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TWO PAPERS ON ADAPTIVE INVENTORY CONTROL 

Summary 

In this final report for the contract year ve present tvo papers on 

adaptive inventory control. The first entitled 

An Adaptive Inventory Model with Lead Time 

employs process control techniques, developed by G. E. P. Box and G. 

Jenkins [u] to obtain an optimal order procedure for a multiperiod 

inventory problem. At the start of each of an infinite number of periods 

an order may be placed to adjust the inventory level in anticipation of 

future demands. The cost of ordering is a fixed cost C1 which is to 

be balanced against a loss proportional to the square of the on-hand 

inventory (or inventory shortage). 

The paper first considers the problem in which there are a finite 

number of periods and in which the lead time between an order and its 

delivery is T units. The results obtained are then extended to the 

case in which the number of periods approaches infinity. The optimal 

order procedure is adaptive in the sense that It uses information on past 

demand to forecast future requirements. 

The second paper 

A Bayesian Approach to an Inventory Problem 

based on the work of Jacob Marschak [2] considers a similar problem; 

orders to satisfy anticipated demand are to be placed at the start of 

each of a finite number of periods. If too many units are ordered each 

unit of surplus az the end of the period incurs a cost while If too 
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few units are ordered each unit of shortage results in a cost C2- 

The optimal procedure is adaptive in that Bayesian procedures are 

used with the accumulated demand data to estimate the unknown parameters 

of the demand distribution. 



AN ADAPTIVE INVENTORY MODEL WITH LEAD TIME 

1. Introduction 

In this note we conníãer an inventory process at discrete time 

points 0,1,2,...,p,p+l,... • Let d^ be the demand in the interval 

[p,p+l], and let x* be the amount of inventory ordered at time p. 

P P 
Then z = V' d. represents the cumulative demand at the end of period 

P i=0 1 p 
[p,p+l] and X* = xŸ represents the cumulative orders by time p. 

p i=t) 1 
We assume a leadtime of T units, that an order placed at time p will 

not arrive until time p+T. Let xp(T) = x* represent the amount of 

inventory which arrive at time p+T but which was ordered at time p. 

Let 

X >Cp(T) = ^ x^T) . 

Xp(T) then represents the total in\entory that has arrived by time p+T. 

There is a fixed administrative cost C of placing an order and at 

each time p we loose an amount a(zp-Xp_T(T)) , a > 0. The quantity 

|zp-Xp t(T)| is the magnitude of a shortage or a surplus the end of the 

pth period. At each time p we must decide on one of two actions, to 

order or not to order. If we decide to order we must know the quantity 

to order. Since there is a leadtime of T units, our ordering policy 

of time p will not become effective until time p+T. Suppose that at 

time p we place an order for an amount x*. In time period p+T we 

2 
can therefore expact to loose an amount C + a(zp+T-Xp(T)) . If we 

2 
place no order at time p, we will loose an amount a(zp+lp-Xp_^(T)) . 

Hence if we decide to order at time j we should order an amount x* 
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such that 

e(s(^p+t-xp(t))‘ |V...2p) . E(a|iptT-(xJ+)tp_1(T))2|z1,...i ) 

is a minimum. 

If we decide not to order, the expected cost of not ordering should be 

less .han the expected cost of ordering the optimal amount, that is 

!«)“ • • z ) 
p E(a(wVT)r ...Zp) 

2. Cumulative demand model 

We sesame that zp+1 = t where so, . f ^ end the 

ap are independent normally distributed random variable¡ with mean 0 

p 
and variance a . Hence 

Zp+T “ ^o^p+T-l + ap+T • 

The minimum variance estimate of zp+T at time p is given by 

zp(T) = £(Zp+T..,zp) = 7oSap . 

Suppose that we have observed the z process up to time p and 

must decide whether or not to place a final order at time p. If we 

order an amount x*, then we want to insure that 

E(a(Zp(T)-Xp(T)) (zp,...,Zp) is a minimum. Since 

VT) = Xp + XP-1(T) 
4 



we choose 

xp = yT> - Vi« 

so that 

Xp(T) = íp(T) . 

Let 

L°(2 (T)) = the time expected loss if we do not place an order 
* at time p, 

and 

Li(gp(T)) the expected loss if an order is placed/ 

We have 

and 

L°(îp(T)) . 

‘pW ’ VT) + “pW + ¿ Vi ‘ ÍP(T) + S“ 

where C, 
T V‘‘,'oVA"'t/ an^ u ^-8 a unit normal random variable inde¬ 

pendent of 2p(T). Therefore 

The losses are really a function of the variable |2 (T)-X 1(T)| 

although in keeping with Box's notation we have supressed the 

dependence on the X's. 
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L°(2p(T)) . E(a(2p(T) ♦ CTcm - ^(T))2]^.. ,,z ] 

“ a(VT) • xp-i(T,)i; + a V2 • 

Similarly 

Lp(2p(T)) = E(o(zp+T-2p(T))2|2l,...;2[>) + c 

■ E(a(cr2C2ij2)) + c = aa2C2 + c . 

