]. By restricting displacement components to sufficiently small values, 

the orientation of the displaced axes may be attained by a sequence of three 

small rotations 6u , 6uz about Ox, Qy, Oz respectively, the order in 

which they occur heing immaterial. 

The displacement of an element consists of an elastic strain, a 

rigid body rotation and a rigid body translation. Thus, if we consider the 

point 2 (fig. 39), we have in the notation of vector analysis 

(x2 + 6u 
l2’ <Sv2, 6w2) * (x2 + 6u , 0, 0) 

+ (6tox, 6(0 , ó or) - (xp + 6 ûp, 0, 0) 

+ ( ôv^ Ôw1 ) 

Equating components and neglecting second order terms yields 

(140) 

óu2 - 

6 to = 
z 

6v2 - 6vl 

(141) 

6to 
-(6w2 - 6w1) 

Considering point 3 in a similar manner we have 
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(;3 + *3 + 6 v3’ Sv3^ = (ï3 + y3 + 0) 

+ (6o>x, 5Uy, So,z)^x3 + 6^, y3 + 6v3,0) 

+ (fiT^, 6v1, iw1) 

Introducing (141) into this equation we obtain 

(142) 

6u3 = 6u3 &ui + “ (ÖVg - óvl) 

6v3 = L23 

6vl - 3T 6v2 + 6v3 (143) 

-X 

ÔÜJ = 
X 

23 

Vs 

6v1 - 

Vs 
+ — *w3 

?3 

where xg3 = xg - 

Considering the rotations at any one of the vertices of the triangle we have 

(¢6 ., 60 , 60 ) = ( 60 , 60 , 0) + (6u , 0w , 6ui ) 
■ j ¿ X y X y z (144) 

That is 

69x = 68x - ó“x 

60 = 60 - 6ui y y y (145) 
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From equations (141) § (143) and (145) vq con determine the 

matrix [g] giving 

[Oj 

0 0 ‘23 

0 0 

10 0 0 

0 10 0 

•1 0 

*2y3 

1 
■Ml 

X2 

0 0 0 1 0 

JLL- 
«mi mm 

w* 

L. 
m 

x2 

0 

0 0 0 0 

0 0 0 0 

¿L 

0 

0 0 

0 0 

0 0 0 0 0 0 

0 0 *2 3 

0 0 
*2y3 

1 

0 0 0 0 1 0 0 0 

1 0 0 0 0 0 10 0 

y ** 
0 000^* 0 0010 

— 00 

h 

0 0 0 

0 0 0 

Ï2 
X 

«2 

0 m Q 0 0 0 0 0 0 1 0 0 0 

*2 
MM — 

o 0 0 0 0 0 0 0 0 0 1 0 

0 0 -i-OOOO 
x„ 

m-¿ 

i_ 
MM 

x„ 
0 0 0 0 0 0 1 

(146) 

Ad a reuult of elaotic otruin x2, x^, ^OCOI11Q (¾ + ^), 

(x3 + iSu3) and (y3 + ¿v^) respectively. We can thus calculate the matrix 

[q + <50 ]. Neglecting second order toms we obtain 

(«SO] « 

e6 

>1 

’’ßrj 

e6 

®i 
o 

o 

e6 

% 

h 
o 

Sh 

ßi 

e5 

o 

o 

6i 

-ßf 

0 

0 

0 

0 

0 

~ß2 
0 

5 H (147) 
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where ßu2 

6l" =2 

6v. 

^ /U2 
g„ --' (~ 

X2 X2 

6v. 

(148) 

61* -- 
,¾ 

öu. ÔV, 

X2y3 

X. «Up 
,+^. (—2 

6u0 
) 

x3 , 652 
e6 “ + r-T“ ( — 

x2y3 X2 

Su. 

) - 
x23 6V3 
- -2 
V3 

Now the transformation between coordinates in the two systems can 

be written as 

6ui 

ôv. 

6w, 

1 

ÔÜ3 

-ÓW <5w 

■6w 

-ÖÜ) (Sm 

(149) 

and so defining 

[«il' 0 

öu) 

-ÔOJ. 6to 

a 

-6(0, 

0 

6(0. 

6(0. 

0 
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and (151) [«d 0 -6cj 

<5w 

we can write [ôF] in the form 

[6F] «1 

ÎÎ2 

nl 

n2 

«i 

n2 

Using equations (146) to (152) inclusive, ve find that 

(152) 
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If the size of the element is taken sufficiently small, then we may 

assume that the in-plane forces are small relative to the buckling load of the 

element. In this case we may neglect the bending moments in the barred system 

giving 

{1} = {0, 0, Sx2, 0, 0, sx3, S^3, 0, 0} (154) 

Substituting (153)» (154) into (137) gives the following form for the 

geometrical stiffness matrix 

[\] = [k13j^ + [kl6Isx3 + [k17]^3 

where [k^J 

0 - 

x2 

0 

0 — 

x2 

0 

0 

0 

0 

-1 

x2 

SYMMETRIC 

x2 

0 0 0 — 

x2 

0 

0 0 

0 

0 0 

0 0 0 
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[kl7I 

L23 
“2 
X2 

"23 
-2 
X2 

31 

X^3 

0 0 0 

0 0 0 0 

-X. 

