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SUMMARY 

During a previous program, Cornell Aeronautical Laboratory,   Inc. , 

developed a method of computing rotor-blade loads and motions of a single- 

rotor helicopter in steady forward flight   by   assuming that the blade pitch- 

control settings (collective,  longitudinal cyclic,  and lateral cyclic) and 

the rotor-shaft tilt angle are known and that the blade motions are 

restricted to flapping and flapwise bending.     The present effort was under- 

taken to extend the previously developed method by (1) including the blade 

inplane and torsional motions  and   (2) treating the four trim constants 

(namely,  the blade pitch-control settings and the rotor-shaft tilt angle) as 

unknowns. 

The trim constants are different for different flight conditions and 

are determined through the use of four appropriate,  average equilibrium 

conditions of the helicopter.     These equilibrium conditions are called the 

trim equations and are derived in this report,  taking into account the 

inertial forces of the blades due to elastic deformations. 

Lagrange's equations for the blade motions are given.     The 

generalized coordinates employed in these equations to represent blade 

bending are those which have deflection components in two mutually 

perpendicular directions.    Orthogonality relations of vibration modes of 

twisted,   rotating blades are derivec and are used in simplifying the 

equations of blade motions. 

A successive approximation procedure was developed which,   upon 

incorporation with the previously developed iterative procedure,   yields 

the  aerodynamic loads,  the blade responses,  and the required trim 

constants. 

Computed results are obtained for the UH-1A rotor at advance 

ratios of 0. 26 and 0. 08 and for the H-34 rotor at advance ratios of 0. 29 

and 0. 18.    Comparisons of these results wun available measured results 

are presented. 
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FOREWORD 

This investigation of helicopter rotor-blade loading was performed 

by the Cornell Aeronautical Laboratory,   Inc.   (CAL),   Buffalo,   New York, 

for the U.S.   Army Aviation Materiel Laboratories (USAAVLABS),   Fort 

Eustis,   Virginia,   during the period February 1966 through July 1967. 

Mr.   J.   E.   Yeates monitored the program for USAAVLABS. 

Mr.   T.   T.   Chang was project engineer and author of this report. 

Mr.   J.   C.   Balcerak conducted the computer program and was author of 

the section entitled "Computer Program".    Many helpful discussions 

with Messrs.  R.  P.  While,  Jr. ,  F.  A.   DuWaldt,  and R.   A.   Piziali of 

CAL are appreciated by the author. 
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INTRODUCTION 

The U.  S.  Army Aviation Materiel Laboratories (USAAVLABS) 

has    been   directing a unified experimental and theoretical effort 

which has for one of its ultimate objectives the development of a means 

of predicting rotor-blade air loads,   motions,   and stresses in 

helicopters.    That is,   it is desired to develop the capability of predicting 

these quantitie3 when all the rotor hub and blade physical parameters, 

the rotor operating flight condition,   the helicopter weight and center 

of gravity location,  and the fuselage aerodynamic characteristics are 

specified.    As a participant in this Army effort,   Cornell Aeronautical 

Laboratory,   Inc.   (CAL),has been working on the development of a 

method of prediction for a single-rotor helicopter in steady forward 

flight (Reference 1).     This earlier development,  however,   used :he 

assumptions that the blade motions are restricted to flapping and 

flapwise bending and that, for each flight condition,   the blade pitch- 

control settings and the rotor-shaft tilt angle are specified by four 

given constants.     In reality,   these four trim constants are unknowns 

to be determined by the helicopter weight and center of gravity 

location and the fuselage aerodynamic characteristics,  as explained 

later under   'TRIM EQUATIONS".     Furthermore,   the blade inplane 

(or chordwise) and torsional motions could be important (directly and 

through their coupling with each other and the flapping motions) with 

respect to the blade stresses and aerodynamic loads.     Consequently, 

the present program was undertaken to improve the previous develop- 

ment by removing the above-mentioned assumptions.     The two 

diagrams in Figure 1  show the differences between the previous and 

present programs. 

The same method and computer program developed in 

Reference 1 t& predict the blade aerodynamic load distributions,  when 



w 
the blade response and the trim constants are given,  are u^ed here. 

This means automatically that the same wake and blade representa- 

tions    (both described fully in Reference  1) arc used in both programs. 

INPUTS 

BLADE AND HUB 
PHYSICAL PROPERTIES 

PITCH-CONTROL SETTINGS: 
ROTOR SHAFT TILT; 
BLADE TORSIONAL MOTIONS 

FLIGHT CONDITIONS 

INPUTS 

KLADE AND HUB 
HYSICAL PROPERTIES: 

BLADE PROFILE DRAG 
COEFFICIENT 

HELICOPTER WEIGHT 
AND CG. LOCATION: 
FUSELAGE LIFT, DRAG 
AND PITCHING MOMENT 
COEFFICIENTS: 
DISTANCE BETWEEN MAIN 
AND TAIL ROTOR-SHAFTS 

FLIGHT CONDITIONS 

PREVIOUS PROGRAM (REF.   1) 

COMPUTATIONS RESULTS 

r* J    BOUND CIRCULATION 
|          DISTRIBUTION 

IBLADL LIFT AND PITCHING 
MOMENT DISTRIBUTIONS: 

BLADE RESPONSE AND 
FLATWISE BENDING MOMENT ♦ 

1           BLADE LIFT 
j         DISTRIBUTION 

♦ 
1          GENERALIZED 
I    AERODYNAMIC  FORCES   | 

♦ 
-|       BLADE RESPONSE 

PRESENT PROGRAM 

COMPUTATIONS RESULTS 

•j BOUND CIRCULATION 
DISTRIBUTION 

PITCH-CONTROL SETTINGS:! 

ROTOR SHAFT TILT               ! 

♦ AVERAGE ROTOR THRUST, 

LONGITUDINAL FORCE, 

SIDE FORCE,   TORQUE,   AND 

PITCHING MOMENT 

BLADE LIFT.  DRAG.  AND 
PITCHING MOMENT 

DISTRIBUTIONS 

♦ 
GENERALIZED 
AERODYNAMIC 

FORCES 

BLADE LIFT.  DRAG,  AND     1 
PITCHING MOMENT 
DISTRIBUTIONS: 

BLADE RESPONSE AND 
BENDING MOMENTS                  | 

♦ 
«-] BLADE RESPONSE 

♦ 1 
TRIM EQUATIONS 

♦ 
4 PITCH-CONTROL  SETTINGS: 

ROTOR SHAFT TILT 

Figure  I.  COMPARISON OF PREVIOUS AND PRESENT PROGRAMS. 

Except for minor modifications that are necessary for admitting 
blade profile drag coefficient as additional input and for having 
blade drag (profile plus induced) distribution as additional output. 



TRIM EQUATIONS 

Consider a single-rotor helicopter equipped with a tail rotor 

(which is assumed to produce a side force and yawing moment).    When 

the helicopter is in steady level flight,   the flight condition specifies its 

forward speed,   \f.   ,   and the rotor-shaft rotational speed, n    .    For 

each given flight condition,   the average forces and moments (from both 

the aerodynamic and the inertia sources) acting on the rotor must be in 

equilibrium with the helicopter weight,   the aerodynamic forces and 

moments acting on the fuselage,   and the side force produced by the 

tail rotor.    The equations that express the requirements to secure the 

equilibrium are called the trim equations.    In a forward flight, the 

fuselage tide force and yawing moment,   as well as the net value between 

the rotor average rolling moment and the fuselage rolling moment,   are 

all small.    Consequently,   their effects on the trim equations will be 

ignored.    Then,   besides the forces and moments in the longitudinal 

plane,   we need only to consider the presence of a tail force equal 

and opposite to the rotor average side force with its moment about 

the rotor shaft equal and opposite to the rotor average torque.    Since 

the consideration of the forces and moments in the longitudinal plane 

leads to three trim equations,   there will be a total of four trim 

equations.    With the pitch-control system contributing a blade pitch 

angle ^  according to 

& ' 60 + 6,c   cos ^   * 9,s sen *p , (1) 

Their effects can actually be cancelled by secondary adjustments to 
the tail rotor force and location (perhaps combined with a lateral 
tilt of rotor shaft).    In the derivation,   the tail rotor location is 
considered to be fixed. 



the constants B0, ^lc , 0IS together with tho rotor-shaft tilt angle, CKj, 

in the longitudinal plane may be called the four trim constants. Their 

values depend on flight conditions and must be so determined that they 

make the trim equations satisfied for the given flight condition. 

Referring to Figure i and assuming that  (2i is sufficiently 

small that   COJ a, • / and   sis? ocs-ces,   the trim equations may be 

written as 

27r 

-/IT 

jL-J    Zd?   -   W - Zr - rrJg 

JLJ    *df = (Was -*ß)l>9 -(W-Zf)Dx-Mf 

,27r '2rr 

Note that     Hg   is the number of rotor blades; X, K , Z , M, Q  are force 

and moment components acting on one rotor blade in the directions 

indicated in Figure 2;   Rt is the distance (in the -t-direction) between 

the main rotor and tail rotor shafts; and   .ie tail rotor produces a 

force in the ^-direction equal to 

For a given flight condition,   the blade loads {X.Y , Z , M   and Q ) 

depend on  acs and the blade motions,   which may include flapping 

( h, ),   lead-lag ( h^ ).   pitching ( 6),   flapwise and inplane bending 

deflections { h^ , j >/without lead-lag and j>2 with lead-lag),   and 

torsional deflections {&■). 

(2) 

(3) 

(4) 

(5) 



TAIL ROTOR 
FORCE 

ROTOR SHAFT 
AXIS 

REFERENCE 
PLANE 

|   CG. OF HELICOPTER 

Qel 

1 W~    TOTAL WEIGHT 
OF HELICOPTER 

Figure 2. FORCES ACTING ON HELICOPTER. 



