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ABSTRACT 

The physical and mechanical characteristics of neoprene film, a 

coranonly used expandable-type balloon skin material, are presented for 

the purpose of developing constitutive equations that can be used in 

balloon analyses. 

"Day" balloon film is found to be an almost perfectly elastic 

material through an extremely large range of deformations. A survey 

of previously proposed elastic constitutive equations for rubber-like 

materials is presented and all are found to be inadequate for neoprene. 

Consequently, a new constitutive relation based on the attempts of 

previous Investigators and experiments performed by the author is 

proposed. It is shown to be a generalisation of most earlier theories. 
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THE DEVELOPMENT OF A CONSTITUTIVE RELATION 
FOR 

NEOPRENE BALLOON FILM 

by 

Harold Alexander 

I- INTRODUCTION 

Today, almost two centuries after the first Montgolfier b.lloon 

flight, spurred by the space program, there is a renewed interest in 

high altitude balloons, as a result of recent improvements in manu¬ 

facturing and flight techniques, balloons have found new applications 

in meteorological studies, cosmic ray studies, astronomy, space biology 

and the testing of new concepts in space vehicles. The balloon provides 

a stable, slow moving, high altitude platform serving a multitude of 

scientific purposes. 

To reach high altitudes it is necessary to maintain a substantial 

amount of lift. High lift is attained by having a large balloon volume 

with the least weight of inflation gas and structure. Expandable-type 

balloons achieve a large volume by allowing the balloon skin to distend 

during ascent. 

In all balloons, the balloon skin is not Just a gas barrier, it 

!■ .Uo the structure th.t supports the weight of the balloon snd 

paplosd. The en.ly.is of this structure is nece.s.ry for successful 

ballooning. For exemple, during the flight of ,n expandable-type balloon, 

This report constitutes part of . dissertation «uta.itted by the author 
to New York University in partial fulfillment of the requirements for 
the degree of Doctor of Philosophy. requirements for 
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the skin undergoes very large deformations and often ruptures before 

the balloon reaches float equilibrium. Elimination of this type of 

failure requires a knowledge of the mechanical properties of the balloon 

skin material through a wide range of extensions and temperatures as 

well as the analysis of balloons subjected to very large deformations 

(of the order of magnitude of the balloon radius). 

In the present report, an elastic constitutive relation is proposed 

for neoprene, a commonly used balloon skin material. In subsequent 

reports, this constitutive relation will be utilized in the analysis of 

various balloon and balloon related problems. 
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lí. MATERIAL PROPERTIES 

Expandable-type balloon«, due to the nature of their operation, 

must be made of highly extensible materials. Conseouently, this type 

of balloon is usually produced from one of the high polymeric rubber¬ 

like materials known as elastomers. In this section, a short discus¬ 

sion will be presented on the physical and mechanical characteristics 

of elastomers. 

1. PHYSICAL CHARACTERISTICS 

Elastomers are composed of long, flexible chain molecules having 

weak intemolecular forces. These molecules are interconnected by 

primary valence bonds at suitable intervals so as to form a three 

dimensional network. Due to their structure, these chains have the 

ability to uncoil and recoil rapidly in an almost completely elastic 

manner through a rather large range of ambient temperatures [lj. 

The necessary cross-linking in the formation of a network of 

chain molecules is usually introduced through the process of vulcan¬ 

ization. This is a chemical reaction of the elastomer with some 

vulcanizing agent which results in the fomation of the intercon¬ 

necting bonds mentioned above. For natural and butyl rubbers the 

vulcanizing agent is sulfur. For neoprene (polychloroprene), the 

material given the greatest attention in this treatise due to its 

almost universal use in expandable-tjpe balloons, the most often used 

vulcanizing agents are magnesium oxide and zinc oxide. 
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In addition to uncoiling and recoiling, the molecules of an 

elastomer often undergo a partial crystallization induced by 

stretching. This has a considerable bearing on the stress-strain 

curve and on the rupture and tear phenomena exhibited by the 

elastomer. The crystallization occurring upon stretching is pro¬ 

portional to the ausolute temperature of the sample. 

2. MECHANICAL CHARACTERISTICS 

All elastomers are viscoelastic materials. However, depending 

upon the temperature and stress level, their time dependent com¬ 

ponent of response is of greater or lesser importance. As is 

pointed out by Tobolsky [2], there are four well-defined temper¬ 

ature regions of viscoelastic behavior (see Fig. 1). 

a) A low temperature glassy region (for neoprene, below 

approx. -100°F) in which the stress-strain ratio is very 

large. The creep effects are not very pronounced in this 

region so that one may speak of a quasi-static glassy state. 

b) A transition region (for neoprene, between approx. -70* 

and -100#F) in which the stress-strain ratio changes rapidly 

with time and temperature. The creep effects are produced 

by short-range motions of relatively small segments of the 

polymer molecules. At a set temperature in the transition 

region, the mechanical response of the material to stress 

can be considered to be time independent due to the very 

short time involved in the total response. 
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C) A quasi-static "rubbery plateau" 

between 170° and -70»F) in which the 

region (for neoprene, 

stress-strain ratio is 

conperattvely low .„d chongo, quito slowly with tu» .„d 

temperature. At a aot temperature In thl. region the re.ponae 

eet, be con.ldered a. time Independent due to It. ,u..i-.t.tic 

nature (long times of response). 

d) A flow region (for neoprene, .hove 170‘F) in which the 

etreaa-atraln ratio changes very rapidly with time from a 

value comparable to that of the "rubbery plateau" region to 

tero. In this region, there la a true vlacoua flow occurring. 

I» region, a. b and c, a time Independent elastic theory yield. 

• fitly accurate re.ul, for the mechanic, re.ponae of the material 

•* long a. one 1. not concerned with the creep effect. In the tran- 

•Itlon region. However, any theory propo.ed, In „rd,r t„ be uaeful 

in the region of l.rg. deformation, encountered :.11000., Bu.t 

•ble to account for the .train hardening occurring due to 

partial crystallization. 

The neoprene u.ed In the production of expendable-*,, balloon. 

1- in region c .t launch temperature, since throughout a balloon 

flight, the temperature 1. lower than the launch temperature. It a.«.. 

Po..lb„ to en lyre the balloon atructure u.Ing „..„c theory. 

Ihl. turn, ont to be the c.ae with "day" balloon., l.e. tho.e „..d on 

dey flight, when the temperature of the balloon doe. „ot go i„to the 

gl...y region. However, for night flight, a different type of bal¬ 

loon material 1. „.,d due to the fact that the .kl„ „.teria. . 
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"day" balloon becomes brittle at the cold temperature encountered 

during such a flight. "Night" balloons are produced by the addition 

of a plasticizer to the neoprene. This has the effect of transposing 

the film properties with respect to the above mentioned temperature 

regions. At launch temperature, a "night" balloon is on the boundary 

of regions c and d. Consequently, a viscoelastic law must be used in 

analyzing the flight of such a balloon. 

Since "day" balloons have been shown to undergo only elastic 

deformations, this report will be devoted to the development of a 

suitable elastic constitutive relation for "day" balloon film. 
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III. EUSTIC BEHAVIOR 

Over the past three decades a considerable amount of effort has 

been directed towards finding the constitutive relation for rubber and 

rubber-like materials. Hooke's law, the usually used constitutive 

relation for elastic materials, is not suitable for rubbers. Hooke's 

law may be considered as a linear approximation to a much more general 

stress-strain relationship and is usually valid only in a small range 

of deformations. Rubber-like materials usually experience large defor¬ 

mations under loading and the stress-strain relationship is not linear. 

