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FOREWORD 

It is the aim of the staff of the Shock and Vibration Information Cen¬ 
ter to publish the Shock and Vibration Bulletin as promptly as possible 
after each Symposium. It shall contain all of the papers programmed 
for that Symposium, together with the discussions of those papers, and 
additior al papers which were contributed but could not be accommodated 
on the program. All of these are to be edited and put up in good style 
and form as befits research and development reports of the high quality 
and reference value which has become a tradition in tnese volumes. 

In recent years distribution of the Bulletin has begun about four 
months after the Symposium. Some of the causes for this delay are set 
forth hereto explain to impatient readers why publication takes so long, 
and in the hope that potential authors may cooperate to reduce the time 
interval in the future. 

As this is written, six weeks after the last day of the Symposium, 
and eight and a half weeks after the "deadline," five of the 100 manu¬ 
scripts are still outstanding. Although authjrs are provided with spe¬ 
cific guidelines for the style and form in which manuscripts should be 
prepared, too often these are ignored with the result that time andcostly 
editing are required. 

In the 37th Bulletin a number of interesting discussions were missed 
because of difficulties with one tape recorder. Restrictions on the use 
of half tones account for the absence in Bulletin No. 37 of authors' pic¬ 
tures at the beginning of each paper. Unfamiliar new regulations limit¬ 
ing the distribution of some unclassified material have caused delays in 
the release of some manuscripts. Finally, printing regulations aimed 
at achieving economy impose limitations which sometimes require 
slower, leas costly procedures. 

Ways are being explored w'tich may result in overcoming some of 
the delays which presently affect publication of the Bulletin. Be assured 
that the staff of the Shock and Vibration Information Center is aware of 
the problems and is as anxious as you are to improve the quality and 
speed the publication of the Bulletins. 
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INSTRUMENTATION AND ANALYSIS 

PORTABLE LASER INSTRUMENT FOR VIBRATION 

ANALYSIS AND TRANSDUCER CALIBRATION* 

G. A. Massey and R. R. Carter 
Sylvania Electronic Systems 
Mountain View, California 

Tbe design and performance of a 6328A laser heterodyne system providing sensit,C 
broadband measurement of vibrations of mechanical eLuctures anTeSmechanlcal 

rWbmZaobjet,SC^leUt8 thÍS de,VÍCe' U ÍS n0t rV to auach'^y masfto vioraung object. A single-frequency laser is used as the source and a linniH 

Utor'. hC;a lifraKti0\CeV i9 USed t0 Shift *he fluency of the refëren^f or ''lô^aî oscil- 
ator Kam in an interferometer. A second unshifted beam is reflected from the vi 

bratmg surface. When the reflected and shifted beams are combined on a ph^^ttector 
a beat frequency at 25 MHz is produced. Periodic motion of the rXctin/surface then 

Emití Dha^hift110" ?kebandS about the 25*MHk difference or intermediate frequency 
bv hi motion ^ °nt he reflectod light and on the intermediate frequency are produced 
dLioduTatlon nfTh“B i.’6 amplltU,de a!id frt,cluency °f the vibration can be recovered by 
al ord nfrv roHin’l Phase-modulated “-MHz signal, or by direct measurement usinj 

The 25-MHz frequency offset removes 
thi« tJn» rn 1 ,g ity f *he Appier shift usually found in interferometer devices of 

e - YP ' e 8l"g^e-frequency laser allows the working distance to be adjusted over 
a 5 - in. range, with a nominal working distance of 4 ft between, the surface and heT 
strument. An optical system with a 3-in. aperture makes measurement possible not 
naint Th 18!led surfac.es but als0 on "»any diffuse reflecting surfaces, such as white 
Drena' Til“? lt »s Possthle to m.asure vibrations in many cases without special surface 
mTÍ- * °*r *re ?.ddlUon of mirrors or corner reflectors to the vibrating structure 

Ílll frÓlTlO HzOtoV70r0kHn ahmpli‘ud,is ir°m °-25 in- to than 0.04 in. and frequen- 
roü.ii? 10 H ‘ 700 kH have been made With the prototype instrument in the labora 
thiJtvnl Thea8Ufierntent!i Verlfy the eft°rmous dynamic range possible with devices of 

yp . Theoretical and practical performance limits are discussed. 

INTRODUCTION 

This paper describes the design and per¬ 
formance of a portable laser heterodyne instru¬ 
ment for measurement of vibrations of mechan¬ 
ical structures. The development of reliable 
single-frequency lasers and optical frequency 
translators had made possible a new type of 
interferometer which is useful in a wide variety 
of measuring applications. Basically, the pres¬ 
ent instrument resembles a Michelson inter¬ 
ferometer with the two beams of unequal path 
length, in which the frequency of one beam is 
shifted by 25 MHz from the frequency of the 
other. Frequency translation is accomplished 
by Bragg diffraction from traveling 25-MHz 
sound waves in water. The unshifted beam is 
focused on the vibrating surface, and the Dopp¬ 
ler shift on the reflected light is heterodyne 

detected, with the frequency-shifted beam used 
as the phase reference. 

Since other devices for vibration analysis 
and transducer calibration are already in use 
and have been extensively developed, it is rea¬ 
sonable to ask whether a laser measuring sys¬ 
tem offers any advantages over the older meth¬ 
ods. There are, in fact, a number of important 
advantages, including the following: 

1. Measurements can often be made with¬ 
out attaching any mass to the structure. This 
technique works with diffuse reflectors as well 
as specular surfaces, provided enough of the 
incident power is reflected. 

2. The distance between the structure and 
the test instrument can be varied over a wide 
range by suitable design of the optical system. 

1 
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3. The area over which the surface is 
measured can be very small, since the laser 
beam is focused on the surface. 

4. The measurement frequency response 
is determined electronically and is not limited 
by resonances such as those present in me¬ 
chanical strain gages or accelerometers. 

5. The sensitivity to small motion is very 
good; usually it is much better than minimum 
requirements of practical applications. 

BASIC OPTICAL CONFIGURATION 

The optical system of the instrument is 
illustrated schematically in Fig. 1. Linearly 
polarized light from the laser is passed through 
the Bragg diffraction cell, in which a 25-MHz 
traveling sound wave in water acts as a moving 
grating to diffract approximately half of the in¬ 
cident light into the first order. This diffracted 
beam is frequency-shifted by 25 MHz and leaves 
the Bragg cell at an angle approximately 0.6 deg 
away from the zero order or undiffracted beam. 
A knife-edge prism deflects the shifted beam 
onto a beamsplitter mirror, where it becomes 
the reference beam or local oscillator signal 
for heterodyne detection. The zero-order beam 
passes the knife-edge prism and is folded by a 
mirror and calcite prism through a quarter- 
wave plate and into a relay telescope system 
which focuses the energy on the vibrating sur¬ 
face. The exit aperture of this telescope is 

3 in. and the working distance between the exit 
aperture and the focus is 4 ft. 

By designing the optical system with a 
large f/number (f/16 in this case), it is possi¬ 
ble to make the large lenses single elements of 
high index glass, with a slight aspherical cor¬ 
rection to hold the wavefront error to less than 
1/8 wavelength for a single transmission 
through the entire system. The heterodyne 
system is very sensitive to reflections from 
surfaces oriented normal to the incident light. 
The reflections produce beat signals in the re¬ 
ceiver that interfere with the detection of weak 
signals from diffusely reflecting vibrating sur¬ 
faces. Therefore, the small lens in the relay 
telescope is an off-axis doublet; this is required 
to eliminate the troublesome specular reflec¬ 
tions along the system axis which would other¬ 
wise be present with an on-axis element, even 
with the best antireflection coatings. 

Reflected energy from the moving surface 
returns along the same path through the relay 
telescope and quarter-wave plate. However, the 
double passage through the quarter-wave plate 
rotates the polarization by 90 deg so that the 
returning light is refracted along a separate 
path by the biréfringent calcite prism. The 
quarter-wave plate and calcite prism thus act 
as an optical directional coupler; this is essen¬ 
tial because it permits the use of a single, self- 
aligning relay optical system for transmitting 
and receiving. 

MAGG 
DirmcTto* 

CELt 

Fig. i. Schematic diagram of vibration analyzer optical system 
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The long-focal-length optical system is 
folded so that the overall instrument dimensions 
are approximately 2 by 3 by 4 ft, Including the 
electronic components. Figure 2 shows the 
folded optical configuration. 

KAM SPlim« 

MUlTIPUfl 
PHOro ÏUK 
ASSIMIUCS 

euctxmic 
TO»!« SUPPLIES 

Fig. 2. Actual cor.figuration cf 
optical system in the instrument 

Components are located such that the re¬ 
turning energy interferes with the reference 
wave on the beamsplitter mirror. The two re¬ 
sulting beams, which are modulated near 25 
MHz with modulation envelopes 180 deg out of 
phase, leave the beamsplitter and are incident 
on a pair of RCA 7326 phototubes. Since the 
photoemission process is square lav/, the cur¬ 
rent outputs contain dc components because of 
the average incident light levels, and also rf 
components near 25 MHz because of the inter¬ 
ference or beat between the frequency-shifted 
reference beam and the reflected light. The 
two outputs are combined electronically before 
passing to the demodulating receiver. If the 
reflecting surface is in motion, a Doppler shift 
is produced on the returning optical signal and 
therefore on the beat-frequency rf signal from 
the phototubes. The phase shift of the beat 
frequency is linearly related to the excursion 
of the moving surface; a motion of only 1/2 
optical wavelength produces a complete cycle 

of phase shift at the beat frequency. The time 
rate of phase shift, which is the Doppler fre¬ 
quency shift, corresponds to surface velocity. 
Obviously, then, it is possible to measure the 
surface motion components along the optical 
axis by demodulation of the phototube outputs in 
a circuit such as an FM discriminator, or by 
direct display using a spectrum analyzer. 

A single-frequency laser, Spectra-Physics 
Model 119, was used in the present instrument. 
Several advantages accrue if a single-frequency 
laser is used instead of a multimode laser. 
Among them are an insensitivity to unequal 
paths in the interferometer; the working dis¬ 
tance can be varied over a range of several 
inches with no reduction in heterodyne signal. 
Also, the spurious low-frequency amplitude and 
phase modulations usually present in multi¬ 
frequency lasers because of the free-running 
modes are absent. 

The acoustic diffraction cell for translating 
the optical frequency uses 25-MHz sound waves 
in water as an effective traveling-wave diffrac¬ 
tion grating. The acoustic source is an x-cut 
quartz crystal, 2 in. in diameter, with a funda¬ 
mental resonance at 5 MHz. The crystal is ex¬ 
cited using an impedance matching transformer 
resonant at the frequency of the fifth overtone 
of the crystal. Approximately one watt of power 
at 25 MHz is required to cause half of the inci¬ 
dent light to be diffracted into the first order. 
To achieve a pure translated optical frequency, 
the tight must interact with a traveling sound 
wave. In the present device the effects of 
standing waves are avoided by reflecting the 
sound beam at an angle after the first inter¬ 
action so that the reflected sound does not 
cross the light beam at the Bragg angle. 

The gain of the 7326 multiplier phototubes 
is sufficient to insure that the output noise lev¬ 
els are determined by amplified shot noise in 
the photocathode currents and not by thermal 
noise at the output terminals. Since the modu¬ 
lations at the heterodyne beat frequency are of 
opposite polarity in the two phototubes (as a 
result of conservation of optical energy at the 
beamsplitter mirror), the tube rf outputs must 
be subtracted electronically to obtain ideal 
balanced-mixer operation of the heterodyne re¬ 
ceiver. It is this combined differential signal 
that is applied to the demodulation circuitry. 

SIGNAL DEMODULATION AND 
DISPLAY 

Some typical results using the prototype 
instrument with a spectrum analyzer as the 
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(0) 100 Hi (b)
DOPPLER SPREAD 
~IOOkH.

1000 Hi 
SPREAD~50liHi

(e) 2000 Hi 
SPREAD 
~SOkHi

(d) 5000 HI
SPREAD~IOkHi

(•) 5000 Hi
(ANALYZER SCALE EXPANDED)

Fig. 3. Spectra obtained from surface 
with aluminum paint at various vibra­
tion frequencies

demodulation device are shown in Fig. 3. An 
unpolished metal surface covered with alumi­
num paint was the target; vibration was pro­
duced by attaching the sample to a loudspeaker 
voice coil. The peak amplitudes for these 
spectra were between 2000 /tin. and about 3.6 
pin., with the greater excursions at the lower 
frequencies. Similar results have been obtained 
with surfaces of white paper, flat white paint, 
and Scotchlite tape. Amplitudes of vibration 
from 0.5 in. to 0.04 pin. have been measured in 
this way with an aluminized mirror surface.
The spectrum analyzer display is useful when 
the vibration is essentially sinusoidal, because 
interpretation of the spectrum is most easily 
carried out.

There are additional advantages of the 
spectrum analyzer display technique, because 
the controls on such an instrument provide a 
variable-parameter receiver. It is possible to 
adjust the instantaneous bandwidth to very small 
values, when the signal strength or vibration 
amplitude is weak, and yet the vibration fre­
quency or the peak Doppler shift may be sev­
eral megahertz. However, it is not convenient 
to measure vibration phase in this way; in such 
cases it is usually necessary to demodulate the 
FM signal.

We have conducted experiments with two 
types of demodulator circuits. The first was a 
conventional limiter-discriminator, with the

discriminator characteristic chosen to accom­
modate the largest expected Doppler shift, ap­
proximately 2 MHz. This approach is satisfac­
tory when the signal strength is large, but the 
need for limiting at stages in the circuit where 
the bandwidth is very wide (before detection) 
implies poor performance when there is a rela­
tively low signal-to-noise ratio. This problem 
occurs when the vibrating surface is diffusely 
reflecting, because the random interference 
patterns resulting from the surface rou^ess 
often produce a signal of less than the expected 
value. In such cases the limiter-discriminator 
is less than optimum by the ratio of the limiter 
bandwidth to the desired instantaneous band­
width.

An optimum receiver configuration, using 
a voltage-controlled oscillator (VCO) which is 
phase locked to the beat frequency signal, is 
illustrated schematically in Fig. 4. In this de­
vice the heterodyne signal and the output of the 
VCO are mixed to provide a low-frequency 
error signal. The error signal, which passes 
through a low-pass filter adjusted to give the 
desired instantaneous bandwidth, is applied to 
the frequency-tuning terminals of the VCO as 
negative feedback to force the oscillator output 
to track the incoming heterodyne signal in rf 
phase quadrature. The demodulated output is 
simply the error voltage itself. This provides 
a direct indication of the surface velocity, since 
the frequency shift of the heterodyne signal, 
and hence the shift of the VCO tracking fre­
quency, is proportional to surface velocity. To 
obtain the surface displacement it is necessary 
to pass the output through a filter which inte­
grates over the audio spectral range to be ex­
pected from the vibrating surface.

IIPUT
SIGNAL

(UT 90° lACCINC

Fig. 4. Frequency-tracking 
receiver block diagram

To bring the error signal frequency within 
the passband of the low-pass filter in the feed­
back ioop at the start of a measurement, the 
VCO is tuned manually until the tracking re­
ceiver locks onto the heterodyne signal from 
the vibrating object. At that point the vibration 
signal suddenly appears at the receiver output;



the receiver will then maintain its tracking as 
long as the signal remains above the receiver 
noise in amplitude and the vibration frequencies 
of the larger surface motions remain within the 
bandwidth of the control loop filter. No limiter 
stages are required; therefore, the advantages 
of detecting the audio-frequency vibration with 
a circuit having only audio bandwidth can be 
realized, even when the peak heterodyne Dopp­
ler shifts have frequency deviations far beyond 
audio.

Some results obtained with various reflect­
ing surfaces using the tracking receiver de­
scribed above are indicated in Fig. 5. The peak 
vibration amplitude in these tests was 0.020 in. 
at a 100-Hz rate. The fact of particular inter­
est here is that the reflected signal, even from 
flat white paint, was sufficient to actuate the 
receiver control loop and force the VCO to 
track the Doppler shift. Obviously, with this 
circuit one can measure the phase as well as 
the amplitude of the vibration, and it is possible 
to monitor complex, nonsinusoidal motions as 
well as single-frequency excitations.

The instrument has been used to measure 
mode patterns across extended flexible sur­
faces, such as sheet metal panels, as well as 
single-point deflections on rigid objects. The 
mode patterns are obtained by manually scan­
ning the probe beam across the moving surface, 
recording the amplitude at suitable intervals. 
Patterns on ceramic piezoelectric transducers, 
vibrating at frequencies up to 700 kHz, have 
also been measured using this technique with 
the spectrum analyzer display. Of course, the 
procedure might be automated in a variety of 
ways to provide an amplitude vs distance dis­
play diiectly.

THEORETICAL SENSITIVITY
In an ideal heterodyne receiver, the photo­

current in the detector is given by:

of the photocurrent may be written as the 
Bessel series:

>(t) = *LO * *s ♦ 2VIlo*s (“* ♦ ^s~ ‘^)-

where i^o 1$ direct currents which
would be produced by the local oscillator and 
signal beams separately, is the angular fre­
quency difference between the local oscillator 
and signal, and /s are the phases of
the signal and local oscillator waves, respec­
tively. If the signal wave reflects from a sur­
face which vibrates sinusoidally at a frequency 

V and an amplitude x„ , we can choose a time 
reference such that

4x„

^ E Jn ( ‘ " ‘'v)‘
n= I

NATCniAL:

(01 AUWINIZCO Hiimoo

(b) SCOTCNLITC

(Cl FLAT WHITE FAINT

where ^ is the optical wavelength. For sim­
plicity we set j 0. Then the ac component

(d) ALUMINUM PAINT

Fig. 5. Tracking receiver output with 
various surface materials (vibration 
double amplitude 1 mm, frequency 
100 Hz; output voltage is proportional 
to surface velocity)



For very small vibration amplitudes, we need 4 ,x 
to consider only the three frequencies of lowest a, . —-21½ 
order, and the above expression Is approximated ^ 

LO * S 

2' x„ 
I OS ( ,)t Af , t *r'*ofy 

\ 

The mean square photocurrent in one sideband 
is therefore 

Now the mean square shot-noise current com¬ 
ponent in a current of value I is 2pIB, 
where B is the bandwidth and is the elec¬ 
tronic charge. For a typical heterodyne sys- 
tem, lu, is much larger than Is; therefore 
I * lu, and in < ícIloB. Then the system 
signal-to-noise ratio is 

This corresponds to a minimum detectable dis¬ 
placement 

Thus if the vibration frequency fv ■ 10 Hz and 
x0 - 1 cm (again with a « 6328A), the peak-to- 
peak spectral bandwidth occupied by the modu¬ 
lated signal Is approximately B 2Af % 4 mh» 
for this example. However, the range of target 
positions for which the reflected signal returns 
with the proper wavefront curvature for uniform 
Interference with the reference beam may be 
much less than the 1-cm amplitude above. For 
example, the present Instrument uses a 3-In. 
aperture located roughly 48 in. from the sur¬ 
face. With this geometry, measurements show 
that the heterodyne signal is within 3 db of 
maximum over a range of only 0.050 in. in sur¬ 
face location, centered about the optimum focal 
distance. Of course, this limitation is signifi¬ 
cant only at very low vibration frequencies, 
where such large excursions are possible with¬ 
out excessive accelerating forces. Reducing 
the aperture of the instrument increases the 
useful focal depth but also reduces the signal 
level if the surface is diffusely reflecting. 

If we rewrite is in terms of the optical power 
Ps, the detector quantum efficiency ^, and 
photon energy , we have 

As a typical example, suppose p. * 10 ® w, 
B - 2000 Hi, V - 10 J, and a - 6328A. The 
corresponding (x0)b, is roughly 0.25A, or 
10'3 pin., an amplitude considerably below the 
sensitivity level required for most vibration 
analysis applications. 

For large vibration amplitudes the upper 
limit is set by the bandwidth of the intermedi¬ 
ate frequency (i-f) stages in the receiver elec¬ 
tronics and by the depth of focus of the optical 
system. The latter is generally a more strin¬ 
gent limit for low audio vibration frequencies 
and relatively large collecting apertures. For 
example, the peak Doppler shift of the beat fre¬ 
quency away from the nominal i-f is given by: 

CONCLUSIONS 

ft has been demonstrated that vibrations 
with a very wide range of amplitudes and fre¬ 
quencies can be detected using optical hetero¬ 
dyne techniques. Use* o( an optical directional 
coupler allows efficient transmission and re¬ 
ception of the light through the same optical 
system, thus eliminating the need for ultra- 
precise mechanical alignment of the optical 
components. The frequency offset in this in¬ 
strument is particularly convenient when vibra¬ 
tion amplitudes less than one optical wavelength 
are to be measured, because the system output 
is always a simple phase-modulated signal re¬ 
quiring relatively straightforward detection 
electronics. Successful detection of motions on 
rough as well as optically smooth surfaces is 
possible, even with a laser power output of only 
100 pw and working distances of several feet. 
The utility of this device in measuring vibra¬ 
tional modes on extended structures has also 
been demonstrated. 

* 

6 



HIGH-FREQUENCY MICROPHONE CALIBRATION 

USING A SUPERSONIC FREE-FLIGHT RANGE* 

Charles D. Hayes 
Jet Propulsion Laboratory 

Pasadena, California 

and 

Raymond C. Binder 
University of Southern California 

Los Angeles, California 

A method using a supersonic free-flight rang'- was developed for the 
calibration of microphones over a wide frequency range. The apparatus 
includes a gun and a test section for measuring projectile speed and 
taking shadowgraph pictures. Material on the properties of shock 
pulses developed by supersonic projectiles is presented. The N-lype 
shock wave developed by the supersonic projectile provides the input 
shock pulse acting on the microphone face. Using a digital computer 
program, a Fourier transform of the microphone output (from an os¬ 
cilloscope trace) is combined in a particular manner to calibrate the 
microphone over a range of frequencies. The results of this technique 
show real promise for frequencies up to 100,000 Ha. 

INTRODUCTION 

There is a need to develop techniques lor 
the calibration of pressure transducers or 
microphones over a wide frequency range. This 
need arises from the very important present- 
day studies of various acoustic-noise phenomena, 
such as the spectral properties of boundary- 
layer turbulence and aircraft-produced sonic 
booms. 

There are several possible methods of per¬ 
forming a wideband calibration of pressure 
transducers. This study focuses attention on a 
particular method that uses a supersonic ballis¬ 
tic or free-flight range. The method developed 
here has the advantages of simplicity of calibra¬ 
tion system setup, flexibility in varying the 
range parameters which determine the input 
pressure amplitude and frequency components, 
and repeatability. The data obtained with this 
technique are organized by the Fourier trans¬ 
form method. 

SUPERSONIC FREE-FLIGHT RANGE 

Figure 1 is a schematic of the apparatus 
used. The enclosed range includes a rifle 

(Swift 0.220) and a test section. At the test sec¬ 
tion the projectile speed can be measured (with 
the photoelectric cells and the timer) and shad¬ 
owgraph pictures can be taken. 

Two microphones were used to obtain 
photographic records of the response pressure¬ 
time shock pulse. Each microphone was cali¬ 
brated while the other served as the triggering 
transducer for the oscilloscope. Each micro¬ 
phone was calibrated with and without its pro¬ 
tecting grid, for a total of four calibrations. 
These calibrations were then compared with the 
corresponding calibrations of the microphones 
which were obtained by other techniques. 

INPUT SHOCK PULSE 

The supersonic projectile develops an 
N-wave type of shock pulse, with the pressure¬ 
time curve resembling the letter N; this is 
illustrated in Fig. 2a. Much of the reference 
literature deals with the aerodynamics of this 
shock wave. As illustrated in Fig. 2a, the clas¬ 
sical N-wave consists of a very sharp rise. As 
Illustrated in Fig. 2b. there is a question as to 
the possibility of a significant rise time. The 
work of DuMond, Cohen, Panofsky, and Deeds (2) 

Material herein was adapted from the first author's Master's thesis (1). 
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Fig. 1. Diagram of University of Southern California 
free-flight range 
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(b) 

Fig. (a) Classical N-wave pulse; (b) pulse with finite rise time 
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has indicated the results shown In Fig. 3, which 
shows different pressure-time signatures as a 
function of miss distance, or the perpendicular 
distance between projectile and microphone 
face. For a suitable miss distance, the projec¬ 
tile shock pulso can be regarded as a classical 
N-wave. 

TIMI - 

Fig. 3. Pressure-time signa¬ 
tures; (a) short miss distance; 
(b) medium miss distance; (c) 
large miss distance 

For the work in this investigation, for Swift 
0.220 projectiles, shadowgraph pictures at the 
miss distance used (5.39 in.) showed that the 
N-wave condition was realized. Thus the pres- 
ent^analysls is based on a classical N-wave 
shock input to the microphone face. 

MICROPHONE TRANSFER FUNCTION 

Let • represent angular frequency (as 
radiara per second). As shown in Fig. 4, the 
desired microphone transfer function H,( ) is 
part of the total circuit transfer function H( ■ ), 

Since the total function H(. ) is the series com¬ 
bination of H,( ) and H2( ’>), then H,( ) becomes 

H,( • ) 
JIM 
h2( ) 

The magnitude of H,(. ) is 

(1) 

The function Hj(. ) is determined by a calibra¬ 
tion of the electrical system from the micro¬ 
phone cathode follower through the oscilloscope 
The function H(. > will be found from measure¬ 
ments with the range. Then the microphone 
calibration is determined by Eq. (2). 

HM 

H'M Mg CM 

Fig. 4. Block diagram of electrical sys¬ 
tem: H,( ) is transfer function of micro¬ 
phone cartridge, Hj( ) is transfer func¬ 
tion oi remaining circuit, H( . ) is transfer 
function of entire electrical circuit 

Let t a time, i \ZT, Fo( t > = output func¬ 
tion of time, and F.( t ) = input function of time. 
The frequency response of the transducer is 
given by 

{ F0<t,M 'a. 

H( ) J1-. (3) 

J" Fj( t ) <■ 1 f <lt 
b 

where the numerator is the Fourier transform 
of the output, the denominator is the Fourier 
transform of the input, and it is assumed that 
the pulse starts at t o. 

Hr ) can be written as 

H( ) F( ) G( ) (4) 

where 

Fi ) I Fn(t > .•'* * .it . 
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and 

G( ■’) Í F|( * ) e * *(*1 ■ 

Thla response function Is computed by dividing 
the Fourier transform of the output pulse time 
history by the Fourier transform of the input 
time history. Measurements show that the out¬ 
put pulse is a distorted N-wave pulse. Figure 5 
shows an example. The Input time history, be¬ 
ing taken as a pure classical N-wave pulse, can 
be Fourier transformed In closed form, with the 
results 

+ i(sin 2¡“r - ■" co* 2' T)j • (5) 
where p is maximum overpressure attained by 
the N-wave, r is one half of the total N-wave 
period (time lag between maximum overpressure 
and the maximum negative pressure), and 

. M where f is frequency in hertz. 

Fig. 5. Example of output pre»»ure- 
time pulie 

Figure 6 is a plot of «K )¡ p vs frequency. 
Equation (5) can be written in the form 

G( ••) 1 * iG,( ) (6) 

where (*( ) is the real part and g,( . ) is the 
imaginary part of G( ). The modulus of the 
Fourier transform is 

I«,! ([o>,,]-.[o,<)]f <’> 
and the phase angle , ( ) Is given by 

The Fourier transform of the output time 
history does not lend itself to a simple closed- 
form solution since it is difficult to describe the 
time history in equation form. The technique of 
numerical determination of the Fourier trans¬ 
form of the output time history is thus applied- 
The method described by Huss and Donegan (S) 
was used. In this case the time function is 
fitted with a staircase function using equal time 
intervals (At) in such a way that the area under 
the staircase function equals the area under the 
corresponding time history. In thi« study the 
amplitudes of the various steps of me staircase 
function were tabulated and used with a digital 
computer to obtain the real and imaginary parts 
of the Fourier aransform of the time function. 
In this study 201 intervals of At were used to 
assure maximum accuracy with a reasonable 
number of intervals. 

The values of gr( ) and G,( ), with the 
corresponding values of the magnitude of G( ), 
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were obtained by a digital computer program 
which evaluated Eqs. (5), (7), and (8) over a 
frequency range of 250 Hz to 2 xlO5 Hz at fre¬ 
quency increments Af of 250 Hz. The period of 
the pulse 2' was measured as 8 x 10'5 sec, 
which indicated significant frequency compo¬ 
nents up to at least 2 xlO® Hz. The effective 
usable range of the particular condenser micro¬ 
phones tested is between 20 and 1 xios Hz; anal 
ysis to 2 xlO5 Hz assures accurate data over 
the complete frequency range of these micro¬ 
phones. 

RESULTS Fig. 8. Microphone calibration 

Four calibration runs were made of two 
condenser microphones to demonstrate the 
method. Figures 7, 8, 9, and 10 show the final 
results. In each plot the response, in decibels, 
is given as a function of frequency. In each plot 
the solid curve is the factory calibration, 
whereas the dashed curve is the calibration 
using the range. There is good correlation at 
the lower frequencies (less than 1 x 105 Hz) with 
fair correlation above this frequency. 
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Fig. 7. Microphone calibration 

This method of calibration, using a super¬ 
s'oic free-flight range, has real promise espe¬ 
cially when more elaborate techniques and 
equipment are not available. This method will 
yield a wideband pressure calibration that is 
suited both to transducers which have low sen¬ 
sitivities and a high mechanical diaphragm im¬ 
pedance, as well as to transducers of much 
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Fig. 10. Microphone calibration 

higher sensitivities and lower mechanical dia¬ 
phragm impedance, such as the 0.25-in.-diam 
condenser microphones calibrated in this study. 

11 

/ 



REFERENCES 

1. C. D. Hayes, "High Frequency Microphone 
Calibration Using Ballistic Shock Pulses,” 
unpublished Master’s thesis, University of 
Southern California, Aug. 1967 

2. J. W. M. DuMond, E. R. Cohen, W. K. H. 
Panofsky, and E. Deeds, "A Determina¬ 
tion of the Wave Forms and Laws of Prop¬ 
agation and Dissipation of Ballistic Shock 

Waves," J. Acous. Soc. Amer., 18(1): 
(1946) 

3. C. R. Huss and J. J. Donegan, "Tables for 
the Numerical Determination of the Fourier 
Transform of a Function of Time and the 
Inverse Fourier Transform of a Function 
of Frequency, With Some Applications to 
Operational Calculus Methods," NACA Tech. 
Note 4073, Oct. 1957 

* * * 

12 



METHOD OF MEASURING VIBRATORY DISPLACEMENTS 

IN TERMS OF A LIGHT WAVELENGTH 

J. L. Goldberg 
National Standards Laboratory 

Sydney, Australia 

A method of determining the peak-to-peak displacement oí a sinusoidal vibra¬ 
tion in terms oí the wavelength oí light is described. The interferometer used 
is of the Fizeau multiple-beam type in which the silvered adjacent surfaces 
01 the optical flats act as the two electrodes of a capacitor, in addition to per¬ 
forming their function in the interferometer. The two electrodes are sur¬ 
rounded by a third or guard electrode so that the capacitance change between 
the silvered films which occurs when one of the optical flats is moved can be 
measured by comparison with a standard three-terminal capacitor in a trans¬ 
former bridge. 

The sinusoidal motion is imparted to one surface of the interferometer and 
the capacitance change recorded on a direct-writing oscillograph. This ca ■ 
pacitance change is then calibrated by slowly moving the surface of the inter¬ 
ferometer m a rectilinear manner and recording by a photoelectric detector 
the passage of interference fringes past a slit aperture in the optical field. 

, 'r“1, 18 thus calibrated in terms of interference fringes and the peak-to- 
peak displacement of the motion is readily determined. 

An example of an oscillatory motion measured by this method is presented. 

INTRODUCTION 

In a correctly adjusted Fizeau multiple- 
beam interferometer (1), the interference 
fringes are of excellent contrust and consist of 
either dark straight bands on a light background 
(the reflected system) or light bands on a dark 
background (the transmitted system). To ex¬ 
tract a useful electrical signal from either sys¬ 
tem of fringes, a slit aperture is used between 
the photodetector and the fringe image with the 
long dimension of the slit parallel to the fringes. 
It has been found (2) that with a geometric mean 
reflectance of 0.8 in the silvered surfaces, the 
slit width relative to a fringe spacing (R) must 
be about 0.1 to obiun maximum signal-to-noise 
ratio in the photoelectric current. If the inter¬ 
ference pattern is vibrated sinusoidally, the 
bandwidth needed in the output of the photoelec¬ 
tric detector to obtain all the fringe pulses with 
equal amplitude depends on the velocity of the 
interference pattern as well as on the sharpness 
of the fringes. 

If the peak amplitude of vibration is n0 
fringe spat ings with a vibration frequency of 

f Hz, then it has been shown (2) that a band¬ 
width B equal to 14irn0f is needed in the photo¬ 
detector output. If this bandwidth requirement 
is not met, the fringe pulses will be of unequal 
amplitude and will be smallest at the maximum 
velocity of the interference pattern. This phe¬ 
nomenon is illustrated in Fig. 1 for one peak-to- 
peak excursion of the interferometer surface. 
In the upper oscillogram the detector bandwidth 
is adequate. In the lower one it is inadequate, 
and the deterioration of the fringe signal near 
the maximum velocity of the surface is evident. 
If this second pattern of pulses were presented 
to a trigger circuit preceding an electronic 
counter, there would be a possibility of mis¬ 
count. 

The basic difficulty in the fringe counting 
method described above is that the bandwidth 
requirement for the fringe signal conflicts with 
the necessity of keeping the bandwidth as nar¬ 
row as possible to mitigate the effects of the 
"white" noise of the photomultiplier. This dif¬ 
ficulty could be overcome if the counting could 
be carried out very slowly. A way of doing this 
is presented in the next section. 
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NEW METHOD FOR DETERMINING 
VIBRATION AMPLITUDES

The multiple-beam Interferometer la con­
structed in such a way that the silvered adjacent 
surfaces of the optical flats act as the two elec­
trodes of a parallel-plate capacitor as well as 
performing their function in the Interferometer.

In Fig. 2, the optical flats with the two ac­
tive electrodes (designated 1 and 2) are shown 
surrounded by a guard electrode (designated 3). 
Electrode 1 is deposited as a fully silvered film 
of a 92 percent reflectivity and electrode 2 of 
70 percent reflectivity. Connections are made 
to the films using indium solder. Collimated 
mercury light of 0.5461-pm wavelength is pro­
jected by way of a beam divider unto the o^ical 
flats, and the multiple-beam interference is

imaged on a slit aperture through a lens system. 
This slit aperture, for the reason mentioned 
above, is set to about 0.1 of a fringe spacing 
with its long dimension parallel to the fringes. 
Any departure from parallelism will reduce the 
available modulation. A photomultiplier with a 
trialkali cathode detects the passage of inter­
ference fringes; the photocurrent is fed to one 
galvanometer of a direct-writing oscillograph. 
The detector bandwidth is deliberately limited 
by the galvanometer response time in order to 
improve the fringe signal-to-noise ratio, since 
the fringes are not recorded simultaneously 
with the sinusoidal movement but are recorded 
separately while the plate is moved slowly at a 
uniform rate. In this way, by reducing the de­
tector bandwidth, there is a considerable im­
provement in fringe signal-to-noise ratio. This 
has necessitated an Increase in observation time 
for the fringe signal, but this is not considered 
to be a serious limitation.

The capacitance change between electrodes 
1 and 2 is measured by comparison with another 
fixed three-terminal capacitor in a transformer 
bridge (3) using an adjustable ratio. The de­
modulated output of the bridge is directly pro­
portional to the displacement of electrode 1, pro­
vided the displacement is small compared with 
the total electrode separation. The bridge out­
put is recorded on a second galvanometer of the 
oscillograph. Electrode 1 can be moved by an 
electromagnetic vibration generator with either 
a sinusoidal current or a slow sweep current, 
whereas electrode 2 is nominally fixed.

The bridge detector amplifier, the phas>- 
sensitive demodulator, and the second galva­
nometer have a bandwidth extending from 0 to 
600 Hz. The galvanometer frequency response 
sets the limiting frequency of the apparatus.

The silvered films are circular and are 
approximately 0.875 in. in radius. With an air 
gap of 0.034 in., the static value of the capacitor 
is approximately 17 pf; this is compared with a 
standard 10-pf air capacitor in the bridge.