The plane that is normal to the rotor  shaft and contains the 

flapping axes   vill be chosen as the reference plane.    Each bending 

mode,   represented by  tl, ,   will be described by two functions of the 

radial distance, r   ,   from the rotor shaft of a blade section:     f^ 

describes the radial variation of the deflection of the elastic axis nor- 

mal to the reference plane,   positive upward;   fc.      describes that 

parallel to the reference pline,   positive forward.    (Thus,   for each 

j** bending mode,  h   />,        is the flapwise bending and   A  /      is the 

associated inplane bending. )    Pure flapping or lead-lag may be con- 

sidered as a special bending mode with   fc-0    or   -f^ - 0 ,   respectively, 

both with zero curvature. 

In steady flight,   the blade loads and motions are periodic so 

that they can be resolved into harmonic components.     For example« 

the lift per blade may be expressed by 

L -- L0 *X {Lnc cosmp  + Lni sen nif>} (6) 
n. / 

:th and the generalized coordinate representing the *      bending mode may 

be expressed by 

^= *i"*Z {*£ <***** *~ *'" **) ■ 

Note that the pitching,  9 ,   hasön(.= 9t)S = Ö for ni 2.    Throughout this 

report,   the subscripts O,   nc  and  ns will only be used to indicate 

harmonic components in exactly the same manner as in (6) or (7). 

(7) 

Lei  }   be the distance of local c. g.   (i. e. ,  the c. g.   of a blade 

section at distance r from the rotor shaft) above tue reference plane. 

Then 

(e, - e + xf)(&0 * 9tc cos i- * e,s sin y) (8) 



where ßc   is the built-in coning,   rf   is the coning offset radius {Ag * 0 

for r < rc ),   9B is the blade built-in twist (about elastic axis),   e,   is the 

distance from midchord point to the pitching axis,   <?  is the distance 

from midchord point to elastic axis,   and K,   is the distance from c. g. 

to elastic axis.    (All these distances are measured chordwise and 

positive forward; see Figure 3.)   The acceleration    of the local e.g. 

in the ^-direction, a. ,   can now be obtamea by taking the second deriv- 

ative of J with respect to time,   yielding 

*■ (e, - e + Xf) Ci'iÖtc cos 4* 0IS sit* <P}. 

Since Q-y. is actually tilted toward the rotor shaft by an angle equal to 

the flapping angle, ht/iR-rF),  plus ßc   ,   it has a radial component 

equal to 

Thus,  tlie total radial acceleration of the loc il c. g.   is 

(9) 

The tangential acceleration (positive forward) of the local c. g.   is 

where 

and e0  and Cp  are the chordwise offsets of the lead-lag hinge and the 

pitching axis as shown in Figure 3. 

(10) 

(11) 

(12) 

>:< All the Coriolis accelerations will be neglected. 



FLAPPING HINGE 

NOTES:   (1)  THE  REFERENCE  PLANE  IS PERPENDICULAR TO THE ROTOR SHAFT 
AND CONTAINS  THE FLAPPING HINGES. 

(2)  THE  BLADE  REFERENC LINE LIES   IN  TH. RFrERENCE PLANE. 
INTERSECTS THE ROT   1 SHAFT,  AND   IS PEKPENDICULAR TO 
THE   FLAPPING HINGI 

Figure 3.   BLADE 0. FSETS (POSITIVE SHOWN). 
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Letting ••    be the blade mass per unit span,  I   be the lift per 

unit span, dp    be the profile drag per unit span,   and t   be the induced 

angle (so defined that the total drag per unit span is equal to  dp *■ eZ  ), 

the contribution per unit blade span to X   can now be expressed as 

[{ßc *&)(* -"*>) ■*>**'] cos * . (13) 

Similarly, 

d 7 •'l
dp*ti2'mL'*ScJ ^m^(x

i-L
h^cj)\cos^ 

dz      . 
—— = J, - md, 
dr f 

da 
dr df + tJ "*£,£*<) 

(M) 

(15) 

(16) 

and,   letting /    be the blade mass moment of inertia (about the elastic 

axis) per unit span and ^   be the blade aerodynamic pitching moment 

(about the elastic axis,   positive nose up) per unit span, 

—- • \(-t -met, ) r - mflrj icos ip 

-\rr,a,c I * {dp * el) [(V - rc)ßc * 21 h^ - (*, -«)«] 

> »I -(Zi - e-eD - e?) X sent. (17) 



—  

In 
f** rtrr 

obtaining    I Xdp /   Md(/>     from Equation(13), 

,..,   Equation   (17)      by double integration,   it is essential to notice 

the following relations: 
,2* ,.2-rr 

2rr  ■ /     cos*f-dif    -   /    sen'(p -dtp = T 

irr 
sii n f -dip   *   O    ,        " > t I     cos nip -df  ■   / 

"o Jo 
rirr 

J      (cosnp    or   stnnip) • (cos p   or   Sin ip) ' df   =»   0 
o 

m * 2 

For example,   taking the advantage of the above relations,   the con- 

tribution of the first line of Equation   (17)     to   //i/^ycan be obtained 

as follows: 
,iir r    rR 

d* J      \J   \(J - ma.^) r - mfl'r fl cos p-dr 

■/   [/     [JK -mCeiilic ■ mrffic^cos'pd^rJr 

f* /   ^fc rdr   m rrßfC 
'o 

where BfC is the amplitude of the first harmonic cosine component 

of ß ' J -trdr , The actual procedure of computing &tc involves 

calculating B at 2N equally   spaced azimuth positions.    Denoting 

*l 
k-t 

and       Ät   •  By, 

(lc  * f. 2,    ■   ■ , 2N) ,   ölC     is given by 

2* 
öfc   = TT 2_    ßk cos 4>k 

N k-f 

See Appendix III of Reference 1, 

10 
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If the average value, B0    ,   and the amplitude of the first harmonic 
A 

sine component, ÖM   ,   are also wanted,   they can be computed from 

3o'J^Y-ß>'    and   **'i;T ****** 
k -- / k»i 

The contribution of the second line of Equation (17) to   / Md^    can 

be obtained b/ writing it as 

O I ; • J 
- rr 

- 7rJo (dp * eu)0 [y hj^  '(*,'*)9t5 \dr . 
However,   in the first integral,   an approximate expression, 

J' fr-"*)/** + JZ^ *,-(*, -•**,)*, 

will be used instead of Equation (8) to make 

s -2n*(£h^.)l(r-rc)A+J£-£h'0'>.(e,-e+*f}ä0} 

while in the second and third integrals the replacements of 

r*«fe with 
r - r 
R- r e-h (0 

and 

ZAÄV, with ff) 

will be made.    The complete set of results obtained by double inte- 

gration of Equations (13) through (17) is as follows: 

'■ o 

i r2ir ,     J*) 

■fafir£)lL"' «t?"^-^z'Ae"-T'.s$\ es) 
*See Appendix III of Reference 1. 
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»< 

. 

u J ' K'rF 

-irr 

o 

lrj0 <** - *C. 

-Jo  Mdf - BIC * 2nz^h(/5
) [Ac fa - rc mCj) 

h(t) / h'0 

-ßc eis '#Tf~ €* *' ^«i ~^-r ^ * 0f3 C 

where 

Jo 

/*  

x3 = <^-«« - <?p 

rF 

ltC    -  /   mXtfcä 

K (r-r,)*, m(r - r,) X}är 

(19) 

(20) 

(21) 

(22) 

12 
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L  * f Uutr 

B   ' f   Xrdr 

C'*J   (dp+eVir-r^Jr 

C"' f (dpi-el)(r-rc)är 

C'"-  f (dp + ti)(e0-C)dr 

Mm J {Mf-f; -e -e0 -er)jj 

Jo   -   /  (Ia- mXf) fe dr 

D '   f (d+ el)dr 

ft 
C   • J    (dp + 64) rdr 

Note that the lower limits of the above integrals are based on: //,   = 0 

for   »-<»>,   fcJ   = 0 ior r<r0. & =  f0   - 0 ior r < re ,  r^ < rD < re   .  and 
rc * rD  ■    For a teetering rotor,   r^  -   r0   - 0.     To be strictly correct, 

the l0 in Equation (18) or (19) must be based on 

i   • /   Jdr        ; 

the I fC   in Equation (18) or //f    in Equation (19) must be based on 

when it multiplies yö^ and on 

Jdr 

L '       Jdr 

n0 
when it multiplies yjt-     ; and mht also in Equations (18) and (19), 

must be given by 

when it multiplies ß  .    (These corrections are usually either not needed 

13 
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or are negligible. ) 

Define 

Kmj.[ xd?, v*~f y**> etc- 

Then, Equations (Z) through (5) become 

I ' j-iw-z,) 

A/ - f [Was- Xß)09 -(W'lß) Dx -*,] 

—       —     ö 

and Equations (18) through (22) become 

t'^'^L'-^^^'^i2^"'' 

(fie ^Xf V« -?r'.*; e'c " M«)j 

z - 

Btc   ficCfi *&oCts *6tsCo ~ {hincu**>!?c;)-(*,) 
R-r, /5 

14 

(23) 

(24) 

(2 5^ 

(26) 

(27) 

(28) 

(29) 

(30) 



• 

(31) 

The numerical values of the right-hand sides of Equations (^7) through 

(30) depend on the computed blade air loads and motions; they will agree 

with the desired values given by Equations (2.3) through (26) only when the 

correct set of trim constants (^j, ^. #/f ^^,) is used in the whole computa- 

tion.     The intricate dependence of blade loads on trim constants makes the 

determination of the trim constants for a given flight condition difficult. 

Only methods involving iteration or successive approximations can be 

used.    One of such methods is described in the following paragraph. 

Let (of,, ö^, 0,c, 9fS) be an arbitrary set of trim constants, 

different from the correct set ( a^, £ö . ö/f, öw) according to 

When the arbitrary trim constants and their resultant computed blade 

air loads and motions are used in evaluating the right-hand sides of 

Equations (27) through (30),   the resultant values will be designated 

/,2,/^and     T 

accordingly.    In a similar manner, the following designations will be 

made: 

x« . z« . ^ .  and Ta   pertinent to ( 5^ + /i5 ,   B0 ,  &,c, d,s 

**'  Zt> < Mb ,  and  fä   pertinent to ( a, ,  ^ + 2iö , eic . 0IS); 

Xc, Zc< 9€i   and  fc   pertinent to ( ä5,  0O , 0IC + Ar , e,s ), and 

X+iZi , &gt  and fd   pertinent to ( a4 ,  eo , 0K ,  9m + ^,). 