-2" 
Ï2 
y3 

0 0 

X3X23 
0-f-^ 0 

Vs 

fc23 

SYMMETRIC 

0 0 

-X 

0 0 0 _3 
-2 -2 

0 0 
X3 
-P- 

V3 

00000 00 

00000 00 00 

¿0000 =-0 000 

0000 0 00 0000 

-X, 

0 0 0 

Vs 

0 0 0 0 0 

Vs 

0000 — 

00 000000 

00000 00 0000000 

60 

(158) 
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6.4 The Complete Structure 

The next stage in the analysis is to calculate the stiffness matrix 

of the complete structure when in an initial state of stress. Transforming 

to global axes we have 

[k°] = [5]T[kc][H] (159) 

where [s] is a matrix of direction cosines as defined in chapter 5. Before 

calculating this matrix product it is convenient to introduce the rotation 

ez at each nodal point when defining [kj, which will now he of order (l8 x 18) 

Considering equilibrium at each nodal point we obtain 

Í6S0} = [K°] {ÖU0} * [K0]{6U°} + [kJ]{ÔU°} (160) 

where {6S0} are the incremental external forces and {6U0} the corresponding 

global displacements. The matrices [K0] and [k£] are defined by 

[K°] =I[ag]T[k°][ag] 

[^] -I[a/[ky[ag] 

(161) 

(162) 

the matrix [a ] being defined as in chapters 3 and 5. The computational 

procedure for the matrices [k ] and [kJ is exactly the same as that 

described for the stiffness and inertia matrices of a shell element in 

chapter 5« Application of zero displacement boundary conditions again 

results in the appropriate rows and columns of [lC°] being deleted. 

Equation (16Q) > in its reduced form, may now be solved for the 

incremental displacements {6U°} corresponding to a given set of incremental 

applied loads {6S0}. Since the matrix [k°] takes the form of a triple 

band matrix, the most convenient method of solving this equation is the 

tri-diagonalisation method used by Clough, Wilson and King in their analysis 

of multistory building frames [ 30 ] . The advantages of this method 

are that only the non-zero submatrices of [K°] need be stored and that very 
c 

little extra working space is required. 
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6.5 The Step-by-Step Procedure 

The procedure for applying the total load by means of the step-by- 

step method is as follows. 

(a) Calculate the stiffness matrix [K^ = [K°(o)], since the combined 

stiffness matrix is, initially, equal to the incremental strain stiffness matrix 

for the undeflected state. Apply an incremental load and solve for the nodal 

displacements ^ = {SU0^, and hence the nodal forces {ôs}^ 

(¾) Caloul&te thg matrix [K°] = [^°¾)] + [^(¾) ] • The combined 

stiffness matrix is now the sum of the incremental strain and geometrical 

matrices. Both these are calculated in the deformed state and are thus functions 

of the displacements previously calci lated, which in turn are dependent upon 

the applied loads. Apply a second incremental load, solve for the displacements 

{<5U°}2, giving Ug « + ä*1*3- also incremental nodal forces {ôsjg. 

(c) Continue the process until the required number of incremental loads, NL, 

has been applied. 

The above procedure is shown in flow diagram form in figure 1+0. 

6.6 Stability Analysis 

The determination of the critical load intensity at the onset of 

buckling of a flat plate subject to in-plane loads may be formulated as an 

eigenvalue problem. From equation (160) we have 

[ [K°] + [1¾] ]{öU0} = {fiS0} (163) 

Below the buckling load we may assume that the distribution of in-plane forces 

is fixed and so write 

[K°]= *[K°] (164) 

where [Kp] is a constant matrix and X a load intensity factor. In 

addition, [K°J may be assumed constant. Equation (163) thus becomes 

[ [K°] + \[K°] ] {60°} = Í6S0} (165) 

If the element stiffness matrices are referred to the following 

displacement vector 

62 

î 

ï' 
¡ 

-
—
-

 - 
- 



WtWWŒs&m- 

|!¡!:¡' f'îlSBtX’HntitWtRBKrtUÏMÎBMl' 
KH1I- s ut i M<fii«;,.. it.rp;!' i I «,- r* 11‘| !!i! ! I » , tf' •¡|!f!||1:",ffll,tj! 1 

{U} = {V vl5 ezl, u2, v2> ez2, u3, v3> 0^, 

V exl’ V» w2’ ex2» V’ W3’ ^S’ 0y3} 

then they take the form 

[k] = 
kP 0 

0 ^ 

M = kip 0 

0 kib 

(166) 

(167) 

where p denotes in-plane effects and b bending effects. Before buckling 

no lateral deflections occur, and so the rotation from local to global axes is 

simply a rotation about the vertical axis 0°Zo. Thus the stiffness matrices 

referred to global axes take on a similar form. That is 

[k°] [^] = 
lp 

klb 

(168) 

Equation (165) may now he written 

K 

sJ 

K 
2p 

This separates into two equations 

[ [«“] * 

1C?, 
2h 

(6¾} = 

6U 

6u; 

6S 

6S. 