The sinusoidal motion to be measured is 
first applied to electrode 1 and the sinusoidal 
capacitance change is recorded on the oscillo­
graph. It is then arranged that the zero of sinus­
oidal displacement corresponds to capacitive 
balance of the bridge. The chart recording is 
then calibrated by applying the slow sweep cur­
rent to the vibration generator and simultane­
ously recording the Interference fringe pulses 
from the photomultiplier. A change of capaci­
tance of 5 mpf is found to correspond to a dis­
placement of one fringe or 0.273 ^m in the 
interferometer.



A typical recording made by this procedure is 
shown in Fig. 3. A vibration of 40-Hz frequency is 
shown together with the chart calibration. In this 
case the peak-to-peak displacement is 1.92 pm 
with a precision of at least a half-fringe or 

0.13 pm. To have attempted this measurement 
by direct electronic counting of the fringes dur 
ing the peak-to-peak excursion of the interfer¬ 
ometer surface, adetector bandwidth if approxi¬ 
mately 6000 Hz would have been necessary. 

Fig. 2. Diagram illustrating way inwhichan interferometer is used 
in new method of vibratory displacement measurement 

Fig. 3. Record talwn wuh apparatus illustrated in Fig. 2 
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CONCLUSION 

A new method oí measuring vibratory dis¬ 
placements in terms of a light wavelength has 
been demonstrated. By making use oí the sil¬ 
vered surfaces of the interferometer as the 
electrodes of a three-terminal capacitor, the 
counting of the fringes can be carried out very 
slowly with greatly reduced bandwidth in the 
detector. The technique avoids the uncertainty 

associated with the counting of interference 
fringes while the surface is vibrating. 
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CALIBRATION OF ACCELEROMETERS BY IMPULSE EXCITATION 

AND FOURIER INTEGRAL TRANSFORM TECHNIQUES 

John D. Favour 
The Boeing Company 
Seattle, Washington 

A new technique for the dynamic calibration of accelerometers 
has been developed. It is based upon digital computer calculation 
and ratioing of the Fourier integral transforms of the test accel¬ 
erometer output signal and of a standard accelerometer output 
signal when excited by an acceleration impulse. The basic tech¬ 
nique is completely outlined. The system was tested and shown 
to be faster, cheaper, more accurate, and more versatile than the 
conventional sinusoidal excitation technique. The design, fabrica¬ 
tion, and initial testing of an impulse exciter are discussed. 

INTRODUCTION 

Most dynamic accelerometer calibrations 
are currently performed on electromagnetic 
exciters, at a series of discrete sinusoidal fre¬ 
quencies. The test accelerometer is calibrated 
by comparing its output signal, via its signal 
conditioning equipment, with the output of a 
standard accelerometer system whose calibra¬ 
tion is accurately known and traceable to the 
National Bureau of Standards. Both accelerom¬ 
eters are mounted, usually back to back, so that 
they experience identical acceleration (see 
Fig. 1). There are several other methods 11-41 
and devices with which to calibrate accelerom¬ 
eters; however, this paper is concerned with 
the production -alibration of accelerometers 
where the comparison technique on an electro¬ 
magnetic exciter has provided the best com¬ 
bination of accuracy, speed, and cost savings. 
For this reason, the above technique has been 
used and accepted for many years. The in¬ 
creasing complexity of spacecraft testing has 
required the calibration of from 40 to 60 chan¬ 
nels of accelerometers per given test setup. 
Because of this, and in spite of the usefulness 
of the techniques for production, it becomes 
evident that it is slow, limited, inaccurate, and 
expensive. 

The accuracy of the technique (which does 
not include the error or uncertainilies of the 
standard accelerometer) is considered to be 
about ±2 percent bat by no means better than 

±1 percent. The technique is highly limited in 
the information which is achieved during a 
typical calibration. First, the electromagnetic 
exciter is bandwidth limited. It has no static 
response and poor response below 20 Hz. Sec¬ 
ond, the highest acceleration level that can be 
produced, without serious wave shape distor¬ 
tion, on our present system is 50 g rms and then 
only at certain frequencies. In view of this, the 
present system is unacceptable for calibration 
of accelerometers that will be used in tests 
where the acceleration level will exceed 50 g 
rms sine or 70.7 g peak. The normal calibra¬ 
tion data is limited to 5 to 10 discrete data 
points in the frequency spectrum. The opera¬ 
tion of the present system is time consuming; 
adjusting the acceleration amplitude and fre¬ 
quency, observing the meter readings, and re¬ 
cording the data and plotting must be accom¬ 
plished to obtain each individual data point. On 
an average, it requires about 45 min to calibrate 
each accelerometer. One final disadvantage of 
the above system is the high cost of maintenance 
of the system. The overall cost of an acceler¬ 
ometer calibration by the present technique is 
$1^ or more. In our laboratories, we are per¬ 
forming between 1000 and 1500 calibration per 
year. 

Previous experience |5-7| in the definition 
of system dynamics by Fourier transform anal¬ 
ysis of impulse data indicated that calibration of 
accelerometers by the same Fourier transform 
techniques could improve on all the above dis¬ 
advantages. 
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Fig. 1. Present technique 

FUNDAMENTAL THEORY 

Review of Fourier Integral 
Transform [8] 

Any periodic function of time f ( t ) can be 
equated to a summation of sinusoidal harmonics 
as follows: 

* 

f(t) i £ <:„/ "* (1) 
n *- ® 

where 

IT 
f<t) e*1'"'at. (2) 

0 

f(t) ¿ E C„L*Kt/W., (4) 
(, « . 00 

At this point, to develop the Fourier inte¬ 
gral transform, one must leave the realm of 
time function periodicity and consider the limit¬ 
ing case where T -» *. Then, from Eq. (3), 
a - o and the discrete sinusoidal harmonics 
merge to form a continuous spectrum (see 
Fig. 3). Also, n - . and cn becomes a con¬ 
tinuous function F(j): 

fU ) Urn Cn (5) 

From this is developed the Fourier integral 
transform for nonperiodic time functions: 

and <.Jn >n/T; = 0, 1, 2, 3. 

The above is known as a Fourier series. 
(This is the complex exponential form of the 
Fourier series. Fourier series can be ex¬ 
pressed in different forms.) As a matter of re¬ 
view, consider the periodic square wave illus¬ 
trated in Fig. 2(a). The pulse duration is r, 
and the period is T. The Fourier series of this 
periodic function is illustrated in Fig. 2(b). 
Note that the spacing between successive har¬ 
monics is 

By substituting Eq. (3) into Eq. (1), Eq. (1) may 
then be rewritten as follows: 

f(t) 7- F(j.) (6) 

and 

F(i) (7) 

Equation (7) provides the basis upon which 
this technique is developed, for it provides a 
means of transforming any nonperiodic, tran¬ 
sient, or impulsive type of time function f(t) 
into a distinct function of frequency F( j. ). This 
function of frequency F(j ) is an exact deter¬ 
mination of the frequency content of the time 
function f(t); it contains both amplitude and 
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phase information. It should be noted that 
Eq. (7) involves an integration from to u 
in time. This, of course, is unrealistic in the 
real world of engineering; however, Eq. (7) can 
be modified to 

F(j) f ( « ) e”* dt , (8) 
•'o 

under the condition that f(t) 0 for t 0 and 
for t > T. 

Application of the Fourier 
Integral Transform 

The application of Eq. (8) makes it possible 
to calibrate accelerometers with a transient or 

impulse type of acceleration excitation (see 
Fig. 4). A test accelerometer, to be calibrated, 
and a standard accelerometer, whose calibra¬ 
tion is known and traceable to the National Bu¬ 
reau of Standards, must be properly mounted to 
an excitable base so that they identically expe¬ 
rience the acceleration of the base. The base 
must then be subjected to some transient accel¬ 
eration, and the output signals (from the asso¬ 
ciated individual signal conditioning units) — 
<‘T( t ) from the test accelerometer and rs( t ) 
from the standard accelerometer — recorded 
for analysis by a digital computer. The output 
signals are converted from analog voltages to 
10-bit plus-sign binary samples and recorded 
on magnetic tape in a multiplex arrangement by 
a Data Technology Systems portable data system 
(DTS). The DTS has an upper sampling rate of 
20,800 samples per second. Each of the two 
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accelerometer signals is sampled at a maxi¬ 
mum of 10,400 samples per second. 

The 10-bit plus-sign sample size yields 
1023 counts from 0 to a full scale of +5000 mv 
and 1023 counts from 0 to -5000 mv. The rms 
sampling error is 0.03 percent |9 | of full scale. 
Each calibration record is identified by an I.D. 
number placed automatically on the tape just 
prior to the recorded data. In this way, a large 
number of calibration records can be recorded 
and stored on a single reel of tape and analyzed 
during a single pass through the digital computer. 

For a given calibration, the digital com¬ 
puter reads and edits the magnetic tape and 
converts the binary counts into engineering 
units of millivolts for the test accelerometer 
time history «»( t ) and g units for the standard 
accelerometer time history g(t). A control 
card with the standard accelerometer sensitiv¬ 
ity is required to perform the latter dimensional 
conversion. The computer then calculates the 
individual Fourier integral transforms E( ) ) 
andG(j ) according to Eq. (8). Following this, 
the computer ratios the two transforms to pro¬ 
duce a frequency function H( j ): 

Íü_! h( j ■ ) (9) 

H(j, ) is the calibrated sensitivity of the test 
accelerometer, in units of millivolts per g, as a 
function of frequency over the bandwidth of in¬ 
terest. It also contains the phase shift charac¬ 
teristic as a function of frequency. 

FinaUy, the computer outputs all this cali¬ 
bration information in the form of graphs for 
documentation, microfilm for storage, computer 
punch cards for future data analysis work, and 
a listing for checking. 

Pulse Shape 

In the application of this technique, one 
must be concerned with the type or shape of 
pulse applied to the accelerometers. The Fou¬ 
rier integral transform of the pulse must fully 
saturate the calibration bandwidth. A square 
pulse, as shown in Fig. 3, would not be satisfac¬ 
tory because it contains no frequency content or 
energy at integer multiples of 2-^/+. Also, the 
transform of the applied pulse must not contain 
any energy beyond the Nyquist limit or the fre¬ 
quency which is numerically one half of the 
sampling rate. For the DTS sampling at 10,400 
samples per second (per channel), the Nyquist 
limit is 5200 Hz. Also, in accordance with the 
restrictions on Eq. (8), the pulse must equal 
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before pulse initiation ( t 0 ) and zero after 
pulse completion (t T). 

Using the above restrictions as design cri¬ 
teria, we chose a pulse that is Gaussian in form 
(see Fig. 5). The unique thing about a Gaussian 
time function is that its Fourier integral trans¬ 
form is also Gaussian f 10]. When plotted on 
log-log paper, a Guassian transform is very 
flat from dc to some corne, frequency and then 
rolls off at an ever-increasing slope. However, 
the best reason for using a Guassian-type pulse 
is that in reality it is quite easy to create, to a 
close degree of approximation. 

TESTING 

Hand Hammer Accuracy Test 

One of the first tests performed using the 
digital computer program was designed to pro¬ 
duce an Indication of the accuracy of the e .tire 
digital system (which includes the DTS, roit- 
ware, and hardware of the digital computer) in 
the quickest and simplest manner. A hammer 
was built from 1.5-in. round stock steel with a 
Plexiglas handle attached. On one end was 
mounted a single accelerometer, and on the 
other end a nylon cap screw was inserted to 
act as an impact medium (see Fig. 6). To de¬ 
fine the system accuracy, the output signal 
from the single accelerometer and signal con¬ 
ditioning unit was paralleled into both the test 
and standard accelerometer channels of the 
DTS. The computer then read two sets of data, 
multiplexed from the same single pulse, and 
effectively ratioed the two transforms derived 
from the same pulse. Since this is calibrating 
the same pulse against itself, the ratio should 
be unity, and any deviation from unity would be 
an indication of system error. 

The hammer was impacted onto a phenolic 
table six times, and six records were made. A 
resulting typical pulse was •'nearly' Gaussian, 

of about 2.5 msec duration and 95-g peak. The 
Fourier integral transform rolled off steeply 
(22 db/octave) beyond 400 Hz (see Fig. 7). Fig¬ 
ure 8 is an envelope of the results of all six 
accuracy calibrations plotted in terms of per¬ 
centage of deviation from unity. The results 
were excellent. The system error remained 
less than 0.2 percent out to 400 Hz and diverged 
with increasing frequency. The reason for the 
loss of accuracy beyond 400 Hz is the frequency 
content of the transform becoming very small 
and the computer ratioing two small numbers. 

Drop Ball Test 

A second test series was set up using a 
commercially available "drop-ball shock cali¬ 
brator" as an exciting device. The testing was 
designed (a) to provide an actual calibration and 
compare it with a calibration performed on an 
electromagnetic exciter, (b) to test again for the 
system accuracy as in the previous tests, (c) to 
get a reasonable estimate of the time required, 
and (d) to get a reasonable cost estimate on a 
production basis. 

Two identical model piezoelectric accel¬ 
erometers and associated charge amplifiers 
were sinusoidally calibrated at 1, 10, and 20 g 
levels from 10 to 1000 Hz. One accelerometer 
was considered the test accelerometer, the 
other the standard. The calibrated sensitivity 
of the test accelerometer as calibrated against 
the standard is plotted in Fig. 9. The wave 
shape developed by the drop-ball shock cali¬ 
brator was nearly Gaussian, of about 1.0-msec 
pulse duration and 36-g peak acceleration. 
There was one major and serious difference in 
the wave shape. Before the dropping ball im¬ 
pacts the anvil on which the accelerometers are 
mounted, the anvil is held in position by a mag¬ 
netic clamp. After impact, the anvil is freed 
fiom the magnetic clamp and allowed to fall 
freely so that the pulse does not terminate back 
at zero g where it started but displays an overall 
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Fig. 5. (a) Gauss ian (inn' function; 
(b) Gaussian Fourier transform 
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Fig. 6. Hand hanimer

Fig. 7. H.immer impulse and Fourier transform



Fig. 8. Digital system error 

Fig. 9. Sine wave calibration 

1-g shift. This violates one of the restrictions 
of Eq. (8) and forces wave shape truncation at 
some arbitrary point in time. 

A total of 24 impulse calibrations plus 5 
additional accuracy calibrations were recorded 
within 1 hr. (This time did not include mount¬ 
ing and dismounting the test accelerometer. 
This must be done in any production calibration 
simulation and general requires 4-5 min.) 
The resulting envelope of the 24 Impulse cali¬ 
bration runs is illustrated in Fig. 10. The ob¬ 
vious error divergence in the low-frequency 
domain is attributed to the 1-g shift and neces¬ 
sary truncation plus the quantization error at 
that level. However, it should be noted that 
even with the obvious violation of one of the 
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restrictions of Eq. (8), the errors or differences 
from the sinusoidal calibration were approxi¬ 
mately tl percent. The 5 accuracy calibrations 
indicated digital system accuracy of *0.2 per¬ 
cent over the entire bandwidth. 

The estimated time to perform these 29 
calibrations, including mounting and dismount¬ 
ing the test accelerometers, is about 3 5 hr. 
The actual computer time to analyze the 29 
calibrations was 4.02 min. At a computer 
charge of $200 per hour, this amounts to $0.46 
per calibration (output in listing form only; 
plotting and card punching increases the cost 
slightly). Ail things considered, the per cali¬ 
bration cost estimate is between $2 and $5. 
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DESIGN OF AN IMPULSE EXCITER 

Specifications 

The following specifications were chosen, 
as criteria for designing a device to produce an 
acceleration impulse to a standard and one or 
more test accelerometers to be calibrated by 
the described technique above. (With higher 
sampling rates of A/D converters available in 
the future, it will be possible to excite and re¬ 
cord signals from several test accelerometers 
simultaneously.) 

1. The acceleration pulse should be Gaus¬ 
sian or a good approximation of a Guassian 
time function. The resulting Fourier transform 
should be flat to some corner frequency and 
then roll off at better than 20-db/octave slope. 
The pulse duration should be adjustable down to 
1.0 msec. The pulse shall start at 0 g and ter¬ 
minate at 0 g. 

2. Because of the wide variety of test re¬ 
quirements, the peak acceleration level must 
be fully adjustable from near 0 g to 1000 g. 

3. Crosstalk or transverse motion shall be 
less than 2 percent of the peak acceleration 
level. 

4. The mounting area for the test acceler¬ 
ometer shall be large enough to accommodate 
servo force-balance type accelerometers. 

5. The device should be simple in design 
and inexpensive to fabricate, and should require 
a minimum of maintenance. 

Description of Impulse Accelerometer 
Calibration Table 

The impulse exciter that evolved out of the 
specifications listed above is illustrated in 
Fig. 11. It is basically a round, laminated table 
30 in. in diameter. It has two protruding cleats 
180 deg apart that impact against steel stops 
bolted to the fixture base. Convex rubber pads 
are fixed to the cleats as impact media to shape 
the pulse. The acceleration impulse direction 
is horizontal and tangent to the outer edge of 
the table. 

The procedure is to back up the table 
against the opposite stop, thereby lifting a 
bucket of lead (variable) via cord wrapped 
around the hub and passed over two sheaves. 
Releasing the wheel allows the weighted bucket 
to accelerate the table at a low, constant level. 
About 30 deg before impact, the oucket bottoms 
out, the cord goes slack and the table coasts, 
with negligible deceleration (bearing friction is 
so small that restrictions on Eq. (8) are satis¬ 
fied) into the stops to create the desired pulse. 
Just prior to impact, the DTS recording is 
started and continues for a given period of time. 
After impact, the table rebounds with negligible 
deceleration for the 30 deg required to take up 
slack in the cord. By this time, the DTS has 
stopped recording the transducer output signals. 

This design was chosen for the following 
reasons: 

I. The radial crosstalk acceleration is pro¬ 
portional to the angular velocity of the table, 
which is the integral of the angular acceleration. 
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Fig. 11. Accelerometer calibration table

The table diameter of 30 in. was chosen to in­
sure that the radial crosstalk be less than 2 per­
cent of the peak tangential acceleration.

2. The table yields an overall velocity 
change and thereby produces acceleration en­
ergy down to 0 Hz.

3. The peak acceleration level is easily 
adjustable by adjusting the bucket weight and 
yields no rebound problems for very low accel­
eration pulses.

4. The first tangential resonance is due to 
a "shear-moment of inertia" relationship of the 
table and is predictable at about 3000 Hz. By 
proper design of the impact pads, a minimum of 
energy is produced at that frequency. Further, 
the laminated construction is such that the lam­
inating adhesive will mechanically filter out the 
3000-Hz resonance.

5. The table offers a larger, easily acces­
sible area for mounting transducers.

6. The dual impact design eliminates any 
reaction load at the center bearing.

7. With the design of a stable mounting 
platform centered over the bearing housing, 
the device could be adapted to calibrate angular 
accelerometers.

8. Finally, and probably most important 
for the present, it is simple and inexpensive to 
build, and it requires negligible maintenance.

Initial Testing

Evaluation of the impulse calibration table 
was very encouraging; however, some design 
errors did show up. The base plate (2-in.-thick 
aluminum), upon which the stops are mounted, 
was not stiff enough and, consequently, the stop 
reactions dynamically warp the base and excite 
the bearing shaft. The result is that the vertical 
crosstalk is 6-10 percent of the impulse peak 
level. The cleats, upon which the rubber pads 
are mounted, and the stops did not have enough 
contacting surface area, and the resulting im­
pulse is too long in duration to maintain required 
system accuracy to 1000 Hz. Corrective modi­
fications are presently in work.

While the parts required for modification 
of the calibration table were in work, the com­
puter program, developed by a Boeing program­
ming group, was being tested for acceptance.
The fundamental acceptance criteria are that the 
program must do the processing as required and 
that it be adequately documented so that engi­
neering aides can e.ficiently service the pro­
gram without extensive training or knowledge 
of the mathematics. Acceptance was made when 
an engineering aide was able to process a tape, 
with many calibrations, and get the proper re­
sults. An accelerometer calibration produced 
from the computer plot routine during this ac­
ceptance testing is shown in Fig. 12. It is the 
calibration of a t25-g, strain-gaged accelerom­
eter with a natural frequency of 650 Hz.
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Fig. 1¿. Accelerometer calibration from computer plot routine 

CONCLUSIONS 

For the production calibration of acceler¬ 
ometers for aerospace testing, the present 
technique of sinusoidal excitation by electro¬ 
magnetic exciter has been shown to be slow, 
limited, inaccurate, and expensive. The modern 
digital computer has made the accurate com¬ 
putation of Fourier integral transforms from 
transient or impulse types of time functions an 
economic reality. Because of this, a new tech¬ 
nique for the calibration of accelerometers has 
been developed that is faster, cheaper, more 
accurate, and more versatile than the present 

technique. Basic ground rules for the applica¬ 
tion of the technique have been discussed and 
integrated into the design and fabrication of an 
accelerometer calibration table. 
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BIDIRECTIONAL SHOCK AND HIGH-IMPACT 

EFFECTS ON SHOCK TRANSDUCERS 

V. F. DeVost and P. S. Hughes 
Naval Ordnance Laboratory 

Silver Spring, Maryland 

Naval Ordnance Laboratory has observed frequent signal errors in re 
cordings of shocK prcduccd by underwater explosions, firing of artillery 
projectiles, and actuation of pyrotechnic devices. Similar errors have 
been observed in recordings of shock produced by laboratory testers 

projectile "selb ^ eCtS 0Í shiPboard shock, hard-target impact, and 

A laboratory investigation of the problem has traced the source of sig- 
nal error to the piezoelectric shock transducer and has identified some 
of the characteristics of shock which adversely affect transducer re¬ 
sponse: the shocks contain very high frequencies and some are bi- 

INTRODUCTION 

The troublesome shock areas discussed in 
this paper are relatively few, considering the 
wide variety of shocks associated with weapons 
and test facilities. This limited investigation of 
the problem of signal error in no way is intended 
to rate or disqualify current shock transducers; 
overall, transducers have done and continue to 
do a good job. None of the transducers used at 
NOL have been discarded because of signal 
error problems, except those which were dam¬ 
aged; however, the experience has taught us tc 
screen transducers carefully before using them 
to measure severe and complex shocks. This 
paper is intended to move others to investigate 
the problem and work toward its solution. 

Despite the fact that many shocks encoun¬ 
tered by new weapons and shock facilities are 
within the rated range of most high-g trans¬ 
ducers, it has been rarely possible to measure 
them accurately. Signal error in recordings of 
bidirectional shocks and high impacts have been 
encountered using transducers rated at 20,000 
to 100,000 g and having natural frequencies of 
60 to 100 kHz. This paper discusses the char¬ 
acteristics of shocks which adversely affect 
transducer response and identifies, where pos¬ 
sible, the kinds of signal error that occur in shock 
recordings. The paper also briefly describes, 
mechanical filtering for shock transducers and 
discusses the response of single-degree-of- 
freedom systems subject to complex shock. 

Bidirectional Shock 

The term "bidirectional" is used to charac¬ 
terize shocks that excite the monitoring trans¬ 
ducer along its transverse as well as its longi¬ 
tudinal axis. Not all bidirectional shocks cause 
signal error; significant errors were found only 
with shocks that contain high frequencies in the 
direction of the transverse axis of the transducer. 

High Impact 

The teim "high impact" is used to charac¬ 
terize very severe shocks that excite the moni¬ 
toring transducer, usually along its longitudinal 
axis, at frequencies approaching the transducer 
natural frequency. Generally, these shocks are 
of very short duration or have an extremely 
short rise time — of the order of microseconds. 
Some of the high-impact shocks discussed con¬ 
tain significant transverse components; others 
are unidirectional. 

Signal Error 

As discussed here, signal error is attribut¬ 
able to transducer malfunction only. Expressed 
in terms of transducer response, it is the error 
that results from transducer signals which are 
not proportional to the shock being measured. 
Other possible sources of signal errer were in¬ 
vestigated to make certain that the problem was 

! 
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in fact a transducer problem. This was essen¬ 
tial since in recording shock, signal errors can 
arise from many sources; the following are 
some of the more common ones: 

1. Over modulation resulting from input 
signals greater than the dynamic range of tape 
recorders; 

2. Clipping resulting from overload of 
signal-conditioning amplifiers; 

3. Spurious noise generated by the signal 
conditioners as a result of shock (more common 
in missile-borne devices than in laboratory 
devices); 

4. Signal distortion by the transducer 
cables; 

5. Noise from chatter of transducer con¬ 
nectors; 

6. Phase distortion resulting from improper 
filtering. 

Measures taken toeliminate or minimize the 
above signal errors consisted of the following: 

1. The gai*', settings of the tape recorder 
and signai conditioners were set well within 
their dynamic ranges (only bench model charge 
amplifiers were used). In addition, the signal 
conditioners were shock isolated. 

2. Low noise transducer cables were used. 
Tests to the breaking point of the cables were 
made, and the cables were found to be essen¬ 
tially noiseless. 

3. During several severe tests, the outputs 
of two transducers, one potted in hard epoxy and 
one unpotted, were compared. The outputs were 
virtually the same, indicating that connector 
chatter was not a source of signal error for the 
transducers used. 

4. The transducer outputs were recorded 
on magnetic tape and played back for shock 
spectral analyses. The spectra were then com¬ 
pared with spectra obtained from real-time 
analogs [I] and found to differ by less than 
5 percent at frequencies up to 15 kHz. This in¬ 
dicates that the tape recorder filters are a neg¬ 
ligible source of signal error. 

FIELD TEST RECORDINGS 

Pyrotechnic Shock 

Naval Ordnance Laboratory’s first attempt 
to record explosive-separation shock was in 
support of the development of the Blue Rock 

vehicle. Separation of the canisters from the 
vehicle was accomplished in two stages. In the 
first stage, capsule doors were cut open with 
Primacord; in the second stage, canisters were 
ejected from the capsule with SR 4990 propellant 
actuators. 

Primacord-produced shocks contained very 
high frequencies and violently excited adjacent 
structures in every direction. Figure 1 shows 
several recordings of explosive-separation 
shock taped with a 10-kHz flat response system. 
Transients of the shock observed on an oscillo¬ 
scope showed that the shock contained frequen¬ 
cies somewhat higher than those recorded on 
tape; initial pulse rise times may have been 
shorter than the Fig. 1 recordings indicate. The 
combined effects of shocks in the transverse and 
longitudinal direction of the transducers appar¬ 
ently resulted in the loss of transducer preset 
or in crystal damage. 

Separately run ejection tests in which the 
canisters were ejected from the capsule were 
made using early model actuators. These tests 
resulted in damage to the transducers which 
were rated at 100,000 g —this damage occurred 
even at ejection velocities as low as 25 fps. 
Shock recordings of ejections made with lower-g 
actuators contained signal errors very similar 
to those shov/n in Fig. 1. 

Signal error in other pyrotechnic shock 
measurements has been reported and observed 
in several recent shock and vibration papers on 
the subject (2 through 5). Admittedly, we can¬ 
not say for certain that the source of error in 
the tests reported was the transducer; however, 
some of the recordings look very similar to 
those described in this paper, especially those 
showing baseline shift. 

Underwater-Explosion Shock 

Signal errors were observed in recordings 
of shocks produced by close-in underwater ex¬ 
plosions against a submerged 3-ton platform 
supporting an instrumentation buoy. During this 
series, the velocity change of shock ranged from 
about 35 to 55 fps. Because of the size and com¬ 
plexity of the test apparatus, the explosions ex¬ 
cited shocks in every direction. Transducers 
were mounted inside the buoy and on the buoy 
antenna. The effect of the shock on transducers 
in many cases was similar to the effects ob¬ 
served in pyrotechnic shock tests. Figure 2 
shows representative recordings in which signal 
error was present. Other examples of the Fig. 
2A shock are shown in Fig. 3, transducer G. 
The most frequent error observed during 
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recordings of underwater explosion tests was 
that of baseline shift, traces B. and C.

Gun Shock

The most severe shocks recorded in the 
field were those produced in 5"/54 cartridge 
cases during automatic ramming and in artil­
lery projectiles fired at service pressure. Sig­
nal error during ramming shock resulted from 
very high axial impacts, 30- to 32-fps velocity 
change, containing frequencies near the natural 
frequencies of the transducers. The errors 
during gun firings resulted primarily from 
transverse impacts of the projectiles against 
the barrel wall, which accounted for the sudden 
and high signal overshoot. Figure 4 shows re­
cordings of both types of shocks (6]. The re­
cording system used in the gim tests was flat 
to 20 kHz.

LABORATORY TEST RECCXIDINGS 

Air Gun Shock

Several testers used at NOL produce shocks 
that adversely affect shock transducer response. 
Signal error has been detected in recordings of air 
gun|7] shock in which transverse impacts occur 
at levels of 10 to 40 percent of the longitudinal

shock levels. Figure 5 shows recordings of 
shocks produced by the NOL 15-in. and 5-in. 
air guns and identifies the signal errors present.

Drop Tester Shocks

Transducers subjected to relatively mild 
steel-on-steel impacts using the NOL 40-ft dr(^ 
tester (7] were able to withstand only three or 
four impacts before they became inoperative. 
Free-fall drops were made at a height of 3 ft. 
Figure 3 illustrates how the shock transducers 
of two different manufacturers responded to 
shocks containing frequencies estimated to be 
in the range of 80 to 100 kHz. Because the 
transducers read low (the indicated velocity 
change was considerably less than that com­
puted), crystal damage under this kind of im­
pact apparently occurs during the rise portion 
of the initial pulse. Also, since the signal level 
continued to drop off with repeated impacts, 
damage was apparently progressive.

Transducers were subjected to shock tests 
using the Mk 7 drop tester |8]. The impacts 
were of greater velocity change but lower fre­
quency content than the previously described 
40-ft drop tester pulses. The transducers sur­
vived the shock but produced substantial signal 
errors, such as baseline shift, signal overshoot, 
and loss of preset, as shown in Fig. 6. These
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errors appear to have been caused by the high 
frequencies (about 50 kHz) present in the shock; 
resonances may have occurred in the transducer 
case or mass-crystal element. 

BIDIRECTIONAL SHOCK TESTS 

In the field tests described previously and 
in some of the laboratory tests, it was impossi¬ 
ble to determine with desired accuracy the ac¬ 
tual directions, velocity, and characteristics of 
the shocks which adversely affected transducer 
response. To investigate the effect of bidirec¬ 
tional shock under controlled conditions, labo¬ 
ratory tests were performed on transducers in 
which a high-frequency transverse impact was 
superimposed on an axial shock pulse. 

To perform the tests, special apparatus 
was set up using a free-fall drop tester, the 
WOX-126A |9 J ; the apparatus is represented in 
Fig. 7. The carriage is dropped onto a standard 
shock pad to produce a smooth shock pulse in 
the axial direction. The axial shock inertially 
drives a hammer against a horizontal rod to 
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produce an impact against one of the mounts in 
a direction normal to that of the axial shock. 
Duxseal pads are used to prevent the trans­
verse shock from exciting the impact mount in 
the axial direction and to isolate the axial shock 
mount from the transverse shock. Duxseal, a 
ncmhardening, nonresilient putty, is stiff enough 
in compression to withstand low-frequency 
shock, but soft eno’igh in shear to attenuate im­
pact shock — its behavior under impact loading 
is discussed later.

above, it is not the object of this paper to rate 
transducers for particular shock applications. 
The screening methods employed in this investi­
gation should prove useful to the users of trans­
ducers for determining whether a particular 
transducer is adequate for a particular job. 
Other tests can be performed to check the im­
pact transverse sensitivity of transducers. The 
appendix describes a ball peening test frequently 
used to determine unmounted transducer natural 
frequency.

Eight different high-g, piezoelectric shock 
transducer models were tested for response to 
bidirectional shock. Three gages were early 
models, no longer in production. The gages 
responded to transverse impacts by superim­
posing signals on the axial pulse of 10.2 per­
cent to 65 percent of the peak transverse input. 
Oscillograms of the applied shocks and the re­
sponse of transducers to bidirectional shock are 
presented in Figs. 8, 9, and 10. The transducers 
are not identified by name since, as indicated

Several methods were studied to reduce 
signal error, but with limited success. Elec­
tronic low-pass filters proved ineffective be­
cause they could not correct distorted pulses 
or distinguish between real high-frequency sig­
nal and signal error. Use of low-frequency, 
resilient transducer mounts to prevent trans­
ducer overload merely introduced another source 
of resonance in complex shock; also, the mounts 
were ineffective in reducing signal error pro­
duced by transverse shock.

SK0C«

•• ^-Dxf •cti
•hoc* liMpur.*#

Ttar.l5.C«l C

» Ttmr*myft90 thoca

!
20C 3

4
1

lOOC f
I

ajfjET-mp
• I - &IC*Ct i
Choca

Fig. 8. Response of group 1 shock transducers 
to bidirectional shock



nartm'-ss£-»

ShocK ftMpOr.M

Tr«nav«rM tpp*ct

M C*ft M

TTT»duc#r r

Bl*Dlc«ctlonal 
Shock R*Bpon»«

TrBnsvoto# Inpoct

O.S M

Fig. 9. Response of group 2 shock transducers 
to bidirectional shock

Shock Roapont# 
(6«a«Un« Shift)

Trar,averse 
Shock Input

^ O.S me

ICOO

Transducer H

Bx-Dlrec* i^-.ai 
Shock Resp^uae 
(Baselirie Shut :

Shock Xfiput

Fig. 10. Response of group 3 shock transducers 
to bidirectional shock

36



In several tests In which the shock was 
known to be lethal to transducers and in which 
the high-frequency content of shock was not 
considered critical, potted transducers were 
used to advantage. The Duxseal used to isolate 
the transducer mounts in the bidirectional shock 
tests (Fig. 7) was similarly used to isolate the 
transducers from the components of shock 
known to adversely affect transducer response. 
This filter consisted simply of a housing in 
which a shock transducer was potted in a non- 
resilient, nonhardening putty. The material, as 
demonstrated earlier, is stiff enough to trans­
mit relatively smooth shocks but not resilient 
enough to respond to very high frequencies.
The assembly Is shown in Fig. 11.

The mechanically filtered transducer was 
tested for response to high axial impacts and to 
bidirectional shock with the same apparatus as 
that shown in Fig. 7. Oscillograms of filtered 
and unfiltered high-frequency impacts are pre­
sented in Fig. 12 to demonstrate how the filter 
performed when subjected to relatively noisy 
axial shocks. Performance of the filter for 
isolating the transducer from the effects of bi­
directional shock is illustrated in Fig. 13.

Results of the tests show that for severe 
axial impacts, 22,000 g and 45-fps velocity

Houatrif

Fig. 11. Mechanical filter for 
shock transducers

change, the filter performed well. The highest 
frequency passed was approximately 11 kHz; 
unfiltered shocks contained frequencies from 
about 30 to 80 kHz. The filter did not appear 
to distort the principal shock pulse. In the 
bidirectional shock tests, the filter reduced
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transverse signal error to 2.5 percent of the 
input shock. 

EFFECT OF SIGNAL ERRORS ON 
SHOCK SPECTRAL ANALYSIS 

Undetected signal errors in shock record¬ 
ings can make analysis misleading or meaning¬ 
less. In the case of the 5"/54 gun shock shown 
in Fig. 4B, electronic integration of the accel¬ 
eration record indicated a velocity change that 
was in error by nearly 100 percent. Also an 
attempt to analyze the shock spectrally proved 
completely futile. It is obvious that analysis of 
many of the shock recordings illustrated here 
would be equally meaningless. Gross errors 
in the analysis of this type of shock resulted 
from a combination of signal errors. To illus¬ 
trate how signal error can affect interpretation 
and analysis of shock data, several hypothetical 
shock transients containing signal error were 
spectrally analyzed using the digital computer. 
For simplicity, errors were grouped into two 
forms: baseline shift and pulse distortion. 

To simulate a complex shock containing 
baseline error, a 10-cycle, linearly damped, 
sinusoidal transient was generated by the com¬ 
puter, and baseline shifts were introduced by 
adding a positive or negative step to the entire 

transient. Figure 14 illustrates the damped 
sinusoidal signals analyzed: shock-signal 1 
contains zero shift, 2 contains 25 percent posi¬ 
tive shift, and 3 contains 1.4 percent negative 
baseline shift. A shock spectrum of each tran¬ 
sient is plotted for comparison. Plots are on 
four-coordinate, log-log scales to show maxi¬ 
mum absolute acceleration response, relative 
velocity response, and relative displacement 
response of undamped oscillators from 5 to 
1000 Hz. Spectrum 1 represents the spectrum 
for the "correct” pulse. In the low-frequency 
region, the spectrum becomes parallel to ap¬ 
proximately a 5-fps constant velocity value. 
This corresponds to the velocity change of the 
input pulse. Spectrum 2 is of the transient with 
+ 25 percent baseline shift. This error shifts 
the low-frequency region of the spectrum toward 
a much larger constant-velocity line, about 80 
fps. Spectrum 3 is of the transient with 1.4 per¬ 
cent negative baseline shift. This negative shift 
results in a velocity change of zero. Therefore, 
the spectrum is no longer parallel to a constant 
velocity line but instead becomes parallel to a 
constant displacement line of approximately 
0.35 in. 

