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Fig. 3. Spectra obtained from surface
with aluminum paint at various vibra-
tion frequencies

demodulation device are shown in Fig. 3. An
unpolished metal surface covered with alumi-
num paint was the target; vibration was pro-
duced by attaching the sample to a loudspeaker
voice coil. The peak amplitudes for these
spectra were between 2000 uin. and about 3.6
uin., with the greater excursions at the lower
frequencies. Similar results have been obtained
with surfaces of white paper, flat white paint,
and Scotchlite tape. Amplitudes of vibration
from 0.5 in. to 0.04 pin. have been measured in
this way with an aluminized mirror surface.
The spectrum analyzer display is useful when
the vibration is essentially sinusoidal, because
interpretation of the spectrum is most easily
carried out.

There are additional advantages of the
spectrum analyzer display technique, because
the controls on such an instrument provide a
variable-parameter receiver. It is possible to
adjust the instantaneous bandwidth to very small
values, when the signal strength or vibration
amplitude is weak, and yet the vibration fre-
quency or the peak Doppler shift may be sev-
eral megahertz. However, it is not convenient
to measure vibration phase in this way; in such
cases it is usually necessary to demodulate the
FM signal.

We have conducted experiments with two
types of demodulator circuits. The first was a
conventional limiter-discriminator, with the

discriminator characteristic chosen to accom-
modate the largest expected Doppler shift, ap-
proximately 2 MHz. This approach is satisfac-
tory when the signal strength is large, but the
need for limiting at stages in the circuit where
the bandwidth is very wide (before detection)
implies poor performance when there is a rela-
tively low signal-to-noise ratio. This problem
occurs when the vibrating surface is diffusely
reflecting, because the random interference
patterns resulting from the surface roughness
often produce a signal of less than the expected
value. In such cases the limiter-discriminator
is less than optimum by the ratio of the limiter
bandwidth to the desired instantaneous band-
width.

An optimum receiver configuration, using
a voltage-controlled oscillator (VCO) which is
phase locked to the beat frequency signal, is
illustrated schematically in Fig. 4. In this de-
vice the heterodyne signal and the output of the
VCO are mixed to provide a low-frequency
error signal. The error signal, which passes
through a low-pass filter adjusted to give the
desired instantaneous bandwidth, is applied to
the frequency-tuning terminals of the VCO as
negative feedback to force the oscillator output
to track the incoming heterodyne signal in rf
phase quadrature. The demodulated output is
simply the error voltage itself. This provides
a direct indication of the surface velocity, since
the frequency shift of the heterodyne signal,
and hence the shift of the VCO tracking fre-
quency, is proportional to surface velocity. To
obtain the surface displacement it is necessary
to pass the output through a filter which inte-
grates over the audio spectral range to be ex-
pected from the vibrating surface.
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Fig. 4. Frequency-tracking
receiver block diagram

To bring the error signal frequency within
the passband of the low-pass filter in the feed-
back loop at the start of a measurement, the
VCO is tuned manually until the tracking re-
ceiver locks onto the heterodyne signal from
the vibrating object. At that point the vibration
signal suddenly appears at the receiver output;




the receiver will then maintain its tracking as
long as the signal remains above the receiver
noise in amplitude and the vibration frequencies
of the larger surface motions remain within the
bandwidth of the control loop filter. No limiter
stages are required; therefore, the advantages
of detecting the audio-frequency vibration with
a circuit having only audio bandwidth can be
realized, even when the peak heterodyne Dopp-
ler shifts have frequency deviations far beyond
audio.

Some results obtained with various reflect-
ing surfaces using the tracking receiver de-
scribed above are indicated in Fig. 5. The peak
vibration amplitude in these tests was 0.020 in.
at a 100-Hz rate. The fact of particular inter-
est here is that the reflected signal, even from
flat white paint, was sufficient to actuate the
receiver control loop and force the VCO to
track the Doppler shift. Obviously, with this
circuit one can measure the phase as well as
the amplitude of the vibration, and it is possible
to monitor complex, nonsinusoidal motions as
well as single-frequency excitations.

The instrument has been used to measure
mode patterns across extended flexible sur-
faces, such as sheet metal panels, as well as
single-point deflections on rigid objects. The
mode patterns are obtained by manually scan-
ning the probe beam across the moving surface,
recording the amplitude at suitable intervals.
Patterns on ceramic piezoelectric transducers,
vibrating at frequencies up to 700 kHz, have
also been measured using this technique with
the spectrum analyzer display. Of course, the
procedure might be automated in a variety of
ways to provide an amplitude vs distance dis-
play dii ectly.

THEORETICAL SENSITIVITY

In an ideal heterodyne receiver, the photo-
current in the detector is given by:

i(t) = !w + ls + 2\/11_0!5 cos (wt+ fg-d o).

where I,, and Ig are the direct currents which
would be produced by the local oscillator and
signal beams separately, « is the angular fre-
quency difference between the local oscillator
and signal, and ¢g and ¢, are the phases of
the signal and local oscillator waves, respec-
tively. If the signal wave reflects from a sur-
face which vibrates sinusoidally at a frequency
*v and an amplitude x,, we can choose a time
reference such that

s " _xu sin oot

where * is the optical wavelength. For sim-
plicity we set /; ,- 0. Then the ac component

of the photocurrent may be written as the
Bessel series:
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Fig. 5. Tracking receiver output with
various surface materials (vibration
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100 Hz; output voltage is proportional
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Fig. 1. Oscillograms showing
effect of detector bandwidth on
fringe signal-to-noise ratio

NEW METHOD FOR DETERMINING
VIBRATION AMPLITUDES

The multiple-beam interferometer is con-
structed in such a way that the silvered adjacent
surfaces of the optical flats act as the two elec-
trodes of a parallel-plate capacitor as well as
performing their function in the interferometer.

In Fig. 2, the optical flats with the two ac-
tive electrodes (designated 1 and 2) are shown
surrounded by a guard electrode (designated 3).
Electrode 1 is deposited as a fully silvered film
of a 92 percent reflectivity and electrode 2 of
70 percent reflectivity. Connections are made
to the films using indium solder. Collimated
mercury light of 0.5461-um wavelength is pro-
jected by way of a beam divider onto the optical
flats, and the multiplie-beam interference is

imaged on a slit aperture through a lens system.
This slit aperture, for the reason mentioned
above, is set to about 0.1 of a fringe spacing
with its long dimension parallel to the fringes.
Any departure from parallelism will reduce the
available modulation. A photomultiplier with a
trialkali cathode detects the passage of inter-
ference fringes; the photocurrent is fed to one
galvanometer of a direct-writing oscillograph.
The detector bandwidth is deliberately limited
by the galvanometer response time in order to
improve the fringe signal-to-noise ratio, since
the fringes are not recorded simultaneously
with the sinusoidal movement but are recorded
separately while the plate is moved slowly at a
uniform rate. In this way, by reducing the de-
tector bandwidth, there is a considerable im-
provement in fringe signal-to-noise ratio. This
has necessitated an increase in observation time
for the fringe signal, but this is not considered
to be a serious limitation.

The capacitance change between electrodes
1 and 2 is measured by comparison with another
fixed three-terminal capacitor in a transformer
bridge (3) using an adjustable ratio. The de-
modulated output of the bridge is directly pro-
portional to the displacement of electrode 1, pro-
vided the displacement is small compared with
the total electrode separation. The bridge out-
put is recorded on a second galvanometer of the
oscillograph. Electrode 1 can be moved by an
electromagnetic vibration generator with either
a sinusoidal current or a slow sweep current,
whereas electrode 2 is nominally fixed.

The bridge detector amplifier, the phas:
sensitive demodulator, and the second galva-
nometer have a bandwidth extending from 0 to
600 Hz. The galvanometer frequency response
sets the limiting frequency of the apparatus.

The silvered films are circular and are
approximately 0.875 in. in radius. With an air
gap of 0.034 in., the static value of the capacitor
is approximately 17 pf; this is compared ‘vith a
standard 10-pf air capacitor in the bridge.

The sinusoidal motion to be measured is
first applied to electrode 1 and the sinusoidal
capacitance change is recorded on the oscillo-
graph. Itisthenarranged that the zero of sinus-
oidal displacement corresponds to capacitive
balance of the bridge. The chart recording is
then calibrated by applying the slow sweep cur-
rent to the vibration generator and simultane-
ously recording the interference fringe pulses
from the photomultiplier. A change of capaci-
tance of 5 mpf is found to correspond to a dis-
placement of one fringe or 0.273 um in the
interferometer.

























Fig. 6. Hand hammer
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Fig. 11.

The table diameter of 30 in. was chosen to in-
sure that the radial crosstalk be less than 2 per-
cent of the peak tangential acceleration.

2. The table yieids an overall velocity
change and thereby produces acceleration en-
ergy down to 0 Hz.

3. The peak acceleration level is easily
adjustable by adjusting the bucket weight and
yields no rebound problems for very low accel-
eration pulses.

4. The first tangential resonance is due to

a "'shear-moment of inertia" relationship of the
table and is predictable at about 3000 Hz. By
proper design of the impact pads, a minimum of
energy is produced at that frequency. Further,
the laminated construction is such that the lam-
inating adhesive will mechanically filter out the
3000-Hz resonance.

5. The table offers a larger, easily acces-
sible area for mounting transducers.

6. The dual impact design eliminates any
reaction load at the center bearing.

7. With the design of a stable mounting
platform centered over the bearing housing,
the device could be adapted to calibrate angular
accelerometers.

8. Finally, and probably most important
for the present, it is simple and inexpensive to
build, and it requircs negligible maintenarce.
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Accclerometer calibration table

Initial Testing

Evaluation of the impulse calibration table
was very encouraging; however, some design
errors did show up. The base plate (2-in.-thick
aluminum), upon which the stops are mounted,
was not stiff enough and, consequently, the stop
reactions dynamically warp the base and excite
the bearing shaft. The result is that the vertical
crosstalk is 6-10 percent of the impulse peak
level. The cleats, upon which the rubber pads
are mounted, and the stops did not have enough
contacting surface area, and the resulting im-
pulse is too long in duration to maintain required
system accuracy to 1000 Hz. Corrective modi-
fications are presently in work.

While the parts required for modification
of the calibration table were in work, the com-
puter program, developed by a Boeing program-
ming group, was being tested for acceptance.
The fundamental acceptance criteria are that the
program must do the processing as required and
that it be adequately documented so that engi-
neering aides can e.ficiently service the pro-
gram without extensive training or knowledge
of the mathematics. Acceptance was made when
an engineering aide was able to process a tape,
with many calibrations, and get the proper re-
sults. An accelerometer calibration produced
from the computer plot routine during this ac-
ceptance testing is shown in Fig. 12. It is the
calibration of a :25-g, strain-gaged accelerom-
eter with a natural frequency of 650 Hz.
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Fig. 3. Signal error in high-impact shock tester recordings
(NOL 40-ft free-fall drop tester)

recordings of underwater explosion tests was
that of baseline shift, traces B. and C.

Gun Sheck

The most severe shocks recorded in the
field were those produced in 5'"/54 cartridge
cases during automatic ramming and in artil-
lery projectiles fired at service pressure. Sig-
nal error during ramming shock resulted from
very high axial impacts, 30- to 32-fps velocity
change, containing frequencies near the natural
frequencies of the transducers. The errors
during cun firings resulted primarily from
transverse impacts of the projectiles against
the barrel wall, which accounted for the sudden
and high signal overshoot. Figure 4 shows re-
cordings of both types of shocks [6]. The re-
cording system used in the gun tests was flat
to 20 kHz.

LABORATORY TEST RECORDINGS
Air Gun Shock

Several testers used at NOL produce shocks
that adversely affect shock transducer response.
Signal error has been detected in recordings of air

gun [7] shock in which transverse impacts occur
at levels of 10 to 40 percent of the longitudinal
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shock levels. Figure 5 shows recordings of
shocks produced by the NOL 15-in. and 5-in.
air guns and identifies the signal errors present.

Drop Tester Shocks

Transducers subjected to relatively mild
steel-on-steel impacts using the NOL 40-ft drop
tester (7] were able to withstand only three or
four impacts before they became inoperative.
Free-fall drops were made at a height of 3 ft.
Figure 3 illustrates how the shock transducers
of two different manufacturers responded to
shocks containing frequencies estimated to be
in the range of 80 to 100 kHz. Because the
transducers read low (the indicated velocity
change was considerably less than that com-
puted), crystal damage under this kind of im-
pact apparently occurs during the rise portion
of the initial pulse. Also, since the signal level
continued to drop off with repeated impacts,
damage was apparently progressive.

Transducers were subjected to shock tests
using the Mk 7 drop tester [8]. The impacts
were of greater velocity change but lower fre-
quency content than the previously described
40-ft drop tester pulses. The transducers sur-
vived the shock but produced substantial signal
errors, such as baseline shift, signal overshoot,
and loss of preset, as shown in Fig. 6. These
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produce an impact against one of the mounts in
a direction normal to that of the axial shock.
Duxseal pads are used to prevent the trans-
verse shock from exciting the impact mount in
the axial direction and to isolate the axial shock
mount from the transverse shock. Duxseal, a
nonhardening, nonresilient putty, is stiff enough
in compression to withstand low-frequency
shock, but soft enough in shear to attenuate im-
pact shock — its behavior under impact loading
is discussed later.

Eight different high-g, piezoelectric shock
transducer models were tested for response to
bidirectional shock. Three gages were early
models, no longer in production. The gages
responded to transverse impacts by superim-
posing signals on the axial pulse of 10.2 per-
cent to 65 percent of the peak transverse input.
Oscillograms of the applied shocks and the re-
sponse of transducers to bidirectional shock are
presented in Figs. 8, 9, and 10. The transducers
are not identified by name since, as indicated

above. it is not the object of this paper to rate
transducers for particular shock applications.
The screening methods employed in this investi-
gation should prove useful to the users of trans-
ducers for determining whether a particular
transducer is adequate for a particular job.
Other tests can be performed to check the im-
pact transverse sensitivity of transducers. The
appendix describes a ball peening test frequently
used to determine unmounted transducer natural
frequency.

Several methods were studied to reduce
signal error, but with limited success. Elec-
tronic low-pass filters proved ineffective be-
cause they could not correct distorted pulses
or distinguish between real high-frequency sig-
nal and signal error. Use of low-frequency,
resilient transducer mounts to prevent trans-
ducer overload merely introduced another source
of resonance in complex shock; also, the mounts
were ineffective in reducing signal error pro-
duced by transverse shock.
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In several tests in which the shock was
known to be lethal to transducers and in which
the high-frequency content of shock was not
considered critical, potted transducers were
used to advantage. The Duxseal used to isolate
the transducer mounts in the bidirectional shock
tests (Fig. 7) was similarly used to isolate the
transducers from the components of shock.
known to adversely affect transducer response.
This filter consisted simply of a housing in
which a shock transducer was potted in a non-
resilient, nonhardening putty. The material, as
demonstrated earlier, is stiff enough to trans-
mit relatively smooth shocks but not resilient
enough to respond to very high frequencies.
The assembly is shown in Fig. 11.

The mechanically filtered transducer was
tested for response to high axial impacts and to
bidirectional shock with the same apparatus as
that shown in Fig. 7. Oscillograms of filtered
and unfiltered high-frequency impacts are pre-
sented in Fig. 12 to demonstrate how the filter
performed when subjected to relatively noisy
axial shocks. Performance of the filter for
isolating the transducer from the effects of bi-
directional shock is illustrated in Fig. 13.

Results of the tests show that for severe
axial impacts, 22,000 g and 45-fps velocity

Trarsducer €

rput 1 Unfiltered
shock Transducer €

WOX-126A Impact (‘v « 34 fps)
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Duxseal Cover
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- Housing

Shock
Traneducer

Fig. 11. Mechanical filter for
shock transducers

change, the filter performed well. The highest
frequency passed was approximately 11 kHz;
unfiltered shocks contained frequencies from
about 30 to 80 kHz. The filter did not appear
to distort the principal shock pulse. In the
bidirectional shock tests, the filter reduced

-7 - L2 m

Fig. 12. Performance of mechanical filter subjected
to high-impact shock
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of velocity change and displacement are un-
known, a slight baseline shift could easily go
undetected and be carried over into data
analysis.

The second form of signal error, abrupt
distortion at some point in the recorded shock,
was simulated using simple pulses. The dis-
tortions consisted of superimposing very short
duration signals on the pulses. Versed sine
pulses were used as the basic shock, and a saw-
tooth and step pulse were used to simulate sig-
nal error. The pulses are shown in Fig. 15.
The sawtooth distortion is typical of transducer
responses to bidirectional shock or spurious
noise; the step pulse is characteristic of some
high-impact shock signal error. Spectrum 4 of
the undistorted pulse is compared with spectra
5 and 6 of the two pulses containing signal error.
Spectra 4 and 5 are coincident below about
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230 Hz because they both have aporoximately
the same velocity change. However, in the
high-frequency region there is a marked differ-
ence between spectra; maximum errvor in the
distorted pulse spectrum is over 400 percent.
Spectrum 6, for the pulse containing an abrupt
baseline shift, deviates from that of the undis-
torted pulse spectrum in both the low- and high-
frequency regions: the velocity change indicated
by the low-frequency portion of the spectrum is
20 percent low and the accelerations in the high-
frequency region are about 11 percent high.

CONCLUDING COMMENTS

Without knowing precisely how the sensing
elements of transducers are designed, it is dif-
ficult to say why transducers produce erroneous
signals when subjected to certain complex
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shocks. However, it is clear from the field and
laboratory test data examined that the high-
frequency components of shock are the princi-
pal cause of signal error. Nonresilient me-
chanical filters may reduce signal error or
protect transducers from the damaging effects
of shock; but in doing so, that portion of shock
which is significant may be ignored. However,
if the risk of transducer damage is great, me-
chanical filtering may mean the difference be-
tween getting some meaningful shock data and
getting nothing. Perhaps the only practical ap-
proach to the current complex or lethal shock
problem is to use a mechanically filtered trans-
ducer adjacent to one which is unfiltered or to

measure shock at the higher frequencies with
peak-reading mechanical devices.