Most of the research on large deformation theories for highly 

extensible materials seems to have been performed in the Itoited States 

and the United Kingdom. A large part of these results is described in 

Ref. [3]. Another "school" of large deformation elasticity has formed 

in the U. S.S. R. along the lines of the formulation developed by Kappus 

[4] and presented by Novothilov [5], [6]. In the following, using the 

general theory as a guide, the constitutive relations previously pro¬ 

posed by various investigators are presented and critically analyzed 

with the aim in view of finding the constitutive relation for neoprene 

film. Since all of the previous theories are found to be inadeouate, 

a new constitutive relation based on experiments performed by the author 

on neoprene "day" balloon film is proposed and is shown to be a gener¬ 

alization of most earlier theories. 

Preliminary to this critical analysis and development of a new 

constitutive relation, the general constitutive relation is developed 
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along the lines of thp 
ry presented by Novozhilov [5] [6] 

"r1"8 thlS S“"e — mat*e — the 

of stress and strain and how they fit into the fonnulation. 

definition of strain 

* POint °f * undefomed .ta .. lles 

« (x’y,i) > rectangular, c.rte.l.n coordmat. ay.t„ (ix.d 

,ee Pig. 2). s„ppose, t,t due to the the 

Cx.y.e, »evea to («u,^,^, . (ç.r,.,. of ^ 

in the undefomed atete ha, length da and direction co.lnea (, n n) 

The aane elment In the defomed atete ha. length da' and direction 

co.lnea (1Ihe dlrectl<)ii 

• _ _ dz 
dx 
ds ¡n 

and 

d~ 
ds m 

É¿ 
ds 

dr 
ds 

ds 

ds 

(1.1) 

By the Pythagorean Theorem, 

ds2 - dx2 + dy2 + d*2 

ds'2 - df + dr2 + 

and dividing the first of fl 2) bv . 
U.¿) by dr and the second by ds/£ yields, 

(1.2) 

through the use of (1.1), 

f8 + m2 + n2 1 

O'f + (m')2 + (n'js « L 
(1.3) 

The quantities ?, , and Cj are functlong of ^ y ^ ^ 

the chain rule, it follows that 
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(1.4) 

dÇ - Ç dx + Ç, dy + dz 
* y * 2 

dr - ri, ^dx + r„ydy + r ^dz 

d; = :,xdx + C.ydy + C,zdz 

Dividing the first of eou. (1,,4) by ds' yields, 

d^ _ . / ds 
df ' * dl7 ^'x^ + ?*yœ + ^'zn> 

Similarly, the following equations are obtained: 

dr / ds , 
ds"7 m “ dT (r-x; + r-ym + r.zn> 

dr“11 “ d?- (^x; + ^ym ^ ^>zn) 

(1.5) 

Substituting (1.5) into the second of (1. 3) yields 

(df“) “ + -ff, 2 )102 
y y y * 

+ <5 /-í ./)-2 + /.,)»» (1.6) 

j a y x y 

The quantity ds'/ds is defined as the total extension of the 

original element. A constitutive relation is usually expressed as a 

relationship between stress and strain; where the strain is defined 

as some function of ds'/ds. TW have been many strain definitions 

proposed. Some of the more common ones are presented below. 

The Lagrangian Strain measure, given by Cauchy [7] is the one most 

used in the analysis of large elastic deformations. It can be expressed 

as, 
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(1.7) mî - ‘i 

Using equ. (1.6), and noting that 

* “ X+U , ■ y-fv 

yields 

; ■ z4v (1.8) 

i{(îr) • t + t + t 
XX yy ‘j-z" 

. L L r 
+ + ‘ ¿n + c unm xy xz yz (1.9) 

where 

€ ■ u, + % (u,2+v,2+w.2 ) etc 
XX *X X X x''’ ecc* 

yz W'y‘+V'z'Kl'yU'z‘fV'yV-z'fv-yW‘z> etc- 

It was suggested by Coker and Filon [8] that the strain should 

be defined in terms of the displacements as a function of the deformed 

state of the body. This leads to the Aimansi strain measure (sometimes 

called the Eulerian strain measure due to the fact that it is referred 

to an Eulerian coordinate system), 

E 
■ ' (^) } ■ <ççV)* - <rrV)s + .ccE(n')2 

E 
(1.10) 

where 

" u*ç " etc. 

Vf “ * “V11’,' - v,rV,r " w,rw’r’ etc* 

(1.11) 
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There have been many other strain measur« suggested r9]. For example: 

Swainger's Measure: 

ds 
ds 

Kuhn's Measure: 

Wí - SM 
Simple Strain Measure: (stretch) 

sim ds' 
ds 1 

and the Ludvik-Hencky Strain Measure: 

LH . , ds' í ■ fn -— 
ds 

(1.12) 

(1.13) 

(1.14) 

(1.15) 

The Ludwik-Hencky Strain Measure has become very popular in the large 

deformation theories of metallic solids. With these materials a linear 

relationship may often be assumed to exist between true stress and 

Ludwik-Hencky strain ([10], p. 76). 

It can be seen fron the above that the strain definition is really 

quite arbitrary and may often be chosen only to simplify the consti¬ 

tutive relation. For the purposes of this treatise, since it is planned 

to obtain a constitutive relation from experimental data, there is no 

immediately obvious preference for any one strain measure. Therefore, 

the fundamental quantity ds'/ds, the total extension, will be used. 

Defining Xt as the total extension, equ. (1.6) becomes, 

. 2 

Xxxf + + xzzn + 2Xy2mn + 2xz*xn' + (1.16) 
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where, 

X t - ?.J; - (l-Ki. Ji:+(v. )2+(w. )2 - 1 + 2t L 
XX - ' X ' X = ' X ' 'X' 'X' ' ' X' 

2 » e* 2 _ 

XX 

L A“5 ■ 5:, ^ +r, 2 +C, 2 “ (1+v, )2 + (u, )a+(w, )2 - 1 + 2t 
yy y y y y y y yy 

A 3 ■ ? 3 
ZZ % - “ (i-Ki, r+(u r+(v, r -1 + 2e ^ 

Z Z Z Z Z Z zz (1.17) 

X “ ?i +T. r, -tÇ, T, ■ w, +v, +u, u, +v, V, 4w, w, 
yz y z y z ’y z y ’z ’y ’z 'y ’z ’y ’z 

Xzx " -z^'x-'z X ^'z^'x 'X 'z ■’x ’z ’x 'z ”’x ’z “ w.u..y,.-+^. w. 

\y " ^x-y^V’y-^xS “ U’ y^’ x+U’ xU’ y^’ xV’ y^’ xW' y 

yz 

L 
Ezx 

L 
xy 

The square of the total extension, X^.2. is a symmetric tensor. 

By diagonalizing A ^ , (expressing it in terms of a principal axis 

system) it is possible to determine its three invariants. The 

diagonalization process leads to the following set of three homo¬ 

geneous equations: 

(X 2->2 )/ + X 2m + a 2n - 0 
XX xy *zx 

X_/ + ft.f-X2 )m + X 2n - 0 xy yy yz 
(1.18) 

xzV+ Vzm + (xz;-x2>n“0 

where X8 Is the eigenvalue of Xj.3. 

