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SUMMARY

During a previous program, Cornell Aeronautical Laboratory, Inc.,
developed a method of computing rotor-blade loads and motions of a single-
rotor helicopter in steady forward flight by assuming that the blade pitch-
control settings (collective, longitudinal cyclic, and lateral cyclic) and
the rotor-shaft tilt angle are known and that the blade motions are
restricted to flapping and flapwise bending. The present effort was under-
taken to extend the previously developed method by (1) including the blade
inplane and torsional motions and (2) treating the four trim constants

(namely, the blade pitch-control settings and the rotor-shaft tilt angle) as

unknowns.

The trim constants are different for different flight conditions and
are determined through the use of four appropriate, average equilibrium
conditions of the helicopter. These equilibrium conditions are called the
trim equations and are derived in this report, taking into account the

inertial forces of the blades due to elastic deformations.

Lagrange's equations for the blade motions are given. The
generalized coordinates employed in these equations to represent blade
bending are those which have deflection components in two mutually
perpendicular directions. Orthogonality relations of vibration modes of
twisted, rotating blades are derivec and are used in simplifying the

equations of blade motions.

A successive approximation procedure was developed which, upon
incorporation with the previously developea iterative procedure, yields

the aerodynamic loads, the blade responses, and the required trim

constants.

Computed results are obtained for the UH-1A rotor at advance
ratios of 0. 26 and 0. 08 and for the H-34 rotor at advance ratios of 0.29

and 0. 18. Comparisons of these results with available measured results

are presented.
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FOREWORD

This investigation of helicopter rotor-blade loading was performed
by the Cornell Aeronautical Laboratory, Inc. (CAL), Buffalo, New York,
for the U.S. Army Aviation Materiel Laboratories (USAAVLABS), Fort
Eustis, Virginia, during the period February 1966 through July 1967.

Mr. J. E. Yeates monitored the program for USAAVLABS.

Mr. T. T. Chang was project engineer and author of this report.
Mr. J. C. Balcerak conducted the computer program and was author of
the section entitled ""Computer Program'. Many helpful discussions
with Messrs. R. P, White, Jr., F. A, DuWaldt, and R. A, Piziali of
CAL are appreciated by the author.
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conventional torsional rigidity.
generalized aerodynamic force in ¢ .
[

generalized coordinate representing ,% bending
mode (; = l-=5).

mass moment of inertia, about elastic axis, per unit
span.

generalized restraining force coefficient; it yields
the generalized spring force in g, due to the presence
of g; when multiplied by (-¢, ).

radius of gyration of cross-sectional area effective in
taking centrifugal force.

lift per unit span.

total pitching moment (about the negative ¢ -axis)
acting on one blade.

aerodynamic pitching moment acting on fuselage
(which includes horizontal tail surface), about
helicopter center of gravity, positive nose down.
generalized mass coefficient; it yields the generalized
inertia force in ¢, due to the presence of ¢. when

. . 4 v
multiplied by ('?j ).

mass per unit span.

aerodynamic pitching moment (about elastic axis,
positive nose up) per unit span.

half of the total number of blade azimuth positions
{equally spaced in the rotor disc) used in the computer
program.

numb: r of rotor blades.

total torque (i. e., moment about the negative 7?.-axis)
acting on one blade.

J¥ yeneralized coordinate representing either a
bending or a torsional mode [, =1—= (s +7)].

blade radius (equal to r of blade tip section).
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tail length (i. e., the distance from the y3-plane to
the tail rotor shaft),

radial distance from rotor shaft, it defines a blade
section.

coning offset radius (i.e., 8, = 0 for r«< r.).
lead-lag hinge radial offset.

flapping hinge radial offset

radius of blade root section.

total number of bending modes used for describing
blade bending deflection.

generalized centrifugal force coefficient; it yields the
generalized centrifugal force in ¢, due to the
presence of % when multiplied by nzgj .
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helicopter forward speed.

total weight of helicopter.

chordwise distance from center of gravity to elastic
axis.
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right-hand orthogonal coordinate system with its

Zy -plane coincident with the reference plane

(which is perpendicular to the rotor shaft and
contains the flagping hinges), origin on the rotor
shaft axis, z -axis pointing downstream and 3%-axis
pointing upward.

twice the values gf the averaged X, Y., Z, ¥, Q,

=21
such that X = ﬂ_{ Xdy, etc.
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Xe,Zp x -, 3-components of aerodynamic force acting on
fuselage (which includes horizontal tail surface).

A A A
Xe.Zp, M values of Xr, 7, , M-, when @5 is equal to a chosen
reference value, ag .

’ ’ ’ fa)
Xe,2e Me slopes of X., Z,, M versus a, plots at a; = a;.

as rotor shaft tilt angle in the jy-plane (positive a;
tends to move the fuselage nose down).

Ae built-in coning angle.

7 total number of torsional modes used for describing
blade torsional deflection.

€ induced angle so defined that ( &, + €/) is the drag
(or inplane component of aerodynamic force) per
unit span.

& total pitch (6 =8,+8,, cos ¢+ 8,5 5iny).

-7 built-in twist, measured with respect to root section,

positive nose up.

generalized coordinate representing jﬂ' torsional

94.
mode (/=1—= 7).

B¢ longitudinal cyclic pitch.

6 s lateral cyclic pitch.

&, collective pitch.

v,

y2 advance ratio (,u Eﬁ%)

Y air density.

y blade azimuth angle, measured from the x-axis to
the blade reference line (which line lies in the xy -plane,
intersects the rotor shaft axis, and is perpendicular
to the blade flapping hinge).

n rotor shaft rotational speed.
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required adjustments to &;, 50 ,Bc,6,s, as estimated
from the trim equations.

as subscript, it indicates the value of a quantity
averaged over ¢ = 0= 27,

as subscripts, they indicate the amplitude of the

n** harmonic cosine component, in ¢, of a quantity.

as subscripts, they indicate the amplitude of the
n* harmonic sine component, in  , of a quantity.

as defined by Equation (36) may be interpreted as

estimated partial derivatives of ( ) with respect
to «,, 6,, 6,., and 6,,, respectively.
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INTRODUCTION

The U. S. Army Aviation Materiel Laboratories (USAAVLABS)
has been directing a unified experimental and theoretical effort
which has for one of its ultimate objectives the development of a means
of predicting rotor-blade air loads, motions, and stresses in
heliccpters. That is, it is desired to develop the capability of predicting
these quantities when all the rotor hub and blade physical parameters,
thie rotor operating flight condition, the helicopter weight and center
of gravity location, and the fuselage aerodynamic characteristics are
specified. As a participant in this Army effort, Cornell Aeronautical
Laboratory, Inc. (CAL),has been working on the development of a
method of prediction for a sirgle-rotor helicopter in steady forward
flight (Reference 1). This earlier development, however, used the
assumptions that the blade motions are restricted to flapping and
flapwise bending and that, for each flight condition, the blade pitch-
control settings and the rotor-shaft tilt angle are specified by four
given constants. In reality, these four trim constants are unknowns
to be determined by the helicopter weight and center of gravity
location and the fuselage aerodynamic characteristics, as explained
later under "TRIM EQUATIONS'". Furthermore, the blade inplane
(or chordwise) and torsional motions could be important (directly and
through their coupling with each other and the flapping motions) with
respect to the blade stresses and aerodynamic loads. Consequently,
the present program was undertaken to improve the previous develop-
ment by removing the above-mentioned assumptions. The two
diagrams in Figure 1 show the differences between the previous and

present programs.

The same method and computer program developed in

Reference | to predict the blade aerodynamic load distributions, when



the blade response and the trim constants are given, are used here. )
This means automatically that the same wake and blade representa-

tions (both described fully in Reference 1) are used in both programs.':

PREVIOUS PROGRAM (REF. 1)

INPUTS COMPUTATI ONS RESULTS

BOUND_ CIRCULATION LADE LIFT AND PITCHING
By S TcAL PROPERTI £S DISTRISUTION SGHERT D] STRIBUTIONS:
PITCH-CONTROL SETTINGS: ! BLATI SE BENDING MOMENT
ROTOR SHAFT TILT; K ALl
BLADE TORSIONAL MOTIONS i
FLIGHT CONDITIONS SENERALTZED

AEROOYNAMIC FORCES

BLADE RESPONSE

PRESENT PROGRAM

INWUTS COMPUTATIONS RESULTS
LADE AND PITCH-CONTROL SETTINGS:
=HYSICAL nggsmes: e m(':'nosrcallkﬁ?h‘tﬂ . ROTOR SHAFT TILT
BLADE PROFILE DRAG ™
COEFFICIENT e - AVERAGE ROTOR THRUST,
FT, DRAG, AND LONGITUDINAL FORCE

HEL ICOPTER WEIGHT PITCHING MOMENT '
AND C.G. LOCATION: A DISTRIBUTIONS SIDE FORCE, TORQUE, AND
FUSELAGE LIFT, DRAG 7 PITCHING MOMENT
AND PITCHING MOMENT
COEFFICIENTS; GENERAL| ZED BLADE LIFT om AND
DI STANCE BETWEEN MAIN st © PITCHING MOMEN
AND TAIL ROTOR-SHAFTS D1 STRIBUTIONS:

y BLADE. RESPONSE AND
FLIGHT CONDITIONS BLADE RESPONSE BENDING MOMEN

(] i

TRIMN EQUATIONS
|
L | Pr7cn-conTroL seTTings:
ROTOR SHAFT TILT

Figure |. COMPARISON OF PREVIOUS AND PRESENT PROGRAMS.

*
Except for minor modifications that are necessary for admitting

blade profile drag coefficient as additional input and for having
blade drag (profile plus induced) distribution as additional output.



TRIM EQUATIONS

Consider a single-rotor helicopter equipped with a tail rotor
(which is assumed to produce a side force and yawing moment). When
the helicopter is in steady level flight, the flight condition specifies its
forward speed, Vv, , and the rotor-shaft rotational speed, n . For
each given flight condition, the average forces and moments (from both
the aerodynamic and the inertia sources) acting on the rotor must be in
equilibrium with the helicopter weight, the aerodynamic forces and
moments acting on the fuselage, and the side force produced by the
tail rotor, The equations that express the requirements to secure the
equilibrium are called the trim equations, In a forward flight, the
fuselage ride force and yawing moment, as well as the net value between
the rotor average rolling moment and the fuselage rolling moment, are
all small.* Consequently, their effects on the trim equations will be
ignored. Then, besides the forces and moments in the longitudinal
plane, we need only to consider the presence of a tail force equal
and opposite to the rotor average side force with its moment about '
the rotor shaft equal and opposite to the rotor average torque. Since
the consideration of the forces and moments in the longitudinal plane
leads to three trim equations, there will be a total of four trim
equations. With the pitch-control system contributing a blade pitch

angle é according to

§f§o+5,c cos ¢ + 6,5 sin ¢, (1)

# Their effects can actually be cancelled by secondary adjustments to
the tail rotor force and location (perhaps combined with a lateral
tilt of rotor shaft), In the derivation, the tail rotor location is
considered to be fixed.
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the constants &,, 5,5 5 é,, together with the rotor-shaft tilt angle, &;s,
in the longitudinal plane may be called the four trim constants., Their
values depend on flight conditions and must be so determined that they

make the trim equations satisfied for the given flight condition,

Referring to Figure 2 and assuming that a; is sufficiently
small that cos a5 = / and s a5 = a;, the trim equations may be

written as

2

78 [ Xd¢ = Way - Xe

27 J,

ﬁ/z’rzaﬁ -w -z

2o #
2m

£
i Mdy = (Wag -Xz) Dy ~(W-Zp)Dy - M

ny er _'74 amr
FO Qd’ﬁ'ﬁetz’r‘é‘ )’d¢’=0.

Note that 77, is the number of rotor blades; X,Y,Z,#,Q are force

and moment components acting on one rotor blade in the directions

indicated in Figure 2; A, is the distance (in the Z -direction) between
the main rotor and tail rotor shafts; and 'ne tail rotor produces a

force in the y-direction equal to

For a given flight condition, the blade loads (X,Y,Z, A and Q)
depend on & and the blade motions, which may include flapping
( h, ), lead-lag ( h, )., pitching ( 6), flapwise and inplane bending
deflections ( A, , y >/ without lead-lag and ; >2 with lead-lag), and

torsional deflections (6_/- ).

(2)

(3)

(4)

(5)
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The plane that is normal to the rotor shaft and contains the
flapping axes wvill be chosen as the reference plane, Each bending
mode, represented by A,, will be described by two functions of the
radial distance, r , from the rotor shaft of a blade section; f,,‘,
describes the radial variation of the deflection of the elastic axis nor-
mal to the reference plane, positive upward; ch. describes that
parallel to the reference plane, positive forward, (Thus, for each
s % bending mode; h, fh, is the flapwise bending and 4, {cJ is the
associated inplane bending,) Pure flapping or lead-lag may be con-
sidered as a special bending mode with . =0 or f,: 0, respectively,

both with zero curvature,

In steady flight, the blade loads and motions are periodic so
that they can be resolved into harmonic components, For example,

the lift per blade may be expressed by

[ad
L=, +Z (L, cOSng + L, sinny) (6)
na/
and the generalized coordinate representing the i bending mode may

be expressed by -
hi = i+ (hae cosng + b sinng). )

ns{

Note that the pitching, & , has6,.= 8 =0 for n22. Throughout this
report, the subscripts J, #»c and »s will only be used to indicate

harmonic components in exactly the same manner as in (6) or (7).

Let 3 be the distance of local c.g. (i.e., the c,g. of a blade
section at distance r from the rotor shaft) above the reference plane.

Then

.3-"' (r”?),ﬁc *ZhJ'FhJ '5(—/ (98 ‘ZQJ{Q)
J J

‘(8,-6*-/?,)(@0*9_,6 C05¢'*§/5 .51") 91/) (8)



where B, is the built-in coning, r. is the coning offset radius (B, =0
for r<r. ), B4 is the blade built-in twist (about elastic axis), €, is the
distance from midchord point to the pitching axis, € is the distance
from midchord point to elastic axis, and X, is the distance from c. g.
to elastic axis. (All these distances are measured chordwise and
positive forward; see Figure 3,) The acceleration* of the local c. g.

in the 2-direction, 24, can now be obtainea by taking the second deriv-

ative of 7 with respect to time, yielding
a/} = JZ./’/ ch - )&,Zejfgj
+ (e, -e+)?,)ﬂz(9_,cc05 W+ 6,5 5ind). (9)

Since &4 is actually tilted toward the rotor shaft by an angle equal to
the flapping angle, #,/(R-r,), plus A » it has a radial component

equal to

hy
(ﬁc +/?-r,-)a‘3' 5

Thus, the total radial acceleration of the local c. g. is

h :
apx (pe+ =) ay - a'r. (10)

The tangential acceleration (positive forward) of the local c. g. is

a. = ;A;rcj +n‘(>‘<,-;hjfcj) (11)
where
Xy =e,-e+ X, -ep -¢€p (12)

and €, and €, are the chordwise offsets of the lead-lag hinge and the

pitching axis as shown in Figure 3,

* All the Coriolis accelerations will be neglected.