Hence »e order If and only If LX(2p(T)) < L°(8p(T)) or e,uiVLlently 

if and only if !2p(Tj-^T) | Xr The loss for this case is 

Ll(ZPvT)) = MiníLí(2p(T)^ Lii2p(T)) = Min{aCT2C^+C, 8^0^+8(2^(1)^^(1))2} 

Now suppose that we can observe the z process from time p to time 

p+N-1. We must make N decisions, one at each of time points 

p,p+l,...,p+N-l. Let 

^(^p^T)) = the expected loss if we do not order at time p 

and 

yyT)) = the expected loss if we order at time p. 

For the case of N=2 we have 

L°(yT)) = «(y^-Xp^T))2 + aC2ff2 

+ /ffinfa2CTcr2+C, a( 2p+1(T)-Xp.l(T ) )2 * aC2c2)dF( 2ptl(T ) ..., 2p ) 



where F(2p+1(T)¡z^...,zp) represents the conditional distribution of 

2p+l(T) given z1,...,zp. But 

Vl<T> ■ i'o^p+l = ’’oVl + £p(1) = ’'o^ + £p(T) 

where 

u ~ N(0,1) . 

So 

L°(zp(T)) = aC^r2 + a(2p( 

■JMin{aC2a2+C, a(2p(T) + 7oou - ^^(T))2 + aC2cr2} e 
-u2/2 

V27 
du 

Similarly 

L2(2p(T)) = aC2cr2 + C + ^Min{aC2cr2 + C, a(o7ou)2} - 
-u2/2 

Vsn 
du . 

Because of the symmetry of the normal distribution 

L2^VT^ - L2^VT^ if and 0nly lf l2p^T^'Xp-l^T^ - ’ 

In general 

-u2/2 
i°(£p(T)) = acjcr2 ♦ atyD-x^d))2* f i^yyi)^) ^ 

and 
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The last terms of these expressions depend on X^T), and, in general, 

are different because they depend on vhich action was taken at time p. 

By symmetry it follows that L¡J(zp(T)) > L¿(2p(T)) if and only if 

|Zp(T) - Xp(T)| = |2p(T) - Xp_1(T)| > X^. The form a decreasing 

sequence of numbers and hence X. = lim X^ exists. X, corresponds to 

the case where we observe the process at infinitely many time points. 

Summarizing, our decision rule is the following: Order an amount 

= yT> - Vi(T) if iyT) - xP-i(T)i >x 

and do not order if 

lVT) ‘ Vi(T)| < x • 

3. Estimation of \ 

Suppose that at time p we order but do not order again until time 

p+n. Let n be called the run length. The average loss during a run 

may be written as 

where 

fi-1 

p4T+i 
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Sñ represents the loss vithin a run and C is the cost of placing the 

one order. Hence the average loss per period may be written as 

—£- + -— 

E(ñ) E(fi) 

E(sñ) E(E(Sfi|ñ)) and E(Sñ|ñ) 
fi-l 

“lo 
aE[(z 

p+T+i"Zp 
n(T))2|z12 

’Zp+i] 

Using the relation 

T-l 

Zp+T+i Vi(T) + 7o ^ ap+J+i + ap+T+i 

and substituting into the previous expression yields, 

n-l 

EfS.!«) = Ç «(2p+1(T)-íp(T))2 + c2C^t . 

Hence the average loss per observation may be written as 

L = 
E(¿ a(2P+i(T)-VT')2) 

2„2 i=l p 1 P 

E(ñ) 
+ ^ CT + 

E(ñ) 
(1) 

For any 1 „e have (2pn(T)-VT)) = vhere 

the u’s are independent normal random variables with mean 0 and 

variance 1. It suffices to know the value of \ if y = a = 1 since 

« ñ ° 

|2p+*(T)-2p(T)| > X. if and only if '1 Up+i I > Vv = A- Hence if 
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So assume that ve can find A we obtain X by multiplication. 

7o = a = 1’ The Procedure for computing A is to pick a A confute 

the loss L(A) associated with it and use for the optimum A the number 

Aopt such that L(Aopt) = inf L(A)* 

Suppose that A is chosen. Compute quantities ñ ....,n bv 
1 ' n J 

the following method. For each J= 1,2,...,h draw from the unit 

normal distribution vhsIe |'gu1|>A, and K < «j 

K 

Implies that uj < A. Hence each fl^ Is a value of the run length. 

The estimate Í(S) of E(S) la given by ¿ f To estimate 

E(¿ a¢Vi¢T,'^p(T),,^ 

we proceed as follows. 