With reasonably chosen A's and { 0cs , d0 , Qic, B,s)r   it is reasonable to 

assume that the following four equations will determine a set of 

estimated values of  as, 00   , Qic , and &ti to yield a new (a,, 60 , 0,c , 0IS ) 

set closer to the correct set. 

*.** *» 90 * Xc 0fC **et (32) 
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where 

^ z* »5 * zb 3, + zc 9H + < § i.. 

ä * <a5 / v; 0O * MC9,C + /vfdeli ■ M 

r + Taas <- Tb90 *■ TC e,c «• rdels = o 

( 

( K - 

( >i* 

As 

(' 'h   - (' ") 

4« 

( 1* - ( ") 
Aw 

( '^ - (' ") 
l/5 

► (   ) ' X,Z,M,or   T. 

(33) 

(34) 

(35) 

(36) 

The quantities X, Z ,  and M appearing in Equations (3<i),   (33),  and (34) 

must be computed from (23),   (24),   and (25).     The aerodynamic loads on 

the fuselage for  a, = Cts+ as,   \(XS\    small,   may be expressed by 

XM 

=   Z*    *   Z*  Äc 

(37) 
A / 

where   X0l  Xp ,   etc.   are constants depending on flight conditions and the 

chosen reference shaft angle,   at  .   Substituting (37) into (23) through (25), 

/ ' 
■^ 

Wacs  -*r   ~*r&s) 

n6 v 

With 0^» ocs + Cts and ocs= -(acs - <*-s) + Ois ,   the above three equations 

may be written 

(38) 

lo 



(39) 

(40) 

W - jr (Wag -** )P9 - M-Zr)0n ' ** "j^ "^ )^ * z'^z - ^j(aa - 5,) 

By substituting these into (32) through (34) and rearranging,   (32) 

through (35) become 

-t,%+Z-'ce,c+Z::ie,s<-{z'a, + ~l'F)as *ir\w-Z,*Zr(*si'0»)\-Z (42) 
8 S L 

cc. <9$ * M&tc + *43n +[*£ -£ lw-X,
F)D} +Z'FDZ -/*;J 

= ^[(Was-Xß)H ~{W-ZF)DX + MF-jU--^^^ -M'^ioLs-aS^M    (43) 

^§o * rc3fc + Tj9n   + T^Ss   • -T. (44) 

These are a set of four linear equations,   from which the four unknowns 

{ Sj, 0p , 9ic >   and <9/j) pertaining to a given {us , eo  , 6)(. , Q,5) set 

can be solved.    A new ( ttj , ö0  , Glc, Ofs) set can then be formed in 

accordance with    (31)    and the computation can be repeated until  acs , 

90 ,  &1C,   and ö/ä become sufficiently small. 

.      17 



EQUATIONS OF BLADE MOTIONS 

When those Conolis forces which do not have iT as a factor are 

neglected,   Lagrange's equation of blade motions with respect to any  »'** 

generalized coordinate (^   ) has the following general form: 

(45) 

where 

%   *{hj or    Qj)   - (h1t   ■ ■     ■ ,h5 ■   9,.   •    ■  ■ .er). 

There will be a total number of ( 5 + / ) equations of the form (45). 

According to Reference 1, M9 q   is called the gentialized mass coef- 

ficient,   2^ „   the generalized Coriolis force coefficient, Ta _   the 

generalized centrifugal force coefficient,   and  K       the generalized 

restraining (elastic) force coefficient.     (Formulas for these coefficients 

can be obtained by the method given in Reference 3   )   Symbolically, 

'?f 
indicates the presence of a generalized structural damping force 

(associated with a   ) equal to 

li a    is expanded into Fourier's series as 

(46) 

y HUi?'**»* +9% *'***)' 
f>- ' 

9, - % 
The constant fo  for each ^   is called the structural damping factor of 

the degree of freedom represented by  ^ .    0^     is the generalized aero 

dynamic force in coordinated   and can be calculated from one of the 

(47) 

If the blade pitch-control system were rigid,   it would contribute a 
blade [ itcn angle 9   given by 

9   =  P0   + eic   COS ^   ■+   6,1 Sin if/. 

For a flexible control system,   the equation of motion with respect to 
pitch deflection (which is the difference between 9   and the actual pitch) 
is similar to that with respect to a torsional mode  Bi   having fe-  - 1. 

18 



following two formulas: 

<V   - JMK dr - J(dp 4 el) 4  cir (48) 

^    -   f*l £ dr (49) 

Finally, C     is the generalized force in ^   when the blade is rotating in 

vacuum with all h   and 0  heio zero.   Cj, ,  and ^   depend on the blade 

configuration ( ßc , 93  and offsets) and pitch control ( 0 ),  and can be 

calculated from the following two general formulas: 

Ck    ■ tfSoJmrX, fhidr -a %fmrihi dr 

+at(0,c cos 41 + efS sift 'SJymrX,^ dr -jm(€f-%*Jt)f^ dr\ 

'aZlm('eD -ep +e.f -e *X,)fc dr <- nLjmrX,e6'P^ dr^nZjmrXt^dr (50) 

CQ -  -£ie0 fllg+mX, (- eD - Cp +e, - e)\ f^ dr +O.*(0tc cos f + 6l5sin ^)(eD teP) mX, f6dr 

¥ tffigfmrX, f0i dr - ftjk\ -jy (/  mrdr) fj, dr 

-!\l J[TextmXt(-eD-eptci-e)\96feidr (51> 

where kA is the radiu? of gyration of the local blade sectional area 

which is elective in taking the centrifugal force.     Due to the blade 

built-in twist, Qg ,  the centrifugal force is,   in effect, accompanied by 

a torsional moment equal to 

-:■• Unless noted otherwise,  a prime indicates derivative with respect 
to blade radius.     The first and second X, appearing in (50) must be 
replaced with (<-   - ff + Jft ),  if >?; represents pure flapping; the last X, 
appearing in (50) must be replaced with {-ep + c1 - e + X. ),   i£ h ■ 
represents pure lead-lag. 
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acting on a thin blade section at r .     The contributions to Ch   and Cg 

due to 
0   -   eo + 0,c  cos 4> * 0,3 Sin f 

may be first written as 

and 

where 

-(MQ $ Ö - Cl* Te 0 &) ,  respectively, 

\ J 4. 

Te § 

^l *£ , 9  =» (e0 t Cp) JmX,-fe  dr. 

It is now easy to verify    (50)  and (51).      It may be noted that {C0  )   - 

(C9, )„, = 0 for /7>Z. 

If viscous damping exists in a certain jth  degree of freedom 

(such as lead-lag) and does virtual work equal to  /^        to a certain »•* 

degree of freedom, only the term Om 0 /a needs to be added to 2 £L 0   for 

the appropriate set oi { <■   , j   ).     The part oi Z £q     that really represents 
ft fj 

Coriolis force is usually negligible for blade loads computation.     For 

a blade with offsets shown in Figure 3 and with a rigid link connecting 

the flapping and lead-lag hinges,   the following formulas for the   M-, 

r-,   and  /C-coefficients have been obtained: 

Mh 9. ■ -/ ^^/^A h är = M0 h 

M0§  = f'lSe-ft, dr 
1    J       Jr„ *      J 

The lower limits of the integrals are based on the assumption that 

»W"p*$ (Note that 9 - *o   = 0 for r$r     . ) 

20 
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-- 

n.M - / m/e sc dr -/V; ^ * fc K )(J**"•*')*■ 
- j /« - i'./^^ *-frj "*>)/     mrJr 

Tg, ^. - " /V^ g.  -J^   rr>Xt(-e0 -Cp  i- e,  - €0) rtfi ^ rfr 

Khh -/ {eigU^ cose -£<:'s^eVt;cose-fJ'.scnO) 

*■ ^7r ( ^^ cos O ^ f£. stn 0)(fc' coi 6 * /■/'»«« ^/^r 

« ö ^   ^J * [OJ + rfk%{f mrdA j ^ /; dr 

where    £IB,  El, and GJ are the elastic properties of the blade section 

(flatwise flexural,   chordwise flexural,  and conventional torsional 

rigidities,   respectively); JH ,  JH    , fH and /r>v are the inertial prop- 

erties of the link connecting the flapping and lead-lag hinges ( J* is 

the moment of inertia about the flapping hinge,  JMZ is the part of   J* 

due to spread of mass in the direction parallel to the lead-lag hinge, 

F^ is the c. g.   radius,   and ^ is the mass); and G = $ + Q8 (but the 

approximation & ~ 0O+ 0g has to be used in practice).    It may be noted 

that the formulas are applicable to a teetering rotor blade without 

lead-lag hinge by setting rP - rp - 0 and using appropriate values of JH 

and JHZ (both belong to the hub mass that flaps with the blade); 

they are also applicable to a rigid hub rotor blade by setting 

One part of the air load program will first compute each   Cr 

according to the appropriate formula   [(48) or (49)] for 2A    equally 

spaced azimuthal positions and then,   by harmonic analysis,   express it 

as the following finite series: 

/V A/-/ 

^ -(&ft)o *£(**)„ cos^+Zi^X,'"7"* ' (52) 
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which contains IN   coefficients and gives the actually computed values 

of !-»•-    at those IN   equally  spaced azimuthal positions.     By making  A/ 

reasonably large (2. N - 2.4 for the present program),   it is usual  to 

consider that it is accurate enough to substitute (52) into (45).     By 

doing this,   all harmonic   components   of any a   higher than the   V 

harmonic are automatically nullified. 

By equating the coefficients of  cos nip 0{ the two sides of (45), 

f K,, ■ "Y"'*«»,+ \ J11' >I.K % H -ai"2 *" '>■ ns 

By equating the coefficients of Stn nip  of the two sides of (45), 

■(cf.L'(a>.L- 

(53) 

(54) 

Equations   (53) and (54)        may be called the equations for »r* harmonic 

components with respect to ^   .    Note that either   (53) or (54) 

involves both the cosine and sine amplitudes of &   in r?^ harmonic. 