These examples illustrate how the spectra 
of shock can be significantly modified by rela¬ 
tively small baseline shift errors. In the re¬ 
cording of a complex shock where the parameters 
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Fig. 14. Effects of baseline shift on shock 
spectra (zcta = 0)

of velocity change and displacement are un­
known, a slight baseline shift could easily go 
undetected and be carried over into data 
analysis.

The second form of signal error, abrupt 
distortion at some point in the recorded shock, 
was simulated using simple pulses. The dis­
tortions consisted of superimposing very short 
duration signals on the pulses. Versed sine 
pulses were used as the basic shock, and a saw­
tooth and step pulse were used to simulate sig­
nal error. The pulses are shown in Fig. 15.
The sawtooth distortion is typical of transducer 
responses to bidirectional shock or spurious 
noise; the step pulse is characteristic of some 
high-impact shock signal error. Spectrum 4 of 
the undistorted pulse is compared with spectra 
5 and 6 of the two pulses containing signal error. 
Spectra 4 and 5 are coincident below about

230 Hz because they both have approximately 
the same velocity change. However, in the 
high-frequency region there is a marked differ­
ence between spectra; maximum error in the 
distorted pulse spectrum is over 400 percent. 
Spectrum 6, for the pulse containing an abrupt 
baseline shift, deviates from that of the undis­
torted pulse spectrum in both the low- and high- 
frequency regions: the velocity change indicated 
by the low-frequency portion of the spectrum is 
20 percent low and the accelerations in the high- 
frequency region are about 11 percent high.

CONCLUDING COMMENTS

Without knowing precisely how the sensing 
elements of transducers are designed, it is dif- 
ficuli to say why transducers produce erroneous 
signals when subjected to certain complex
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Fig. 15. Effect of pulse distortion on shock spectra

shocks. However, it is clear from the field and 
laboratory test data examined that the high- 
frequency components of shock are the princi­
pal cause of signal error. Nonresilient me­
chanical filters may reduce signal error or 
protect transducers from the damaging effects 
of shock; but in doing so, that portion of shock 
which is significant may be ignored. However, 
if the risk of transducer damage is great, me­
chanical filtering may mean the difference be­
tween getting some meaningful shock data and 
getting nothing. Perhaps the only practical ap­
proach to the current complex or lethal shock 
problem is to use a mechanically filtered trans­
ducer adjacent to one which is unfiltered or to

measure shock at the hi^er frequencies with 
peak-reading mechanical devices.

Sigmd error is not merely a problem af­
fecting the accuracy of shock recordings; as 
demonstrated by the spectra of several hypo­
thetical shocks containing errors, the problem 
extends to the interpretation and analysis of 
shock as well.

The most desirable solution to the problems 
discussed here would be the development of 
shock transducers with lower transverse sen­
sitivity and with a higher shock range and res­
onant frequency.
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Appendix 

BALL PEENING TESTS 

Ball peening tests consist of dropping a 
steel ball against the bottom or side of the 
transducer and monitoring its response. The 
transducer may be supported by the cable only 
or held seismically with a rubber band. The 
ball should weigh no more than 1 or 2 gm and 
be dropped about 9 in. — under these conditions 
no denting of the transducer surface will occur. 
Figure A-1 illustrates how the tests are run. 

Drops are made first against the bottom of 
the transducer to determine the approximate 
impact level; then drops are made against the 
side of the transducer. Figure A-2 presents 

the results of impacts produced with a 1-gm 
ball against a 13-gm transducer (model C, 
Fig. 8). Computed transducer velocity change 
is about 0.5 fps. 

Apparently, the transverse sensitivity of 
the unmounted transducer is significantly higher 
than that of the mounted transducer: 41 percent 
compared to 18 percent. While this test method 
may not realistically show the useful transverse 
impact sensitivity of a transducer, it has some 
merit for comparing one transducer with an¬ 
other to select the best instrument for meas¬ 
uring complex shock. 

41 

/ 



\
laoo « TrftA«v«cM Mnsitiv&vy • 4lm

-S '

-

— . 50

•—4- M

— iO . I

A ■ 1
i

0«M Iia^act

Fig. A-2. Ball peening impacts and 
responses (transducer C)



INFLUENCE OF FIXTURE STRESS CONCENTRATIONS 
ON RING ACCELEROMETERS

James A. Nagy and Charles E. Henley, Jr.
NASA Goddard Space Flight Center 

Greenbelt, Maryland

Tests have revealed that the most commonly used base-strain-free 
accelerometer in use at the Goddard Space Flight Center is subject to a 
subtle source of error from strains developed in vibration fixtures. 
Accelerometers mounted on supposedly rigid surfaces may show er­
rors of the order of 100 percent at the very low frequencies below any 
resonances.

A study to determine the nature of the fixture stress concentration and 
means of avoiding it was initiated. The test methods used and the re­
sults obtained are described. The test methods discussed include 
(a) standard accelerometer calibration techniques as well as calibra­
tions varying torque, position, and mounting hole angle; (b) photoelastic 
techniques; (c) base sensitivity checks; and (d) a transducer devised to 
detect the presence of base strain in mounted accelerometers.

INTRODUCTION

This p^r presents the results of an inves­
tigation into accelerometer base-strain sensi­
tivity. This investigation was preciptuted by 
anomalies experienced during lateral vibration 
tests of heavy spacecraft where a large moment 
tends to tip a circular base about a point. The 
load is transferred to the test fixture and pro­
duces stress concentrations around the shaker- 
control accelerometer mounting hole. The test 
fixture does not bend appreciably; however, the 
stress concentrations were foimd to produce the 
same spurious output obtained from the accel­
erometer when its base is subjected to bending 
on a cantilever beam. Base bending produces 
an erroneous accelerometer output proportional 
to the bending strains.

BACKGROUND

Piezoelectric ring-shaped shear acceler­
ometers are the most commonly used at the 
Goddard Space Flight Center for shaker control 
and response measurements during vibration 
tests (see Fig. 1).

For shaker control, the accelerometer is 
screwed directly to the test fixture alongside a 
control monitor accelerometer. During certain 
spac 3craft vibration tests, nonagreement had

Fig. 1. Piezoelectric ring-shaped 
shear accelerometer

been noted between these two accelerometers 
at low frequencies below resonance. The cause 
of the problem was not understood since the 
fixture was not subjected to bending. Moreover, 
the accelerometer’s shear design is intended to 
isolate the crystal element from base bending 
and case distortion. Inconsistent results from 
the two accelerometers frustrated early inves­
tigators, but the anomaly was circumvented by



mounting the accelerometers on a block welded 
to the fixture, which relieved the stress con­
centrations. Recent similar test inconsisten­
cies at a contractor's facility gave rebirth to 
study of the problem.

The contractor's spacecraft test fixture 
was not available for investigation; therefore, 
an old Goddard fixture known to have caused 
erroneous accelerometer outputs was used for 
this investigation. The fixture is an 18-in. alu­
minum disk 2 in. thick; it picks up a C-125 
shaker hole pattern. Figure 2 shows the simu­
lated spacecraft lateral test setup to check the 
fixture control accelerometer location for base 
strain. The test was conducted by controlling 
acceleration at the shaker with a base-strain- 
free accelerometer to 0.5 gp from 8 to 100 Hz 
while recording response at location 2, the con­
trol point used in past tests. The response ac­
celerometer should have agreed with the control 
accelerometer at the low frequencies below 
resonance; it did not, however, as shown in 
Fig. 3. It was further found that its output was 
a function of mechanical rotation of the accel­
erometer about its sensitive axis, as shown by 
the two curves and the response marks at 20 Hz 
for other orientations. It was readily apparent 
why earlier investigators were frustrated with 
Inconsistencies; it was not understood, however, 
why the accelerometer output was orientation 
sensitive and seemed to be frequency dependent. 
Still not sure that a base-strain problem ex­
isted, it was theorized that definite proof of a 
strain situation could be made if the accelerom­
eter could be desensitized in such a way that it 
would ignore acceleration and produce an output

resulting strictly from fixture stresses. When 
a cutaway display model of the ring accelerom­
eter was examined, it was recognized that strain 
gages bonded to the accelerometer's post as­
sembly might provide a transducer suitable for 
detecting base strain. Luckily, a post had been 
obtained from the manufacturer several years 
ago when these spurious outputs were first ob­
served, and it was still available (Fig. 4). The 
instrumented post was installed in location 2 on 
the fixture. A static output was obtained during 
the installation of the post, and a dynamic output 
was obtained from 20 to 60 Hz as the simulated 
spacecraft mass went through resonance during 
a 0.5-g sine sweep. The existence of a fixture 
strain problem had been proved; therefore, it 
was decided to investigate the accelerometer's 
base-strain characteristics since no detailed 
data were available on the subject.

BASE-STRAIN SENSITIVITY TESTS

Nine ring accelerometers of the same man­
ufacture were randomly chosen from stock and 
calibrated. Frequency response and amplitude 
linearity were carefully checked. With base- 
strain absent, the accelerometer's frequency 
response and amplitude linearity were found to 
be insensitive to mounting torque, orientation, 
and installation in misaligned holes.

The accelerometers were then tested for 
base-strain sensitivity, as shown in Fig. 5, 
using the test method described in ISA Stand­
ards RP 37.2 (1) as follows;
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SJOU TEST MASS
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Fig. Z. Fixture mountea for lateral vibration



Fig. 3. Filtered composite response oí 222ID 
at location 2 

Fig. 4. Instrumented ring accelerometer post 

The technique used to measure strain sen¬ 
sitivity of an accelerometer meets the re¬ 
quirement oí ASA Z 24.21-1957 (General 
Reference C) paragraph 3.1.3.7 (Ref. 2]. 
The accelerometer is mounted on a simple 
cantilever beam. The radius of curvature 
at the point where the accelerometer is 
mounted is 1000 inches when the beam 
measurements are taken. A steel beam is 
held as a cantilever in a vice bolted to a 
concrete floor. The beam is 3.0 in. wide 

by 0.5 in. thick and 60 in. long. (The free 
length is approximately 57 in.) The natural 
frequency is very close to 5 cps. Four 
strain gauges are bonded to the beam adja¬ 
cent to the accelerometer mounting hole 
(two each, top and bottom, about 1.5 in. 
from the edge of the clamp). A two-channel 
recorder is used to record the output of 
both the strain gauge bridge and the accel¬ 
erometer under test. The system is excited 
by manually deflecting the free end of the 
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Fig. 5. Ba*e>*train aensitivity aetup

beam and allowing it to vibrate freely. The 
output of the accelerometer i« taken from 
the oscillograph record at a point where the 
strain in the surface of the beam is 250 x 
10 inch per inch. (This is equivalent to 
a radius of curvature of 1000 inches.) The 
strain sensitivity, in g's, for a strain of 
10 inch per inch is found by dividing the 
above accelerometer output tiy 250 times 
the accelerometer sensitivity in millivolts 
per g.

The results, summarized in Table 1, show that 
the strain sensitivity lor the nine accelerome­
ters varied from an equivalent 0.008 g//iin./in. 
to 0.04 g//iin./ln. Mounting torque was 10 in.-lb. 
The manufacturer recommends 8- to 12-in.-lb 
torque, and strain data received from the man­
ufacturer indicates a nominal strain sensitivity 
for the 2221 D as 0.03 g//iin./in. The manufac­
turer makes no mention of torque sensitivity; 
however, it was found that the output of the ring 
accelerometer from base strain is torque 
sensitive.

Figure 6 shows a typical record of acceler­
ometer output vs beam strain obtained from the 
beam test. Although this particular record does 
not show the magnitude effect of orientation.
Fig. 7 does. Figure 6 does show that the ac­
celerometer's output polarity changes with

TABLE 1
Strain Sensitivity Summary

Model Maximum Strain Sensitivity* 
(Equivalent g/fiin./in.)

Mounting Torque Effect on Strain 
Sensitivity (Equivalent g/pin./ln.)^

5 in.-lb 10 In.-lb 15 In.-lb

2221 C 0.02 0.008 0.02 0.03

2221 C 0.04 0.02 0.03 0.04

2221 D 0.008 0.003 0.006 0.008

2221 D 0.03 0.01 0.02 0.03

2221 D 0.02 0.02 0.02 0.02

2221 D 0.04 0.02 0.03 0.04

2221 E 0.01 0.007 0.01 0.02

2221 E 0.01 0.008 O.Cl 0.01

2221 E 0.04 0.02 0.03 0.04

^Maximum strain si-nsitivity for 10-in.-lb mounting torque.
“Torque sensitivity test carried out at the .tpproximate orientation producing maxi­

mum strain sensitivity.
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Fig. 6. Typical record for strain 
sensitivity determination 

orientation when base strain is present. Note 
that the accelerometer’s output is in phase with 
beam strain in the 45-deg position and out oí 
phase in the 90-deg position. This can be de¬ 
tected with the first pull of the beam. Figure 7 
shows the output of the accelerometers plotted 
as a function of rotation about the sensitive 
axis. Note that the outputs are not symmetrical 
about zero, that measurements were made 
every 45 deg, and that four measurements are 
required to define maximum positive and nega¬ 
tive strain sensitivity. These plots indicate 
that the accelerometer is orientation sensitive 
to beam strains and that two cycles are gener¬ 
ated per complete cycle of mechanical rotation. 
It would seem that the accelerometer is strain 
sensitive in two axes, 90 deg apart and perpen- 
ducular to the sensitive axis. When the beam 
is deflected, a strain is produced along the 
beam length; however, because of Poisson's 
effect, a strain of opposite sign is produced 
across the beam. As the accelerometer's x 
and y sensitive axes are rotated through this 
90-deg strain field, a resultant sinusoidal out¬ 
put which produces two cycles per cycle of ro¬ 
tation is generated. 

STRAIN-ONLY FIXTURE TEST 

Although the strain sensitivity had been 
determined on the beam with no appreciable 
acceleration in the accelerometer's sensitive 
axis and no cross-axis acceleration, it was felt 
that the same absence of acceleration conditions 
should be duplicated wiU. the simulated space¬ 
craft lateral test setup. This was accomplished 
by rigidly fixing the fixture to the floor of the 
shaker cell, as shown in Fig. 8. The shaker 
armature was attached to the top of the mass 
and driven at 7 Hz to produce the required mo¬ 
ment. Shaker displacement was held at 0.05-in. 
double amplitude. A vertically oriented strain 
gage was mounted on the fixture plate 180 deg 
away from location 2 to verify strains produced 
in the fixture. The results from this test were 
ihe same as those obtained on the beam. The 
five accelerometer locations shown, as well as 
the two on the plate beneath, showed varying 
degrees of base strain. Location 2 produced 
the highest output because of its proximity to 
the attachment fitting bolt carrying the greatest 
load from moment. A constant displacement fre¬ 
quency sweep from 5 to 100 Hz was conducted; 
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Fig. 7. Accelerometer strain output 
as a function of rotation about its 
sensitive axis

U showed that the accelerometer's strain sen­
sitivity was not frequency dependent. It was 
further shown that an accelerometer could be 
oriented so that It would (uroduce virtually no

output from base strain on this particular 
fixture.

VIBRATION TEST

It was now felt that enough Information was 
available to return to the lateral vibration test 
of Fig. 2 and understand the results, and that 
with an understanding of base strain, we rould 
produce an over test or undertest at will on the 
simulated spacecraft. To Illustrate the effect 
on base-straln-free control for this test, a 
2224C top connector shear accelerometer was 
tested on the beam to confirm the manufactur­
er's nonalnal figure A 0.0005 g/pln./ln. The 
accelerometer's maximum strain sensitivity 
was determined to be 0.0005 g/pln./ln. It was 
then mounted to the beam with a model 2086 In­
sulated stud and showed no measurable output 
for a beam strain as high as 400 pin./in.

The plots of Fig. 9 show the response at 
the top of the mass for three separate tests 
when controlling the shaker at location 2 with 
strained and strain-free accelerometers. The 
first run was made with the strain-free 2224C 
mounted on the stud at location 2 to show the 
simulated spacecraft response with a true Input. 
All sweeps were made at 0.5 g. The next run 
was made with the base-strained ring acceler­
ometer mounted at location 2 and oriented at 
180 deg to produce a positive strain signal, 
thereby adding to the acceleration signal and 
resulting In an undertest. The last run at­
tempted was to prove that an overtest would 
result. The ring acr-lerometer was reoriented 
to 270 deg to produce a negative strain signal 
which canceled out the acceleration signal.
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TOMMS

OlLTAUkUMCN 
vOMca tMctcuAr 
STTACM rmi

____________raso noon aatiincATOH 2--^—MO romm
•MtSTSMHD ___—^aocfusonmss

Fig. 8. Test setup for fixture strain verification



Fig. 9. Filtered masa response with strained and 
strain-free shaker control accelerometer mounted 
at location 2 

When the shaker-control system was turned on 
at 7 Hz, the servo system saw no acceleration 
signal, with the result that it Increased the 
shaker level until the amplitude protector was 
energized and a dump occurred. The test was 
then conducted by sweeping down from 100 Hz 
until the amplitude protector dumped. It Is 
suspected that this response may not be as it 
should, since it was found that the spacecraft 
attachment fitting had cracked in many places 
In the vicinity of location 2 and at 180 deg away. 
In examining Fig. 9, note that at the true reso¬ 
nance frequency of 45 Hz, the mass will change 
phase approximately 180 deg with respect to 
the control accelerometer. The result Is that 
If acceleration and strain are in phase below 
resonance, they will be out of phase above res¬ 
onance and vice versa. In addition, note the 
false spacecraft resonant frequency indicated 
when the shaker control accelerometer is sub¬ 
jected to base strain. 

ADDITIONAL OBSERVATIONS 

Several other observations were made dur¬ 
ing the course of this investigation: 

1. Accelerometer screws were made from 
four different materials to determine their ef¬ 
fect on strain sensitivity. Beryllium copper 
screws decrease strain sensitivity, but the dif¬ 
ference was not of practical significance. 

2. The ASA technique for determining 
strain sensitivity should be modified since it 
is possible that the accelerometer's strain- 
sensitive axes could be aligned in such a way 
as to produce no output from base strain. The 
ASA technique should state that at least four 
measurements are required to define maximum 
strain sensitivity. The accelerometer should 
be mechanically rotated 45 deg for each meas¬ 
urement. 

3. Manufacturers' quoted figures on base- 
strain sensitivity should be suspected of being 
Incorrect, unless it is stated that the maximum 
strain sensitivity has been determined by the 
rotation technique. 

4. Photoelasticity was attempted as a 
means to study the stress pattern around the 
accelerometer mounting hole; the stresses were 
so low, however, that the photoelastic mate¬ 
rial's threshold was reached and the results 
were unsuccessful. 

5. Local stress concentrations exist around 
the hole in the bending beam, which means that 
the accelerometer is not witnessing the same 
strain as Indicated by the strain gage. The 
problem is only of academic interest if all lab¬ 
oratories follow the ASA test method. 

6. These results show that correlation be¬ 
tween two accelerometers mounted side by side 
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does not prove that they are free of base-strain 
effects. 

7. The results from this investigation point 
out that base strain could be the answer to the 
following vibration test anomalies: (a) the same 
or similar test item passes a vibration test on 
one shaker and fails on another; (b) the same or 
similar test item passes a vibration test one 
time and fails the next on the same shaker; 
(c) shaker dumps occur at low frequencies or 
at resonance; (d) accelerometern mounted side 
by side do not agree at low frequencies or at 
resonance; (e) poor shaker control exists dur¬ 
ing low-frequency resonances with an apparent 
lack of sufficient shaker compressor speed and 
a loss of signal at the shaker console; (f) ran¬ 
dom equalization of resonances is difficult or 
impossible; (g) resonances of the same or sim¬ 
ilar item seemingly shift frequency and change 
transmlsslbillty under similar teat conditions. 

CONCLUSION 

Piezoelectric ring-type shear accelerom¬ 
eters produce a spurious output because of ac¬ 
celerometer mounting hole stress concentrations 
as well as from a bending surface. All accel¬ 
erometers should be suspected of being base- 
strain sensitive until proved not. Extra care 
should be given to the mounting location and use 

of a shaker control accelerometer if reliable 
test results are expected. 

Since some accelerometer manufacturers' 
data sheets state that the ring accelerometer 
provides complete mechanical Isolation of the 
sensing element from mounting strains, we 
should like to reiterate Mangolds' recommen¬ 
dation: 

... It is recommended that the accelerom¬ 
eter suppliers because of their unique 
qualifications, update their data sheets to 
Include Information concerning base-strain 
sensitivity, temperature-transient sensi¬ 
tivity, and any other properties heretofore 
unpublished which may be of considerable 
value to the accelerometer users (Ref. 3]. 

It would be helpful if the manufacturer's product 
sheets and sales literature on the genera’ sub¬ 
ject of shear accelerometers would clearly state 
the base-strain sensitivity. 
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SONAR TRANSDUCER VIBRATION REQUIREMENTS 
AND MEASUREMENT TECHNIQUES

Gerald M. Mayer and Edward G. Marsh 
Navy Underwater Sound Laboratory 

New London, Connecticut

Vibration characteristics of passive sonar transducer < lements have 
been investigated, and a standard series of measurements has been de­
vised to isolate various portions of the vibration response. The hydro­
phone vibration response measured at the output terminals of a sonar 
transducer is composed of an acceleration-induced component, a 
velocity-induced component, and component resulting from the water- 
coupled energy radiated from nearby vibrating structural elements. 
Techniques for experimentally determining the relative contribution of 
each are discussed.

The experimental equipment used at the Underwater Sound Laboratory 
is briefly outlined, and graphical representations of each of the vibra­
tion response components discussed are given for a typical piezoelcct ric 
ceramic hydrophone.

I
INTRODUCTION

By its very nature, a sonar transducer has 
a multitude of vibration problems not present 
in other types of equipment. These problems 
dictate the use of isolation concepts and meas­
urement techniques basically different from 
those used in conventional vibration work.

field, an electrical signal proportional to the 
field can be detected at the output terminals. 
However, since the ceramic has finite mass, 
any motion of the ceramic causes inertial load­
ing and the hydrophone also acts as an acceler­
ometer. Signals resulting from the acceleration 
effect constitute a part of the hydrophone's un­
desirable characteristics.

A sonar transducer is a device for trans­
forming a time-varying pressure signal into an 
electrical signal at the output terminals, or con­
versely, creating a time-varying pressure field 
from an electrical input. This is usually accom- 
plidied by means of a piezoelectric ceramic ele­
ment arranged to give the desired projecting or 
receiving characteristics. Since the receiving 
characteristics are far more sensitive to vibra­
tion phenomena, all subsequent discussion is 
directed to passive hydrophones or projectors 
operated in a passive mode.

Since a vibrating hydrophone moves in a 
fluid such as water, Liere will be a force exerted 
on the ceramic proportional to the velocity of 
the motion. This force, which is called radia­
tion pressure, results from the relative motion 
between the fluid and the hydrophone and pro­
duces a second com|X)nent of undersirable back- 
groimd noise.

VIBRATION RESP(»(SE; MEASURE­
MENT DIFFICULTIES

Noise may also be induced from any booting 
material placed over the ceramic for protection, 
since it, too, has inertial loading which causes a 
strain in the ceramic and therefore an output 
voltage. This booting effect is very difficult to 
separate from a pure accelerometer effect of 
the ceramic, but it is nonetheless iiart of the 
total noise signal.

In a basic hydrophone consisting of a hollow 
piezoelectric ceramic cylinder, the ceramic is 
polarized in such a way that any induced strain 
in the ceramic will cause a potential across the 
output terminals. If this hydrophone is placed 
in a time-varying acoustic field or pressure

There may be noise radiated from the 
mounting points of the hydrophone and received 
as acoustic noise at the ceramic. This is a 
major problem in designing a hydrophone mount, 
since any radiated noise is very close to the 
hydrophone and is easily detected.



In theory, the accelerometer effect can oe 
canceled by another cylinder positioned inside 
the existing cylinder with equivalent sensitivity 
but opposite polarity. The resonant frequencies 
of the ceramic mountings must be held very 
nearly equal so that the two signals are always 
180 deg out of phase and of equal amplitude.
This is an unsolved problem, since any small 
phase shift in one ceramic but not in the other 
results in a signal impossible to cancel.

The next alternative would be to Isolate the 
hydrophone from any vibration at its mounting 
point. The hydrophone would remain motionless 
in the acoustic field and measure only the time- 
varying pressure signal. This approach would 
eliminate the accelerometer effect and the ra­
diation pressure effect. The problem now is 
that the accistic energy from near structure is 
worse since the relative motion between the 
hydrophone and the near structure has been in­
creased. The increased relative motion can 
only be eliminated by eliminating the ship's 
vi^ration or by adding pressure release mate­
rial on any surface that could radiate sound to 
the hydro^one, the latter technique being only 
partially successful.

HYDROPHONE VIBRATICN4 RESPONSE 
MEASUREMENT TECHNIQUE

To compare hydrophones for vibration re­
sponse, whether they are h3rdrophones of the 
same type or otherwise, a standard measure­
ment technique was developed. The quantity 
measured is known as hydrophone vibration re­
sponse (HVR). This is the ratio in decibels of 
the hydrophone output to the acceleration input 
referred to the mounting point. The units are 
in terms of sound pressure levels (microbars) 
to acceleration units (g). The final curve is a 
normalized vibration response curve.

Hydrophones subjected to this test are op­
erated in air and water. The acceleration input 
levels are maintained as nearly as possible to 
actual ship vibration levels measured in the 
vicinity of the transducer mounting point. These 
levels are usually very low and on the order of 
-60 db/1 g-peak (0.001 g) or less.

The hydrophone and its mounting bracket 
are attached to a fixture which is attached to a 
small, low-level vibration exciter such as that 
shown in Fig. I. The input acceleration is 
monitored the accelerometer on the fixture.

H ,

P

Fig. 1. Hydrophone set up for 
vibration measurements

Three HVR Test Curves

Hydrophone in Air — For a normal sine- 
sweep test, the entire setup is run in air, and 
curves of acceleration input, hydrophone output, 
and the ratio of hydrophone output to accelera­
tion input are taken. This procedure establishes 
the acceleration response of the hydrophone.
The radiation pressure is very low in air, and 
the sound radiated from near structure is not 
picked up, so that the air test shows the pure 
acceleration response. This test shows any 
resonances in the hydrophone itself or in its 
mounting. Internal resonances in the hydrophone 
will not change when the hydrophone is in water, 
but bracket resonances will be lowered because 
of the increase in apparent mass of the bracket. 
If acceleration canceling has been added, the air 
test will show how well the canceling effect is



working. With acceleration canceling added, a 
decrease in level oí about 20 db might be ex¬ 
pected during the air test. 

Hydrophone in Water - The next test to be 
performed would be a test with the hydrophone 
alone in water. The water surface should be 
maintained between the hydrophone and the 
bracket. This test adds the radiation pressure 
signal in the resulting HVR curve. The acoustic 
energy rac'iated from the bracket is not detected 
by the hydrophone because of the Impedance 
mismatch between air and water. At some fre¬ 
quencies the resulting curve may in' lower than 
the pure acceleration response because of de¬ 
structive interference between the acceleration 
effect and the radiation pressure effect. 

Hydrophone with Mount in^Water - The last 
curve and most important curve is taken with 
the bracket and hydrophone under water. This 
curve now includes all the components of the 
hydrophone's vibration response. The radiated 
noise from the bracket is now water coupled, 
and the hydrophone output is approximately the 
same as it would be or. the side of a ship. The 
curve does not Include nowever, the sound ra¬ 
diated from the ship's structure near the hydro¬ 
phone, which is, in fact, a major source of in¬ 
terfering signal. Curves from each of the three 
tests are shown in Fig. 2. The substantial in¬ 
crease in level when the bracket is underwater 
with the hydrophone indicates that the sound 
pressure level seen by the hydrophone is actu¬ 
ally water-coupled radiated noise. 

so no «00 soco 
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Fig. Hydrophon.' vibration response 
in .ur, w.itc r, and v. it. r with mount 

With the three different HVR curves, the sources 
of vibration problems are more easily isolated. 
An acceleration response problem would show 
up in (he first curve, whereas a geometry- 
dependent radiation pressure problem should tie 
detected in the second Carve. The problem of 
bracket-generated noise would be seen in the 
third curve. 

Mounting Conditions 

The example shown is only one of mam- 
types and sha|M's. The radiation pr< ssure was 
not a large problem with the cylindrical shape. 
The problem with this hydrophone, as far as Its 
vibration response is concerned, is its bracket. 
The nearness to the hydrophone allows anv vi¬ 
bratory motion of the bracket to bo water coupled 
directly. Perfect isolation from the bracket 
does not improve the overall response, as can 
be seen In Fig. 3. Perfect isolation in this case 
is achieved by suspending the hydrophone on 
shock cord and positioning the bracket over the 
hydrophone with no physical connection. The 
energy received by the hydrophone is now en¬ 
tirely water coupled. The curve shows that '.he 
average level of the |K>rfectly isolated hydro¬ 
phone is very nearly the same as that of the 
hydrophone in its normal mount. 

so no noo moo 
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Fig. i Hyclruphon. vibr.ili.ui n spuiisr 
in \A.it< r NAithrnirrn.il mount nul [>< rí» i t 
i -501,11 ton 

The next iiossiblc alternative for the par¬ 
ticular mounting condition would lie a rigid 
mount. This approach would eliminate the 
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Ibolutlon provltlod hy thy normal mount, which 
reunited in relative motl jn between the bracket 
and the hydropb me. 

For the Iwdroplvu.e referred to in the ex¬ 
ample, a Huid bracket wan eonMructed of 
0.5-m.-thick aluminum plate. The dintance 
fruir, the hydrophone u> ‘he bracket was the 
aame an with the normal mount. The reaultlng 
curvea indicate that for aome frequency banda, 
a rinid mount for thia hydrophone would be the 
beat choice. A comparlaon of the curvea la 
ahown ii. Fitf. 4. 

Fig. 4 Hydrophone vibration response 
in water, with normal mount and rigid 
experimental mount 

The decision as to which bracket would be 
more suitable would depend on several condi¬ 
tions. For example, the bracket and hydrophone 
also have to meet shock requirements. A rigid 
bracket might result in mechanical damage to 
the ceramic, whereas a very compliant bracket 
may not possess sufficient strength to retain 
the hydrophone during shock. 

Another important consideration is the fre¬ 
quency range of interest for the hydrophone. It 
might be that one bracket is clearly better than 
another over the range of interest for the hj Iro- 
phone, but is much worse in other frequency 
bands. Since in the actual environment the ex 
citation is random, the desired signal may be 
difficult to distinguish with high noise levels 
present in other frequency bands. If, for ex¬ 
ample, the hydrophone was used for frequencies 
between 100 and 600 Hz, the rigid bracket might 
be the best choice. 

USL Measurement and 
Analysis System 

Since random excitation is characteristic 
of the shipboard environment, HVR curves may 
be taken with shaped random excitation The 
spectrum U the input acceleration can be 
matched to an actual ship vibration spectrum 
taken from sea tests. Since the output of the 
hydrophone Is quite linear with input accelera¬ 
tion, the results of a swept sine test and a ran¬ 
dom test compare favorably. It is therefore 
possible to conduct laboratory tests by using 
the swept sine technique, providing the test in¬ 
put levels are maintained fairly near the actual 
input levels. It is necessary to maintain a real¬ 
istic input, because the bracket mounting points 
are somewhat nonlinear with Input amplitude. 

In our case, the HVR curves are taken at 
the USL Transducer Vibration Laboratory. The 
hydrophone and bracket under test are fixtured 
and excited by a small reaction-type shaker. 
The control accelerometer is either servo con¬ 
trolled or equalized to provide a response simi¬ 
lar to actual sea test acceleration levels. 

The hydrophone and acceleration signals 
are then analyzed by narrow-band tracking 
filters. The ratio of the two amplitudes is taken 
by what is basically a mechanical impedance 
and power spectral density (PSD) analysis sys¬ 
tem. The log of the de /oltage proportional 
to each signal Is taken, and the difference be¬ 
tween the hydrophone and acceleration signal Is 
plotted as the ratio of hydrophone output to ac¬ 
celeration input. The units are microbars per 
peak g when the sensitivities of each device are 
accounted for. 

The system used in the Transducer Vibra¬ 
tion Laboratory is a Spectral Dynamics PSD and 
mechanical impedance analog analyzer. There 
is additional capability of four simultaneous- 
analysis channels with constant bandwidth fil¬ 
ters. The available filter bandwidths are 2, 5, 
10, 20, 50, and 100 Hz, which may be automati¬ 
cally switched at predetermined frequencies. 
Available also is variable time averaging and 
bandwidth correction shift for PSD analysis. In 
the impedance mode, phase angle and artificial 
integration may be performed on incoming sig¬ 
nals to find mechanical impedance, or mobility, 
apparent mass, compliance, etc. 

Adjacent to the analysis equipment is a 
large elliptic ai wooden test tank for underwater 
tests. The tank, 10 ft by 12 ft by 9 ft deep, is 
isolated on low-frequency air mounts to attenu¬ 
ate ground-induced vibration. 

54 



Thi« taillUy ha« bffn rutablishi'd at the 
Underwater Sound Laboratory «ihm ttU allv tor 
the purpose ot tnvesttnalinu sonar transdiner 
vibration rharai lerlstlrs. Only sporadic work 

has Ik-en done in the past in this Investlaatlve 
area, í*ikí the understanding gained throunh 
present efforts is expected to yield significant 
improvements in th«1 imrlormanee of transducers. 
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AUTOMATED VIBRATION ANALYSIS 

R. H.ibich and W. M. .Svllcrii 
RayOicun Company 

Bedford, M.inn.ii huNettx 

Automated vibration analyiia, which utih/.ea the wall l .• , -- 
analogie», con»i»t» cf two e»»ential »teo« (.) r, ■'‘l11'*" principie» of dynamic 
cal circuit for the corre»pondinu mechóme il mPn»‘tiun of an analogou* electri- 
tine electronic circu.r^aTy.i. T ,b) of a roa- 

computer (ECAP, from International Bu»,nc.í M Ichmtícoro'*’! ^ 
«iy»tern of prour.im« for Ihe <i*uian i chine» Corp., 1» integrated 

u.e without any previou. knowledge of compOte'r "prOgOOmmingl!"" C'‘n 

«Thhe%Xr!:i;„Xc:,C?ÊcA7a„eddiMuri‘,lr ^ -P>-n.ng 
three completed e“!mO e» TL ? v ^ 1 "“"‘í uf ,h ' through 
elude w,thPa vibrltmT beam ŸhO 0" " and con- 
and »implicity of the method in finriiri» t ^ ■iH'P » * also illustrate the directness 

INTRODUCTION 

Analytical studies of vibration systems 
normally consist oí frequency and transient 
analyses. Various numerical methods are re¬ 
quired to carry out these studies. The princi¬ 
pal limitation on the extent of the vibration 
analysis is the complexity and time requirement 
Involved in obtaining detailed results from the 
analyses. A multi-degree-of-freedom system 
often will be evaluated only for the lowest natu¬ 
ral frequencies because of the time required to 
calculate higher modes of vibration. Even with 
the advent of electronic computers, standard 
methods of analyses require many hours of 
tedious algebraic manipulations and computer 
programming time. An answer that relieves 
mu'h of the time consumed in standard methods 
of vibration analysis is the approach of automated 
vibration analysis. 

Automated vibration analysis, which utilizes 
the well-known principles of dynamic analogies, 
consists of two essential steps: (1) composing 
an analogous electrical circuit for the corre¬ 
sponding mechanical system, and (2) preparing 
a routine electronic circuit analysis program 
(ECAP) input data sheet for the digits’ computer 

(ECAP, from the International Business Machine 
Corp. is an integrated system ol programs for 
the design and analysis of circuits, which an 
engineer can use without any previous knowl¬ 
edge of computer programming). The details 
for use of ECAP consist of numbering all nodes 
and branches of the analogous electric circuit, 
assigning a positive current flow direction for 
each branch, and programming the input which 
consists of only six types of code statements. 
The complete details of coding the ECAP pro¬ 
gram are found in Ref. | Ij and are summarized 
in this paper. 