Signal error is not merely a problem af-
fecting the accuracy of shock recordings; as
demonstrated by the spectra of several hypo-
thetical shocks containing errors, the problem
extends to the interpretation and analysis of
shock as well.

The most desirable solutiontothe problems
discussed here would be the development of
shock transducers with lower transverse sen-
sitivity and with a higher shock range and res-
onant frequency.
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INFLUENCE OF FIXTURE STRESS CONCENTRATIONS
ON RING ACCELEROMETERS

James A. Nagy and Charles E. Henley, Jr.
NASA Goddard Space Flight Center
Greenbelt, Maryland

resonances.

Tests have revealed that the most commonly used base-strain-free
accelerometer in use at the Goddard Space Flight Center is subject to a
subtle source of error from strains developed in vibration fixtures.
Accelerometers mounted on supposedly rigid surfaces may show er-
rors of the order of 100 percent at the very low frequencies below any

A study to determine the nature of the fixture stress concentration and
means of avoiding it was initiated. The test methods used and the re-
sults obtained are described. The test methods discussed include

(a) standard accelerometer calibration techniques as well as calibra-
tions varying torque, position, and mounting hole angle; (b) photoelastic
techniques; (c) base sensitivity checks; and (d) a transducer devised to
detect the presence of base strain in mounted accelerometers.

INTRODUCTION

This paper presents the results of an inves-
tigation into accelerometer base-strain sensi-
tivity. This investigation was precipitated by
anomalies experienced during lateral vibration
tests of heavy spacecraft where a large moment
tends to tip a circular base about a point. The
load is transferred to the test fixture and pro-
duces stress concentrations around the shaker-
control accelerometer mounting hole. The test
fixture does not bend appreciably; however, the
stress concentrations were found to produce the
same spurious output obtained from the accel-
erometer when its base is subjected to bending
on a cantilever beam. Base bending produces
an erroneous accelerometer output proportional
to the bending strains.

BACKGROUND

Piezoelectric ring-shaped shear acceler-
ometers are the most commonly used at the
Goddard Space Flight Center for shaker control
and response measurements during vibration
tests (see Fig. 1).

For shaker control, the accelerometer is
screwed directly to the test fixture alongside a
control monitor accelerometer. During certain
spac >craft vibration tests, nonagreement had
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Fig. 1.

Piezoelectric ring-shaped
shear accelcrometer

been noted between these two accelerometers

at low frequencies below resonance. The cause
of the problem was not understood since the
fixture was not subjected to bending. Moreover,
the accelerometer's shear design is intended to
isolate the crystal element from base bending
and case distortion. Inconsistent results from
the two accelerometers frustrated early inves-
tigators, but the ancmaly was circumvented by




mounting the accelerometers on a block welded
to the fixture, which relieved the stress con-
centrations. Recent similar test inconsisten-
cies at a contractor's facility gave rebirth to
study of the problem.

The contractor's spacecraft test fixture
was not available for investigation; therefore,
an old Goddard fixture known to have caused
erroneous accelerometer outputs was used for
this investigation. The fixture is an 18-in. alu-
minum disk 2 in. thick; it picks up a C-125
shaker hole pattern. Figure 2 shows the simu-
lated spacecraft lateral test setup to check the
fixture control accelerometer location for base
strain. The test was conducted by controlling
acceleration at the shaker with a base-strain-
free accelerometer to 0.5 g, from 8 to 100 Hz
while recording response at location 2, the con-
trol point used in past tests. The response ac-
celerometer should have agreed with the cortrol
accelerometer at the low frequencies below
resonance; it did not, however, as shown in
Fig. 3. It was further found that its output was
a function of mechanical rotation of the accel-
erometer about its sensitive axis, as shown by
the two curves and the response marks at 20 Hz
for other orientations. It was readily apparent
why earlier investigators were frustrated with
inconsistencies; it was not understood, however,
why the accelerometer output was orientation
sensitive and seemed to be frequency dependent.
Still not sure that a base-strain problem ex-
isted, it was theorized that definite proof of a
strain situation could be made if the accelerom-
eter could be desensitized in such a way that it
would ignore acceleration and produce an output

MASS RESPONSE
ACCELEROMETER

CONTROL LOCATION 2

TEST FIXTURE =

resulting strictly from fixture stresses. When
a cutaway display model of the ring accelerom-
eter was examined, it was recognized that strain
gages bonded to the accelerometer's post as-
sembly might provide a transducer suitable for
detecting base strain. Luckily, a post had been
obtained from the manufacturer several years
ago when these spurious outputs were first ob-
served, and it was still available (Fig. 4). The
instrumented post was installed in location 2 on
the fixture. A static output was obtained during
the installation of the post, and a dynamic output
was obtained from 20 to 60 Hz as the simulated
spacecraft mass went through resonance during
a 0.5-g sine sweep. The existence of a fixture
strain problem had been proved; therefore, it
was decided to investigate the accelerometer's
base-strain characteristics since no detailed
data were available on the subject.

BASE-STRAIN SENSITIVITY TESTS

Nine ring accelerometers of the same man-
ufacture were randomly chosen from stock and
calibrated. Frequency response and amplitude
linearity were carefully checked. With base-
strain absent, the accelerometer's frequency
response and amplitude linearity were found to
be insensitive to mounting torque, orientation,
and installation in misaligned holes.

The accelerometers were then tested for
base-strain sensitivity, as shown in Fig. 5,
using the test method described in ISA Stand-
ards RP 37.2 (1) as follows:

530 LB TEST MASS

IOQLYA AUNCH YENKLE
SPACECRAFT ATTACH FITTING

Fig. 2. Fixture mountea for lateral vibration







Fig. 5. Base-strain sensitivity setup

beam and allowing it to vibrate freely. The
output of the accelerometer is taken from
the oscillograph record at a point where the
strain in the surface of the beam is 250 x
10 ¢ inch per inch. (This is equivalent to
a radius of curvature of 1000 inches.) The
strain sensitivity, in g's, for a strain of

10 ® inch per inch is found by dividing the
above accelerometer output by 250 times
the accelerometer sensitivity in millivolts

per g.

The results, summarized in Table 1, show that
the strain sensitivity for the nine accelerome-
ters varied from an equivalent 0.008 g/uin./in.
to 0.04 g/uin./in. Mounting torque was 10 in.-1b.
The manufacturer recommends 8- to 12-in.-1b
torque, and strain data received from the man-
ufacturer indicates a nominal strain sensitivity
for the 2221 D as0.03 g/uin./in. The manufac-
turer makes no mention of torque sensitivity;
however, it was found that the output of the ring
accelerometer from base strain is torque
sensitive.

Figurc 6 shows a typical record of acceler-
ometer output vs beam strain obtained from the
beam test. Although this particular record does
not show the magnitude effect of orientation,
Fig. 7 does. Figure 6 does show that the ac-
celerometer's output polarity changes with

TABLE 1
Strain Sensitivity Summary

Mounting Torque Effect on Strain

Model Maximum Strain Sensitivity? Sensitivity (Equivalent g/uin./in.)P
(Equivalent g/uin./in.)
5 in.-1b 10 in.-1lb 15 in.-1b
e

2221 C 0.02 0.008 0.02 0.03
2221 C 0.04 0.02 0.03 0.04
2221 D 0.008 0.003 0.006 0.008
2221 D 0.03 0.01 0.02 0.03
2221 D 0.02 0.02 0.02 0.02
2221 D 0.04 0.02 0.03 0.04
2221 E 0.01 0.007 0.01 0.02
2221 E 0.01 0.008 0.01 0.01
2221 E 0.04 0.02 0.03 0.04

2Maximum strain sensitivity for 10-in.-1b mounting torque.
Torque sensitivity test carried out at the approximate orientation producing maxi-

mum strain sensitivity.
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Fig. 7. Accelerometer strain output
as a function of rotation about its
sensitive axis

it showed that the accelerometer's strain sen-
sitivity was not frequency dependent. It was
further shown that an accelerometer could be
oriented so that it would produce virtually no

output from base strain on this particular
fixture.

VIBRATION TEST

It was now feit that enough information was
available to return to the lateral vibration test
of Fig. 2 and understand the results, and that
with an understanding of base strain, we could
produce an overtest or undertest at wi'l on the
simulated spacecraft. To illustrate the effect
on base-strain-free control for this test, a
2224C top connector shear accelerometer was
tested on the beam to confirm the manufactur -
er's nominal figure <f 0.0005 g/uin./in. The
accelerometer's maximum strain sensitivity
was determined to be 0.0005 g/uin./in. It was
then mounted to the beam with a model 2986 in-
sulated stud and showed no measurable output
for a beam strain as high as 400 pin./in.

The plots of Fig. 9 show the response at
the top of the mass for three separate tests
when controlling the shaker at location 2 with
strained and strain-free accelerometers. The
first run was made with the strain-free 2224C
mounted on the stud at location 2 to show the
simulated spacecraft response with a true input.
All sweeps were made at 0.5 g. The next run
was made with the base-strained ring acceler-
ometer mounted at location 2 and oriented at
180 deg to produce a positive strain signal,
thereby adding to the acceleration signal and
resulting in an undertest. The last run at-
tempted was to prove that an overtest would
result. The ring acr~lerometer was reoriented
to 270 deg to produce a negative strain signal
which canceled out the acceleration signal.

_ SHAKER CONNECTION
TO MASS

,FIXED FLOOR PLATE
AND FIXTURE

Fig. 8. Test setup for fixture stra.n verification










SONAR TRANSDUCER VIBRATION REQUIREMENTS
AND MEASUREMENT TECHNIQUES

Gerald M. Mayer and Edward G. Marsh
Navy Underwater Sound Laboratory
New London, Connecticut

each are discussed.

ceramic hydrophone.

Vibration characteristics of passive sonar transducer « lements have
been investigated, and a standard series of measurements has been de-
vised to isolate various portions of the vibration response.
phone vibration response measured at the output terminals of a sonar
transducer is composed of an acceleration-induced component, a
velocity-induced component, and component resulting from the water-
coupled energy radiated from nearby vibrating structural elements.
Techniques for experimentally determining the relative contribution of

The experimental equipment used at the Underwater Sound Laboratory
is briefly outlined, and graphical representations of each of the vibra-
tion response components discussed are givenfor atypical piezoelectric

The hydro-

INTRODUCTION

By its very nature, a sonar transducer has
a multitude of vibration problems not present
in other types of equipment. These problems
dictate the use of isolation concepts and meas-
urement techniques basically different from
those used in conventional vibration work.

A sonar transducer is a device for trans-
forming a time-varying pressure signal into an
electrical signal at the output terminals, or con-
versely, creating a time-varying pressure field
from an electrical input. This is usually accom-
plished by means of a piezoelectric ceramic ele-
ment arranged to give the desired projecting or
receiving characteristics. Since the receiving
characteristics are far more sensitive to vibra-
tion phenomena, all subsequent discussion is
directed to passive hydrophones or projectors
operated in a passive mode.

VIBRATION RESPONSE; MEASURE-
MENT DIFFICULTIES

In a basic hydrophone consisting of a hollow
piezoelectric ceramic cylinder, the ceramic is
polarized in such a way that any induced strain
in the ceramic will cause a potential across the
output terminals. If this hydrophone is placed
in a time-varying acoustic field or pressure
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field, an electrical signal proportional to the
field can be detected at the output terminals.
However, since the ceramic has finite mass,
any motion of the ceramic causes inertial load-
ing and the hydrophone also acts as an acceler-
ometer. Signals resulting from the acceleration
effect constitute a part of the hydrophone's un-
desirable characteristics.

Since a vibrating hydrophone moves in a
fluid such as water, taere will be . force exerted
on the ceramic proportional to the velocity of
the motion. This force, which is called radia-
tion pressure, results from the relative motion
between the fluid and the hydrophone and pro-
duces a second component of undersirable back-
ground noise.

Noise may also be induced from any booting
material placed over the ceramic for protection,
since it, too, has inertial loading which causes a
strain in the ceramic and therefore an output
voltage. This booting effect is very difficult to
separate from a pure accelerometer effect of
the ceramic, but it is nonetheless part of the
total noise signal.

There may be noise radiated from the
mounting points of the hydrophone and received
as acoustic noise at the ceramic. This is a
major problem in designing a hydrophone mount,
since any radiated noise is very close to the
hydrophone and is easily detected.




In theory, the accelerometer effect can be
canceled by another cylinder positioned inside
the existing cylinder with equivalent sensitivity
but opposite polarity. The resonant frequencies
of the ceramic mountings must be held very
nearly equal so that the two signals are always
180 deg out of phase and of equal amplitude.
This is an unsolved problem, since any small
phase shift in one ceramic but not in the other
results in a signal impossible to cancel.

The next alternative would be to isolate the
hydrophone from any vibration at its mounting
point. The hydrophone would remain motionless
in the acoustic field and measure only the time-
varying pressure signal. This approach would
e¢liminate the accelerometer effect and the ra-
diation pressure effect. The problem now is
{Lat the acoustic energy from near structure is
worse since the relative motion between the
hydrophone and the near structure has been in-
creased. The increased relative motion can
only be eliminated by eliminating the ship's
vihration or by adding pressure release mate-
rial on any surface that could radiate sound to
the hydrophone, the latter technique being only
partially successful.

HYDROPHONE VIBRATION RESPONSE
MEASUREMENT TECHNIQUE

To compare hydrophones for vibration re-
sponse, whether they are hydrophones of the
same type or otherwise, a standard measure-
ment technique was developed. The quantity
measured is known as hydrophone vibration re-
sponse (HVR). This is the ratio in decibels of
the hydrophone output to the acceleration input
referred to the mounting point. The units are
in terms of sound pressure levels (microbars)
to acceleration units (g). The final curve is a
normalized vibration response curve.

Hydrophones subjected to this test are op-
erated in air and water. The acceleration input
levels are maintained as nearly as possible to
actual ship vibration levels measured in the
vicinity of the transducer mounting point. These
levels are usually very low and on the order of
-60 db/1 g-peak (0.001 g) or less.

The hydrophone and its mounting bracket
are attached to a fixture which is attached to a
small, low-level vibration exciter such as that
shown in Fig. 1. The input acceleration is
monitored by the accelerometer on the fixture.
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Fig. 1. Hydrophone set up for
vibration measurements

Three HVR Test Curves

Hydrophone in Air — For a normal sine-
sweep test, the entire setup is run in air, and
curves of acceleration input, hydrophone output,
and the ratio of hydrophone output to accelera-
tion input are taken. This procedure establishes
the acceleration response of the hydrophone.
The radiation pressure is very low in air, and
the sound radiated from near structure is not
picked up, so that the air test shows the pure
acceleration response. This test shows any
resonances in the hydrophone itself or in its
mounting. Internal resonances inthe hydrophone
will not change when the hydrophone is in water,
but bracket resonances will be lowered because
of the increase in apparent mass of the bracket.
If acceleration canceling has been added, the air
test will show how well the canceling effect is






















“(t), Electromotive force, EMF
dg dt - i, Current
q ~ Jidt, Electric charge

Step 2

Prepare the input data for computer pro-
gram, as shown in Fig. 1. The analogous elec-
tical circuit to be analyzed by ECAP is also
shown in Fig. 1.

1. Number all nodes. A node is defined as
a junction of two or more electrical components.
All ground nodes are designated as zero. Nodes
must be numbered in a continuous sequence
from 1 to N. Nodes can be numbered, however,
in any order desired.

2. Label and designate positive current
flow for each branch of the circuit. A branch
is defined as the conducting path between two
nodes. The current direction in most cases
can be selected arbitrarily. The current direc-
tions in Fig. 1 are pusitive in the direction of
the arrows. Branches must be numbered con-
secutively from 1 to N but can be arranged in
any order.

3. Prepare data input information. The
circuit topology is described in the computer
program by writing a punch card for each branch
of the circuit to be analyzed. This is accom-
plished by defining the electrical element, its
value, and the location of the branch to which it
belongs. The format for doing this is illustrated
as follows for branch 1:

Branch Branch Parameter values of
Identifi- Location - circuit elements in
cation Between Node Branch 1
0Oand 1
Bl N(0, 1) R =0.01, E = 20/0

Ali branches are defined in this manner: each
is identified by number (B1), location (joins
nodes 0 and 1: N(O, 1)), and values of the pa-
rameters on Bl (R=0.01, and E=20/0). By
defining each branch of the circuit in the format
as given, the complete description of the circuit
is defined for computer calculation as input data.

4. Prepare the complete input sheet, illus-
trated in Fig. 1. Note that the format for the
ECAP input program must be followed exactly.

5. Obtain interpretation of results (circuit
analysis calculations). Voltages and currents
from the computer program are given in terms
of magnitudes and phase angles (Fig. 1: MAG,
PHA) for the frequency analysis. The voltages
and currents are equivalent and equal, respec-
tively, to the forces and velocities of the per-
tinent components of the mechanical system.
Figure 1 depicts a plot of the force acting on
the spring (node voltage 2) as plotted directly
from the computer plotting system; if desired a
hand plot can be obtained from the output com-
puter sheet.

MULTI-DEGREE-OF -FREEDOM SYSTEM

The simplicity, depth, and convenience of
automated vibration analysis is illustrated by
analysis of a three-degree-of-freedom system.
The steps involved in this analysis consist only
of A=riving an equivalent electrical circuit for
the mechanical system and coding ihe input for
the ECAP program. A real value of the method
lies in the economy of time and cost involved in
applying the automated vibration analysis, com-
pared with the classical methods of analysis,
such as Holtzer's method for frequency analysis.