There is only one corresponding equation for the ^^ harmonic compo- 

nents (or the constant terms,   or the average values): 

Since,   according to (50) through (52),   the right-hand sides of both (53) 

and (54) are identically zero for n > N , 

(55) 

,(j) qt')   .- o 
7/75 

for n >N, 
nc r ns (56) 

as pointed out at the end of the last paragraph.     Thus,   there are 

U 



(1  + 2/V) equations with respect to each ^   ,  and each f   assumes the 

form 

(57) fj   - ?*'+ Z ff£    CO**** $ Sin n *) . 

As there will be a total number oi {S + / ) different a   ,   there will be 

( 5   + fO equations of the form (55) to determine the (5 + / ) different 

gfA     There will also be 2(5   + /) equations,  half of them of the form 

(53) and the other half of the form   (54)   ,    for each   n ,   1 1 A? < /V,   to 

determine the ( 5 + / ) different ^^plus the ( 5 + z' ) different   f^J. 

Torsional vibration modes of twisted rotating blade,   cantilevered 

at r = r^ ,  will be used for /p.     Then /tf   satisfies the following 

equilibrium condition: 

fOJ + Cl'klfJ   mrdrj]*^ 
g if 

=     *%. J Zm*9.dr - £i*J I*** cos2(e * eB) dr, 

where oüB is the natural frequency associated with /* .     Using ^öJ/^^J»/, 

the above equilibrium condition may be written as 

{oJ + n'k^/ *>'")]%  -K"^/ ^^ dr- 
(58) 

Multiplying both sides of (58) by fff. and    then    integrating over   r^ 

to K , 

J^GJ + MiU *"är)]fiS;.d> 

«-*■%' toW*/'' (59) 

(Note that the right-hard side of the above equation has been integrated 

by parts once,   using /*p  = 0 at    r -   r9 and j T Ldr- 0 at r =   ^  .) 

Using the expressions for Ke * and M* s &* given before, (59) states 

simply 

23 
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Similarly,   starting with (58) for the jth mode, 

From (60) and (61),   it can be concluded thai 

(61) 

M0 0    -   0.     i j i 

*^#.   *  Ot    J 4 

(6Z) 

(63) 

and 

^^.   ■  ^V- 'A*) Ma. •i *< 
(64) 

Relations like (6ii),   (63),   and (64) are usually colled orthogonality 

relations of vibration modes. 

Bending vibration modes of twisted rotating blades will be used 

for lh and   f .     The existing method of Reference 4 yields modal shapes 

each described by deflection components in two mutally perpendicular 

directions,   from which the /^ and   f. used herein can be easily obtained 

for each mode.     The derivations of the orthogonality relations among 

these modes are presented in the appendix.     The results are 

♦ J 

Hh.k.   - 0, 

'StThi k;   m 0> 

(65) 

(66) 

and 

'Vr-^7*.^ * w*i ***** (67) 
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By the use of   <A * = Z€h6 z 0 and (65) through (67).   (53) and 

/ 
(54) may be written as 

' faO», * ^ i»c d' fto   5) (68) 

and 

ns 

(69) 

By the use of A^^ « 2^^.« 0 and (62) through (64),   (53) and (54) become 

and 

(70) 

(71) 

where 

Telej « r#4.#>   * M0.0i 

r *    — 
»•7     ">Xf (-Co -ep ■-e, -e) f0 /0  dr . 

The two equations for ö'* harmonic can be obtained by substituting 

" ■ ^   = 0 into   (68)     and * = 9% m 0 into   (70).       respectively,  and 
replacing nc by 0. 
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The blade   weight  {n)a pounds per unit span) may be taken into 

account by modiiyinn (48) and (49) as follows;    subtract mg from the 

first J and add /7»y/fto 97f .    Since the blade lift usually amounts to over 

.iO times the blade outboard weight,   it is permissible (until a more 

accurate method of predicting becomes available) to treat the predicted 

air loads as if they included the blade weight effects.    In actual 

computation,   the blade weight can be more conveniently taken into 

account by adding 

J*i9**t dr and * I m9 *' ^#" c^r 

to the right-hand sides of (50) and (51).   respectively. 

During forward flight,   the cyclic pitch makes the blade root 

angle vary with the blade azimuthal position.     The blade bending 

modes (and their associated radial variations of bending moments) 

are usually based on some constant blade root angle,  approximately 

equal to the collective pitch.     In other words,   the blade elastic properties 

with reference to a coordinate system fixed to the rotor hub are usually 

assumed to be constant,  approximately equal to the average values. 

This assumption is believed to be satisfactory for obtaining the blade 

motions.     For the flatwise and chordwise bending moments,  however, 

the following compensation may be suggested: after the flatwise and 

chordwise bending moments based on the assumed blade root angle are 

computed (by summing the contributions from all the bending modes 

employed),   transform them to the actual directions according to the 

difference between the actual (various) and the assumed (constant) 

root angles.     (Then the resultant loading is taken by the actual blade, 

although the bending deformation and its associated inertia loading 

are based on a slightly modified blade. ) 
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COMPUTATIONAL PROCEDURE 

The trim constants are obtained by a successive approximation 

method described in the last paragraph of the section entitled   'TRIM 

EQUATIONS'.     The method starts with an assumed or estimated set 

of trim constants and then adjusts them systematically so as to make 

the average force and moment components acting on the rotor cancel 

the corresponding force and moment components acting on the rest 

of the helicopter,   until the required adjustments are within prescribed 

limits.    A flow diagram indicating the main conceptual elements of 

this procedure is presented in Figure 4. 

The computational procedure described in Reference 1 is for 

computing blade loadings and response when the trim -.onstants are 

given.    It is an iterative procedure which starts with a first approxi- 

mation to the blade response and repeatedly computes the blade 

aerodynamic loadings (that depend on the blade response) and solves 

the equations of blade motions (with the generalized aerodynamic 

forces based on the blade response obtained in the previous iteration 

cycle),   until the blade response converges to within prescribed limits. 

The same general procedure is used here to compute the blade 

loadings and response for each prevailing set of trim constants 

(corresponding to the flow diagram shown in Figure 4 marked with 

solid lines only).     In order to admit the additional blade motions and 

to include the drag distribution in the blade loadings,   the following four 

modifications are made.     First,  the quasi-steady bound circulation, 

I,   defined by (21) of Reference 1 as 

I= C^at
b(-^V'<X + I60)   » (72) 

Note that  1/, = flrf ( ty cos a,) sen t and Oa is the slope of the blade 
sectional lift coefficient versus angle-of-attack plot. 
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r- 
1 

PREVAILING  TRIM CONSTANTS 

(S9t 60. etc.öfi) 

i 

f1 COMPUTE  THE  BLADE AERODYNAMIC LOADINGS 

FOR  EACH AZIMUTH POSITION 

1 
COMPUTE  THE  GENERALIZED  AERODYNAMIC  FORCE 

IN  EACH MODE  FOR  EACH AZIMUTH  POSITION 

i 

ij EVALUATE   THE  HARMONIC  COMPONENTS  OF   THE 

GENERALIZED AERODYNAMIC FORCE   IN EACH MODE 

4 
1 i SOLVE  THE  EQUATIONS OF   BLADE MOTIONS 

FOR HARMONIC COMPONENTS OF EACH MODE 

t 

i ' 
HAS  THE  RESPONSE CONVERGED? 

i i 1 YES 
1 i 

in. 
i 

COMPUTE A  . if . /^AND 7 GIVEN 

BY THE RIGHT-HAND SIDES OF  (27)  TO (30) 

1 
1 
1 r        : 

i 1 
1 
L_ 

SOLVE   (i»l)   TO  (HH)   FOR 

REQUIRED  ADJUSTMENTS 

\&s.96 . fftc,Sn) 

1 
1 

-J 

NO 

NOTES: ONCE -x^. S0   . 9tc   AND S>,s   BECOME WITHIN PRESCRIBED LIMITS. 
THE NEXT (ALSO THE LAST) CYCLE WILL ONLY ENCOMPASS THE 
PORTION MARKED WITH SOLID LINES. WITH YES COMMANDING THE 
DRAWING OF DESIRED OUTPUTS. 

Figure t».  MAJOR STEPS IN THE COMPUTATIONAL PROCEDURE. 
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has now 

a. ~ dB * e0<- e,c cos t/t * e^ sen t +2- fy f*, 
M/ 

'73) 

ä « - aa^ sc* f+fi9n cos t *y ä /^  ^ n(^ *-T h ft ) 

»    . /    . 
Ä ■   Vf sen ccs + e,a (9fg Sin f - (9f5 cos t) i- >    ^ fh   - eV e f6 

/-/      '    J*' J 

3 

* (vf cos OLtjffie +22 hJ *'h ]r.os^ . 
j ' i 

(74) 

(75) 

Second,   the profile drag coefficient,   C^     ,   of blade section is a new 

inpi't that depends on Mach number (which is proportional to V,   ) and 

(Xe ,  the effective angle of at'ack defined by 

f   b   . 
m <x ■>■ — — Oc - e 

K 2 ,76) 

where 

e -  tü-n -w ■ <»■'(■ .,//i-urs/¥ \ 
(77) 

is the induced angle,   with U^^   being the upwash at the three-quarter- 

chord point induced by the wake.     Third,   the drag per unit span is 

equal Xo ( d^ + ej, ),   with 

tp   - fV, bcdF (78) 

being the profile drag per unit span.     It was found in Reference 1  that 

the convergence of the procedure was improved by subtracting a part 

of the generalized aerodynamic force,   approximately equal to the part 

that depends on the response or generalized coordinates,   from both 

sides of each equation of blade motions.     (The part subtracted from 

the right or left   side is based on blade response obtained in the previous 

or the present cycle,   respectively; they approach each other as the 

response converges. )   In effect,   it means that the convergence can be 
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accelerated by estimating the generalized aerodynamic forces for the 

present iteration cycle closer than thos^  based on the blade response 

obtained in the- previous cycle.    As the fourth modification,   therefore, 

the terms 

n 

(79) 

(80) 

and 

W r ^ a eg * "t \ L his * "L\ a. $is \ (81) 

(82) 

are subtracted  from both sides of (^8),   (69),   (70),  and (71), 

respectively, resulting in using (83) through (86) as the formulas of the 

equations of blade motions for the present computation.    A superscript 

(-1) appearing in (83) through (86) indicates a quantity based on blade 

response obtained in the previous cycle.     The formulas for the A- 

coefficients appearing in (79) through (82),  and in (83) thro igh (86), 

are the following: 
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\ ,   - trs/r ** (j - •) \ **. är-. 