The essentials for using automated vibra¬ 
tion analysis are presented by first explaining 
the coding techniques of ECAP, and illustrating 
the details of the method through three com¬ 
pleted examples. The examples, which include 
the simple oscillator and conclude with a vi¬ 
brating beam problem, Illustrate the directness 
and simplicity of the method in finding natural 
frequencies and transient responses. With this 
method there is little or no need of solving al¬ 
gebraic polynomials for frequencies by any of 
the classical numerical procedures and no re¬ 
quirement to solve the set of governing differ¬ 
ential equations for a system when a transient 
analysis is required. 



SINGLE-DEGREE-OF-FREEDOM 
VIBRATION SYSTEM 

The general single-degree-ol-ireedom 
system with lumped parameters can be mod¬ 
eled by the second-order linear differential 
equation with constant coefficients (Fig. 1, Eq. 
(1)). Equation (1) Is the governing equation of 
motion for the slngle-degree-of-freedom 
system. 

Step 1 

By application of dynamic analogies [2], 
develop the equivalent electric circuit. The 
mechanical configuration Is shown with an ap¬ 
propriate electrical equivalent in Fig. 1. For 
the mass-inductance analogy the analogous pa 
rameters are listed below. 

Mechanical System 

The complete analysis of a system requires 
the displacement x , the velocity v iix at , the 
steady-state motion of mass M when subjected 
to a periodic forcing function r( n, frequency 
response of M to varying frequencies of F( t ), 
and the transient solution of M when subjected 
to various forcing functions. The complete anal¬ 
ysis of this system is found by utilizing ECAP. 
The application of ECAP to the slngle-degree- 
of-freedom problem Is presented In a step-by- 
step procedure and a summary of Input-output 
results Is Included In Fig. 1. 

M, Mass 
c, Damping coefficient 
K , Spring constant 

F( t ), Force function 
ax at v , Velocity 

x , Displacement 

Electrical System 

L, Inductance 
R, Resistance 

l c, Reciprocal of capacitance 

d mm to 

Fig. 1. Spring force magnitude vs frequency 
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^:< t), Electromotive force, EMF 
tki^dt i , Current 
q - /idt, Electric charge

Step 2

Prepare the input data for computer pro­
gram, as shown in Fig. 1. The analogous elec- 
tical circuit to be analyzed by ECAP is also 
shown in Fig. 1.

1. Number all nodes. A node is defined as 
a junction of two or more electrical components. 
All ground nodes are designated as zero. Nodes 
must be numbered in a continuous sequence 
from 1 to N. Nodes can be numbered, however, 
in any order desired.

2. Label and designate positive current 
flow for each branch of the circuit. A branch 
is defined as the conducting path between two 
nodes. The current direction in most cases 
can be selected arbitrarily. The current direc­
tions in Fig. 1 are positive in the direction of 
the arrows. Branches must be numbered con­
secutively from 1 to N but can be arranged in 
any order.

3. Prepare data input information. The 
circuit topology is described in the computer 
program by writing a punch card for each branch 
of the circuit to be analyzed. This is accom­
plished by defining the electrical element, its 
value, and the location of the branch to which it 
belongs. The format for doing this is illustrated 
as follows for branch 1;

Branch
Identifi-
caticHi

Branch 
Location - 
Between Node 
0 and 1

N(0,1)

Parameter values of 
circuit elements in 
Branch 1

R = 0.01, E = 20/0

All branches are defined in this manner: each 
is Identified by number (Bl), location (Jo^s 
nodes 0 and 1: N(0,1)), and values of the pa­
rameters on Bl (R = 0.01, and E = 20/0). By 
defining each branch of the circuit in the format 
as given, the complete description of the circuit 
is defined for computer calculation as input data.

4. Prepare the complete input sheet, illus­
trated in Fig. 1. Note that the format for the 
ECAP input program must be followed exactly.

5. Obtain interpretation of results (circuit 
analysis calculations). Voltages and currents 
from the computer program are given in terms 
of magnitudes and phase angles (Fig. 1: MAG, 
PHA) for the frequency analysis. The voltages 
and currents are equivalent and equal, respec­
tively, to the forces and velocities of the per­
tinent components of the mechanical system. 
Figure 1 depicts a plot of the force actuig on 
the spring (node voltage 2) as plotted directly 
from the computer plotting system; if desired a 
hand plot can be obtained from the output com­
puter sheet.

MULTI-DEGREE-OF-FREEDOM SYSTEM
The simplicity, depth, and convenience of 

automated vibration analysis is illustrated by 
analysis of a three-degree-of-freedom system. 
The steps involved in this analysis consist only 
of riving an equivalent electrical circuit for 
the mechanical system and coding the input lor 
the ECAP program. A real value of the method 
lies in the economy of time and cost involved in 
applying the automated vibration analysis, com­
pared with the classical methods of analysis, 
such as Holtzer's method for frequency analysis.

The automated vibration analysis of the svs- 
tem will consist of a frequency analysis and a tran­
sient analysis. The equivalent mechanical system 
and an analogous electrical circuit utilizing the 
mass-inductance analogy are shown in Fig. 2.

Fig. i. Three-degree-of-freedom dynamic an.ilogy (N node, B = branch; 
arrows show, direction of current flow, assigned .irbitr.irily)



Values for the parameters of the mechanical 
system are:

M, 0.00388 lb-sec Vin.

C,o 0.01 Ib-sec/in.

M, 0.00518 lb-sec Vin. 

c,3 0.001 Ib-sec/in.

M3 0.013986 lb-sec Vin.

Cj3 0.001 Ib-sec/ln.

C30 0.001 Ib-sec/in.

K,2 25 Ib/in.

Kjj 75 Ib/in.

K30 75 Ib/in.

The ECAP inputs for the transient and fre­
quency analysis are listed and illustrated in 
Figs. 3 and 4. The inpute data is keypunched 
and fed directly to the computer. Fi^re 3 de­
picts the frequency analysis; the damped natu­
ral frequencies are read directly from the 
computerized plot.

The output from the computer program is 
displayed in graphical form in Fig. 3. The 
graph gives the voltage at node 7 vs input fre­
quency. The analogous quantity here is the 
force acting across the K30 spring of the me­
chanical system. Voltage is directly related to

Fig. 3. Spring force magnitude vs frequency for the 
three-degree-of-freedom case (Kj^ spring force)
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force, i.e., 1 v Is equal to a force of 1 lb. The 
three damped natural frequencies are readily 
determined by Inspection of the graph.

The transient analysis was solved for the 
motion mass 3 subject to a constant force of 
10 lb acting at t o. The Input for the transient 
analysis and the motion is displayed in Fig. 4. 
The graph is plotted In terms of node 7 voltage 
and this is equal to the force across the spring 
K30 cd mass 3. The displacement is found by 
dividing the spring force (node 7 voltage) by Kj„.

the following example of a beam problem. Con­
sider the cantilever beam by lumped-mass ap­
proximation (Fig. 5). The beam is a distributed 
mass system, but it will be approximated by a 
lumped-mass system with stiffness character­
istics treated as influence coefficients [3].

— 1

MASS-CAPACITANCE ANA1XK3Y OF 
MULTI-DEGREE-OF-FREEDOM 
SYSTEM (VIBRATING BEAM)

The analogous electric circuit for many vi­
bration systems may be handled more conveni­
ently if the mass-capacitance dynamic analogy 
[2] is utilized. This method is illustrated by

Fig. 5. Lumped-mass approximatin 
for cantilever beam

Influence coefficients for the cantilever 
beam are

. 3 
3E1

;-3
6I.I

±1
■IF.I



1-3 >3

whe»-e a, (i = 1 to 3, } = 1 to 3) are the Influ- 
eace coeulclents and = length, E = Young's 
modulus, and I = moment of inertia.

The corresponding spring constants are given

Mechanical 

M, Mass
c, Damping coefficient 
K, Spring constant 
V, Velocity 
F, Force

Mass Inductance

K,. —^
ijHin 
13 1

l.WEI
II 3

36EI „ 54E1
n‘3

48EI „ 
TTTj '^33

9EI

The analogous mass-capacitance circuit is 
shown in Fig. 6.

The mass-capacitance mechanical-electrical 
analogy is defined by the dual (A the mass- 
inductance analogy. That is, the analogous pa­
rameters are dually related, as shown by the 
following differential equation lor each circuit 
type.

In the mass-inductance analogy for a loop 
circuit we have

iilt £(t).

and in the mass-capacitance analogy for a nodal 
circuit we have

* G.- rf I(«)

The analogous quantities are

L, Inductance 
R, Resistance

1 c, Reciprocal ol capacitance 
i , Current 
E, Supply voltage

Mass Capacitance

C, Capacitance 
G, Conductance ^ i r

1 L, Reciprocal of inductance 
c, Volt^e 
I , Supply current

The iiq>ut lor the ECAP analysis of the 
analogous electric circuit for the beam is pre­
sented in Fig. 7 with a computer plot of mass 3 
velocity vs frequency. The first two natural 
frequencies of the bending beam are shown; the 
third natural frequency could be obtained by 
simply extending the computed frequency limit.

CONCLUDING REMARKS

The automated vibration r.nalysis can be 
extended to many and various types of vibration 
problems. It is quite general for linear vibra­
tion analysis, and it can be utilized for nonlinear 
vibration analyses by using the switching tech­
niques presented in Ref. [i]. With use of ECAP, 
automated vibration analysis could exert a great 
influence upon the present methods of teaching 
vibration analysis.

tl'40»l0* 
I < lOi*

■ 3
L

Fig. 6. Analogous mass-capacitance circuit for beam
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INPUT POlUMT *NO 0*T«
MULTI KCNCC OP FNCCOOM,KMI ANALYSIS 
LUMPCO MASS APPNOIIMATION

AC ANALYSIS

N(l,0),C<l S 
N(l,OI,L> 25SOIC-S 
NIJ,I1.L> - 902T7Tt-5 
N(2fl),C»l 5 
N(I,2).L< 23SSIC-S 
N(2,OI, L>- SOMMf -S 
N(2^l, L> STTOaSC-S 
N(3kO), C> I 3,1 >100/0 
N(J,0), L> S6IIIE-4 
PNINT .NV.CA 
PLOT.CA.S.T 
FPEO = I 
MOOlPT
FNEO » l(♦9S)IOO 
CXECUTC

Fig. 7. Beam bending freijuency ..nalyma
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A COMPACT, L0W-C05T SHOCK-SPECTRUM ANALYZER 

Willi.im W. Mfb.inr 
Nav.il Orilii.tiice Laboratory 

Silvvr Sprinn, Maryland 

A low-cost, portable shock - spec t rum analyzer was designed and built at the Naval Ord¬ 
nance Laboratory for use in the laboratory and in the field. The analyzer contains three 
electrical low'-pass filters that simulate three single-degree - of - f reedom mechanical 
systems. Each filter has one operational amplifier with associated resistors and capaci¬ 
tors. The natural frequencies and damping coefficients are vari'd by switching combina¬ 
tions of preselected resistors anil capacitors. Twenty-four single d"gree-of-freedom 
systems with natural frequencies from 1.04 to 6¿S Hz in about o. e-third octave steps are 
simulated. 

The unit is normally used in conjunction with a magnetic tape recorder and a direct- 
writing oscillograph. A shock pulse to be analyzed is re corded on a iTiag.,etic tape re¬ 
corder and then played through the analyzer with appropriate tape speed changes to pro¬ 
duce single-degree-of-freedotn responses over the frequency range of 5.04 to dO.iJUO 11/. 
The responses are recorded on an oscillograph and the maxima ar. measured and plotted 
vs frequency. 

Design and operational details of the analyzer are described. A briel development ol the 
one-amplifier, low-pass electrical filter and its application to the mechanical single¬ 
degree-of-f reedom system is given. Hie formulas used in selecting network elements 
are presented. Normal operational procedures, including frequency, damping, .nd accu¬ 
racy limitations, are shown. Finally, the spectra from analyzed and theoretical pulses 
are compared. 

INTRODUCTION 

This paper describe» a low-cost, compact, 
analog shock-spectrum analyzer (Fig. 1) that 
was designed and built at the Naval Ordnance 
Laboratory. The analyzer's principal function 
is to produce the analog responses of a series 
of single-degree-of-freedom systems to a given 
shock excitation. Usually the responses are 
displayed on an oscillographic record and the 
maxima are selected and plotted as functions 
of the frequencies of the responding systems. 
Other response characteristics can be obtained 
in a similar manner. This paper discusses the 
operational and design details of the analyzer 
and compares the performance of the analyzer 
with the shock spectra of several pulses. 

BACKGROUND 

The shock spectrum as used in this report 
is defined as the plot of the maximum absolute 
values of the acceleration responses experi¬ 
enced by a series of single-degree-of-freedom 
systems, as a function of the frequencies of the 
systems, to a given shock pulse [1|. It is as¬ 
sumed that 

Th.H |i.i|« r w IN not |iri Ni iili-il .it the Sym|niNi im. 

A X mux it nui» 

where is the maximum acceleration re¬ 
sponse, n is the angular natural frequency of 
the cingle-degree-of-freedom system, and i>t 
is the maximum deflection. Although this rela¬ 
tionship is true only with no damping, the error 
is negligible for lightly damped systems. 

Use of the shock spectrum concept for 
specifying shock tests has increased in recent 
years, presenting a need for a compact asy- 
to-use shock-spectrum analyzer that can be 
used Kith in the field and in the laboratory. It 
is believed that the unit described meets the 
requirements desired in such an analyzer. The 
performance aspects are discussed below. 

Most laboratory shock-producmg equip¬ 
ment can produce a large number of pulse 
shapes, each with ils unique shock spectrum 
Since the measuring and cataloging of all the 
possible shock spectra is impractical, only the 
most frequently used pulses from each tester 
are analyzed and filed. Therefore, when a new 
spectrum is required, experimentation is al¬ 
most always necessary to achieve an accepta¬ 
ble pulse. The analyzer described helps speed 

/ 
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SCAU (INCHtS)

Fig. 1. Analog shock-spectrum analyzer

the experimentation by providing on-the-spot 
shock-spectrum analysis

GENERAL DESCRIPTION

The analyzer, which provides three simul­
taneous frequency response channels and an 
input monitor, is housed in a 10- by 17- by 3- 
in. chassis and contains only five operational 
amplifiers. A 115-v dc regulated power supply 
and assorted resistors, capacitors, potentiom­
eters. and switches are included. Twenty-four 
mechanical single-degree-of-freedom systems 
with natural frequencies from 3.04 to 625 Hz in 
about one-third octave steps are simulated. The 
desired frequencies are selected in groups of 3 
by a switch on the front panel of the analyzer. 
Damping coefficients of 2 and 5.35 percent of 
critical are provided. The input gain is adjusted 
by the variable resistor Ri(Fig. 2) in the feed­
back of the input amplifier. A 1.35-v battery is 
provided for step calibration, and a mode- 
selection switch provides single selected chan­
nel output when desired.

BASIC PRINCIPLE

The basic principle used in this analyzer 
was the application of the one-amplifier, 
resi-itance-capacitance (RC) electrical network 
to simulate the mechanical single-degree-of- 
freedom system. The mechanical system is 
illustrated in Fig. 3. The dynamic equation for 
this system is

mi • C( i - y) ♦ k( z - y ) * 0 . (1)

Define

then

and

X = z- y

X = z-y

X : z-y.

With these substitutions, Eq. (1) becomes

. C . k x + —x+—x=-y 
m n

= \Hrm .

Cp = 2 \'km ,

^ = C C^ .

and designate the Laplace transform of x ^ ie[x]. 
In Laplace transform notation, Eq. (2) becomes

sU'Ixl -sx„-v„ 4 2c-„ si’lx) - X,

4 ..„»l>[x] = l'[-y] (3

In shock-spectrum computations, the initial 
velocity and displacement are zero; therefore

Vo = " 0
v:x] ______L_

Vi-y: ' 4 4 2

66



LiJ •'2

»»• «ii-y

L±J

NOTfS.
I MSISTANCC » *TIO tj », ESTAM.ISHES 

CAIN Of INAJT SIGNAL 
7. VALUES Of »^ANOC„0€Tt«MINt0 

•V niEOUENCIES AND DAMPING 
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Fig. 2. Functional diagram of shock*spectrum analyzer

t.

Sl4’
HI * mass 
k • spring constant 
c ■ damping

Fig. 3. Mechanical spring- 
mass system

^ V,(Eo-E,). 

I« ^ V4<Eo-«-„)

(9)

(10)

Since the amplifier gain approaches infinity, E^ 
appror'ches 0 (virtual ground), and

li ^ Is

Through the use of Eqs. (6) through (10) the 
following relationship is established:

Make the approximation x - z. This results 
in a maximum error of less than 1 percent for 
systems with damping factors up to 0.0535 [2j. 
Then

v.v,
-••i <V,. V,.Y3iY,)Y, I Y,Y,

(11)

S'[-yi s’ r 2"._s I
‘n

The one-operational-ampl)fier electrical 
network that simulates the mechanical single- 
degree-of-freedom system is shown in Fig. 4. 
From Fig. 4:

S - I. Y, . E„

It I, * I, f I«. 

la = V3E0 .

(6)
(7)

(8)

♦ O-

'1

■4
I

V. I,
_'o

Fig. 4. Elfctric.il network



To simulate a spring-mass system, let

Y, . C,. Y3 -- G3, Yj sC,. Y, = rf:,. «ndY, = G«

By substituting these values in Eq. (11), we 
have

C.Gi'CjC*
-E (12)

i 8* ♦ (I/C,)(G, + G,+ G4>s + GjG^/CjC,

By equating the like coefficients of Eqs. (5) and 
(12), the following relationships result:

c, = G4. (13)

-^(2G,.G3) = 2f.„. (14)

G,G3/C,C, = . (15)

and letting > - ,

2G, + G, = . (16)

G,G3=>w,C, . )

There is no unique solution to Eqs. (16) ai... 
(17); however, if G, = y/f. [3], then:

(18)

(19)

i ■ (20)

C, = . (21)

C, = . (22)

The resulting electrical network is shown in 
Fig. 5.

"4wv
■Xu:

-«♦r
Fig. 5. Electrical circuit

Three of these active RC network circuits 
were combined with an input monitor channel

and an input gain amplifier to form the shock- 
spectrum analyzer (Fig. 2). Frequencies are 
varied by switching the three resistors to each 
network simultaneously (i.e., R|,, R4,, R3, in 
Fig. 2) and the damping coefficients by critch- 
ing capacitors (c,,, c,,).

TYPICAL OPERATION

The analyzer was designed primarily to be 
used in conjunction with a tape recorder and 
oscillograph. The shock pulse to be analyzed 
is recorded on magnetic tape operating at 60 
ips. This pulse is played back several times 
into the analyzer at recorded speed and at 
1-7/8 ips (32:1 reduction). This combination of 
playback speeds produces the effective fre­
quency range of 3.04 to 20,000 Hz (Table 1). A 
typical operation of the analyzer is as follows.

1. A shock pulse is recorded on a mag­
netic tape recorder operating at 60 ips.

2. The magnetic tape record is played into 
the analyzer, which has four outputs: input 
monitor, and three channels of analog output at 
preselected frequencies.

3. The analyzer outputs are recorded on 
an oscillograph using galvanometers with flat 
frequency responses f 650 Hz or more, to cover 
the entire range.

The maximum response (usual criterion) 
of each channel is measured and plotted vs the 
natural frequency of the single-degree-of- 
freedom system to obtain the desired shock 
spectrum.

Other modes of operation are sometimes 
used. Occasionally, when the maximum fre­
quency response requirement does not exceed 
625 Hz and repeated shock pulse generation is 
possible, the spectrum can be obtained directly 
without the use of the tape recorder. This mode 
of operation was used to analyze the standard 
pulses described below. In any event, the out­
puts of the analyzer can be recorded on any 
suitable recorder with proper sensitivity and 
frequency response. A desirable monitoring 
scheme appears to be the use of peak readers 
on the output of the analyzer. This method 
would eliminate the necessity of an oscillograph, 
and would allow the maximum responses to be 
monitored on panel meters or digital volt­
meters, or possibly even printed on digital 
printouts.
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TAULE 1 
Analog Shock-Spectrum Analyzer Frequencies 

Switch S, 

Position* 

Ou put 1 Output 2 Output 3 

(Hz) 
32 ■ rt,lj 

(Hz) 
>n 

(Hz) 
32-0 

(Hz) 
>n 

(Hz) 
32.fnb 

(Hz) 
1 
2 
3 
4 
5 
6 
7 
8 

3.04 
5.98 

12.1 
24.5 
49.0 
96.6 

192.0 
386.0 

97.3 
192.0 
387.0 
784.0 

1570.0 
3090.0 
6150.0 

12.400.0 

3.78 
7.66 

15.1 
30.3 
61.4 

121.2 
241.0 
488.0 

121 
245 
484 
970 

1960 
3880 
7710 

15,600 
-—- 

4.89 
9.74 

19.5 
38.3 
78.4 

155.0 
309.0 
625.0 
-- 

156.4 
311.0 
624.0 

1230.0 
2510.0 
4960.0 
9880.0 

20,000.0 

with U:, ... ,,lp. 

ANALYZER PERFORMANCE 
CHARACTERISTICS 

Accuracy 

The accuracy obtained by use of this ana- 
yzer in conjunction with a recordtnK oscillograph 

,5,percent for amplitude measurements^ 
(excluding tape recorder). The frequency values 
were measured to tl percent. The 5 percent 
fnra'ifh1'^ ?b,a,ned by asinti nominal care 
in calibration and operation. For purposes of 
obtaining this accuracy figure, it was estimated 

1 • The overall analyzer accuracy = ¡2 
percent. 7 

2. The repeatability and linearity of the 
recording system = ,1 percent. 

. »i 3‘ ^ccuracy in Physical n easurements of 
values off the oscillogram = ,4.5 percent. 

The rms combination of these values gives an 
estimated system accuracy of ,5 percent 
These are worst -case figures. The results 
shown below wbi re electrical pulses were 
analyzed by the analog system and compared 
with mathematical solutions, show that in most 
instances the system accuracy is better than 
15 percent. 

These frequencies were obtained by calibration 
after construction and are slightly difieren» 
from the calculated values. These differences 
are believed to be caused primarily by nondeft- 
nite gain of the operational amplifiers, which 
was assumed in the derivation. The 3.04-Hz to 
625-Hz real-time frequency range was selected 
because: (a) only one tape speed reduction is 
required (32:1 speed reduction) to cover the 
frequency range of 3.04 to 20.000 Hz. and (b) a 
Ö25-Hz signal is about the limiting frequency 
that can be easily measured from data recorded 
on standard oscillograph paper. In fact »he RC 

SV1f",t,TkL8 U8,ed ‘n this de8i^ not lim¬ ited by the higher frequencies. Experimental 
circuits were constructed and operated satis¬ 
factorily at frequencies up to and above 20,000 
Hz. 

Output Channels 

Three output channels and an input monitor 
are incorporated in the analyzer. This was an 
arbitrary selection, based on availability of 
recording equipment. In this design, the use of 
7-in. oscillographs was anticipated. The re¬ 
corded responses of four signals on 7-in. oscil- 
ograph paper was considered ontimum for max¬ 

imum sensitivity without interference between 
adjacent channels. 

Frequency Range 

trewwy range of the ana¬ 
lyzer is from 3.04 to 625 Hz in 24 steps at ap- 
prox.matcly one-third octave per step /. com¬ 
plete list of the frequencies is given in Table 1 

Damping 

Damping coefficients (ratios of actual 
damping to critical damping) of 2 and 5 35 ner- 
rent are provided, although other damulng 
coefficients above 2 percent could be incorpo¬ 
rated by changes in the capacitors. The use of 
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damping below 2 percent is not recommended 
because of instabilities that develop in the 
circuit. 

Maximum Voltage Outputs 

The < perational amplifiers used in this 
design are limited to tlO-v dc maximum out¬ 
put. This limitation has been completely satis¬ 
factory when used with taped records that are 
in themselves limited to approximately i2 v dc. 
However, if use of the analyzer with higher 
voltages is contemplated, the use of higher volt¬ 
age operational amplifiers should be considered. 

DESIGN DETAILS 

The analyzer (Fig. 8) contains five opera¬ 
tional amplifiers. Amplifier A , controls the 
level of the input signal by variable feedback 
resistance (R6, R7, Rs, and Ru). The output 
voltage gain of amplifier A t is continuously ad¬ 
justable from 0 to about 13. Other inputs to A, 
are a balance voltage through R2 and a 1.35-v 
dc calibration voltage. Amplifier A2 is an in¬ 
verting amplifier used as the "accelerometer 
monitor" of the signal being applied to the in¬ 
put of three single-degree-of-freedom analogs. 
Amplifiers Aj, A4, and As are combined with 
associated RC networks to produce three elec¬ 
trical low-pass filters that react as single- 
degree-of-freedom systems with selected 
damping. Natural frequencies of these systems 
are selected by choosing the network resistors 
through switch Sp Damping changes are made 
by selection of capacitors through switch S2- 
The outputs of the three systems are connected 
to the mode switch Ss. In position 1, the output 
of amplifier A3 is connected to output 1, A4 to 
output 2, and As to output 3. With Ss in position 
2, Aj is connected to output 2, with the other 
outputs grounded. Successive switch positions 
of Ss place the outputs of A4 and As at output 2. 
This allows the operator to examine one chan¬ 
nel at a time. 

The analyzer was constructed using opera¬ 
tional amplifiers and a relatively expensive 
regulated power supply at a material cost below 
$500. The resistors were formed from combina¬ 
tions of 5 percent carbon resistors, using a 
Wheatstone bridge to obtain the desired values. 
The same procedure was used in the selection 
of capacitors, using 5 percent components and 
an Impedance bridge. One of the principal rea¬ 
sons for the low cost was the use of active RC 
networks to simulate the single-degree-of- 
freedom systems [3,4|. These RC networks 
included only one operational amplifier each. 

with associated resistors and capacitors. This 
procedure gave completely satisfactory results 
with less expense and complexity than the stand¬ 
ard three-operational-amplifier analog simula¬ 
tion technique [5). 

EXPERIMENTAL ANALYSES 

The analyzer was used to produce the shock 
spectra of half-sine, sawtooth, and triangular 
pulses. Damping of 5.35 percent was used. The 
pulses were generated electrically and played 
into the analyzer, which produced three chan¬ 
nels of response data. This procedure was re¬ 
peated eight times for each pulse, while the re¬ 
sponse frequencies were varied to obtain the 
data shown in Table 2. The analyzer outputs 
were recorded on an oscillograph and the peak 
amplitudes scaled. The spectra were then gen¬ 
erated mathematically for theoretical half-sine, 
sawtooth, and triangular pulses, and these are 
also shown in Table 2. The equations were 
solved by Laplace transform methods, and 
numerical solutions were obtained on a Multi- 
Access Computing facility using BASIC com¬ 
piler language. The equations and an example 
of the BASIC program are given in the Appendix. 

As shown in Table 2, the analyzer and ana¬ 
lytical results compare favorably. In every 
instance, the difference between the two meth¬ 
ods was >5 percent or less. The maximum dif¬ 
ferences appear to be in the middle frequency 
(or transient) region of the half-sine pulse anal¬ 
ysis. it is believed that these a fferences were 
primarily caused by an imperfectly generated 
half-sine pulse used with the analog analyzer. 

CONCLUDING REMARKS 

A prototype of the analyzer has been used 
satisfactorily during the last six months both in 
the laboratory and in the field. After analyses 
of the theoretical pulses, the analyzer was used 
to analyze a complex shock generated by one of 
the drop testers at NOL. The results compared 
favorably with mechanical oscillator and copper- 
ball analyses of the same pulse. Later, two 
laboratory shock facilities were calibrated to a 
specified shock spectrum for an ordnance re¬ 
quirement. These were complex, pyrotechnic- 
type shocks which required extensive experi¬ 
mentation during the calibrations of the shock 
facility. Also, the analyzer has been used in 
the field for analysis of shock pulses either 
from taped records or directly frem accelerom¬ 
eter amplifiers on a real-time basis. Compact¬ 
ness and ease of operation make the analyzer a 
useful shock analyzer for laboratory and field 
appi ations. 
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Appendix

ANALYTICAL SHOCK-SPECTRA SOLUTIONS FOR HALF-SINE, 
SAWTOOTH, AND ISOSCELES-TRIANGLE PULSES

■tALF-SINE PULSE (FIGURE A-1)

The general dynamic equation for a mechan­
ical system such as that of Fig. 3 is

cos ♦ sin + sin cos .t

mx + X = a(t) (A-1) * ----------------- (cos sin - t

K

Fig. A-I. Half-sine 
input pulse

aft) = sin . 0 < t < T ,

aft) = 0, t > T.

then assuming that the initial displacement and 
velocity are zero, the Laplace transform of Eq. 
(A-1) is

fix] = .’fl + p'*'*')

(s’i <’)(s*4 2A.„S 4 .y,*)

Let i = X and take the inverse transform of 
Eq. (A-2), which gives

4- sin cos t) uft)

cos ♦ sin <^<t - T) 4 sin ♦ cos cjf t - T)

^cos4.„sin ( „V^n^(t-T)])

♦ Sin ♦n (t-T)) uft -T)
(A-3)

where

= II-T ,

f = C and ^ 2 xUST .

R, = .

cos ♦ = .

sin ♦ = Rj ,

cos ♦„ . R, .

sin ♦„ . R, .



U(t) = I

u(t-T) -

t > 0

t < T 

t ? T

Equation (A-3) was solved on a Multi-Access 
Computing facility using BASIC compiler lan­
guage. The frequencies listed in Table 1 cor­
responding to those solved by the analog analyzer

were selected. The BASIC program for the 
half-sine pulse is shown in Fig. A-2. The peak 
positive response results are shown in Table 2.

SAWTOOTH PULSE (FIGURE A-3) 

Again, the dynamic equation is
mx ♦ X = a( t)

100 PRINT "THIS PROGRAM FINDS THE MAX POSITIVE AHD" 
no PRINT "NEO^TIVE RESPONSE OF S-D-O-F SYSTEMS TO A"
120 PRINT "HALF SINE PULSE’’

130 REM INPUTS ARE AS FOLLOWS! Ti“PERIOD OF INPUT PULSE 
140 REM *T3* AND T4’ DEFINE THE RESPONSE TIME INTERVAL.
160 REM *T5’ TIME OF EACH INCREMENT. C=nAMPlNG, AND 
leo REM F^FRECUENCY OF S-D-O-F SYSTEM.
200 READ Tl.C
220 PRINT "INPUT PULSE PERIOD “"Tl* SECS. DAMPINQ«”C
230 PRINT EVALUATED FROM T3 TO T4 AT (T4-T3)/100 INTERVALS.
250 PRINT
260 PRINT •F(N)-.“^A ^•AX-.“-A MAX”. ’T1/T2-
270 PRINT
260 READ Ti
290 LET A3-0
292 LET Hl-0
294 LET H2=0
300 READ F
310 LET Gl=2/F
320 LET G2*2*Tl
330 IF G1>G2 THEN 380
340 LET T4=G2
360 GOTO 400
380 LET T4=G1
400 LET T5-(T4-T3)/100
410 LET W2“6.26*F
420 FOR T*T3 TO T4 STEP T5
500 REM INPUT PULSE * HALF SINE WITH Tl«18.5 NS 
510 LET W»3.14/T1
520 LET R“SOR(<W2t2-Wi2)f 2M*Ct2*Wt2*W2l2)
5 30 LET xnw^ 2/R 
540 LET Vl“(w?’2-W*2)/R 

V2=(2*C*W«W2)/R 
X2=Vl*tTN(W«T)-V2*COS(H«T)

570 LET X3-(W/(W^*SOR(i-Ct2)))/EXP(C*W2«T)
574 LET V3^(Wi2-W2»242*Ci2»W2’2)/R 

V4-(2*W2t2*C*SQR(l-C12))/R
X4 Vi*SIN(W2*SQR(l-Cl2)»T)W4*COS(lf2»SOB(l-Ct2)*T) 

600 LET A-X1*(X2^X3*X4)
61) IF T<T1 THEN 1000
6^0 LET X5-V1*SIN(W*(T-T1))-V2»C0S(W*(T-TD)
640 LET X6“(W/(W2*S0R(1-C12)))/EXP<C*W2*(T-T1))
650 LET V5=V3*SIN(W2*SQR(1-C»2)*(T-T1))
660 LET Ve^V4*COS(W2*SOR(l-C»2)*(T-Tl))
670 LET A“X1*(X2«X3*X4«X5^X6*<V54V6})
1000 IF T-T3 THEN 1100
1020 LET A4-A
1040 IF A4“A3 THEN 1500
1060 IF A4>A3 ’THEN 1200
1060 IF A4<^A3 THEN 1300
1100 LET A3>A
1120 GOTO 1520
1200 IF H1“0 THEN 1240
1220 IF A4^ Ml THEN 1260
1240 LET M1'A4
1260 LET hl»l
1280 GOTO 1500
1300 IF H2»0 THEN 1340
1 320 IF A4'‘M2 THEN 1380
1340 LET M2^A4
1360 LET H2*l
1380 GOTO 1500
1500 LET A3«A4
1520 NEXT T
1600 PRINT F.Ml.N2.Tl*r
1620 GOTO 290
2000 DATA 16.5C-3..0535.0
2020 DATA 3.04.3.78.4.89.^.90.7.66.9.74.12.1.15.1,19.5.24.5 
2022 DATA 30.3.38.3.49.61.4.78.4.96.6.121.2.155.192,241.309  
2024 DATA 386.168.625 
9999 END

550 LET 
560 LET

580 LET 
59U LET

A-2. Basic program for solution 
of the half-sine pulse



Fig. A>3. Sawtooth input pulse

where

a(t)
f t /T 0 < t < T

t > T

In shock-spectra computations, the initial ve­
locity and displacement are zero; therefore

fix]

Vo = »0 " 0

»-»T

Ts’{s*4 s(s’ 4 4

(A-4)

Again letting z = x, then

t
Z 4

T
COS a sinin . „ 7l - ‘

+ tin a cos ~4^ t 24 u(t)

./TTP **" (* "T)

( ° ~ >*" T)

(t-T) 2^
* T * * u(t-T) . (A-5)

where, in addition to the previoiislv defined 
terms: sin a - 24^J\ - 4*; oos a r - i ♦ 24^; 
sin /? = -Jx- 4^ » cos P - -4 -

ISOSCELES-TRIAN^'-LE PULSE 
(FIGURE A-4)

The dynamic equation is

mx 4 2^^^x 4 - a(t)

where

Fig. A-4. Isosceles- 
triangle input pulse

0 < t < T

1 - T < t < 2T .

0 t > 2T

As before, letting v, x, = 0,

l(l-c-*T)* (a_6)
i’lx] = Ts^s’4 4

and with x - z.

T.„yi^
*-"n‘ sin

4 sinacos j'jji

-f- (t-T)-K
,/l-C* t 4 .yi- t - 24 y/x-4^ 

cos a sin - f * (t-T)

u(t)

4 sin o cos oj^yi -4^ (t-T) 4 - f* (t-T)

- ^Jx-4^ u(t-T)

-f<4.„(t-2T)
cos a sin 0)^71 - <f* (t - 2T)

4 sin a cos ‘v„7l - f * (t - 2T) 4 - <f* (t - 2T)

- 2-f 7l - 4^ u(t - 2T) (A-7)

where, in addition to previously defined terms, 

u(t- 2T) 0 t * 2T
1 t > 2T

* *
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Equations (A-5) and (A-7) were also solved on 
the computer, and the peak positive response 
results are shown in Table 2.
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DYNAMIC PHASE PLOTTING*^
T. E. Smart 

Sandia Cori/oration 
Albuquerque, New Mexico

In sine-wave vibration testing, continuous plotting of response amplitude 
vs frequency is commonly accomplished without the attendant phase in­
formation. A system for resolving accelerometer signals from sine- 
wave vibration tests into coincident and quadrature components for the 
unambiguous rendition of phase relationships is being developed.

With commerciallv available equipment, phase is a difficult parameter 
to plot on analog plotting systems. Use of complex vectors (Co and 
Quad phasors) eliminates many of the difficulties of phase measure­
ment and facilitates analog plotting. Phasor information can be trans­
formed into phase information by computer processing.