The automated vibration analysis of the sys-
tem will consist of a frequency analysis and atran-
sientanalysis. The equivalent mechanical system
and an analogous electrical circuit utilizing the
mass-inductance analogy are shown in Fig. 2.
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Fig. 2. Three-degree-of-freedom dynamic analogy (N - node, B = branch;
arrows show direction of current flow, assigned arbitrarily)
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FORCE AMPLITUDE (Ibs) (KypXy)

Values for the parameters of the mechanical K,; 75 Ib/in.
system are:
Ky, 75 Ib/in.
M, 0.00388 Ib-sec?/in.
The ECAP inputs for the transient and fre-
C,o 0.01 Ib-sec/in. quency analysis are listed and illustrated in
Figs. 3 and 4. The inpute data is keypunched
M, 0.00518 Ib-sec?/in. and fed directly to the computer. Figure 3 de-
picts the frequency analysis; the damped natu-
C,; 0.001 lb-sec/in. ral frequencies are read directly from the
romputerized plot.
M, 0.013986 lb-sec ?/in.
The output from the computer program is
C,; 0.001 lb-sec/in. displayed in graphical form in Fig. 3. The
o graph gives the voltage at node 7 vs input fre-
C,, 0.001 Ib-sec/in. quency. The analogous quantity here is the
force acting across the K,, spring of the me-
Ky, 251b/in. chanical system. Voltage is directly related to
o
g
B
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Fig. 4. Transient analysis for three-degree-of-freedom case

force, i.e., 1 v is equal to a force of 1 lb. The
three damped natural frequencies are readily
determined by inspection of the graph.

The transient analysis was solved for the
motion of mass 3 subject to a constant force of
10 Ib acting at t - 0. The input for the transient
analysis and the motion is displayed in Fig. 4.
The graph is plotted in terms of node 7 voltage
and this is equal to the force across the spring

of mass 3. The displacement is found by
dividtng the spring force (node 7 voltage) by K,

MASS-CAPACITANCE ANALOGY OF
MULTI-DEGREE-OF - FREEDOM
SYSTEM (VIBRATING BEAM)

The analogous electric circuit for many vi-
bration systems may be handled more conveni-
ently if the mass-capacitance dynamic analogy
[2] is utilized. This method is illustrated by

the following example of a beam problem. Con-
sider the cantilever beam by lumped-mass ap-
proximation (Fig. 5). The beam is a distributed
mass system, but it will be approximated by a
lumped-mass system with stiffness character-
istics treated as influence coefficients [3].

™, M, My
—@- —e
s i i

Fig. 5. Lumped-mass approximation

for cantilever beam

Influence coefficients for the cantilever
beam are
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where o, (1 =1to3, ,=1to 3) are the influ-
ance coefficients and © = length, E = Young's

modulus, and I = moment of inertia.

The corresponding spring constants are given

as
" 138E1 i 135E1
K ETL Ky Ky 1348
36E1 . S4E1
B e T
48E1 9E1
Ky3 - K33 —5. K3

1343 1343

The analogous mass-capacitance circuit is
shown in Fig. 6.

The mass-capacitance mechanical-electrical

analogy is defined by the dual of the mass-

inductance analogy. That is, the analogous pa-
rameters are dually related, as shown by the
following differential equation for each circuit

type.

In the mass-inductance analogy for a loop

circuit we have

i
Lds Ri + l“,.n E(t)
C.

and in the mass-capacitance analogy for a nodal

circuit we have
-
— + Ge ¢ f."“ I(t)

The analogous quantities are

Mechanical

M, Mass

C, Damping coefficient
K, Spring constant

v, Velocity

F, Force

Mass Inductance

L, Inductance
R, Resistance
1 C, Reciprocal of capacitance
i, Current
F, Supply voltage

Mass Capacitance

C, Capacitance
G, Conductance = 1 R
1 L, Reciprocal of inductance
¢, Voltage
1, Supply current

The input for the ECAP analysis of the
analogous electric circuit for the beam is pre-
sented 1n Fig. 7 with a computer plot of mass 3
velocity vs frequency. The first two natural
frequencies of the bending beam are shown; the
third natural frequency could be obtained by
simply extending the computed frequency limit.

CONCLUDING REMARKS

The automated vibration analysis can be
extended to many and various types of vibration
problems. It is quite general for linear vibra-
tion analysis, and it can be utilized for nonlinear
vibration analyses by using the switching tech-
niques presented in Ref. [1]. With use of ECAP,
automated vibration analysis could exert a great
influence upon the present methods of teaching
vibration analysis.
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Fig. 6. Analogous mass-capacitance circuit for beam
B P
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Fig. 1.

the experimentation by providing on-the-spot
shock-spectrum analysis.

GENERAL DESCRIPTION

The analyzer, which provides three simul-
taneous frequency response channels and an
input monitor, is housed in a 10- by 17- by 3-
in. chassis and contains only five operational
amplifiers. A :15-v dc regulated power supply
and assorted resistors, capacitors, potentiom-
eters, and switches are included. Twenty-four
mechanical single-degree-of-freedom systems
with natural frequencies from 3.04 to 625 Hz in
about one-third octave steps are simulated. The
desired frequencies are selected in groups of 3
by a switch on the front panel of the analyzer.
Damping coefficients of 2 and 5.35 percent of
critical are provided. The input gain is adjusted
by the variable resistor R, (Fig. 2) in the feed-
back of the input amplifier. A 1.35-v battery is
provided for step calibration, and a mode-
selection switch provides single selected chan-
nel output when desired.

BASIC PRINCIPLE

The basic principle used in this analyzer
was the application of the one-amplifier,
resistance-capacitance (RC) electrical network
to simulate the mechanical single-degree-of -
freedom system. The mechanical system is
illustrated in Fig. 3. The dynamic equation for
this system is

(1)
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SCALE (INCHES)

Analog shock-spectrum analyzer

Define

x=z-y,
then

Xx=2z-y
and

%-i-j

With these substitutions, Eq. (1) becomes

i'siolx:-§. (2)
m m
Let
vy = VEkm
C.= 2Vkm .
cc

c’

and designate the Laplace transform of x - ¢(x].
In Laplace transform notation, Eq. (2) becomes
[s’i',xT - xol

[0D15) = g0 g | + 98
|s*¥{x SXo = V| 2',‘1
L

."23'[1( - $l-y] (3)

In shock-spectrum computations, the initial
velocity and displacement are zero; therefore

v, = %, 0

$ x 1
Ci-y s?2 4 2w s+ w?

(4)

and
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Fig. 2. Functional diagram of shock-spectrum znalyzer

m ?1
Fig. 3. Mechanical spring-
e mass system
kg 4 y
<
m - mass
k spring constant
C damping

Make the approximation . *x - 7. This results
in a maximum error of less than 1 percent for
systems with damping factors up to 0.0535 [2].
Then

e15) 2
¥ 2. 2 : ®)

s +

The one-operational-ampi:fier electrical
network that simulates the mechanical single-
degree-of-freedom system is shown in Fig. 4.
From Fig. 4:

e, = 1,¥, + E, (6)
I, 1, 1,41, (7
I, = Y B, (8)
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(9)
(10)

Iy = Y(E,-E)).

I, = Y (E;-

v").

Since the amplifier gain approaches infinity, F_
appro-~ches 0 (virtual ground), and

I, = I

Through the use of Eqs. (6) through (10) the
following relationship is established:

‘o LS (11)
-e; (Y, + Y, e ¥ 2 Y)Y ¢+ Y Y,
e,
r “ﬁ.:}“r"*'”"“!
| ‘ :
| SILYs |
1 | L
e K 2= LA~ ;
(.
_ 1 QVF_/ -’}1
= ™ = =
Ly,
;.I 4
Fig. 4. Electrical network



To simulate a spring-mass system, let
Y, - G,. Y;=G,, Yg "sCq, Y, = sC,, andY, =G,.

By substituting these values in Eq. (11), we
have
G,G,/C,Cy

. (12)
s? 4+ (1/€,)(G, + Gy + Gy)s + G3G,/C,Cq

L
-Ei

By equating the like coefficients of Eqs. (5) and
(12), the following relationships result:

G, = G,. (13)
1
T, (26,4 6y) = 2w, (14)
G,G,/C,Cs = w2, (15)
and letting » - » C,,
2G, + Gy = %, C,, (16)
G,G; = ,C, . )

There is no unique solution to Egs. (16) a...
(17); however, if G, = /2 [3], then:

E 1
R, - e G, (18)
E 1
R, 55 G, (19)
1
R, “ Ry = [P (20)
C, = 2y/6%, . (21)
B = Wi (22)

The resulting electrical network is shown in
Fig. 5.

Fig. 5. Electrical circuit

Three of these active RC network circuits
were combined with an input monitor channel
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and an input gain amplifier to form the shock-
spectrum analyzer (Fig. 2). Frequencies are
varied by switching the three resistors to each
network simultaneously (i.e., R,,, R,,, R,, in
Fig. 2) and the damping coefficients by switch-
ing capacitors (C,,, Cq,).

TYPICAL OPERATION

The analyzer was designed primarily to be
used in conjunction with a tape recorder and
oscillograph. The shock pulse to be analyzed
is recorded on magnetic tape operating at 60
ips. This pulse is played back several times
into the analyzer at recorded speed and at
1-7/8 ips (32:1 reduction). This combination of
playback speeds produces the effective fre-
quency range of 3.04 to 20,000 Hz (Table 1). A
typical operation of the analyzer is as follows.

1. A shock pulse is recorded on a mag-
netic tape recorder operating at 60 ips.

2. The magnetic tape record is played into
the analyzer, which has four outputs: input
monitor, and three channels of analog output at
preselected frequencies.

3. The analyzer outputs are recorded on
an oscillograph using galvanometers with fiat
frequency responses ' f 650 Hz or more, to cover
the entire range.

4. The maximum response (usual criterion)
of each channel is measured and plotted vs the
natural frequency of the single-degree-of -
freedom system to obtain the desired shock
spectrum.

Other modes of operation are sometimes
used. Occasionally, when the maximum fre-
quency response requirement does not exceed
625 Hz and repeated shock pulse generation is
possible, the spectrum can be obtained directly
without the use of the tape recorder. This mode
of operation was used to analyze the standard
pulses described below. In any event, the out-
puts of the analyzer can be recorded on any
suitable recorder with proper sensitivity and
frequency response. A desirable monitoring
scheme appears to be the use of peak readers
on the output of the analyzer. This method
would eliminate the necessity of an oscillograph,
and would allow the maximum responses to be
monitored on panel meters or digital volt-
meters, or possibly even printed on digital
printouts.
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Appendix

ANALYTICAL. SHOCK-SPECTRA SOLUTIONS FOR HALF-SINE,
SAWTOOTH, AND ISOSCELES-TRIANGLE PULSES

TALF-SINE PULSE (FIGURE A-1)

The general dynamic equation for a mechan-
ical system such as that of Fig. 3 is
(A-1)

mx + 25.")'( + :nzx = a(t)

—

AMPLITUDE

0 T t
TIME

Fig. A-1. Halif-sine
input pulse

a(t) = sinwt, 0<t<T,

and

a(t) = 0, F 27T,

then assuming that the initial displacement and
velocity are zero, the Laplace transform of Eq.
(A-1) is

. 2 a=8T
fix] = B4 )

A-2
(82011)(52‘2‘1 ns‘ ’,2‘ ( )

Let Z - « ?x and take the inverse transform of
Eq. (A-2), which gives

2

R,

Ni
|
|-

{[cos ® sin «t + sin ® cos .t

-fu_t
we g :
L — g
cos @ sin o
2

L =&

|- c2 t

“n

+ sin @ cos .n»/l--'z t)] u(t)

+ [('050 sin «(t=-T) + sin ® cos «(t-T)

. fw (t=T)

S —— ((‘osmnﬁin , 1-£2 (t-T)))
o 1 =22 A
n

+ sin @ cos (.n 1 -2 (-] u(t-1)
(A-3)
where

cos ® = (w - w?)/R,
sin ¢ = -2 w Ry
cos @ (w?=w 24+ 2 2)R.



u(t) 1 t>0
0 t <T

u(t-T) -
1 £t >7

Equation (A-3) was solved on a Multi-Access
Computing facility using BASIC compiler lan-
guage. The frequencies listed in Table 1 cor-
responding to those solved by the analog analyzer

were selected. The BASIC program for the
half-sine pulse is shown in Fig. A-2. The peak
positive response results are shown in Table 2.

SAWTOOTH PULSE (FIGURE A-3)

Again, the dynamic equation is

2 . Do =
mx + 2.funx +wltx = a(t)

100 PRINT “THIS PROGRAM FINDS THE MAX POSITIVE AND"
110 PRINT “NEGATIVE RESPONSE OF S$-D-O-F SYSTEMS TO A"

120 PRINT "HALF SINE PULSE"

130 REM INPUTS ARE AS FOLLOWS: T1=PERIOD OF INPUT PULSE
140 REM 'T3' AND 'T4' DEFINE THE RESPONSE TIME INTERVAL,
160 REM 'TS' TIME OF EACH INCREMENT, C=DAMPING, AND

180 REM F=FREQUENCY OF S$-D-O-F SYSTEM,

200 READ T1,C

220 PRINT "INPUT PULSE PERIOD
230 PRINT
250 PRINT
260 PRINT
270 PRINT
280 READ T3

290 LET A3:0

292 LET Hl1=0

294 LET H2-0

300 READ F

310 LET G1=2/F

320 LET G2=2°*Tl

IF G1>G2 THEN 380

340 LET T4-G2

360 GOTO 400

380 LET T4=Gl

400 LET TS-(T4-T3)/100
410 LET wW2=6,28*F

FOR T=T3 TO T4 STEP TS
500 REM
510 LET w=3,14/T1

T1l" SECS. DAMPING="C

"EVALUATED FROM T3 TO T4 AT (74-T3)/100 INTERVALS."

“F(N)", “eA MAX“ "_-A MAX", “T1/T2*"

INPUT PULSE = HALF SINE WITH T1=18.5 MS

520 LET R=SQR((W212-W12)1244°C12oW120W212)

530 LET Xl=wz'2/R
540 LET V1=(w2'12-W'2)/R
550 LET V2=(2*C*W*W2)/R

560 LET X2-V1*_TIN(W*T)-V2*COS(W*T)
570 LET X3=(W/(W.*SQR(1-C12)))/EXP(C*W2°T)
574 LET V3=(W'12-W21242°C12*W212)/R
SHO LET V4-(2*W212°C*SQR(1-C12))/R

600 LET A-X1%(X2eX3*X4)
IF T<Tl THEN 1000

[ K4 -VI*SIN(W2*SQR(1-C12)*T)eV4*COS(W2*SQR(1-C12)*T)

630 LET XS=V1*SIN(W*(T-T1))-v2*COS(W*(T-T1))
€40 LET X6=(W/(W2*SQR(1-C12)))/EXP(C*W2*(T-T1))
650 LET VS5=V3*SIN(W2*SQR(1-C12)*(T-T1))

€60 LET VE=V4*COS(W2*SQR(1-C12)*(T-T1))

670 LET A=X1%(X2+X3*X4+X5eX6* (V5eV6))

IF T=T3 THEN 1100
1020 LET A4:=A

IF A4=A3 THEN 1500
IF A4>A3 THEN 1200
IF A4<A3 THEN 1300
1100 LET A3=A

1120 GOTO 1520

IF H1=0 THEN 1240
IF A4< M1 THEN 1280
1240 LET M1=A4

1260 LET hl=1

1280 GOTO 1500

IF H2=0 THEN 1340
IF A4>M2 THEN 1380
1340 LET M2:=Ad4

1360 LET H2=1

1380 GOTO 1500

1500 LET A3=A4

1520 NEXT T

1600 PRINT F, M1 M2 TleF
1620 GOTO 290

2000 DATA 18,.5E-3,.0535,0

2020 DATA
2022 DATA
2024 DATA 386,188,625
9999 END
Fig. A-2.

3,04,3.78,4.89,5.98,7.66,9.74,12.1,15,1,19.5,24.5
30.3,38,3,49,61.4,78.4,96.6,121.2,155,192, 241, 309

Basic program for solution

of the half-sine pulse

T

1




AMPLITUDE

TIME

Fig. A-3. Sawtoothinput pulse

where
DL <Y

t/T
a(t) -
0 t > 7

In shock-spectra computations, the initial ve-
locity and displacement are zero; therefore

- p=sT ~sT
el 2 (2l (- ) 2y 2 (. 2
Ts®(s®+ 26w, s + w') s(s®+ 2w s + wl)
(A-4)
Again letting 7 - . ?x, then
~fw_t
; P_ [('OS 1 sin ‘n\“‘ £2 t
Tw, V1 - £2
+ sin a cos -’n\/l -2 t] «+- T%}u(l)

e-fwn(!-T)
cos a X
- [( 222 ¢ con .‘) sinw /1 - =1 {t-T)

T D

+ (_g_i_u_ sin ,’:) cos w_y1=-£2 (t- T)]
Tu:" n

9(—‘;—_—‘-1.-2—-172:?;+ l}u(t-T). (A-5)

where, in addition to the previously defined
terms: sin a = 26y1-£42; cos a = -1 +2°2;

sin = Y1-£25 cos = =£.