(169) 

[ K]+ ](<} 

{5Sp> 

(6S°} 

(170) 

(171) 

The matrix [K°p] represents the change in the in-plane nodal forces 

dueto the rotation of the structural elements in the displacement {6U°}. This 

effect is negligible below the buckling load, and so the in-plane displacements 
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may be calculated from the equation 

[K°]i6U°}={6S°} (172) 

These displacements may then be used in conjunction with the element stiffness 

matrices to calculate the nodal forces Sx2, S*3 and S^3 for each element. 

At buckling arbitrary displacements {6U^} may be sustained without 

any external loads Thus the equation 

[ [k£] + *LK°b] ]{áu£} =0 (173) 

has a non-trivial solution. The solution to this equation gives the critical 

load intensity factor X and the buckling mode 

To illustrate the application of this type of analysis, the buckling 

load of a simply-supported rectangular plate of dimensions 13*5 x 200 ins., 

subject to a uniform compressive load over the longer sides, lias been 

determined. Four different idealisations were considered as illustrated in 

figure 29• 

The exact solution to this problem for the buckling stress is 

whenever a/b < /2, where a and b are the plate dimensions, t the plate 

thickness and D flexural rigidity. The comparison between the finite element 

solutions and this exact solution is shown in figure 4l. The buckling stress 

is underestimated for all the four idealisations considered. As the mesh is 

made successively finer, the finite element solution converges towards the 

true solution. Both these factors emerged when considering the frequencies 

of vibration of this plate in chapter U. The curve for the buckling stress given 

in figure 4l may be compared with the curve for the fundamental mode of 

vibration in figure 30. The convergence characteristics of the two are very 

similar, but the error for the buckling stress is about k% greater than the 
error for the fundamental frequency. The reason for this is that in 
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calculating the geometrical stiffness matrix it was assumed that the curvature 

of the individual elements was negligible. This is equivalent to assuming 

a lumped mass representation for the inertia forces in the vibration problem. 

Zienkiewicz has shown [ 31 ] that by taking a lumped mass representation, 

the errors in frequency are greater than those obtained by taking a consistent 

mass matrix as given in chapter 3. 

6-7 Vibration of a Plate Subject to Static Loads along the Boundary 

Consider a plate which is subjected to static loads along its 

boundary. The characteristics of small amplitude vibrations of the plate 

m this configuration may be evaluated in the following manner. First, apply 

the static load to the plate by means of the step-by-step procedure to 

determine the deflected shape and the element nodal forces. Next, calculate 

the matrix [k°] which is the stiffness matrix for small displacements at 

the given loading. Finally, the inertia matrix [m°] may be determined by 

the procedure described for shells in chapter 5. The frequencies and modes 

of vibration may then be calculated from the equation 

[K°]{U°} - n2[M°J{U°} = 0 (175) 

As in the case of stability analysis, we may assume that the 

distribution of in-plane forces is fixed below the buckling load of the plate. 

In this case the flexural vibrations of the plate may be determined from the 

reduced equation 

[ [k£] + X[K°b] ]{U°} - = 0 
(176) 

The problem is thus reduced to calculating the in-plane stress distribution, 

from which may be calculated [K£b], and then solving equation (176) f0r a 

given value of A. This procedure eliminates the necessity of carrying out 

the step-by-step analysis. 

In order to determine the accuracy to which the frequency of vibration 

may be determined for any given loading below the buckling load, a simply 

supported plate 13*5 x 20*0 ins. subject to a uniform compressive load was 

considered. The first two doubly symmetric modes of vibration were calculated 
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for a mesh size of 5 and a range of applied loads. The exact solution to 

this problem [ 32 ] gives the following frequency expression 

f = f 1 - o (177) 

where fQ is the frequency of the plate under zero load, m and n denote 

the number of nodal lines in the direction of a and b respectively, and 

y is the ratio of applied stress to buckling stress. Other quantities are 

as previously defined. 

The finite element solutions are compared with these solutions in 

figure 42. It may be seen that the fundamental mode has been predicted to 

within 4 c.p.s. when the applied stress is less than &0% of the true buckling 
stress. The increase in error above this stress is duô to the error in 

predicting the buckling stress. The second doubly symmetric mode has been 

predicted to within 9 c.p.s. for all stresses up to the buckling stress. 
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7. THEORETICAL ANALYSIS OF CRACKED PLATES IN TENSION 

7-1 Introduction 

In this chapter finite element displacement theory, as developed in 

chapters 3 to 6, is used to determine the vibration characteristics of 

rectangular plates which contain a central crack and are subject to tensile 

loads in a direction perpendicular to the crack. 'Where possible, the results 

obtained are compared with experimental measurements obtained from either 

reference [2 ]or chapter 2. 