For each nj and for each k < ñj we draw the sample 

Ul,k*u2,k*’’*,Uk,k from the ujit^normal distribution, and compute the 

quantities (£ u^)2 and ^ a(£u^)2. It should be emphasised 

that for each k < a different sample is drawn from the unit normal 

distribution. The quantity 

is equal to 

A -% 

hj;1 

X. a(2p+i(T)"2-(T))2 1=1 
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by relation (l). Our estimate Ê(Sg) of E(Sa) is given by 

ä t 'ï 4 
Hence 

l(a) = + —2- . 

Ê(£) Ê(fi) 

We repeat this process until ve find a vhich minimizes L(a). 

11 
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A BAYESIAN APPROACH TO AN INVENTORY PROBLEM 

1.0 Introduction 

Suppose ve are observing a finite discrete stochastic process 

V 0 < t < T vhere Xq = 0 and represents cumulative loss by the 

end of the period (t-l,t) for 1 < t < T. In time period (t,t+l) 

there is a demand dt and a stock level Y . The quantity ¡d -Y I 

represents the magnitude of either a shortage or a surplus which we 

measure in dollars. We assume that there is a cost C1 associated with 

over ordering and a cost C2 associated with not ordering enough. That 

is, if we have a surplus of one unit we pay and if we have a short¬ 

age of 1 unit we are penalized an amount C^. 

Assume that 

Xt ' Xt-1 + ‘VWW* + C2<Yt-l-dt-l>' 

where 

(Yt-l'dt-l)+ = Inax( ^t-l"dt-l ) and 

^t-l^t-l^" = ^(O.^.i-Yt.i) ■ 

The cumulative loss at time t is equal to the cumulative loss at time 

t-1 plus a loss due to having a surplus or a shortage. The demands 

dt are indePendent, identically distributed random variables and each 

assumes a finite number of values 0,1,2,...,N. Let 

^ = P[dt=k], k = 0,1,...,N . 
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We assume that the 
have a joint prior distribution Pq. Let 

5J ‘iVo 

and 

5J(do.dt> ’f 

where P^d^d^ ...,dt] is the posterior distribution of the a's 

given the demands d .d.,...,d. . 

It is desired to choose an inventory policy ( Y£,Y*,..., Y* 1) such 

that the expected value of X^,, the cumulative loss at time T is a 

minimum. Each Y* will represent the optimum stock level at the 

beginning of the time period (t,t+l), time period t. The policy 

(YS'Yï'---'Yî-l) wil1 be adaptive in the sense that the choice of Y* 

will depend upon the previous demands d^d^dg,.. .,dt . 

2.0 Example 

Consider N identical systems which will become obsolete after T 

quarters. Assume that orders can be placed for spare parts quarterly 

up until the units are scrapped. For a given part which is used k 

times in each system we wish to know how many spare parts to order in 

each of the quarters. Since the systems are to be scrapped, it would be 

desirable to order in such a way as to minimize the total cumulative loss 

at time T associated with this particular part. Let ^ denote the 

accumulation of losses incurred in each quarter due to having a surplus 

or shortage of units. The model yields an ordering policy 
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(Wo'Wï'for which ^ is a minimum. W*, the number of units 

ordered at the start of the tth quarter, depends upon previous demands 

through the a posteriori probability distribution on the parameters of 

the demand distribution. 

3.0 Case 1: t=2 and Bernoulli Demand 

Assume now that T=2 and Pfd^l] = a and Pfd^O] = 1-a for 

i = 0,1,2. Let Fo be the prior distribution of the a . P is 
i o 

assumed to be discrete and 

Pk = P[a^] k = 1,2,...,m . 

In this case the posterior distribution of a given d is 
o 

pl[dol - [pi(d0),---,PM(do)) 

where, for j = 1,2,...,M 

W = 

ajp/k| Vk 

M 

if d = 1 
o 

lf d0 ■= ° 

We first want to choose Y* to minimize 

V'VV2 = EP1tdoJEd1[,il+0X(Yl-dl,+ * C2<ri-dl)'J 
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where E denotes an expectation taken with respect to and Ep ] 

denotes an expectation taken with respect to the posterior distribution 

of a given dQ. Therefore 

yCltV*/ + C2(Yl-dl)'l 

= a[C1(Y1-l)+ + C2(Y1-1)' - C1Y* - C2Y‘] + C1Y* + C2Y" 

and hence 

^[d/ai^'VV + c£^ïi"di-1 1 

. ã(d0)[C1(Y1-l)+ + C2(Y1-l)" - OjY* - C2Y‘) + + C2Y¡ 

The value Y* which minimizes this expression is 

and 

0 if õ(do)C2 < (l-ã(do))C1 

1 if ã(do)C2 > (l-ã(do))c1 

Hence the loss will be 

Min{ã(do)C2, (l-ã(do))C1} . 