=

ISOSCFLES-TRIANGLE PULSE
(FIGURE A-4)

The dynamic equation is

o 3 : 2 o
mx + 25w x + @ fx = a(t)

where

75

:
- 1
= 1
3 1
i
¢ T 21 X
TIME
Fig. A-4. Isosceles-
triangle input pulse
: 0<t<T
a(t) = l-(l-T) T <t < 2T
0 t > 21
As before, letting v, - x, = 0,
- 2
¢(x) 1(1-e*T) (A-6)

2r &8 3 B . 2
Ts(s®+ 2w s + w )

and with . *x - 7,

n

7 I - [{v-n"‘ [(‘os 1 osin .nJl° £2
To V1= 22

4 sina cos An\/l-r” t] +wV1-£2 l-2‘y/l--‘2}u(t)

-fw (=T
- {20 “nl ) [cos 2 sin o 1-2 (¢-T)

+ sin a2 cos .nﬁ_—?(t-T)]~ 2‘“/1-_’2-0-1')

- 4'”\/1“7}0(“1')

) {e-&"(‘—zT)[coS 2 sin wfl- £2 (¢~ 2T)

4+ sin a cos .‘n\/l—-j((— 2T)J + .nm(t - 27)
- 251 -#2 }u(t - '.’T):l . (A-7)

where, in addition to previously defined terms,

0 t < 2T

t- 2T
. ) {1 ¢ 2T

Equations (A-5) and (A-7) were also solved on
the computer, and the peak positive response
results are shown in Table 2.

*






DYNAMIC PHASE PLOTTING**

T. E. Smart
Sandia Corporation
Albuquerque, New Mexico

illustrated and discussed.

In sine-wave vibration testing, continuous plotting of response amplitude
vs frequency is commonly accomplished without the attendant phase in-
formation. A system for resolving accelerometer signals from sine-
wave vibration tests into coincident and quadrature components for the
unambiguous rendition of phase relationships is being developed.

With commercially available equipment, phase is a difficult parameter
to plot on analog plotting systems.
Quad phasors) eliminates many of the difficulties of phase measure-
ment and facilitates analog plotting. Phasor information can be trans-
formed into phase information by computer processing.

Use of complex vectors (Co and

Typical results for the system at its present stage of development are

INTRODUCTION

One of the significant, but unexploited, pa-
rameters in the measurement and analysis of
sine-wave vibration test data is phase. The
analysis of test data has generally been limited
to acceleration response amplitudes with no
indication of phase relationships. At the mag-
netic tape playback center for Sandia Corp.'s
Environmental Test Laboratories, analog plots
of acceleration vs frequency are regularly pro-
duced for sine-wave sweeps of the shakers from
accelerometer responses recorded on magnetic
tape. Except for mechanical impedance or mo-
bility measurements, phase has largely been
ignored.

There are several reasons for this situa-
tion. Phase is not an easy parameter to meas-
ure or process with analog equipment. The
commercially available phase meter indicates
phase as a function of the time between zero
axis crossings by the input signals. Thus, the
measurement is sensitive to amplitude, is in-
fluenced by noise, and is severely restricted in
range. A discontinuity occurs when one or both
inputs fall below the threshold magnitude. The
scale is awkward because it covers a range of
360 deg and then repeats. An ambiguous region
exists, therefore, at each end of the scale, and

there is no indication of phase differences be-
yond a single cycle of frequency. These diffi-
culties apply equally to analog phase plotting
and make it confusing at best.

As in mathematics, and specifically in net-
work analysis, phase relationships are described
and traced by means of complex variables and
phasors (vectors) which have both magnitude
and direction. Applying complex notation to the
vibration response amplitude, and its phase
angle referred to the input, one obtains

HZ‘_ C+ 0.

where C is the phasor component coincident (Co)
with the input, and Q is the phasor component in
quadrature (Quad) with the input (or reference)
(Fig. 1). These are the polar and Cartesian co-
ordinates of the vibratory response, where

£ C*+ O
and

arctan Q C

Enlightened use of the Co and Quad phasors
should enable one to trace phase relationships
without ambiguity.

*This work was supported by the United States Atomic Energy Commission.

tThis paper was not presented at the Symposium.
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Pig. 1.

On the basis of the foregoing, the magnetic
tape playback center has abandoned efforts to
plot phase directly and is developing a system
whereby dynamic phase relationships can he
followed by means of the Co and Quad compo-
nents. In development is a subsystem which
will resolve accelerometer signals into their
Co and Quad phasors referred to some mean-
ingful reference signal having the same fre-
quency. These phasors can be plotted on the
existent vibration plotting system or digitized
for computer processing to obtain phase plots,
transfer functions, etc. A basic phasor resolv-
ing subsystem, for 10 signal and 2 referenc~
channels, was developed for Sandia by AD!
Electronics around the circuitry of their type
1034 synchronous filter and type 308 component
resolver. The general sequence of operations
for the reference channels and one signal chan-
nel is diagrammed in Fig. 2.

The frequency reference is applied to the
carrier generator, and the phase reference to
the input amplifier of the reference channel.
Output from the carrier generator is a synchro-
nized carrier voltage having frequency Fo+ Fp,
which is input to all balanced mixers. In the
reference channel the phase reference is also
input o the balanced mixer, which then outputs
the three frequencies Fg, F., and F¢ + 2F,. The
crysial bandpass filter passes only the carrier
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Coincidence Line

-V Quaa Phasor of e

o b

= E_ sin (vt + 0)
s

sin wt

"5

Quadrant IV

Typical phasor diagram

oscillator frequency F., which has the same
phase as the reference input and is proportional
in amplitude. After a final phase and propor-
tionality adjustment in the next amplifier stage,
the reference signal is fed to reference inputs
to the coincidence resolver and, through a 90-deg
phase shifter, to the quadrature resolver.

The signal input Eg is subjected to the same
sequence of operations (except the 90-deg phase
shift) as the phase reference Eg, and is then ap-
plied to the Co and Quad resolver inputs. The
resolvers are bridges which, when excited by the
Co and Quad reference voltages, allow only those
components of the signal that are in phase with
the exciting voltage to be rectified. Thus, the
dc output of the Co resolver is proportional to
Eg cos ¢, and that of the Quad resolver is pro-
portional to Eg sin « (see Fig. 1) when E_ is
held constant within : 1 db.

For pletting the transfer characteristics of
most devices, the input voltage is normally held
constant and can, therefore, be used for the
phase reference as well as the frequency refer-
ence. For vibration tests, however, the input
acceleration is seldom constant over the entire
sweep frequency range. Therein lies the major
disadvantage of the basic subsystem for direct
analog plotting of the Co and Quad phasors. The
frequency reference voltage derived from the




F.+2F

e S
- ita Balanced Crystal Amplifier-
SUgUal Anpiitier Mixer BP Filter Phase Bal.
Input Fs‘
5 ¥
FS' l'r. C
Coincidence Co Phasor
_ Resolver Amplifier —D Co
Phasor
. Carrier F..+E
Freq. D-—‘ Generator c R
Ref.
Quadrature Quad Phasor Quad
Resolver Amplifier Phasor
l-( + ZFR
T Ampittier FR Balanced Crystal '.(‘ Amplifier- 90° Phase
" " » o ha s 3
aet P Mixer BP Filter Phase Bal. Shifter
"R' l'(‘

Fig. 2. Block diagram of phasor channel

shaker drive osciliator has constant amplitude
and is presenti, being used for both frequency
and phase reference. Thus, the phasor outputs
are presently referred to the shaker drive volt-
age while efforts to achieve satisfactory auto-
matic gain circuitry for the phase reference
channel continue. This presents no particular
disadvantage for computer processing of phase
angles, since the phase angle between the drive
voltage and the acceleration input can be sub-
tracted out for each sample frequency.

Figures 3, 4, and 5 illustrate the phase
relationships between the sweep oscillator out-
put voltage and the acceleration input for a vi-
bration test of a relatively simple siructure.
As the frequency increases, the acceleration
input to the test fixture progressively lags be-
hind the drive coil voltage in a typical normal
mode, single-degree-of-freedom response.
This is shown by the circular clockwise pattern
of the Nyquist plot of Fig. 3, by the progressive
relationship between the Co and Quad phasors
of Fig. 4, and by the computed phase angle
curve of Fig. 5. Input acceleration vs fre-
quency, plotted in Fig. 6, is always equal to the
square root of the sum of the squared phasors
regardless of which signal is used for phase
reference. On Figs. 4, 5, and 6, there is a
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definite noise pattern below 20 Hz. The track-
ing filter in the phasor subsystem has a band-
pass of +20 Hz, which will pass distortion com-
ponents at frequencies below 20 Hz; the noise swings
will not be damped out by the digitizer as they
would be by an analog plotting system. This
noise is eliminated by playing the taped record
back at twice the record tape speed, which ef-
fectively reduces the filter bandpass to :10 Hz.

Figures 7, 8, and 9 illustrate the accelera-
tion response at a location on the test item. Fig-
ure 7 shows the Co and Quad phasors referred
to the drive voltage, while Fig. 8 shows the
comp :ted phase angle of the response referrad
to the input. The analog plots are duplicates of
these digital plots and are, therefore, not in-
cluded here. A comparison of the response
phasors of Fig. 7 with the input phasors of Fig.4
clearly indicates the critical frequencies appar-
ent on the response amplitude plot of Fig. 9
compared with the input amplitude of Fig. 6.

As users become experienced in the analy-
sis of vibration data by means of the Co and Quad
phasors, the phasor plotting system being de-
veloped should prove valuable for modal studies
and as an additional tool for the evaluation of
vibratory responses and transfer functions.

























RANDOM-VIBRATION-INDUCED ERRORS IN A MISSILE
CAUSED BY NONLINEAR INERTIAL ACCELEROMETERS

N. A. Leifer
Bell Telephone Laboratories, Inc.
Whippany, New Jersey

actual.

command signal with the response.

is not zero but the bias mentioned above.

pected response is calculated.

vibration-induced error.

not a specified error will be exceeded.

When an inertial accelerometer having a nonlinear and nonsymmetrical output transducer is
subjected to vibration, the mean output signal is biased.
power spectrum can be generated which has a low-frequency portion, even though the power
spectrum of the input vibration contains no low frequencies.
such an instrument can usually be approximated by two straight lines or by a quadratic curve,
the former being a more severe case than actual and the latter being a less severe case than

Inertial accelerometers are often used in the feedback loops of guided missiles, comparing the
For a linear accelerometer the error signal produced by
the instrument's response to a random vibration usually has its lowest frequency content high
enough to make the missile unable to respond to the instantaneous error signal.
instead to the mean value, which is zero error.

An accelerometer was built with an intentional nonlinearity about its null point. It was then
subjected to the random vibration used in the analysis, and the output was passed through a
filter having the same transfer function as that assumed for the missile.
on a normalized scale with the experimental data set at 1, were 0.61 for the quadratic approx-
imation and 1.16 for the straight-line approximation.

The straight-line analysis lends itself to a quick and easy method of checking an instrument for
By making a template consisting of two straight-edged sections and
comparing the actual calibration curve to the template, a prediction can be made whether or

For the nonlinear instrument the mean error
In addition, the missile can respond to the low-
frequency portion of the power spectrum of the output signal which is generated by the non-
linearity. For a sample input power spectrum and accelerometer *ransfer function, the output
signal power spectrum is calculated for each of the two assumed curves by calculating the auto-
correlation functions of the output and then taking its Fourier transform. The resulting power
spectrum is then filtered through the missile's assumed transfer function, and maximum ex-

If the vibration is random, an cutput

The actual calibration curve of

It responds

The results, based

INTRODUCTION

The guidance system in many missiles con-
tains accelerometers in servo loops to compare
the actual acceleration which the missile sees
with the input or command acceleration. When
the missile is subjected to a random vibration,
the accelerometer will in general respond and
produce an oscillating error signal. If the low-
est frequency of oscillation is much greater
than the missile natural frequency, the missile
cannot respond to the error signal but assumes
the average value. If the accelerometer is
linear, this average value is zero, causing no
vibration-induced error. If, however, it is non-
linear, a nonzero average can result which in-
duces an error in the missile guidance. Fur-
thermore, a low-frequency segment of error
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signal can be generated to which the missile is
capable of responding. Since testing the accel-
erometer in a combined environment of sus-
tained acceleration and vibration would be
costiy and difficult, it is very desirable to be
able to predict the dynamic error which will be
generated simply by examining the accelerome-
ter's static calibration curve. This paper pre-
sents a technique for doing this.

MATHEMATICAL MODELS

A typical accelerometer output character-
istic is shown, exaggerated, in Fig. 1. Con-
sider a steady-state (sustained) acceleration,
G,, being applied. If a cycle of sinusoidal vi-
bration of amplitude z_ is superimposed upon



VOLTS
e
G's
Go%0 Go Go*90
Fig. 1. Typical

calibration curve

it, the resulting average output, v_, is seen to
be less than V_ . The quantity v -V, will be
called ¢, the dynamic error. To get an idea of
the magnitude of <, the actual calibration will
be approximated first by two straight lines as
shown in Fig. 2, and then by a quadratic curve
as shown in Fig. 3. Both approximate curves
intersect the actual curve at G, andat G_ : ¢
where g is the maximum value of vibration
amplitude anticipated. As can be seen from
Fig. 2, vibration along the straight-line approx-
imation produces a greater dynamic error than
the actual calibration. When the quadratic ap-
proximation lies above the actual calibration as
in Fig. 3, it will produce a smaller error than
the actual calibration. The errors generated
by the two approximate curves will be analyzed
and the results considered to be limits of the
actual error.

'm?

VOLTS-(V)
ACTUAL
CALIBRATION |
%- czﬁ. 1 -
Vo

.,

G's
Go—gmso-g’ Go G°+q° Go+9m

Fig. 2. Two-straight-
line approximation
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VOLTS

Vo

Go~9mG~9% G Gotdp Gotom o

Fig. 3. Quadratic
approximation

ERROR AS A FUNCTION OF SINUS-
OIDAL VIBRATION AMPLITUDE

For the straight-line approximation of Fig.
2, let the slope of the line from G to G_+ g_be
C, and from G_-g¢_to G_ be C,. Inone cyé"le
of sinusoidal v'ibration of ampl{tude 2, and fre-
quency -, the average value of output is

‘!jo" ’

(Vooczgp sin wt)dt

2/ w
+ I (Vo + ngI sin ut)dt:| (1)
Integrating yields
£
V, =V, - = (C;-Cp) &)

Letting the difference in slopes (C,-C,) - C,
the error v -V, is

&

b - A= @)
For the quadratic approximation of Fig. 3,

the output is represented by the equation
V- Kg-K,g?+ b (4)

In one cycle of sinusoidal vibration of amplitude

g, superimposed upon a steady-state acceler-
ation G,, the instantaneous acceleration is

g(t) G, ¢ 2, sir ot

(5)

The average output is then




2
lGn

-
Ys 2—‘ [KGo + Kgp sin .t K

~0

.‘KIG” £y, Sin ot Klg’_nzsinz t+ l:]dt (6)
Integrating yields
V.=V, - Kyg22 (7
Thus the error, v_ - v, , for the quadratic ap-
proximation is
K, g 2
: o .2 (8)
kS 2

In both approximations the error is obviously
independent of V . For ease of calculation and
without loss of generality, all future calcula-
tions will be based on a steady- state accelera-
tion of zero.

ASSUMPTIONS AND EQUATIONS USED
FOR RANDOM ANALYSIS

The above relationships were developed for
the case of sinusoidal vibration. If, instead of
undergoing sinusoidal vibration, the accelerome-
ter is subjected to random vibration, further
analysis is required. The assumptions made
for this analysis are as follows.

1. The nonlinearity is introduced by the
transducer which converts displacement to volt-
age, and the spring-mass dashpot system is
linear. This is not atypical, and the analysis is
good if a small nonlinearity is introduced by the
springs.

2. The random excitation is stationary,
ergodic, and Gaussian in nature.

3. The damping factor is low enough for
the accelerometer to be considered a narrow
bandpass filter so that the accelerometer cutput
motion is roughly sinusoidal at the accelerome-
ter natural frequency.

Some of the relationships in this section
are stated without proof. For more detailed
derivations see Ref. [ 1].

If a function »,(t) has a physical power
spectrum S_ (f), and the function is operated
upon by a linear device, then the resulting func-
tion y,(t) has a power spectrum S,,(f), which
is related to the input power spectrum through
the equation

2

s”u) H(f) s”u). (9)
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where H(f) is the complex transfer function of
the linear device. For an accelerometer with
natural frequency f_ and damping factor 7,
H(f) is givean by the familiar relationship

T )

The autocorrelation function of some gen-
eral function :(t) is defined by

H(f) (10)

] T
J_Tj p(t) p(t+ 7)dt
-T

If :(t) has its power spectrum S (f) halved at
all frequencies, and then reflected into the neg-
ative frequency axis such that the new function
w(f) has the properties W L-F) = WyF) and
W (f) (1'2) Sy f); then \\(f) and the autocor-
relation function of - '), are Fourier
cosine transform panrs ln equation form this
is written as

(11)

J lim
b T==

LEER [ b (7) cos 2nf7 d (12)
and

(1) j W (f) cos 20f7 df (13)
The mean sguare vaiue of - is | (0). This be-
comes obvicus by examining Eq. {11) when - is

set equal to zero. Utilizing the relationships
between W (f) and S (f), and Eq. (13), the
mean square value is seen to be

v (0) [ S (f) df .,
¢ "
0

which represents the area under the power
spectrum curve.

(14)

Since the input vibration is Gaussian with
zero mean, the output is Gaussian with zero
mean and variance . (0). Combining Egs. (9),
(10), and (14),

> (15)

[ {
412 {2
\11\

where the subscript i refers to the input vibra-
tion to the accelerometer case and the sub-
script a refers to the output vibration of the



accelerometer's sensing element. For a general

function s (f), the analytical integration of Eq.