Since the trivial solution, /■sn-n-O, violates the first of (1.3), 

equations (1.18) are satisfied only if 

a3)3 - Ii (A2) + tA2 - Is - 0 (1.19) 
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where 

X +X ; +x ; XX yy ^zz 

h 

XxxXyyXzz‘XxxXyz"X>TXxz"Xz¡Xxi+2)xÍrXx2Xy2 

(1.20) 

The roots of equ. (1.19), \x , ^ and Xg , are the principal extensions. 

They are independent of the orientation of the cartesian axis system. 

The coefficients, I,, i, and L, , are, therefore, also independent of 

the axis system orientation and are the iuvaiiants of the deformation. 

In tenus of the principal extensions, they become 

h 

h 

X? + x^ + xj; 

xixl + xixl + x^x1! 

xMx.i, 

(1.21) 

It can ba shown [6], chat the Invariants of the Lagranglan .train, 

L 
* , are: 

« t L* L-K L 
XX yy zz 

IeL - € Li L-K Lc L-K L£ L 
XX yy yy zz zz£xx Ï(vT + (‘xaL)2 + (‘yt)2] (1.22) 

^ ■ ‘xx’yySr ' «[‘^(‘yr) + *yj(>^) + 

Since both the ij's and the 1/. are lnv.rl.nts of the 

deformation they should be dependent. This can be proven by relating 
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the terms of t to those of X2t through (1.17) and then eouating like 

terms in (1.20) and (1.22), yielding 

I,L mlkz21 
1 2 

^ -^(^-3) - a-3)] 

^ ■ (^-3) + di-3)] 

2. THE STRAIN ENERGY DENSITY AND THE 
RESULTING CONSTITUTIVE RELATION 

Throughout this report it is assumed that the material is elastic, 

homogeneous and isotropic in the undeformed state. 

For an elastic material, the work required to deform the body, 

which is equal to the internal strain energy, is a function of only 

the total deformation. This can be expressed as a strain energy per 

unit undeformed volume (strain energy density), 

W ^xx’^yy^zz’^xy'^yz’^jjx) (2.1) 

Due to the assumption of initial isotropy, there is a further 

constraint on the form of the strain energy density. W must be 

independent of a coordinate rotation. It is therefore convenient 

to exprese* W in terms of the three independent strain invariants, 

Ii, le and I,, which are unchanged by a coordinate rotation. 

W " V1 ^xx'“-’^** ^ ^xx'-'-’W’ 10 ^xx’-'-'W) (2'2> 
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The differential change in the strain energy density caused by 

a differential change in displacements is derived by Novozhilov ([6], 

chapt. Ill) in terms of the Lagrangian strain as 

dW “ *d£ L‘to *d‘ L-*0 L XX XX yy yy zz zz xy xy yz yz zx zx (2.3) 

where the "generalized stresses" referred to the dimensions of 

an element of volume before the deformation, are defined, 

(no summation) 

with, 

and 

ij 
* 

h 

ej ” xjj ' 1 (no sumnation) 

(2.4) 

(2.5) 

si _ 

st , i+i Xi-i,i-i ' X\.Xi i+) (2.6) 

The indices of (2,6) are cyclic (1231?^ \ j v-ytiic and ct1j are the 

true stresses referred to the deformed element. 

By Integrating equ. (2. 3) the work perfomed In the defomatlon 

of an Initially reetengular elementary parallelepiped with the aide. 

<lx,dy,dt (referred to ita volume In the undeformed state) can be 

expressed as, 

”-j 

L 

, * L (c dc L +. 
L XX XX 

* ij"0 

* I 
.+c d£ L) 

ZX zx7 (2.7) 

since the material la Ideally elastic, the Integral (2.7) should 

be independent of the path of deformation and the Integrand a total 
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differential. This leads to the relationship, 

* - _JW 

ck ij . L (2.8) 

ij 

Eliminating and from (2.4) through the use of (2.5) and (2.6) 

yields, 

j-— . Ü ’ _ .4 

_ * _ V i+1. i+1 A i- 1. i- 1 A i-1. 
ij X,. - 

i+1 

ij ij 
(2.9) 

Since e is a synmetric tensor, equ. (2.8) implies that 

* * 
m ~ 

ij aji (2.10) 

However, in view of equ. (2.10), equ. (2.9) implies that 

"ij ’‘‘’ji (2.11) 

a. Constitutive Relation for a Compressible Material 

Through the use of the chain rule, enu. (2.8) can be rewritten 

* c>W dX. 
__Li 

^ H L àx 
(2.12) 

since for set values of i and j, it can be seen from (1.17) that 

£ij * f<V only* Differeniiation of (1.17) yields 

thi 1 —II— II mt at .. 

d‘l) 

(2.13) 

Again through the use of the chain rule, ÒW/ÒX^ can be put in the 

form, 

16 



(2. 14) 

¿k_ + ÓW_ ÓJa^ ^ ÓW_ Ofc 

^ij ^ ^ ^ij ^ 

The terms, can be evaluated by differentiating (1.20) wi 

respect to X.j, 

th 

dl 

ij 
2xi/i) 

f 2> 

ij 
ijt6i)(XH i, J+i +Xi.1>j. ! +2Vij)"2rijj (2.15) 

^'2Xij{6ij(- j-i ' 'i-i.j+i + j+1) 

2Xi+i, j+iXi-i, J-i " 2XijXi-i, j+i} 

Therefore, using eouations (2.13), (2.14) and (2.15) to eliminate 

dXij/dtiÏ and from equ. (2.12), the constitutive equation in 

terms of the strain energy density function for a general impressible 

solid becomes, 

cij ■ fi +i 

+ 2>i+i, j+.ri-,, j. ,, )+,¾} 

oW 

(2.16) 

For the determination of valid forms of the strain energy density 

function, it will be sufficient to consider only pure homogeneous 

straining. This type of deformation causes no rotation of the principal 
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axes of stress and extension. However, the obtained form of W can 

later be applied to non-homogeneous straining since a rotation of 

principal axes does not affect the form of the strain energy density 

function. 

The above considerations allow considerable simplification of the 

constitutive equations (2.16). The inequality (2.11) is now untrue. 

The true stress tensor, Cjj> becomes symmetric, since areas that were 

mutually perpendicular in the undeformed state always remain perpen¬ 

dicular. Since there is no rotation of the principal axes due to the 

deformation, it is sufficiently general to formulate the constitutive 

equations in terms of principal stresses and extensions; and 

respectively. Equ. (2.9) becomes 

i i 
(2.17) 

and the constitutive equation (2.16) can be written 

2 V, 

1 XiXi-K 

Í_rÒW_ / 2 2 \ÒW_ ^ /, Í \ÒW_1 
(2.18) 

or, noting the definitions of the invariants (1.21), 

I, 0W_ 

Vi 
+ k 

ÒW - 

àk- 
(2.19) 

b. Constitutive Relation for an Inrcmpresalble Material 

A material is considered incompressible if upon straining the 

volume of every element of the material remains constant. This 

property seems to be exhibited in most high polymeric materials 

above the glassy state transition. This assumption of volumetric 
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constancy can be expressed mathematically by the relationship. 

final volume 
initial volume (2. 20) 

Consequently, L, is no longer variable and equ. (2.2) beoríes 

W = ‘{il (h.hA,) , (2.21) 

where X^Xp and x., are no longer independent variables, since they 

are related through the constraint equation (2.20). 

If the material is incompressible, there is no defomation 

caused by a hydrostatic loading. Therefore, the strain energy is 

indeterminant by a tetm that will result fr«, pure hydrostatic stress. 

This indetenninancy can be circumvented by expressing the constitutive 

relations in terms of the stress deviator, the only part of the stress 

that causes deformation. 