NOTES: (1)
(2)

£ /\ ROTOR SHAFT

1

FLAPPING HINGE [

L

LEAD-LAG WINGE

BLADE REFERENCE LINE —=

PITCHING AXIS

ELASTIC
AX 1S

REFERENCE PLANE

A

b BLADE SECTION AT r

THE REFERENCE PLANE |S PERPENDICULAR TO THE ROTOR SHAFT

AND CONTAINS THE FLAPPING HINGES.

THE BLADE REFERENCT LINE LIES IN TH_ REFERENCE PLANE,
INTERSECTS THE ROT Y SHAFT, AND 1S PERPENDICULAR TO
THE FLAPPING HINGE

Figure 3. BLADE 0i FSETS (POSITIVE SHOWN).



Letting m be the blade mass per unit span, £ be the lift per
unit span, 4, be the profile drag per unit span, and ¢ be the induced
angle (so defined that the total drag per unit span is equal to d, » €£ ),

the contribution per unit blade span to X can now be expressed as

Ay )J+mar}cos¢/

/?'f';

::—;Y = (‘{p rel +ma,c)5£n¢-{(ﬁc +

= {dp +el+ mZ};'J.;CJ +mﬂ‘(73 '.Zhi ,rcJ )}sm ¢
J J

h P
. B Y5 .
{(/96 *R-r,)(“ ’"“3) mn’}”s"ﬁ' (13)
Similarly,
gTY - - {d’ +el *mZb}ch ¢ mﬂ’()_(; 'Z h; fcj )}CO-’ ¢
J J

) {(ﬂc *e%)(j""“})””nz"} ainds .
Z—rz- = ,t-ma.; (15)
da o
-~ .(al,,+ej +m:£/{/#’cj)r (16)

and, letting I be the blade mass moment of inertia (about the elastic
axis) per unit span and 7 be the blade aerodynamic pitching moment

(about the elastic axis, positive nose up) per unit span,

% s {(j—ma,,) r - mn'r} }cos 7

‘[”’a’ci. + (dpf ej) {(r-rc)/sc * ; hjfhj' (e, -e)é}
+(Ia-m7,2)(ﬂzé,c cos(//+ﬂ:9_,, Sen ¢J—Zé4f91>

vm (e -e-ep -ep) L]seny. (17)

_—



2r =
In obtaining /X¢¢ 7 oog / Md ¢ from Equation(l3),
[+
..., Equation (l17) oby double integration, it is essential to notice

the following relations:
ar 2 or
f dy = 2mr ; / coszy/.d¢/ _-/ siny dy =7
OZIT ?ﬂ'o e
/ cosny - -dy¢ =/ scnnyg dy = O, n =17
o
/ (cosny or .s';nn;é) (co.$¢ or Sin¢)-dy = o, »n

(h')o '(9) =(a'})o =0 (a’i)yc = "n'Z;rc

(h )’c =i h(J) P (i;_,)[s s =-N h(J)

Iv
N

. ) .
(@)/c 5 '-n-‘er(c'l b (9,‘)15 = -N 61{;)

For example, taking the advantage of the above relations, the con-
2
tribution of the first line of Equation (17) to /muycan be obtained
o

as follows:
/2”-[/R{(j-ma.,) r -mﬂ’r;’} cos ¢ -dr-] dy¢
o [
= ‘[R[foz”{,l,c -m(ay ) -mﬂzi—m g ccs"’#-d¢f] rdr

R
- 77-/ ,l,‘ "d" :’7-5"
(/]

where B4, is the amplitude of the first harmonic cosine component
R
of 8 */ Ardr ., The actual procedure of computing 8,, involves
-4

calculating 8 at 2¥ equally spaced azimuth positions., Denoting

k-1
¢‘ = —A/ m and bk L4 BW"Vg
b3
(k =1,2, - -,2N), B, is given by
’ 2N
B l-\/— Z 5& oS ¢" .

See Appendix III of Reference 1I.
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If the average value, 8, , and the amplitude of the first harmonic

i
sine component, 8,5 , are also wanted, they can be computed from

;2 , &
2—;25,‘ and B8, 872 B, sen ¥, .
k=7

k =/

am
The contribution of the second line of Equation (17) to _/Md;ﬁ can
o

be obtamed by writing it as

-ﬂ/ {(ac 5 }o o (a'c)o } s } dr

-,rf (d,,fej),, [(r rc)/d‘. Z;,(J) (e,-C)G}

)
‘”‘l (d’* 6»‘)0 {;h’_;fﬁ -(e' -C)Q,,}d".
However, in the first integral, an approximate expression,

Folr-re)fe+ 5o h -(e,-e+X,)8,

will be used instead of Equation (8) to make

(@c)1s 30 +(acl)o 3,s
z =20 (Zh,")"cc ){(,- ,-c)'dc r- "F h(l) (e'_e+i’)éo}

*ﬂ (X,';h(")ﬁ ){" rfh'(;) (e'_e*_x;)é”}
while in the second and third integrals the replacements of

(,,) . r-re (4
2o Wit e Re
and
(J) . r-rg (/)
Z /7 with —R—-—— h

will be made. The complete set of results obtained by double inte-
gration of Equations (13) through (17) is as follows:

o g 2 () h(”
— - v 4
" 2 de = 0/5 '2{2 ',Z C hI.S R-,"’ ZO

(I)

(et g22 ) {tree 0} (S -5 1,08 7,80} 1)

*See Appendix IlI of Reference 1.
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, (1)

_L o - 2 (v) Ny
) Ydg = -0, + 2102 ;mc hie oy, o
(1)
(v ) {2 £} (T o 1 D 5,065 - 17,6
(c o ‘s . x,0 65 - Tx,Crs (19)
/ 2mr
— Zdy= 2¢
o, ¥ 0 (20)
g
;OOdV“"ZCo (21)
2 (i)
2
Md¢ By +2N Z” zﬁc(rrc;."‘:”’cj)
h"’ & , ;,") 2
“B=ses Srp \Pre ””"z)‘%fizcj}'“ Gory Ttr-ra)iy + 11 81,3,
2 (J) )
+n;hol ZA’ re ( r',mc ~Ors ZE""}
: R /,(')
” " {44
-ﬂcc’: - 0 C,: é C C ,,C
- J
-0%8,,J, -n‘Ze” -(M,), (22)
where
/Tz':'e’-ef;, ;Y-"/?- ep ep
R R
m,. = mf, dr = / mfy dr
J 'b ";
77 6 * [ mX, £ dr [mxzd"
o )
° ”
Zre, mr/}l ar =/ mXpfe dr
[ e
e R
H"; = m"x, d" (" f’)i ’/‘ m(r r’)X d"
o "’

12



R i Y 4 _
b« [ (-] ar Ty = [T e e
o J (N J
R ] R
AL D = [ (d, *+ €L)dr
R R
8 /o Lrdr c -Z (dy+éd)rdr

A 0
¢ [ (dy+ed)lrrp) ar
¥ d

- R
G / (dyr€2)(r-r.) dr

R
"= / (d,+€d)(e,-€)dr

re
M,-['[;y-(e, e-e, —e,),{}dr.

Note that the lower limits of the above integrals are based on: £, = 0
J

for rsre, ﬂ-/. =0 for rsr,, @ = f% =0forr=ry, re<rp<rg » and

re<rp . For a teetering rotor, r, = r, = 0. To be strictly correct,

the £, in Equation (18) or (19) must be based on

the £,. in Equation (18) or £,; in Equation (19} must be based on

R
L =/Jdr
e

®
L = Ldr
/

when it multiplies e_ar' »and my also in Equations (18) and (19),

”
m =/ m £, dr
A, o h;
when it multiplies .. (These corrections are usually either not needed

when it multiplies 8, and on

must be given by

13



or are negligible.)

Define

== ! 2mr ____/_ 2m
X=;/o Xdy , Y-W/o Ydy, etc.

Then, Equations (2) through (5) become

: ;2- (Wag - Xr) (23)
8
a 2
— 2 H
- ;—B{WQS"X;:)D"(W'Z;) D“M;} (25[
T a 7+§; =0, (26)

and Equations (18) through (22) become

(') (n

= hee
R e O ity - (v i) L {22,,,6 p

oot

& Phg (28)

)(Z ", hy - -2 Tx,¢, b1 - )} (27)

Nt

— 14 == " = , (1) (1N .
M = By -BeCrs *6oCis +6,,C”- R-rr (/’o Crs *brs’fo ) '(Mp)ls
(1)
(4)
06, (-, 5,) * oy Mooy * 0K o
025 66,5 tx,e - ——"3) (Tpe, -reme,)]
Z 15 X, ¢ R-r. ré; F e
(n
(i) ) h’_. n
+ 20 Zh {,ﬁc(l,cj -r mcj ) "90 ZX.ZCJ. ‘f‘R-rF (T’cj re ch, )} (29)

(r)

hm h, 2 W)
Oy - R-rr (ﬁc ) 15+ Q2 {ZJZ”’C hie

~i
"

= 2
)(Z”’h hl-f 2.7xa 91?) Tizers)} *E; Co (30)

14
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The numerical values of the right-hand sides of Equations (27) through
(30) depend on the computed blade air loads and motions; they will agree
with the desired values given by Equations (23) through (26) only when the
correct set of trim constants (@, 6,, §,. £8,) is used in the whole computa-
tion. The intricate dependence of blade loads on trim constants makes the
determination of the trim constants for a given flight condition difficult.
Only methods involving iteration or successive approximations can be

used. One of such methods is described in the following paragraph.

Let (&, 6,, 8,.,6,s) be an arbitrary set of trim constants,

different from the correct set (a,,ao .9,,, ,,) according to

&, = a- &
8, =8,-86, )
5,, x 5/: 9:: J .

When the arbitrary trim constants and their resultant computed blade

air loads and motions are used in evalvating the right-hand sides of

Equations (27) through (30), the resultant values will be designated
X,Z,Mand T
accordingly. In a similar manner, the following designations will be

made:

7; pertinent to ( & PR P -'o , é;;. §I$
Xy» Z,+ My, and T, pertinentto (&, 8, + 4,., 8,0+ B)s);
5 7. pertinentto ( &,, 8,, 6,,+ A,, 8,5 ); and
X432y My, and Ty pertinentto (&, 8,, B, Bys+ Os).

With reasonably chosen A's and ( &;, 6, , 5,;, 8,,). it is reasonable to
assume that the following four equations will determine a set of '
estimated values of &, 60 ‘ 95 , and &, to yield a new ( &;, 6, , 6, , 5, )
set closer to the correct set.

;+X;55+Xb'§a+xé§,c+xé§”=x (32)

15



26 =Z (33)
Mrm)ag + M) 6, + M S, +m8,, =M (34)
Ferddy + 7 6o+ 7,6, +T,6,, =0, (35)
where
LI (O TRy
( g = 5y
D e (T
) b
{ % .
) ) s ()= X,Z, M,or T.
f );=+
1
()c;=<)d‘() (36)
A'S P

The quantities X, Z, and 47 appearing in Equations (32), (33), and (34)

must be computed from (23), (24), and (25). The aerodynamic loads on

[ 2
the fuselage for a, = é\fs+ a,, Ia,l small, may be expressed by

/A
Xe + Xp ag

»
(]

A , A
ZF = Zp + ZF as
MF = MF + Mﬁ Qs . (37)
A
where X,, X/, etc. are constants depending on flight conditions and the
chosen reference shaft angle, &

, . Substituting (37)into (23) through (25},

- V4 A A
X';(Was ~Xe - Xp )
ny s A

z Ta(’w-zp & A

M : Y e A ’ s\ R
M = ;‘2; {(Wars "XF)D} ~(W-2¢) D, -M;s _(X;D}-ZFD,: +M,.-)as} )

o = A A ~ = .
With @, = o + @&, and 5:,: (ks - &) + &, the above three equations
may be written

X =ni{w53 “Xe ~(W-XP)(@s - Gy )}+ ni(W-XF')C‘?s
f]

(38)
8

16



N

Ez@{W'ZF +ZL (&g - a,)}-—— T s (39)

2l A o " , } ] ~
,477:- ;T;[(WC%; 'XF)Di ‘(W‘Z;—')DZ‘M/: —{(W'XF)D’_% ZFDz'MF}(C?,‘ QS)J

2 , T
K {‘W‘XF)D;*ZF Dy 'Mffas - (40)

By substituting these into (32) through (34) and rearranging, (32)
through (35) become

X;Q—o J'Xc/ Qlc +Xc; éls i {Xc{ -%{W—X,—’)}E, St %{W&S-)?F '(W'Xf:)(és'&s)} '7 (41)

MiB, + MG + MyGs + M 2 (W-x0) 0+ 210, - i) &,

=% (Wa”fs—)?p)D, -(W- z,)D ¢ My - {(W-Xé)D,»«Z;D,-M;f(&,—&s)J-ﬁ (43)

72,’ (R Elg;c g 7;/'9/5 *+ 7;;5 =~T. (44)

These are a set of four linear equations, from which the four unknowns
(@s,» 8, ,9,., and 6,,) pertaining to afiven (a5, 6, 6,., 6,,) set

can be solved. A new (&, v 6, 4 6., B,5) set can then be formed in
accordance with (31) and the computation can be repeated until 55,

8, . 8., and ,become sufficiently small.



EQUATIONS OF BLADE MOTIONS

When those Coriolis forces which do not have 1 as a factor are
neglected, Lagrange's equation of blade motions with respect to any %/

3
generalized coordinate (¢, ) has the following general form:

. . ) 2 )
z\; [Mi‘ g, yl. -02 c',’g‘ g, g, * {(’+?97j)/( i -N 7;‘ 7, f%] = CZ + 69‘) (45)

where
% =(#; or Q,) = (Bipg = ok 8y, " 6y):

There will be a total number of (5 + y ) equations of the form (45),
According to Reference 2, M:Z is called the generalized mass coef-
ficient, 2&’7‘ g, the generalized Coriolis force coefficient, 7’?‘ g, the
generalizec centrifugal force coefficient, and '(i, g the generalized
restraining (elastic) force coefficient. (Formulas for these coefficients
can be obtained by the method given in Reference 3. ) Symbolically,
}’(‘7.; indicates the presence of a generalized structural damping force
(associated with 2, ) equal to

o0

() ')
By g 5 (0500 312 cos )

n=/
g is exvanded into Fourier's series as
v

?./ o ?o(") +Z (?n(cd) cos ny + g,::) Sen /7%). (47)

The constant g for eachZ is called the structural damping factor of
J
the degree of freedom represented by ¢ . 67‘_ is the generalized aero-

dynamic force in coordinate ¢, and can be calculated from one of the

If the blade pitch-control system were rigid, it would contribute a
blade yitch angle & given by

6 - p‘-a * é-lc cosy + 6-155"’ .

For a flexible control system, the equation of motion with respect to
pitch deflection (which is the difference between & and the actual pitch)
is similar to that with respect to a torsional mode &; having fo, = 1.