(15) is quite difficult. Numerical integration can,

however, be quite readily performed for most
realistic inputs. The problem that initiated this
study specified an input spectrum to be of the
form shown in Fig. 4, where the frequency scale
has been given in terms of the natural frequency
of the accelerometer f . The damping factor
of the accelerometer in question was ~ = 0.3.
Numerical integration of Eq. (15) results in a
variance of -2 = 367, where , is the maximum
level of the input spectrum.

G2/CPS

~

&

INPUT POWER SPECTRUM Si

1 1 |
Sy 1 Sty 101, 501y
1-CPS

-
>

Fig. 4. Input power spectrum

The instantaneous output vibration level
has a probability density function given by

- 2 rvz
Bk o 1 TR (16)

P(g)
V27 o,

The peak g levels of vibration (whose instanta-
neous values are distributed as above) can be
shown to have a Rayleigh probability density
function. In equation form

14
P(Rp) . T P for K, >0 (17

0 forgp‘O.

MEAN ERROR

Equations (3) and (8) represent the average
errors per cycle of vibration as functions of
vibration amplitude g_. The mean value of the
error, '(T,,—)- is fountfby utilizing the relation-
ship

(up)

[E ‘(ﬂ,,)] “ “(e,) P(gy) di . (18}
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where E[<] is the expectation of (<]. Combin-
ing Egs. (3), (17), and (18) yields
©Cg? PP 1
“sL ,[ : vpz by dip - (19)
Integrating by parts yields
ot (20)

Similarly combining Eqgs. (8), (17), and (18)
yields

1 H Klgpj -32 2'.2
€q jﬁ 2”: w (lgp (21)

Again, integrating by parts yields
:q Kl "lz (22)

Thus we have derived two expressions for the
mean error signal, Eqs. (20) and (22), in terms
of the nonlinearities C and Kk, , and the mean
square value of output vibration; '..2 in general,
or 367, for our particular case.

To determine how much of the fluctuation
of this error signal the missile can follow, the
power spectrum of the output signal must be
derived.

POWER SPECTRA OF OUTPUT
VOLTAGE

Straight- Line Model

Consider the straight-line model of Fig. 2.
With the command signal equal to zero, the
instantaneous output voltage v is equal to C,¢
for ¢ > 0 and C.g for ¢ < 0, where g is the
instantaneous g level of vibration. This can be
written in the form

V=Cig-V (23)

where

v’ 0 for g < 0

LA { o -C)g = Ce  forg -0

The power spectrum of v will be found by find-
ing the autocorrelation function of vV and then
taking its Fourier transform. Much of the
mathematics involved in this procedure is
based on work done by Rice | 2].




The autocorrelation function of v, /y(7), is
the average value of the product Vit) Vit + r),
For ease of notation, v(t) and y(t) willbe called
V, and g,, respectively, and V(t+ ) and g(t+ )

vlll be called v, and g,, respectively. () is
then the average value of V,v, or
vw(7) (C|R| ";)(Clﬁz \'2) (2‘)

Combining Eqgs. (23) and (24), and utilizing the
fact that the expectation of a sum of random
variables is the sum of the expectations of the
random variables, we get

[-(r,g,g, for g2 > 0

vw(7) E[C,zglgz] + E
L 0 for g2 0

[(Ylgzgl for g, 0]
+ E

0 for g, < 0

nglg.‘. for g, and
t+ E g7 C (25)
0 all other cases,

The first term, by definition, is ¢ ? times
the autocorrelation function of the instantane-
ous output vibratien , (). This portion of the
autocorrelation function transforms into a por-
tion of the power spectrum having its lowest
frequency at the lowest frequency of input vibra-
tion, 0.295 f_ in this case, as shown in Fig. 4.
The missile's ability to respond to a signal is
specified in terms of its time constant and
overshoot in response to a step command. This
can be translated into a natural frequency and
damping factor of a linear second-order sys-
tem. The natural frequency thus arrived at is
typically much lower than the vibration input
frequencies. The true missile response is in
general not that of a linear second-order sys-
tem, but the latter is generally a good first ap-
proximation. Ii better accuracy is desired, the
actual transfer function of missile behavior can
be used to determine missile response to error
signal. In either case, for all practical pur-
poses the missile will not respond to an error
signal whose lowest frequency corresponds to
input vibration frequencies.

Looking at the remaining terms, the sec-
ond and third terms are identical and are found
by integrating the function multiplied by the
joint probability density of ; and ,. Since
and ¢, have equal distributions with zero mean
and standard deviation _, their joint probability
density is
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N ST, p— —
2n ..‘ .2( ) 2(’.‘7 'lz(’))

( Jelro2ed- 2 ..(')l.l,)] (26)

These integrations are performed in the Ap-
pendix. The results show that the second and
third terms each integrate into C,C,() 2.
This too transforms into a portion of the power
spectrum beyond the range of interest. The
last term, when integrated as shown in the Ap-
pendix, becomes

2 g —— W (7
ov(') c?[ '.‘ 'gz(v)‘ '.(V)('Oﬁ-l(- .2)ﬂ
(27
Expanding Eq. (27) in an infinite series yields

P(il'.llz)

” 2 . 4
) C’l’.() b o 22 , SlTL
1 - .
2 a0l 4w

(28)

which converges rapidly. All terms of order

4y and higher will be neglected and the re-
maining three terms will be examined. Com-
bining Eqs. (12) and (28) to get the power spec-
trum of the error signal yields

2 [ [l 02 vyr)? X
Sy(f) b. - e’ poo cos 2frdr

; (29)

The first term under the integral inte-
grates into a power spectrum component whose
lowest frequency is that of the input power
spectrum, and beyond the range of interest.

The second term of . () is a constant
which represents the square of the mean or
"DC" value of the error signal. The mean
value of error is thus found tobe ¢ /3 . By
comparing this result with the mean error ar-
rived at by looking at the error as a function of
peak g, Eq. (20), it is seen that the two expres-
sions are identical,

The last term is evaluated by making use

of the convolution theorem of the Fourier
transform, which states that

o) - Fofy and leen)] o Gof)

then




'[f(t)'g(t)] j F(Z) G(f-2)dz." (30)

Combining Eqgs. (12), (29}, and (30), and the fact
that

Sy(f)

2

¥,(6)

we finally get

et
Sy(f) "ZI 1 (7)2 cos wr dr

sz ;{v.Z( )]
2‘7'.

= [ Su(2) Sy(f-2ydz  (31)

where for computation purposes S(-2) S(2).

The power spectrum of the error signal is thus
seen to have a low-frequency component which
runs all the way down to f - 0.

We now have the information necessary to
get an expression for missile response. The
mean error was found to be

C
a p—
€ 7.5 vy
"V g

D

The error signal will be assumed to be Gaussian
and the missile, linear and second order. As
mentioned before, while these assumptions are
known to be false, they are good first approxi-
mations. The variance of the missile response
is then, from Eqgs. (9), (10), and (14): '

2 e af
; J [‘ —f2]2~ a2 (LY e
L e

where f is the natural frequency of the mis-
sile and ' is its damping factor as determined
from its time constant and overshoot. Typical
values of ' are about 0.35. To find S,(f), Eq.
(31) would have to be integrated numerically and
repeatedly for various values of . In practice,
however, since f is so low, Sy(f) is quite con-
stant over the meaningful range of integration,
and only S,(0) need be found. (For the case
under study, at frequencies where the squared
transfer function of missile response is down

several orders of magnitude, Sy(f) is only a
few percent less than Sy (0).) Numerical

integration of Eq. (31) for f -0 yields S 0) =
0.146 ,C? Using this value for Sy(f) in Eq.
(32), integrating numerically, and taking the
square root results in - = 0,74 \7 C. Setting
the maximum expected error to EgL *+ I,

fm. . %I C (33)

Quadratic Model

As in the case of the straight-line model,
the power spectrum of the error signal pro-
duced in the quadratic model will be found
through its autocorrelation function. Using the
notation again that v(t) - v, and v(t+r) - v,
the autocorrelation function of output voltage fs
from Eq. (4):

Yw(7) (Kg,—xlg.z)(xg, K,g{) (34)

Multiplying and taking the individual expecta-
tions,

V") E[Kzgl"\z] E[Kklﬂ'ﬂzz]
) E[K](]‘Elzgz] + K[[Klz gzzJ (35)
The first term is the by now familiar K2, (/)
which is of no concern. The remaining three
terms are immediately found from the prop-
erty of the multivariate Gaussian distribution

of identical variables »; with zero mean, sam-
pled at different times:

£fpyos] - 0
and

S O 8 o O

Further detail can be found in Ref. | 3].

From the first half of Eq. (36), parts two
and three of Eq. (35) are set to zero

E[uluﬂlz] "[ti,gzuz] 9

The last part of Eq. (35) becomes
r.{x,lgll g;] K2 {E[g,’] E[uf]
-(E[r.,uz])l + (E[t!,u_,])z} (37

Equation (35) then becomes

b K,J[ LR )2] (38)




The first part of Eq. (38) is the constant term
which represents the square of the DC value of
error signal. Thus the mean error is k- 2
which, again, is precisely what we got with the
peak g analysis, Eq. (22). The second part of
Eq. (38) is integrated as shown in Eqs. (31) and
(32). The result is

T - 48.5 K, (39)
The three-sigma error then becomes the mean
error plus 3 or

. 513 /K, (40)

Ynax

COMPARISON OF RESULTS BETWEEN
STRAIGHT-LINE AND QUADRATIC
APPROXIMATIONS

Both straight-line and quadratic approxi-
mations were set up so that the model curves
and the actual curves all intersect at three
points: the origin, and plus and minus s
where is the maximum anticipated vibration
level.
The two models can then be equated at these
points. Thus

Cak, - Ke, - K, g7

and (41)
“Cig, - Keg, K, g2

Solving Eqs. (41) and letting £, 3, yields

C- 1157 K, (42)

Combining Eqs. (33), (40), and (42), the ratio of
‘st o, becomes

To get a somewhat smaller range for error
approximation, the curve can be broken into
four straight-line sections instead of two as
shown in Fig. 5. With the slopes designated e
€3, €}, and C; as shown, the average output per
cycle of vibration of amplitude ¢, can easily be
shown to be

w'®

{ZI qm(", sin ot dt
0

'C_ >

vgmc; sinot] dt

(Cont )

is can be assumed tobe 3, or 57.3,7.
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n’ b

2-[ gm(‘; sin ot dt
0

"2
L
2[ [T"(('; C;)'K‘C;sm‘l]dt}
"/ bu

(43)

VOLTS (V)

Fig. 5. Four-straight-
line approximation

Integration of (43) yields

L N ] .
‘e = |0.656Cy + 0. 344

0.656CT - 0.344C)
(44)

The significance of (44) is that if the slopes
of Fig. 2 are redrawn such that ¢, - 0.656 ", +
0.344¢] and ¢, = 0.656¢; + 0.344 ¢, then for
any amplitude of vibration ¢, where o, ¢,
the average error will still be less per cycle of
vibration than that produced by the actual cali-
bration curve. Thus by using the modified
change in slope C_(C_ - (), a closer approach
to the actual error can be made, while remain-
ing conservative,

EXPERIMENTAL VERIFICATION

An accelerometer was built having a rather
bad nonlinearity at its null point, the nonline-
arity being built into the pickoff. An accurate
static calibration was made by whirling the ac-
celerometer on a precision centrifuge and feed-
ing the output into a differential amplifier. The
other input to the differential amplifier was the
ideal output as measured by a very accurate
reference accelerometer. The output of the
differential amplifier drove the v axis of an




x-y recorder whose x axis was driven by the
reference accelerometer.

The accelerometer was then subjected to
random vibration whose power spectrum was
shaped as in Fig. 4. A value of . of 0.4 was
chosen for the run. The accelerometer output
was fed into a second-order linear electrical
circuit having a damping factor of about 0.35
and a low natural frequency (such as the mis-
sile would have). The output of the circuit was
recorded on a Visicorder chart. Several runs
were made for a total running time sufficient
to get several hundred cycles of output signal
at the natural frequency of the circuit. The
maximum error signal recorded was 0.75 per-
cent of full scale (OFS) output. The values of C
and K, were taken from the calibration curve
(C being calculated by the four-line method),
with the results C = 0.142% OFS/g and K, =
0.0022% OFS/g2. Plugging these values into
Eqgs. (33) and (40) results in maximum error
predictionsof g =0.870c OFSand -, =
0.46% OFS. A

TEMPLATE CONCEPTION

The two-straight-line approach lends it-
self very nicely to a quick and easy way to
check for vibration-induced error. Since the
maximum induced error g __ is proportional
to C, the change in slope, a maximum allowable
change in slope can be derived once the vibration
environment and maximum allowable error are
specified. From Eq. (33)

c SLpax . (45)

R 0.9

The 9.7 of course holds true only for the partic-
ular system described in this paper. For other
systems a new number must be derived using
the techniques described. Once C__  is estab-
lished, a template can be made consisting of two
straight lines of length sufficient to cover the
maximum expected excursions on the calib: ation
curve, and of slope difference equal to C__..

The template is then laid against the calibration
curve with its vertex at the most nonlinear point
on the calibration curve. The other point of coi-
tact between the template and the curve is at the
maximum expected excursion point on one of the
template legs. If the other leg always remains
on the same side of the calibration curve, the
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vibration-induced error will be within limits.
Figure 6 graphically illustrates the above
conception,

VOLTS

MAXIMUM Exums_gus
\ EXPECTED 4

NON-LINEAR
NeLt /
CALIBRATION /

CURVE
) “TEMPLATE

Fig. 6. Template
conception

SUMMARY

The typical nonlinear accelerometer cali-
bration can be approximated by two (or four)
straight lines, or by a quadratic curve. When
an instrument having the actual calibration
curve is subjected to random vibration, the dy-
namic error generated is less than that gener-
ated in an instrument having the straight-line
approximation, and more than that generated by
one having the quadratic curve. The missile
response to this error signal is calculated for
instruments having the twc approximate curves
and subjected to the specified random vibration.
The technique is to find the autocorrelation
function of the output signal, take its Fourier
transform to get its power spectrum and filter
it with the missile response which is assumed
to be linear and second order. The maximum
response anticipated is taken to be the mean
value of response plus three standard deviations.

The values thus calculated for the specific
example used turn out to be 0.87 percent of
full-scale output for the straight-line approxi-
mation and 0.46 percent of full-scale output for
the quadratic approximation. An instrument
built with an intensional nonlinearity was tested,
and the result was a maximum measured simu-
lated missile response error of 0.75 percent of
full-scale output.
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Appendix

EVALUATION OF INTEGRALS

The second and third terms of Eq. (25)
are found through evaluation of the integral

. 1 R, 08 .
~ exp |- *\(4—-—2 (HP.] +O a8y - 2va(T) Ry
< a 'a(’))

(A-1)

jl Jﬂ €182

I -CC dg gy s

1 1 2 52

" ) 2 o8-y ()2

For ease of notation, for the rest of this sec-
tion - will be written as -~ and . () will be

written as ..

The last term of Eq. (25) is found through
evaluation of the integral

: C’Jﬂ l J" i 218
2 - 9e2 ag)
o ) 2 Job - g2

1 g TR
'('xp[-’——-('a,"g ‘Zou,g)
204 - y2) 2 2

L
(A-2)

which is evaluated in Ref. [2]. The details are
repeated here for convenience. Equations(A-1)
and (A-2) are seen to differ only by the con-
stant and the lower limit of integration over ¢,.
Operating first on Eq. (A-2), we make the fol-
lowing transformations:

4 _ 1.2
g, = YT “V7)

2(0% - 42
gy = TZ__¥0)

This transforms Eq. (A-2) into

w

3’2 p™
2 . '2 y
I, c2? %—“‘ dy‘- (lxxy('m[vx2~y2'2—3xy
0

—
~0

(A-3)

In order to evaluate 1,, we will first examine
the integral

x

I, J‘ dy" dx exp [ - (x2 ry2-2 —2- xy)] (A-4)
o Yo

Let
X + s v
Jot - 2
2
y = sy
]
Then
x2 + y2 2— xy u? ¢ v2

and the Jacobian of the transformation equals

2 [a 2
[+ 2|
|
For the limits, when y runs from 0to +, v
runs from O to :. When x runs from 0 to =, u

runs from -, (/-* - .2y to 1, can then be
rewritten as

| _— dy
g .4 _2

~o B v

du :-.\'p[ (uz + \'2)]

(A-5)
Changing to polar cocidinates, let
u i COS !

v £ Sin



Then the Jacobian J (u.v ., ) . For u and
v to range from 0 to :, . must range from 0 to
v, Tokeep v > 0, sin? > 0,0 < ¢ < 5, To
keep

| -

or ' < cot”

a7 2 (A-6)
13 P — . de’ ds pe ’
4_,2J J
Equation (A-6) is directly integrable to
2 it
I cot™ ! - . (A-7)

/,,0_ y2

From the sketch below, it is obvious that this
can be written as I, - (1/2)p csc v where
COoS 9 = ~y 2.

Figure A-1
Combining this result with Eq. (A-4),

,‘ dy ‘ dx “xp[—xz— )’2- 2xy cos :.} - 71-‘9 CSC P
(A-8)

Using Leibnitz's rule to differentiate under the
integral yields

:% ('!-‘ CscC 1‘)

" dy‘. dx — [oxp( x2- yz— 2xy cos ;,)]

v
0

Performing the above operations yields
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—!)—csc 1-9 cot o)

@ x

f dys dx 2xy sin 7 exp [~x2~y2 nyvos,}
0 0

or

j dyj dx xy exp [—x2~ y20 2xy Lz]
B 0 o

1 s : Y T e |
3042 ( [a v2“"5 2) (A-9)

Thus the integral being sought, 1,, is equal to

>4 - v’r

2 : y =
12 i % [( .4 ’,2)1 * 4 +; cos ! '—;]‘ (A‘lo)

which is the result presented in Eq. (27).