The stress deviator is defined, 

1 
Sij = °ij ' 3 6ijaii (2. 22) 

where 

■ I ^ 
i*l 

Therefore, equ. (2.22) can be rewritten i 

i=j 
(2.23) 

in a system of principal axes as 

i' (2.24) 
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The constitutive equation (2.19) becomes, m terns of the stress 

deviator, 

-JL . J ), aw i 
01‘ Vxi ri+1 »TT^acI 

(2. 25) 

and applying the condition of incompressibility (2.20), eqv\ (2.25) 

becomes 

5 • -HK - ^ 
(“i vl-, + - 2'i; 12 i^îLl 

'l+i 2"l; (2.26) 

Equations (2.26, aro tho constitutivo o,ustión, for an Initially 

isotropic, elastic, incompressible materia under homogeneous straining. 

Ihey can be shoun to be identical to those derived by Rivlln ([11], equ. 

(6.5)). For small strains. (2.26) should reduce to Hooke's law fo- an 

incompressible material, which can be written 

2 

as 

Si “ 3 Eei 

where e^, the strain deviator, is defined as 

ei ‘ ’i+ie 

(2.27) 

(2.28) 

and 

L _ .L 
i 

1-1 
(2.29) 

For small .trains, . 0 and therefore (2.27) become* 

ai -i (2. 30) 
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Equ. (2.26) can be rewritten, 

t., 
(2.31) 

or through the use of (1.23) and (1.17), 

s • (2^)¾ 

[(^L+2i‘L+3) • (2. 32) 

As the strains are made small, terms oí 0(tL¿) can be neglected and 

the incompressibility condition becomes, 

« 0 
(2.33) 

Therefore, equ. (2.32) be comes, 

'i ■ IK 
oW 

0¾ 
L „ 

f “0 

ÒU 

die 
eL-0 

L 
^ J * i (2.34) 

Comparing (2.34) with Hooke's law (2.30), the condition that they 

identical for small strains can be written, 

are 

ÒW 

ôli 
»0 

ÒW 

òh 

“Ip =0 

E 

6 (2.35) 

where E, the elastic modulus, should now be thought of as the slope 

of the uniaxial stress versus strain curve at zero strain, 

i£_ 

^ L ot 
(2. 36) 

iL-0 

Equation (2.35) establishes one condition for determining the 

strain energy density function. It seemed that an additional conditi 
on 
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could be obtained by equating the strain energy of the Hooke's law 

formulation with that of (2.26) at small strains. This, however, is 

not a valid procedure. This can be readily seen if one considers the 

un.axial a versus eL curve for Hooke's law and for a non-linear law. 

(Fig. 3). While it is true that the slopes of these curves approach 

the same value as tL-0, it is certainly not true that the areas under 

the curves (the strain energies) are equal unless the curvature of the 

non-linear curve is zero as t^-0. 

Any additional conditions for determining the strain energy 

density function must be found by matching with experimental data. 

3. DISCUSSION OF STRAIN ENERGY DENSITIES 
PROPOSED IN THE PAST 

Upon an examination of the conditions imposed on the form of W 

for an incompressible material, as were stated in the previous section, 

it was concluded by Treloar ([12], p. 154) that "the most general form 

of the stored-energy function for an incompressible isotropic elastic 

material may be expressed as the sum of a series of terms involving 

powers of (^-3) and (Ip-3)". 

CT' 

“‘I ai) 
i=0,j-0 

where (Ix-3) and (]p-3) vanish for zero strain and C «0 to insure 
oo 

that W ■ 0 at zero strain. 

In this section, equ. (3.1) will be used to present some of the 

proposed strain energy densities. In this presentation, the ranges 

of validity and the shortcomings of each theory are critically dis- 
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cussed. It l„ shovm that „ ,8 glven ¡n (3 1} seras to far 

restrictive, 

a. Statistical Theory 

Trelosr [13] found, by applying Gaussian statistics to a simple 

model of a netwotk of long chain molecules, that W can be expressed as 

(3.2) 

This form «mid seem to be a reasonable first order approxlmstion to 

(3.1). Using (3.2) the constitutive relation (2.26) becanes, 

s * —C (2\s ~\z -i2 \ 
i 3L10uxi xi-r*1+1) (3.3) 

Physical significance can be given to the constant, C^, if it 

is considered that for small strains, (3.3) should reduce tl Hooke's 

Uv for incompressible msterial. Applying e,u. (2. 35) yields, 

C ’I i o 6 

IO s subseouent report ru], Treloar tried to verify this theory 

with experiments perfonsed on various rubbers. By a proper choice of 

the constant, C he was able to obtain reasonably good correlation 

between experiments and theory in a small range of deformations for 

uniaxial and equi-bi.xlal tension of a sheet (see Figs. 6 .„d 5). 

However, it became quite apparent from an examination of the experi¬ 

mental result, that the theory did not yield good correlation with 

experiment, at the large strains encountered with neoprene balloons, 

b. ' Mooney Theory 

Mooney [15] noted that in the simple shear of a cuboid of rubber, 
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the shear stress was directly proportional to the shear angle. On 

the basis of this observation, he hypothesized a stress-strain law 

that is equivalent to assuming a strain energy density function of 

the type : 

W - C^di-3) + (Iß-3) (3.5) 

Using (3.5), the constitutive relation (2.26) becomes 

'i ■ 1(2^ ■ >:i-. - x¡iJc.o 

+ (¾ +XW+I - (3'6) 

I£, as with the Statistical theory, (3.6) reduces to Hooke's 

law as the strains are made infinitesimal, then equ. (2.35) yields 

C + C i o oi 
E 
6 

(3.7) 

Condition (3.7) together with a matching procedure with experimental 

data determine the values of ^ q and Cqi for any particular type of 

material. 

The Mooney form for the strain energy density function has been 

used by many theoretical investigators in analyzing problems in large 

deformation elasticity, since it is a higher order theory that still 

maintains a certain amount of mathematical simplicity. However, as 

early as 1951 [16] (also [12] p. 164, [17] p. 299), it was pointed 

out that although for uniaxial extension and simple shear the Mooney 

assumption is not a bad approximation for X-3, it gives very poor 

correlation with biaxial tension experiments and experiments in pure 

shear. 
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C. Three Tenn Theory 

Both th. Statistical and the «coney theories are successively 

higher order expansions of equ. (3.1) which is truncated at an 

arbitrary point. it would se„ that there should be s™ logical 

-ethod by Which one could determine where to truncate this series. 

Since equ, (3.1) is an expansion in \ it wmiin 
Ait would seem that retaining 

only terms of the same order in > would h* a 
\i would be a consistent method of 

truncation. 

If only terms oi 0(,^, are retained in (3.1). the strain energy 

density becomes, 

Cio(Ii'3> o«!-3»1, +c01(le- 3) 

where (1,-3, - 0(^). (bof -0^,. a-3, = 0().,. T 

constitutive equations (2.26) become 

5i ‘ t^'i^l-t-'kÏSo^S.o”'-3)] 

Applying condition (2.35) at rnnall strains yields 

C + C » 
10 01 6 

(3. 8) 

(3.9) 

(3. 10) 

Treloar [14] perfomed experiments on thin sheets of an 8¾ 

sulphur rubber subjected to uniaxial and egui-blaxi.l tension. The 

Statistical theory predict, the results of these experiment, with a 

— de8ree^!^Lin a "-11 »"Be of defotmations with a proper 

* It is of interest to note that TsïhTZ ^ ^ ^ —-- 
found this same form for W using network ^hitSun,e and Tatibana 
statistics. ^ thf^ry with a non-gaussian 
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choice of the constant C o. The Mooney theory predicts the results 

of the uniaxial experiment better than the Statistical theory but is 

not as accurate for the biaxial experiment. In order to determine 

the validity of equ. (3.8), the constants C , C and C were 
10 2 0 oi 

evaluated by comparison with the above mentioned biaxial experiments. 