The terms   (79) through (82) are derived from the generalized forces in 

>r. and &  coordinates due to the quasi-steady portion and the apparent 

mass contribution (as called by von Karman and Sears in Reference 5) 

of the aerodynamic loads    resulting from   /?; ,  £      and ^ .   (The 

apparent masses associated with hi and ^ are negligible compared 

with the corresponding blade inertial properties. )   In other words, 

(79) and   (80)    are the n      harmonic cosine and sine components, 

respectively,  of the generalized force in *   due to a lift distribution 

Zv-fba r In r£_ <? f,   "21 ^ ^ * tf2I ♦ ^ j 
v        tit j't j'' ' 

acting at quarter chord and another lift distribution 

ZTrpbn.r[bi_ e^6\ 

acting at half chord, while   (81) and (82) are those in ^ due to the 

same two lift distributions.    (The first lift distribution is entirely 

quasi-steady,   but half of the second one is apparent mass contribution. ) 

=;= 
Based on airfoil theory of two-dimensional 'hin plate and assumed i^r 
to be the stream velocity. 
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COMPUTER PROGRAM 

Initially,   the computer program was written in FORTRAN IV for the 

IBM 704-4.     In the latter itagei of the project,   tht   program was simply 

converted for use on the IBM 360/65; no effort was expended to 

optimize the program in order to take advantage of the 360/65 system 

capabilities.     Physically,   because of core  stoiage limitations of the 7044 

and for convenience in solving the equations of blade motions,   the program 

was separated into tax parts.    Each part is also divided into several sub- 

routines for further convenience in programming,   checkout,   and program 

modification.     The major steps in each part of the computer program are 

shown in the flow chart presented in Figure 5.     Parts  1 and 2 of the 

program are identical to those presented in Reference  1,   since the 

representations of the blade and the wake were not altered.     The principal 

functions of each part of the program are listed below. 

Part  1 

1. Reads the necessary inputs for Parts  1 and 2. 

2.. Computes the blade and wake coordinates. 

Two tape drives are used in this part of the program.     The first 

is used for temporary storage of the blade and wake coordinates used in 

computing the induced velocity coefficients, and the second is used to 

transfer variables and the matrix of induced velocity coefficients which 

are used in Part 2 of the program. 

Part 2 

1. Reads the necessary inputs for Parts 2 and 3. 

2. Computes the initial trial circulations (represented by   F 's 

n Reference 1) about blade segments at chosen azimuth 

positions,   the initial blade motions and other variables 

used in Parts 2 and 3. 

3. Normalizes the matrix of induced velocity coefficients. 

(The normalized matrix is  used in solving the   /"' equations 

in Part  3 . ) 
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Three tape drives are used in this part of the program.    The first 

tape is used to read in the variables and the matrix of induced velocity 

coefficients from Part 1.     The second tape stores the normalized matrix 

of induced velocity coefficients used in solving the   P equations in Part 3; 

the third tape transfers the initial trial P ,   the initial trial blade motions 

and other variables used in Part 3. 

Part i 

1. Solves the   P equations. 

2. Solves the equations of blade motions. 

3. Computes time histories of blade lift,   drag and pitching 

moment distributions. 

4. Computes the generalized aerodynamic forces. 

5. Computes the time histories of the rotor aerodynamic forces 

and moments   (due to one blade) used in Part 5. 

Four tape drives are used in Part 3 of the program.     The first is 

used to read in the initial trial   C ,   the initial trial blade motions and 

other variables used in Parts 3,   4,  and 5.     The second tape retains the 

normalized matrix of induced velocity coefficients used in solving the 

equations.     The third tape,   which has been generated in Part 6 of the 

program,   is used to retain all the inverses of all the matrices used in 

solving the blade eq .ations of motions for each harmonic order.     The fourth 

tape is used to store the time histories of the variables to be harmonically 

analyzed and other variables used in Part 4 of the program.     The time 

histories of the rotor aerodynamic forces and moments used in Part 5 of 

the program are machine-punched on data cards. 

Part 4 

Harmonically analyzes the time histories of the variables 

generated in Part 3 of the program. 
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One tape drive is used in Part 4;   namely,   that which contains 

the time histories uf the variables to be harmonically analyzed. 

Part 5 

1. Computes the harmonic components of the rotor aerodynamic 

forces and moments that appear in the trim equations. 

Z. Computes the partial derivatives of the average rotor forces 

and moments with respect to the trim constants.   (See(36). ) 

3. Computes the forces and moments on the fuselage. 

4. Computes a new set of trim variables. 

No tape drives are used in this part of the program.     The time 

histories of the rotor aerodynamic forces and moments are inputs from 

data cards which have been machine-punched in Part 3 of the program. 

The integrals used in Part 5 which are dependent solely on the blade 

geometric and inertial properties and mode shapes are computed and 

machine-punched in Part 6 of the program and,   thus,   inputed on data 

cards in Part 5. 

Part 6 

I. 

I. 

Computes the coefficients of the equations of blade motions, 

(83) through (86),   to form a matrix for each harmonic order. 

Computes the inverses of the matrices which are used 

in solving the equations of blade motions in Part 3. 

Computes the integrals which are dependent on the blades' 

geometric and inertial properties and mode shapes to be 

used in Parts 5 and 3. 

One tape drive is used in this part of the program; namely,   that 

which retains the inverses of the matrices and the integrals appearing in 

c 
fi 
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Parts 1 and 6 ol tht" program art- run initially.and the binary outpul 

tapes from each part are saved.     Parts 1 and 3 are tlu-n run lequentially 

a total of five times to provide the input for lomputiny thf rotor   Ion rs 

and moments and for computing the partial derivatives of the rotor forces 

and moments with respect to each of the trim constants.     Part 5 is then 

run to compute a new set of trim constants.    Il the difference between the 

initial set of trim constants and the new set is not within prescribed 

limits,   Parts ^ and 3 are then rerun with the new   set of trim constants 

to provide the input for  recomputing the rotor forces and moments.     Part 

5 is then rerun with this new  input to compute a third set  ol trim variables 

The process is  repeated until the trim variables converge within prescribed 

limits.     When the process has converged,   the output  tape from Part  3 is 

used in Part 4 to harmonically analyze the last-obtained results. 

It has been assumed in the above processes that the partial 

derivatives of the rotor forces and moments with respect to the trim 

constants are nearly constant within the range under consideration.     It 

this were not true, then Part   3 would need to be rerun to obtain a  new set 

of partial derivatives for each new set of trim constants. 
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COMPUTED RESULTS ANP COMPARISONS WITH 

MEASIREH RliSUL.rs 

Thf computational procedure was used to analyse the tame 

four flight londilions th.it have beon analyzed in Reference  1       Tht-v 

are for the teetering JH-1A rotor at advance ratios 0.1b and 0,08 

(identified as  Flights No.   b7 and Ko.   65,   respectively,   in Reference 7) 

and for the H-34 rotor, which consists of four fully articulated blades, 

at advance ratios 0. 29 (identified as Flight No.   18 in Reference 8) and 

0. 18 (for which measured data are obtained similarly to those i.. 

Reference 8 and art- given in Tabu- 111 of Reference 13).    The profile 

drag coefficients,   which are expressed as functions of angle   of  attack 

and Mach number in the computing program,   art- based on data from 

Reference 9 for the NACA 0015 airfoil section used in the UH-IA  rotor 

blades and on data from Reference  10 for the modified NACA 0012 air- 

foil section used in the H-34 rotor blades.     The fuselage aerodynamic 

characteristics are obtained from Rvference  11  for UH-IA and Refer- 

ence 12 for H- H. 

The azimuth.il variations  (or the time histories with the iteüCN 

components   at    each specified radial  station removed) of the resulting 

blade aerodynamic  loadings (lift,   pitching moment,   and drag,   per unit 

span) and blade bending moments are plotted for a number ol  radial 

stations.        The bending moments are obtained by summing the 

contributions from the responses of all the bending  modes  used.     They 

automatically include the influence of inertia loadings.     Available 

measured data (lift distributions and flatwise bending momcrts) are 

shown in the appropriate plots for convenient comparisons  in Figures 6 

through   SI.     For the lift distribution or llatwise bending  moment,   the 

radial variation of the steady component (or lime average» is presented 

together with the radial variations of the cosine and  sine component? 

of the harmonics in blade rotational  speed. 

Positive flatwise and chordwise bending moments tend to compress 
the upper  surface and leading  edges,   respectively. 
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For each flight condition,   thr same wake model and the lame 

values of tht- parameters th.it specify  the wake model ufed in Refer- 

ence I  .ir»' used hcrt-.    Five flapwise modes (Uisi'd on dn uniwisted blddf 

with zero blade angle) .ire used in Reference 1,   while five or six bending 

modes (in which both flapwise and chordwise deflection! .«re admitted 

nnd twist  effects are included) and two torsional modes arc used here. 

The computed lift and flapwise bending moment   results obtained here 

are not  significantly closer to the measured results than those obtained 

in Reference 1.    Therefore,  the establishment ot both a better wake 

model and further refinements in the prediction of blade motions  may 

be necessary lor the configurations studied.     However,   the present 

results do demonstrate that the computational procedure developed 

by the present effort is suitable lor taking additional blade motions into 

account and can be used to yield trim constants. 