To evaluate 1,, Eq. (A-1), the same gen-
eral procedure is used. The lower limit of y
in Eq. (A-3) must be changed to -~ which makes
the lower limit of v equal to -~ in Eq. (A-5).

In the subsequent change to polar coordi-
nates, . still ranges from 0 to ». The require-
ment that v must go from - to »~ allows ¢ to
vary from -~ to ». The requirement that

s

dictates that

cot 6 > ‘ for v >0 (6>0)
/,4_, J 2
and
cot O < 4 for v <0 ( 0)
L4 2
or
cot™ ! th < cot~ ! R,
4 _ 2 [a 5,2
Since cot (- 7) - cot ¢, the above relationship

is satisfied when ' ranges over -
tion (A-6)can be rewritten as

2 4 i 2
Iq J do I dope” (A-11)
¥ e 4

rad. Equa-




This integrates to

R
l -
P - s
or
I, 7 csc ¢ (A-IZ)

Differentiating under the integral sign as be-
fore yields

x »

[ dyj dx xy exp [ x2 - y24 2xy ——2]
-® 0 d
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Modifying (A-3) to read

o' 204 - 2y’ ’

2 x
g~ .4 I dy]‘
-® 0

» exp [-xz— v+ 2xy --';—] ‘

dx xy

and using the results of (A-13) yields

which is the desired result.

*

(A-14)






VIBRATION DISTRIBUTIONS IN MULTIPANEL STRUCTURES:
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structures, 1s reviewed. A method is

agreement with experimental results.

The statistical energy analysis approach, as it applies to multipanel

required power flow parameters from measurements on structurai
samples. Vibration distributions predicted for a point-excited planar
array of panels separated by reinforcing beams and for a ring-and-
stringer-reinforced cylindrical shell are found to be in generally good

presented for determining the

INTRODUCTION

Statistical energy analysis, the fundamentals
of which are presented in Refs. [2] through (4],
is an analytical tool of great potential utility,
since it promises to enable one to deal relatively
simply with the (multimodal) random vibrations
of complex structures. This analysis approach
has been applied successfully to predict the vi-
brational behavior of some structural and
structure-fluid systems of limited complexity
[5-7], although some of the basic assumptions
that underlie statistical energy analysis have
not been verified for the general case [1].

This paper illustrates the application of
statistical energy analysis to multipanel struc-
tures and presents a comparison between ana-
lytical predictions and experimental results for
two test structures.

TWO COUPLED PANELS

Statistical energy analysis permits the
treatment of vibration problems that otherwise
would be extremely complex in terms of simple
energy balances analogous to those employed in
heat transfer analyses of lumped-parameter
systems. It is convenient to introduce the sta-
tistical energy approach by applying it first to
a single panel, then to the two edge-joined ones

(Fig. 1).

DAMPING
MATERIAL

~ TEST BEAM
OR JUNCTURE
2Vve'

— 5' -

Fig. 1. Two edge-joined panels

Kinetic Energy; Power Dissipation

The total time-average kinetic energy T, ,
in a given frequency band of a panel vibrating
in a2 steady or stationary state is given by

—

T =

tot .)-

[ mvias - Jm vz

S

(1)

where m denotes the mass per unit area of the
panel, V? its mean-square velocity distribution
(time averaged) in the frequency band of intex -
est, S its total area, M its total mass, and ‘v?-
its mean-square velocity (averaged with re-
spect to both time and space).

*This workwas performed under sponsorship of the Air Force Flight Dynamics Laboratory, Research
and Technology Division, Air Force Systems Command, and has been previously presented to the

sponsor [1].
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The time-average power D dissipated by
the panel may be expressed [2-4] as
D= c<v® (2)

nu MV = 2nw, T

tot *
where ¢ denotes the (average) viscous damping
coefficient of the panel and » its loss factor,
and «, represents the center (radian) frequency
of the band of interest. Unlike the viscous coef-
ficient c, the loss factor , can be defined en-
tirely in terms of energy concepts and is not
restricted to any particular energy dissipation
mechanism [8]. Therefore, damping is repre-
sented by loss factors throughout the remainder
of this paper.

I one knows the time-average power A that
is supplied to the panel (in the frequency band /-
of interest) and notes that in the steady state the
energy balance A-D maust be satisfied, then one
may at once find the mean-square velocity of
the panel (in 2 ») as

VB = Amw M . (3)
In contrast to the classical vibratio. .uaiysis
approaches, one need not know the panel shape,
the boundary conditions, or the panel modes to
arrive at the result represented by Eq. (3).

Power Flow Between Two Panels

For two coupled panels the situation is
considerably more complicated. To determine
the energy balance in such a structural system,
one must know not only the average power input
to each panel from external sources and the
average power dissipation of each panel, but
also something about the average net flow of
power from one panel to the other. The key
relation for this power flow, as developed in
Refs. [2] and [3] by generalization of results
applicable to two coupled, single-degree-of-
freedom systems, may be written as

Pa.’!

bun (Vs = Tp) . (4)

where

T T N

a tota a

and Tg = T,,,.5/Ns (5)
Here N and T, . represent, respectively, the
number of modes whose resonances fall within
the frequency band of interest and the time-
average Kinetic energy of the panel indicated by
the subscript. Thus, T, represents the average
kinetic energy per mode of panel : (in the band
\.), P,. denotes the time-average net power
flow from panel : to panel ', and ' . is a con-
stant that depends on the coupling between the
panels.
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The conditions under which Eq. (4) is valid
are not fully known. However, it appears [1,2]
that one may reasonably use Eq. (4) if the cou-
pling between the two panels is not highly non-
linear and not too strong, if the coupling itself
produces relatively little damping, and if the
excitations acting on the two panels are not well
correlated. Thus, one may expect to obtain
reasonably good results for most realistic
structures that are excited, for example, by a
diffuse sound field or by random forces acting
on only one of the panels.

At frequencies somewhat above the funda-
mental resonance of a uniform panel, the num-
ber of modal resonances in a given frequency
interval is independent of the boundary condi-
tions and obeys [9]

N/Aw = N/72nAf (6)

S/4r VD, M x S/ 3 27ty .
where D denotes the flexural rigidity of the
plate, t the plate thickness, and ¢, the longi-
tudinal wave velocity in the plate material. Of
course, < - VE ., where E represents Youn:'s
inodulus, and . the density of the plate mate-
rial; f represents the bandwidth in cycle and

“ . in radian units.

Statistical Energy Analysis

It is instructive now to consider the two
coupled panels of Fig. 1, and to deal with the
case where no external force acts on panel -,
i.e., where no pow¢ - is supplied to panel - from
external sources: A. - 0. For steady state con-
ditions. an energy balance on panel - yields

Pos = Dg. (M

which, by application of Egs. (2), (4), and (5),
may be rewritten as

(8)

(l'. 2 o 7 . (9)

(10)

One may make two important observations
~oncerning Eq. (10). The first is that the ratio
v «vZ? of the mean-square velocities of the
panels may be determined if one knows the
damping parameter . and the coupling coeffi-

cient ' , and that this ratio does not depend



on the power supplied to panel : or on the
damping of panel :. The second is that Eq.
(10) provides a means for calculating the cou-
pling coefficient . . from experimentally
determined mean-square velocity ratios and
damping parameters.

The energy balance of panel
expressed as

. may be

A =D P, (11)
and that of the complete two-plate system as
A.=D. +D, (12)

The expression of Eq. (12) may also be obtained
by substituting Eq. (7) into (11); thus Eq. (12)
can provide no additional information. How-
ever, Eq. (11) or (12) may be used in conjunc-
tion with Eq. (7) to check the consistency of the
general analytical approach by comparing the
values that these equations yield for comparable
experimental data.

A series of experiments was performed on
a panel configuration like that of Fig. 1, with
panel : excited by a shaker, via an impedance
head. These experiments involved simultaneous
measurement of the mean-square velocities Vv ?
and V.’ (at several points on each panel, so that
the spatial averages v’ and ‘V? could be
calculated) and of the time-average input power
A . The loss factors of the two individual panels
were measured separately. Values of : . then
were calculated from Eq. (10), which involves
neither A, nor - , as well as from an expres-
sion which may readily be derived from Eq. (11)
and which involves both A and - . Comparison
of the two sets of results indicated acceptable
agreement [1].

From Egs. (2) and (8)-(11), one may also
show [2] that the "apparent loss factor™ -
of panel -, i.e., the loss factor one may meas-
ure by any of the standard techniques on panel
+, with panel - attached, obeys

2 87af *a

Taapp T TN T, s Ioa.siow. o (13)

Equation (13), when solved for :__, thus pro-
vides an additional means for determining this
coupling factor, which does not require tedious
power-input or velocity-ratio measurements.
When the results of a series of experiments, in
which the apparent loss factor of panel : was
obtained by the well-known decay-rate tech-
nique, were c. . mpared with corresponding re-
sults of the previously described experimental

series [1], satisfactory agreement was again
obtained.

MULTIPANEL STRUCTURES
General Energy Balance; Analysis

The energy balance of a typical panel
(designated by subscript j) of a multipanel
structure, like those of Fig. 2, may be written
as

Piat Pygt Pye v ==0 + Dy = Ay, (14)
where the ne' power flow from panel ] to all
other panels appears on the left-hand side, in
addition to the power dissipation D;, and where
the power addition A; appears on the right-hand
side. Assuming a relation like Eq. (4) for each
pair of panels, and replacing D; by d,T, -accord-
ing to Egs. (2), (5), and (9), one may rewrite Eq.
(14) as

g [(:, : (15)
~DAMPING TAPE

~

| 24
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RESPECTIVEL

\ 4
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Fig. 2. Multipanel test structures

For a structure with  different panels, one
may write ' different equations like (15). One
thus obtains a set of ' linear equations for the




unknown modal kinetic energies T,, for which
one may solve if given all the power inputs A,.
For structures with more than three or four
panels, solution is best accomplished by nu-
merical methods, such as those involving matrix
inversion or relaxation techniques. (Note that
Eq. (15) is analogous to the expression which
describes heat flow in a lumped-parameter
system.)

Test Structures

Two structural configurations were selected
for extensive study: a finlike structure made up
of beam-reinforced flat plates and a ring-and-
stringer-reinforced cylindrical <’ ell (Fig. 2).
These test structures were chusen because they
are reasonably realistic, yet simple enough so
that their analysis does not require much com-
putation.

Both test structures of Fig. 2 were made
of 1/16-in.-thick aluminum. The reinforcing
beams and rings were attached to the sheet
metal skins by means of a rigid epoxy, but a
weld was used to strengthen the joint between
the primary fin panel and its base plate. Damp-
ing tape was applied along the edges of the fin
base plate, in order to simulate the loss of vi-
bratory energy that the fin would experience if
it were attached to some larger structure.

Auxiliary Measurements

In order to provide the information re-
quired as input to the theoretical calculations,
the panel loss factors and power flow coeffi-
cients were determined experimentally.

Loss factor measurements were made on
each of the two separate plates that comprise
the fin, before assembly and before addition of
the reinforcing beams, but with the damping
tape in place on the base plate. These meas-
urements were made in 1/3-octave bands, by
means of the well-known decay-rate technique.
Similar measurements were also carried out
on the two separate shell lengths (one 25 in.,
the other 46 in. long) from which the entire test
shell was assembled.

Values of the power flow coefficients were
obtained from a separate series of measure-
ments, which was carried out on a two-panel
configuration like that of Fig. 1, and which made
use of the ideas and relations discussed in the
previous section. Average values of these
measured coefficients for the one beam configu-
ration used in the test structures are presented
in Fig. 3.
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Measurement of Vibration Distributions
and Power Output

During all measurements the test struc-
tures were suspended by long thin strings. A
typical experiment consisted of exciting the test
structure at one point of one of the panels with
an electrodynamic shaker, and measuring the
accelerations at one point on each panel. In an
experimental series these measurements were
repeated for different driving points on a given
panel and for different measuring points on the
other panels.

In all cases the mechanical power supplied
to the structure was measured by an impedance
head (connected between the excitation source
and the driven point on the structure) and at-
tendant electronic instrumentation. All meas-
urements were carried out in 1/3-octave bands:
the shaker was activated by a signal that was
generated by a white-no se source, passed
through a 1/3-octave filter, and suitably ampli-
fied; the outputs of the various accelerometers
were filtered in the same 1/3-octave bands as
the excitation signal before they were fed to an
rms voltmeter.

Results

A series of calculatiocns was carried out
pertaining to the fin structure with only panel B
excited externally. These calculations involved
solution of seven simultaneous linear equations
like Eq. (15) — each describing the energy bal-
ance of one of the seven fin panels — with all
power input terms except A, set equal to zero.
Only those power flow terms that pertain to
panel pairs sharing a common edge were re-
tained in these equations; the rest were neg-
lected. Loss factor, coupling coefficient, and
panel area values that were obtained from aux-
iliary measurements were used to compute the
parameters that enter these equations.

The results of these calculations are pre-
sented in Fig. 4, which shows the frequency
variation of the ratio of the average kinetic
energies T, of the various panels to the input
power Ag. Note that this ratio is a rather
natural one t» use, in view of the form of the
pertinent equations. Also, if one expresses A,
as the product of the driving point resistance R
and the mean-square velocity v ° of the driving
point, one may use Egs. (1) and (5) to show that

2 Vi 1 Ny

s vV, R
Le., that T, Ay is proportional to the velocity
ratio v,/ v ?, which is generally of primary
interest,

(16)
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The ordering of the vibration levels of the
panels apparent from Fig. 4 agrees with what
one expects from energy considerations. The
directly excited panel B has the highest modal
energy; the highly damped panel G, which also
is relatively far from the directly excited one,
has a relatively low modal energy. The rela-
tive magnitudes of the energies of the other
panels lie between those of B and G, with panels
closer to B and farther from G having higher
energies. Analogous calculations for the shell
structure (analyzed as if it were a flat plate)
were found to yield similar results [1}; how-
ever, because there was no single panel that
was much more highly damped than the rest,
the curves for the shell panels are more
closely clustered.

Some typical results obtained from experi-
mental measurements are presented in Fig. 5,
together with corresponding calculated results.
There exists good general agreement between
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the theoretical curves and experimental points;
this agreement may be observed also in the
more extensive information presented in Ref.
[1] both for the fin and for the cylindrical shell
structure, but for the shell the agreement was
found to be somewhat worse than for the fin.

The scatter of the experimental results
may be ascribed at least in part to the spread
in the velocities measured at different points
on the structure. Thus, the experimental points
may not represent the spatial averages of the
velocities adequately, whereas the calculations
pertain only to such averages.

Driving Point Resisiance

As is evident from Eq. (16), one must know
ae driving point resistance R, i.e., the real
part of the driving point impedance, to interpret
the T, A ratios in terms of velocity ratios
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Fig. 4. Calculated responses of fin panels
to excitation applied on panel B

“V,#> V2. Although this resistanc2 may, at least
in principle, be calculated by classical means
from a complete modal analysis of the structure,
such calculations are prohibitively long, and
their us> would negate the simplicity and brevity

of the statistical energy analysis approach.

Fortunately, it has been shown [10] that at
high enough frequencies the driving point im-
pedance of any finite uniform elastic structure
approaches that of a similar structure of infi-
nite extent. The impedances of infinite struc-
tures are available in texts and handbooks (e.g.,
Refs. 11, 12); the driving point impedance of an
infinite uniform plate is entirely resistive and
is given by

R 8/D m (17)

A comparison of the driving point resist-

ances measured on the test structures with
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those calculated for an infinite plate of the
same material and thickness appears in Fig. 6.
Observe that the experimental data here are
always within an order of magnitude of the
infinite-plate value, that the data points gen-
erally lie below that value, and that these points
cluster more closely about that value for higher
frequencies. From the fact that the experi-
mental values generally are lower than that for
the infinite plate, one can conclude that use of
the infinite-plate value in calculations would
result in predicted vibration levels that usually
are somewhat too high, and thus conservative.

CONCLUSIONS

The results presented in this paper indicate
that statistical energy analysis can be applied
to obtain useful quantitative predictions of the
mean-square vibratory respoases of multipanel
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oscillator, respectively. Twelve checkpoints
are included on the monitor and calibration
panel to provide quick access to the 12 multi-
plexed signals. The -signal at this point may be
viewed by oscilloscope as a multiplex, or it may
be discriminated and viewed as individual ana-
log data signals. This provides convenience in
checking the data signal at the output of the
system.

The technique which makes possible the
multiplexing of 12 wideband channels of a given
tape track is embodied in the conception of up-
per channel translation; i.e., the upper six cen-
ter frequencies (128-208 kHz) are '"translated"
(heterodyned) using a 240-kHz standard fre-
quency to beat with the carriers of these chan-
nels. Thus, 32 kHz combines with 240 kHz to
generate 208 kHz and 272 kHz; through filtering,
the 208-kHz value is selected and the higher
value is discarded. Likewise, 48, 64, 80, 96
and 112 kHz combine with the 240-kHz standard
to generate frequencies of 192, 176, 160, 144,
and 128 kHz, respectively. Translation is ac-
complished in each instance after the basic
carrier has been deviated by the intelligence or
input data. This technique serves to prevent the
carrier deviation ratio from diminishing to a
point which makes recovery of intelligence in
the discriminator difficult, if not impossible.
The block diagram (Fig. 4) and frequency spec-
trum (Fig. 5) illustrate the system design con-
cepts expressed above. Figure 4 shows atypical

CcH VCo
T e
1

48 k2

2

64 KHz

80 KHz

96 kHz

Ll

112 kHz

THIS CKT TYPICAL OF 12
T

multiplex of 12 channels summed and fed to
tape track 6. The six upper channels are shown
with translator. The 240-kHz reference fre-
quency is used in the translation process and is
fed to tape track 6, along with the data, for fu-
ture use in the detranslation process. Note that
the 240-kHz reference signal is positioned well
ahove the data frequency spectrum shown in
Fig. 5, of which 208 kHz is the highest data car-
rier. The frequency of the reference signal is
bounded by the highest data carrier and the
magnetic tape bandwidth capability. Figure 5
shows that the center frequency of each channel
may be deviated +4 kHz to upper and lower band
edge, and that there is an 8-kHz separation be-
tween the upper band edge frequency of one
channel and the lower band edge frequency of
the next higher channel. This separation rep-
resents a compromise between channel-to-
channel crosstalk and frequency spectrum
packing density. A further guard against data
distortion is the use of a modulation index of 2,
which limits the frequency to 2 kHz.