18



following two formulas:

G, = /l#,,‘ dr - /(cz,, + 61)/36‘ dr (48)

Go = Jmbs dr (49)

‘

Finally, C} is the generalized force in ¢, when the blade is rotating in
vacuum with all /4, and &, held zero. C,,‘. and (g .depend on the blade
configuration ( B, , 85 and offsets) and pitch control (6 ), and can be

R
calculated from the following two general formulas:

¢, --ﬂ‘é,,/mr)?',f,,: dr ‘dec/mrfh dr
+0*(6,, cosy + 6,55inY) {/mri,f‘h". dr -/m(e, -e+X,)F, dr}
[
-0 [m(-ep-ep ve, - X )4, dr + 0 forr X, 64 %5, dr +n’/mr)?,fc{dr (50)
¢ ¢ 4

Cp = -ﬂzé'o‘/{faf'm/?, (-ep-€pte,- e)}f,‘_dr +Q2(9-,C cosy¢+B,sind)(ep re,)/m)—(-, fe‘,dr

B, fmrX by dr -0 [y T2 (/ mrdr)ts dr

-a‘f{fam)?,(-e,,-e,,re,-e)}eafe_dr (51)

where k4 is the radius of gyration of the local blade sectional area
which is effective in taking the centrifugal force. Due to the blade
built-in twist, 6, , the centrifugal force is, in effect, accompanied by

a torsional moment equal to
& d6g ,2
-nz(/ d ) —2
2 mrar d’. A

Unless noted otherwise, a prime indicates derivative with respect
to blade radius. The first and second X, appearing in (50) must be
replaced with (¢, -e+ X, ), if h; represents pure flapping; the last X,
appearing in (50) must be replaced with (-e, +e,-¢e + X, ), if h;
represents pure lead-lag.

b3
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acting on a thin blade section at . The contributions to C,,‘ and Cyp

due to

6 = 6, + 9—,‘- cos q/'*-é,_, Siny

may be first written as

- (M, 5 6 - 0T, 56)

and
'(Me‘,g 5 - a? Te,6 6 ), respectively,
where
Tog = [mrX 4 dr
My =~ [mle,-e +X,) 5 dr

Té; = -/{Ia+mx,(-eo ’CP+C,-C)}"0‘ dar

7.9‘,5 * ”g‘,’ = (Cp *Cp)/m?,f’t ar.

It is now easy to verify (50) and (51). It may be noted that (C’y. )m

(67/ ),s =0 for n22.
If viscous damping exists in a certain ;% degree of freedom
(such as lead-lag) and does virtual work equal to 2 to a certain /%4

?“ ?.I
degree of freedom, only the term 4,. ../ needs to be added to 2, ,. for
2% 137

g: that really represents
/

Coriolis force is usually negligible for blade loads computation. For

the appropriate setof ( ¢ , y ). The partof 2,
(]

a blade with offsets shown in Figure 3 and with a rigid link connecting

the flapping and lead-lag hinges, the following formulas for the M-,

<

3
r-, and X -coefficients have been obtained:

R
- s e
Mh‘hJ 4 m(f;,“ ;hj + fc‘, CJ)dr + JH ({ht'{hj)rrrp
R
My g = ‘/ mX, fy g dr = Mg,
¢y ’_‘ [ J J O

Mare e [ I £
9"6J-~[' aG‘GJ- r

3¢

The lower limits of the integrals are based on the assumption that

r,>r,2520. (Note that & = foJ- = 0 for rsr, .)
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J

® ® R
F =/m/f4-/f’/'»f’f’( dr)d
A h 7 (:‘CJ" r’(/;‘ﬁl c‘.cl)‘/r”"'""
R

~{Iw - 2de +Cro-n) “mrar
ro

+",(FN-";) mH}(;’;‘ [};' )"Urp
R
-
Th6 "y, 5 Fh e dr " Toh,

G ) rﬂ

* Y r
7'9‘9., £ 'Mg‘,aj —/'_; mX,(-ep-ep + €, -c‘o)rg‘.fgjdr
R 4 ’ ” ”» rZa
Kn. b 3‘[0 {515(7";,; cosé -/;‘_ Sem 6’)6% cos&-éJ 5en 6)
1 [ ’ ’” \
+ £ | /;f/cos‘g + f,,‘ sem 9)(/‘6 cos 6+ /;,J s¢n t9/c/r

Kno =0 = Kep,
v J

x R ’ /
Kg‘% =/ {GJ*ﬂzkj‘ (L/: mr'dl?}fg‘ /0; ar
]

where £7,, £I, and GJ are the elastic properties of the blade section
(flatwise flexural, chordwise flexural, and conventional torsional
rigidities, respectively); J,, J,,, . 7, and m, are the inertial prop-
erties of the link connecting the flapping and lead-lag hinges ( Jy is
the moment of inertia about the flapping hinge, Jyz is the part of Jyu
due to spread of mass in the direction parallel to the lead-lag hinge,
7,is the c. g. radius, and m,is the mass); and € = & + &5 (but the
approximation & = G+ &5 has to be used in practice). It may be noted
that the formulas are applicable to a teetering rotor blade without
lead-lag hinge by setting 7= = r, = 0 and using appropriate values of J,
and J,, (both belong to the hub mass that flaps with the blade);

they are also applicable to a rigid hub rotor blade by setting .

LA SRS (;‘:; f‘:l)r.ra =G

One part of the air load program will first compute each Gg‘
¢

according to the appropriate formula [(48) or (49)] for 2N equally

spaced azimuthal positions and then, by harmonic analysis, express it

as the following finite series:
N N=/t
67,' = (G-‘_)o +n=Z, (G’)nc cosny +n%_/ (G" )M sennyg (52)
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which contains 2N coefficients and gives the actually computed values

of 07‘ at those 2N equally spaced azimuthal positions. By making N
reasonably large (2N = 24 for the present program), it is usual to
consider that it is accurate enough to substitute (52) into {45). By
doing this, all harmonic components of any g higher than the AN

harmonic are automatically nullified.

By equating the coefficients of co527¢ of the two sides of {45),

- 04t () . ] .~% ()
Z{Ky‘g.l e /”?‘ % ? T?‘ ﬂ)}g”‘ fJZ((ng 92/ L 172(‘:;‘ 7,) ?n.s

Y]

=(c? i f(oi )ﬂc. (53)

By equating the coefficients of 5¢» ny of the two sides of (45),
{ y DN Ve )] (o
B - L = M, ]
2 (K55, %5, =225 g)ﬁ’,,c 2 %5570 5% 5,

N (674 )ns f-(6‘)1’75 ’ (54)

Equations (53) and (54) may be called the equations for n» harmonic
components with respect to g. . Note that either (53) or (54)

involves both the cosine and sine amplitudes of ¢, in n*» harmonic.
There is only one corresponding equation for the ¢0* harmonic compo-

nents (or the constant terms, or the average values):

¢

JZ(KZ;’{, “erig)%wz(cs,)o *(%5,),. (55)

Since, according to (50) through (52), the right-hand sides of both (53)

and (54) are identically zero for n> N,

(5) &, oitd! -
?nc ns = o n2>N, (56)

as pointed out at the end of the last paragraph. Thus, there are

22



(1 + 2N) equations with respect to each ¢ , and each g, assumes the

form

1 7 M+2A:— (V) cosnyg + () 5c'nnd/)
?J - 70 oy ?,,C gns ) (57)

As there will be a total number of (§ + y) different 7‘ , there will be
(s + 7)) equations of the form (55) to determine the (5 + y ) different
70(”' There will also be 2(5 + y) equations, half of them of the form

(53) and the other half of the form (54) , for each #», 1= n <N, to
determine the (S + 7) different g%/ plus the (5 + 7 ) different g

ns '’

Torsional vibration modes of twisted rotating blade, cantilevered
at r = ry, will be used for f5. Then £, satisfies the following
4

equilibrium condition:
2,2 R ¢
{Gf-fﬂ ki (‘/’: mrdr)}fgL
£ R 3
= a)zg‘, /Ian dr - ﬂ“:[ Ia‘fo‘. 5052(9‘*85) d"',

where «j, is the natural frequency associated with 7y.. Using coslf+6y)=1,
[ s

the above equilibrium condition may be written as

{G.Iv'nz/c: (v/‘mrdr)}f‘o"_ = (wé -.Qz)/kla fa‘ dr.

(58)

Multiplying both sides of (58) by fé. and then integrating over rg

to R,
/R{6J+szj(/emra’r)} f,: fe dr

e
x
2 2
= (ws, -0 )/’; Infy fo dr. (59)
(Note that the right-hand side of the above equation has been integrated
R
by parts once, using f, =0at r = r, and /'1; ,{,,jr= Oatr = R )
Using the expressions for K, , and A, ,. as given before, (59) states
¢y [
simply
- 2 - 2
Ka‘.gj = ((l)9‘_ fZ )Mo‘.aj . (60)
23
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Similarly, starting with (58) for the ,** mode,

2
Koo, - (cop, Q") M, 0, - (61)

From (60) and (61), it can be concluded that

Mojq, = O i #i (62)
Ko.e. = O. Jj#< (63)

and

Ka‘.a‘. = (a";‘. -n%) Ma‘.g‘. :
(64)

Relations like (62), (63), and (64) are usually called orthogonality

relations of vibration modes.

Bending vibration modes of twisted rotating blades will be used

for #, and 4. The existing method of Reference 4 yields modal shapes

each described by deflection components in two mutally perpendicular

directions, from which the £, and /;, used herein can be easily obtained

for each mode. The derivations of the orthogonality relations among

these modes are presented in the appendix. The results are

Mun, = 0,  J#: (65)
Knn AThn; =05 J7%« (663

and
Kh‘. hi - 7',,‘ h; = w;; M/,‘h‘- . (67)
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By the use of Ky, 4 =22, , = 0 and (65) through (67), (53) and
¢y ty
(54) may be written as

y
\ (¢) 2
(wy -rn? JMhn o -1 , (n"M,,‘eJ, + T %,) el
[} J= ¢
S
+ 2 (Knn gn -n0"20, h,)”r(é’
J:
= (Ch, Yne * (Gh Inc (¢=1to S) (68)

and

Z(K,,,, 2h, -nnfz e, ,,)h’”

A
t+ (wp ~rQE) M, hY -0 Z(ﬂ M6, * Th o) 6,
g/
= (Chi)ps *(h;) ns (¢=1t05), (69)
By the use of A’a,,‘ = 2&7,?; 0 and (62) through (64), (53) and (54) become

; .
-nzZ (7, 4+ To n) hme + (wh,~ n*n’) Mg 6 04%

J=7

-QZ . (J)*(we ﬂ)Maa9 9”(;')

Je/

=(Ca‘)nc +(&9")HC (“= ! to 7) (70)

and
-(a)o -ﬂ)Moe ?a (l)‘HZZ(ﬂ Me/, +7'9,,)h(")
‘ Z A .
+ (wé -nzﬂz) Ma‘,% é,f;)-ﬂzz—, Tg‘, 6, 6,%)
J -

= ((‘9“)”’ +(G-9‘.)n5 (¢=1 to ) (71)

where

Te = y ¥ - 6:
6,6, = 7e,6, * Mg, o,

-—-/Rm)?, (-€ep-¢€p +e, -€) fe‘ %’9. dr.
e

The two equations for 0% harmomc can be obtained by substituting
n= h,f:) = 0 into (68) and »= 8,,, = 0 into (70), respectively, and

replacing rc by 0.
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The blade weight (’"9 pounds per unit span) may be taken into
account by modifying (48) and (49) as follows: subtract mg from the
first £ and add m_g).(_,to 77 . Since the blade lift usually amounts to over
20 times the blade outboard weight, it is permissible (until a more
accurate method of predicting becomes available) to treat the predicted
air loads as if they included the blade weight effects. In actual
computation, the blade weight can be more conveniently taken into

account by adding

'/mgf,, ar and +/m9)-(_, Fe‘. dr
to the right-hand sides of (50) and (51), respectively.

During forward flight, the cyclic pitch makes the blade root
angle vary with the blade azimuthal position. The blade bending
modes (and their associated radial variations of bending moments)
are usually based on some constant blade root angle, approximately
equal to the collective pitch. In other words, the blade elastic properties
with reference to a coordinate system fixed to the rotor hub are usually
assumed to be constant, approximately equal to the average values.
This assumption is believed to be saiisfactory for obtaining the blade
motions. For the flatwise and chordwise bending moments, however,
the following compensation may be suggested: after the flatwise and
chordwise bending moments based on the assumed blade root angle are
computed (by summing the contributions from all the bending modes
employed), transform them to the actual directions according to the
difference between the actual (various) and the assumed (constant)
root angles. (Then the resultant loading is taken by the actual blade,
although the bending deformation and its associated inertia loading

are based on a slightly modified blade. )
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COMPUTATIONAL PROCEDURE

The trim constants are obtained by a successive approximation
method described in the last paragraph of the section entitled ""TRIM
EQUATIONS'. The method starts with an assumed or estimated set
of trim constants and then adjusts them systematically so as to make
the average force and moment components acting on the rotor cancel
the corresponding force and moment components acting on the rest
of the helicopter, until the required adjustments are within prescribed
limits. A flow diagram indicating the main conceptual elements of

this procedure is presented in Figure 4.

The computational procedure described in Reference 1 is for
computing blade loadings and response when the trim ~onstants are
given. It is an iterative procedure which starts with a first approxi-
mation to the blade response and repeatedly computes the blade
aerodynamic loadings (that depend on the blade response) and solves
the equations of blade motions (with the generalized aerodynamic
forces based on the blade response obtained in the previous iteration
cycle), until the blade response converges to within prescribed limits.
The same general procedure is used here to compute the blade
loadings and response for each prevailing set of trim constants
(corresponding to the flow diagram shown in Figure 4 marked with
solid lines only). In order to admit the additional blade motions and
to include the drag distribution in the blade loadings, the following four
modifications are made. First, the quasi-steady bound circulation,

%
I, defined by (21) of Reference | as ‘

. b .
I=C_',ab(-h+v,a+-3a:), (72)

23

Note that v, = Ir+ (V, cos a,) scn ¢ and £, is the slope of the blade
sectional lift coefficient versus angle-of-attack plot,
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has now
. Z
(2‘96 49—0#9,5 605¢r6,55¢n¢*& 8//'6., (73)
J=r
= o LA S P
G=-N8sny+08;cos¢ +) 649 +Q(ﬁc 2 5} b, ) (74)
Y v=/ '

3 i = & z
h= Vysinas+e,n (6, sing -6, cosy) +Z_/ h; {”4 82,6/ f%
/3 JI

+(V; cos a,)(,é‘. *ZS h, £, }nas ¢ . (75)
v=/ v

Second, the profile drag coefficient, Cd, , of blade section is a new

input that depends on Mach number (which is proportional to ¥; ) and

a, , the effective angle of at‘ack defined by
/ E /
a,=cz+7?ba—€ {76)
1
where
e = tan”(SL2) = ap (L0 ) (17)
! !

1s the induced angle, with &, being the upwash at the three-quarter-
chord point induced by the wake. Third, the drag per unit span is
equal to ( a, tel ), with
2 = /OVrzb Ca, (78)
being the profile drag per unit span. It was found in Reference | that
the convergence of the procedure was improved by subtracting a part
of the generalized aerodynamic force, approximately equal to the part
that depends on the response or generalized coordinates, from both
sides of cach equation of blade motions. (The part subtracted from
the right or left side is based on blade response obtained in the previous
or the present cycle, respectively; they approach each other as the

response converges. ) In effect, it means that the convergence can be
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accelerated by estimating the generalized aerodynamic forces for the
present iteration cycle closer than thosc based on the blade response

obtained in the previous cycle. As the fourth modification, therefore,

the terms

0?5 Ay 82405 ins ey i 080 19

ve! Jss!