Typical results for the system at its present stage of development are 
illustrated and discussed.

INTRODUCTION

One of the significant, but unexploited, pa­
rameters in the measurement and analysis of 
sine-wave vibration test data is phase. The 
analysis of test data has generally been limited 
to acceleration response amplitudes with no 
indication of phase relationships. At the mag­
netic tape playback center for Sandia Corp.'s 
Environmental Test Laboratories, analog plots 
of acceleration vs frequency are regularly pro­
duced for sine-wave sweeps of the shakers from 
accelerometer responses recorded on magnetic 
tape. Except for mechanical impedance or mo­
bility measurements, phase has largely been 
ignored.

There are several reasons for this situa­
tion. Phase is not an easy parameter to meas­
ure or process with analog equipment. The 
commercially available phase meter indicates 
phase as a function of the time between zero 
axis crossings by the input signals. Thus, the 
measurement is sensitive to amplitude, is in­
fluenced by noise, and is severely restricted in 
range. A discontinuity occurs when one or both 
inputs fall below the threshold magnitude. The 
scale is awkward because it covers a range of 
360 deg and then repeats. An imbiguous region 
exists, therefore, at each end of the scale, and

there is no indication of phase differences be­
yond a single cycle of frequency. These diffi­
culties apply equally to analog phase plotting 
and make it confusing at best.

As in mathematics, and specifically in net­
work analysis, phase relationships are described 
and traced by means of complex variables and 
phasors (vectors) which have both magnitude 
and direction. Applying complex notation to the 
vibration response amplitude, and its phase 
angle referr^ to the input, one obtains

)U

where c is the phasor component coincident (Co) 
with the input, and Q is the phasor component in 
quadrature (Quad) with the input (or reference) 
(Fig. 1). These are the polar and Cartesian co­
ordinates of the vibratory response, where

and

K * 0^

arctiin Q C

Enlightened use of the Co and Quad phasors 
should enable one to trace phase relationships 
without ambiguity.

*This work was supported by the United States Atomic Energy Commission. 
tThis paper was not presented at the Symposium.



Fig. 1. Typical phasor diagram

On the basis of the foregoing, the magnetic 
tape playback center has abandoned efforts to 
plot j^ase directly and is developing a system 
whereby dynamic phase relationships can ^ 
followed by means of the Co and Quad compo­
nents. In development is a subsystem which 
will resolve accelerometer signals into their 
Co and Quad phasors referred to some mean­
ingful reference signal having the same fre­
quency. These phasors can be plotted on the 
existent vibration plotting system or digitized 
for computer processing to obtain phase plots, 
transfer functions, etc. A basic phasor resolv­
ing subsystem, for 10 signal and 2 referenc'' 
channels, was developed for Sandia by ADVl 
Electronics around the circuitry of their type 
1034 synchronous filter and type 308 component 
resolver. The general sequence of operations 
for the reference channels and one signal chan­
nel is diagrammed in Fig. 2.

The frequency reference is applied to the 
carrier generator, and the phase reference to 
the input amplifier of the reference channel. 
Output from the carrier generator is a synchro­
nized carrier voltage having frequency F^. • ,
which is input to all balanced mixers. In the 
reference channel the phase reference Is also 
input to the balanced mixer, which then outputs 
the three frequencies F„, F^., and F^. ♦ 2Fj. The 
crystal bandpass filter passes only the carrier

oscillator frequency f^. , which has the same 
phase as the reference input and is proportional 
in amplitude. After a fin^ phase and propor­
tionality adjustment in the next amplifier stage, 
the reference signal is fed to reference inputs 
to the coincidence resolver and, through a 90-deg 
phase shifter, to the quadrature resolver.

The signal input is subjected to the same 
sequence of operations (except the 90-deg phase 
shift) as the phase reference E„, and is then ap­
plied to the Co and Quad resolver inputs. The 
resolvers are bridges which, when excited by the 
Co and Quad reference voltages, allow only those 
components of the signal that are in phase with 
the exciting voltage to be rectified. Thus, the 
dc output of the Co resolver is pro|x>rtional to 
Eg cos ' , and that of the Quad resolver is pro­
portional to Ec (see Fig. 1) when E„ is
held constant within ± 1 db.

For plotting the transfer characteristics of 
most devices, the input voltage is normally held 
constant and can, therefore, be used for the 
phase reference as well as the frequency refer­
ence. For vibration tests, however, the input 
acceleration is seldom constant over the entire 
sweep frequency range. Therein lies the major 
disadvantage of the basic subsystem for direct 
analog plotting of the Co and Quad phasors. The 
frequency reference voltage derived from the
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Fig. 2. Block diagram of phasor channel

shaker drive oscillator has constant amplitude 
and is present!. being used for both frequency 
and phase reference. Thus, the phasor outputs 
are presently referred to the shaker drive volt­
age while efforts to achieve satisfactory auto­
matic gain circuitry for the phase reference 
channel continue. This presents no particular 
disadvantage for computer processing of phase 
angles, since the phase angle between the drive 
voltage and the acceleration input can be sub­
tracted out for each sample frequency.

Figures 3, 4, and 5 illustrate the phase 
relationships between the sweep oscillator out­
put voltage and the acceleration input for a vi­
bration test of a relatively simple structure.
As the frequency increases, the acceleration 
input to the test fixture progressively lags be­
hind the drive coil voltage in a typical normal 
mode, single-degree-of-freedom res|)onse.
This is shown by the circular clockwise pattern 
of the Nyquist plot of Fig. 3, by the progressive 
relationship between the Co and Quad phasurs 
of Fig. 4, and by the computed phase angle 
curve of Fig. 5. Input acceleration vs fre­
quency, plotted in Fig. 6, is always cH)ual to the 
square root of the sum of the squared phasurs 
regardless of which signal is used fur phase 
reference. On Figs. 4, 5, and 6, there is a

definite noise pattern below 20 Hz. The track ­
ing filter in the phasor subsystem has a band­
pass of t20 Hz, which will pass distortion com­
ponents at frequencies below 20 Hz; the noise swings 
will not be damped out by the digitizer as they 
would be by an analog plotting system. This 
noise is eliminated by playing the taped record 
back at twice the record tape speed, which ef­
fectively reduces the filter bandpass to * 10 Hz.

Figures 7, 8, and 9 illustrate the accelera­
tion response at a location on the test item. Fig­
ure 7 shows the Co and Quad phasors referred 
to the drive voltage, while Fig. 8 shows the 
comp ;ted phase angle of the res|K>nse referred 
to the input. The analog plots are duplicates of 
these digital plots and are, therefore, not in­
cluded here. A comparison of the response 
phasors of Fig. 7 with the input phasors of Fig. 4 
clearly indicates the critical frequencies ap|>ar- 
ent on the response amplitude plot of Fig. 9 
compared with the input amplitude of Fig. 6.

As users become experiencc*d in tlu- analy­
sis of vibration data by means of the Co and Quad 
phasors, the {ihasor plotting system In ing de- 
velu|X'd should prove valuable for modal sludi(‘s 
and as an additional tixil for the evaluation of 
vibratory res|>unses and transfer functions.
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RANDOM-VIBRATION-INDUCED ERRORS IN A MISSILE 

CAUSED BY NONLINEAR INERTIAL ACCELEROMETERS

N. A. Leifer
Bell Telephone Laboratories, Inc. 

Whippany, New Jersey

When an inertial accelerometer having a nonlinear and nonsymmetrical output transducer is 
subjected to vibration, the mean output signal is biased. If the vibration is random, an output 
power spectrum can be generated which has a low-frequency portion, even though the power 
spectrum of the input vibration contains no low frequencies. The actual calibration curve of 
such an instrument can usually be approximated by two straight lines or by a quadratic curve, 
the former being a more severe case than actual and the latter being a less severe case than 
actual.

Inertial accelerometers are often used in the feedback loops of guided missiles, comparing the 
command signal with the response. For a linear accelerometer the error signal produced by 
the instrument's response to a random vibration usually has its lowest frequency content high 
enough to make the m-.ssile unable to respond to the instantaneous error signal. It responds 
instead to the mean value, which is zero error. For the nonlinear instrument the mean error 
is not zero but the bias mentioned above. In addition, the missile can respond to the low- 
frequency portion of the power spectrum of the output signal which is generated by the non­
linearity. For a sample input power spectrum and accelerometer transfer function, the output 
signal power spectrum is calculated for each of the two assumed curves by calculating the auto­
correlation functions of the output and then taking its Fourier transform. The resulting power 
spectrum is then filtered through the missile's assumed transfer function, and maximum ex­
pected response is calculated.

An accelerometer was built with an intentional nonline.irity about its null point. It was then 
subjected to the random vibration used in the analysis, and the output was passed through a 
filter having the same transfer function as that assumed for the missile. The results, based 
on a normalized scale with the experimental data set at 1, were 0.61 for the quadratic approx­
imation and 1.16 for the straight-line approximation.

The straight-line analysis lends itself to a quick and easy method of checking an instrument for 
vibration-induced error. By making a template consisting of two straight-edged sections and 
comparing the actual calibration curve to the template, a prediction can be made whether or 
not a specified error will be exceeded.

INTRODUCTION

The guidance system in many missiles con­
tains accelerometers in servo loqis to compare 
the actual acceleration which the missile sees 
with the ii^ut or command acceleration. When 
the missile is subjected to a random vibration, 
the accelerometer will in general respond and 
produce an oscillating error signal. If the low­
est frequency of oscillation is much greater 
than the missile natural frequency, the missile 
cannot respond to the error signal but assumes 
the average value. If the accelerometer is 
linear, this average value is zero, causing no 
vibration-induced error. If, however, it is non­
linear, a nonzero average can result which in­
duces an error in the missile guidance. Fur­
thermore, a low-frequency segment of error

signal can be generated to which the missile is 
capable of responding. Since testing the accel­
erometer in a combined environment of sus­
tained acceleration and vibration would be 
costly and difficult, it is very desirable to be 
able to predict the dynamic error which will be 
generated simply by examining the accelerome­
ter’s static calibration curve. This paper pre­
sents a technique for doing this.

MATHEMATICAL MODELS

A typical accelerometer output character­
istic is shown, exaggerated, in Fig. 1. Con­
sider a steady-state (sustained) acceleration, 
G„, being applied. If a cycle of sinusoidal vi­
bration of amplitude g is superimposed upon



VOLTS VOLTS

Fig. I. Typical 
calibration curve Fig. 3. Quadratic 

approximation

it, the resulting average output, V,, is seen to 
be less than v^. The quantity - V, will be 
called >, the (fynamic error. To get an idea of 
the magnitude of •, the actual calibration will 
be approximated first by two straight lines as 
shown in Fig. 2, and then by a quadratic curve 
as shown in Fig. 3. Both approximate curves 
intersect the actual curve at and at G^^ t , 
where g,, is the maximum value of vibration 
amplitude anticipated. As can be seen from 
Fig. 2, vibration along the straight-line approx­
imation produces a greater dynamic error than 
the actual calibration. When the quadratic ap­
proximation lies above the actual calibration as 
in Fig. 3, it will produce a smaller error than 
the actual calibration. The errors generated 
by the two approximate curves will be analyzed 
and the results considered to be limits of the 
actual error.

ERROR AS A FUNCTION OF SINUS­
OIDAL VIBRATION AMPLITUDE

For the straight-line approximation of Fig. 
2, let the slc^e of the line from G^ to G^ g be 
c, and from - r„ to G be c,. "in one cyAe 
of sinusoidal vibration ol amplitude gp and fre­
quency ., the average value of output is

V. -- r
i:

('^o^Cjgp sin .t)dt

('^o ^ “<)dt

Integrating yields

VOLTS-(V)

Fig. 2. Two-straight- 
line approximation

^ = Vp - .^(C,-C,)

Letting the difference in slopes (C| - Cj) = C,

^ (3)

the error - v, is

SL

For the quadratic approximation of Fig. 3, 
the output is represented by the equation

V Kg - K,g2t b (4)

In one cycle of sinusoidal vibration of amplitude 
g , superimposed upon a steady-state acceler­
ation Gp, the instantaneous acceleration is

R(») Gp + gp sir (5)

The average output is then
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f r
V. ^ ^ KG„ ♦ Kgp sin t K,G„^

Jq *■

- 2K,G„gpSin -4 - K, sin^ . t + b 

Integrating yields

V, v„ - 2.

dt (6)

(7)

Thus the error, V„ - V,, for the quadratic ap­
proximation is

where H( f) is the complex transfer function of 
the linear device. For an accelerometer with 
natural frequency and damping factor 
H( f) is given by the familiar relationship

H(f) 1
(10)

The autocorrelation function of some gen­
eral function . (t) is defined by

j( l) ;)( t -t r )<it (11)

In both approximations the error is obviously 
independent of v^. For ease of calculation and 
without toss of generality, ail future calcula­
tions wili be based on a steady-state acceiera- 
tion of zero.

ASSUMPTIONS AND EQUATIONS USED 
FOR RANDOM ANALYSIS

The above relationships were developed for 
the case of sinusoidal vibration. If, instead of 
undergoing sinusoidal vibration, the accelerome­
ter is subjected to random vibration, further 
anatysis is required. The assumptions made 
for this analysis are as follows.

1. The nonlinearity is introduced by the 
transducer which converts displacement to volt­
age, and the spring-mass dashpot system is 
linear. This is not atypical, and the analysis is 
good if a small nonlinearity is introduced by the 
springs.

2. The random excitation is stationary, 
ergodic, and Gaussian in nature.

3. The damping factor is low enough for 
the accelerometer to be considered a narrow 
bandpass filter so that the accelerometer output 
motion is roughly sinusoidal at the accelerome­
ter natural frequency.

Some of the relationships in this section 
are stated without proof. For more detailed 
derivations see Ref. 11].

If a function ^,( t) has a physical power 
spectrum f), and the function is operated 
upon by a linear device, then the resulting func­
tion f2(t) has a power spectrum s. ,(f which 
is related to the input power spectrum through 
the equation

If . (t) has its power spectrum s (f) halved at 
all frequencies, and then reflected into the neg­
ative frequency axis such that the new function 
«f) has the properties - f > f > and 

f) (1 2) s^( f); then W(0 and the autocor­
relation function of t, , / ^), are Fourier 
cosine transform pairs. In equation form this 
is written as

COS 2"fT dr (12)

and

V’) W^( f) cos 2^f T clf (13)

The mean square value of ; is , (O). This be­
comes obvious by examining Eq. Ul) when r is 
set equal to zero. Utilizing the relationships 
between « (f > and S (f), and Eq. (13), the 
mean square value is seen to be

.,(0) S ( f) <if . (14)

which represents the area under the power 
spectrum curve.

Since the input vibration is Gaussian with 
zero mean, the output is Gaussian with zero 
mean and variance . „(0). Combining Eqs. (9), 
(10), and (14),

-.(0)
s,(f)

tif. (15)

where the subscript i refers to the input vibra­
tion to the accelerometer case and the sub­
script .1 refers to the output vibration of the
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r
accelerometer's sensing element. For a general 
function Sj( f >, the analytical integration of Eq. 
(15) is quite difficult. Numerical integration can, 
however, be quite readily performed for most 
realistic iiqiuts. The problem that initiated this 
study specified an input spectrum to be of the 
form shown in Fig. 4, where the frequency scale 
has been given in terms of the natural frequency 
of the accelerometer f^. The damping factor 
of the accelerometer in question was ' = 0.3. 
Numerical integration of Eq. (15) results in a 
variance of = 367 . where . is the maximum 
level of the input spectrum.

02/CPS

Fig. 4. Input power spectrum

The instantaneous output vibration level 
has a probability density function given by

where El^l is the expectation of Id. Combin­
ing Eqs. (3), (17), and (18) yields

.,,2 ■ % (19)

Integrating by parts yields

c .
' SL (20)

Similarly combining Eqs. (8), (17), and (18) 
yields

-«p’

Again, integrating by parts yields 

^ Kt

(21)

(22)

Thus we have derived two expressions for the 
mean error signal, Eqs. (20) and (22), in terms 
of the noniinearities c and K,, and the mean 
square value of output vibration; in general, 
or 367 . for our particular case.

To determine how much of the fluctuation 
of this error signal the missile can follow, the 
power spectrum of the output signal must be 
derived.

(16)

The peak g levels of vibration (whose instanta­
neous values are distributed as above) can be 
shown to have a Rayleigh probability density 
function. In equation form

^P’ r, J fo*’ 8p ^ 0 

for gj, < 0

(17)

MEAN ERROR

Equations (3) and (8) represent the average 
errors per cycle of vibration as functions of 
vibration amplitude g . The mean value of the 
error, t(g ), is founa by utilizing the relation­
ship

(Rp) -<Rp) r.". ) P(Rpl <iRp (18)

POWER SPECTRA OF OUTPUT 
VOLTAGE

Straight-Line Model

Consider the straight-line model of Fig. 2. 
With the command signal equal to zero, the 
instantaneous output voltage v is equal to Cjg 
for g ^ 0 and Cjg for g ' o, where g is the 
Instantaneous g level of vibration. This can be 
written in the form

where

V Cig V (23)

V' = 0 for g < 0

V’ (C| - Cj)g Cg for g ^ 0 ■

The power spectrum of v will be found by find­
ing the autocorrelation function of v and then 
taking its Fourier transform. Much of the 
mathematics involved in this procedure is 
based on work done by Rice | 2 J.
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The autocorrelation (unction of V, 0y(T), la 
the average value of the product V( t) V( t « r >. 
For ease of notation, V( t) and k( t) will be called 
V, and f!,, respectively, and V( i « ') and R(t* o 
will be called and rj, respectively. ,y< r> is 
then the average value of v,Vj or

v< ) (CiRi V',)(C,Rj Vj) (24)

Combining Eqs. (23) and (24), and utilizing the 
fact that the expectation of a sum of random 
variables is the sum of the expectations of the 
random variables, we get

^ v(0 - E ♦ E

♦ E

« E

-CCiR, R, ’ 0

0 for Rj •• 0

■^1 ajS| for B| ' 0

0 for R| 0

C*R,R, for R, and 
R,'C 

0 al I ott»-r
(25)

The first term, by definition, is c,^ times 
the autocorrelation function of the instantane­
ous output vibration .,( ')• This portion of the 
autocorrelation function transforms into a por­
tion of the power spectrum having its lowest 
frequency at the lowest frequency of input vibra­
tion, 0.295 in this case, as shown in Fig. 4. 
The missile's ability to respond to a signal is 
specified in terms of its time constant and 
overshoot in response to a step command. This 
can be translated into a natural frequency and 
damping factor of a linear second-order sys­
tem. The natural frequency thus arrived at is 
typically much lower than the vibration input 
frequencies. The true missile response is in 
general not that of a linear second-order sys­
tem, but the latter is generally a good first ap­
proximation. Il better accuracy is desired, the 
actual transfer function of missile behavior can 
be used to determine missile response to error 
signal. In either case, for all practical pur­
poses the missile will not respond to an error 
signal whose lowest frequency corresponds to 
input vibration frequencies.

Looking at the remaining terms, the sec­
ond and third terms are identical and are found 
by integrating the (unction multiplied by the 
joint probability density of r, and Since r, 
and r2 have equal distributions with zero mean 
and standard deviation ,, their joint probability 
density is

P(K|.tl)
> • J*(')

■ (’.'a** (*•)

These integrations are performed in the Ap­
pendix. The results show that the second and 
third terms each integrate into c,c .< ') 2.
This too transforms into a portion of the power 
spectrum beyond the range of in’erest. The 
last term, when integrated as shown in the Ap­
pendix, becomes

C*^v<') ^ O * COR* ■(-¥j
(27)

Expanding Eq. (27) in an infinite series yields

. v<') C*
, 2

* -■* * ■* » •••

2 48-’
(28

which converges rapidly. All terms of order 
. /( ) and higher will be neglected and the re­
maining three terms will be examined. Com­
bining Eqs. (12) and (28) to get the power spec­
trum of the error signal yields

Sy(0 r. . 2

2 ■■ 4.. , 2
cos 2-fT dr.

(29)

The first term under the integral inte­
grates into a power spectrum component whose 
lowest frequency is that of the input power 
spectrum, and beyond the range of interest.

The second term of . y( i is a constant 
which represents the square of the mean or 
•’DC" value of the error signal. The mean 
value of error is thus found to be f , y/T . By 
comparing this result with the mean error ar­
rived at by looking at the error as a function of 
peak g, Eq. (20). it is seen that the two expres­
sions are identical.

The last term is evaluated by making use 
of the convolution theorem of the Fourier 
transform, which states that

•If '(f(t)J ^ rtf) OKI "[R(t^ C(f) ;

then



f(t) • R(t) F(Z) G(f-Z)dZ. (30)

Combining Eqs. (12), (29), and (30), and the fact 
that

»i(f)
VO

we finally get

V^) = I «>s ‘1^

SL. >

8- 2 J S,(Z) S.(f-Z)dZ (31)

where for computation purposes S( -Z) S{Z).
The power spectrum of the error signal is thus 
seen to have a low-frequency component which 
runs all the way down to f o.

We now have the information necessary to 
get an expression for missile response. The 
mean error was found to be

7.5 x7C

The error signal will be assumed to be Gaussian 
and the missile, linear and second order. As 
mentioned before, while these assumptions are 
known to be false, they are good first approxi­
mations. The variance of the missile response 
is then, from Eqs. (9), (10), and (14):

Vf)
at

0 > (-tYVn/ .

(32)

where f,' is the natural frequency of the mis­
sile and ' is its damping factor as determined 
from its time constant and overshoot. Typical 
values of ' are about 0.35. To find i, Eq, 
(31) would have to be integrated numerically and 
repeatedly for various values of r. In practice, 
however, since f,’, is so low, Sy( f > is quite con­
stant over the meaningful range of integration, 
and only Sy(0) need be found. (For the case 
under study, at frequencies where the squared 
transfer function of missile response is down 
several orders of magnitude, Sy( f) is only a 
few pel cent less than Sy<0).) Numerical

integration of Eq. (31) for f - o yields V°) = 
0.146 ,c^. Using this value for V^inEq. 
(32), integrating numerically, and taking the 
square loot results in = 0.74 ^yc. Setting 
the maximum expected err-'r to 15^ * ^

■a,... = ■> > >R-C

Quadratic Model

(33)

As in the case of the straight-line model, 
the power spectrum of the error signal pro­
duced in the quadratic model will be found 
throu^ its autocorrelation function. Using the 
notation again that V(t) Vj and V(t ^ r v,, 
the autocorrelation function of output voltage is 
from Eq. (4):

vv(0 (kr. -K,g,2)(Kg2 k,r/) (34)

Multiplying and taking the individual expecta­
tions.

- E K^r.Rj

KK,R,ag,

KK, R, r/

^ K. r,2r/ (35)

The first term is the by now familiar , ^( r) 
which is of no concern. The remaining three 
terms are immediately found from the prop­
erty of the multivariate Gaussian distribution 
of identical variables Hj with zero mean, sam­
pled at different times:

0

and 

F. 2-3-4 '1^2 3 4 • E 13 2*'4

4 E ’2- 1 (36)

Further detail can be found in Ref. | 3].

From the first half of Eq. (36), parts two 
and three of Eq. (35) are set to zero

K,R,R2 R,R2R2

The last part of Eq. (35) becomes

(37)*(e r,R2 Y ^ K1R2 Y

Equation (35) then becomes

•v (38)



The first port at Eq. (38) is the constant term 
which represents the square of the DC value of 
error signal. Thus the mean error is K, 
which, again, Is precisely what we got with the 
peak g analysis, Eq. (22). The second part of 
Eq. (38) is integrated as shown in Eqs. (31) and 
(32). The result is

48.5 rK, (3»)

The three-sigma error then becomes the mean 
error plus i „ or

513 yK (40)

COMPARISON OF RESULTS BETWEEN 
STRAIGHT-LINE AND QUADRATIC 
APPRQXIMATIC»4S

Both straight-line and quadratic approxi­
mations were set up so that the model curves 
and the actual curves all intersect at three 
points: the origin, and plus and minus 
where is the maximum anticipated vibration 
level. This can be assumed to be 3 , or 57.3 s7. 
The two models can then be equated at these 
points. Thus

K. a.*

»«* (41)

-C.a- Ka. K.a,»

Solving Eqs. (41) and letting r, yields

C= 115^7K, (42)

Combining Eqs. (33), (40), and (42), the ratio of 
a-... to becomes

' SL
2 16

To get a somewhat smaller range for error 
approximation, the curve can be broken into 
four straight-line sections instead of two as 
shown in Fig. 5. With the slopes designated t *, 

and c' as shown, the average output per 
cycle of vibration of amplitude can easily be 
shown to be

R„C* sin - t lit

»<.
♦ 2 y - c;) 4 R„c;sin .1

- 2J R^cj tin ujt dt

■ 3J yffj Cj) ♦ R^Cj sindt|

(43)

VOLT* (V)

Fig. 5. Four-straight- 
line approximation

Integration of (43) yields

0 656C; 4 0 344C; 0 656C; 0. 3440^

(44)

(Cont )

The significance of (44) is that if the slopes 
of Fig. 2 are redrawn such that c , = 0.656 c*, ♦ 
0.344r; and c, = 0.656(; + 0.344 c*^, then for 
any amplitude of vibration vp where i-p 
the average error will still be less per cycle of 
vibration than that produced by the actual cali­
bration curve. Thus by using the modified 
change in slope c^ (c„ c >, a closer approach 
to the actual error can be made, while remain­
ing conservative.

EXPERIMENTAL VERIFICATION

An accelerometer was built having a rather 
bad nonlinearity at its null point, the nonline­
arity being built into the pickuff. An accurate 
static calibration was made by whirling the ac­
celerometer on a precision centrifuge and feed­
ing the output into a differential amplifier. The 
other input to the differential amplifier was the 
ideal output as measured by a very accurate 
reference accelerometer. The output of the 
differential amplifier drove the y axis of an

t
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x-y recorder whose x axis was driven by the 
reference accelerometer.

The accelerometer was then subjected to 
random vibration whose power spectrum was 
shaped as in Fig. 4. A value of of 0.4 was 
chosen for the run. The accelerometer output 
was fed into a second-order linear electrical 
circuit having a damping factor of about 0.35 
and a low natural frequency (such as the mis­
sile would have). The output of the circuit was 
recorded on a Visicorder chart. Several runs 
were made for a total running time sufficient 
to get several hundred cycles of output signal 
at the natural frequency of the circuit. The 
maximum error signal recorded was 0.75 per­
cent of full scale (OFS) output. The values of C 
and K, were taken from the calibration curve 
(c being calculated by the four- line method), 
with the results c = 0.142% OFS/g and K, = 
0.0022% OFS/g^. Plugging these values into 
Eqs. (33) and (40) results in maximum error 
predictions of - « = 0.87% OF^ and t *
0.46% OFS. ”**

vibration-induced error will be within limits. 
Figure 6 graphically illustrates the above 
conception.

VOLTS

Fig. 6. Template 
conception

TEMPLATE CONCEPTION

The two-straight-line approach lends it­
self very nicely to a quick and easy way to 
check lor vibration-induced error. Since the 
maximum induced error sl„ ., is proportional 
to C, the change in slc^e, a maximum allowable 
change in slope can be derived once the vibration 
environment and maximum allowable error are 
specified. From Eq. (33)

(45)
9.7

The 9.7 of course holds true only for the partic­
ular system described in this paper. For other 
systems a new number must be derived using 
the techniques described. Once is estab­
lished, a template can be made consisting of two 
straight lines of length sufficient to cover the 
maximum e}q>ected excursions on the calib. ation 
curve, and of slope difference equal to 
The template is then laid against the calibration 
curve with its vertex at the most nonlinear point 
on the calibration curve. The other point of con­
tact between the template and the curve is at the 
maximum e)q;>ected excursion point on one of the 
template legs. If the other leg always remains 
on the same side of the calibration curve, the

SUMMARY

The typical uonlinear accelerometer cali­
bration can be approximated by two (or four) 
straight lines, or by a quadratic curve. When 
an instrument having the actual calibration 
curve is subjected to random vibration, the dy­
namic error generated is less than that gener­
ated in an instrument having the straight-line 
approximation, and more than that generated by 
one having the quadratic curve. The missile 
response to this error signal is calculated for 
instruments having the two approximate curves 
and subjected to the specified random vibration. 
The technique is to find the autocorrelation 
function of the output signal, take its Fourier 
transform to get its power spectrum and filter 
it with the missile response which is assumed 
to be linear and second order. The maximum 
response anticipated is taken to be the mean 
value of response plus three standard deviations.

The values thus calculated for the specific 
example used turn out to be 0.87 percent of 
full-scale output for the straight-line approxi­
mation and 0.46 percent of full-scale output for 
the quadratic approximation. An instrument 
built with an intensional nonlinearity was tested, 
and the result was a maximum measured simu­
lated missile response error of 0.75 percent of 
full-scale output.
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Appendix

EVALUATION OF INTEGRALS

The second and third terms of Eq. (25) 
are found through evaluation of the integral

In order to evaluate we will first examine 
the Integral

I, ^ -OC,

/•«
R,R2

^ Jo .777

(A-1)

For ease of notation, for the rest of this sec­
tion . will be written as > and . .(t) will be 
written as ..

The last term of Eq. (25) is found through 
evaluation of the Integral

<1r dRi
R,R2

(A-2)

which is evaluated in Ref. [2]. The details are 
repeated here for convenience. Equations (A-1) 
and (A-2) are seen to differ only by the con-

<ly I dx exp - fx* ♦ y* - 2 xyj 
0 Jo *• ' «' /.

(A-4)

% - * 0
y.4. ,2 

.2

Then

X* ♦ y* - 2-2jxy u* ♦ V*

and the Jacobian of the transformation equals

/TT7,

.2

.2

sunt ^d the lower limit (^ integration over r^. the limits, when y runs from 0 to ^,
Operating first on Eq. (A-2), we make the fol­
lowing transformations:

K| ------- r:-------  *

runs from 0 to ■. When x runs from 0 to *, u 
runs from * . ^iv to ■ . 13 can then be
rewritten as

This transforms Eq. (A-2) into

3 2

du c‘xp -{u* ♦ V*)

(A-5)

, „2 2(c^-vV 
*2 ^ ------ IZT- (ix xy ejq) -x*-y2.2±xy

(A-3)

Changing to polar ccKsrdinates, let

V - sin 0 .



Then the Jacobian J (u.w .'O = For u and 
V to range from 0 to >, ,< must range from 0 to 
X. To keep v > o, sin > 0, 0 < fr < n. To 
keep

V. cot or <• < oof' —^— .

13 then becomes

*co I ■

13 -- ---- - f d^> P e‘ ‘
(A-6)

Equation (A-6) is directly integrable to

l3 = —p=cof'-^.
2

(A-7)

From the sketch below, it Is obvious that this 
can be vrrltten as I3 = (i/2)t> esc <p where
cos <p -

Combining this result with Eq. (A-4),

f-rJo Jo
fix oxp -X* - y* - 2xy cos T> 1

-J- V CSC <1

(A-8)

Using Leibnitz's rule to differentiate under the 
integral yields

.Vp exp(-x*- y^- 2xy cos (p)

Performing the above operations yields

-J CSC T>( 1 - p cot p)

■Ifly I fix 2xy sin p rxp 
0 Jo

-X* - y* - 2xy cos

dx xy oxp -x*-y*o2xy 1:r-rJ3 •'0

l ^ A ^ _i V \
^ ^ ^ -) (A-9)

Thus the integral being sought, I j, is equal to

*2 ^ tt 2)> cos- , (A-10)

which is the result presented in Eq. (27).

To evaluate I,, Eq. (A-1), the same gen­
eral procedure is used. The lower limit of y 
in Eq. (A-3) must be changed to -' which makes 
the lower limit of v equal to ->x in Eq. (A-5).

In the subsequent change to polar coordi­
nates, , still ranges from 0 to i. The require­
ment that V must go from x to ■ allows (■ to 
vary from --r to t,. The requirement that

II > _____ 'll____ \r

_ ^2

dictates that

and

cot 0 > ...y , for V ^ 0 (f'^0)

cot e < for V < 0 (''<0) ,
^ *

^<e<cof'

Since cot ('•-") cot p, the above relationship 
is satisfied when ■' ranges over - rad. Equa­
tion (A-6) can be rewritten as

Jo-n
A0 ApptT^ (A-11)
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This integrates to 

1^
,2-t

2/^

*4 7 '' (A-12)

Differentiating under the integral sign as be­
fore yields

LH clx xy pxp -X* - y2 ♦ 2xy-tj

-’V
T ^ , j-» ■

(A-13)

Modifying (A-3) to read

clx xy

-X* y*.2xy4

and using the results of (A-13) yields

I -S£l±
2

which is the desired result.
*

III

(A-14)

K.-V

,..

s
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VIBRATION DISTRIBUTIONS IN MULTIPANEL STRUCTURES: 
COMPARISON OF MEASUREMENTS WITH 

STATISTICAL ENERGY PREDICTIONS*

Eric E. Ungar and Nicholas Koronaios 
Bolt Beranek and Newman Inc. 

Cambridge, Massachusetts

The statistical energy analysis approach, as it applies to multipanel 
structures, is reviewed. A method is presented for determining the 
required power flow parameters from measurements on structural 
samples. Vibration distributions predicted for a point>excited planar 
array of panels separated by reinforcing beams and for a ring-and- 
stringer-reinforced cylindrical shell are found to be in generally good 
agreement with experimental results.

INTRODUCTION

Statistical energy analysis, the fundamentals 
of which are presented in Refs. [2] through [4], 
is an analytical tool of great potential utility, 
since it promises to enable one to deal relatively 
simply with the (multimodal) random vibrations 
of complex structures. This analysis approach 
has been applied successfully to predict the vi­
brational behavior of some structural and 
structure-fluid systems of limited complexity 
[5-7j, although some of the basic assumptions 
that underlie statistical energy analysis have 
not been verified for the general case [ij.

This paper illustrates the application of 
statistical energy analysis to multipanel struc­
tures and presents a comparison between ana­
lytical predictions and experimental results for 
two test structures.

TWO COUPLED PANELS

Statistical energy analysis permits the 
treatment of vibration problems that otherwise 
would be extremely complex in terms of simple 
energy balances analogous to those employed in 
heat transfer analyses of lumped-parameter 
systems. It is convenient to introduce the sta­
tistical energy approach by applying it first to 
a single panel, then to the two edge-joined ones 
(Fig. 1).

- -------  6* ......... -i

Fig. 1. Two edge-joined panels

Kinetic Energy; Power Dissipation

The total time-average kinetic energy 
in a given frequency band of a panel vibrating” 
in a steady or stat ionary state is given by

H mV^lS 1

where m denotes the mass per unit area of the 
panel, its mean-square velocity distribution 
Uime averaged) in the frequency band of intei - 
est, s its total area, m its total mass, and > 
its mean-square velocity (averaged with re­
spect to both time and space).

*Thisworkwas performed under sponsorship of the Air Force Flight Dyn.imics L.»bor.atory, Research 
and Technology Division, Air Force Systems Command, and has been previously presented to the 
sponsor [ 1 ].
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The time-average power D dissipated by 
the panel may be expressed [2-4] as

D r c v»- . (2)

where c denotes the (average) viscous damping 
coefficient of the panel and r, its loss factor, 
and 0 represents the center (radian) frequency 
of the band of interest. Unlike the viscous coef­
ficient c, the loss factor , can be defined en­
tirely in terms of energy concepts and is not 
restricted to any particular energy dissipation 
mechanism [8j. Therefore, damping is repre­
sented by loss factors throughout the remainder 
of this paper.

If one knows the time-average power A that 
is supplied to the panel (in the frequency band A.. 
of interest) and notes that in the steady state the 
energy bailee A ^ D must be satisfied, then one 
may at once find the mean-square velocity of 
the panel (in A uj) as

<v^> (3)

In contrast to the classical vibratiu.. ....laiysis 
aiqiroaches, one need not know the panel shape, 
the boundary conditions, or the panel modes to 
arrive at the result represented by Ek). (3).

The cemditions under which Eq. (4) is valid 
are not fully known. However, it appears [1,2] 
that one may reasonably use (4) if the cou­
pling between the two panels is not highly non­
linear and not too strong, if the coupling Itself 
produces relatively little damping, and if the 
excitations acting on the two panels are not well 
correlated. Thus, one may expect to obtain 
reasonably good results lor most realistic 
structures that are excited, for example, by a 
diffuse sound field or by random forces acting 
on only one of the panels.