Detranslation is accomplished prior to dis-
crimination by reversing the process employed
for translation; i.e., the 240-kHz reference sig-
nal which is recorded on each tape track with
the data matrix (Fig. 4) is used to translate the
carrier {requencies to their pretranslated values
(Fig. 6). The 240-kHz reference signal is sep-
arated from the multiplex by a reference dis-
criminator and fed to the detranslators, where
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Fig. 4. FM data acquisition system block diagram
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Fig. 6. Data playback system block diagram

it is used to heterodyne the translated frequen-
cies as indicated. Each FM channel may now
be discriminated to recover the original analog
information. At this point, the data are fed to
the oscilloscope or oscillograph for quick-look
presentation, to the analog data reduction com-
puter, or to an analog-to-digital converter for
preparation for entry into a general purpose
digital computer for data reduction.

The outstanding advantages of this type of
data system are as follows.

1. The system provides wideband capability
on each data channel.

2. Use of FM to provide multichannel pack-
ing on each tape track reduces the tape recorder
requirement to a single unit for recording 144
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channels, thus minimizing both tape handling
and channel correlation problems.

3. Both construction and operation of the
system are economical.

4. Operation is straightforward due to the
systematic layout, which minimizes setup and
calibration time and virtually eliminates data
channel mixup.

5. The resulting data are reduced to x-y
plots using rapid, low-cost data reduction
methods.

6. The plots are generated efficiently in
large quantities; thus there is nobacklogof data
awaiting reduction.
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TABLE 2
Power Spectral Density Data for YLR 81-BA-11 ard XLR 81-BA-13 Engines

Engine Model YLR 81-BA-11 XLR 81-BA-13
Serial Number 707 708 709 803 806
Accelerometer Locations rms g

A-1 —TC lug, longitudinal g 9 8 10 - o

A-4 —Gimbal ring, top 6 4 3 b -
A-6 — Thrust mount, left gimbal =€ -C -€ 3 3

A-7 — Thrust mount, right gimbal . 9 11 2 3

A-8 — Thrust mount, act. top ¢ € 20 - b

A-9 — Thrust mount, act. side 28 22 -€ b o
A-10 — Gas generator 17 -2 25 6 8

A-11 — Engine test rig, long. 7 6 =t -b b
A-13 — Electronic gate - oH et - — |
A-14 — Pressure switch relay box -t -4 -d 3 3

2Poor data, not analyzed,

Accelerometers were not mounted at these locations on engines 803 and 806.

€These accelerometer data were not analyzed.
dNot on YLR 81-BA-11 engines.

YLR 81-BA-11 engines: minimum —8 g,
maximum — 37 g

XLR 81-BA-13 engines: minimum — 14 g,
maximum — 40 g

The load cell data at ignition for a nominal
run of the YLR 81-BA-11 engine show 11,636 b,
compared to a nominal of 11,896 1b for the
XLR 81-BA-13 engine. The load cell data for
YLR 81-BA-11 engine 708 were not considered
valid because of load cell calibration inaccura-
cies. The thrust chamber ignition pressure
(P_) measurements of the YLR 81-BA-11 and
XLR 81-BA-13 engines agreed quite well. The
oxidizer manifold pressure (OMP) gage was
saturated during YLR 81-BA-11 engine firings,
and a valid comparison was not possible; how-
ever, the XLR 81-BA-13 engine OMP transient
data evaluation indicated no adverse pressure
peaks.

Table 2 shows the results of the power
spectral density (PSD) data. The data show a
spread of 0.7 g rms measured at the test rig to
28 g rms at the thrust mount actuator side.
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Figures 2 through 6 are typical PSC plots of
the YLR 81-BA-11 and XLR 81-BA-13 engine
firings. The area under the curves of Figs. 2
through 6 represent rms g and is equal to:

‘ 1/ 2
2
ms g J‘ G, df .
"1

where G, = density (g2 /cps). and f = frequency
(cps).

The PSD analyses were made approximately
0.4 sec after thrust chamber ignition. The PSD
plots show distinct peak g (rms) values at fre-
quencies around 900, 1600, and 1800 cps. Most
of the energy represented by the area under
each of the PSD plots cccurs at these frequen-
cies. These frequencies correlate with the oxi-
dizer and fuel pump impeller blade rotational
frequencies of 960 cps for the oxidizer pump
and 1690 cps for the fuel pump at steady state
turbine speed. The predominant 1800-cps fre-
quency point is the first harmonic of the 900-cps
frequency.
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DYNAMIC ANALYSIS OF COMPLEX STRUCTURES®'

M. D. Penton, G. K. Hobbs
Hughes Aircraft Company
El Segundo, California

and

J. R. Dickerson
University of Texas
Austin, Texas

A general computer program for the analysis of structures subjected to static and/
or dynamic loading environments has been completed. The program inclides sev-
eral modeling t=atures which are of general interest to the dynamicist and the stress
analyst confronte: with the problem of analyzing today's complex structures.

The general equations of motion are constructed using distributed mass and dis-
tributed stiffness characteristics of finite element models, thus providing bothmass
and stiffness coupling. The ability to include infinitely stiff elements allows mod-
eling elements such as cylinders (described relative to their geometric center)
which have protuberances or other elements attached to their periphery. The abil-
ity to include flexible and pinned joints as well as zero-mass coordinates in any
combination at any station may be used to enhance further the ease and accuracy in
modeling a complex structure.

Included in the program are routines which will generate a 12 by 12 matrix for any
straight-sided body of revolution with or without longitudinal stringers and for a
constant-section, symnmetric or nonsymmetric beam. Any element not of those two
types may be included by direct placement of externally generated stiffness matri-
ces into the system stiffness matrix.

INTRODUCTION

Many recent spacecraft have been designed primarily by dynamically induced loads, and there-
fore the analytical models used in the dynamic analysis of these spacecraft must be sufficiently
detailed to reflect the dynamic response load gradients. At the same time, the analysis must be suf-
ficiently flexible to allow for rapid synthesis of design loads data and to provide for rapid and exten-
sive parametric studies for structural optimization. As a result cf these requirements, a general
computer program for the analysis of structures subjected to static and/or dynamic loading environ-
ments has been completed.

The general equations of motion are constructed using distributed mass and distributed stiffness
characteristics of finite element models, thus providing both mass and stiffness coupling. The dis-
tributed mass matrix developed is based on the relationship

m j m(x) .i(x) .,(\) dx , (”

which is similar in form to e standard relationship

*This paper was not presented at the Symposium.
tDevclopment of the methods presented here was sponsored by Hughes Aircraft Company, Space Sys-
tems Division, Internal Research and Development funds.
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k. \ EI(x) ©;(x) 9j(x) dx (2)

i) i
0

for the stiffness characteristics of a system.

The ability (o include infinitely stiff elements allows modeling elements, such as cylinders,
which are described relative to their geometric center and have protuberances or other elements
attacbed to their periphery. The ability to inciude flexible and pinned joints as well as zero-mass
coordinates in any combination at any station may be used to enhance further ease and accuracy in
modeling.

Only the available computer core limits the types of internally generated stiffness mairi. s
Presently included is a routine which will generate a 12 x 12 stiffness matrix for any straight-sided
body of revolution with or without variable- or constant-cross-section longitudinal stringers. An
example of th'~ type of element is a honeycomb cone, of variable facesheet thickness, and variable
core thickness, with tapered longitudinal stringers. A second stiffness routine presently included is
for a constant-section, symmetric or nonsymmetric beam. Any extrusion or fabricated section is an
example of this type of element. Any element not of these types may be entered by direct placement
of externally generated stiffness matrices into the system stiffness matrix.

In practice, the phase-oriented dynamic deflections and internal loads are rarely used properly.
However, extension to modal stress analysis including complex deflections overcomes the difficulties
encountered. Static deflections and loads are generated by the inversion of the system stiffness ma-
trix when an inverse exists, and by modal techniques for singular (free-freec) systems or systems
subjected to dynamic loading; i.e., for a fixed system, it is not necessary to incur the expense of an
eigenvalue solution unless the solution is required for dynamic loads or for modes and frequencies.

Output from the program includes (a) natural frequencies and mode shapes; (b) phase-oriented
dynamic deflections, accelerations, and loads resulting {from transient, correlated random, and
sinusoidal excitation; (c) static deflections and loads resulting from uniform and nonuniform static
loadings; and (d) fatigue information.

EQUATIONS OF MOTION

The behavior of a linear elastic system may be expressed as

iM {q(t)} + ICIH{q(t)} + [Kliq(t)!} {F(t)} (3)

where M/, C!, K| are the » - n matrices representing the mass, damping, and stiffness, respec-
tively, ‘q(t)' is an independent, or generalized, set of coordinates, and ‘F(t)' is the driving force
vector. ¥

I ic) is classical, i.e., a linear combination of M and K, then stationary mode shapes will
occur and the analysis is greatly simplified in terms of the size of the equations to be treated. That
is, nonproportional damping requires the treatment of a 2 - 2» matrix equation [1] and hence re-
quires almost four times the storage capacity. For this reason, only classical damping will be con-
sidered here.

Since most structures of interest are lightly damped, one is justified in solving the nondamped
equations of motion. (One may later modify the frequency to take into account heavy damping, since

proportional damping is considered.) To solve the equations we proceed as follows: the homogenous
solution

M'(i(l‘;' + [Kliq(t) {0) : (4)
anticipating a harmonic solution,

(ot = {oh et ®)

174




and therefore
(K] - w2 (M) {9} = {0}. (6)

After the eigenvalues and eigenvectors are found from Eq. (6), we perform a coordinate trans-
formation on Eq. (3). Let

{q} = [9)in}, (7)
where [¢] is the modal matr x from Eq. (6). Substituting into Eq. (3) and premultiplying by «|T
()T M [9){7i(t)} + [@ITIC)[0){n(t)} + (1T (KIlo)in(t)} = [9ITiF()} (8)
Since the vectors [¢] are orthogonal with respect to the mass and stiffness matrices and since

we consider only classical damping, then the equations represented by Eq. (8) are uncoupled and may
be written as

(m){H(e)) + (OB} + [E1int)} = {3(1)}, 9)

which may be solved by the usual methods of differential equations. The results of this solution for
{n,(t)) represent modal deflections in the rth mode as

{q (t)} = lelin (1)} (10)

STIFFNESS MATRIX

The stiffness method is a means of analyzing complex structures by idealizing a structure as a
set of finite structural elements connecting nodal points. The loads acting on the structure are re-
placed by equivalent forces acting only at the nodai points, and the deformation of the siructure is
defined by the displacements of the nodal points. For each element, forces and small deformations
at the nodal points are linearly related to each other through a set of constants which are based on
the elastic properties and the geometry of the element.

In structural mechanics, the relation between force and deflection is written
F} K x| (11)
where (F} is the vector of forces resulting from displacements ‘x' at the nodal points. Thus, any
term of the stiffness matrix 'K! may be found by noting that the element & is the force on coordi-
nate i for a uni displacement of coordinate ;, with all other displacement restrained to be zero.

The stiffness matrix for the entire structure is found by superposition of each of the individua!
elemental stiffness matrices after the coordinate system of the element has been transformed to
coincide with the coordinate system of the structure. This transformation 1s accomplished through a
compatibility relation

{q Com!ix!} , (12)

where {x} is the elemental nodal displacements and ' is the system displacements. The construc-
tion of [Com) is discussed later in this section.

Adding all of the elemental stiffness matrices by superposition results in a system force-
displacement relationship

{F,} K, {q}, (13)

s s

where ‘F_! is a vector of system nodal forces and ' is a vector of system nodal displacements.
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The terms in the elemental stiffness matrix may be determined from energy considerations, with
each term given by

T i e (14)

where : 1is the total strain energy. This relation is a direct consequence oi the principle of least
work.

Calculation of the stiffness coefficients using the strain energy approach is direct but often quite
involved. Fortunately, just as the forces at the nodal points are related through conditions of equi-
librium, a similar relationship holds for the stiffness coefficients. For example, in an element with
two nodal points, only the coefficients at one of the nodes neec be determined, for the remaining
coefficients can be found by a simple transformation. The stiffness matrix can be partitioned to

separate the nodal points such that
{fii} [EJJ 5 ELiW{fLL} (15)
F, Lkll ; kzzJ X2

(B} = Dy d it o [k 03 () (16)

or

F,) = kg dix ) + kg, ){ng) (17)
Forces at one node are related to forces at the other node through the equation
{F,} = [y){F,) (18)
Substitution of Eq. (18) into Eq. (17) yields
[73{F} = [k, ) {x, 0} + [k .0 4in,) (1)

Solving for F,} and equating the coefficients of {x,} and ‘x,} to the corresponding coefficients in
Eq. (16) and then rearranging yields

[k, = D] [k,,] (20)
[kpp) = []1k,,) (21)
Sincn‘the stiffness matrix is symmetric,
Bl = Tk 3¥ = B DA (22)
Substitution of £g. (22) into Eq. (21) yields
[ky,) = [Pk, ) (AT (23)

The complete stiffness matrix for the element becomes

(k,.] : (k,,] AT
0 [ ...... | vt (26)
[y Jlkyy) ' Ly Jikyy ) (AT

Elements of k,, may be determined .rom Eq. (14) or by invertirg a flexibility matrix [2],,; [5],,
relates displacements at node 1 {or unit forces at node 1, while node 2 is restrained. Thus,

Ix, (8,,1{F,} . (25)
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The  's are found from

? 1) l‘ ,‘.r.- . (26)

where . is the total strain energy. Since the strain energy is usually easier to formulate in terms
of applied forces rather than deformations, it is generally easier to determine | ,,' than k, /.

To illustrate this technique, consider the problem of a conical beam with linearly varying sec-
tional properties. The coordinate system and definition of positive forces and displacements are
shown in Figs. 1 and 2.

|
Fig. 1. Representation of coni- No, : T
cal beam with linearly varying /
sectional properties, coordinate u' l H
system and definition of positive
forces and displacements 9 \" (
— o

—V ,(

Fig. 2. Conical beam

je——X
-

Equilibrium equations for a general membrane shell of revolution are

3 b=
z_g (rNgg) + % (Ngg) = Ny cos @ 0
— (fN) + — (N;) + Ny cos 9 = 0 27
N, N,
. — 0.
J 3

where N, is the shear associated with N, and N .

For a conical shell

sin o

r R,'SC«S’.‘

" sin ¢

177



Thus, the equations of equilibrium become

N, .
r —T + cos pN_+ T(N-'s) - Ny cos ¢ 0
et (N,,s) ¢ cos .vN_,s ¢ o (N,) + N,,‘ cos | 0
2 Y
N, 0
or
o
r + ——— + cos 9N, 0
5% )
r—t+ 2Ny, cos 0 = 0
For the general case where
N, N‘ cos
N, ﬁ: sin
Egs. (29) reduce to
N ol
r-a—s’:N:COS'QON" 0
N,
r Ohs‘* ZW‘ cos v - 0.
The solution to Egs. (30) is
A
N = 5
r
N -

l.(__JL__ ‘ B),
r \r cos ¢

where A and B are constants which are evaluated from end conditions.

27

V:j N, cos ¢ cos
0

27
M= J. N, sin ¢ér cos ¢r dv + j N,

()
vid
= sin ¢ cos 2/ (
()
) A
¥ ain ¢ % cos b

Eee——m—
R, cos ¢

2n

fr dfé - j N, sin &r d¢
0

2

: j (—A— + B) cos ¢ cos fr di’ - j. A sin?’ d¢
r cos ¢ r

0

2»

s Sin s sin ¢r df

0

A
B) R, d¢

(28)

(29)

(30)

(31)

(32)




Therefore, from Egs. (31) and (32),

B Vv
7 ocos
VR
A ( M ; L )cos P,
7 sin ¢ 7 COS ¢
thus
(-3)
1 M b\l
Ny 7t | r sin ¥ cos i
(33)
- VR
cos ¢ M 1 "
Nos r? [sin ;s cos ’]sm
The strain energy is
27 n/sin @ 2 2
1 N, NZ
U TI s- <—s + Cs>rdsd". (34)
o o ¢, 2

where for an isotropic case C, - Et and C, - Gt. For sandwich shells C, - 2Et; and C, - 2Gtg,
where t, = facesheet thickness, E = meridional Young's modulus. If lcngitudinal stringers are to ke
added, the thickness in C, only is to be increased to account for the added cross-sectional area.