The dynamic characteristics are effected by the distribution of static 

stresses within the plate. The initial investigation is therefore confined to 

determining the accuracy of the calculated distributions. The major effect 

on the frequency of vibration is caused by compressive stresses in the 

direction parallel to the free edge of the crack. As the applied load is 

increased the magnitude of the compressive stresses increase. Eventually 

the free edge of the crack becomes unstable and buckles permanently. At 

this point the frequency of vibration is a minimum. The second stage in the 

investigation is therefore to consider the accuracy of the buckling stresses 

calculated from small displacement theory. The effect of variations in plate 

width is also determined, and the phenomena observed in chapter 2 is discussed. 

Finally the variation of the frequency and shape of the fundamental mode of 

vibration of the plate with increasing applied load is considered. For applied 

loads greater than the critical buckling load, the analysis involves 

determining the deflected shape of the buckled plate by the step-by-step pro¬ 

cedure which is given in chapter 6. 

For a majority of the investigations a plate 13*5 in. long, 10 in. 

wide and 0*064 in. thick is considered. The effect of variations in plate 

width is determined by successively increasing this dimension to 20 in. and 

40 in. Crack lengths of 3*5 in. and 5"0 in. have been considered. 
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7.2 Static Stress Distribution 

The static stress distributions of a plate 13*5 in, long and 10 in, 

vide, containing a central crack 3*5 in. long in the direction of the short 

dimension, have been calculated. The idealisation into an assemblage of 

triangular elements is shown in figure 43. Only one quarter of the plate 

is shown as it is symmetrical with respect to both horizontal and vertical 

centre lines. The construction of the idealisation consisted of first 

dividing the plate up by elliptical arcs having the centre line through the 

crack as major axis. The area between two consecutive arcs was then divided 

up into triangles which were as near to being equilateral as possible. This 

technique was successfully used by Clough [ 15 ] when analysing the 

stresses in a plate containing an elliptical hole. In the present investi¬ 

gation the crack was represented by a slot 1/20 in. wide and having circular 

holes of diameter 3/32 in. at e^eh end. The calculated stresses are thus 

directly comparable with the measured ones presented in reference [2 ] . The 

complete idealisation consists of 114 elements interconnected at 73 nodal 

points. The factor restricting the number of nodal points is the computer 

storage requirements for analysing the vibration characteristics of the 

plate when in a buckled state, which is to be considered in section 7*6 

The initial step in the analysis is to calculate the stiffness 

matrix [k°], referred to global coordinates, of each element as given in 

chapter 5« The stiffhess matrix [k°] for the complete plate is obtained 

from the relation 

The equilibrium equation 

[Kp = I [*/ [k°][ag] 

{S°}= [K°]{U°} 

(178) 

(179) 

is now solved for the displacements {U0} corresponding to a given set of 

applied loads {S0}. This matrix represents a set of concentrated loads 

applied at the nodes. These discrete loads are such that in any virtual 

displacement the work done by them is equal to the work done by the actual 
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distributed loading. In the present application the distributed loading was 

taken to be a uniform distribution over the edges parallel to the crack. 

In this particular case the nodal forces may be calculated by a simpler, 

but equivalent process. The total distributed load on tho side of an 

element is assigned as two equal concentrated loads at the nodes. When 

solving equation (179) it is assumed that, due to symmetry, the vertical 

displacements over AB and the horizontal displacements over DE are zero. 

In addition the horizontal displacements over CD are also assumed zero since 

this edge was clamped when the experimental stresses were determined. Once 

the nodal displacements {U0} have been determined the stresses within an ele¬ 

ment are calculated from equation (26), namely 

ia} = [dJ [b] [C-1]{U.} 
(180) 

the matrices being interpreted as in chapter 5. 

It may be noted that, because the displacements have been assumed 

to vaiy linearly, the stresses are constant within any one element. Hence , 1 

the computed stress distributions will be discontinuous. It is thus 

necessary to employ a smoothing process. Clough [ 33 ] used a graphical 

process, whilst Turner [ 29 ] assumes the stress at a nodal point to 

be equal to the average value of the stresses within the elements surrounding 

it. In the present investigation it was found necessary only to employ a 

smoothing technique to elements within two adjacent elliptic arcs. The 

distributions in directions normal to the arcs were found to be relatively 

smooth. The method adopted was to assign the average stresses within two 

adjacent elements to the midpoint of the common side. 

The distribution of the horizontal stress component a along 

the plate centre line normal to the crack is shown in figure 4k.* The 

finite element solution has been compared with the experimental results 

presented in reference [2 ] and also the analytical solution for an infinite 

plate due to Inglis [ 34 ] . It may be seen that there is excellent 

agreement between all three, particularly in regions of high stress. The 
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major feature of this distribution is that the stress is compressive, and 

equal to the applied stress, at the free edte of the crack, reducing to zero 

at a distance approximately equal to half the length of the crack. 

The distribution of the vertical stress component a along the 
V 

plate centreline in the direction of the crack is given in figure 1+5. A 

comparison with experimental and theoretical distributions again shows very 

close agreement. }5xpermentally determined stresses, for an applied stress 

of 22, 255 lb./in.2, when the free edge of the crack is permanently buckled, 

is also shown. The infinite plate theory predicts an infinite stress at the 

tip of the crack. In practice this does not'arise since plastic deformations 

occur which reduce the stress concentration. This plastic yielding effect 

has not been taken into account in the finite element solution, which is a 

purely elastic analysis. In spite of this, finite stresses occur at the 

crack tip. This is due to the averaging effect of the constant stress 

assumed within each element. 