At frequencies somewhat above the funda­
mental resonance of a uniform panel, the num­
ber of modal resonances in a given frequency 
interval is independent of the boundary condi­
tions and obeys [9]

N A.. N 2 "'f S 4-t/D^ V S>/3 2^10^ . (6)

where denotes the flexural rigidity oi the 
plate, t the plate thickness, and the longi­
tudinal wave velocity in the plate material. Of 
course, where E represents Younr's
.nodulus, and the density of the plate mate­
rial; ' f represents the bandwidth in cycle and 
' in radian units.

Power Flow Between Two Panels

For two coupled panels the situation is 
considerably more complicated. To determine 
the energy balance in such a structural system, 
one must know not only the average power input 
to each panel from external sources and the 
average power dissipation of each panel, but 
also something about the average net flow of 
power from one panel to the other. The key 
relation for this power flow, as developed in 
Refs. [2] and [3] by generalization of results 
applicable to two coupled, single-degree-of- 
freedom systems, may be written as

(T, - T^)

where

T,„,„ and T, -I tot 3^*3 (5)

Here N and T,^, represent, respectively, the 
number of modes whose resonances fall within 
the frequency band of interest and the time- 
average kinetic energy of the panel indicated by 
the subscript. Thus, T, represents the average 
kinetic energy per mode of panel (in the band 
A.), p,, denotes the time-average net power 
flow from panel ^ to panel , and \ is a con­
stant that depends on the coupling between the 
panels.

Statistical Energy Analysis

It is instructive now to consider the two 
coupled panels of Fig. 1, and to deal with the 
case where no external force acts on panel 
i.e., where no powc ' is supplied to panel . from 
external sources: A, o. For steady state con­
ditions an energy balance on panel yields

^.3 D. (7)
which, by applicatitm of Eqs. (2), (4), and (5), 
may be rewritten as

-T^) (8)

where <1^ is defined as

^ 2'V, (9)
If one solves Eq. (8) for T. /T^ , then one finds

■V/'M, N,

■ V/ M, N,
(10)

One may make two important observations 
concerning Eq. (10). The first is that the ratio 

v / V 5 of the mean-square velocities of the 
panels may be determined if one knows the 
damping parameter <i. and the coupling coeffi­
cient , and that this ratio does not depend
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on the power supplied to panel or on the 
damping of panel >. The second Is that Eq.
(10) provides a means (or calculating the cou­
pling coefficient . , . from experimentally 
determined mean-square velocity ratios and 
damping parameters.

The energy balance ol panel . may be 
expressed as

A. D, , P,, (11)

and that of the complete two-plate system as

A, D. ♦ D, (12)

The expression of Eq. (12) may also be obtained 
by substituting Eq. (7) Into (11); thus Eq. (12) 
can provide no additional Information. How­
ever, Eq. (11) or (12) may be used In conjunc­
tion with (7) to check the consistency of the 
general analytical approach by comparing the 
values that these equations yield for comparable 
experimental data.

A series of experiments was performed on 
a panel configuration like that of Fig. 1, with 
panel < excited by a shaker, via an Impedance 
head. These experiments Involved simultaneous 
measurement of the mean-square velocities 
and \ ^ (at several points on each panel, so that 
the spatial averages v ^ and v could be 
calculated) and of the time-average Input power 
A,. The loss factors of the two Individual panels 
were measured separately. Values of ■,. then 
were calculated from Eq. (10), which Involves 
neither A^ nor ,, as well as from an expres­
sion which may readily be derived from Eq. (11) 
and which Involves both A, and . Comparison 
of the two sets of results Indicated acceptable 
agreement [ij.

From Eqs. (2) and (8)-(ll), one may also 
show [2] that the "apparent loss factor" 
of panel ■, l.e., the loss factor one may meas­
ure by any of the standard techniques on panel 

with panel attached, obeys

2oN,T. 2 'o’'.!
(13)

Equation (13), when solved for , thus pro­
vides an additional means for determining this 
coupling factor, which does not require tedious 
power-input or velocity-ratio measurements. 
When the results of a series of experiments. In 
which the apparent loss factor of panel > was 
obtained by the well-known decay-rate tech­
nique, were ci .npared with corresponding re­
sults of the previously described experimental

series [l], satisfactory agreement was again 
obtained.

MULTIPANEL STRUCTURES 

General Energy Balance; Analysis

The energy balance d a typical panel 
(designated by subscript J) of a multipanel 
structure, like those of Fig. 2, may be written 
as

*’jB ’ •’jc (14)

where the ne* power flow from panel J to all 
other panels appears on the left-hand side. In 
addition to the power dissipation Dj , and where 
the power addition Aj appears on the right-hand 
side. Assuming a relation like Eq. (4) for each 
pair of panels, and replacing Dj by djTj accord­
ing to Eqs. (2), (5), and (9), one may rewrite Eq. 
(14) as

L i rv T,J% ‘K (15)

Fig. 2. Multipanel test structures

For a structure with different panels, one 
may write different equations like (15). One 
thus obtains a set of linear equations for the
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• unknown modal kinetic energies Tj, for whicit 
one may solve if given ail the power inputs Aj. 
For structures with more than three or four 
panels, solution is best accomplished by nu­
merical methods, such as those involving matrix 
inversion or relaxation techniques. (Note that 
Eq. (15) is analogous to the expression which 
describes heat flow in a lumped-parameter 
system.)

Test Structures

Two structural configurations were selected 
lor extensive study: a finiike structure made up 
of beam-reinforced flat plates and a ring-and- 
3tringer-reinforced cylindrical ell (Fig. 2). 
These test structures were chosen because they 
are reasonably realistic, yet simple enough so 
that their analysis does not require much com­
putation.

Both test structures of Fig. 2 were made 
of 1/16-ln.-thick aluminum. The reinforcing 
beams and rings were attached to the sheet 
metal skins by means of a rigid epoxy, but a 
weld was used to strengthen the joint between 
the primary fin panel and its base plate. Damp­
ing tape was applied along the edges of the fin 
base plate, in order to simulate the loss of vi­
bratory energy that the fin would experience if 
it were attached to some larger structure.

Auxiliary Measurements

In order to provide the information re­
quired as input to the theoretical calculations, 
the panel loss factors and power flow coeffi­
cients were determined experimentally.

Loss factor measurements were made on 
each of the two separate plates that comprise 
the fin, before assembly and before addition of 
the reinforcing beams, but with the damping 
t^e in place on the base plate. These meas­
urements were made in 1/3-octave bands, by 
means of the well-known decay-rate technique. 
Similar measurements were also carried out 
on the two separate shell lengths (one 25 in., 
the other 46 in. long) from which the entire test 
shell was assembled.

Values of the power flow coefficients were 
obtained from a separate series of measure­
ments, which was carried out on a two-panel 
configuration like that of Fig. 1, and which made 
use of the ideas and relations discussed in the 
previous section. Average values of these 
measured coefficients for the one beam configu­
ration used in the test structures au-e presented 
in Fig. 3.

Measurement of Vibration Distributions 
and Power Output

During all measurements the test struc­
tures were suspended by long thin strings. A 
typical experiment consisted of exciting the test 
structure at one point of one of the panels with 
an electrodynamic shaker, and measuring the 
accelerations at one point on each panel. In an 
experimental series these measurements were 
repeated for different driving points on a given 
panel and for different measuring points on the 
other panels.

In all cases the mechanical power supplied 
to the structure was measured by an impedance 
head (connected between the excitation source 
and the driven point on the structure) and at­
tendant electronic instrumentation. All meas­
urements were carried out in 1/3-octave bands: 
the shaker was activated by a signal that was 
generated by a white-no se source, passed 
through a 1/3-octave filter, and suitably ampli­
fied; the outputs of the various accelerometers 
were filtered in the same 1/3-octave bands as 
the excitation signal before they were fed to an 
rms voltmeter.

Results
A series of calculations was carried out 

pertaining to the fin structure with only panel B 
excited externally. These calculations involved 
solution of seven simultaneous linear equations 
like Eq. (15) —each describing the energy bal­
ance of one of the seven fin panels — with all 
power input terms except set equal to zero. 
Only those power flow terms that pertain to 
panel pairs sharing a common edge were re­
tained in these equations; the rest were neg­
lected. Loss factor, coupling coefficient, and 
panel area values that were obtained from aux­
iliary measurements were used to compute the 
parameters that enter these equations.

The results of these calculations are pre­
sented in Fig. 4, which shows the frequency 
variation of the ratio of the average kinetic 
energies Tj ot the various panels to the input 
power Ag. Note that this ratio is a rather 
natural one to use, in view of the form cA the 
pertinent equations. Also, if one expresses A^ 
as the product of the driving point resistance R 
and the mean-square velocity of the driving 
point, one may use Eqs. (1) and (5) to show that

'Sj V,/ R
(16)

i.e., that Tj Ab is proportional to the velocity 
ratio Vj* > which is generally of primary 
Interest,
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Fig. 3. Experimentally determined power transmission 
coefficient values for Ul-in. by 3/4-in. aluminum beam 
on 1/16-in. aluminum plate

The ordering of the vibration levels of the 
panels apparent from Fig. 4 agrees with what 
one experts from energy considerations. The 
directly excited panel B has the highest modal 
energy; the highly damped panel G, which also 
is relatively far from the directly excited one, 
has a relatively low modal energy. The rela­
tive magnitudes of the energies at the (Hher 
panels lie between those of B and G, with panels 
closer to B and farther from G having higher 
energies. Analogous calculations lor the shell 
structure (analyzed as if it were a flat plate) 
were found to yield similar results [l]; how­
ever, because there was no single panel that 
was much more highly damped than the rest, 
the curves lor the shell panels are more 
closely clustered.

Some typical results obtained from experi­
mental measurements are presented in Fig. 5, 
together with corresponding calculated results. 
There exists good general agreement between

the theoretical curves and experimental points; 
this agreement may be observed also in the 
more extensive information presented in Ref.
(Ij both for the fin and for the cylindrical shell 
structure, but for the shell the agreement was 
found to to somewhat worse than for the fin.

The scatter of the experimental results 
may be ascribed at least in part to the spread 
in the velocities measured at different points 
on the structure. Thus, the experimental points 
may not represent the spatial averages of the 
velocities adequately, whereas the calculations 
pertaui only to such averages.

Driving Point Resistance

As is evident from Eq. (16), one must know 
lie driving point resistance R. i.e., the real 

part of the driving point impedance, to interpret 
the Tj A ratios in terms velocity ratios
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Fig. 4. Calculated responses of fin panels 
to excitation applied on panel B

V' V* Although tills resistance may, at least 
In principle, be calculated by classical means 
from a complete modal analysis of the structure, 
such calculations are prohibitively long, and 
their us-» would negate the simplicity and bre . Ity 
of the statistical energy analysis approach.

Fortunately, it has been shown [10] that at 
high enough frequencies the driving point im­
pedance of any finite uniform elastic structure 
approaches that of a similar structure of infi­
nite extent. The impedances of infinite struc­
tures are available in texts and handbooks (e.g., 
Refs. 11, 12); the driving point impedance of an 
infinite uniform plate is entirely resistive and 
is given by

(17)
A compai ison of the driving point resist­

ances measured on the test structures with

those calculated lor an infinite plate of the 
same material and thickness appears in Fig. 6. 
Observe that the experimental data here are 
always within an order of magnitude of the 
infinite-plate value, that the data points gen­
erally lie below that value, and that these points 
cluster more closely about that value for higher 
frequencies. From the fact that the experi­
mental values generally are lower than that for 
the infinite plate, one can conclude that use oi 
the infinite-plate value in calculations would 
result in predicted vibration levels that usually 
are somewhat too high, and thus conservative.

CONCLUSIONS

The results presented in this paper indicate 
that statistical energy analysis can be applied 
to obtain useful quantitative predictions of the 
mean-square vibratory respo.isos erf multipanel

104



Fig. 5. Comparison of theoretical 
(curves) and experimental (points) re­
sults for two panels of fin

third octave BASfD CENTER EREOUENCT (HZ)

Fig. 6. Comparison of driving point 
resistance values measured on test 
structures with corresponding infinite 
plate resistance

no Hi 400 ioo 6S0 eoo looo l^:o leoo ^ooo noo h€0 sooo woo
Third OCTA' E banc center frequency (HZ)
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structures. These predictions can be obtained 
without much computational effort. However, 
to arrive at inem one must know the damping’of 
all panels (ar. for classical analyses too, if reso¬ 
nances dominate the responses), as well as the 
coefficients that pertain to power flow between 
all adjacent pairs of panels. 

The loss factors of structural components 
may be estimated from available information 
(e.g., Refs. 13, 14), or may be obtained from 
relatively simple measurements. No theory is 
as yet available from which one may calculate 
the coefficients pertaining to power flow be¬ 
tween two edge-joined panels; however, a means 
for determining these coefficients empirically 
has been described here and has been shown to 
yield consistent results. 

Although statistical energy analysis pro¬ 
vides information on only the mean-square val¬ 
ues of response parameters, some studies [1, 
15] have been performed also on response max¬ 
ima (response concentrations) and on the effect 
of boundary conditions on maximum stresses 
[16]. Much work remains to be done before the 
theoretical basis for statistical energy analysis 
is complete and before this approach can be 
used for obtaining all salient statistical prop¬ 
erties "f the responses of complex structures. 
Nevertheless, statistical energy analysis is a 
uniquely powerful, yet simple, tool that can 
provide not only a qualitative understanding of 
the most important aspects of the vibrations of 
composite systems, but also quantitative an¬ 
swers to complex vibration problems that can¬ 
not be attacked practically in any other way. 
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DISCUSSION 

Mr. Smith (Bell Aerosystcms Co.): I have 
ttirt'f short questions, one of which I think you 
answered towards the end of your talk. It 
sou ds as though the method begins by assuming 
that the elements behave independently as far 
as their modal responses are concerned. This 
certainly won’t be true until you get up to quite 
high frequency which is, as you showed, up into 
several kc where, for «ample, infinite plate 
behavior became illustrated. So, at lower fre¬ 
quencies, tliis does seem a restriction on appli¬ 
cability of the method. Would you comment on 
that, please? 

Mr. Un^ar: At very low frequencies one 
can do modal analysis, and I advocate modal 
analysis. At higher frequencies where each of 
the subpanels has several or many m<xies, 
modal analysis becomes too cumbersome and 
meaningless. We can argue about that later. It 
does not really matter what the modes are or 
how they hang together. The important thing is 
that we know at least approximately the number 
of modes in a given frequency band. 

Mr, Smith: The second point - you did say 
that you were not quite sure why the power flow 
should necessarily be proportional to the differ¬ 
ence in main KE’s. Perhaps it is the same 
thing - I am not too sure why, for example, the 
difference in main strains shouldn't be appro¬ 
priate for certain types of power transmission 
between two elements. Could you comment on 
that again? For example, KL could obviously 
be significant, say, in acoustically transmitted 
power flow, but Internally I believe the strains 
might be more significant. 

Mr Ungar: This method has been worked 
out using strain energy or kinetic energy or 
total energy. I do not think one is more impor¬ 
tant than the other. I happen to prefer kinetic 
energy because it gives us the thing I am look¬ 
ing for most simply. 

Mr. Smith: Thirdly, da you see any pros¬ 
pect that having got a general idea for the 

response of a particular element in terms of 
mean square velocities, the modal properties 
themselves might possibly be used to determine 
the probable areas of failure in those elements 
where the mean square velocities were high? 

Mr. Ungar: I think it would be a mistake 
to introduce modal properties. There is an 
approach that we have explored fairly recently 
and incompletely which has to do with dynamic 
edge effect. It permits you to determine areas 
of maximum stress for given reinforcements 
without having to bother with modes. It is in¬ 
completely developed but I think that is the way 
to go. We have gone through lots of contortions 
here to avoid messing with the modes because, 
as I said before, they are difficult to find and 
meaningless. I am still going to argue with 
somebody about that. 

Mr. Kirkley (Martin-Marietta Corp.): It 
appears that the excitation you are talking about 
on these panels is acoustic, or a turbulent-type 
excitation. Is this correct? 

Mr. Ungar: The excitation we used in the 
experiments was mechanical point excitation. 
Similar studies have been done with acoustic 
excitation, possibly also turbulent. I do not re¬ 
call any turbulent data. 

Mr Kirkley: I have that point straight now. 
My real question is, if it is an acoustical pres¬ 
sure fluctuation type of disturbance, your equa¬ 
tions do not account for the acoustic energy 
transmitted through the panel to an interior 
space. This could be added in, I assume, and 
not affect your results. 

Mr. Ungar: The equations do account for 
the energy that is transmitted mechanically 
from one panel to the other and they do account 
for the energy accepted for each panel. Exactly 
the same formulation also applies for interior 
space, so you add a few more lumps to repre¬ 
sem acoustic spaces. 

* 
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CONSTANT BANDWIDTH FM DATA SYSTEM 

DESIGNED FOR SATURN S-IVB/V VIBRATION TESTS* 

Doan K. Rudfurd 
Thiokol Cheminai Corpuratinn 

li ri^ham City, Utah 

Thiokul's Wasatch Division was awarded a i outrait in January l'tntj tu 
eonduet vibration tests for the Doublas Aim raft Company on the for¬ 
ward ski't and boattail sections of the Saturn S-IVB/V launch vehicle. 
The extreme size of the components tested du teted the use of a large- 
capacity data acquisition system to insure adequate description of the 
response to high-force vibration excitation. A constant bandwidth FM 
data acquisition system capable of recording H-4 channels of wideband 
information was designed. The tradeoff studies conducted to evaluate 
available techniques are discussed, and a detailed description of the 
constant bandwidth FM system is presented. 

INTRODUCTION 

The forward skirt (Fig. 1) and boattail 
(Fig. 2) sections of the Saturn S-IVB/V launch 
vehicle were subjected to vibration tests in 
Thiokol’s high-force-vibration facility near 
Brigham City, Utah. The forward skirt segment 
is approximately 22 ft in diameter and 12 ft 
long. The boattail, composed of the aft skirt 
segment, aft LOX bulkhead and thrust structure, 
is approximately 22 ft in diameter and 18 ft long. 
The procedure and results of these tests are 
being fully described in another paper presented 
in this symposium (see L. G. Smith of McDon¬ 
nell Douglas, Inc.). 

Because of the massive size of the test 
specimens, more than 100 data acquisition 
channels were required to record adequately 
the response to vibrational forces throughout 
the structures. The frequency bandwidth re¬ 
quirement per channel for the subject tests was 
0 to 500 Hz; however, use of the constant band¬ 
width FM technique made it possible to obtain 
0- to 2000-Hz response on all channels at no 
increase in data system cost, and imposed no 
compromise on the S-IVB/V data. The only 
imposition on the system to achieve the wider 
bandwidth was an increase in magnetic tape 
speed from 30 to 60 ips to increase recorder 
bandwidth. 

This paper discusses the tradeoff studies 
conducted to evaluate the available data acqui¬ 
sition techniques and presents a detailed de¬ 
scription of the constant bandwidth system 
which was designed and used for the subject 
tests. 

BASIC CONSIDERATIONS 

Three basic methods are available for re¬ 
cording test data: (a) analog, (b) digital, and 
(c) FM multiplex. Considering the variations 
within each of these categories, a generous as¬ 
sortment of techniques may be exploited for 
data acquisition and reduction. 

The analog method, while useful for many 
applications such as on-line monitoring and 
quick look, is not suitable for a multichannel 
vibration data acquisition system in which the 
capability for automatic data reduction is re¬ 
quired. Thus, the analog technique incorporat¬ 
ing oscillograph recorders and oscilloscopes 
may be selected for backup, but the mainline 
data system must be digital or FM multiplex. 

The digital technique was considered first 
because digital computers and associated equip¬ 
ment recently have gained such popularity thaï 
they have almost eclipsed all othe; methods of 

*This paper was not presented at the symposium. 
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Fig. 1. Saturn S-IVB/V forward skirt section in vibration facility

4

Fig. Z. Saturn S-IVB/V boattail section in vibration facility

no



data handling. The digital approach is desirable 
for many reasons, chief among which are high 
accuracy, low noise level, and the use of com¬ 
puters for data reduction. The digital computer 
used as a data reduction device provides virtu¬ 
ally unlimited versatility. Through program¬ 
ming techniques, the computer can produce 
numerous types of plots from random and sinus¬ 
oidal data without the necessity of modifying the 
data reduction system hardware. 

The disadvantages of the digital approach 
are: 

1. Time delay from program request to 
production of a reliable program; 

2. Difficulty of determining the source of 
error in reduced data; 

3. Problems incident to data lormat re¬ 
quirements; 

4. Required data storage capacity (exces¬ 
sive where sample rate requirements are high, 
as in vibration testing). 

Another data system considered was the 
proportional bandwidth FM system, which pro¬ 
vides good data packing density on magnetic 
tape, but is limited in channel bandwidth. 

Assuming a standard IRIG layout (1. Table 
HI) for channels 1 through 19, a system can be 
devised to accommodate 19 channels of data on 
a single magnetic tape track, with frequency 
response from 6 to 1395 Hz Thus, on 12 tracks, 
a capacity of 228 channels can be provided. 
However, the bandwidth restriction, while ac¬ 
ceptable in a telemeter configuration, renders 
ihis system of limited value for vibration data 
acquisition. 

The response restrictions of a proportional 
bandwidth FM system are overcome while re¬ 
taining a relatively high packing density by using 
the constant bandwidth FM system technique. 
Assuming a standard IRIG layout (1, Table IV) 
and using 16-kHz differential frequency between 
carriers, the system packs up to 12 channels of 
wideband data on a single tape track. Again as¬ 
suming 12 tape channels, a system is devised to 
provide 144 channels of data, a concept which 
offers the prospect of more nearly fulfilling the 
data acquisition requirements of the Saturn 
S-IVB V vibration tests than the other methods 
investigated. One 14-channel tape recorder 
contains all the data on 12 tracks, allowing use 
of the additional tracks for system control and 
monitor functions such as voice annotation, 
shaker frequency, timing signals, and or other 
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lunctlons useful in the data monitoring or re¬ 
duction processes. 

FM SYSTEM DESCRIPTION 

Systematic layout of a multichannel system 
is important to preclude confusion during setup 
thus avoiding erroneous designation of channels. 
With this in mind, the FM system was human 
engineered to provide logical groupings of 12 
channels in each tape track (Fig. 3). Each 12- 
channel grouping is assigned a specific rack 
adapter position so that channels 1 through 12 
in a given adapter are positioned contiguously 
and consecutively from left to right. Following 
this arrangement through the 12 sets of 12 
channels in progression from top to bottom of 
the rack provides a layout which is at once or¬ 
derly and convenient. Thus, all channels hav¬ 
ing the same center frequi ncy are in vertical 
alignment throughout the rack, and all channels 
associated with a given tape track are in hori¬ 
zontal alignment from left to right in the rack. 
In Fig. 3, the column to the far left contains 
eight power supplies located strategically 
throughout the system — the four panels desig¬ 
nated "B” are blank. The next 12 columns con¬ 
tain the 144 voltage-controlled oscillators (VCO) 
constituting the data input channels. The first 
column of this matrix contains all VCO's whose 
center frequency is 32 kHz, and the blocks in 
this column are so designated. The blocks in 
the succeeding columns each are designated by 
the appropriate VCO center frequencies. In ad¬ 
dition to these designations, each column is 
identified by its channel numerical code in 
terms of row and column: e.g., channel 1.9 is 
located in row 1, column 9. The right-hand 
column contains 12 summing amplifiers con¬ 
stituting the 12 outputs of the system to the 
magnetic tape recorder. 

An integral system calibration and monitor 
unit is located at approximately the vertical 
center of the rack for convenience in setting up 
and calibrating the system. To calibrate, a 12- 
position selector switch is used to simultane¬ 
ously disconnect the input signal from a selected 
row of channels and connect a voltage to those 
channels from the calibration unit. The calibra¬ 
tion voltage is switched manually to represent 
five signal levels: lower band edge, lower mid¬ 
range. center (or zero), up|)er midrange, and 
upper band edge. The selected calibration sig¬ 
nal is transmitted simultaneously to each of the 
12 channels in the row or multiplex; resulting 
frequencies are read from test points located 
on the front panel of each channel using a fre¬ 
quency counter. 4n outstanding feature of this 
system is that any ol seven input signal ranges 
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Kig. 3. FM d.it.i acquisition system layout 

can be selected tor full-band deviation for each 
channel: *10, t20, t50, tlOO, 1200, i500, or 
tlOOO mv. This, the system can accommodate 
a wide range of input signals without requiring 
additional signal conditioning equipment. The 
input signal selec tor unit on each VCO provides 
the deviation indicated by the calibration unit, 
regardless of the position of the input level se¬ 
lector switch. This allows each channel to be 
set up independently for input sensitivity, re¬ 
gardless of its location in the system matrix. 
With each of the 12 channels in the first multi¬ 
plex set at required sensitivity, voltage from 
the calibration unit causes each channel to 

deviate to band edge (when band edge is selected 
at the calibrator). After each channel in the 
first multiplex has been checked at upper and 
lower band edge (and midband if desired), the 
second multiplex is selected and checked in like 
manner. This procedure is continued until all 
active channels are calibrated. Each channel 
is reconnected to its input signal lines when the 
calibration selector switch is not positioned to 
select its multiplex. Thus, when the switch is 
in the OFF position, each channel is connected 
to its respective input signal line. Amplifiers 
A13 and AM are buffers needed to eliminate 
loading of the calibration unit and the reference 

112 



oscillator, respectively. Twelve checkpoints 
are inciuded on the monitor and calibration 
panel to provide quick access to the 12 multi­
plexed signals. The signal at this point may be 
viewed by oscilloscope as a multiplex, or it may 
be discriminated and viewed as individual ana­
log data signals. This provides convenience in 
checking the data signal at the output of the 
system.

The technique which makes possible the 
multiplexing of 12 wideband channels of a given 
tape track is embodied in the conception of up­
per channel translation; i.e., the upper six cen­
ter frequencies (128-208 kHz) are "translated" 
(heterodyned) using a 240-kHz standard fre­
quency to beat with the carriers of these chan­
nels. Thus, 32 kHz combines with 240 kHz to 
generate 208 kHz and 272 kHz; through filtering, 
the 208-kHz value is selected and the higher 
value is discarded. Likewise, 48, 64, 80, 96 
and 112 kHz combine with the 240-kHz standard 
to generate frequencies of 192, 176, 160, 144, 
and 128 kHz, respectively. Translation is ac­
complished in each instance after the basic 
carrier has been deviated by the intelligence or 
input data. This technique serves to prevent the 
carrier deviation ratio from diminishing to a 
point which makes recovery of intelligence in 
the discriminator difficult, if not impossible.
The block diagram (Fig. 4) and frequency spec­
trum (Fig. 5) illustrate the system design con­
cepts expressed above. Figure 4 shows atypical

multiplex of 12 channels summed and fed to 
tape track 6. The six upper channels are shown 
with translator. The 240-kHz reference fre­
quency is used in the translation process and is 
fed to tape track 6, along with the data, for fu­
ture use in the detranslation process. Note that 
the 240-kHz reference signal is positioned well 
above the data frequency spectrum shown in 
Fig. 5, of which 208 kHz is the highest daU car­
rier. The frequency of the reference signal is 
bounded by the highest data carrier and the 
magnetic tape bandwidth capability. Figure 5 
shows that the center frequency of each channel 
may be deviated ±4 kHz to upper and lower band 
edge, and that there is an 8-kHz separation be­
tween the upper band edge frequency of one 
channel and the lower band edge frequency of 
the next higher channel. This separation rep­
resents a compromise between channel-to- 
channel crosstalk and frequency spectrum 
packing density. A further guard against data 
distortion is the use of a modulation index of 2, 
which limits the frequency to 2 kHz.

Detranslation is accomplished prior to dis­
crimination by reversing the process employed 
for translation; i.e., the 240-kHz reference sig­
nal which is recorded on each tape track with 
the data matrix (Fig. 4) is used to translate the 
carrier frequencies to their pretranslated values 
(Fig. 6). The 240-kHz reference signal is sep­
arated from the multiplex by a reference dis­
criminator and fed to the detranslators, where
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Fig. 6. Data playback system block diagram

it is used to heterodyne the translated frequen­
cies as indicated. Each FM channel may now 
be discriminated to recover the original analog 
information. At this point, the data are fed to 
the oscilloscope or oscillograph for quick-look 
presentation, to the analog data reduction com­
puter, or to an analog-to-digital converter for 
preparation for entry into a general purpose 
digital computer for data reduction.

The outstanding advantages of this type of 
data system are as follows.

1. The system provides wideband capability 
on each data channel.

2. Use of FM to provide multichannel pack­
ing on each tape track reduces the tape recorder 
requirement to a single unit for recording 144

channels, thus minimizing both tape handling 
and channel correlation problems.

3. Both construction and operation of the 
system are economical.

4 Operation is straightforward due to the 
systematic layout, which minimizes setup and 
calibration time and virtually eliminates data 
channel mixup.

5. The resulting data are reduced to x-y 
plots using rapid, low-cost data reduction 
methods.

6. The plots are generated efficiently in 
large quantities; thus there is no backlog of data 
awaiting reduction.



7. Recorded data maybe digitized for entry 
into a general purpose digital computer, when 
special plots are required for which an analog 
computer is not available. 

8. There is no time delay for program¬ 
ming the equipment. 

9. It is relatively easy to determine source 
of error in reduced data. 

10. There are no data formating problems. 

11. Data storage requirements present no 
problem, since all data may be stored on a sin¬ 
gle 12-channel magnetic tape. 
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DYNAMICS PORTION OF GEMINI AGENA TARGET 

VEHICLE ENGINE MODIFICATION AND TEST PROGRAM 

(PROJECT SURE FIRE)* 

Nicholas Angelopulos 
Lockheed Missiles & Space Company 

Sunnyvale, California 

Su5Î FiJe fa»WThr% f °bjective8 for ^e dynamics portion of Project 

was assessment of test results ÍPSD . " , qUence- d' The fourth 

INTRODUCTION 

On November 20, 1965, following the Gem- 
ini Agena target vehicle (GATV) 5002 failure on 
25 October 1965, the GATV engine modification 
and test program (Project Sure Fire) was es¬ 
tablished by joint action of Lockheed Missiles 
and Space Company (LMSC), the U.S. Air Force 
Aerospace Corp., and Bell Aerospace Corp. 
(BAC). The program was established to develop 
corrective improvements for, and demonstrate 
the flightworthiness of, the rocket engine to 
assure successful missions on vehicles 5003 
and those following. LMSC was technical direc¬ 
tor for the Sure Fire activity, which included 
subcontract effort by BAC and testing conducted 
fipr^rîî.0» EnglneerinS Development Center 
(AEDC), Tullahoma, Tennessee. 

Background 

Immediately following the GATV 5002 fail¬ 
ure, LMSC conducted an accelerated data reduc¬ 
tion and analysis program to determine the 

cause. During early November 1965, flight- 
failure reviews were presented to the Flight 
Safety Review Panel, and a symposium on 
hypergolic rocket engine ignition at altitude w 
heid at LMSC. The symposium was attended I 
16 leading propulsion scientists and engineers 
representing Aerojet-General Corp., Bell 
Aerosystems Co., Aerospace Corp., the U.S. 
Air Force Rocket Propulsion Laboratory 
Marquardt, Rocketdyne, Princeton University 
and LMSC. 7’ 

The findings and conclusions during early 
November were essentially: (a) the flight fail- 
ure of vehicle 5002 was due to a ’’hard start” c 
the Agena primary propulsion system rocket 
engine; (b) the hard start was probably caused 
by the fuel lead into the engine thrust chamber 
prior to ignition (the reliable-starting standarc 
Agena engine uses an oxidizer lead); (c) an en- 
P1"* modification and test program should be 
initiated; and (d) altitude tests must be con¬ 
ducted at simulated altitudes above 250,000 ft. 

The combined recommendations of the 
study and review groups were presented by 

This paper was not presented at the Sympos 
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LMSC and BAC to Air Force Space Systems 
Division (AFSSD), NASA, and Aerospace Corp 
representatives. The final Project Sure Fire 
proposal was presented to NASA at Houston, 
Texas, on 20 November 1965. 1' p proposal 
was approved and LMSC started work immedi¬ 
ately to meet a 24 March launch date for Gem¬ 
ini Vin and vehicle 5003. 

Objectives 

There were four basic objectives for the 
dynamics portion of tne Project Sure Fire pro¬ 
gram. K 

1. The first objective was that of the spe¬ 
cial engine instrumentation test program; to 
determine if the modified (oxidizer-lead) XLR 
81-BA-13 engine start transient dynamic char¬ 
acteristics are similar to or significantly dif¬ 
ferent from the standard YLR 81-BA-ll engine 
configuration. Dynamic measurements were 
recorded during acceptance testing of four YLR 
81-BA-ll and three XLR 81-BA-13 engines at 
BAC (test cell H-2). For the YLR 81-BA-ll 
engines, there were two 60-sec firings; for the 
XLR 81-BA-13 engines, there were three 2-sec 
and two 60-sec firings. 

2. The second objective was to demon¬ 
strate, in shock and vibration testing of an 
XRM-4 engine, the structural integrity of the 
modified engine installation design changes re¬ 
sulting from the program. 

3. The third objective was to evaluate, in 
engine hot-fire tests, shock and vibration lev¬ 
els at specific points on the modified engine 
during engine start transient and ignition 
sequence. 

4. The fourth objective was assessment of 
significant test results (PSD, shock spectra, 
rms g history, force-time plots, etc.), as well 
as methods of obtaining good shock transient 
data (accelerometers vs strain gages). 

SPECIAL INSTRUMENTATION 
TESTS 

Test Configuration 

The test articles were production engines 
acceptance tested in the horizontal attitude at 
sea-level environment. The engine nozzle ex¬ 
tension was replaced with a mass simulator 
used for engine thrust chamber gimbaling and 
for thrust chamber operation at sea-level 
atmospheric pressure. Engine configurations 

were in accord with the normal YLR 81-BA-ll 
and XLR 81-BA-13 acceptance test require¬ 
ments of the respective model specifications [1|. 

Acceleration, force, and pressure meas¬ 
urements were recorded at the following loca¬ 
tions, shown graphically in Fig. 1: 

Accelerometers 

Thrust chamber thrust lug - longitudinal 
(A-l) 

Thrust chamber thrust lug - yaw (A-2) 
Thrust chamber thrust lug - pitch (A-3) 
Gimbal ring assembly - longitudinal, top 

(A-4) 
Gimbal ring assembly - longitudinal 

bottom (A-5) 
Thrust mount structure - longitudinal, left 

gimbal (A-6) 
Thrust mount structure - longitudinal, right 

gimbal (A-7) 
Thrust mount structure - longitudinal, ac¬ 

tuator top (A-8) 
Thrust mount structure - longitudinal, ac¬ 

tuator side (A-9) 
Gas generator - parallel to geometric axis 

of generator near injector head (A-10) 
Engine test rig - longitudinal (A-ll) 
Engine test rig - pitch (A-12) 
Electronic gate box - longitudinal, in rigid 

area near engine attachment point (A-13) 
Pressure switch relay box - longitudinal 

Thrust 

Engine thrust at the four thrust mount at¬ 
tachment points, LC-1 through LC-4 

Pressure 

Engine oxidizer injector pressure 
Engine thrust chamber pressure 

Test Results 

Test results are presented in Tables 1 and 
2. Table 1 is a summary of all the vibration, 
force, and pressure data obtained during engine 
acceptance testing. Model XLR 81-BA-13 en¬ 
gines (803, 806, and 807) were acceptance tested 
early in the Sure Fire program; therefore, 
some of the accelerometer data (accelerometers 
2 through 5, 8, and 9) were not acquired during 
the initial tests. Using accelerometer A-l 
(mounted on the thrust chamber lug) as a ref¬ 
erence accelerometer, the following minimum 
and maximum peak g's were noted during YLR 
81-BA-ll and XLR 81-BA-13 engine firings: 
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LOWER LX rr 
LC-3

OXIDIZtR manifold 
PRESSURE OMPI

Fig. 1. Locations of dynamic measurements
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TABLE 2
Power Spectral Density Data for YLR 81-BA-ll and XLR 81-BA-13 Engines

Engine Model YLR 81-BA-]11 XLR 81 -BA-13

Serial Number 707 708 709 803 806

Accelerometer Locations rms g

A-1 — TC lug, longitudinal 9 8 10 _a

A-4 — Gimbal ring, top 6 4 3 _b _b

A-6 — Thrust mount, left gimbal _c _^c _c 3 3

A-7 —Thrust mount, right gimbal c 9 11 2 3

A-8 — Thrust mount, act. top _c _c 20 _b _b

A-9 —Thrust mount, act. side 28 22 _c _b ^b

A-10 — Gas generator 17 _a 25 6 8

A-11 — Engine test rig, long. 7 6 _b _b

A-13 — Electronic gate _d _d _d 8 3

A-14 — Pressure switch relay box _d _d _d 3 3

®Poor data, not analyzed.
"Accelerometers were not mounted at these locations on engines 803 and 806. 
‘"These accelerometer data were not analyzed.
*^Not on YLR 81-BA-ll engines.