The results are compared with the predictions of the Mooney and 

Statistical theories. 

For eaui-biaxial tension of a thin sheet in the 1 and 2 directions, 

it is assumed that a state of plane stress exists. Therefore, 

ai "°b ; °3 -0 ; X! « « xb (3.11) 

and by the incompressibility condition (2.20) 

}•* “ —— = 
Xi\? (3.12) 

The constitutive relation (3.9) becomes, 

2(xb - îÿho+ + •3)+ vt} (3.13) 

The condition at small strains (2.35) can be used to eliminate one 

of the constants from (3.13). The remaining two can be evaluated by 

choosing two experimental points , and , X^ and expressing 

(3.13) as two simultaneous linear algebraic equations in the two 

remaining unknown constants. 
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Equations (3.14) were solved, yielding the values; c o « 8.0fi Kg/cnf , 

C2o - 1.035 Kg/ciri and ^ -4.133 Kg/cn,^’. Figure 4 clearly shows 

that with these values of the constants, the three term theory gives 

correlation with experiments. 

For tho uniaxial stretching of a thin atrip. It la aa.umed that 

; o, -eu ; X, . xu (3 i5) 

and by con.lder.tlons of laotropy and the inconprea.lblllty condition 

(2.20) 

(3. 16) 

Therefore, the constitutive relation (3.9) becomes, 

Cu = 2(}S ' f’W0 + 2C (\V + — - 3^)+0 — u Vu \uAio ?oVu X„ 3y + C0U . (3.17) 

If the theoretical cun/e obtained by evaluating (3.17) is compared 

with the experimental results, the Statistical theory and the Mooney 

theory (Fig. 5); it is obvious that the three term theory is by far 

a much poorer representation than either of the other two. 

Obviously, the three term theory strain energy density equ. (3.8), 

is not as good an approximation, for all types of deformation, as 

those of the Statistical (3.2) or Mooney (3.5) theories. If (3.1) is 

re-examined it is realized that an expansion is being performed in 

powers of xi( a quantity greater than 1. Convergence cannot be proven 

for a series expansion of this form. it is therefore impossible to 

decide a priori which terms should be included and which terms elimi- 
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nated. This question must be resolved experimentally, (see [5], p. 118). 

d. Biderman Theory 

Bidennan fl9] has suggested a W of the form, 

W ■ Clodi-Î) + ^„«.-3)" + C0Ui-3)' t C01 0,-3) (3.18) 

Where higher or8er renes ln I, ere retained while terns of higher then 

first order ln I, ere neglected. This leads to constitutive equations 

of the form, 

(3. 19) 

Using experiments performed on an 87. sulfur rubber, the same 

material used by Treloar [14], Biderman [19] evaluated C C C 

o’ a o’ (î o 

ai rQi obtaining the values; C ^1.9 Kg/cnf, c q--0.019 Kg/cnf, 

C o-A.ôxiQ-4 Kg/cnf1 and -0. I Kg/act . Very good correlation is 

exhibited between experiment and theory for uniaxial tension, 

uniaxial compression and plane strain of a thin sheet (pure shear). 

However, if equ. (3.19) is evaluated for the equi-biaxial stressing 

of a thin sheet, a comparison with the experiments of Treloar shows 

poor correlation (Fig. 4), indicating that this form for the strain 

energy density function does not seem to be valid for all types of 

deformations. 

e. Thomas' Theory 

In an attempt to obtain a more accurate form for the strain 

energy density function based on a statistical theory, Thomas [20] 
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proposed for the form of W, 

W 
M 1 *2 /C 

F(k,a) 

where 

C - 1 . ¿Ay 
*” 

F is the elliptic integral of the first kind 

; sina » /c 

and 

(3.20) 

D « 1 - 
\P 

This form for the strain „„orgy dons tty function does give better 

correlation with experiment, than the Statistical theory derived by 

Treloar. It ,s 0„lte elegant in that it is derived from a consider¬ 

ación of the microscopic structure. Hovever, its complicated fo™ 

™.kes It unsuitable for analytical analysis. Conseouently. it has 

seldom been used. 

f. Rivlin-Saunders Theory 

Recognizing the shortcomings of the various proposed form, of 

the strain energy density function, RlvU„ .„d Sau„der5 [16] 

e very cmsp.ete series of experiment, using two different type, of 

vulcanized rubbers. They found, assmting Incompressibility, that 

Wl, 1. substantially a constant (a function of „either 1, „„r 

U sud that dW/d, is independent of 1, but varies with ,. before 

S strain energy d,nslty f„„cti()n was propoKd ^ ^ ^ 
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(3.21) 
w E C! (Ij - 3) + fdp-3) 

where the function of L-3 is to be determined by experimentation. 

With this form of W, the constitutive relations (2.26) become. 

3i ^(2ri-vi-rri+> +(v^+VW2Vi-..v;)i 

Equations (3.21) and (3.22) are more comp.icated than their 

counterparts for the Mooney and Statistical theories. However, it 

seems that If a reasonably simple fon. tan be found for the function 

((1.-3). this form will be amenable to analytical solutions for a wide 

range of deformations and stress configurations. To the author's 

knowledge, this possibility has been exploited only once in the past. 

Gent and Thanas [21] proposed a form 

(3.23) 
ò f ( lo - 3 ) l*. 
^L ~ j (¾ * constant) 

Which was suggested as an empirical approximation to the theory of 

Thomas [20] described in the previous section. 

The finding of a form for ^-3) certainly deserves further 

research since it has been found by various investigators that equ. 

(3.21) seems to have wide spread application in specifying the elastic 

response of many different high polymeric materials [22], [23]. 

4. EXTENSION OF THE RIVLIN-SAUNDERS THEORY 

To express the strain energy density function in the form (3.21) 

it is necessary to evaluate q and 1(1^-3). It will be shown in the 

following, that £(^-3) can be expressed as a simple function that 

has the same basic form for many different natural and synthetic rubbers. 
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one of eh. heel, ehoreecing, of „.„y of eh. prevlou.l, „«..„ted 

cheorlea 1. ehet when the .tree, field chengee, the cho.en foe. w 

often beconea a poor epproxtaaelon. Since it 1. the porpo.e of thla 

treat to aoW. prob!«. r.Utad to baUoon .„.ly,u, it ^ d..Ir.M. 

to have a theory that la accurate for all „enbrane probl«., regardlea. 

Of the biaxial aerea, ratio. Con.«q„,„tly, it „a, decided to evaluate 

Cj and f(¾-3) in the following manner. 