Contours of constant stress over one quarter of the plate for the 

direct stresses a and a , and also the shear stress t are given m 
X y xy 

figures 1+6 to 1+8. A comparison is made with the corresponding contours for 

an infinite plate. The two solutions again show remarkable agreement. As 

may be expected, the accuracy is not quite so good in areas where the 

triangular elements used are too large to predict the large stress gradients 

which exist. 

7.3 Buckling Analysis 

The stability analysis, presented in chapter 6, may be used to 

determine the applied stress at which the free edge of the crack buckles 

permanently. The first case which was considered was the configuration 

shown in figure 1+3. This analysis gave a buckling stress of 21 • 09 x 10 lb./in. 

compared with an experimental value of 17*2 x 10^ lb./in.2 The deflected shape 

of the free edge of the crack at buckling is compared with the experimentally 

measured shape in figure 1+9- 

In an attempt to resolve the variation in the buckling stress-crack 
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length curves, as determined experimentally in chapter 2, three plates of 

width 10 in., 20 in. and 40 in. were considered. Each of these plates were 

assumed to have a 5 in. crack. The idealisation process followed a similar 

pattern to the one described in section 7.2. In addition, it was arranged 

that the common areas of the three plates should have identical idealisations. 

In all 150, 183 and 230 elements were used involving 93, 112 and ll|0 nodal 

points respectively. The computed buckling stresses are compared with the 

experimental ones in table 7 showing reasonable agreement. The deflected 

shapes at buckling along and normal to the crack are shown in figures 50 and 

51. Along the line of the crack, the effect of increasing the width of the 

plate is to decrease the amplitude in the area away from the crack, and hence 

increasing the curvature of the platein the region of the crack tip. In the 

direction normal to the crack, the effect of increasing the plate width is 

to reduce the area of buckling. These effects may be explained by examining 

the various stress distributions given in figures 52 , 53 and 5¾. 

Figure 52 shows the variation of the longitudinal direct stress 

Oy along the plate centreline normal to the crack. It is zero at the free 

edge of the crack and increases to the applied stress at the boundaiy. 

Very little variation in the distribution occurs when the width of the 

plate is increased. The distribution of the horizontal component of direct 

stress ox in the direction normal to the crack is shown in figure 53. 

Increasing the plate width has reduced the compressive stress along the 

free edge of the crack to about 80% of the applied stress. For the 

narrower plates the compressive stresses occur over a distance equal to 

half the crack length, but for the wider plate this distance is only one 

quarter of the crack length. Both these effects will increase the value 

of the applied stress at which buckling occurs. This explains why the 

buckling stresses for the 1*0 in. plates were found to be greater (by a 

factor of 3) than the buckling stresses for the 10 in. and 20 in. plates. 

It does not, however, explain the departure from a linear relationship 

between the buckling stress and the inverse square of half the crack 

length 1/i,2. This occurs for crack lengths less than 6*26 in. 
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Photoelastic coating measurements on a 20 in. wide plate with a 

5 in. crack have shown that the stress concentration factor K at the 

tip of the crack is 3*13. We may calculate the corresponding stress con¬ 

centration factor K2 for a bo in. plate containing a 6-26 in. crack using 
Dixon's work [ 35 ] . This gives 

1 ~ (Vai)2 

i - (ya2)2 

(181) 

where 2a denotes plate width. This gives a value of 3*07 for K . The 

buckling stress for a 6*26 in. crack in a kO in. plate was found^o be 

16 X 10 lb./in. , and so the tensile stress at the tip of the crack at 

buckling is 3-07 X 16 X 103 = 49 x 103 lb./in.2. Wow the O-IJS yield stress 

for the material is kj x 103 lb./in.2, and so for crack lengths less than 

6*26 in., plastic flow occurs at the tip of the crack before buckling, 

thereby reducing the buckling stress to a value below that given by an 

elastic analysis• 

The variation of the longitudinal direct stress a along the line 

of the crack is shown in figure 5¾. The stresses in the region of the crack 

tip are relatively insensitive to variations in plate width. Away from the 

crack, the stresses reduce fairly rapidly for the narrower plates, but 

remain almost constant, and approximately equal to the applied stress, for 

the widest plate. This, together with the increased value of the buckling 

stress, produces the reduced amplitudes away from the crack in the kO in. 

plate. 

7•h Vibration Analysis before Buckling 

For applied loads which are less than the critical buckling load of 

the plate, the natural frequencies and modes of vibration may be determined 

by the simplified analysis given in section 6.7. This lias been done for a 

10 in. wide plate containing a 3*5 in. crack, the idealisation being 

identical to the one shown in figure 1*3. 
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The variation of the frequency of the fundamental mode of 

vibration with applied load as calculated, is compared with the measured 

values in figure 55» At low applied stresses the agreement is very close. 

There is, however, an overestimate of 30# in the maximum frequency, and of 

23# in the buckling stress where the minimum frequency occurs. Both these 

errors may be reduced by increasing the fineness of the network in the 

idealisation. 