{ nZ 4.4, A -nz A6, 9”)+ZA 6 6l } (80)

.'z/ J'/ J',

Y s
a’{Z’Aa“,Je,fg’ # nZ, Ao, k. hld +nZIA. 5.6 m} (81)
J=! J* Je
and
s z ) )
Q:{'"Z Ao‘-i»j h,,(i) ""Z Ae. 6 '- “ Z Ag 6. 9“} (82)
Jet J* ¢ Ja/

are subtracted from both sides of (68), (69), (70), and (71),
respectively, resulting in using (83) through (86) as the formulas of the
equations of blade motions for the present computation. A superscript
(-1) appearing in (83) through (86) indicates a quantity based on blade
response obtained in the previous cycle. The formulas ifor the A-
coefficients appearing in (79) through (82), and in (83) throaigh {86),

are the following:
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A, f = -ZWp/rbfh‘hJ dr
Ap 6 = er/)/rb(b+e)/h‘#%dr
Ah e = Zﬂp/rzbfh‘ ‘FQJ d"

. r
Ag b = ~2mp/rb (—?-C) ;6‘. f;‘,l_ ar
b
,4"9'., :-er/a/rbe(‘2-+e)f9£‘f%dr

A"'_,' = erp/r"b (f._e)f',‘ /',;j dr.

The terms (79) through (82) are derived from the generalized forces in
. and 6 coordinates due to the quasi-steady portion and the apparent
mass contribution (as ca.lled by von Karman and Sears in Reference 5)
of the aerodynamic loads resulting from h ‘J- and ;. (The
apparent masses associated with h and 5 are negligible compared
with the corresponding blade inertial properties.) In other words,
(79) and (80) are the n*’
respectively, of the generalized force in - due to a lift distribution

7 s . r .
2rpblr (n. rZ, 8J FeJ. -Z’ hJ- f;,j + e:z___’ Q'qu)
V= Jj= =
acting at quarter chord and another lift distribution

Zn‘,obﬂ.r'(bz 9 fe)

val

harmonic cosine and sine components,

acting at half chord, while (81) and (82) are those in é; due to the

same two lift distributions. (The first lift distribution is entirely

quasi-steady, but half of the second one is apparent mass contribution. )

Based on airfoil theory of two-dimensioral ‘hin plate and assumed N r

to be the stream velocity.
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COMPUTER PRCGRAM

Initially, the computer program was written in FORTRAN IV for the
IBM 7044. [n the latter stages of the project, the program was simply
converted for use on the IBM 360/65; no effort was expended to
optimize the program in order to take advantage of the 360/65 system
capabilities. Physically, because of core storage limitations of the 7044
and for convenience in solving the equations of blade motions, the program
was separated into six parts. Each part is also divided into several sub-
routines for further convenience in programming, checkout, and program
modification. The major steps in each part of the computer program are
shown in the flow chart presented in Figure 5. Parts | and 2 of the
program are identical to those presented in Reference |, since the
representations of the blade and the wake were not altered. The principal

functions of each part of the program are listed below.

_Part 1

lj. Reads the necessary inputs for Parts 1 and 2.

2. Computes the blade and wake coordinates.

Two tape drives are used in this part of the program. The first
is used for temporary storage of the blade and wake coordinates used in
computing the induced velocity coefficients, and the second is used to
transfer variables and the matrix of induced velocity coefficients which

are used in Part 2 of the program.

Part 2
1. Reads the necessary inputs for Parts 2 and 3.
rdg Computes the initial trial circu.ations (represented by [ 's
'n Reference 1) about blade segments at chosen azimuth
positions, the initial blade motions and other variables
used in Parts 2 and 3.
2 Normalizes the matrix of induced velocity coefficients.

(The normalized matrix is used in solving the /° equations

in Part 3 .)
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Three tape drives are used in this part of the program. The {irst
tape is used to reac in the variables and the matrix of induced velocity
coefficients from Part 1. The second tape stores the normalized matrix
of induced velocity coefficients used in solving the /7 equations in Part 3;
the third tape transfers the initial trial /7, the initial trial blade motions

and other variables used in Part 3.

Part ?
. Solves the /7 equations.
2. Solves the equations of blade motions.
Computes time histories of blade lift, drag and pitching
moment distributions.
Computes the generalized aerodynamic forces.
5. Computes the time histories of the rotor aerodynamic forces

and moments (due to one blade) used in Part 5.

Four tape drives are used in Part 3 of the program. The first is
used to read in the initial trial /7, the initial trial blade motions and
other variables used in Parts 3, 4, and 5. The second tape retains the
normalized matrix of induced velocity coefficients used in solving the
equations. The third tape, which has been generated in Part 6 of the
program, is used to retain all the inverses of all the matrices used in
solving the blade eq .ations of motions for each harmonic order. The fourth
tape is uscd to store the time histories of the variables to be harmonically
analyzed and other variables used in Part 4 of the program. The time
histories of the rotor aerodynamic forces and moments used in Part 5 of

the program are machine-punched on data cards.

Part 4

Harmonically analyzes the time histories of the variables

generated in Part 3 of the program.
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One tape drive is used in Part 4; namely, that which contains

the time histories of the variables to be harmonically analyzed.

Part 5
k. Computes the harmonic components of the rotor aerodynamic
forces and moments that appear in the trim equations.
2. Computes the partial derivatives of the average rotor forces
and moments with respect to the trim constants. (See(36).)
Computes the forces and moments on the fuselage.
4. Computes a new set of trim variables.

No tape drives are used in this part of the program. The time
histories of the rotor aerodynamic forces and moments are inputs from
data cards which have been machine-punched ir Part 3 of the program.
The integrals used in Part 5 which are dependent solely on the blade
geometric and inertial properties and mode shapes are computed and
machine-punched in Part 6 of the program and, thus, inputed on data

cards in Part 5.

Part 6
I Computes the coefficients of the equations of blade motions,
(83) through (86), to form a matrix for each harmonic order.
2. Computes the inverses of the matrices which are used
in solving the equations of blade motions in Part 3.
3 Computes the integrals which are dependent on the blades'

geometric and inertial properties and mode shapes to be

used in Parts 5 and 3.

One tape drive is used in this part of the program; namely, that

which retains the inverses of the matrices and the integrals appearing in

(‘7 ‘
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Parts | and 6 of the program are run initially,and the binary output
tapes from each part are saved. Parts 2 and 3 are then run sequentially
a total of five times to provide the input for computing the rotor forces
and moments and for computing the partial derivatives of the rotor forces
and moments with respect to each of the trim constants. Part 5 is then
run to compute a new set of trim constants. If the difference between the
initial set of trim constants and the new set is not within prescribed
limits, Parts 2 and 3 are then rerun with the new set of trim constants
to provide the input for recomputing the rotor forces and moments. Part
5 is then rerun with this new input to compute a third set of trim variables
The process is repeated until the trim vartables converge within prescribed
limits. When the process has converged, the output tape from Part 3 1s

used in Part 4 to harmonically analyze the last-obtained results.

It has been assumed in the above processes that the partial
derivatives of the rotor forces and moments with respect to the trim
constants are nearly constant within the range under consideration.  If
this were not true, then Part 3 would need to be rerun to obtain a new set

of partial derivatives for each new sct of trim constants.
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COMPUTED RESULTS AND COMPARISONS WITH
MEASURED RESULTS

The computational procedure was used to analyze the same
four flight conditions that have been analyzed in Reference 1. They
are for the teetering JH-1A rotor at advance ratios 0.26 and 0,08
(identified as Flights No. 67 and INo. 65, respectively, in Refercence 7)
and for the H-34 rotor, which consists of four fully articulated blades,
at advance ratios 0.29 (identified as Flight No. 18 in Reference 8) and
0. 18 (for which measured data are obtained similarly to those i..
Reference 8 and are given in Table 111 of Reference 13). The protile
drag coefficients, which are expressed as functions of angle of attack
and Mach number in the computing program, are based on data from
Reference 9 for the NACA 0015 airfoil section used in the UH-1A rotor
blades and on data from Reference 10 for the modified NACA 0012 air-
foil section used in the H-34 rotor blades. The tfuselage aerodynamic
characteristics are obtained from Rceference 1] for UH-1A and Refer-

ence 12 for H-34.

The azimuthal variations (or the time histories with the steac
components at each specified radial station removed) of the resulting
blade aerodynamic loadings (lift, pitching moment, and drag, pcr unit
span) and blade bending moments are plotted for a number ot radial
stations.  The bending moments are obtained by summing the
contributions from the responses of all the bending modes used. They
automatically include the influence of inertia loadings. Available
measured data (lift distributions and flatwise bending momconts) are
shown in the appropriate plots for convenient comparisoas in Figures 6
through 31. For the lift distribution or tlatwise bending moment, the
radial variation of the steady component (or time average) is presented
together with the radial variations of the cosine and sine compgonents

of the harmonics in blade rotational speed.

" Positive flatwise and chordwise bending moments tend to compress
the upper surface and leading edges, respectively.
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For cach flight condition, the same wake model and the same
values of the parameters that specity the walie model used in Refer-
ence | are used here, Five flapwise modes (based on an umwisted blade
\\'1111 zero blade angle) are used in Reference 1, while five or six bending
modes (in which both flapwise and chordwise deflections are admitted
and twist effects are included) and two torsional modes are used herc.m
The computed Lift and flapwise bending moment results obtained here
are not significantly closer to the measured results than those obtained
in Reference 1, Therefore, the establishment of both a better wake
model anad further refinements in the prediction of blade motions may
be necessary for the configurations studied. However, the present
results do demonstrate that the computational procedure developed
by the present effort is suitable for taking additional blade motions into

account and can be used to yield trim constants.

Reasonable agreement between measured and computed lift
distributions is obtained (Figures 6, 7, 13, 14, 19, 20, 26, 27),
but the flatwise bending moment agreement is less satisfactory (Figures
8, 9, 15, 16, 21, 22, 28, 29). The disagreement in the flatwise
bending moment values may be the result of an accuracy problem. The
moments are relatively small,and they represent small differences of
large numbers (lift moments and inertial force moments) for the con-
figurations studied. In all cases, both the measured and computed i1lat-
wise bending moments on any blade section have magnitudes less than the
moment acting on some inhoard tlade section due to the blade weight
alone, while the lift distribution over the outboard portion of the blade
goes as high as 20 to 30 times the blade weight distribution. Thus, small
differences between the measured and computed lift distributions can
result in large percentage differences in flatwise bending moments,
Similarly, small errors between computed and actual natural frequencies
lead to large ¢rrors ininertial forces at forcing trequencies near the

resonance frequencies,

'Five bending modes are used in the UH-1A cases and six in the H-34
cases, with the natural frequency of the highest order mode slightly
over ten times the rotor shaft rotational speed. (The present computer
program can handle a total of ten bending and torsional modes. )
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Calculated drag distributions and pitching moment distributions

are shown on Figures 10, 11, 17, 18, 23, 24, 30, and 31.

Chordwise bending moments are shown on Figures 12 (UH-1A)
and 25 (H-34). The chordwise bending moments as computed by summing
the contributions from the responses of all the bending modes used do
not agree with estimates based on coniputed blade drag loading. Super-
position of natural modes is ineffective for the cases considered because
the blade chordwise elastic deflection is small and is almost all due to
a ingle bending mode which is dominated by chordwise deflection. L
Thus, in effect, the chordwise deflection distribution is approximated
by only one curve which can have a curvature (or bending moment) dis-
tribution quite different from the actual one. That is, unless the !oading
has the same shape as the inertial loading in that single natural mode,

the corresponding moment distributions will not have the same shape.

Measured chordwise bending moments are available at four
stations for the H-34 case. Both the measured and computed chord-
wise bending moments for the H-34 rotor at an advance ratio of 0.29
are shown in Figure 25. The poor agreement is attributed to the factors
given above, although it must be admitted that more cases should be
investigated before a strong conclusion can be formed. By considering
that the moment about the lead-lag hinge due to chordwise centrifugal
loading cancels that due to the computed drag, the resulting steady
inplane bending moment distributions have been computed by hand. They are
shown in the tatle on page 43 together with the measured and computed
steady chordwise bending moments, all in inch-pounds. The measured
value of -13921 at r/R = 0. 825 corresponds to a uniform drag loading on
the blade outboard of that station of about 97 pounds per foot, which can
hardly be considered reasonable. The disagreement between the two sets

of computed results is disturbing (this would be true even if no measured

“All the other natural bending modes are dominated by the flatwise motion,
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TABLE
STEADY INPLANE BENDING MOMENTS, H-34, x¢ = 0.29

STEADY INPLANE
MEASURED COMPUTED

r/R  BENDING MOMENT STEADY CHOROWISE STEADY CHORDWISE

CADE LOAD NG BENDING MOMENT  "BENDING MOMENT

0,150 -2670 2379 380
0.27% =4530 - 291
0.376 -4800 are 180
0.575 -3293 -4uie -5
0.825 -820 -13921 15

values we. ' available). In effect, the calculated results suggest
that it would be advisable to calculate steady deflections (and moments)
from the steady loads and to use the modal description to account for

the time varying deflections (and moments).

The calculated and measured trim data are given below for each
flight case considered. It should be recalled that the gross weight, c.g.
position, fuselage aerodynamic forces (lift, drag, pitching moment),
rotor rotational speed, and flight velocity are input data, Direct com-
parison of the angle components (x, &, , A, ) calculated with those
measured should be made with caution for several reasons. First,
aerodynamic effects usually depend on a combination of the components;
e.g., location of the "control plane'. Second, the accuracy of the experi-
mental data has not been specified. Third, the induced angles of attack
were not measured and they can have maynitudes comparable to the
magnitudes of some of the control angles. Fourth, the structural
deformotion effects have not been explicitly shown, and these can be

important,
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UH-1A at .¢ = 0.26

The computed trim constants in degrees are listed below (with the
corresponding measured values, obtained from Reference 7, shown in

parentheses):

a, = 5.35 deg ( 6.50, measured)
5, = 19.03 deg (19. 20, measured)
brc = 1.10 deg ( 2.86, measured)
Gys = -6.47 deg (-7. 34, measured)

The computed average rotor forces are

;—IJ-Z- = 6,610 pounds

thrust

H
Y
flo )

longitudinal force X = -535 pounds

side force Y = -271 pounds

torque %" Q = 7,250 foot-pounds

-n,ﬁ M = 606 foot-pounds

-
4

pitching moment
In the expression of steady plus cyclic blade flapping responses,
Br = PBotfBic cos ¥ s sinyg

The results, all given in degrees, are

B = 0 deg (-0.07, measured)
Sre = 0.24 deg (-1.10, measured)
_3/5 = -0.23 deg ( 2.39, measurced)
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e )

UH-1A at &« = 0.08

Using the same notations and units as in the previous case, the

results for this case are

e = 5.03 deg ( 4.50, measured)
6, = 17.57 deg (14. 97, measured)
B = 0.81 deg ( 1.49, measured)
B,s = -2.56 deg (-1.73, measured)
thrust = 6,620 pounds
longitudinal force = -396 pounds
side force = -203 pounds
torque = 5,420 foot-pounds
pitching moment = 358 foot-pounds
Bo = 0 deg ( 0.16, measured)
Bie = 0.83 deg (-2.07, measured)
Sgs = -1.53 deg (-0. 33, measured)

H-34 at ¢ = 0,29

The following results are obtained for the present case:

as = 5.29 deg ( 5.40, measured)
& = 16.04 deg (17. 35, measured)
By & 2.24 deg ( 2.61, measured)
£,. = -b.37 deg (-7.82, measured)

thrust = 11,630 pounds

longitudinal force 46 pounas

side force -721 pounds
23,780 foot-pounds

372 foot-pounds

torque

pitching moment
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= 3.82 dcg
= -0.0] deg
. 58 deg

& 3. 71
(-0.02,
(-0.24,

.16
. 16
.10

it
o O ® O

( 9.
(-0.
(0.