YLR 81-BA-ll engines: minimum—8 g, 
maximum —37 g

XLR 81-BA-13 engines: minimum — 14 g, 
maximum — 40 g

Figures 2 through 6 are typical PSC plots of 
the YLR 81-BA-ll and XLR 81-BA-13 engine 
firings. The area under the curves of Figs. 2 
through 6 represent rms g and is equal to:

The load cell data at ignition for a nominal 
run of the YLR 81-BA-ll engine show 11.636 lb, 
compared to a nominal of 11,896 lb for the 
XLR 81-BA-13 engine. The load cell data for 
YLR 81-BA-ll engine 708 were not considered 
valid because of load cell calibration inaccura­
cies. The thrust chamber ignition pressure 
(Pj) measurements of the YLR 81-BA-ll and 
XLR 81-BA-13 engines agreed quite well. The 
oxidizer manifold pressure (OMP) gage was 
saturated during YLR 81-BA-ll engine firings, 
and a valid comparison was not possible; how­
ever, the XLR 81-BA-13 engine OMP transient 
data evaluation indicated no adverse pressure 
peaks.

Table 2 shows the results of the power 
spectral density (PSD) data. The data show a 
spread of 0.7 g rms measured at the test rig to 
28 g rms at the thrust mount actuator side.

rms R r <lf

I 2

where
(cps).

density (g^, cps). and f = frequency

The PSD analyses were made approximately 
0.4 sec after thrust chamber ignition. The PSD 
plots show distinct peak g (rms) values at fre­
quencies around 900, 1600, and 1800 cps. Most 
of the energy represented by the area under 
each of the PSD plots occurs at these frequen­
cies. These frequencies correlate with the oxi­
dizer and fuel pump impeller blade rotational 
frequencies of 960 cps for the oxidizer pump 
and 1690 cps for the fuel pump at steady state 
turbine speed. The predominant 1800-cps fre­
quency jjoint is the first harmonic of the 900-cps 
frequency.
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Figures 7 and 8 are typical shock spectral 
plots showing the analysis of the accelerometer 
data from accelerometers A-11 for engine 707 
and A-l for engine 708. The data were reduced 
using an amplification factor (Q) equal to 10 
where damping ( ) would be 0.05 from the fol¬ 
lowing equation: 

Damping of 0.05 is considered nominal in 
the Agena structure; however, sufficient data 
are not available to determine the damping on 
the BAC facility thrust stand installation. If 
any peak response g value is divided by the 
amplification factor (in this case q = 10), it 
would represent the g value for steady-state 
vibration at that particular frequency. Figure 
8 shows a peak reading of 57.5 g occurring at 
700 cps. This would represent 5.75 g of steady- 
state vibration. The shock spectral analyses 
were made during the thrust chamber ignition 
period. The typical shock spectral plots (Figs. 
7 and 8) for the YLR 81-BA-11 engine show that 
the peak response g levels at their resonant 
frequencies are within the test requirements of 
LMSC 6117D [1). The dubbed tape data for the 
XLR 81-BA-13 engine firings were not adequate 
for shock spectral analysis. A dynamic analy¬ 
sts of the data in Table' 1 indicates that the 
(shock spectra for the XLR 81-BA-13 engine 
are similar to those for the YLR 81-BA-ll en¬ 
gine, with the possible exception of frequency 
content because of the difference in engine 
masses. 

Conclusions 

The data contained in Tables 1 and 2 do not 
indicate any significant difference in engine 
start transient shock severity between the YLR 
81-BA-ll and XLR 81-BA-13 engines when 
fired at ground level. The Table 1 levels were 
reduced during the main engine ignition period 
and, therefore, generated the maximum g levels 
during each firing. The shock transient levels 
obtained during the hard-mounted engine tests 
at BAC compare favorably with the 40-g, 
8-msec test requirements of LMSC 6117D (1| 
for Agena vehicle component installations. 

One run of the 21-engine acceptance test 
produced a peak g level of 49 for a duration of 
approximately 3 msec. The average peak ac¬ 
celeration levels at ignition were less than 40 g 
on the remaining 20 tests. Evaluation of the 
steady-state vibration levels indicates that the 
levels were lower than the test levels specified 
in LMSC 6117D. During the flight operation the 

modified, oxidizer-lead, multistart engine is 
not expected to generate ignition shock levels 
significantly different in magnitude and charac¬ 
ter from the standard YLR 81-BA-ll engine. 

ENGINE XRM-4 DYNAMIC TESTS - 
VIBRATION AND SHOCK 

Vibration and shock flightworthiness dem¬ 
onstration tests were conducted at BAC labora¬ 
tories to demonstrate the structural integrity 
of the modified engine installation design 
changes resulting from Project Sure Fire. 

Test Plan 

The installation design change of the XLR 
81-BA-13 engine components was incorporated 
into the XRM-4 rocket engine assembly to 
simulate the structural mass, inertia, and dy¬ 
namic c.iaracleristics of a production engine. 
The modified rocket engine assembly was sub¬ 
jected to the following tests as ordered: func¬ 
tional test, shock, visual inspection, functional 
test, vibration, visual inspection, and functional 
test. 

The engine test assembly was vibrated 
along its longitudinal axis at a constant octave 
sweep rate for a total duration of 45 min. Input 
was at the engine mount attachment points in 
accordance with the following schedule: 

5 to 10 cps at 0.25-in. amplitude 
10 to 16 cps at 2.0 g peak 
16 to 22 cps at 3.0 g peak 
22 to 100 cps at 2.0 g peak 
100 to 250 cps at 3.0 g peak 
250 to 500 cps at 5.0 g peak 

The engine test assembly was vibrated along 
its lateral and vertical axes at a constant oc¬ 
tave sweep rate for a total duration of 45 min 
in each axis. Input at the engine mount attach¬ 
ment [Mints accorded with the following 
schedule: 

5 to 6.5 cps at 0.25-in. amplitude 
6.5 to 100 cps at 1.0 g peak 
100 to 250 cps at 2.0 g peak 
250 to 500 cps at 4.0 g peak 

Input at the turbine exhaust duct tab accorded 
with the following schedule: 

5 to 6.5 cps at 0.25-in. amplitude 
6.5 to 60 cps at 2 g peak 
60 to 100 cps at 3.5 g peak 
100 to 250 cps at 4.0 g peak 
250 to 400 cps at 5.0 g peak 
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The engine test assembly was shock tested 
three times in the plus and three times in the 
minus direction of each of the three mutually 
perpendicular axes; test duration was 6 msec; 
level was 25 g for the longitudinal axis, 5 g for 
the lateral and vertical axes. 

Test Configuration 

The XRM-4 engine consisted of a hard 
mockup with mass-simulated nonfunctional 

parts. The functional hardware used was pecu¬ 
liar to the Project Sure Fire modification, 
since all other hardware had been previously 
f^kjected to preliminary flight rating tests 
(PFRT) in accordance with engine specification 
requirements. The sinusoidal vibration test of 
the engine was conducted in accordance with 
current LMSC engine test requirements. Fig¬ 
ures 9 and 10 show the test article in typical 
setups for conducting the vibration and shock 
tests, respectively. Table 3 shows the location, 
orientation, and type of accelerometer used for 
the vibration and shock tests. 
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TABLE 3 
Accelerometer Locations for Vibration and Shock 

Acceler¬ 
ometer 

2 
3 
4 

5 
6 

7 

8 

9 
10 

11 

12 
13 

14 
15 
16 

17 

18 

19 

20 

a 
22 

23 

24 

25 

26 

Location 

Electronic gate 

Electronic gate mount 
Pressure switch relay box 
Pressure switch relay box 
mount 

Fuel start tank 
Oxidizer start tank 
OMP switch 

OMP switch mount 
OFP switch 
OFP switch mount 

Thrust chamber lug 

Thrust chamber lug 
Thrust chamber lug 

Gimbal ring — top 

Gimbal ring — bottom 
Engine mount gimbal lug - 
left 

Engine mount gimbal lug- 
right 

Engine mount actuator lug - 
top 

Engine mount actuator lug — 

Thrust chamber lug 

Gas generator injector 
Test fixture near upper 
left mount 

Test fixture near upper 
left mount 

Gas generator solenoid valve 
mount 

Fuel dual check valve 

Oxidizer dual check valve 

Orientation 

Axis of vibration 
or direction of 
shock 

Axis of vibration 
or direction of 
shock 

Longitudinal axis 

Vertical axis 
Lateral axis 

Longitudinal axis 

Longitudinal axis 

Axis of injector 

Longitudinal axis 

Lateral axis 

Axis of vibration 
(not required for 
shock) 

Axis of vibration 
(not required for 
shock) 

Axis of vibration 
(not required for 
shock) 

Type 

Endevco 2226 

Endevco 2226 

Endevco 2242C with 
2985 MI stud 
Endevco 2226 

Endevco 2226 

Endevco 2242C with 
2985 MI stud 
Endevco 2226 

Endevco 2226 

132 



Test Results 

A resonant frequency search of the engine 
test fixture disclosed resonant points with 
transmissibility values ranging from less than 
1.0 to approximately 9.1 to 1, which could yield 
overtest or undertest at certain frequencies. 
Rework of the fixture or fabrication of a new 
fixture was waived because of schedule limita¬ 
tions. To compensate for the fixture resonant 
frequencies, and possible overtest or undertest, 
a triaxial accelerometer was used for input 
control. The accelerometer used the total vec¬ 
tor sum from each sensing element to control 
the shaker input. 

L0H6ITU0IHAL AXIS, HO, ■ < 0 MS 

Testing along the three axes of vibration 
was conducted with no structural or functional 
failures of the engine hardware, as demon¬ 
strated by posttest functional checks and inspec¬ 
tion. The vibration test results are listed in 
Table 4. 

Posttest inspection and functional checks 
revealed that no structural or functional anom¬ 
alies occurred as a result of the shock tests. 
Figure 11 is typical shock photographs taken of 
the shock input pulses during the shock tests. 
Table 5 shows the results of the response ac¬ 
celerometers during each shock test. 

LATiKAL AXIS, S O, - 5.1 Ml 

VCXTICAL AXIS, < 7, • « 4 MS 

Fir. 11. Shock test inputs 

/ 
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TABLE 4 
Vibration Data from Response (Output) Accelerometers 

Tests 

Longitud! nal Axis Lateral Axis Vertical Axis 

Sine 
Survey 

Sine 
Test 

Sine 
Survey 

Sine 
Test 

Sine 
Survey 

Sine 
Test 

Acceler¬ 
ometer Vector (g) 

11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 

3.6 
2.4 
2.4 
4.1 

2.7 
2.3 
1.5 
2.0 
2.6 

3.0 
0.95 

11.8 
18.6 
15.2 
29.1 
10.6 
10.0 
17.8 
9.5 

10.0 
23.0 
24.4 
16.2 
7.2 

4.9 
2.7 
2.3 
2.4 

1.7 
2.4 
7.2 
2.7 
2.5 

1.3 
1.5 

12.5 
15.5 
5.9 
6.8 

10.4 
6.5 
5.8 

25.7 
5.9 

11.5 
6.8 
8.0 
6.2 

1.6 
2.8 
5.2 
7.0 

10.3 
12.4 
14.6 
7.5 
5.4 

1.9 
4.9 

3.5 
4.6 
5.0 

13.5 
4.0 
5.5 
6.2 

20.5 
6.3 
2.3 
9.0 
7.1 
5.0 

TABLE 5 

Tests 

Longitud Inal Axis Lateral Axis Vertical Axis 

Di 
Plus 
recti on Di 

Minu 
recti 

s 
on 

Plus 
Direction 

Minus 
Direction 

Plus 
Direction 

Minus 
Direction 

1 2 3 1 2 
. 

3 
. 

1 2 3 1 2 3 1 2 3 1 2 3 
Acceler¬ 
ometer 

1 

Vecto r (g) 

-1 

2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 

30 
35 
37 
37 
35 
38 
40 
33 
28 
45 
34 
28 
31 

6 
7 

34 
38 
37 
40 
35 
42 
36 
33 
32 
49 
34 
11 
31 
10 
9 

34 
38 
41 
40 
35 
42 
40 
33 
37 
49 
34 
11 
31 
10 

7 

30 
28 
37 
34 
35 
38 
33 
37 
32 
41 
26 
21 

8 
46 
38 

30 
28 
29 
31 
31 
35 
33 
37 
28 
41 
22 
14 
19 
40 
33 

27 
28 
29 
31 
35 
35 
33 
33 
37 
41 
26 
14 
66 
70 
19 

14 
8 
2 

13 
5 
2 

8 
6 
8 
8 
6 
7 
8 
7 
8 

10 

10 
6 
2 

8 
6 
8 
7 
6 
6 
7 
7 
8 

10 

5 
4 

14 
5 

7 
7 

21 
7 

7 
5 
7 
7 
6 
6 
8 
7 
8 

10 

7 
5 

22 
7 

8 
6 
9 
9 
8 
8 
8 
5 
8 

10 
8 
7 

8 
6 
6 
2 
3 
5 

8 
7 
8 
8 
8 
8 
7 
4 
7 

10 
9 
8 
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Conclusions 

The engine completed vibration and shock 
testing with no evidence of structural or func¬ 
tional failures of the engine hardware as a re¬ 
sult of test levels and durations imposed. On 
the basis of these test results and the correla¬ 
tion between past dynamics tests and flight his¬ 
tory, the structural and functional integrity of 
the modified engine was validated, and the con¬ 
figuration was judged to be structurally flight- 
worthy. 

Future engine vibration tests should be 
conducted with a test fixture natura’ frequency 
above 400 cps to eliminate engine overtesting 
or undertesting at certain frequencies. 

ENGINE HOT-FIRE TESTS 

Firing tests of the Project Sure Fire mod¬ 
ified engine were conducted to demonstrate 
flightworthiness (FWD) and to establish confi¬ 
dence in the operation and performance of the 
engine at sea level. Additional objectives of 
the tests were: 

1. To verify that preliminary pump level 
characteristics would be assured at the maxi¬ 
mum expected range of Gemini mission operat¬ 
ing pressures and temperatures; 

2. To certify safe engine operation at 
minimum and maximum voltage levels; 

3. To verify that malfunction modes at sea 
level have not changed because of engine design 
modifications; 

4. To evaluate shock and vibration levels 
at specific points on the modified engine during 
the engine start transient and ignition sequence. 

The tests were conducted at Bell Aerospace Co. 
(Bell Test Center Facility), Lewiston, New York, 
during January and February 1966. 

Test Configuration 

Engine firing tests were conducted in test 
cell 2 DT, a vertical tower capable of sunport- 
ing a maximum firing duration of 100 sec (pro¬ 
pellant tank volume limits) Temperature con¬ 
ditioning of the test stand could be varied 
between O F and +160 F. 

Dynamic Data Test Results 

The engine and facility thrust mount were 
instrumented with dynamic measurement trans¬ 
ducers as shown in Table 6 and Fig. 12. Engine 
vibration, force, and pressure measurements 
were monitored during all sea-level FWD hot- 
ftre tests. 

Test dynamic data results are presented in 
Tables 7 and 8. Table 7 is a summary of the 
dynamic data at thrust chamber ignition on 
engine hot-fire tests 281 and 283 through 324. 
Accelerometer data in Table 7 are the peak g's 
recorded at thrust chamber ignition. Averages 
of peak g's for each run are listed to give a 
comparison between runs for different hardware 
and propellant temperature conditions. Using 
accelerometer A-l (mounted on the thrust 
chamber lug) as a reference accelerometer, the 
minimum and maximum peak g's from the 43 
engine firings were 16 and 108 g, respectively. 

The averages of peak g's for each run 
varied from 41 to 79. The high peak g average 
resulted from the malfunction test 319, which 
was the second pulse of a multiple power inter¬ 
ruption test with 0.22 sec between the first shut¬ 
down signal and restart command. The start 
transient total force levels from the load cell 
data varied from 9409 to 14,105 lb. The load 
cell data from test 281 were not considered 
valid because of calibration discrepancies. The 
mean total force from the available data was 
11,757 b, which is near prediction for sea-level 
conditions. 

Table 8 shows the results of the PSD data 
from 9 of the 43 tests that represent different 
propellant inlet temperature conditions from 0 
to +143 F. The data show a spread of 0.5 to 
17 g rms for the engine test firing for a 0 5-sec 
period beginning shortly after thrust chamber 
Ignition. 

The PSD data shown in Table 8 and Figs. 
13, 14, and 15 are typical results of the sea- 
level engine FWD tests and indicate average 
levels significantly less than the LMSC 6117D 
test requirements of 18.7 g rms. These PSD 
plots show distinct peak frequencies occurring 
around 850. 1500, and 1700 cps. Most of the 
energy represented by the area under each PSD 
plot occurs at these predominant frequencies, 
which, as expected, correlate with the engine 
pump impeller frequencies. 

t 
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TABLE 8 

An evaluation of the dynamic test results 
does not indicate a trend of thrust chamber ig¬ 
nition shock as a function of temperature at 
sea-level conditions. However, the high re¬ 
sponse chamber pressure measurement indi¬ 
cated a more gradual initial rise rate (0,070 
sec from 0 to 70 psig) at higher temperatures. 
Test 318 was the start for a power interruption 
fuel-lead start sequence, and no indication of 
an ignition delay and no significant difference 
in ignition accelerations or thrust loads were 
observed; however, the highest chamber pres¬ 
sure rise rate (0.035 sec from 0 to 70 psig) was 
observed on this test. The second pulse of the 
fuel-lead power interruption (test 319) indicated 
the highest average ignition peak shock levels. 
However, the chamber pressure characteris¬ 
tics, which were affected by the short coast 
periods wherein residual fuel is retained and 
reacts with the oxidizer postflow, do not permit 
a valid correlation of chamber pressure rise 
rate for this test. 

Dynamic Data Test Conclusions 

Throughout the range of test conditions the 
sea-level engine FWD dynamic test results in¬ 
dicate no adverse loading or accelerations dur¬ 
ing the engine start transient or operation. 
Therefore, within measurement and analytical 
capability, adverse conditions during the fuel- 
lead start were not observed at sea level. 

The general review of steady-state engine 
operation vibration levels during these FWD 

tests indicate levels approximately equal to the 
LMSC 6117D test requirements. 

The average thrust chamber ignition peak 
g's (53 g) recorded with the engine hard- 
mounted installation were greater than the 
shock test levels of 40 g specified in LMSC 
6117D. An extensive analysis of each ignition 
accelerometer transient would be required to 
present the total energy levels at ignition for 
each accelerometer transient. However, an 
evaluation of the high peak accelerometer data 
indicates the ignition shock total levels obtained 
with the engine FWDT hard-mounted installa¬ 
tion were lower than the LMSC 6117D test re¬ 
quirements of half sine wave, 40 g peak for 
8-msec duration. 

The engine FWD test ignition average peak 
acceleration levels are greater than the corre¬ 
sponding average longitudinal acceleration peak 
recorded during the XLR 81-BA-13 and YLR 
81-BA-ll engine acceptance tests. However, 
the differences in facility thrust structure, 
engine attitude accelerometer installation 
techniques, and rigidity of gimbal actuators 
compared with solid links prohibit a direct 
correlation of the accelerometer test results, 
even at similar test conditions. 

The dynamic test results indicate that test 
conditions per se did not impose significant ef¬ 
fects on engine dynamic operation over the 
range of the sea-level FWD conditions tested. 
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Accelerometer data recorded during the 
altitude FWD tests provided shock and vibration 
characteristics and levels of the modified XLR 
81-BA-13 engine start transient at altitude. 
These data were necessary for use in evaluation 
and comparison with the sea-level XLR 81 -BA-13 
and YLR 81-BA-ll engine test data. 

Test Configuration and Test Results 

Figure 16 shows the dynamic measurement 
instrumentation locations during tests on en¬ 
gines 803 and 805. Table 9 presents the accel¬ 
erometer locations and types of mounting used. 
Si rain gages FSA-1 through -4 (see Fig. 16) 
wtre located at the upper left, lower left, upper 
right, and lower right 1.5-in. load columns of 
the thrust nount; specifications for each were 
(a) cemented mounting, (b) frequency response 
of 5 to 4000 cps, (c) accuracy of ±5 percent, and 
(d) range of 7500 pin./in. Test results are 
tabulated according to tests and are presented 
in the Tables 10 through 12 and Figs. 17 through 
36. (Figures 20 through 34 are typical PSD 
and shock spectral plots for nominal, low- 
temperature, and fuel-lead conditions.) A dis¬ 
cussion of test results is contained in the next 
paragraph. 

Test firing CB-06 was considered a typical 
run and is used for comparison of the test 

results, since engine performance, operation, and 
sequencing were all nominal and representative 
of what would be predicted for flight. 

SIGNIFICANT TEST RESULTS 

As shown in Table 10, a comparison of the 
average peak g levels at thrust chamber ignition 
for each run of tests AA-01 through AA-06 
showed good agreement and correlation of ac¬ 
celerometer data. The peak g levels of the in¬ 
dividual accelerometers also showed good 
agreement, except for accelerometers AE-8 
and AE-9. These accelerometers measured 
high g levels during tests AA-01 and AA-03. 
The high vertical and lateral acceleration levels 
(170 to 350 g) of tests AA-01 and AA-03 are 
attributed to turbine exhaust duct physical in¬ 
terference with the engine thrust chamber. The 
turbine exhaust duct was not restrained in the 
direction toward the engine thrust chamber, and 
with the two duct bellows acting as flexure 
points, the turbine exhaust pressure at ignition 
resulted in sufficient duct reflection to strike 
the thrust chamber. The turbine exhaust duct 
experienced a permanent set during the fire 
tests, and the AE-8 and AE-9 high acceleration 
loads were not observed during tests AA-02 or 
AA-04 through AA-06. After the sixth test fir¬ 
ing, the turbine exhaust duct was restrained, 
and motion in the transverse axes was minimal. 

Fig. 16. I ■'“ ■«tions of dynamic measurements 
during tests on engines 803 and 805 
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TABLE 9 
Engine Dynamic Measurements — Accelerometer 

Acceler¬ 
ometer Location and Orientation 

AE-1 

AE-2 

AE-3 

AE-4 

AE-5 

AE-6 

AE-7 

AE-8 

AE-9 

AE-10 

AE-1A 

AE-14 

AE-16 

Thrust mount at yaw actuatoi 
fitting - longitudinal 

Thrust mount at pitch actuator 
fitting - longitudinal 

Thrust mount gimbal ring attachment, 
right side — longitudinal 

Thrust mount gimbal ring attachment, 
left side — longitudinal 

Gimbal ring assembly, top — 
longitudinal 

Gimbal ring assembly, bottom - 
longitudinal 

Thrust chamber lug - longitudinal 

Thrust chamber lug —vertical 

Thrust chamber lug — lateral 

Electronic gate — longitudinal 

Engine test rig near lower left 
leg - longitudinal 

Thrust chamber lug — longitudinal 

Engine test rig near upper left 
leg - longitudinal 

Mounting 

Phase 
I & If 

Epoxy 

Epoxy 

Epoxy 

Epoxy 

Epoxy 

Epoxy 

Epoxy 

Epoxy 

Epoxy 

Epoxy 

Not 
used 

Not 
used 

Not 
used 

Phase 
III 

Range (g pean to peak) 

AA 
Series AB-01 

Stud 

Stud 

Not 
used 

Stud 

Not 
used 

Not 
used 

Stud 

Stud 

Stud 

Epoxy 

Stud 

Stud 

Stud 

200 

200 

200 

200 

200 

200 

200 

200 

200 

200 

200 

200 

200 

200 

200 

700 

400 

400 

400 

200 

AC & BA 
Series 

Phase 
in 

200 

200 

200 

200 

200 

2200 

1000 

1000 

1000 

200 

2000 

2000 

Not 
used 

2000 

Not 
used 

Not 
used 

2000 

2000 

2000 

2000 

400 

2000 

2000 

Note. —Accelerometer specifications: (a) Endevco 2242C and 2225 with insulated studs; (b) frequency 
response, 5 to 4000 cps; (c) accuracy, t5%. * H y 
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Fig. 35. Acct leromctiT AK-10, rms g time history plot for tost CB-16 

Test firing AB-01 resulted in a hard start 
and generated peak g acceleration levels more 
than 10 times greater than the first six tests. 
Data from 9 of the 10 accelerometers were 
poor because of amplifier saturation, zero 
shift, and fractured accelerometer mountings; 
however, data from accelerometer AE-10 
(electronic gate) were very good. 

Table 10 also shows that tests AC-09 
through AC-14 of the ignition confidence tests 
(AC-01 through AC-14) generated peak g levels 
greater than tests AC-01 through AC-08 by a 
factor of 3. Tests AC-09 through AC-14 were 
conducted at lower propellant and hardware 
temperatures, and the test results showed a 
preliminary correlation of greater peak shock 
levels at thrust chamber ignition with decreas¬ 
ing temperatures. 

Low-temperature tests BA-18 and BA-20 
of the mission simulation tests evidenced peak 
g ignition shock levels significantly greater 
than the average ignition shock levels observed 
during the low-temperature tests of the AC test 
series. However, review of the test data re¬ 
vealed that the fuel and thrust chamber injector 
temperatures were significantly below 0 F at 

start for tests BA-18, BA-20, and BA-21. Only 
three accelerometers produced valid data dur¬ 
ing tests BA-21 and BA-22, prohibiting a com¬ 
prehensive evaluation and correlation of these 
test accelerometer results with other AEDC 
test data. However, the available accelerome¬ 
ter data listed in Table 10 and evaluation of the 
engine performance data indicate test BA-21 
ignition shock levels were greater than the av¬ 
erage low-temperature test levels. Table 11 
shows thrust chamber ignition peak g and force 
levels measured during tests CA-01 through 
CB-16. Test CB-06 was considered a typical 
run because engine performance and operation 
were as predicted; therefore, data for this have 
been used throughout the remainder of this sec¬ 
tion for comparison purposes. 

Tests CB-08, CB-09, CB-12, CB-13, and 
CB-14 were low-temperature tests established 
to evaluate low-temperature ignition shocks. 
The results of these tests showed average ig¬ 
nition peak shock levels of 1.5 and 4 times the 
levels obtained during test CB-06. The subzero 
cold-test data for BA-18 and BA-20 indicated 
average ignition peak shock levels 10 times 
greater than test CB-06. Tests CB-15 and 
CB-16 were fuel-lea tests during the 
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Fig. 36. Summary relation of ignition shock and propellant hardware temperature 

malfunction series and resulted in haid starts. 
The individual accelerometers for testa CB-15 
and CB-16 showed thrust chamber ignition peak 
g levels from 2 to 67 times the levels observed 
during test CB-06. A complete set of force 
data was not available because of strain gage 
FSA-4 malfunction; however, by extrapolating 
the available data, the computed total force 
loads at ignition were 15,980 lb and at least 
18,464 lb for tests CB-15 and CB-16, respec¬ 
tively. All of the strain gage levels shown in 
Table 11 are the peak values recorded during 
the start transient. Figure 18 shows good time 
correlation between chamber pressure, accel¬ 
erometer, and strain gage data, except for ac¬ 
celerometer measurement AE- 7 during test 
CB-16. This measurement evidenced a zero 
shift, and the accelerometer was sheared off at 
the mounting stud during the test. Figure 19 
shows that the thrust buildup data of strain gage 
FSA-2 were approximately three times faster 
during tests CB-15 and CB-16 than for test 
CB-06 (5 to 6 msec vs 16 msec). The average 
rms g levels for each test shown in Table 12 
correlated very well, except for the fuel-lead 
test CB-16 where the level was 14 times 
greater than the average levels observed during 

CB-06. However, this observation is based on 
the very limited data shown in Table 12, since 
accelerometers AE-1,2,4, 8, 9,1A, and 16 gave 
little or no data during tests CA-01 through 
CB-16. 

The PSD plots show that the greatest accel¬ 
eration density levels occur at about 900, 1600, 
and 1800 cps. In most of the tests, the highest 
level occurs at 900 cps, which correlates with 
the oxidizer-pump impeller rotational speed. 
The peak occurring at 1600 cps correlates with 
the fuel-pump impeller rotational speed, and 
the 1800-cps frequency is the first harmonic of 
the 900-cps peak frequency. The PSD plots are 
dynamic data results during a 0.5-sec period 
immediately after thrust chamber ignition, ex¬ 
cept the plots for test AA-04 which were made 
during the start transient conditions for com¬ 
parative analyses. Test AA-04 is a typical test 
during the initial test series with dynamic data 
results similar to test CB-06. The PSD data 
shown for the electronic gate in Fig. 23 i>now 
that the predominant frequencies occurred be¬ 
tween 400 and 500 cps. The shock mounting of 
the electronic gate resulted in lowering its 
natural frequency and damping the high 
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acceleration density levels (usually occurring 
at 900 cps) by a factor of U. Results oi the 
PSD analysis in Fig. 25 indicate that erratic 
vibration conditions were present after thrust 
chamber ignition for the duration of test CB-16 
(alio t 5 sec). The acceleration density levels 
varied from 2 to 20 gVcps at.no specific pre¬ 
dominant resonant frequencies. 

Shock spectral plots (Figs. 27 through 34) 
show typical peak response g vs frequency 
characteristics from accelerometer data during 
nominal temperature tests, hard-start test 
(AB-01), low-temperature tests, and fuel-lead 
tests. The maximum peak response g level for 
the same accelerometer (AE-4) during the low- 
temperature test (AC-09) was greater by a fac¬ 
tor of 2 at the same frequency than for a nomi¬ 
nal temperature test (AA-04) as shown in Figs. 
27 and 28, respectively. The shock spectral 
analyses from the electronic gate data for tests 
AB-01, BA-18, and CB-16 reveal that the hard 
start of test AB-01 generated the high maximum 
peak response, 1365 g, and that the predominant 
frequencies occurred at 450, 580, and 2000 cps 
for AB-01, BA-18, and CB-16, respectively. 
The significant difference in the electronic gate 
frequency value for test CB-16 occurred be¬ 
cause the shock transient lasted for 1.5 sec 
with a forcing frequency of 3000 cps. That is, 
the shock-mounted electronic gate assembly 
was being vibrated at nearly 3000 cps. At 
nominal temperature, the igni ion during fuel- 
lead test CB-15 generated peai< response g lev¬ 
els greater than twice that for the low- 
temperature oxidizer-lead test CB-14, and 
approximately 5 times greater than the level 
for test CB-06, as shown In Figs. 32 and 33. 

Figure 35 is an rms g time history plot of 
the electronic gate accelerometer measurement 
AE-10 for test CB-16. The plot shows that the 
highest rms g level occurred at 1.25 sec after 
start signal, and the shock transient was sus¬ 
tained for 1.5 sec. Thrust chamber ignition 
occurred at 0.87 sec after start signal during 
test CB-16, and turbine pump operation was 
terminated at 5.9 sec by command shutdown. 

Conclusions 

The average start transient peak g levels 
were 48 g for the tests conducted within the 
temperature range +30° F to +100 F. This 
shock level is slightly less than the average 
values obtained during the sea-level FWD tests 
(53 g), slightly higher than the average values 
recorded during XLR 81-BA-13 and YLR 
81-BA-U engine acceptance tests (23 g), and 
slightly higher than the 40-g shock test 

169 

requirements of LMSC 6117D. However, the 
duration (approximately 1 msec of these levels 
during the AEDC testing was considerably less 
than the 8-msec requirement in LMSC 6117D, 
and therefore generated less total energy. 

The dynamic data showed a correlation be¬ 
tween lower propellant and hardware tempera¬ 
tures and increasing ignition shock peak g 
levels is Indicated in Fig. 36. The observed 
ignitii t shock levels with the hard-mounted 
engine installation at AEDC were compatible 
with LMSC 6117D test requirements when all 
hardware and propellant temperatures were 
maintained above +10 F. However, tests with 
temperatures below +10 F, and especially with 
the subzero fuel and thrust chamber injector 
temperatures experienced during AEDC tests 
BA-18, 20, and 21, produced ignition shocks 
greater than the 6117D test requirements. The 
engine hardware and installation demonstrated 
the capability of withstanding these high shock 
transients with no detrimental effects resulting 
from the adverse temperature conditions. 
However, the dynamic data results indicate that 
a lower temperature limit of O F at ignition 
should be established, considering (a) the sig¬ 
nificant increase in altitude ignition shock lev¬ 
els at temperatures below zero (142 peak g at 
O F to 717 maximum peak g at temperatures 
below O F), and (b) the dynamic qualification 
test requirements for vehicle hardware mounted 
in proximity to the engine. The low-temperature 
tests (O F) conducted with strain gage instru¬ 
mentation showed no significant change in peak 
thrust level at ignition, indicating that the higher 
peak acceleration levels observed were primar¬ 
ily the result of a more rapid rise in chamber 
pressure during propellant ignition with no in¬ 
dication of a significant increase in ignition 
peak thrust overshoot. 

The highest acceleration levels recorded 
during the altitude FWD engine tests were ob¬ 
served during test AB-01; however, the levels 
recorded during the fuel-lead tests, especially 
test CB-16, were significantly greater than the 
LMSC 6117D test requirements. 

The lowest propellant temperatures pre¬ 
dicted for flight are not the bulk temperature in 
the tanks, but those injected into the thrust 
chamber from the pump discharge lines which 
are opened to vacuum during propellant venting. 
Analysis indicates that the probability of the 
temperature of propellants in the lines decreas¬ 
ing below O F is small. Therefore, ignition 
shocks predicted for Gemini flights should not 
exceed the values demonstrated on the engine 
during the AEDC tests. 
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Strain gages are a much better tool than 
accelerometers for evaluating engine hard 
starts. 

SUMMARY 

The original USAF model XLR 81-BA-13 
rocket engine was designed and developed to 
provide a multistart primary propulsion sys¬ 
tem capability for the Gemini Agena target ve¬ 
hicle (GATV). The engine configuration was 
similar to the basic standard Agena model YLR 
Bl-BA-11 engine except for (a) the start sys¬ 
tem, (b) the main propellant valve sequencing 
which was changed because of removal of pres¬ 
sure switches from the engine control circuit, 
and (c) associated electrical system modifica¬ 
tions. The main propellant valve sequencing 
provided a fuel-lead ignition sequence in the 
main thrust chamber under normal operating 
conditions, creating a difference from the 
oxidizer-lead designed into the YLR 81-BA-U 
engine. Extensive sea-level subassembly and 
engine testing and simulated altitude testing at 
a maximum of 120,000 ft were accomplished 
during development and preliminary flight rat¬ 
ing tests (PFRT). 

During the first flight of the multistart 
engine on GATV 5002 on 25 October 1965, pre¬ 
mature engine shutdown occurred during the 
first engine start sequence. Engine shutdown 
caused propellant flow from the main tanks to 
stop, but the pressurization system continued 
to pressurize the small ullage volumes, eventu¬ 
ally rupturing the tanks. Tank rupture allowed 
propellants to mix and react, destructlng the 
vehicle. The postflight failure analysis re¬ 
sulted in the conclusion that the most probable 
cause of the flight failure was a hard start. In 
the main combustion chamber of the rocket en¬ 
gine, a hard start is not a detonation but a re¬ 
sult of a reaction occurring at a very high rate 
Less probable causes of the failure were pyro¬ 
technic separation shock damage, and inadvert¬ 
ent engine shutdown by the engine electronic 
«ate. 