Therefore 

mntEp^^E^} = X1 + Min{ã(do)C2, (l-ã(do))C1) 

= Xo + Cl(Vdo)+ + C2(Vdo^ + Min{5(d0)C2' U-«(d0))ciî 

15 
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Now we wish to choose the value of Y* to minimize the expression 

^ Ed fci<Vdo)+ * 
o o 

= â[c (Y -1)+ + C (Y -1)' - CY+ - CpY'] + C,Y+ + CpY" . 
-LO ¿O XO ¿0 lo 2o 

The value of Y* is 
o 

0 if ÕC2 < (l-ã)C1 

1 if ÕC2 > (l-ã)ci . 

Hence, the optimal procedure is to choose 10 ãc2 < (1-5)(^ 

1 õc2 > (1-ã)^ 

and (0 ã(do)C2 < (l^(do))C1 

1 ã(do)c2 > (l-ã(do))c1 . 

The minimal expected loss is given by 

XQ + MinfoCg, ( 1-5)(^) + ã Min{ã( 1 )c2, (l-ã( 1 ) )0^) + 

(1-ã) Min{ã(O) C2,(l-ã(O))C1) . 
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At each time point we order an amount W* where t « 0,1. W* is 

determined by ®nd in the sense that we order an amount 

necessary to bring the stock level up to Y*. It should be noted that 

this allows the possibility of negative orders which would be the case 

if the cost of holding inventory is too high. Clearly, 

W* = ï* and WJ = YJ - Y* + do . 

J+. Case 2: General Case 

In general, let 

xt ■ xt-i+ Wi-'W'’+ 

and let demand during each period be characterized by independent, 

identically distributed discrete random variables with probability function 

P[dt-k] - k » 0,1,2,...,N 

Let 

N 

£o 1|)+1äl(do--">dT.j)J + 

CS ^ .^ ' C1 !.Ç+1 l5l(ao’dl.Vj) - 

and let 

f(do'dl',,,'dT-i) = min 8(k,d ,dn,...,(1., J 
J 0 < k < N 01 

17 
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We first choose in order to minimize 

EP1[do,d1,.. “ ^T-l + EP1[do, ...^ ci^ ^ 

N 

“ (do' * ‘ '^-2} [Cl( YT-1’J )++C2( YT-1-J )_ ] 

= ^T-1+YT-1^C1 ^ 5i(V**,,dT-2^ 

N _ k 

"C2 J+1^, )+C2 ^l5i( do-*-^-2} 

N 

Ç ^i^ ***# ^1-2 ^ 

for k < Yt_1 < k+1; k = 0, ...,N-1 . 

This function is continuous and piecewise linear in the intervals 

(k,k+l). The value of the function at the end point k of the interval 

(k,k+l) is given by 

^T-l + 

and the minimum value is given by 

^r_i + • • • > <^p_2 ) • 

Then, choose 
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where 

Y* = V* 
T-l * 

g(k*,do,... ) = 

Hence 

^ - Vi+ f<Vdi.vs) 

- ^T-2 + ^’l^T-2”<^'-2^ + ^2^T-2"<^-2^ "*" * * * ■'^ 2^ 

Now choose ^_2 ^° rainimize 

Epi[ao'"-'aT-3)V2llT-1' ThIS 18 

YÍ-2 * k* 

where 

ß( ’f ^T-3 ^ = ^*( ^0^ ' ' ‘ * ^ip "*) ^ 

and 

Min 
Y 
T-2 

^[d^...^^ = ^-2 + f(V->dT-3) 

Hence 

^iiv-vj^va'r \tao. Min 
Y, 

N 

^T-2 + f((io,àl, * ’';âT-3^ + 2D <*()(<io'’','<iT-3^f(<io''**'<îT-3',^ 
Jc0 
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We continue in this fashion each time choosing Y* = k* such that 
J 

g(k*,do,... = f(dQ,... ) 

This holds for J = We pick Y* to minimize 

^ Ed (Xo + Cl(Vdo)+ + C2(Yo‘do)") ‘ o o 

The required value of Y* will be that k* such that + quantity 

k* N k* N 
C1 E Õ -C2 r ã ) + C ¿ iã -C £ iã 

i=0 1 ¿ i=kT+i 1 ¿ i=o 11 i=k*+l 1 

is a minimum. 

We have now chosen a sequence Y*, Y*, with the 

property that 

"djVl ' + Cl(ïj'dJ)+ + C2(ïj-âJ)'1 

is a minimum and the parameters of the distribution of d are the 
J 

posterior means of the given the demands d ,...,d . In this 
o J —j. 

sense the procedure uses the information provided by the previous demands. 

Having determined the optimal stock levels ( Y*,Y*,...,Y* 1) we 

can determine our ordering policy (W*,W*,...,W*_1) by the following 

recursive formula 
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