1'S,
31,
14,

measured)
measured)
measured)
measured)
measnred)

measured)

The last three items, .ll in degrees, are the quantities as defined in the

expression of steady nlus cyclic blade lagging responses;

ﬂl_ - To + Z',,_- COst'z—,s S‘ﬂ}ﬂ

H-34 at s« = 0,18

oy = 2.37 deg ( 2. 50, measured)
8, = 13.12 deg (13. 69, measured)
6, = 3.05deg ( 1.19, measured)
6, = ~-3.25deg (-4.70, measured)

thrust = 11,820 pounds

longitudinal force = 81 pounds

side force = -444 pounds
14,640 foot-pounds

646 .foot-pounds

torque =

pitching moment =

5
Are
s

Zye
z/ s

= 3.86 deg
=  -0.07 deg
.55 deg
.01 deg
.00 deg
.11 deg

1"
S O U»n O

{ 393,
( 0.61,
(-0.52,
{ 5.99,
(-0.13,
( C.04,
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CONCLUSIONS AND RECOMMENDA TIONS

A computational procedure has been developed that predicts rotor-
blade aerodynamic loadings, bending moments, and realistic blade motions,
as well as trim constants. The scope of the blade motion analysis of
Reference | was extended by incorporation of lead-lag and edgewise bend-
ing and torsional degrees of freedom. Although these additional blade
motion degrees of freedom have been included, the computed lift and flap-
wise bending moment distributions for the UH-1A and CH-34 rotors
obtained here are not significantly closer to the measured results than
those obtained in Reference 1. Therefore, it appears that, at least for
these configurations, further improvement in the correlations will probably
require the establishment of a better wake model and an even more complete

representation of the blade motions.

In both Reference | and the present work, a fixed skewed helix was
assumed for the !ocation of the vorticity in the wake. It appears that a
realistic wake model is needed and, to this end, both theoretical and
experimental studies of the disposition of vortical elements in rotor wakes
are recommended. An experimental program alone probably will not
suffice since quantitative data are required which can be extended to any
desired rotor configuration. Current experimental techniques are
susceptible to errors which are not adequately predictable. For instance,
the presence of boundaries (such as wind tunnel walls) must be accounted
for in the interpretation of experimental data. Direct application of the
wake positions measured on one configuration might introduce serious
errors. A concommitant theoretical effort is recommended, therefore,
to enable evaluation of experimental techniques and to develop a means

of theoretically predicting the wake location for any specified rotor system.

Further improvement of the correlations, particularly in the
bending moments, might necessitate a better representation of the blade
motions. Configurations such as the UH-1A and CH-34 rotors are designed
to maintain low bending moments of the blades. Consequently, small

errors in predicting the blade motions and the resultant lift can produce

47



relatively large errors in the computed bending moments, good prediction
of the bending moments might depend, therefore, on a precise description
of the inertial and elastic characteristics of the blade as well as the

definition of the wake.

Finally, it is recommended that, if this computer program is to
see practical utilization it should be revised to make efficient use of the
capabilities of the IBM 360/65 on which it is now being run. This computer
program was written initially in FORTRAN IV for the 7044. Later in the
project, the program was simply converted to the IBM 360/65. There is

no effort to optimize the program to the new equipment.

In summary, the following further efforts are recommended: (a)
investigate means for improving the wake model, (b) determine the
relative advantages of alternative representations of blade motion
equations, and (c) refine the computer program in order to take

advantage of the IBM 360/65 system capabilities.

48



= S msuaso]

- COMPUTED |
400 + r/R = 0.40 & r/R = 0.85
STEADY COMPONENT STEADY COMPONEMT
= 105 I1b/ft, MEASURED = 325 1b/ft, MEASURED
200 - = 100 1b/ft, COMPUTED . = 283 1b/ft, COMPUTED

et
< ~
b 5 -~ 200 T Y Y =t T L T 1
[}
e
S 400 - I’/R = 0.75 - f/R = 0.90
STEADY COMPONENT STEADY COMPONENT
= 289 1b/ft, MEASURED = 332 1b/ft, MEASURED
200 A = 262 1b/¢t, COMPUTED 4 = 301 1b/ft, COMPUTED
\\
—~ o N\ N«"
04— =\ £ ™\ = Ny
— v
¢ /
. /
200 ] ] T T T T =y
0 80 180 270 360 0 90 180 270 360
AZIMUTH ANGLE - degrees AZIMUTH ANGLE - degrees
400 -~ r/R = 0,95

STEADY COMPONENT

288 1b/ft, MEASURED
294 1b/ft, COMPUTED

2

LIFT - 1b/ft

~200 4 1 | 1
0 90 180 70 360
AZIMUTH ANGLE - degrees

Figure 6. MEASURED AND COMPUTED AZIMUTHAL VARIATIONS OF BLADE
LIFT DISTRIBUTION; UH-1A AT . = 0.26.

49



STEADY COMPONENT

LIFT - 1b/ft

8

=120

COSINE COMPONENT

st HARMONIC

4 ‘

——— COMPUTED
O MEASURED

SINE COL.PONENT

L ]
2nd HARMONIC
L]
0.5 10 0.5
rik rin
Figure 7.

LIFT - 1b/ft

28 o088 o 8

1
3

"%

COSINE COMPONENT

SINE COMPONENT

3rd HARMONIC

20| - 4.

_—-..‘::?..—.

}

|

e o ——

1 g i

0.5
rit

_/‘-"""'—im

Uth HARMONIC

__‘:::E,¢¢I:E:;,

Sth HARMONIC

0
-20

201 - &
'D.—_%:l-
-20

20

0

.-.A:hq:,-hh

6th HARMONMIC

_w.d."'..'_"_...e'-?

Tth HARMONIC

_—_...al_',,

Bth HARMONIC

e

Bth HARMONIC

T e oy

10th HARMONIC

ﬂ—--q--—-q:y'-"'

17th HARMONIC

-——-——-w-

0.5 1
riR

MEASURED AND COMPUTED HARMONICS OF BLADE
LIFT DISTRIBUTION; UH-1A AT .= 0.26.



BENDING MOMENT - in.-1t x 1073

BENDING MOMENT - in.-1b x 1073

- ——

— = = - MEASURED
STEADY COMPONENT
= -4004 in.-1b, MEASURED ——— COMPUTED
20 1 = -4332 in.-ib, COMPUTED - r/R = 0,60
% STEADY COMPONENT
rIR = 0.18 {58 = 2635 in.-Ib, MEASURED
10 1 / ‘,‘ ) = -1181 in.=1b, COMPUTED
a /ﬁ X ! ki
u - a4
LY ;f -\ \ —
-  —
A /
=10 |_\=' L T 1 T T T 1
L
207 r/R = 0.28 1 r/R = 0,65
STEADY COMPONENT STEADY COMPONENT
= 918 in.-1b, MEASURED = -3216 in.-1b, MEASURED
10 1 = -462 in.-1b, COMPUTED y " = 21265 in.-1b, COMPUTED
//\\\ 'd \;
0 .w—j
\\_/~\/ v =
<10 = T T (] L I L] 1
20 1 r/R = 0,36 . r/R = 0.80
STEADY COMPONENT STEADY COMPONENT
= U439 in.-1b, MEASURED = <4016 in.=1b, MEASURED
10 4 = =492 in.-1b, COMPUTEL y = =1076 in.=-1b, COMPUTED
/f""\ 7=~
o J—hwﬁq
- L N~ "~
\--’-Fl- |
-10 T T 1 1 L 1 | '
20 7 r/R = 0.45 i r/R = 0,925
STEADY COMPONENT STEADY COMPONENT
|° . = ", Iﬂl"bi ‘llutﬁ - = "’79 lno"b. *ASURED
= <780 in.=1b, COMPUTED = =323 in.-1b, COMPUTED
P e \
&—‘:l!—-éﬂ -—*—‘GQA
0 T — -
=10 b T T 1 T T T 1
i 90 180 270 360 0 90 180 270 360
AZIMUTH ANGLE - degrees AZIMUTH ANGLE - degrees

Figere 8. MEASURED AND COMPUTED AZIMUTHAL VARIATIONS OF BLADE
FLATWISE BENDING MOMENTS; UH-1A AT 2. = 0.26.

51



™
° \ STEADY COMPONENT
b ¢ [}
a0
X o
=z — COMPUTED
v =2 O  MEASURED
[
= -3
-
(-]
E -5
o
b 0 0.5 1.0
L] r/R
COSINE COMPONENT SINE COMPONENT
1st HARMONIC
4 [
2 .-ii- e 2
0 s 0 —y
-2 -2 ¢
] [ ]
@ - o e
o 2nd HARMOMIC
x 2 2
= 0 ) — .
5 ** 0 i
£ -2 ; -2
’ o
- =4 -4
= 3rd HARMONIC
1 0 feprmgppeemy— 0 Y °
= ul B 00 -
e 2! -2
w 4th HARMON IC
] w——;—o—w 0 l—o—e-o0—oy—g—c—
-2 -2
5th HARMONIC
2 2
o
0 ‘ "o oy - 0_.._‘."—!!_!_..
=2 : -2
° °|5 "o o 0.5 |.0
r/R r/R
Figure 9. MEASURED AND COMPUTED HARMONICS OF BLADE FLATWISE

BENODING MOMENT; UH-1A AT 4c = 0.26.

52



DRAG - 1b/ft

100 -

r/R = 0,40

STEADY COMPGNENT = 10.5 1b/ft

o r/R = 0085

STEADY COMPONENT = 16.8 1b/ft

50 - -
v
0 == — \/1__&‘7 <—t74
‘50 Y T T e | T T ! N
100 - r/R = 0.75 r/R = 0,90
STEADY COMPONENT = 16.5 1b/ft STEADY COMPONENT = 17,9 1b/ft

50 < E
/"""—/\
-50 T T j 1 T T T ]

0 90 180 270 360 0 90 180 270 360

AZIMUTH ANGLE - degrees

100 -

0

AZIMUTH ANGLE - degrees

r/R = 0,95
STEADY COMPONENT 19,4 1b/ft

BT ¥

DRAG - 1b/ft

-50

\___/

0

| ] | { L
90 180 270 360
AZIMUTH ANGLE - degrees

Figure 10. COMPUTED AZIMUTHAL VARIATIONS OF BLADE
DRAG DISTRIBUTION: UH-1A AT .« = 0.26.

53



PITCHING MOMENT - ft-1b/ft

50 +

r/R = 0.40
’ ‘\\\______,4’/
-50 T
STEADY COMPONENT = 30,97 ft-1b/ft
-100 T T T !
071 rIR = 0.75

o.’_\-vv_.&v4

N

r/R = 0.85

N

N

STEADY COMPONENT = 92.50 ft-1b/ft

=50 1
STEADY COMPONENT = 81.84 ft-ib/ft STEADY COMPONENT = 95.93 ft-lb/ft
-100 T T T | T T T 1
0 90 180 270 360 0 90 180 270 360
AZIMUTH ANGLE - degrees AZIMUTH ANGLE - degrees
o]
Iy 07 r/R = 0.95
L}
- \
' 0
—
=
; =50 «
=
= STEADY COMPONENT = 97.43 ft-1b/¢t
£ =100 T T 1
- 0 90 270 36C
AZ IMUTH ANGLE - degrees
Figure I1. COMPUTED AZIMUTHAL VARIATIONS OF BLADE PITCHING MOMENT

(ABOUT MIDCHORD) DISTRIBUTION; UH-1A AT 4 = 0.26.



CHORDWISE BENDING MOMENT - in.-1b x 10~ %

¥ "L r/R = 0,48
r/R = 0,15 _ff’
2L 0
1 = STEADY COMPONENT
' = 6640 in.-lb
_2 ' i 'l —

o o
\ r/R = 0. 50/\
-1 S >
-2
NENT | STEADY coMPONENT
: STEADY SR ontn] ‘ 3790 in.=1b
-3t v . ) , =
'r r/R = 0,65
z .
FIR = 0,28 0 —\h=-/\ > A
it STEADY COMPONENT \-/
-l i = 30 0 inn'lb
0
-2 A A 2 2
| T riz = 0.0
) STEA?v‘rlgguponsu FUs . B
IN,= \ /-\ il
_2 L ° \/
- ¢ = | STEADY COMPONENT
T 1150 in.=1b
rik = 0.36
/ 0.3 -2 - . s Y
| 'r
'\ / r/R = 0.925
ﬂ. 0 —
.1} STEADY COMPONENT -1} STEADY COMPONENT
! 8850 in.-1b =210 in.-1b
-2 A —N J _2 1 -l 2 Y
0 90 180 270 360 0 90 180 270 360
AZIMUTH ANGLE - degrees AZIMUTH ANGLE - degrees

Figure 12. COMPUTED AZIMUTHAL VARIATIONS OF BLADE CHORDW! SE
BENDING MOMENTS; UH-1A AT 4¢ = 0,26.

55



LIFT -1b/ft

— — — — MEASUR

ED
COMPUTED

360

200 r/R = 0.40 - r/R = 0.85
STEADY COMPONENT STEADY COMPONENT
= 106 1b/ft, MEASURED = 292 1b/ft. MEASURED
100 4 = 89 1b/ft, COMPUTED < = 316 1b/ft, COMPUTED
f -
= < Pt S, - i
0 - Ve
e L N\
N -
\¥)
-100 B i T T B T v ~ A
r/R = 0.90
20 T r/R = 0.75 7 STEADY COMPONENT
STEADY COMPONENT = 283 1b/ft. MEASURED
= 277 1b/ft, MEASURED = 329 1b/ft, COMPUTED
100 1 = 273 1b/ft, COMPUTED
ﬂ'-\\ , - -
\J ~’l'-l-\ ’
S
\ |
-100 T T T 1 L I T |
0 90 180 270 360 0 90 180 270
AZIMUTH ANGLE - degrees AZ IMUTH ANGLE - degrees
200 T STEADY COMPONENT
= 241 1b/ft, MEASURED
) = 328 1b/ft..COMPUTED
< 100 4 f\ J,"
o ' r/R = 0,95 /
' 3
& 04
-
\ v
-100 LY T T 1
() 90 180 270 360
AZIMUTH ANGLE - degrees
Figure 13. MEASURED AND COMPUTED AZIMUTHAL VARIATIONS OF BLADE

LIFT DISTRIBUTION; UH-1A AT u = 0.08.