The variation in the shape of the fundamental mode of vibration 

with the ratio \i of applied stress to the calculated buckling stress, is 

shown in figure 56. At zero stress the plate vibrates similarly to a plate 

without a crack. As y is increased the amplitude of the edge of the plate 

is gradually reduced until the predominant vibrations are finally confined 

to an area around the crack. The calculated mode shape for an applied 
o 

stress of 13,300 lb./in. is compared with the measured one in figure 57, 

the two showing very close agreement. 

7*5 Post-buckling Behaviour 

The deflected shape of a cracked plate, for applied loads greater 

than the buckling load, may be calculated using the step-by-step procedure 

presented in chapter 6. In the analysis, coupling terms between the in¬ 

plane and bending effects, only appear when lateral deflections of the 

plate are present. In practice, lateral deflections occur at the buckling 

load because of the presence of initial imperfections in the geometry of 

the system. Thus, in order to initiate lateral displacements at budding 

in the mathematical solution, an artificial initial imperfection is intro¬ 

duced. It is convenient to take as this initial imperfection, the buckling 

mode calculated from small displacement theory, with an amplitude factor 

which may be arbitrarily chosen. 

This technique has been used to determine the post-buckling 

behaviour of a plate 13*5 in. long, 10*0 in. wide and 0064 in. thick 

containing a 3*5 in. crack. The small displacement buckling mode, which 

was used, is given in figure 49. The deflection of the centre of the crack 
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for various applied loads, when the amplitude factor is taken to he 0*005 in. 

is shown in figure 58. In the step-by-step analysis, the initial load was 

taken to he 0*8ab and subséquent incremental loads were 0*05 c , where a 

is the buckling stress. Ihe deflected shape of the plate did not change b 

appreciably from the assumed shape of the initial imperfection. 

The deflections of the mid point of the crack, for applied loads 

less than the buckling load, may be used in a Southwell plot [ 36 ] to 

determine the buckling load. This has been done in figure 59. ^is technique 

estimates a buckling stress of 23*6 x 103 lb./in.2 compared with the small 

displacement solution of 21*1 x 103 lb./in.2: 5Ms suggests that in the 

step-by-step procedure, smaller incremental loads should have been used. 

Vibration Analysis after Buckling 

The method of determining the frequencies and modes of vibration 

for applied loads greater than the buckling load, has been given in section 6.7. 

Ibis involves calculating the small displacement stiffness matrix, at the 

given loading, by the step-by-step procedure. The inertia matrix is then 

calculated, for the plate in the deflected state, by the procedure described 

for shells in chapter 5. 

OMs method of analysis has been applied to the plate which is 13*5 in 

long, 10.-0 in. wide and 0*06h in. thick and contains a 3*5 in. crack. The 

frequencies obtained are shown in figure 55. The general trend, in this 

region, of increasing frequency with increase of applied load, as shown by 

the experimental observations, has been obtained. The actual values of the 

frequencies are grossly underestimated by the finite element solution. This 

is due to the coarsnness of both the idealisation and the step size in the " 

step-by-step procedure, and also the inability of the assumed displacement 

functions to maintain continuity of displacement between adjacent elements, 

as shown in chapter 5- The shape of the mode of vibration when u = 1-15 is 

shown in figure 56. It may be seen that the process of reducing the amplitude 

at the edge of the plate, and also reducing the area of predominant vibrations, 

continues when p is greater than one. 
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8. GENERAL DISCUSSION AND CONCLUSIONS 

The finite element displacement method of analysis has been 

applied to a number of static and dynamic problems, and the results 

obtained have been compared with either analytical solutions or 

experimental data. The particular problem of a rectangular plate con¬ 

taining a central crack and subject to tensile loads has also been 

studied and comparisons made with experiment. 

In this work the triangular element only has been considered. 

The lateral displacements within an element have been represented by 

a simple polynomial function equation (37 ) which does not give 

continuity of normal slope between adjacent elements. It also varies 

with the choice of local axes. In spite of these drawbacks, it has 

been found that good accuracy may be obtained provided a sufficient 

number of elements are used, and that the elements are almost equi¬ 

lateral. The general variation in the calculated frequency has been 

to, first of all, overestimate the true value when only a few elements 

have been used, and then to rapidly underestimate it as the number of 

elements are increased. Further increases in the number of elements 

then show a convergence towards the true solution. 

Increasing the number of elements, and hence the number of 

nodal points, to obtain the required accuracy, leads to a considerable 

increase in computer storage requirements for the stiffness and inertia 

matrices. Figure 60 shows the storage requirements for the various 

problems considered when 

Maximum {NPC(l)} = n = NPR 

I 

(182) 

the notation being defined as in chapter k. Inevitably, this will lead 

to a vast increase in the computing time required to solve the eigenvalue 
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problem. One must therefore seek a more accurate representation of the 

element displacement function, which produces the required accuracy for a 

reduced total number of degrees of freedom. 