For uniaxial atretchlng of a thin atrip, relation. (3.15) and (3.16) 

ore applied to the constitutive equation. (2.26) yielding 

Equ. (4.1) can be rearranged to solve for òf/ò^ as 

(4.1) 

(èL.'] 
- CiX Kòl*i " 7x - ^ -u 

\ u y 
(4.2) 

u 

and by (1.21) the second invariant can be expressed as 

u u X‘ 
u (4.3) 

For equl-blaxlal tension of a thin aheet In the 1 and 2 direction., 

relatione (3.11) .„d (3. i2) .re .ppU,d t<) thc co„stltutlve .qu.tl<>n5 

(2.26) yielding 

°> ■ It) (4.4) 

Afl with the uniaxial case, a rearrangement of (4.4) results in 

31 



(4.6) 

and by equ. (1,21), the second invariant can be expressed as 

If (3.21) is a valid expression for W, then for some value of q , the 

curve of (òf/ôlp)^ versus Ip should be identical with (of/òlp) 
D u 

versus L . 
u 

Computer programs were written for evaluating the curves of 

(òf/oIe)u versus and (òf/òlc)b versus for a large range of 

values of (^. Using the results of a series of experiments performed 

by Rivlin and Saunders ([16] p. 274) on thin sheets of a natural 

vulcanized rubber designated as type B, it was found that for 

C! 1.18 Kg/cJ the experimental points follow the same basic 

curve. (Fig. 6). This curve is qualitatively the same as is presented 

in [16] and [22]. It was found that a transposed hyperbola gave an 

excellent fit to this curve (Fig. 6), yielding 

òf _ C= 
+ ^ <4-7) 

with (¾ ■ 0.979 Kg/cnf , y “ 1.519 and C, ■ 0.055. Integrating equ. 

(4.7) and substituting the result into (3.21) leads to a strain 

energy density of the form, 

w « q (ij-3) + q/pT (ig-3) + y] + q (ic-3) + c5 (4.8) 

* Rivlin and Saunders found a different value of q (1.28 Kg/cnf). 
However, they mixed the results of two different types of rubber (A 
and B). As is evidenced by Fig. 7, at q-1.28 Kg/cm2, (Òf/ÒL, )L 
does not coincide with (òf/òlp ) . b 



The constant can be eliminated by prescribing that W-0 for zero 

strain, 

0 = Q>in(y) + c5 

Therefore, 

C5 = -Cpin(y) 

and equ. (4.8) becomes 

(4.9) 

(4. 10) 

(1,-3) + 4,n(ii^)+ 0,0,.3) (4.U) 

The constitutive relations (3.22) become, 

s¡ ■ IK-» 1.,-»%,)^ 
+ ("i* i-+ ^)} w-12) 

Using (4.12) tn s„lve the problems of uniaxial and equi-blaxi.l tension 

«S above, the theoretical solution can be compared „1th the experimental 

results (Figs. 8 and 9). As a means of comparison, the Statistical and 

Mooney theory results are presented on the same figures. Quite obviously, 

this form of the strain energy density function yields much more accurate 

results than any of the preceding theories. 

The above procedure was also applied to the experiments of Treloar 

[14]. The constants were evaluated a, : q = 1.50 Kg/cmf, q - 1.23 Kg/cnf , 

V - 1.785 and q - 0.055 Kg/cnf. Again using equ. (4.12) to solve the 

problems of uniaxial and equi-biaxial tension, the resulting stress- 

extension curves are presented on Figs. 4 and 5. For equi-biaxial 

tension there is excellent correlation with experiments in all ranges 

of deformation. For uniaxial tension the theoretical curve falls below 
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the experimental points for values of \u larger than 5. This is due 

to severe deformational anisotropy that cannot be represented within 

the framework of the assumptions of this theory. 

The right hand side of equ. (4.12) can be expressed as a di¬ 

mensionless function of extension multiplied by an initial elastic 

modulus. Defining as the shear modulus 

E 
^ “ 3 (4.13) 

equ. (2. 35) can be expressed as 

2 (Ci + + (¼ ) - n (4.14) 

The constants q, q and q can be non-dlmenslonal Ized in the form, 

- 2Ci 
ci n i-1’2'3 (4.15) 

Therefore, the constitutive relation (4.12) becomes. 

'1 ■ 

+ + '<0} (4.16) 

and the strain energy density function can be expressed 

W - (Ij-3) + + (4>17) 

5. HART-SMITH THEORY 

After the conclusion of the research described in the preceding 

sections, it was discovered by the author that another theory for the 

elastic response of rubber-like materials has been proposed by Hart-Smith 
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[24], [25], Recognizing the shortcomings of the previously presented 

theories, Hart-änith decided to elaborate upon the strain energy of 

the theory of Gent and Thomas [21] by assuming their form of £(^,-3), 

equ. (3.23), and finding a form of ÒU/ÒI, different from the constant 

q. Using the experiments of Treloar [14], it was found that up to a 

value of Ii “ 12, òV/ò^ is essentially a constant. For Ii->12, òW/òl 

increases with increasing 1,. It was assumed therefore that the 

partial derivatives of the strain energy density with respect to the 

strain invariants could be expressed in the form 

. Ge^di-i)2 . àw_ .Ä. 
ÔI1 Olp Ip (5.1) 

These are referred to as the exponential-hyperbolic elasticity 

parameters. Using equ. (5.1), the strain energy density function 

becomes, 

W - G|Jekl (I>-3> dlx + Mn(i)) 

which yields the constitutive relations, 

(5.2) 

“t "K ekl(I‘-3)“ + 

Using Treloar's experiments, the constants of equ. (5.3) were 

evaluated as; G - 1.60 Kg/cnf 1¾ - 0.00028 and kp - 1.2. The probl 

of uniaxial and equi-biaxial tension were solved and the resulting 

(5.3) 

ems 
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stress- extension curves are presented on Figures 4 and 5. For the 

equi-biaxial tension experiment, the theory seems to be very accurate 

up to Xb - 2.6. From there on it falls below the experimental points. 

However, for very large strains it seems to follow the trend of the 

experimental results much better than the results from the extended 

Rivlin-Saunders theory. For the uniaxial experiments the Hart-Smith 

theory is obviously superior to any of the other theories considered. 

Even though it predicts values a slight bit above the experimental 

values for most of the range of deformations, in the upper r^nge ^ 

obviously yields much better correlation with experiments than all 

previous theories. 

The reasons for the superiority, as well as the deficiencies, 

of the Hart-anith theory can be readily explained through a discussion 

of Figs. 10 and 11. in these figures, ÒW/ÒIi, ÒW/ÒIe and their 

characteristic ccxnbinations are plotted versus extension for the 

uniaxial and equi-biaxial loading situations along with the experi¬ 

mental values obtained by Treloar. An examination of Fig. 10 indicates 

that due to the more complicated form of ÒU/òh from the extended 

Rivlin-Saunders theory, it yields a better correlation with experiments 

than the Hart-änith theory up to moderate values of deformation. 

However, in the range of large deformations 0u>3. 5), the Hart-Staith 
D 

theory due to the more compile»ted form of ÒV/ÒI^ shows better corre¬ 

lation with the general trend of the experimental points. An ex¬ 

amination of Fig. 11, the uniaxial case, brings one to exactly the 

same conclusions as those reached for the biaxial case. 
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It would seem auite logical at this Juncture to propose a strain 

energy density that would yield the form of ow/ol, of the Hart-Smith 

theory and the font of IWoI, oi the extended Rivl in-Saunders theory. 

Such a strain energy density would probably yield a more accurate 

representation of the material considered than any of the above theo¬ 

ries. However, its complicated form and the necessity of evaluating 

five material constants would almost definitely negate the small gain 

in accuracy ove.- the Hart-anith theory for the 87. sulfur rubber. It 

will be shown in the next section, however, that for neoprene balloon 

film a combined theory is necessary. 