56



320 | 7\
e I|
280 | ;f * ]
EE 200 | f .
2 200 r.-’ - COMPUTED
' In'
- 160 f O MEASURED
Sl
|
80 /
/
w0 ’ff
ﬂ i
0 0.5 H
r/R
COSINE COMPONENT SINE COMPONENT
Ist HARMONIC
40
20 . /‘\
0 . Y o
- \A \J
"
-40
2nd HARMONIC
L0 [
e e
-2 .
£ W
- it |
[] 0 . L
o -20 .
= -0
=60
Ard HARMONIC
]
-..
20
-]
-20
-l‘
0 0.5 10 0.5
riR rlR
Figure 14,

STEADY COMPONENT

LIFT - 1b/ft

COSINE COMPONENT

SINE COMPONENT

Uth HARMONIC
4o
[
20 o
A
0 — —
-20 .
()
-40
Sth HARMONIC
20 %
o A J ?VA L] 8 ~
-20 o
6th HARMONIC
20 . . °
. °
0 —r g
-20 °
7th HARMONIC
20
. b =
0 v Y v -.°;'t
=20
8th HARMOKIC
ﬂ [ ]
ﬂ‘——————0—————1-:.N-———-__A_____J_l_—
_z-u b= " i ..
9th HARMONIC
20
. - £ C g
= = S |
-20
10th HARMONIC
20
ﬂ _ ° .A o - '.L
[ ]
-20
11¢h HARMONIC
20
+ 0
0 Py 2 " R
~¥% 0.5 10 0.5 |

r/R

r/R

MEASURED AND COMPUTED HARMONIfS OF BLADE
LIFT DISTRIBUTION; UH-1A AT = 0.08.

n

~]



BENDING MOMENT - in.-1b x 1072

Figure 15.

STEADY COMPONENT

= -10149 in.<1b,aMEASURED

= -2i78 an.-lb.}poupurso

“0] . r/R = 0,15

=

STEADY COOH’ONENT

= =420 in.-1b, MEASURED
= =221 in.-1b, COMPUTED
40 ;
r/R = 0.28
20 1 "~
AN A /
0 P
\ Il
-20 \\, v L] ¥
STEADY COMPONENT
-140 in.-1b, MEASURED
=257 in.-1b, COMPUTED
r/R = 0.36
20 4 N
A Vs
0 7)‘?—#%\:*4\\:
N/ \I/ \/
-20 \‘,‘ | Y T
STEADY COMPONENT
= =307 in.-1b, MEASURED
=40l in.-1b, COMPUTED

40

40

r/R = 0,45 N
20 1 /1

o / \

R |
o A T AV
0 90 180 270 360
AZIMUTH ANGLE - degrees

BENDING MOMENT - in.-1b x 102

=== = MEASURED
s COlﬁ’UT’ED_j
S /EADY COMPONENT

= -2831 in.-ib, MEASURED
= .635 in.-1b, COMPUTED

[
|

40 1
IR = 0.60 -
20 1 70
o Lo AN
1 U
"20 '1 4 L4 1 8 \.'

STEADY COMPONENT
-3218 in.-1b, MEASURED
-680 in.-1b, COMPUTED

40 ;
r/R = 0065 /'\

[ d
(=]
~

0 y I\~ \
A\
o
-20 T T T
/ \
STEADY COMPONENT
-3966 in.-1b, MEASURED
-578 in.-1b, COMPUTED

40 1
n\
r/R = 0,80 \
20 [
FATRG) !
01 \

\

\/ J, \
=20 ' T T T 1|l
STEADY COMPONENT ,

= -160! in.-lb, MEASURED
= <174 in.=-1b, COMPUTED
ROW'
r/R = 0.925
20 1 \
I
320 A
0 1 N7 SR y \
] \
=20 v T L
0 90 180 270 360

AZIMUTH ANGLE - degrees

MEASURED AND COMPUTED AZIMUTHAL VARIATIONS OF BLADE

FLATWISE BENDING MOMENTS: UH-1A AT . = 0.08.



™
° o STEADY COMPONENT
x |
2 -2 *
o Y
e Y
V-6 —— COMPUTED
5 -8 O MEASURED
g0l .
2
~ 212
g€ o 0.5 1.0
a r/R
COSINE COMPONENT SINE COMPONENT
1st HARMONIC
2 -
° . +
| : ]
° [ e 2
: e. eo. 3 ¢
- J -1 . 80.o9. 90- -+ ¢
@ o L
- 2nd HARMONIC
« e ]
- 0 W I
SO T 1.
T TSGR e
e .| t <1 S I S b |
' : i 1
| 3rd HARMONIC
Jd .
l e. &
§ ! ®: .... .. P I
‘.‘,. ’ ® ? L, | | S R ;.;
2 -' ..,_... 0 © -l +
: o 3 e
Uth HARMONIC
\ ™ 1
" Sth HARMONIC
| Lt
R 0 - U
. . all | L) ;4 4
-' - o S — 'l 8y 8
0 0.5 1.0 0 0.5 1.0
r/R r/R

Figure 16. MEASURED AND COMPUTED HARMONICS OF BLADE FLATWISE
BENDING MOMENT; UH-1A AT .. = 0.08.

59



DRAG - 1b/ft

10 - r/R = 0.%0
0 — — =
STEADY COMPONENT
= 8.3 1b/ft
|0'| r/R = 0.75

STEADY COMPONENT

= 12,7 1b/ft

"y

0 90 180 270 360

AZIMUTH ANGLE - degrees

;

/R = 0.85 ,
' ;

N

,J
\/

STEADY COMPONENT
= 12.7 1b/ft

2 v

r/R = 0.90

STEADY COMPONENT

=12.8 1b/ft

¥ L

0 90 180 270 360

AZIMUTH ANGLE - degrees

10 - r/R = 0,95 —

-10 -

DRAG - 1b/ft

"x//STEADY COMPONENT
= 13.4 1b/ft

Yoy —
o 9

270 360

AZIMUTH ANGLE - degrees

Figure 17.

COMPUTED AZIMUTHAL VARIATIONS OF BLADE

DRAG DISTRIBUTION; UH-1A AT .« = 0.08.

o)



PITCHING MOMENT - ft-1L/ft

100 1 /R = 0.40
50 - STEAGY COMPONENT = 28 ft-1b/ft
0.,¢=::::::::::—_._==:::::::::=,
'50 T 1 (= T
100 7
r/R = 0.75

50 4 STEADY COMPONENT = 85 ft-1b/ft

-

r/R = 0.85

STEADY COMPONENT = 99 ft-ib/ft

-

r/R = 0.90

STEADY COMPONENT = 103 ft-1b/ft

I ! i |
0 90 180 270 360
AZIMUTH ANGLE, degrees
r/R = 0.95

50 4 STEADY COMPONENT = 106 ft-1b/ft

0'u---===:7/==h—¢ﬂ:::=~‘=::===’
-50 T T T 1
0 90 180 270 360
AZIMUTH ANGLE. degrees
- 100 +
Y
D
-
L
[ ]
(=
fr]
g o
(2]
=
x
2 =50 ]
-

0 90

1
180

270 360

AZIMUTH ANGLE, degrees

Figure 8. COMPUTED AZIMUTHAL VARIATIONS OF BLADE PITCHING MOMENT
(ABOUT MILCHORD) DISTRIBUTION: UH-1A AT 4« = 0.08.

bl



1 r/R = 0.7%
k—\
&
A\ !
\ VARN 7,
W \.\/
b
\ / )
e
1003 STEADY COMPONENT 1 sTeaoy compoNenT
= 24 1b/ft, MEASURED = 180 1b/ft, MEASURED
= 27 1b/ft, COMPUTED = 189 1b/ft, COMPUTED
'2001 g 2 4 v Y 2 g Y -t
/\
r/R = 0,40
/ / \\ \ rIR = 0.85 /
10014 / /
/
& 0 1‘\\_ J
> /
e y
[} / \
£ -1001 STEADY COMPONENT — i . STEADY COMPONENT
= = 89 1b/ft, MEASURED = 245 1b/ft, MEASURED
= 54 lb;ft. COMPUTED = 225 1b/ft, COMPUTED
-200 - T v - -h_"‘ L v ol /‘
1907 ¢ /0 = 0.85 p 1 rR=090

N

<1004 STEADY COMPONENT : STEADY COMPONENT
= 109 Ib;ft. MEASURED \ M= 2592 1b/ft, MEASURE
= 108 1b/ft. COMPUTED \./ = 237 1b/ft. COMPUTE
=200 " T Y 24 v X .4 4
9 90 180 270 360 0 9 180 270 360
AZIMUTH ANGLE - degrees AZIMUTH ANGLE - degrees
100 r/R = 0.95 7

Figure 19.

TEADY COMPONENT

S
= 229 1b/ft, MEASURED
= 241 1b/ft, COMPUTED

LIFT - 1b/ft

6 %0 180 270 360
AZIMUTH ANGLE - degrees

MEASURED AND COMPUTED AZIMUTHAL VARIATIONS OF BLADE
LIFT DISTRIBUTION; H-34 AT . = 0.29.

62

D
0



STEADY COMPONENT COSINE COMPONENT SINE COMPONENT

3rd HARMONIC
280 40
- i i (1 .
240 o 20/ - .
/) EEERR ] £ L
'; ®
- 180 COMPUTED | =20 :
]
=120 O  MEASURED| 20 Uth HARMONIC
-— 1] - =f
L]
= 80 OW. . —-r‘“{jp. T e
Y0 -20 . .
Sth HARMONIC
Y |
% 0.5 | e e S 1 00 ) O A
”rn 0 ¢ o : : ' . B = T S
-20 ! ‘ !
COSINE COMPONENT SINE COMPONENT  : 6th HARMONIC
Ist HARMONIC : e et =
TR . I—rviovew T e
60 o -200 ‘ P
40 . . L0 . Tth HARMONIC
. . N S I . T B T e — == ¢
0 ' 220 ' : SRS
-20 ~ £ _ 8th HARHONIC
-' J » .
v 8 g
-
< -60 b =¥
[]
= 2nd HARMON IC
=100
8ot - o5
[ ]
60 et °
®
40 o . .
20 : lﬂ ™ u'
] =4 , B
-20 . 0 [ g Nousse et ommoedl)
' . & 2A.,‘... 4¢Qb¢$08?-l
-4, 0.5 10 0.5 y 0.6 10 0.5 3
riR rir r/R r/R

Figure 20. MEASURED AND COMPUTED HARMONICS OF BLADE
LIFT DISTRIBUTION; H-34 AT .« = 0.29.

63



100 1

50

—— COMPUTED

-50

100 1

-1b x 19~2

BENDING MOMENT = in.

= = — MEASURED
r/R = 0.150 B r/R = 0.575
STEADY COMPONENT STEADY COMPONENT
= 1488 in.-1b, COMPUTED = 408 in.-1b, /N
1 COMPUTED
~ /A,\‘ '
7/ \ / A
=~ \ Vi N
v ot
/
;s
\\\’\
N/ L/
v A4 T A B Y T A
r/R = 0.275 1 r/R = 0.650

STEADY CCMPONENT
= 1149 in.-1b, COMPUTED

r/R = 0,375
STEADY COMPONENT
= 1113 in,-1b, COMPUTED

N
-50 v v R A
IOOT r/R = 0.450
STEADY COMPONENT
= 969 in.-1b, COMPUTED
50

\
u.
\ ;
\

-50

i‘ = \
; /.,
/

s

—

0

Figure 21.

90 180 270
AZIMUTH ANGLE - degrees

360

STEADY COMPONENT
= =10 in,-1b, 5o
COMPUTED

el

r‘ )
Pl e
1 4 p—
[ - . i
’ M
s v

r/R = 0.800
STEADY COMPONENT
= «523 in.-1b. =
COMPUTED ] O
-'-,._,-'-\
e

bl
L1

%

T Bl

r/R = 0.925
STEADY COMPONENT
= =201 in.-1b, COMPUTED

+
0

% 180 270
AZIMUTH ANGLE - degrees

360

MEASURED AND COMPUTED AZIMUTHAL VARIATIONS OF BLADE

FLATWISE BENDING MOMENTS: H-34 AT . = 0.29.

64



STEADY COMPONENT

———— COMPUTEC
O __HE!?EIIEJJ

0.5 1
r/R

3

— = (X
- " H
3 o o

=lb x 107
o o
= ™

n

(=]

-

FLATW!ISE BEMDING MOMENT -

)
o

o

COSINE COMPONENT SINE COMPONENT
Ist HARMONIC

o 8 § 3 8

2
=

4=
(=]

1]
[
[ =]
FLATWI SE BENDING MOMENT - in.-1b x 10~3

o
=]

Ind HARMONIC

[,

FLATWISE BENDING MOMENT - in.-1b x 1073
8 o B 8

L]
F
(=]

-

0.5 1
riR

Figure 22.

COSINE COMPONENT

SINE COMPONENT

3rd HARMONIC

40 e
* .
20 i
L
-. (]
=20 -
=40
Uth HA
%0 RMON I C
20
g-—-nﬁ_—',- SRR
: ® B -
-20 =
-40 IRl
5th HA
W HARMONIC
20
. ae LBy
-n.qq- c@
0 L) R T o
=20 |
U0 5
th
%0 Gth HARMONIC
20
{ F—t—r—r et | —r—r—rr——t—y
=20
=40
Tth HA |
"~ RMON I C
20
0 e E T g i T
=20
=40 0.5 10 0.5 i
r/R iR

BENDING MOMENT: H-34 AT . = 0.29.

4 65

MEASURED AND COMPUTED HARMONICS OF BLADE FLATWISE



DRAG - 1b/ft

100 4 r/R = 0.25 1 r/R = 0.75
STEADY COMPONENT = 2.6 Ib/ft STEAGY COMPONENT = 16.6 1b/ft
50 4 1
o,-t:::::-:-.~,.uNK7._‘,~' ™~ .
\’-——/
'50 v = v - Y v Y 2]
100 1 r/R = 0.40 r/R = 0.85
STEADY COMPONENT = 7.0 !b/ft STEADY COMPONENT = 19.7 1b/ft
50 1 1
\_’/
-50 v v v ) 4 ma v I
|°°W rix = 0,55 . r/R = 0.90
STEADY COMPONENT = 13.0 1b/ft STEADY COMPONENT = 21.4 1b/ft
50 1 1
0 w_&‘ ‘\_’.//_—
-50 — 1 4 ™ ) 4 J - v 2 4 )
0 80 180 270 360 0 90 180 270 360
AZIMUTH ANGLE - degrees AZIMUTH ANGLE - degrees
100 « r/R = 0.95
STEADY COMPONENT = 23.0 Ib/ft
-
S 501
]
2 o e
(=]
'50 v . v
0 90 270 360
AZIMUTH ANGLE - degrees
Figure 23. COMPUTED AZIMUTHAL VARIATIONS OF BLADE

DRAG DISTRIBUTION: H-34 AT = 0.29.