A displacement function for a triangular element in bending, which 

ensures continuity of normal slope between adjacent elements, has been pro¬ 

posed in reference [19] .This function has been expressed in terms of the 

area coordinates of the triangle instead of the more usual cartesian system. 

However, the one example quoted - a cantilever plate using four elements - 

shows frequency errors, greater than the ones obtained using a similar dis¬ 

placement function which did not give continuity of normal slope. It would 

be instructive to compare the solutions for both this and other applications, 

using an increased number of elements. 

An alternative method would be to make use of higher order 

approximations for the element displacement function. That is, higher« order 

derivatives of the lateral displacement w are treated as unknowns at the 

nodal points. For the triangular element, the lateral deflection may be 

expressed as a fifth order polynomial, namely 

2 2 
w = A^ + AgX + A^y + A^x + A^xy + Agy (183) 

+ A7x3 + AgX2y + Agxy2 + A^y3 

+ A^x^ + A12x3y + A13x2y2 + A^xy3 + A^; 

S h 32 23 U 5 
+ A^x3 + A^x y + A^x'y + Aigx y + A^xy + A^y' 

The constants A^, A^,..., A^ in this expression may be expressed in terms of 

the values of w 3w/ 3x, 3w/ 9y, S^/Sx2, a^/BxSy, 32 w/3y2 

at the nodal points, and the normal slope 3w/3n at the mid points of the 

sides. This gives complete continuity of displacement and slope between 

elements. On the other hand, for a given number of nodal points in a structure, 

there will be an increase in the total number of degrees of freedom. Hence, 

the use of this function is justifiable, only if it is possible to reduce the 

number of nodal points to such an extent, that the total number of degrees of 

freedom are reduced. 
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As shown in chapter 53 a more sophisticated set of in-plane 

displacement functions are required to increase the accuracy of the solution 

of shell problems. The prime necessity is for a set of functions which are 

compatible with the bending displacements to ensure continuity of displace¬ 

ment between elements. If higher order approximations are used, then the 

strains and rotations should also be treated as nodal degrees of freedom. 

The work described, has shown that the dynamic characteristics of 

cracked plates in tension may be analysed successfully by the finite element 

displacement method. The modes of vibration, presented in chapter 7 for 

varying static loads, may be used to calculate the distribution of dynamic 

stresses within the plate, relative to the stress at a reference point. 

Since the particular quantities of interest are the stresses at the tip 

of the crack, then the effect of plastic yielding there should be included 

in the analysis• The response of the plate to representative boundary 

layer pressure fluctuations may then be obtained and the actual dynamic 

stresses calculated. In order that the analysis may be applied to more 

representative structures the effect of the fuselage longitudinal stress, 

the presence of frames and stringers, and the curvature of the skin should 

be considered. 
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APPENDIX 

, f m n, - 
Evaluation of the integral J x y dxdy 

A 

i) x^ ^ 0, x^ ^ Xg 

In figure 22 the equations of lines 13 and 23 respectively are 

y = rx 
X3 

-y0(x - X-) 

y = 6x 

(A .1) 

(A .2) 

where fix = (Xg - X3) (A .3) 

The integral J x’Vdxdy is evaluated, first hy perfoming the 
integration with respect to x, and then the integration with respect to 

y. That is 

J xmyndxdy = J y11 j 
0 

/ âx \ 
{X2 - J¡ y) 

x dx ay (A .U) 

6x 
Now (x0 - — y) 

2 y. 
nu 1 x ^ = m+r 

X3 
— y 
y3 

6x 

x2 - y3 y 

m+l 
X3 
— y 
y-3 

m+l 

1 
m+l 

m+l 

I 
r=0 

(m+l)! /,r ffix/ „m+1-r ,r 

I (m+1-rTírT (“1} W X2 y 

rx3^m+1 m+l 
(/) y 
y3 

(A .5) 
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which is obtained by using the Binomial expansion of {x - — v> 
n 2 y ^ 

Multiplying by y and integrating with respect to y gives’3 

n+1 

i 

n+i 
m n. , 
x y dxdy = — 

m + 1 

m+1 
V (-l)r(nH-l) l f r m+l-r 
rn (m+l~r)Ir!(n+r+l) ^0JC' x2 r=0 

m+1 

(m+n+2) (A -6) 

Now the binomial expansion of (6x)r is 

(6x5 = (x„ - x«)' 
e. Û 

r 

l 

s=0 

(-1)5: 
(r-s)! 

; r-s s 
~X2 x3 (A .T) 

F n J * y 1 

Substituting (A .7) into (A ,6) givas the final result thai 

m+1 r / ^\r+s 
ni ^.iîi+I-s^ dxdy = y 

n+1 y y (-1)“ ~m! _ r.i+1—s__S 
rt0 Sx0 U+l-r ) ! (r-s ) i s ! (n+r+1 ) x2 

m+1 

(m+1) (m+n+2) 
(A .8) 

(ii) x3 = 0 

The value of the integral when = 0 may be obtained by putting 

x^ = 0 in (A .6), in which case 

F m n. J x y c 
.. - n+1 m+1 
dxdy = y x ¿ 

A o ¿ rs:Q 
(-l)rm!_ 

(m+1-r)!r!(n+r+1) (A .9) 