Corrective action requirements were gen¬ 
erated on the basis of results of the postflight 
analysis, a propulsion system and vehicle aft 
rack design review, and a symposium on igni¬ 
tion of hypergolic propellants. It was recom¬ 
mended that (a) the XLR 81-BA-13 engine be 
converted for a thrust chamber oxidizer-lead 
start sequence similar to the YLR 81-BA-ll 
engine, (b) shock mounting be incorporated for 
certain engine electrical control components, 
and (c) the electronic gate shutdown capability 
be disabled during ascent burn operation. Test 

requirements were established to verify ade¬ 
quacy of the design changes and demonstrate 
flightworthiness of the modified engine configu¬ 
ration. Results of a symposium on hypergolic 
ignition indicated that one significant test re¬ 
quirement was not included in the original XLR 
81-BA-13 engine development and PFRT pro¬ 
grams. This was engine testing at an altitude 
which properly simulated the hard vacuum that 
exists during flight. Therefore, an engine mod¬ 
ification and test program was planned; it re¬ 
quired reliable ignition demonstration during 
hard vacuum simulation tests at 250,000 ft be¬ 
fore the target launch date for GATV 5003. 
This required an accelerated, maximum success 
schedule. Consequently an Air Force, Aero¬ 
space, NASA, and industry team effort and 
maximum priorities were necessary to accom¬ 
plish the program according to the proposed 
schedule. Project Sure Fire was established to 
manage the engine modification and test pro¬ 
gram, and activity was initiated early in No¬ 
vember 1965. 

Vibration, shock, and hot-fire tests were 
conducted in January and February 1966 as part 
of the engine sea-level flightworthiness demon¬ 
stration program. Satisfactory structural de¬ 
sign of the new and modified component instal¬ 
lations was verified. The 42 hot-fire tests 
demonstrated satisfactory operation and se¬ 
quencing of the modified engine configuration 
and verified successful implementation and 
checkout of the modified engine test and servic¬ 
ing procedures. The sea-level FWD test pro¬ 
gram provided high confidence that the modified 
engine configuration provided the desired tran¬ 
sient operating an{j sequencing characteristics 
over the range of specification temperatures 
pressures, and voltages. Consequently, the 
simulated altitude FWD tests were allowed to 
proceed without further design change, with the 
objective of demonstrating that these transient 
characteristics would provide safe and reliable 
ignition and operation in a flight environment. 

-- vi -.j Engine rwu lests at simulate 
altitudes ranging from 257,000 to 453,000 R am 
fwo checkout firings at 85,000 ft were conducte 
during the period of 7 February to 2 April 1966 
The ignition confidence, simulated mission, 
low-temperature, and malfunction tests at an 
average simulated altitude of 356,000 ft succès 
fully demonstrated the high-altitude flightwor¬ 
thiness of the modified XLR 81-BA-13 engine. 
Sufficient confidence in the reliability of engine 
ignition had been gained from the 27 Phase I 
and Phase II altitude tests completed by 4 Marc 
1966 to assure GATV 5003 flightworthiness and 
allow commitment of the modified engine de¬ 
sign to flight. Significantly, the postulated 
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GATV 5002 flight failure mode was confirmed 
during the altitude malfunction tests, which 
showed that a fuel lead on the XLR 81-BA-13 
engine would produce hard starts when tested 
at the proper altitude and that a reasonably 
high probability of hardware damage exists 
Réévaluation of vehicle 5002 data indicated that 
the engine damage incurred during the flight 
was similar to that observed during the last 
fuel-lead test. In addition to the successful 
flightworthiness demonstration of the modified 
engine, the altitude tests provided data on alti¬ 
tude ignition characteristics over a tempera¬ 
ture range of +100 F to below zero. 

At the same test conditions, the XLR 
81-BA-13 engine thrust chamber produced 
significantly different ignition characteristics 
for a fuel-lead start sequence as compared with 
an oxidizer lead. Therefore, a comparative 
evaluation of the differences in ignition charac¬ 
teristics was made on the basis of test data for 
the full-scale (engine) thrust chamber, subscale 
thruster, and the engine gas generator assem¬ 
bly. The hardware design factors (such as feed 
configuration, injector type, residence time, 
etc.) which can affect ignition were reviewed, 
and the dependent conditions existing in the 
chamber at ignition, i.e., mixture ratio, density, 
gnition delay, and ignition chemistry, were re- 

corded or derived as the test variables of alti ¬ 
tude, temperature, and propellant lead were 
changed. The requirements for a reliable igni¬ 
tion were considered. The proper pressure 
and temperature must be generated in the fuel- 
oxidizer mixture during the induction period 
just prior to ignition, and a sufficient amount of 
oxidizer must be present during induction to 
prevent long ignition delays or quenching of the 
reaction. 

CONCLUSIONS 

Significant conclusions derived from Proj¬ 
ect Sure Fire are: 

1. An oxidizer-lead start sequence is op¬ 
timum for the XLR 81-BA-13 engine thrust 
chamber, providing low and acceptable ignition 
shock levels over the range of required oper¬ 
ating conditions. 

2. Significant differences exist between 
oxidizer and fuel-lead ignition characteristics 
in the XLR 81-BA-13 thrust chamber. 

3. The GATV 5002 flight-failure analysis 
conclusion that an engine hard start occurred 
was proved correct; the postulation that the 
engine hard start was due to a fuel-lead start 
sequence was also correct. 

4- Fuel-lead hard starts yield high proba¬ 
bility of damage to the thrust chamber assembly. 

5. Testing at the proper simulated altitude 
to determine engine ignition reliability is a 
necessary and extremely important phase of 
spaceflight engine development. 
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DYNAMIC ANALYSIS OF COMPLEX ST»UCTURES*t
M. D. Penton, G. K. Hobbs 
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A general computer program for the analysis of structures subjected to static and/ 
or dynamic loading environments has been completed. The program inch'des sev­
eral modeling features which are of general interest to the dynamicist and the stress 
analyst confronted with the problem of analyzing today's complex structures.

The general equations of motion are constructed using distributed mass and dis­
tributed stiffness characteristics of finite element models, thus providing both mass 
and stiffness coupling. The ability to include infinitely stiff elements allows mod­
eling elements such as cylinders (described relative to their geometric center) 
which have protuberances or other elements attached to their periphery. The abil­
ity to include flexible and pinned joints as well as zero-mass coordinates in any 
combination at any station may be used to enhance further the ease and accuracy in 
modeling a complex structure.

Included in the program are routines which will generate a 12 by 12 matrix for any 
straight-sided body of revolution with or without longitudinal stringers and for a 
constant-section, symmetric or nonsymmetric beam. Any element not of those two 
types may be included by direct placement of externally generated stiffness matri­
ces into the system stiffness matrix.

INTRODUCTION

Many recent spacecraft have been designed primarily by dynamically induced loads, and there­
fore the analytical models used in the dynamic analysis of these spacecraft must be sufficiently 
detailed to reflect the dynamic response load gradients. At the same time, the analysis must te suf­
ficiently flexible to allow for rapid synthesis of design loads data and to provide for rapid and exten­
sive parametric studies lor structural optimization. As a result cf these requirements, a general 
computer program for the analysis of structures subjected to static and/or dynamic loading environ­
ments has been completed.

The general equations of motion are constructed using distributed mass and distributed stiffness 
characteristics of finite element models, thus providing both mass and stiffness coupling. The dis­
tributed mass matrix developed is based on the relationship

tHj . j m(x) . j(x) .,(x) dx . 0)

which is similar in form to uie standard relationsh^}

*Th>8 [>aper was not presented at the Symposium.
tDevclopment of the methods presented here was sponsored by Hughes Aircraft Company, Space Sys­
tems Division, Internal Research and Development funds.



k. j I EI{x) . j(x) >pj(x) dx

for the stiffness characteristics ol a system.

The ability co Include Infinitely stiff elements allows modeling elements, such as cylinders, 
which are described relative to their geometric center and have protuberances or other elements 
attached to their periphery. The ability to include flexible and pinned joints as well as zero-mass 
coordinates in any combination at any station may be used to enhance further ease and accuracy in 
modeling.

Only the available computer core limits the types of Internally generated stiffness luatn -s 
Presently Included is a routine which will generate a 12 x 12 stiffness matrix for any straight-sided 
body of revolution with or without variable- or constant-cross-section longitudinal stringers. An 
example of t^!-’ type of element is a honeycomb cone, of variable facesheet thickness, and variable 
core thickness, with Upered longitudinal stringers. A second stiffness routine presently included is 
for a constant-section, symmetric or nonsymmetric beam. Any extrusion or fabricated section is an 
example of this type of element. Any element not of these types may be entered by direct placement 
ol externally generated stiffness matrices into the system stiffness matrix.

In practice, the phase-oriented dynamic deflections and Internal loads are rarely used properly. 
However, extension to modal stress analysis including complex deflections overcomes the difficulties 
encountered. Static deflections and loads are generated by the inversion of the system stiffness ma­
trix when an Inverse exists, and by modal techniques lor singular (free-free) systems or systems 
subjected to dynamic loading; l.e., lor a fixed system, it is not necessary to incur the expense of an 
eigenvalue solution unless the solution is required for dynamic loads or for modes and frequencies.

CXitput from the program includes (a) natural frequencies and mode shapes; (b) phase-oriented 
dynamic deflections, accelerations, and loads resulting from transient, correlated random, and 
sinusoidal excitation; (c) sUtic deflections and loads resulting from uniform and nonuniform static 
loadings; and (d) fatigue information.

EQUATIONS OF MOTION

The behavior of a linear elastic system may be expressed as

iH!<q(t)} • < iKi<q(t)> <F(t)> (3)

where Ml, ic!, IK! are the n • n matrices representing the mass, damping, and stiffness, respec­
tively, <q(t)> is an Independent, or generalized, set of coordinates, and 'F(t)’ is the driving force 
vector.

U !C1 is classical, i.e., a linear combination of M and Ki, then scatlonary mode shapes will 
occur and the analysis is greatly simplified in terms ol the size ol the equations to be treated. That 
is, nonproportional damping requires the treatment of a 2n ■ 2n matrix equation [ij and hence re­
quires almost four times the storage capacity. For this reason, only classical damping will be con­
sidered here.

Since most structures of Interest are lightly damped, one is justified in solving Uie nondamped 
equations of motion. (One may later modify the frequency to take into account heavy damping, since 
proportional damping is considered.) To solve the equations we proceed as follows: the homogenous 
solution

M qd )> ♦ IK <q(t)- iC' ;

anticipating a harmonic solution.

tq(t )) = (j>> e i .1



and therefore

((Kl - a.* mi) <<P) <0).

After the eigenvalues and eigenvectors are found from Eq. (6), we perform a coordinate trans­
formation on £q. (3). Let

Iq} = . i^)

Where If] is the modal matr jc from Eq. (6). Substituting Into Eq. (3) and premultiplying by

IfFmilfH^Ct)} ♦ (f]TicllfH^;(t)> ♦ UlT|Kl(-;Hr,(t)) (f!T<F(t)> (8)

Since the vectors If] are orthogonal with respect to the mass and stiffness matrices and since 
we consider only classical damping, then the equations represented by Eq. (8) are uncoupled and may 
be written as

( m H t) V < I' ’ H ^/( t) > • I ^ 11T (t) i '(t)> . '9)

which may be solved by the usual methods of differential equations. The results of this solution for 
represent modal deflections in the rth mode as

(10)

STIFFNESS MATRIX

The stiffness method is a means of analyzing complex structures by idealizing a structure as a 
set of finite structural elements connecting nodal points. The loads acting on the structure are re­
placed by equivalent forces acting only at the nodal points, and the deformation of the structure is 
defined by the displacements of the nodal points. For each element, forces and small deformations 
at the nodal points are linearly related to each other through a set of constants which are based on 
the elastic properties and the geometry of the element.

In structural mechanics, the relation between force and deflection is written

K* iK X (11)

where <F) is the vector of forces resulting from displacements x at the nodal points. Thus, any 
term of the stiffness matrix K! may be found by noting that the element , is the forte on coordi­
nate i for a unit displacement of coordinate j, with all other displacement restrained to be zero.

The stiffness matrix for the entire structure is found by superposition of each of the individual 
elemental stiffness matrices after the coordinate system of the element has been transformed to 
coincide with the coordinate system cA the structure. This transformation is accomplished through a 
compatibility relation

'q‘ !ComiiX» , (12)

where lx> is the elemental nodal displacements and q* is the system displacements. The construc­
tion of iComl is discussed later in this section.

Adding all of the elemental stiffness matrices by superposition results in a system force- 
displacement relationship

<F,* !K, qi . (13)

where <F,1 is a vector of system nodal forces and <q^ is a vector of system nodal displacements.



w
The terms in the elemental stillness matrix may be determined from energy considerations, with 

each term given by

(14)

where i is the total strain energy. This relation is a direct consequence oi the principle of least 
work.

Calculation ol the stillness coellicients using the strain energy approach is direct but often quite 
involved. Fortunately, just as the forces at the noial points are relat^ through conditions of equi­
librium, 3 similar relationship holdii for the stiffness coefficients. For example, in an element with 
two nodal points, only the coefficients at one of the nodes need be determined, for the remaining 
coefficients cait be found by a simple transformation. The stiffness matrix can be partitioned to 
separate the nodal points such that

(15)[•"■I k,, , k,j ’‘i
kj, : kjjJ 1*2]

<Fj> - + IkgjKxj} (16)

= (kj,Hx,} ♦ IkjjHxj) (17)

Forces at one node are related to forces at the other node through the equation

<Fj} (>j<F,i (18)

Substitution of Eq. (18) into Eq. (17) yields

[>HF,> fk„Hx,> f [k„j<x,) (11')

Solving for 'F,} and equating the coefficients of {x,} and <xj> to the corresponding coefficients in 
Eq. (16) and then rearranging yields

lkj,3 = [yHk,,l

[kjj] = (y](k,jl

Since the stiffness matrix Is .symmetric,

ik,j) - Ikj,!'’' : [k,,] [y]'*'

Substitution of Eq. (22) into Eq. (21) yields

:k„] = [y][k,,][/]T

The complete stiffness matrix for the element becomes

: tk,,][/]T

(22)

(23)

[k] =
[k,,]

[ y Hk,,) ; ( y ][k,,l(y]‘
(24)

Elements of k,, may be determined .rom Eq. (14) or by lnvertir.g a flexibility matrix fsi(»1,, 
relates displacements at node 1 lor unit forces at node 1, while node 2 is restrained. Thus,

^x,} = l^.HF,} (25)



The i: *s are found from

i. - 0^1/M-T?p57’ (26)

where : is the total strain energy. Since the strain energy is usually easier to formulate in terms 
of applied forces rather than deformations, it is generally easier to determine l than ik,,'.

To illustrate this technique, consider the problem of a conical beam with linearly varying sec­
tional properties. The coordinate system and definition of positive forces and displacements are 
shown in Figs. 1 and 2.

Fig. 1. Representation of coni- 
cal beam with linearly varying 
sectional properties, coordinate 
system and definition of positive 
forces and displacements

^M

Fig. 2. Conical beam

Equilibrium equations for a general membrane shell of revolution are

^ ^ ^ (N,.) - N, cos ^ . 0

^ (■•N.) " i-. (N«) - Ns. cos » = 0 P

0.

where is the shear associated with N^, and N..

For a conical shell

r, = ®

* sin ® 

r - R, •» S cos ?i 

H0 < S <
sin

, ' 16
I , 1



Thus, the equations of equilibrium become

^ IT * ^ - Ns cos f = 0

(Ns.) * cos (pNg, t (Ns) ♦ Ns, cos » 0

Ns = 0

'is * de + cos ipN, - 0

For the general case where

Eqs. (29) reduce to

The solution to Eqs. (30) is

^ 2Ns, cos V :: 0

N, = N, cos » . 

Ns, - Nsl sin (P ,

= f’f; «»* <P ♦ Ns, = 0 

r ♦ 2fi7^ cos <p = 0.

= 7 (rsTj • ») ■

where A and B are constants which are evaluated from end conditions.

V = f’”
N, cos <t cos Or df - J N^, sin i-r d(

- *0

J (r 'cos ,p * cos ^ cos Or d<^ - f ^ sinh^
o' •'a

d0

= nB cos <#< .

M r I N, sin <tr cos <?r <k? + j Ng, sin 6>s sin <f‘r 06

**n^cos»e b)cos^^ B
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Therefore, from Eqs. (31) and (32),

n cos

/ M VR,
In sin n cos t) COS p .

thus

N.

. ‘f

r sin f‘

M

COS .

VR

COS y
(33)

sin COS ; sin y .

The strain energy is

-H 1,2* /iu2
*^8

C.
r ds d'" , (34)

where for an isotropic case C, Et and Cj - Gt, For sandwich shells C, 2Et, and Cj = 2Gtj, 
where t, = facesheet thickness, E = meridional Young's modulus. If Icngitudinal stringers are to be 
added, the thickness in c, only is to be increased to account for the added cross-sectional area.

For a linearly varying C, and Cj

C,n ♦ (C, , - C,p)

where

^2 ” ^20 * « (tTj|-C2o)>

C, at S 0

C, at S S, = H sin i

-20 c, at S 0

C,

Cj, Cj at S = S, ^ H sin ; .

Substituting the linearly varying set of Cj's and integrating Eq. (34) with respect to yields

■I ± r*'I j_ f/'—-nK \ f. —xi-A|rC, [(,2 J V ri , r ,2/

cos’/ M’ 2MVR, V’R,’

Cj sin’/ sin ; i-os / cos’; .
<is .

Performing the indicated integration and substituting into Eq. (26) yields

f i ^V V

(35)

(36)
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f - 1

■ '^(—^ ^ co( Vi,) ^ VsinV f

Where, for C,, = C.^, C„ = C„,and R, R„

I3 ^ S,/(R,*C,,)

I. = S, (R,»C„)

J, = S,»/(3R*C,,)

or, for C,, I C,o, C„ i Cj,,and R, . R„

S.^(^)
''-to /

(37)

(38)



J.

J*

^*^2^ /_L JL\
2 -rJ_
C, cos*<P

C, cos*4>

or, for C,,R, - C,jR, = 0, C,,R, - C„R, = 0, R, ^ R„

- s '-L. ^ \
VRj' T^I

3(C,,-C„)

- s, (^7-57)
*'(Cj, - Cj5 )

R

J. cos ^ (C..-CII '-10)

S,^

or otherwise let

cos ^ (C,, - C,o)»

“ = (C,,-C,o) - C,o cos 4>

P ■ "Sy ^^2I"^2o) " ^20 ’

then

I, = -1- -fo1 n

/C,, R,\ 
\c,o R*/

r -. ' j !
, 1 /I 1 \ ■ ^10r *3 = 2l |(R/-R.2)*H-^r—
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J. =•

1 / 1 . 1
1 R,» ) 1 S, )

-s, [(.:■ - Vrj ♦ 2C,o cos <#>I,

• 2(C,, C,o) cos

-s. Ri
Sj ^10 cos - C,oR,I,

(Ci|-C,o) cos •t’

Inverting If,,] yields [k,,l.

From static equilibrium the relation between the shear and bending moment at node 1 to the 
shear and bending moment at node 2 is

v/ -1 0 V.'

-L -1
(39)

M -
-1 0 

-L -1

Having found [k,,] and [/), the remaining coefficients can be found using Eq. (24).

(40)

It is required that a transformatioi natrix be generated to rotate the elemental stiffness matrix 
into the system coordinate system. That is, form the matrix [c cm] such that

<q) - (C om]{x} , (41)

where {x} is the elemental coordinates and <q> is the system coordinates. The construction of [Com] 
consists of either finding the direction cosines of each elemental coordinate with respect to each 
system coordinate or finding the projection of each unit elemental coordinate on each system coor­
dinate, both of which are simple problems in geometry.

JOINTS

The effects of joints on mode shapes and frequencies are well known; even so, joints are often 
omitted from dynamic models.

Presented here is a systematic method of including both pinned joints and spring joints in the 
stiffness matrix of an element. The approach used is to modify an elemental stiffness matrix by the 
use of Influence coefficients at each end for spring joints and the static removal of degrees of free­
dom for pinned joints.

Spring Joints

Given the elemental stiffness matrix [K,] and the influence coefficient matrix [a] of the joints 
on the ends of the element, the deflections including the joints are related to those not Including 
joints by the transformation shown in Fig. 3, where

{Xj - X,} = [a]{F} .

{F'l = lK,Hx,} .
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p- p 
/ /

Fig. 3. Transformation relating deflections 
including joints to those not including joints

Solving »or x, in Eq. (42) and substituting into Eq. (43) yields:

IF) ^ (K 1 (- [aHF) 1 lx,}) .

Solving for (F) yields

(F} - (( I ] ♦ [K,Ha))-‘ lK,]{Xj) .

Thus, the new stiffness matrix for the element which includes spring joint flexibilities is

(Kjl - ([I] + [K,][a])*‘ (K,J (transformation!)

Note that (a] is not necessarily diagonal.

Pinned Joints

To incorporate pinned joints, it is imposed that zero external forces be applied to the degree of 
freedom in x, corresponding to the pin joint. The force deflection equation is partitioned such that

F.
0

•^ii : f>‘il

Expanding yields

<Fj} = (Kj-Hx,) r iKjjHx^}

{0} = fK^jHxj) ♦ (KjjHxj) .

Solving for in Eq. (45) and substituting into Eq. (44),

(44)

(45)

(46)

(It must be noted that (K; may be singular unless care in modeling is taken to insure that no rigid 
body motion is possible.)

Rearranging Eq. (46) yields

<F.) = ([Kj.] - [KjjHKjj]-' [KjjlMx,} .

Thus, the new stiffness matrix for the element with the inclusion of pin joints is

[K,] ^ ([Kj,] - (Ki-HK..]-' iKjj!). (transformation 2)
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MASS 2
MASS I

LEMENT 2
MASS 3,

MASS 4

ELEMENTS

For elements with both pinned and spring joints, both transformations 1 and 2 must be applied 
sequentially.

INFINITE STIFFNESS

In many structures, it is convenient to use infinite stiffness elements in conjunction with joint 
flexibilities as a means of reducing degrees of freedom without losing significance in the structure 
to be analyzed.

Consider the case where a substructure is composed 
of three elements as represented by Fig. 4. Suppose that it 
is necessary to represent this system by only two mass sta­
tions, say mass 1 and mass 4. Then elements 1 and 3 may 
be treated as infinitely stiff if the appropriate flexibilities 
are introduced as joint flexibilities at the ends of those ele­
ments. It may also be expedient to treat elements such as 
cylinders with protuberances as having infinitely stiff exten­

sions from their points of description (geomet­
ric center) to the end of the protuberance. For 
example, consider the cylinder represented by 
Fig. 5. D the cylinder has stiffness properties 
described at station 1 and if it is required to 
attach the beam to station 2, this operation is 
accomplished by (a) making element 1 infi­
nitely stiff and including the local flexibility of 
the cylinder at station 2 as joints at that sta­
tion, and (b) requiring station 2 to have zero 
mass.

If it is necessary to use a rigid element in 
the dynamic modeling of a structure, an infinite 

magnitude term will be present in the stiffness matrix. To avoid the implications of an infinite term 
in the stiffness matrix, the displacement of one end of the element possessing the infinite stiffness 
may be expressed in terms of the displacements at the opposite end combined with rigid body 
rotations.

Fig. 4. Representation of 
three-element substructure

Fig. 5. Representa­
tion of cylinder with 
protuberance

Fig. 6. Rigid element in 
a dynamic model

Suppose, for example, that it is necessary to include a rigid element in a dynamic model (Fig. 6). 
One method of treating this problem is as follows. The displacements at end 2 (see Fig. 6) can be 
expressed in terms of displacements at end 1 by

{x,} = (^Hx,}

where [,3] is the rigid body compatibility matrix

(47)
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' *7 ' r» 0 0 0 0 0
^ 9

*I

0 1 0 0 0 L *J

*9
< ►

0 0 1 0 -L 0
<

*3

’‘lO 0 <* 0 1 0 0 *4

*11 0 0 0 0 1 0 *5

*1J 1V. J
0 0 0 0 0 1 *6

(48)

Therefore, for the complete system consisting of many elements, some of which are infinitely stiff,

<x> iTj(x>
X ‘1

. ’‘r (49)

where the x^ are the redundant coordinates to be eliminated, [ i ] is the identity mal.ix, and [Tl ex­
presses the relationship between all dependent coordinates.

Operating on the equations of motion yields

[TIT .ml IT] ♦ [TIT [cl IT) ♦ [T]T [kl m <x(t)} = lT]T[f(t)} (50)

lMHq(t)> -t [C]{q> ♦ iKHq' tF(t)}

where the <q) are generalized coordinates.

(51)

However, if we are analyzing a structure requiring 250 degrees of freedom and use a computer 
that will multiply in 10 machine cycles and perform at 0.5 x 10* machine cycles per second, then 
approximately 55 hr is required to perform the multiplications indicated in Eq. (50). Therefore, 
this approach is impractical.

The generality of the above approach will be sacrificed for a more usable approach which is 
limited to infinitely stiff extensions and which will suffice it only one flexible member is attached to 
the infinitely stiff member. In practice, many n^embers may be connected to an infinitely stiff ex­
tension by treating each member as being attached to a different extension, although the extensions 
are really one and the same. Care must be taken to insure that all these extensions remain coinci­
dent; i.e., there may be no joint flexibilities at the mass station where they are joined. Therefore, 
the only generality sacrificed is that an infinitely stiff extension must be infinitely stiff in all direc­
tions, whereas the previous approach would allow infinite stiffness in selected directions. This re­
maining loss may be overcome by the inclusion of the proper joint flexibilities on the ends of the 
exten.-Uons.

The alternate approach is as follows (see Fig. 7). Denote the coordinates at stations 2 and 3 by 
(q^,‘ and those at stations 1 and 4 by uj , both systems being aligned with system coordinates q>.

Fig. 7. Rigid element 
in a dynamic model

CLEMENT 2
element I LEMENT 3

The transformation that relates forces at he 'q coi'rdinatcs in terms of forces at the coor­
dinates is to be found.

The strain energy of tlie flexible element may be expressed as
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(62)

Since an infinitely stiff clement can possess no strain energy, and since strain energy is in­
variant with respect to a coordinate transformation, the system of all three elements must possess 
the same strain energy,

Redefining 1,3] in Eq. (47) as

U =. y Iq)’" (Kl

= WHq) .

and using the reversal law of transposed products.

(53)

(54)

(55)

Comparing Eqs. (52) and (53) after substituting lor the displacements from Eqs. (54) and (55), 
we see that

Iq'T iKi lq> . {q}T [,-]T [,3Hq} . (56)

and, since this equation must hold for all Iq',

!Kl = [/']T 1K„,] m . (57)

Defining ,Lj as the length of the projection (rf the infinitely stiff element 1 on the system ith 
axis, and similarly for , then it is apparent that

m --

0

1

0

0

0

0

l*-3

0 -.L,

1

0

0

0

.Li -.L,

1

0

0

0

1

0

|L.

0

0

0

1

1

0

0

0

0

0

0

1

0

0

0

0

0 0

0 0 

I

0 I 0

0 0 1

0 0 0

2L,

2^i 

0

0 

0

1

(58)

The joint flexibilities associated with stations 2 and 3 must be used to modify Kbefore per­
forming the operation Indicated in Eq. (57). The joint flexibilities associated with stations 1 and 4 
are used to modify Ki after using Eq. (37).

tt is clear then that all of the generality of the previous method is included in the alte’-uate 
approach. Since all operations are now performed on elemental stiffness matrices instead of the
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systfcin Btiffness matrix, computer time Is reduced to less than 1 sec for each infinitely stiff element, 
as compared to a total time of approximately 65 hr for the previous method.

MASS MATRIX

Much has been done on the generation of stiffness matrices for elements, but relatively little 
has been done on the generation of a realistic mass matrix. The old tried-and-true method of 
lumping masses to generate a diagonal mass matrix may be fine for some systems, but problems 
occur depending on the desired results. The simple uniform cantilever beam tepresentod as a sin­
gle lump at its end Is an example of such a problem structure. B It Is desired to find the fundamen­
tal frequency of the beam, it Is necessary to lump 34/140 of its mass at the end; but then loads at Its 
base are in general not correct. If a different lumping Is used to produce the proper shear load at a 
given frequency of excitation, then the natural frequency and moment will not ^ correct, etc.

A realistic approach to eliminate the problem of lumping mass Is not to lump at all, but to gen­
erate a system mass matrix which incorporates mass coupling. The method presented here is to 
generate a first approximation to the elemental mass matrix and then to generate the system mass 
matrix by simple matrix manipulations.

By use of energy considerations It is shown [2j that a first approximation to the mass matrix for 
an element is

= 1 m(x) (X) T^(X)dx . (59)

where m(x) is the mass dlstrioution and .",,(x) is an assumed deflection of the element with coordi­
nate k displaced unity and all other coordinates fixed. The p(x)'s used for the coordinate system 
illustrated in Fig. 8 are as follows;

Fig. 8. Coordinate system f_^ ^
/s 'f’l

A

1:

' ^ 1



f*(x) - 3x» 2x*
•f*

!,(*) ^ <t.(x)

"PioCx) " —

I -t*

HljCx) = 1>I,(X)

Performing the indicated integration In Eq. (59) for a mass distribution associated with a cone 
of linearly varying thickness yields the elemental mass matrix

Im] -

I. I "1.7

where

"j. 1 "J. 6 "2,» "2. 12

"J.3

"3.4

SYM

' . 12

7.12

12.12

"1.

"1 . 7

60

60

■» » ■ 630 

"j • 7560

"2.» 420

(12t,r, 7 3r,t J + 3r,t, ♦ 2rjt,) 

(3t,r, ♦ 2r,tj ♦ 2r jt, ♦

(145t,r, + -557,1 J + 35rjt, ♦ lOfjtj) 

(195t,r, • 75tjr, ♦ 7St,rj ♦ Slt^r,) 

(82t,r, - SStjf, - SStjfj * 82tjrj)

I 2

2520 <2®*i'^i * *^*2«^i * *’'*i'^2 ’ >9»2^2)
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2”/ f
^ 35r,t, ♦ 19r,t,)

- 2?., * J
■"i » = “7^ i 75t,r, 4 75t,r, 4 51t,r,)

ir,,A
“420"^®^*'"' ‘ ***»"• ■ ”*•"» * 82t,r,)

2^M *
"*•" Ism" * *7tjr, 4 19t,r,)

"’*•* ' ♦ »2r,r,»t, 4 3r/t, 4 lOr/t, 4 12r,’r,t, 4 6r,r/t, 4 4r,*t,

"•10 ^ >2r,»rjt, 4 9r,r,»t, * 4r/t, 4 4r,^t, 4 9r,»r,t, 4 I2r,r,*tj 4 lOr/t,

"'*■» 1^20 <20St,r, 4 105r,tj 4 lOSfjt, 4 84rjt,)

(399t,r, 4 357r,t, 4 3S7r,t, 4 525r,tj)

* 2^( *
-j^g^(35r,t, 4 28r,t, 4 28r,t, 4 35r,tj)

-|2^(205t,r, 4 10Sr,t, 4 iGSr^t, 4 84rjt,)

-2 .
52920 ^ I ^ I * 357r 11 2 * 357 r 2t g + S25r 2 ^

{35r,t, 4 28r,t, 4 28r,t, 4 35r,t,)

^gQ-(12r,t, 4 I8r,t, 4 I8r,t, 4 72r,t,)

■|^(19r,t, 4 35r,tj 4 35r,t, 4 145r,t,)

2?4/-f *
7560 (8Ir|t, 4 75rjt, 4 75r,tj 4 19Srjtj)

24T,.-f

"s.«

"S . I 1

"e. *

"•.2

"2. 2

"i.i

"8.12

g * ■'
, ■ »

"9.11

■"lO . 10

630

2/>K*
7560 ^81r,t, 4 75r,tj 4 75rjt, 4 lOBr^tj)

2"r^
(4r ,»t, 4 6r,»r,t, 4 12r,r/t, 4 lOr/t, 4 3r,M, 4 12r,^r,t, . 30r ,rt , • 60r / t ,

2,..i
“ 52920 ’ 105r,t, 4 105r,t, 4 205rjt,)

2"|i * ^
Sibo 4 lOSfjt, 4 205r,t,).
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These results degenerate exactly to the consistent masses presented in Ref. [3). It must be noted 
that the above mass matrix includes only the structural mass of the elements. "Non-load-carrying" 
masses such as components and bracketry must be added separately.

Once the elemental mass matrices are generated, they are transformed in.o system coordinates 
and added to the system mass matrix in exactly the same manner that the elemental stiffness matrix 
is added to the system stiffness matrix.

TREATMENT OF A SINGULAR MASS MATRIX

If coordinates exist in the structure where there is very little mass or where it is undesirable 
to expend degrees of freedom, one may retain the stiffness properties of the structure by placing a 
zero mass at the point in question. The generalized equations of motion are then partitioned as 
follows:

(60)

where the q, refers to the zero-mass coordinates.

If it is required that no inertial forces and no damping forces are applied at the zero-mass co­
ordinates, then the following relationship may be used to eliminate the zero-mass coordinates:

qi(0] c,, c,; q,(t) K,. K,; q,(t) F,(t)

Mj, Mjj q/t).
♦ 5». qj(t).

4
K,, K„ q,(t) Fi(t)

and

lKj,Hq,(t)} ♦ (Kjjl{q,(t)> - <F,(t)> . 

<qj(t )> iK„]-‘ ((Fj(t)> - (K,,Hq,(t)}) .

(61)

(62)

Note that iK,,] is not singular unless there Is no mass at coordinates such that the order of [K,,! is 
greater than the rank of the original system stiffness matrix, or unless rigid body motion of the q^tt) 
coordinate can occur.

Substituting Eq. (62) into the expansion of the upper half of Eq. (60) and rearranging yields

(M,,Hq,(t)>+ ♦ (lK,,i - iK,,llK„]-‘(K,,l){q,(t)} - <F,(t )> - [K, ,1 [K„l * ' <F,(t)) . (63)

where the mass matrix is now nonsingular. When {qiCtt) is found, (q^Ct)} Is determined by the 
use of Eq. (62), and therefore internal loads and displacements at a zero-mass coordinate may still 
be determined.

DYNAMICAL MATRIX

Having found the final form of the system stiffness and mass matrices, it is now desired to con­
struct a system dynamical matrix. The standard approach of

IMI-' IKI

iK]-' !M) .

(64)

(65)

in gein ral. develops a nonsymmetric dynamical matrix. It is often necessary, however, to generate 
a symmetrii al dynamical matrix for the use of most eigenvalue-eigenvector computer programs. 
With some ol these computer programs, an added advantage is that only half the dynamical matrix 
need be generated, thus minimizing storage requirements. A standard procedure for generating a 
symmetrical dynamical matrix is to perform a coordinate transformation by mass weighting the 
system coordinates, thus:
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(t) -- (MT- »{q> . (66)

where Tr) is the new coordinate system, IMl is the system mass matrix, and 4q> is the initial coor­
dinate system. The dynamical matrix is now formed as

IDI - iMt-T'* (k1(M]-‘'» (67)

yielding a symmetric dynamical matrix ID]. When [Ml is a diagonal matrix, the formation of IMI' * 
is simply

I 2

I 2

"2. 2

I 2

(68)

But, when |M] is not a diagonal matrix because of mass coupling, the generation of (Ml' * is much 
more difficult. An effective way to produce a pseudo 'Vi' ^ is found in Rsf. [4j. A matrix IBJ is 
found sucii that

(Ml 1b]T in) .

where IB' is a triangular matrix and is generated by the algorithm

(69)

Bii Nii - L R
V k-i

for i : i .

"ij for i ♦ } .

(70)

Thus the new dynamical matrix becomes

(D! !Bi-‘ !K; (B’-T . (71)

which is symmetric. The eigenvalues of the system have not been changed from the original system 
coordinates, and the eigenvectors may be transformed back into the nonmass-weighted system by the 
inverse of Eq. (66). Thus eigenvectors of Eq. (71) as < » are converted to eigenvectors of Eq. (64) 
as <7> by

IBC ' \ . (72)

CONCLUSIONS

The procedures described above are presently used by Hughes Aircr;ilt Company, Spare Sys­
tems Division, in the computer program Matrix Analysis Routine for Structures (MARS) on a G.E. 
635 computer. Present size limits are 246 degrees of freedom. 100 zero-mass coordinates, and 100 
mass stations. There are no restrictions on the number of elements. Most computations are per­
formed in double precision, including the eigenvalue and eigenvector solution which is a modification 
jf the Share program BIGMAT SDA 3202-01. A model of a dual-spin spacecraft consisting of 44 
masses, 55 elements, 96 zero-mass coordinates, 38 infinite stiffness e.xtensions. and 82 sets of joint 
flexibilities required 12 min of computer time to generate the system dynamical matrix and to solve 
lor 50 modes and frequencies.
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with fhJ th 246*^eKft>e'°i'ire*doin system of known solution, the results generated by MARS agree 
with the theoretical modes and frequencies to at leat five significant figures. ^ 
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