66



507 r/R = 0,25

r/R = 0.75

1
NI-SAVALN N LN y
dé e A~ N
=50 9 W
STEADY COMPONENT STEADY COMPONENT
= 8.7 ft-1b/ft = §3.9 ft-1b/ft
-100 T 1 4 L 4 ===V v - v 2
£ 50, /R = 0.40 ; rR = 0.85
p-]
.
: Gi(‘\/\\ff
- \-—-/
b
§ '50' <
e STEADY COMPOKENT STEADY COMPONENT
= = 17.7 ft-1b/ft = 76,7 ft-1b/ft
S .loc 1 4 v g L v L4 v -V
-
50 « r/R = 0.55 1 r/R = 0.90
_—
oA [\ \ N
.501 w
STEADY COMPONENT STEADY COMPONENT
= 36.3 ft-1b/ft = 81.0 ft-1b/ft
-'00 v v R 4 v v v v v
0 90 180 270 360 0 90 180 270 360
AZIMUTH ANGLE - degrees AZIMUTH ANGLE - degrees
< 501 r/R = 0.95
p-]
z /—-\/-'/\.
' 04
—
=
g -50-
4 STEADY COMPONENT
= = 84,8 ft-1b/ft
= =100 ———r v ;
e 0 90 180 270 360

AZIMUTH ANGLE - degrees

Figure 24. COMPUTED AZIMUTHAL VARIATIONS OF BLADE PITCHING MOMENT
(ABOUT MIDCHORD) DISTRIBUTION; H-34 AT .= 0.29,

67



BENDING MOMENT - in.-1b x 10-3

~ COMPUTED
----- MEASURED

I o L
e PR = 0,150 [ [ rIR = 0,375
i \ r#\ ‘f'\‘
[ A \ Y
] \ \ ! f
5 o ] \ I 1 "i \ ."
P i \ 1 \ I
F / L \ / T |
\ / .’ \ / \
0 \ % - L
\ ! | ™ /
' /. 1l .*" \ I
I B [ STEADY. COMPONENT
\ /STEADY COMPONENT VA N/ MEASORED "
\ / = 2379 in.-1b, MEASURED \/ - = 190 in.-lb,
0 \/ = 390 in.-1b. COMPUTED comum
& A A A — 4
0r r
r/R = 0,275 r/R = 0,575
AL I
\ I
Sk r \ ~\ [
, /
\ TN
0 V,ﬁ\ i' Fi E i AL
T ¥ ul
\__f [ \/—‘—‘
Vo \ /
| \  /STEADY COMPONENT
St STEADY COMPONENT [ ‘\ / WA 'W:siséa‘b'
MEASU
= 291 in.-1b, COMPUTED d hat Es in.-1b.
COMPUTED
-‘o —1 e e _ A 2 4 —
0 90 180 270 360 0 90 180 270 360
AZIMUTH ANGLE - degrees AZIMUTH ANGLE - degrees
[2r)
o 10f /R = 0.825
»
F-]
3
£ "
[} X - P ) i
.0
s X7 Mo 4
S -5 F STEADY COMPONENT
4 = -13921 in.-1b. MEASURED
= = 15 in.-1b. COMPUTED
&
@ -lo 4 " " g
0 90 180 270 260

AZIMUTH ANGLE - degrees

Figure 25. MEASURED AND COMPUTED AZIMUTHAL VARIATIONS OF
BLADE CHORDWISE BENDING MOMENTS; H-3Y AT . = 0.29,

68



150 4

50 -

~50 1

-1504
150 -

50 4
0 4
50 4

LIFT - 1b/ft

-150

_ XA
0 \\\\\,—_//

STEAODY COMPONENT

STEADY COMPONENT

r

MEASURED |

T COMPUTED |

——

-

/R = 0.25

A

\

r/R = 0,75

-

A

= 34 1b/ft. MEASURED
22 1b/ft, COMPUTED

—

- /
~ k-
W 8
\J

STEADY COMPONENT

= 211 1b/ft, MEASURED
= 193 1b/ft, COMPUTED

e ol -y —_—

r/R = 0.40

7= 1

\

N
~

80 1b/ft, MEASURED
60 1b/ft, COMPUTED

Y v

r/R = 0.85

STEADY COMPONENT

248 1b/ft, MEASURED
227 1b/ft, COMPUTED

150 w

-50 4

-150

50 1 T\ ~
0 ‘EE - 35:5! i Ay

STEADY COMPONENT

R v A v

r/R = 0.55

~ 1

= 128 Ib/ft. MEASURED
102 1b/ft, COMPUTED

rfR = 0,90

STEADY COMPONENT

251 1b/ft, MEASURED
238 1b/ft, COMPUTED

0

Figure 26.

90 180 270 360
AZIMUTH ANGLE - degrees

150 r/R = 0.95

90 180 270 360

AZIMUTH ANGLE - degrees

J-"l.
Pl
- 50 /
o
- 0 O~
= =50
- STEADY COMPONENT
= 229 1b/ft, MEASURED
s = 240 'b/ft, COMPUTED

90 180

270

360

AZIMUTH ANGLE - degrees
MEASURED AND COMPUTED AZIMUTHAL VARIATIONS OF BLADE

LIFT DISTRIBUTION: H-34 at .«

69

ol 18.



LIFT = Ibfft

LIFT - Ib/ft

STEADY COMPONENT COSINE COMPONENT

SINE COMPONENT

Yth HARMONIC

- 40
20
200
0
160
COMPUTED | .20
Lo Q  MEASURED | .yg
i Sth HARMONIC
%0 40 .
20
0 0.5 1
i °——v+‘%ﬂ Ay
-20 Se0
COS INE COMPONENT SINE COMPONENT
15t HARMONIC 20 il el
60 .
ﬂ—‘-‘ﬁ_v. ——ﬁ—%&oﬂ
4o 2 * . o %
20 f_\ =20
0 o~ 7th HARMONIC
= R - g
-40 *o 7 20
-0 *E = Bth WARMONIC
- :
o 2nd HARMON I C .
el e
=20
2 9th WARMONIC
uw*ﬂ—-—t—-%
-20
% 10th HARMONIC
%0 3rd HARMONIC D—---v-#i-—-—-h—-ﬁvﬁ
% /‘X -20
) (S .AU . a0 11th HARMONIC
-20 %, DS | B e
%% 0.5 10 0.5 =20, 0.5 10 0.5 |
r/R rir rlR r/r
Figure 27. MEASURED AND COMPUTED HARMONICS OF BLADE

LIFT DISTRIBUTION; H-34 AT (= 0.1

70

8.



——— COMPUTED

BENDING MOMENT - in.-1b x 10-2

— — — MEASURED
80 r/R = 0.150 r/R = 0.575
STEADY COMPONENT STEADY COMPONENT
= 1527 in.-1b, COMPUTED = 363 in.-1b, COMPUTED
40 4 ¢
a T &
g Y / Ay
-40 v v By v B A
80 - r/R = 0,275 -| r/R = 0.650
STEADY COMPONENT STEADY COMPONENT ~
= 1178 in.-1b, COMPUTED = -80 in.-lb, \\
40 - ) COMPUTED ’/
; \
- [ I
o = D 4 - jf\‘ lf"\
N/ 2 N R
s \ | \~v
v
-'40 v v v v ™ 4 2 J =
80 r/R = 0.375 . r/R = 0.800 ,\
STEADY COMPONENT STEADY COMPONENT [\
= 1130 in.=1b, COMPUTED = -605 in.-1b, [/ \
y COMPUTED I
I
n 0
7’\_/\’/\ W} AW
\ ] N
% iy
80 - r/R = 0.450 q rIR = 0.925
STEADY COMPONENT STEADY COMPONENT
= 968 ln-"lb. COMPUTED = =227 iﬂ..lb. COMPUTED
40 4 __ 1
ra
-7 N /,\
0 -\ ; h / \ /,
VA S B N A
LY 4:\/ 'I “’ \h
| A\
LY
-40 "} Y v " \g T r -
0 90 180 270 360 0 90 180 270 360
AZIMUTH ANGLE - degrees AZIMUTH ANGLE - degrees

Figure 28. MEASURED AND COMPUTED AZIMUTHAL VARIATION OF BLADE
FLATWISE BENDING MOMENTS; H-34 AT « = 0.18.

71



BENDING MOMEAT - in.-1b x 1073

BENDING MOMENT - in.-1b x 10°3

-
= Oh

o (=]
- -
= o

L=

-0.4

[}
=
o

]
o L

STEADY COMPONENT

0.5
riR

COSINE COMPONENT

= COMPUTED
MEASURED

O

SINE COMPONENT

Ist HARMONIC

=20
=40
-60

-80
60
4o
20

-20
=40
-60

Ind HARMONIC

® o msn 0% @

0.5
iR

Figure 29.

j TS

0.5 1
rir

BENDING MOMENT - in.=1b x 10~3

[ 1 " ] ]
B =] = £ k2 L &

-20

COSINE COMPONENT

SINE COMPONENT

3rd HARMONIC

="

F_ L S

._._..‘..'-l——.—-n'—

Yth HARMONIC

5th HARMONIC

s ey

6th HARMONIC

"&LL*—.—’_

7th HARMONIC

MEASURED AND COMPUTED HARMONICS OF BLADE FLATWISE
BENDING MOMENT; H-34 AT .( = 0.18.

72



DRAG - 1b/ft

-

270

360

40 r/R = 0.25 - r/R = 0,75
STEADY COMPONENT = 2.4 1b/ft STEADY COMPONENT = 10.5 1b/ft
ZOW 1
0 - \'\/-'\/
-20 v v v = T T .
40 - r/R = 0,40 - r/R = 0,85
STEADY COMPONENT = 5.1 1b/ft STEADY COMPONENT = 11,9 1b/ft
20 1 <
0 ’—-N\\~‘;“"-.__——"' l.‘\.%N."Lﬂ\"\_-..-'v""""h~n...--.r‘f"'‘jl!“iﬁ"'ﬂl‘ﬂ".‘---
'20 v Y S——Y" | 2 7 v
40 - r/R = 0.55 . r/R = 0.90
STEADY COMPONENT = 8.7 1b/ft STEADY COMPONENT = 12.6 1b/ft
201 -
'20JY v v v B v v
0 90 180 270 360 0 90 180
AZIMUTH ANGLE - degrees AZIMUTH ANGLE - degrees
“O'I r/R = 0,95
STEADY COMPONENT = 3.5 I1b/ft
=
> 207
' \\ I
S o
(=] \,\/\/
'20 v v A 4 BJ
0 90 180 270 360
AZIMUTH ANGLE - degrees
Figure 30. COMPUTED AZIMUTHAL VARIATIONS OF BLADE

DRAG DISTRIBUTION; H-34% AT .« = 0.18,



200 4 r/R = 0.25 . r/R = 0.75

STEADY COMPONENT STEADY COMPONENT
lood = 7.2 ft-1p/ft = 65.4 ft-1b/ft

"00 L § -r v ) . 4 — 7 —

53 200 1 r/R = 0.40 1 r/R = 0.85
:; STEADY COMPONENT STEADY COMPONENT
- s -
w.- 100 4 = 29.2 ft-1b/ft y = 77.1 ft-1b/ft
[
=
NS
L]
=
=
,‘_’-‘00 .G v v v v 2 2 N
a
200 r/R = 0.55 r/R = 0.90
STEADY COMPONENT STEADY COMPONENT
= 3N, 3 ft-lb/ft = 80.9 ft-1b/ft
100 o e
0 m\v i W—v
-'oo v i v Al & 4 v v v
0 90 180 270 360 0 90 180 270 360
AZIMUTH ANGLE - degrees AZIMUTH ANGLE - degrees
< 20019 r/R = 0.95

STEADY COMPONENT
= 84,1 ft-1b/ft

PITCHING MOMENT - ft-1b/
o

0 90 180 270 360
AZIMUTH ANGLE - degrees

Figure 31. COMPUTED AZIMUTHAL VARIATIONS OF BLADE PITCHING MOMENT
(ABOUT MIDCHORD) DISTRIBUTION; H-34 AT . = 0.18.



REFERENCES

Piziali, R. A., Cornell Aeronautical Laboratory, Inc., A
Method for Predicting the Aerodynamic Loads and Dynamic
Response of Rotor Blades, U, S. Army Aviation Materiel
Laboratories, Fort Eustis, Virginia, USAAVLABS TR 65-74,
January 1966.

Daughaday, H., DuWaldt, F,A., and Gates, C, A,, Investigation
of Helicopter Rotor Flutter and Load Amplification Problems,
Cornell Aeronautical Laboratory, {nc., Butfalo, New York,

CAL Report SB-862-S-4, August 1956.

Chang, T.T., A Flutter Theory for a Flexible Helicopter
Rotor Blade in Vertical Flight, Cornell Aeronautical Labora-
tory, Inc., Buffalo, New York, CAL Report SB-862-S-1,
July 1954.

Targoff, W.P,, The Bending Vibrations of a Twisied Rotating
Beam, Proceedings from Third Midwestern Conference on Solid
Mechanics, Ann Arbor, Michigan, 1957, pp. i77-194.

von Karman, T., and Sears, W, R,, "Airfoil Theory for Non-
Uniform Motion', Journal of the Aeronautical Sciences,
Volume 5, No. 10, August 1938.

Di Prima, R.C.,and Handelman, G.H., '"Vibrations of
Twisted Beams'', Quarterly Applied Mathematics, Volume XII,
No. 3, October 1954, pp. 241-259.

Bell Helicopter Company, Measurement of Dynamic Airloads
on a Full-Scale Semirigid Rotor, U.S5. Army Aviation Materiel
Laboratories, Fort Eustis, Virginia, TCREC TR 62-42,
December 1962.

Scheiman, J.,. A Tabulation of Helicopter Rotor-Blade
Differential Pressures, Stresses, and Motions as Measured
in Flight, National Aeronautics and Space Administration,
Langley Field, Virginia, NASA TM X-952, March 1964.

Graham, D.J., Nitzberg, G.E., and Olson, R.N,, A
Systematic Investigation of Pressure Distributions at High
Speeds Over Five Representative NACA Low-Drag and
Conventional Airfoil Sections, National Advisory Committee
for Aeronautics, Moffett Field, California, NACA TR 832,
1945. (See Figure 19)

75



10.

11.

12.

13.

Lizak, A.A., Two-Dimensional Wind- Tunnel Tests of an

H-34 Main Rotor Airfoil Section, U.S. Army Aviation Materiel
Laboratories, Fort Eustis, Virginia, TREC TR 60-53,
September 1960,

McCloud, J. L., Biggers, J.C., and Maki, R, L., Full-Scale
Wind-Tunnel Tests of a Medium Weight Utility Helicopter at

Forward Speeds, National Acronautics and Space Administration,

Moffett Field, California, NASA TN D-1887, May 1963.

Seckel, E., Stability and Control of Airplanes and Helicopters,
Academic Press, New York, New York, 1904. (Sce Section 7
of Appendix [.)

Scheiman J.,and Ludi, L. H., Qualitative Evaluation of Effect
of Helicopter Rotor-Blade Tip Vortex on Blade Airloads,
Langley Research Center, Langley Station, Hampton, Virginia,
NASA TN D-1637, May 1963.

76



APPENDIX

ORTHOGONALITY RELATIONS OF BENDING VIBRATION MODES
OF A TWISTED ROTATING BEAM

The bending deformation of a twisted (rotating or nonrotating)
beam is gencrally not in one plane. For this reason, recent practice
in load iand deformation analysis of a twisted propeller or helicopter
blade utilizes bending vibration modes of the twisted rotating blade
with both flatwise and chordwise deflection components as generalized
coordinates. Since these modes all satisfy the same two governing
differential equations and the same root and tip conditions, they satisfy
certain relations (usually called the orthogonality relations) among them-
selves.  This note presents a self-contained derivation of the general
cquations fom which the relations pertaining to blades with given root
conditions can be obtained nnnmediately upon using the root conditions.
The relations are useful in detecting the accuracy of results obtainer,
trom vibration analvsis and in simplifying the egquations of blade
motions 1n which certain bending vibration modes are used as a group
of the generalized coordinates. A blade with flapping and lead-lag hinges

is among those used in the examples.