TABLE NO. 1 

Percentage Error in Frequency 

For a Simply Supported 

Rectangular Plate 

Configuration 
Mode 
Number 

% 
Error 

m n 

27 (a) 1 -2-37 2 2 

27 (b) 1 

2 

3 

b 

-2*02 

-4 a31 

+7*37 

-5-20 

2 2 

2 3 

3 2 

2 4 

27 (c) 1 

2 

3 

b 

5 

6 

-1-48 

-2*55 

-2-48 

-2*76 

-4-14 

-5*02 

2 2 

2 3 

3 2 

2 4 

3 3 

3 4 

m = number of node lines including "boundaries in the direction of the short 

sides. 

n = number of node lines including boundaries in the direction of the long 

sides. 



TABLE NO. 2 

Number of nodal lines m and n in the directions of the short 

and long sides of a simply supported rectangular plate 

Mode 
Number 

m n 

1 

2 

3 

b 

5 

2 

2 

3 

2 

3 

2 

3 

2 

b 

3 

6 

7 

8 

9 

10 

3 

2 

it 

it 

3 

4 

5 

2 

3 

5 

TABLE No. 3 

Comparison of calculated frequencies for different local axis 

systems of a simply supported rectangular plate 

Mode 

Number 

1 

2 

3 

b 

5 

6 

7 

8 

9 

10 

% Error in calcu¬ 
lated frequency 

28 (b) 

-3*77 

■3 *31 

■It *1*2 

■1*7** 

■5-05 

■2-11 

•2*97 

■1«36 

■3-98 

28 (c) 

•15 *22 

-12-35 

-9.15 

+6-05 

+1*83 

-7 "01 

-15-02 

+7-15 

+2-8¡t 
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TABLE NO. 4 

Comparison of calculated and experimental frequencies 

of a cantilevered triangular plate 

Mode 

Number 

Experimental 

Frequencies 

(ref. 29) 

% Error in calculated frequency 

ms = 5 ms = 5 ms = 10 

28 (a*) 28 (b) 28 (b) 

1 

2 

3 

k 

5 

6 

37*5 

161-0 

243-0 

392-0 

592-0 

744-0 

+2-40 

+1-02 

+0-49 

+2-27 

-1-84 

+2-34 

-2-43 

-0-82 

+8-65 

+9-43 

+5*76 

+18-98 

-2-88 

-3-26 

+0-75 

-1-48 

-0-76 

+0-79 

TABLE NO. 5 

Comparison of finite element solution with a 

Rayleigh-Ritz solution of a clamped circular plate 

Mode 

Number 
n s 

% Error in frequency 

m.s. = 5 m.s. = 8 

1 

2 

3 

k 

0 

1 

2 

0 

0 

0 

0 

1 

-12-26 

-6-72 

-5*72 

-9*71 

-5-65 

-3-01 

-1-89 

-5*51 

««»iw* 

n = number of nodal diameters. s = number of nodal circles. 
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TABLE No. 6 

Natural frequencies of a cylindrical shell 

Mode 

Number 
m n 

Frequency Kc/s 
% error 

Experimental Finite Element 

1 

2 

3 

k 

1 

1 

2 

1 

2 

3 

3 

h 

2*06 

2*37 

4-05 

4-13 

2-25 

2-46 

2-96 

4-13 

+9*2 

+3*8 

-26*9 

0* 

m = number of axial half waves 

n = number of circumferential waves 

TABLE No. T 

Comparison of theoretical and experimental 

buckling stresses 

Crack 

length 

ins. 

Plate 

width 

ins. 

2 
Buckling stress lb./in. 

Experimental Theoretical 

3-5 

5*0 

5-0 

5-0 

10*0 

10-0 

20*0 

1*00 

17-2 X 103 

7-6 X 103 

7-6 X io3 

21-6 X io3 

21-09 X 103 

8 -89 X io3 

11-47 X io3 

24-98 X io3 
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Fig. 27. Idealisation of a rectangular plate. 
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Figure 32. Idealisation of a triangular plate using 
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Figure 34. Idealisation ota circular plate using 
triangular elements. 
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Figure 35a Cylindrical shell. 

Figure 35b Doubly curved shell. 

Figure 35 Idéalisation process-shells 
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Fig. 37a. Details of a cylindrical shell 
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Fig. 37 b. Idealisation of a cylindrical shell 

123 





(*3,V) 

Figure 39a.Before incremental displacement 

( *3 + 5^3,^3 -t-áV3lO) 

i ^2^^2,0,0) 

Figure 39bAfter incremental displacement. 

Figure 39 Geometry of triangular element before and 
after incremental displacement. 
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Fig. 40. Flow diagram for large deflection 
analysis using a step-by-step 
procedure. 
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Fim .r*A yio v/.u. x- , . Applied stress / Buckl i ng stress 
Figure 42. Vibration of a simply supported 

rectangular plate in compression. 
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Fig. 45. Theoretical and experimental stress 
distributions along the plate centreline 
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ñ'g. 52. Distribution of longitudinal direct stress along 
the plate centreline normal to the crack. 
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