6. EVALUATION OF THE CONSTANTS OF THE EXTENDED 
RIVLIN-SAUNDERS CONSTITUTIVE RELATION FOR 
NEOPRENE BALLOON FILM AND THE DEVELOPMENT OF 
A COMBINED EXTENDED RIVLIN-SAUNDERS HART-SMITH 
CONSTITUTIVE RELATION 

In the preceding sections the theory of large elastic deformations 

was developed and forms for the strain-energy density function were 

found that seem to represent very well the response characteristics of 

natural rubbers. It remains now to discover whether or not these laws 

will apply with similar accuracy to a commonly used meteorological bal¬ 

loon material. For this purpose, experiments were conducted with 

spherical neoprene day balloons. These balloons, made of unplasticized 

neoprene had nominal undeformed diameters of nineteen inches and nominal 

skin thickness of 5 mils. 

a. Uniaxial Tension Experiments 

Ip order to determine the mechanic«! propertle. of the neoprene 

film In uniaxial tension, strips six Inches long by one-half Inch wide 
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were prepared. Their thicknesses 
were measured with a micrometer 

calipers. Bench marks, two inches apart, were drawn on the central 

region ox each sample. This test area was sufficiently small to 

eliminate end condition effects without loss of experimental accuracy. 

The samples were hung from a rigid upper support with dead load weights 

hung from the lower clamp. The weight was varied from .ero to one 

hundred and twenty grams with measurements of length. £, width, b, and 

thickness, h. made at each weight. Also, each sample was loaded twice 

to determine ii results were reproducible and if the material is 

o- The material was found to exhibit an almost perfectly elastic 

response. 

Fran these measurements it was possible to determine the three 

principle extensions, which can be expressed as 

\ m m Í_ ■> _ h b 

u Ai ’ Xs h • ^ “ r (6-1) 
0 o o 

where the ( quantities correspond to the undeformed state. The 

assumption of incompressibility can be stated as 

^ XsXa “ 1 (6.2) 

The validity of equ. (6.',> for this material is verified by the 

experimental results from one of the strips (Fig. 12). 

The true »tress, ou, Is defined, through force equilibrium In 

the 1 direction, as 

where F is the uniaxial force and 

A - bh 

the deformed cross-sectional area of the strip. 

(6.3) 

(6.4) 
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Eliminating A through the use of (6.2) and (6.1), (6.3) becomes 

= b h Xu 
O o 

(6. 5) 

Using (6.1) and (6.5), the experimental results can be represented as 

points on a curve of au versus \u (fig. 13). 

b. Equi-Biaxial Tension Experiments 

The equi-biaxial tension response characteristics were determined 

by inflating the spherical balloons. Crosses were drawn „„ f„ur dif. 

ferent sectors of the balloon. « each Inflation pressure the lengths 

of the cross branches were recorded with a vernier calipers. The 

circumferential extension can be defined 

X, 
(6.6) 

where a is the arc length of the cross branch on the deformed balloon. 

The circumferential stress, ab, can be found by consideration of 

the force equilibrium equation in the radial direction, 

23 
2h (6.7) 

where R is the deformed radius of the sphere, h is the deformed 

thickness and p is the pressure difference across the skin. Practical- 

ly. it is extremely difficult to measure the ^ ^ ^ 

experiment. The need for this measurement is eliminated by the incompressi¬ 

bility condition (2.20) which can be expressed as 

- s \2 h 

(-) - ^ Xs / h o 

Equ. (6.7) can then be rewritten, 

(6.8) 
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(6.9) 

PR 

2h 

R / 

r(f) 

If the balloon exhibits homogeneous straining, 

(6.10) 

However, this was not the case. It was necessary to measure the 

radius separately. 

Experiments were performed on two different spheres, each with 

four equally spaced crosses, yielding eight sets of experimental 

results. These were averaged and are presented as points of a 

curve of rrb versus ^ (Fig. 14). 

c. Application of the Extended Rivlin-Saunders Theory 

As was done for naturel vulcanized rubber in section 4, (òf/ciL, ) 
^ /b 

versus and (òf/ÒJe)^ versus were evaluated for a large range 

of values of Cj . It was found that for q - 17.00 psi the experimental 

points follow the same basic curve (Fig. 15). Fitting equ. (4.7) to 

this curve yielded the values of the constants as; (½ “ 19.85 psi 

y ■ . 735 and C, *« 1.0 psi. 

As with the natural rubbers, equ. (4.12) was used to analyze 

the situations of uniaxial and equi-biaxial tension. These theoretical 

solutions are presented in Figs. 13 and 14. The correlation between 

theory and experiments is quite good for *^3.5 and W6 indicating 

that this theory yields an accurate representation of this particular 

balloon material in that range of extension. For very large extensions, 

it is obvious that this theory is not valid. However, an examination 

of Fig. 15 indicates that Hart-Smith's theory will yield very poor 

results in the region of moderate strain, (note: the points plotted 
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in Fig. 15 are valid up to 1,-3 ^ 50 for the biaxial experiments 

and Ig-3 ^ 5 for the uniaxial experiments for correlation with 

Hart-änith's theory, since ÒV/ÒI, remains approximately constant in 

these ranges of deformation). 

d. Combined Extended Rivlin-Saunders, Hart-Smith Theory 

It appears that a strain energy density function yielding the 

dW/ai, of Che Hart-Smith theory and the 011/,1¾. of the Extended 

Rlvlln-Saunders theory ulll be most accurate in specifying the 

response of neoprene bslloon film. Such a strain energy density 

function is: 

+ + «, (Ie. 

or in dimensionless form 

3) (6.11) 

V dr. + c¿ín(-Ü^±f) + c, d,-,. (6.12) 

The constitutive relation becomes, 

*1 

+ ^1-, ^1+.)(7¾^ -f c, Jj (6.13) 

Equations (6.11-6.13) reduce to those of the Extended Rlvlln-Saunders 

theory for k - 0 end to those of the Hart-Smith theory for y - 3 and 

Ç, - 0. Consequently, the combined theory 1. a more general theory 

than any previous theory and the results of all previous theories can 
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be obt.ln.d fr„, lt through a proper choic£ of conatints 

»»ins th. v,lue. of c, Ci, C, „d v obtaIned ln the previous 

»ection along with a value of k - 0 OOms ^ « 
0.00015, this theory was applied 

to the experiments presented in Figs. 13 and 14. There is excellent 

elation with experiments for all ranges of deformation. 
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Iv- CONCLUSIONS 

to analyze .„y engineering structure It 1, necessary to have three 

»at. of equations ; the equilibrium equations, the hlnematleal equations 

and the constitutive equations. The first too set. are easily obtained 

end «re previoualy available. Ho«ver, the constitutive equations for 

neoprene «re not previously developed for the deformation range needed 

for the analysis of balloons. 

In this report, the suggested constitutive relation, equ. (6.13), 

ha. been she« to yield an encellen, representation of the stress-strain 

characteristic, of neoprene balloon film for a large range of deformations. 