Reasonable agreement between measured and computed lift 

distributions is obtained (Figures 6,   7,   13,   14,   19,   £0,   lb,   11), 

but the flatwise bending moment agreement is less satisfactory (Figures 

«,   9,   IS   16,   21,   11,   1H,   29). The disagreement in the flatwise 

bending  moment values  may be the result of an accuracy problem.     The 

moments are relatively small,and they   represent small differences of 

Icirge numbers (lift  moments and inertial force moments) for the con- 

figurations  studied.     In all cases,   both the  measured and computed ilat- 

wise bending  moments on any blade section have magnitudes less than the 

moment acting on some inboard blade section due to the blade weight 

alone,   while the lift distribution over the outboard portion of the blade 

goes as high as 10 to  30 times the blade weight distribution.     Thus,   small 

differences between the measured and computed lift distributions can 

result in large percentage differences in flatwise bending moments. 

Similarly,   small errors between computed and actual natural frequencies 

lead to large errors in inertial forces at forcing frequencies near the 

resonance frequencies. 

Five bending modes are used in the UH-1A cases and six in the H-34 
cases,   with the natural frequency of the highest order mode slightly 
over ten times the rotor shaft rotational speed.     (The present computer 
program can handle a total of ten bending and torsional  modes. ) 
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CalculaU'd drag distributions and pitching moment distributions 

are shown on Figures   IÜ,   11,   17,   18,   11,   l-\,   30,  and 31. 

Chordwise binding moments are shown on Figures 1Z  (UH-1A) 

and (i5 (H-34).     The chordwise bending moments as computed by summing 

the  contributions   from   the    responses of all the bending modes used do 

not agree with estimates based on computed blade drag loading.    Super- 

position of natural modes is ineffective for the cases considered because 

the blade chordwise elastic deflection is small and is almost all due to 

a    in^le bending mode which is dominated by chordwise deflection. 

Thus,   in effect,   the chordwise deflection distribution is approximated 

by only one curve which can have a curvature (or bending moment) dis- 

tribution quite different from the actual one.    That is,   unless the loading 

has the same shape as the inertial loading in that single natural mode, 

the corresponding moment distributions will not have the same shape. 

Measured chordwise bending moments are available at four 

stations for the H-34 case.     Both the measured and computed chord- 

wise bending moments for the H-34 rotor at an advance ratio of 0. 29 

are shown in Figure 25.    The poor agreement is attributed to the factors 

given above,   although it must be admitted that more cases should be 

investigated before a strong conclusion can be formed.    By considering 

that the moment about the lead-lag hinge due to chordwise centrifugal 

loading cancels that due to the computed drag,  the resulting steady 

inplane bending moment distributions have been computed by hand.   They are 

shown in the taLlo on page 43, together with the measured and computed 

steady chordwise bending moments,   all in inch-pounds.    The measured 

value of -1 3921 at r/X - 0. 825 corrt 3ponds to a uniform drag loading on 

the blade outboard of that station of about 97 pounds per foot,   which can 

hardly be considered reasonable.     The disagreement between the two sets 

of computed results is disturbing (this would be true even if no measured • 

All the other natural bending modes are dominated by the flatwise motion. 
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TABLE 
STFAOY   INPLANE BENDING MOMENTS,  H-3ii. ^ = 0.29 

r/R 

STEADY   INPLANE MEASURED COMPUTED DCMDiyr   uftticyr ncMOURCi/ vwnru i tu 
rnuPHTFn FBftM    STEADY CHORDWISE    STEADY CHORDWISE 
BLADE  LOADING       BENDING MOMENT        BENDING MOMENT 

values we.     available).      In effect,   the calculated results suggest 

that it would be advisable to calculate steady deflections (and moments) 

from the steady loads and to use the modal description to account for 

the time varying deflections (and moments). 

The calculated and measured trim data are given below for each 

flight case considered.    It should be recalled that the gross weight,   c. g. 

position,   fuselage aerodynamic forces (lift,   drag,   pitching moment), 

rotor rotational speed,   and flight velocity are input data.    Direct com- 

parison of the angle components (or,   ^   , ß) calculated with those 

measured should be made with caution for several reasons.    First, 

aerodynamic effects usually depend on a combination of the components; 

e.g.,   location of the   'control plane".    Second,   the accuracy of the experi' 

mental data has not been specified.    Third,   the induced angles of attack 

were not measured and they can have magnitudes comparable to the 

magnitudes of some of the control angles.     Fourth,   the structural 

deformation effects have not been explicitly shown,   and these can be 

important. 
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UH-iA at  ^  = 0. lb 

The tompuled trim iDnstants in dcgrot-s an- listed bi-hjw (with the 

corresponding measured values,   obtained from Reference 7,   shown in 

parentheses): 

«i ■ 5. 35 deg 

h  = 19. 03 deg 

01C  = 1. 10 deg 

*N = -6. 47 deg 

( 6. 50, measured) 

(1 9. 20, measured) 

( 2. 86, measured) 

(-7. 34,   measured) 

The computed average rotor forces are 

thrust = -~ Z   - 6,610 pounds 

longitudinal force = 

side force = 

torque ■ 

pitching moment  - 

•Jk A   =  -535 pounds 

r7„ _ 
^ Y =  »371 pounds 

-2S Q  a 7,250 foot-pounds 

rj 
*-M - 606 foot-pounds 

In the expression of steady plus cyclic  blade flapping responses, 

A   " A * Ac  t#J ^  * /J/* Si* <f> 

The results, all given in degrees, are 

3 - 0 de I 

t* = 0. 24 deg 

*n = -0. 23 deg 

(-0. 07, measured) 

(- 1. 10, me^ sured) 

( 2. 39, measured) 
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UH-1A at ^ - 0. 08 

Usinj" th»1 same notations and units as in the prt-vious cas»,   the 

result!  tor this i asc- arc 

as   ■ S. 03 deg 

^ - 17 57 dctf 

^ ^ 0. Kl deK 

^ - 
) 56 dep 

(   4. 50, measurt-d) 

(14. 97, measured) 

(   1.49, measured) 

(- 1. 73, measured) 

thrust  ■ 6,620 pounds 

longitudinal force  -     -39b pounds 

side force -     -<i03 pounu:- 

torque = 5,420 foot-pounds 

pitching moment =       358 foot-pounds 

J*9    ■   0 deg 

/,C  =   0-83 deg 

fa   =  -1. 5? deg 

( 0. 16, measured) 

(-2. 07, measured) 

(-0. 33, measured) 

11-vl  ..t  yU        0. 29 

1 he following results are obtained for the present case: 

a. 

*n   - 

5. 29 deg 

16.04 deg 

2.24 deg 

-b. 37 deg 

(   5. 40, measured) 

(17. 35, measured) 

(   2.61, measured) 

(-7. 82, me.i sured) 

thrust - 

longitudinal force  - 

side force = 

torque ■ 

pitching moment  ■ 

11,630 pounds 

46   pounds 

-721   pounds 

2 3,780   foot-pounds 

372   foot-pounds 
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A,  = 3. 8Z deg 

ßfc   -- -0. 01 dcR 

As -- 0. S8 deg 

r«   = 8. 16 dep, 

he   -' 0. 16 deg 

hs    -- 0. 10 leg 

(   3.71, measured) 

(-0. Oi, measured) 

(-0. ^4, mcasvirovi) 

(  9. 15, measured) 

(-0.31, measured) 

(  0. 14, measured) 

The last three items,  .-.11 in degrees,  are the quantities as defined in the 

exprepsion of steady olus cyclic  blade lagging responses; 

A r,,  » rtc cos f * ?,$ ** f 

H-34 at/* ■ 0. 18 

O^s - Z. 37 deg (  2. 50 measured) 

* - 13. 1Z deg (13.69 measured) 

** - 3.05 deg (   1. 19 measured) 

9,s = -3.25 deg (-4.70 ,   measured) 

1 thrust =     11, 820   pounds 

longitudinal force ■ 81   pounds 

side force = 444   pounds 

torque ■      M. 640   foot-pounds 

pitching moment = 646   foot-pounds 

fit 
= 3.86 deg (   1. 93 ,   measured) 

ßH = -0. 07 deg (   0.61 ,   measured) 

An = 0. 55 d^g (-0. 52 ,   measured) 

"0 
= 5. 01 deg (   5.99 measured) 

he ■ 0. 00 deg (-0. 13 measured) 

hs = 0. 11 deg (   0.04 ,   measured) 
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CONCLUSIONS AND RECOMMENDATIONS 

. 
A compufational procedure has been developed that predicts rotor- 

blade aerodynamic loadings,   bending moments,  and realistic blade motions, 

as well as trim constants.     The scope of the blade motion analysis of 

Reference 1 was extended by incorporation of lead-lag and edgewise bend- 

ing and torsional degrees of freedom.    Although these additional blade 

motion degrees of freedom have been included,   the computed lift and flap- 

wise bending moment distributions for the UH-1A and CH-34 rotors 

obtained here are not significantly closer to the measured results than 

those obtained in Reference  1.     Therefore,   it appears that, at least for 

these configurations,   further improvement in the correlations will probably 

require the establishment of a better wake model and an even more complete 

representation of the blade motions. 

In both Reference 1 and the present work,   a fixed skewed helix was 

assumed for the '.ocation of the vorticity in the wake.     It appears that a 

realistic wake model is needed and,   to this end,   both theoretical and 

experimental studies of the disposition of vortical elements in rotor wakes 

are recommended.    An experimental program alone probably will not 

suffice since quantitative data are required which can be extended to any 

desired rotor configuration.     Current experimental techniques are 

susceptible to errors which are not adequately predictable.     For instance, 

the presence of boundaries (such as wind tunnel walls) must be accounted 

for in the interpretation of experimental data.     Direct application of the 

wake positions measured on one configuration might introduce serious 

errors.     A concommitant theoretical effort is recommended,   therefore, 

to enable evaluation of experimental techniques and to develop    a means 

of theoretically predicting the wake location for any specified rotor tystem. 

Further improvement   of the correlations,   particularly in the 

bending moments,   might necessitate a better representation of the blade 

motions.   Configurations such as the UH-1A and CH-i4 rotors are designed 

to maintain low bending moments of the blades.    Consequently,   sm ill 

errors in predicting the blade motions and the resultant lift can produce 
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relatively large errors in the computed bonding moments,  good prediction 

of the bending moments might depend,   therefore,  on a precise description 

of the inertial and elastic characteristics of the blade as well as the 

definition of the wake. 