Existing methods for bending vibration analysis of twisted
rotating blades (such as Reference 4) assume that the undeformed
blade elastic axis i1s a straight line which lies in the plane of rotation
and intersects the axis of rotation. Furthermore, the c.g. and central
polar axes are assumed to be coincident with the elastic axis, and the
built-in twist 15 assumed to be about the elastic axis. All these
assumptions will be made here. In blade load and deformation analysis,
Lagrange's cquations of blade motions take the actual axis offsets
and built-in coning into a_count by having constant generalized force

terms that depend on the offsets and built-in coning. (The offset

-1
-



between the elastic and c. g. axes also causcs coupling between bending

and torsional modes.)

Consider a blade section at a distance r from the axis of rotation,

"
!
Figure 32. BLADE DEFLECTIONS DURING BENDING VIBRA1 ION.
about which the blade (as well as the r,; system) is rotating in
vacuum at a constant angular velocity 12 . With reference to Figure 32.

the j-axis is the axis of rotation, the r-axis is perpendicular to the
paper and pointing to the reader and the » -axis is perpendicular to
the jr -plane. When the blade is undeformed, the section is shown by
the solid line: its elastic center lies on the r -axis and its major
prircipal central . xi> makes an angle 6(r ), called the local blade
ang : with the plane of rotation (i. e., the rp -plane). With the

presence ot b~r 1ng deformation, the same section 1s shown by the
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dotted line: its elastic center iy displaced by (e , 2~ Jor (¢ ,4 ) ina
plane parallel to the #3 -plane, while # is assumed to remain unchanged.
The deflection components «(r )and v (r) are called the chordwise

and flatwise bending deflection components, respectively, while ¢ (r)

and A(r) are called the inplane and flapwise components, respectively.

From Figure 32,
h = 1~cos 8 +.3nb } (87)

C = ucos B - vsem 6

17a8 hcos 9 - Cc scn O } (88)
(23

= ccos @ + h sirn B

Assuming that the blade sections remain plane during bending,
the small deflection described above is the result of the small rotation
of each blade section about an axis which lies in the plane of the
section and intersects the elastic axis. The rotation has one component
equal to 57:)_ radians in the negative # -direction and the other component
equal to gf radians in the 2-direction, according to the right-hand
rule of representing rotations by vectors. The curvature of the
projection of the d:éormej(‘(celastic axis on the zr-plane or on the rp-
plane is equal to —5 or el

dr?

respectively.

Let & or # be the curvature of the projection of the elastic axis
on the plane that contains the local major principal central axis and
the r -axis or on the plane that contains the local minor principal
central axis and the r-axis, respectively. Also, let M and A be the
flatwise (about the local major principal central axis) and chordwise
(about the local minor principal central axis) bending moments acting
on a blade section. According to the engineering beam theory, which

assumes that the beam cross sections remain plane during bending, the

5 ~ =4
Positive # and #/ tend to compress the upper surface and leading
edge, respectively.
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following relations hold at any blade section:

and
M = b6 (90)

where 8 and o, with 6> 8usually, are the flatwise and chordwise

flexural rigidities of the blade section.

. . de
On account of the blade's being twisted (namely, “~ 7 0), the
curvatures £ and & (each belongs to the projection of the elastic axis
on a plane that rotates, as » changes, about the r -axis with respect

to a coordinate system {ixed to the blade) are not given by

d’v dlu
F s and G ==
but are given by
dI 4
F-—;—; cos @ - > sen 6 [
. 2 (91)
& ‘/fcosgf /;.Szné |
r r
or, by the use of (87),
podlv 48 du L9 dE), ]
/,(rl dr JAr clf'l \dr } (92‘)
godlu ,do S d'e . a6y |
Lrf dr dr dr° dr )

Let #7 and A7 be the flapwise and inplane components of the
bending moment acting on a blade section such that

Vi Mceos@ + Msen @

BF cos@ + bGrsin b

d’h o ’c
= 5\772 cos & ‘{r‘; 54/79)/,058

rd % 2%k
27 60591‘- drz

+D( sen :9)54;79 (93)
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and M Mcos B Mswn €

< [
A d "/ A
-z)\ 2 a056°125,rc7 o5 £
r
t4 2
-8 (% L cose-EE sunb)un b . (94)
r dr”

Let o and p be the components of loading, perpendicular to the
deformed elastic axis, per unit length of blade in the 3- and 7-
directions, respectively, Then, for a rotating blade in free bending
oscillations at a natural frequency of w radians/second, the loading

N
component o is given by

Feuwnet(x22) (95)

where « is the mass per unit length of blade and, with £ being the

blade tip radius,

R
X = n‘/ AT (96)
r

1s the centrifugal force acting on a blade section at any r . Since
the centrifugal force has a shear component equal to
dah

BB

the upward component of transverse loading, or the contribution to

7, due to QO 1s equal to the last term of (95). Carrying out the

The Coriolis force, which has the effect of increasing X by

i

AX 20N e N.:{",
. . . . Yr g

1s neglected in vibration analysis.
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differentiation, (35) becomes

2
db o4t (97)

ﬁ:/‘w"/’rxdr' S dr

Similarly, the corresponding £ can be expressed as

2
£ (4
p =/4w2c +/(J—, ‘#erj:

2,7 s uQ’c . (98)

The last term of (98) is due to the fact that when the c. g. of a mass
is off from the r -axis in the » -direction, there is a centrifugal force
component in the 7 -direction acting on the mass. The governing

equations for free vibrations are

2

d -

d'-t = P (90)
and

v

T (100)

with #, A7 , p and p as given by (93), (94),(97), and (98), respectively. *
When any particular 7L orJ”’ mode is under consideration, the

subscript . or ; will be addedto w, 4 ,¢c , 5,5 , 4 , M, Fand G .

The four boundary conditions at the blade tip, where r= &,

*(99) and (100) are in agreement with Reference 6, since the two
scalar equations below (4.8) of Reference 6 are the following two

combinations of (99) and (100):
(99)ces & ~(100)5n O

(100) cos b *—(99) sené .

and
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may be written as

- [am £1F)
(M), . == N v )’ 0. (101)

Since (99) and (100)are a pair of fourth-order differential equations in
» and ¢ , four more boundary conditicns are required for each
actual case. These additional boundary conditions are the ''root"
conditions which, for the present analysis, are assumed to be

specified at =~ = r, .

By first multiplying (99) and (100) for any (¥ mode by 4 and ¢
of any ;¥ mode, respectively, then adding them together, and finally
integrating over » from r,to R ,

[ (dM‘h *‘5;‘ c;)dr

R
/ (p.% +pcldr. (102)
o

By integrating by parts twice, using (101), the left-hand side of (102}

may be expressed as

LM )
l .
/ dr h * c[r‘ c; |dr
_dh AP = dec. AWM )
3 Yy &y =T

( ¢ Zr 2r h./ +M‘ Zr Ar & rary

A _ g% = de
v M v
+/r A ‘dr‘)dr' (103)
By the use of (96) through (98§,

S (r -Bg)ar
’ %
=w‘-zf w(h b +¢c )dr

*/,; {dr(x T Z_f.‘)c_,}dr

L
+ Q[ e, dr,
e
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which, by applying integration by parts to the integral that contains X

and subsequently using (90), may be written

- - \
I(th *p‘.c”dr
[}

4 I 4
=“’z‘[/4(hi}.’/ reic;)dr *ﬂz[,o pec G dr
4

bodh  do de)\  dh,, | e,
/(/”’d’)(czr A e i )

Now, substitution of (103) and (104) into (102) yields

where
_ R dih | o= d%
K‘J-‘/r;( ‘ Zr"‘ M Zr{ «
R = Ryt ~ ~ 7, A
=.[. (M‘FJ +/VI‘.GJ)dr' =4 (—B- ‘MJ +Z-M‘- l‘{/)dr'
& o
n/;[ﬂc‘fjdr
[
dh, dh de; de; )
(\//"'d) d/' +7r_Adr &
A R &
M‘JE-_‘/’: A (/7‘/7 ¢, C)d" "/; u(yzz/:; +u, dJ.)aZI‘
0 o
- dh dC )
A= (dr‘ s dr "’r'rr,
— dh c{/{;‘ == c{C c{/ﬁ: \

Since (102)and,hence, (105) hold when ¢ and y are interchanged and

since

~ A
KJ‘ = K‘J ) T;‘ = 7:/ and A/{, = M, b
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dl" J d" J/"J"b r,

,urdr} (104)

(105)

(106)

(107)

(108)

(109)

(110)



1t is clear that

al A .-./
K. -7 A wrdrl + 8 iMoo (111)

» /

(24

Subtracting (111) from (105),

AR
A " /,(_/"dl‘:n- (112)

Rep= s A

Equations (112) and (I05) are the desired equations. Some root
constraints of practical interest will be dealt with in the examples
that follow. As the examples show,(111) yields a ~elation stating that
there is no inertial coupling between any two different modes.
Consequently, (105) yields one relation stating that the elastic and
centrifugal couplings between any two different modes cancel each
other, and another relation stating that for each mode, the strain
energy at either extreme configuration minus the work done by the
centrifugal loading during the change of configuration from the neutral
one to either extreme one is equal to the kinetic ene-gy at the neutral
configuration. (The absence of inertial coupling and the cancellation
hetween the elastic and centrifugal couplings mean that there is, in

effect, no coupling when the blade is in vacuum.)

As an example, consider the case with the following root

conditions: , &h S
’
= dc
A7 [_0—7'/': 1l r = 7'0

/ " ( -. /
where £, and £pare given torsional elastic constants. For this case,

(109) and (110) yield

A.= A =0
oy v
f\nd /
B 2 dn: dn; \ .k de, dc,
: et L :
“J v \dr dr /r=r, “\Zr dr /r To

and, hence, (112) yields



V7 i h r - dr e g (113)

-Q"f‘d o, Y, (114)
and also
. d/;)" e V¥ o
# k 3 s ( T
Mo (- ,.,,-a’ ko\ dr),._,,-o LT
2 A
= wimy; (115)

For the two extreme cases where the blade is cantilevered at » = r,

(namely, both &, and &, approach infinity, yet both ﬁr_rand f’?r_r are
L4 e 4

finite) and where the blade is fully articulate (namely, kr = & = 0)

the relations

A dhy o (dede) -,
(& &7 s sy \dr drly-.r,
hold for /# ¢ or , = ¢, so that (114) and (115) reduce to

ke

) 2| 12 .
K, ~QT, =0, |t (116)
and
) b A 2 A
k;c 0 7:1 ‘U; 'M..L ‘ (117)

Results in agreement with (113) and (116) are obtained in Reference 6,

which treats a blade cantilevered at r = 0.

As another example, consider a blade with flapping and lead-

lag hinges. With reference to Figure 33, the flapping hinge is
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Figure 33. RIGID LINK CONNECTING FLAPPING AND LEAD-_AG HINGES.

located at r = % and the lead-lag hinge at » = r, . The link, shown

in Figure 33, connecting the two hinges is assumed to be rigid, so

that
ah
(/7),,.’_0 -("o-f;)'/z)r:r (118)
and
()pzy = (M), =0 (119)

I

are three of the root conditions. The other root condition can be
obtained from the requirement that the moment about the flapping
axis must vanish; namely, (#7) e 0. This moment may be

£
expressed as

_ = dm) =
(M)rsl‘F =(M)r.-.-ra _(Vo "rF) erro +MH

where M, is the moment about the flapping hinge due to the inertia of

the link. Letting J, be the mass moment of inertia of the link about
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the flapping hinge and 7+ be @ mass element in the link,

o M 8 / \ a0
17 WEAR =) O g e - g Y ‘ Am

~ N : "oy {# =,
\ abirg,. " ' icd J S T ,() ir , .,

or, assuming the hink to be symmetric with respect to the ry-plane so
'

that | 47 (rhdm = O,

~ o, dr L e 2
,5’~ E re - _,{r [ (L\c{,'),“ / 1'(! Y e ‘{ } LZI"

or, using J, f( y - r,)2+ f}dm and J, S }"dm )

A, j 2 A2 2 i § dn
Pl l)ud Ju =2 ) YN dr /rzr, (120)

\‘fN i;\‘Hj M e VE

where m, is the mass of the link andey 1s the distance (in the r-direction)
from the flapping hinge to the ¢. g. of the link. Therefore, the fourth

root condition is

_ AT | L
i”‘("o"”‘)i,?}, ) .—.{-wzj,,*QZ(JH'ij/,"mﬁ"ﬁeﬁ)}(z-)r.ro (121)
E 3 o i

By the usc of (118), (119)and (121), (109) and (110) yield

1”‘ L & . -
A‘« T\ " e - -.1r T e
and
28 <l . db& d/JJ \
5, = [~ w00 ( Ty Sy e mareen ) (S T o
and, hence, (112) vields
o B oo ‘n, ah, = Al (122)
T o Tw T e dr v, . K
Consequently, (105) vields
. -f“r'/ =0 J AL (123)
J -
and
< ~-N°r = WM. (124)
T ¥ ¢ e
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where
~ K Ih dh
= -4 ) J dgs 1dy
- 7:-\[ z fo ry ,/,. /ul"r/r‘ ~ ]-,/ & ~z 177, e f—’ﬂ} Ar d"/)'r"a . (lzs)
>

Finally, some remarks on the teetering rotor (in which the
two blades can flap only as a continuous beam and ry = 0) will be
made. The hub mechanism that flaps with the blades s usually
treated as a rigid mass rigidly attached to the blades at r= 0. This
rigid mass is symmetric with respect to the 3 -ax.s, just like the two
blades. Suppose cach blade has a lead-lag hinge at » = r, (the result«
below apply to the case without lead-lag hinges upon setting . = 0).
Assume that the portion of the blades between the two lead-lag hinges
is rigid, and let 2, be the total moment of inertia about the flapping
axis of the masses of the hub mechanism and the part of the blades
between the lead-lag hinges, with ?.J,,’_ being contributed by the 3-
direction spread only. Using the superscripts [l ] and [2] to indicate
quantities belonging to the two different blades, the joining together of
the two blades at » = 0 requires

d" I'=I'a drr:

a2l dh) I

"o

Consequently, the two blades can have only two different types of free

osctllations;
Type L:
hEZJ___, _ h[/] ) C‘[z] N = (_.[’] .
N7 A S/ Sy 7 L R 1)
<V/ 5 P ),‘2"0 e ,\’M %o r /)r;,- = M,/ .
[ M, is given by (120) with r» = O. ]
Type II:
pled o p 01 oL I (A
dh ' dpy b3
=) () =e
7 r=r, dr r=r,
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The results turn out to be that, for both ¢ and ;, belonging to either
Type [ or Type II, (122) through (124) are satisfied by either blade.
Note that the last condition of Type II automatically reduces (122),
(123) and (124) to (113), (116) and (117), respectively. It one of the.
and, belongs to Type | and the other to Type .., then define

(1] [2]
K - K + K
[ ¥} ¢y Ly
A Al A
+ .7 [1] o Tru
(7] [y ¥
A
M= A‘\lm + /1;/ bl
J 4y <J

for the two blades together and find

K = ;- = /Cf = (dh‘ _ﬂ’{_) = 0
¢ d" d" ,-,,-o

cy J 0y
so that (122) and (123) are satisfied by the two blades together.
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