Ualhg (6.13) coupled with the appropriate equilibrium and klnematlcal 

equation., variou, balloon structures can „„„ be analyzed. These 

analyses will be presented in forthcoming reports. 
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APPENDIX 

DEFINITION OF SYMBOLS 

The symbols used in this report are defined below 

Symbol 

x.y, z 

P 
c 

U,v, V 

Definition 

Coordinates of a 
body 

point of the undeformed 

Coordinates of a point of the deformed 
body 

Displacement components 

ds 

ds' 

¿«ni'n 

s * / f 

l , m , n 

L 
( 

E 
€ 

S 
c 

k 
c 

sim c 

LH í 

ij 

^ # Is 

i, £ 

Length of an undeformed line element 

Length of a deformed line element 

Direction cosines of undeformed line element 

Direction cosines of deformed line element 

Lagrangian strain measure 

Almansi (or Eulerian) strain measure 

Swainger strain measure 

Kuhn strain measure 

Simple strain measure (stretch) 

Ludwik-Hencky (or logarithmic) strain measure 

Total extension 

Components of total extension 

Invariants of ^ 

Invariants of (L 

Dimens ion 

length 

length 

length 

length 

length 

Strain energy density function 
force per unit 
area 
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Symbol 

* 

a 
iJ 

Ô 
ij 

s 
1 

e 
1 

E 

Definition 

Generalized stresses 

True stresses 

Kroneker delta 

Principal stress deviator 

Principal lagrangian strain deviator 

Elastic modulus 

i 

h 

( ) 
o 

b 

F 

A 

s 

R 

P 

Pi * Q i Cj 

Y.k 

Uniaxial quantities 

Equi-biaxial quantities 

Shear modulus 

Length of uniaxial strip 

Deformed thickness of uniaxial strip 
and spherical balloon 

Uhdeformed quantities 

Width of uniaxial strip 

Force applied to uniaxial strip 

Deformed cross-sectional area of 
uniaxial strip 

Arc length or deformed spherical balloon 

Deformed radius of spherical balloon 

Pressure difference across the balloon 
skin 

Material constants of oaribted constitutive 
relation 

Material constants of conbined constitutive 
relation 

Dimension 

force per unit 
area 

force per unit 
area 

force per unit 
area 

force per unit 
area 

force per unit 
area 

length 

length 

length 

force 

area 

length 

length 

force per unit 
area 

force per unit 
area 

47 



UJ 
2 

O 
ü. 

i 



eformed body 

UNDEFORMED BODY 

FIG. 2 



FIG. 3 



E
Q

U
I-

B
IA

X
IA

L
 

T
E

N
S

IO
N
 

O
F
 

A
 
T

H
IN
 

S
H

E
E

T
 

8
%

 S
U

L
P

H
U

R
 R

U
B

B
E

R
 

F
IG

. 
4

 



200 

IÔ0 

160 

140 

120 

100 

80 

60 

40 

20 

O 
I. 

UNIAXIAL TENSION OF A THIN STRIP 

<7 (kg/cm2) 8% SULPHUR RUBBER 

O - TRELOAR EXPERIMENTS 

MOONEY 
THEORY 

EXTENDED RIVLIN- 
SAUNDERS THEORY 

2.0 3.0 4.0 5.0 60 7.0 

FI6.5 



R
IV

L
IN
 

T
Y

P
E
 

B
 

R
U

B
B

E
R

 

<£> 

* 

CVJ 

O 

00 

to 

CM 

O 

F
IG

. 6
 



R
IV

L
IN
 

T
Y

P
E
 

B
 

R
U

B
B

E
R

 

N 
E o \ 
o* 

M 

V) 
»- 

i W Í H 
OC Z 
UJ Ul 

ui cr 
ui 
o. 
X 
UJ 

< 
X 
< 
OD 

I 
5 
o 
Ul 

I 

< 
X 
< 

3 
I 

o e 

ro 
I 
CM 

o 

o 

00 
CNJ 

•I 

o’ 

CL_ 

o □ 

□ n bC| 

□ 

(O 

<M 

00 

(Í) 

CVJ 

00 
Ö 

(0 
d 

Tf 
o 

CM 

Ò 
CM 

Ò 
I 

F
IG

. 7
 



E
O

U
I-

B
IA

X
IA

L
 T

E
N

S
IO

N
 O

F
 

A
 T

H
IN
 S

H
E

E
T

 

R
IV

L
IN
 

T
Y

P
E
 

B
 

R
U

B
B

E
R

 

F
IG

.8
 



U
N

IA
X

IA
L
 T

E
N

S
IO

N
 

O
F
 A
 T

H
IN
 

S
T

R
IP

 
R

IV
L
IN
 T

Y
P

E
 

B
 

R
U

B
B

E
R

 

FI
G

. 9
 



EQUI-BIAXIAL TENSION OF A THIN SHEET 
8% SULPHUR RUBBER 

FIG.10 



UNIAXIAL TENSION OF A THIN STRIP 
8% SULPHUR RUBBER 

FIG. II 



N
E

O
P

R
E

N
E
 

B
A

LL
O

O
N
 

F
IL

M
 

F
IG

. 1
2 



I 

I > 

o 
Ö 

o 
ai 

o 
0Õ 

o 

o 

o 
IO 

q 

o 
ro 

O 
csi 

q 

m CM 

F
IG

. 
13

 



E
Q

U
l-
B

IA
X

IA
L
 T

E
N

S
IO

N
 

O
F 

A
 T

H
IN
 S

H
E

E
T

 
N

E
O

P
R

E
N

E
 

B
A

L
L

O
O

N
 
F

IL
M

 

O 

F
IG

. 1
4 



N
E

O
P

R
E

N
E
 

B
A

L
L
O

O
N
 

F
IL

M
 

/ 



unclassified 

DOCUMENT CONTROL DATA - R & D 
1-,S<CU,<,,, ^ -n* ... m„.( b, whMl lh. 0„tall ... 

New York University 

School of Engineering and Science Research Division 
University Heights, Bronx. New York 104S3 

[1 REPORT title .. .—----- 

I*. REPORT »ECDRITV CLASSIFICATION “ 
UNCLASSIFIED 

THE DEVELOPMENT OF A CONSTITUTIVE RELATION FOR NEOPRENE BALLOON FILM 

« DCftCRlPTivc NOTE» (Typ, of fport mrd inclu.tv. 

Scientific. Interim. 
I a *u TMon(5) (Firal nmmrn, nuddl, Intiiml. latlnmmr} 

Harold Alexander 

it R E P O n T o a T t 

_July 1967 
I •• CONTRACT OR GRANT no " " 

FI 9628-67-C-0241 
*> "rojectno, Task, Work Unit Nos 

6665-01-01 

DoD Element 65402124 

d DoD Subelement 632800 

7m. TOTAL NO OT PACES 

51 
17b. NO OF RE FS 

25 

»0 DISTRIBUTION STATEMENT 

9m. ORIGINATOR«* REPORT NUMBER(t| 

JYU-AA-67-108 
Scientific Report No. 1 

r0J.M¿p0"r°"T >*•> -- ...i»'« 

AFCRL-67-0573 

Distribution of this document is unlimited. It may be released to th* i u 
Department of Commerce, for sale to the general public. Clearinghouse, 

|l I Su PPL EMEN T ARV NOTES 

TECH, OTHER 

SPONSORING MILITARY ACTIVITY 

Air Force Cambridge Research 
Laboratories (CRE) 

L. G. Hanscom Field 
Bedford, Massachusetts 01730 

The physical and mechanical characteristics of nnnnror,*, f< i 
used expandable-type balloon skin material, are presented fo/thü!' “ C0,mon‘y 
developing constitutive equations that can be used In balloon a^al^ei0“ 

an extreme!yÂ[arge ra^e^f^^r^tLr “i"0” '’"'r11'' '»«'-SH 

br:„^^“v:eeL”“:^retr ^^r;I^t^tetia“^‘sy 

a generalization of most earlier theories. 

DD ,’.°*:..I473 
UNCLASSIFIED 

¿♦cuntv Cl 
ficBhon 



UNCLASSIFIED 
Security Claiiification 

Security Cl«ttificaticn 