Finally,  it is recommended that,  if this computer program is to 

see practical utilization it should be revised to make efficient use of the 

capabilities of the IBM 360/65 on which it is now being run.    This computer 

program was written initially in FORTRAN IV for the 7044.     Later in the 

project,   the program was simply converted to the IBM 360/65.     There is 

no effort to optimize the program to the new equipment. 

In summary, the following further efforts are recommended:    (a) 

investigate means for improving the wake model,   (b) determine the 

relative advantages of alternative representations of blade motion 

equations,  and (c) refine the computer program in order to take 

advantage of the IBM 360/65 system capabilities. 
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Figure 24.    COMPUTED AZIMUTHAL VARIATIONS OF BLADE PITCHING MOMENT 
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Figure 26.     MEASURED AND COMPUTED AZIMUTHAL VARIATIONS OF BLADE 
LIFT DISTRIBUTION:  H-3ii at ^ ■ 0.18. 

69 



STEADY  COMPONENT COSINE COMPONENT        SINE COMPONENT 
Ith  HARMONIC 

COMPUTED 

O       MEASURED 

.^/xA 

40 

20 

0 

-20 

5th  HARMONIC 

•vm^T*- *& 

COSINE COMPONENT SINE COMPONENT 

1st HARMONIC 
6th  HARMONIC 

; 

Fiaure 27.    MEASURED AND COMPUTED HARMONICS OF BLADE 
UK DISTRIBUTION;  H-34 AT/Y = 0.18. 

70 



80 

40- 

COMPUTED 

  MEASURED 

r/R = 0.150 

STEADY  COMPOHEMT 

=  1527  in.-lb.   COMPUTED 

.L«-\ / 

-no 

80i 

■ o 

X 

a 0 
i 

c 

S      80 

1      »01 

r/R = 0.275 

STEADY  COMPONENT 
= 1178  in.-lb.  COMPUTED 

0-' 

r/R = 0.375 

STEADY COMPONENT 

=  1130 in.-lb,  COMPUTED 

80-| 

40 ■ 

-W 4 

r/R = 0.U50 
STEADY COMPONENT 

= 968 in.-lb. COMPUTED 

0    90   160   270   360 
AZIMUTH ANGLE - degrees 

r/R = 0.575 

I STEADY COMPONENT 

= 363  <n.-lb.   COMPUTED 

' t~—\J 

r/R = 0.650 
STEADY COMPONENT ^ 

= -80 in.-lb.        '  \ 
COMPUTED /     y 

i 

11 

r» 

v /\I5 
T- 

r/R = 0.800 

STEADY COMPONENT       / \ 

= -605 in.-lb,       '   \ 
COMPUTED I     \ 

I 
f\ 

t^/lW \ ^c 

r/R = 0.925 

STEADY COMPONENT 

= -227  in.-lb,  COMPUTED 

'X 
V' 

0 90 180 270        360 
AZIMUTH ANGLE - degree» 

Figure 28.    MEASURED AND COMPUTED AZIMUTHAL VARIATION OF BLADE 
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APPENDIX 

OHTHQüQNALlTY RELATIONS OF BENDING VIBRATION MODES 

OF A TWISTED ROTATING BEAM 

Tlif bondinji deformation of a twisted (rotating or nonrolating) 

beam is gtntrally not in one plane.     For this reason,   recent practice 

in load and deformation analysis of a twisted propeller or helicopter 

blade utilizes bending vibration modes of the twisted rotating blade 

with  both flatwise and chordwise deflection components as generalized 

coordinates.    Since these modes all satisfy the same two governing 

differential equations and the same root and tip conditions,   they satisfy 

certain relations (usually called the orthogonality relations) among them 

selves.     This note presents a self-contained derivation of the general 

equations Pom which the relations pertaining to blades with given root 

ionditions can be obtained immediately upon using the root conditions. 

The  »"«'lations .ire  useful  in detecting the accuracy of results obtained.. 

from vibration analysis  and    in simplifying the equations of blade 

motions in whu h certain bending vibration modes .are used as a group 

ol  the generalized coordinate.';. A blade with flapping and lead-lag hinges 

is among those used in the examples. 

Existing methods for bending vibration analysis of twisted 

rotating blades (such as Reference 4) assume that the undeformeo 

blade elastic axis is a straight line which lies in the plane of rotation 

and intersects the axis of rotation.     Furthermore,   the e.g.   and central 

polar axes art   assumed to be coincident with the elastic axis,   and the 

built-in twist i ■; assumed to be about the elastic axis.     All these 

assumptions will  be made here.     In blade load and deformation analysis, 

Lagrange's equations of blade motions take the actual axis offsets 

and built-in coning into a.count by having constant generalized force 

terms that depend on the offsets and built-in coning.     (The offset 
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between the elastic and c g.   axes    also causes coupling between bt-ndinj; 

and torsional modes. ) 

Consider a blade section at a distance r   trom the axis of rotation, 

Figure 32.   BLADE DEFLECTIONS DURING BENDING VIBRAHON. 

about which the blade (as well as the r««   system) is rotating in 

vacuum at a constant angular velocity il .     With reference to Figure 3Z. 

the   j.-axis is the axis of rotation,   Ihe   r-axis is perpendicular to the 

paper and pointing to the reader    and the  « -axis is perpendicular to 

:he  ir -plane.     When the blade is undeformed,   the section is shown by 

the solid line: its elastic center lies on the    r -axis and its major 

prircipal central     xi . makes an angle  &{r ),   called the local blade 

ang   •,   with the plane of rotation (i. e. ,   the   ry  -plane).     With the 

presence ot b^r   ing deformation,   the same section is shown by the 
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dotted line: its elastic center in displaced by ( « , i-   ) or { .   , /;   )  in a 

plane parallel to the  f} -plane,  while ^ is assumed to remain unchanged. 

The deflection components  a { r ) and  y{r) are called the chordwise 

and flatwise bending deflection components,   respectively, while c{>") 

and t'{r) are called the inplanc and flapwise components,   respectively. 

From Figure 3d, 

C   =   u COS 0    ~   W Serf  0 I (87) 

or 

ir --   h cos O - c, sen Q 

öL   ~   c cos &  -t  h Sitn 9 
(88) 

Assuming that the blade sections remain plane during bending, 

the small deflection described above is the result of the small rotation 

of each blade section about an axis which lies in the plane of the 

section and intersects the elastic axis.     The rotation has one component 

equal to —   radians in the negative  /?-direction and the other component 

equal to —^ radians in the   i-direction,   according to the right-hand 

rule of representing rotations by vectors.     The curvature of the 

projection of the deformed elastic axis on the   ^r-plane or on the  rrf- 
i i .      ^ ** »■      . plane is equal to —7  or .,   respectively. 

Let ir or^" bf  the curvature of the projection of the elastic axis 

on the plane that contains the local major principal central axis and 

the   r -axis or on the plane that contains the local minor principal 

central axis and the   r-axis,   respectively      Also,   let M and  #" be the 

flatwise (about the local major principal central axis) and chordwise 

(about the local minor principal central axis) bending moments acting 

on a blade section.       According to the engineering bed.m theory,  which 

assumes that the beam cross sections remain plane during bending,   the 

Positive 4< and M tend to compress the upper surface and leading 
edge,   respectively. 
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following relations hold at any blade section: 

*   ^   BF (89) 

and 

Vf   =   bCr (^0) 

where  3  and  t> ,   with ^-• 5 usually,   are the flatwise and chordwise 

flexural  rigidities of the blade section. 

d. & 
On account of the blade's    being twisted (namely, ^  f 0),   the 

curvatures  F and &  (each belongs to the projection of the elastic axis 

on a plane that rotates,  as   r changes,   about the    r -axis with respect 

to a coordinate system fixed to the blade) are not  given by 

dr* 
and d'u 

dr* 
but are given by 

F - ——j cos & 
ä r 

d'c 
7P 
d*h 
dr* 

Sin & 
(91) 

or,   by the use of (87), 

P d'v     . dB  du. ji'e fä0\*„ 
7r' Jr   dr dr* \drl 

f^i _ ^ ^ _^r_ ^^ ^./— tu 
dr '  dr    dr är* ^dr) 

(92) 

Let A/and M be the flapwise and inplane components ol the 

bending moment acting on a blade section such that 

M - M cos 0  + M sen Q 

=   BF cosO  *■ bO-scnO 

-- ^/ 44 ccs0 - 4-4 s"y0)cos& 1 dr dr 

^/d*c a      d*h + Öl——g   COS 6 -h ——^ sin 6]stn 6 
\dr dr I 

(93) 
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.incl M        M cos &      v sen 0 

=    DG COS &       Br   -icn (9 

-  b   —g  cos e ——>   sen 6>' cot, fr 

(94) 

Let u   and ^   be the components of loading,   perpendicular to the 

deformed elastic axis,   per unit  length of blade in the   j - and   o- 

directions,   respectively,    Then,   for a rotating blade in free bending 

«'St illations at a natural frequency of oo radians/second ,   the loading 

component p  is given by 

P -  fj. u> h jL{*ä!L\ 
drl (95) 

where u is the mass per unit length of blade and,  with   R.   being the 

blade tip radius. 

''/ 
X • A        yurdr (96) 

is the centrifugal force acting on a blade section at any   r .    Since 

the centrifugal force has a shear component equal to 

the upward component of transverse  loading,   or the contribution to 

ö ,   due to O.  is equal to the last term of (Q5).     Carrying out the 

The Coriolis   force,  which has the effect of increasing A   by 
/ * • <V(     Sil /    .• udr, 

is neglected in vibration analysis. 
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differentiation, (95) becomes 

Similarly,   the corresponding p   can be expressed as 

dzc t   d 
17' '*ar2 p  - fitco'c +*£n   'fiLttr**' *M.rfc. (98) 

' r 

The last term of (98)  is due to the fact that when the c. g.   of a mass 

is off from the r -axis in the  /? -direction,   there is a centrifugal force 

component in the    p -direction acting on the mass.     The governing 

equations for free vibrations are 

jp  ' P (90) 

ana 

d'ti 
dr 7  = ? (100) 

with M, M , p and/> as given by (93), (94), (97),   and (98),  respectively. 

When any particular ^A or jth   mode is under consideration,   the 

subscript (  or J will be added to u), h  , c ,  o , P  , M , if , F and ^ . 

The four boundary conditions at the blade tip,  where  r - R , 

if 

V(99) and (100) are in agreement with Reference 6,   since the two 
scalar equations below (4.8) of Reference 6 are the following two 
combinations of (99) and (100): 

(99)r« O -(100),^ö 
and 

(100) cos 6 ^(99) s<r}ß   . 
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may be written as 

Since (99) and (100) are a pair of fourth-order differential equations in 

/?   and  c   ,   four more boundary conditions are required for each 

actual case.     These additional boundary conditions are the   'root'1 

conditions which,   for the present analysis,  are assumed to be 

specified at   r -  r0 ■ 

By first multiplying (99) and (100) for any /^mode by h and C 

of any „/^ mode,   respectively,   then adding them together, and finally- 

integrating over   >" from  ^ to  ^   , 

/ 

2 = 

/- 
Pt^j + P.c:) dr. (10?) 

c 
By integrating by parts twice,   using (1 0 1), the left-hand side of (102) 

may be expressed as 

O 

—£  -  i >7    + M      . J   -  *- c, 
dr dr     •>        L   V7      dr     J 'fa 

fr0 

By the use of (96) through (98^, 

ro 

o 

• r* * Ci I  /uc< c dr , 
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which,   by applying integration by parts to the integral that contains X 

and subsequently using (96),   may be written 

/   (p h   *pc  ]dr 
\     '   J        «  ' ; 

m*if Mlty **&)*,   *rf\J    jLiC^dr 

f7f*   ^l/^iA    ^^AJ   Mi.   ^   )     f*  -,] 
'iU^'Kdi ^ * 7tl£r<l&h'**Ci.Jr.'lrt'ri     (104) 

Now,   substitution of (103) and (104) into (10Z) yields 

^j -^ -fiJ*fdr]   *   Bi4   - "t^j (105) 

where 

• /</ /   ~ ~ 

A r* 

J *    \ Jr y\ dr    dr dr       dr / 

(10b) 

M v s / ^ ^ ^ *cicj)dr ' I "(^ *! *** UM' 

CJ "  \dr    *       dr    i1 r*rt 

n dh.    dK 5    mfoQ.'OLhj 
lJ      \   l  sir       dr     J 

a dc    dM 
'   dr       dr    'Jr-re 

(107) 

(108) 

(109) 

(110) 

Since (1 0<i)and,hence, (105) hold when t   and j   are interchanged and 

since 

<„  - <tJ .       ^  ' ^ and ^4   -   Hj    , 
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it is clear that 

f •    - ;7 / A c i\ir !    *■   Ö,-        C*J ■ M 
/ /■ J     v (111) 

Subtractinp (111) from (105), 

(us'-uif) Ct^ -i5LJ   -6^ I - Q'tA^    AJt]J   ^rdr  = O (112) 

Equations (11 2) and (10S) are the desired equations.    Some root 

constraints of practical interest will be dealt with in the examples 

that follow.    As the examples show, (111) yields a relation stating that 

there is no inertial coupling between any two different modes. 

Consequently, (105) yields one relation stating that the elastic and 

centrifugal couplings between any two different modes cancel each 

other,  and another relation stating that for each mode,   the strain 

energy at either extreme configuration minus the work done by the 

centrifugal loading during the change of configuration from the neutral 

one to either extreme one is equal to the kinetic energy at the neutral 

configuration.     (The absence of inertial coupling and the cancellation 

between the elastic and centrifugal couplings mean that there is,   in 

effect,   no coupling when the blade is in vacuum. ) 

As an example,   consider the case with the following root 

conditions: ., 

h   - c 

r - r 

f 

where ^ and i:^ are given torsional elastic constants.     For this case, 

(109) and (1 10) yield 
ft      =    A 0 

. nd 

r 
'. 

and,   hence,  (112) yields 
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'. • 
^    J. 

u.   h^j   ~ 5 dr    ' O , (I I S) 

Consequently, (1()S) yields 

A-      y- >fe_ ( 1  ^_; 

-n'rv   = ö. # < 

and also 

^MÄ   'MÄ 
2   £ 

(114) 

For the two extreme cases where the blade is cantilevered at r = r0 

(namely,   both kP and i:0 approach infinity, yet both 0   _   and M7 _   are r -r» r -r» 
finite) and where the blade is fully articulate (namely, k? * k^ m 0) 

the relations 

(115) 

\ dr    dr r - /■% 

hold for j #  i   or j    - i, so that (114) and (115) reduce to 

KLJ -nr.-o.     JU 
and 

(116) 

2   n Z      ^ 

iL ^ ti I 1,1 (117) 

Results in agreement with (113) and (I 16) are obtained in Reference 6, 

which treats a blade cantilevered at   r  = 0. 

As another example,   consider a blade with flapping and lead- 

lag hinges.     With reference to Figure 33,    the flapping hinge is 
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Figure 33.   RIGID LINK CONNECTING FLAPPING AND LEAD-.AG HINGES. 

located at r = /> and the lead-lag hinge at r = r» The link, shown 

in Figure 33, connecting the two hinges is assumed to be rigid, so 

that 

Mr.r   •('*'")(£ (118) 
'*•'> 

and 

(C)rtr   'Wl-r.   =0 (119) 

are three of the root conditions.    The other root condition can be 

obtained from the requirement that the moment about the flapping 

axis must vanish,   namely,   {M) ^ _     =0.     This moment may be 

expressed as 

(*)r.r,-(*)r.r.-<'.-*)(§)„+** 
Ö 

where MH is the moment about the flapping hinge due to the inertia of 

the link.     Letting JH be the mass moment of inertia of the link about 
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tin- tlappiii); lun^f <ind   ./" be a mass element  in the link, 

"-   •'"^^ 
Jh ,>/•; 

or,   assuming the link to be symmetric with  respect to the r^-plane so 

that      x.t ( r\dfri   -   0 , 

or, using J^r =   fj{r-rf)*+ t ijm and ^n - J -i dm , 

)      .-2 
-^v "     'V^ --'i^v ^ ~^^L * 'n* >'*■■ €n) \ "Vr) 

dh 
(120) 

where mH is the m.iss of the link andt// is the distance (in the r-direction) 

from the flapping hinye to the t. . ^.   ot the link.     Therefore,   the fourth 

root condition is 

{*-('•''')*;],., -\-*J»*aZ(J"-2^r"»r'c"Kz-'r.r0A\z\) 
(Jh\ 

By the use of (1 IK).   (1 ll>) and (121), (109) and (1 10) yield 

dh.    J"   , , 

and 

and,  hence, (112) yields 

Si     ~   M     +■ JH   ■ --     -       ■ ^ ' ^ * 

Consequently,   (IDS) yields 

^ J 

v/    ^   i 

and 

(122) 

(123) 

(U4) 
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where 

^ ^ -jfw^/w. ^J.^J.^^^e^lf; ~;)r ru (125) 
0 

Finally,   some remarks on the teetering rotor (in which the 

two blades can flap on'y as a continuous beam and f> = 0) will be 

made.     The hub mechanism that flaps with the blades is  usually 

treated as a rigid mass  rigidly attached to the blades at  r - Q.     This 

rigid mass is symmetric with respect to the    |  -axis,  just like the two 

blades.     Suppose each blade has a lead-lag hinge at   »* = ^  (the result', 

below apply to the case without lead-lag hinges   upon setting  r   = 0). 

Assume that the portion of the blades between the two lead-lag hinges 

is rigid,   and let 2 «v be the total moment of inertia about the flapping 

axis of the masses of the hub mechanism and the part of the blades 

between the lead-lag hinges,  with 2«^,  being contributed by the   i- 

direction spread only.     Using the superscripts   [ 1 ] and [2 ] to indicate 

quantities belonging to the two different blades,   the joining together of 

the two blades at r = 0 requires 

\d.rjr9r \dr 
a - w 

Consequently,   the two blades can have only two different types of free 

oscillations: 

1 ype I: 

[MM   is given by (120) with   r?   =   &■ ] 

Type II: 
«"J. /, £ '] 

* cM 

a1" - /dh\ 
[ärJ, 

C'J 

[/] 

r. 

HQ 



The results turn out to be that,  for both i and j  belonging to either 

Type I or Type II, (li2) through (1^4) are satisfied by either blade. 

Note that the last condition of Type II automatically reduces {\ll), 

(123) and (124) to (113),   (I 16) and (I 17),   respectively.    It one of the <, 

and j   belongs to Type I and the other to Type i..,   then define 

ij '■J LJ 

T     =    T       *-   T 
I.J LJ I.J 

M. M 

for the two blades together and find 

O 

so that (122) and (123) are satisfied by the two blades together. 

KL =       Z ^      - (-äl 

90 
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oped a method ci computing rotor-blade loads and motions of a single-rotor helicopter 
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that the blade motions are restricted to flapping and flapwise bending.     The present 
effort was undertaken to extend the previously developed method by (1) including the 
blade inplane and torsional motions,  and (Z) treating the four trim constants (namely, 
the blade pitch-control  settings and the rotor-shaft tilt angle) as unknowns.     The trim 
constants are different for different flight conditions öud are determined through the 
use of four appropriate,   average equilibrium conditions of the helicopter.     These 
equilibrium conditions are called the trim equations and are derived in this report, 
taking into account the inertial forces of the blades due to elastic deformations. 
Lagrange's equations for the blade motions are given.     The generalized coordinates 

employed in these equations to represent blade bending are those which have ceflection 
components in two mutually perpendicular directions.     Orthogonality relations of 
vibration modes of twisted,   rotating blades are derived and are used in simplifying the 
equations of blade motion.    A successive approximation procedure was developed 
which,  upon incorporation with the previously developed iterative procedure,  yields 
the aerodynamic loads,   the blade responses,  and the required trim constants. 
Computed results are obtained for the UH-1A rotor at advance ratios of 0. 26 and 0. 08 
and for the H-34 rotor at advance ratios of 0.29 and 0. 18.    Comparisons of these 
results with available measured results are presented. 
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