For a linearly varying C, and C,

where

Ci C, at S S, H sin ¢

C,, C, at S S, H sin 7

Substituting the linearly varying set of C,'s and integrating Eq. (34) with respect to  yields

o b M (e ) (%) - 2 )]

o sin“/ r sin / cos r?

msz_.[ M2 2MVR, ‘\'ZR,I ”‘ (35)

r3 C,| sin% sin / cos & cos?; |

Performing the indicated integration and substituting into Eq. (26) yields

f 14

vv Vv &V -
1 :
—(J,+R21,). (36)
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f 14
V™ M oV teo

 Wlathe - 8, oman,) (37
7 \sin ¢
f 44
MM MM -
1
z L( e 4 cot 3¢ Io) (38)
7 \sin?y

where, for ¢,, - C,,, C,, - C,,,and R, - R,,
I, -8, (RI’CH)
I = 8, (RIJCII)
Ji = SPARIC)
Ja = S2(3R}C,))

or,for C,, + C,,, C,, + C,y,and R, - R,,

1
? Rl’(cll-clo)
Cyy
s, o (&2r)
p Cao
1
% R,“(C“—Cw)
2 C.y-C Cii\
S C,, - - ’n(-—-)
l[( 11 10) 10 Cas J
J =
: RIJ(CII-ch)z
(cfl i Cfo\ 2 Cia
Sl’[ 2 = 2y (€4,-Cyy) + Cyy '"(cIo ]
J, -

RIJ (Cyy - Cm)3

or, for C,, - C,,, C,, = C,,,2nd R, ¢ R,,

13 T’Cl cos |/
_(l it
RS R,’)
I,
2C, cos
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I

J):

1 _.J_)
" (_Rz’_"ﬁ__ 7 R
R 2 R, R,
C, cos
R,? R
Riza _ 1 Lo & 2
F(g7-37) = (% - %) ’"(‘ﬁT)]
C, cos’¢

or, for C,,R, - C, R, = 0, C,; R, -

Coullp=0, B, ¢+ 8,

: 1 1
. B aE Sl
'\r} Rf)
I
i 3(Cyy, - Cyp)
1 1
'SI(ET ';T)
I 2 1
. 3(C21 'Czo)
G {51(1 4 ) %1 1 1 ﬂ
1 3 = =% &
. st R:’ RZZ an
1 cos # (C,-Cp)
.t [R (_1___‘)_(_1___1_)_ R (& -
J : 1 1 RZZ R]Z R2 Rl 3 Rz_] R
. cos ¢ (Cyy = Cyp)?

or otherwise let

then

R,
o= —S—(C“-Cw) - C,, cos ¢
1
. R,
s 5 (Cyy=Cop) = C20 cos 7 ;
1

IR 0 R | .,(Cll—clo)l
2a (Rzz Rlz) 2 S‘ 2
_l_,n(CZI Rl)

B Cyp R,
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1 1
-Sl [(-R7-" ]?) + 2Cl0 cos ¢ IJ]
2

(C“ C,0) cos ¢

S, R, . 1
-$;,{—-17J, s_,(c“'c“’) = Cyp cos ] i ClORlIJI

(Cyy-Cyp) cos ¢
Inverting (f,,] yields (k,,].

From static equilibrium the relation between the shear and bending moment at node 1 to the
shear and bending moment at node 2 is

rv, -1 0] v,
(39)
M, -L -1 |m,
or
-1 o]
[y = (40)
L -1}
Having found (k,,i and [,], the remaining coefficients can be found using Eq. (24).

It is required that a transformatior watrix be generated to rotate the elemental stiffness matrix
into the system coordinate system. That is, form the matrix (C om] such that

{q} = [C om]{x}, (41)

where {x} is the elemental coordinates and {q} is the system coordinates. The construction of [Com]
consists of either finding the direction cosines of each elemental coordinate with respect to each
system coordinate or finding the projection of each unit elemental coordinate on each system coor-
dinate, both of which are simple problems in geometry.

JOINTS

The effects of joints on mode shapes and frequencies are well known; even so, joints are often
omitted from dynamic models.

Presented here is a systematic method of including both pinned joints and spring joints in the
stiffness matrix of an element. The approach used is to modify an elemental stiffness matrix by the
use of influence coefficients at each end for spring joints and the static removal of degrees of free-
dom for pinned joints.

Spring Joints

-~

Given the elemental stiffness matrix (K,! and the influence coefficient matrix [a] of the joints
on the ends of the element, the deflections including the joints are related to those not including
joints by the transformation shown in Fig. 3, where

{x,~-x,} = [al{F} , (42)
but

{F} = [K,J{x,}. (43)
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e *" . .
/)—'/}"’” )—"/L“

Fig. 3. Transformation relating deflections
including joints to those not including joints

Solving for x, in Eq. (42) and substituting into Eq. (43) yields:
{F} K ] (- [al{F} + {x,}).

Solving for {F} yields
{F} = ([ 1] + IK,)[a) )" IK,]}{x,}.
Thus, the new stiffness matrix for the element which includes spring joint flexibilities is
K,) = ([1] + [K,][a])"? [K,] . (transformation 1)

Note that [a! is not necessarily diagonal.

Pinned Joints

To incorporate pinned joints, it is imposed that zero external forces be applied to the degree of
freedom in x, corresponding to the pin joint. The force deflection equation is partitioned such that

b e

Expanding yieids

(Fi} = (Kl dxg) + [, )ix,) (44)

{0} ’K“Hxi‘* + {K”]'.xj) : (45)

Solving for x; in Eq. (45) and substituting into Eq. (44),

(F;) = K, Mx,) - (K, )[K;;)°" (K, )ix;) (46)

(It must be noted that (K. ;| may be singular unless care in modeling is taken to insure that no rigid
body motion is possible.

Rearranging Eq. (46) yields

{F,} = (IK,

[ 1=1 § 1 4
}" lKI’}[K,,I "K]i ) Xi

Thus, the new stiffness matrix for the element with the inclusion of pin joints is

1 (transformation 2)

e T -1
K, .l(“] K,
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For elements with both pinned and spring joints, both transformations 1 and 2 must be applied
sequentially.

INFINITE STIFFNESS

In many structures, it is convenient to use infinite stiffness elements in conjunction with joint
flexibilities as a means of reducing degrees of freedom without losing significance in the structure
to be analyzed.

Consider the case where a substructure is composed
of three elements as represented by Fig. 4. Suppose that it
LEMENT 2 MASS 4 is necessary to represent this system by only two mass sta-
MASS vt MASS 3 tions, say mass 1 and mass 4. Then elements 1 and 3 may
ELEMENT 3 be treated as infinitely stiff if the appropriate flexibilities
are introduced as joint flexibilities at the ends of those ele-
Fig. 4. Representation of men.s. It may also be expedient to treat elements such as
three-element substructure cylinders with protuberances as having infinitely stiff exten-
sions from their points of description (geomet-
ric center) to the end of the protuberance. For
example, consider the cylinder represented by
Fig. 5. H the cylinder has stiffness properties
E described at station 1 and if it is required to
\, AeLevenr attach the beam to station 2, this operation is
s 3 accomplished by (a) making element 1 infi-
nitely stiff and including the local flexibility of
the cylinder at station 2 as joints at that sta-
tion, and (b) requiring station 2 to have zero
mass.

If it is necessary to use a rigid element in
the dynamic modeling of a structure, an infinite
magnitude term will be present in the stiffness matrix. To avuid the implications of an infinite term
in the stiffness matrix, the displacement of one end of the element possessing the infinite stiffness
may be expressed in terms of the displacements at the opposite end combined with rigid body
rotations.

MASS 2

Fig. 5. Representa-
tion of cylinder with
protuberance

k5 "u
{ %2 *8
o [ ——— -
!5/7"—..‘ ! _LZ) "y _'T(.}
VA g
s *12

Fig. 6. Rigid element in
a dynamic model

Suppose, for example, that it is necessary to include a rigid element in a dynamic model (Fig. 6).
One method of treating this problem is as follows. The displacements at end 2 (see Fig. 6) can be
expressed in terms of displacements at end 1 by

{x,} = [Blix,} (47)

where [J] is the rigid body compatibility matrix
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(Y 1 o o o o o] (xﬂ
Xg 0 1 R | R X,
Xq P 0 1. 04 © J Xy
{ \ (48)
X0 T (AR () 1 0 o0
Xy b 8 0 b 1D X
> o 0 0 0 1
\x|2J L _J \XGJ

Therefore, for the complete system consisting of many elements, some of which are infinitely stiff,

{.x"k} [l]x’ (1) {x} 49)

where the x. are the redundant coordinates to be eliminated, [ 1] is the identity mat.ix, and [T] ex-
presses the relationship between all dependent coordinates.

Operating on the equations of motion yields

(TIT {m] [T) {%(t)} + (TIT [ [T) {x(t)} + (TIT (k) [T) {x(t)} (TIT{f(t)} (50)
or

IMI{q(t)r + [Clig} + [Kliq} - {F(t)} (51)
where the ‘q! are generalized coordinates.

However, if we are analyzing a structure requiring 250 degrees of freedom and use a computer
that will multiply in 10 machine cycles and perform at 0.5 X 10® machine cycles per second, then
approximately S5 hr is required to perform the multiplications indicated in Eq. (50). Therefore,
this approach is impractical.

The generality of the above approach will be sacrificed for a more usable approach which is
limited to infinitely stiff extensions and which will suffice if only one flexible member is attached to
the infinitely stiff member. In practice, many members may be connected to an infinitely stiff ex-
tension by treating each member as being attached to a different extension, although the extensions
are really one and the same. Care must be taken to insure that all these extensions remain coinci-
dent; i.e., there may be no joint flexibilities at the mass station where they are joined. Therefore,
the only generality sacrificed is that an infinitely stiff extension must be infinitely stiff in all direc-
tions, whereas the previous approach would allow infinite stiffness in selected directions. This re-
maining loss may be overcome by the inclusion of the proper joint flexibilities on the ends of the
extensions.

The alternate approach is as follows (see Fig. 7). Denote the coordinates at stations 2 and 3 by
‘q..' and those at stations 1 and 4 57 ‘q ', both systems being aligned with system coordinates q .

2 <
Fig. 7. Rigid element . ELEMENT 2 /
in a dynamic model k2 R
y o ELEMENT | \\3)’/ ELEMENT 3
The transformation thai relates forces at ‘he ‘4 coordinates in terms of forces at the ‘q.. coor-

dinates is to be found.

The strain energy of the flexible element may be expressed as
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1 T 1 .
U = 2 {qg,}T [Ky,! {ag,} (52)

Since an infinitely stiff element can possess no strain energy, and since strain energy is in-
variant with respect to a coordinate transformation, the system of all three elements must possess
the same strain energy,

U - 3 {a)T Kl {a} . (53)

Redefining () in Eq. (47) as

{qz,} = [Bl{aq}. (54)
and using the reversal law of transposed products,

T. (q)T (8] (55)

4 }
Ua g

Comparing Egs. (52) and (53) after substituting for the displacements from Egs. (54) and (55),
we see that

{q'T (K] {q} ‘q‘T‘.-'f‘*T!K.,,).»'Hq'. (56)
and, since this equation must hold for all {q’',
Xl = (AT (K,,] 16] . (57)

Defining ,L, as the length of the projection of the infinitely stiff element 1 on the system ith
axis, and similarly for L, , then it is apparent that

G : o
. 8 6.3 Ko “ehut
1
CH e AT e ) iy ¢
1
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. 0
¥ o 0 24 0 0
1
0 0 0 0 1 0
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(A i e M A A g e o, B e (58)
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The joint flexibilities associated with stations 2 and 3 must be used to modify kK. _' before per-
forming the operation indicated in Ea. (57). The joint flexibilities associated with stations 1 and 4
are used to modify K/ after using Eq. (57).

It is clear then that all of the generality of the previous method is included in the alte~uate
approach. Since all operations are now performed on elemental stiffness matrices irstead of the
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system stiffness matrix, computer time is reduced to less than 1 sec for each infinitely stiff element,
as compared to a total time of approximately 65 hr for the previous method.

MASS MATRIX

Much has been done on the generation of stiffness matrices for elements, but relatively little
has been done on the generation of a realistic mass matrix. The old tried-and-true methods of
lumping masses to generate a diagonal raass matrix may be fine for some systems, but problems
occur depending on the desired results. The simple uniform cantilever beam represented as a sin-
gle lump at its end is an example of such a problem structure. K it is desired to find the fundamen-
tal frequency of the beam, it is necessary to lump 34/140 of its mass at the end; but then luads at its
base are in general not correct. If a different lumping is used to produce the proper shear load at a
given frequency of excitation, then the natural frequency and moment will not be correct, etc.

A realistic approach to eliminate the problem of lumping mass is not to lump at all, but to gen-
erate a system mass matrix which incorporates mass coupling. The method presented here is to
generate a first approxirnation to the elemental mass matrix and then to generate the system mass
matrix by simple mairix manipulations.

By use of energy considerations it is shown [2] that a first approximation to the mass matrix for
an element is

m, g m(x) 9;(x) 9;(x)dx, (59)
©

where m(x) is the mass distribution and 7, (x) is an assumed deflection of the element with coordi-
nate k displaced unity and all other coordinates fixed. The :(x)'s used for the coordinate system
illustrated in Fig. 8 are as follows:

’5 .n
2 f—_" 8
Fig. 8. Coordinate system I . B )t 7 M0
3 Yy 21 9
P ’
X
.l(x) l - -'—'
3x? 2x3
va(x) i - -t -
v3(x) 7,(x)
X
Pal%) = 1 - —
2x? x®
518 Rl A Bt
6(X) s(X)
,(x) l
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pp(x) = o o 2X_
Pg(Xx) = wg(x)

P10(x) =+
PagiX) = vt

P12(%) = 94,(x)

Performing the indicated integration in Eq. (59) for a mass distribution associated with a cone
of linearly varying thickness y:elds the elemental mass matrix

:1.1 ol TR 7
o 19 | My, 8 M2 8 My, 12
M3 3 Ms.s M3 9 M3 11
My, s Mg, 10
Ms. s Ms 9 ®s., 11
(m] Ms. 6 Mg, & We 12
By.7 Wy 12
S Mg, 8 Mg, 11
.o My ge
Mi0.10
Mie, 11
Wy2.12
where
291 A
m, o0 (12¢t,r, + 3r|t2 + 3'2‘1 + 2r1tz)
2k
m, , —-6-0—(31|r|0 2r,t, + 2r,t, 4+ 3r,t,)
my g —6;‘30—'“451,” ¢ 35r,t, ¢ 35r,t, ¢ 196,t,)
2..’:2

m, 5560 (195t ;r, ¢ 75t,r, + 75t,r, + Slt,r,)

> o d

2.8 —4—2? (Blt,rl - SStzrl - SSt‘rz ‘ 82t2r2)

3 V2
- 2114
my 12 -W(l.ﬁl,r, + 17(2I'| + 17('1'2 + thzrl)
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These results degenerate exactly to the consistent masses presented in Ref. [3]. It must be noted
that the above mass matrix includes only the structural mass of the elements. '"Non-load-carrying"
masses such as components and bracketry must be added separately.

Once the elemental mass matrices are generated, they are transformed in.o system coordinates
and added to the system mass matrix in exactly the same manrer that the elemental stiffness matrix
is added to the system stiffness matrix.

TREATMENT OF A SINGULAR MASS MATRIX
If coordinates exist in the structure where there is very little mass or where it is undesirable

to expend degrees of freedom, one may retain the stiffness properties of the structure by placing a
zero mass at the point in question. The generalized equations of motion are then partitioned as

follows:
l—“u My, {dl(t)} Cia clz- {E‘l(t)} Ky Klz-‘ {q,(t)} {F'(U} (60)
LMu Myo| Ld(t) Car Cap | lay(t) Lo KnJ q,(t) Fp(t)

where the q, refers to the zero-mass coordinates.

If it is required that no inertial forces and no damping forces are applied at the zero-mass co-
ordinates, then the following relationship may be used to eliminate the zero-mass coordinates:

(K, {q,(t)} + [K,,l{q,(t)} = {F,(t)}, (61)
and
{q(t)} = [K,,)"" ({F(t)} - [K,,){q,(t)}). (62)

Note that (K,,! is not singular unless there is no mass at coordinates such that the order of IK,,| is
greater than the rank of the original system stiffness matrix, or unless rigid body motion of the q,(t)
coordinate can occur.

Substituting Eq. (62) into the expansion of the upper half of Eq. (60) and rearranging yields
M, 4G, ()} + [, Ha, ()} + (IK,,] - K, ) IK,,]7" [K,,]) {q,(t)} = {Fy(t)}- [K,,][K,,]"" {Fp(t)}, (63)

where the mass matrix is now nonsingular. When {q,(t)} is found, {q,(t)} is determined by the
use of Eq. (62), and therefore internal loads and displacements at a zero-mass coordinate may still
be determined.

DYNAMICAL MATRIX

Having found the final form of the system stiffness and mass matrices, it is now desired to con-
struct a system dynamical matrix. The standard approach of

(D] = (MI-! [K) (64)

ur
D) = [KI-' M), (65)

in gencral, develops a nonsymmetric dynamical matrix. It is often necessary, however, to generate
a symmetrical dynamical matrix for the use of most eigenvalue-eigenvector computer programs.
With some ol these computer programs, an added advantage is that only half the dynamical matrix
need be generated, thus minimizing storage requirements. A standard procedure for generating a
symmetrical dynamical matrix is to perform a coordinate transformation by mass weighting the
system coordinates, thus:
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R ———————

-

{7} MY 2{q}, (66)

where {7} is the new coordinate system, (M| is the system mass matrix, and {q! is the initial coor-
dinate system. The dynamical matrix is now formed as

D) = M-T'2[K][mM)-1/2 (67)

yielding a symmetric dynamical matrix (D!. When (M} is a diagonal matrix, the formation of (M]' 2
is simply

L 0

(M1 ? - s (68)

But, when (M| is not a diagonal matrix because of mass coupling, the generation of (M) ! 2 is much
more difficult. An effective way to produce a pseudo ™' ? is found in Ref. [4]. A matrix (B) is
found such that

(Ml = [BIT(B], (69)

where (B! is a triangular matrix and is generated by the algorithm

je1 1/2
2 )
Bii <“n @ Bik) for i = j.
k=1

1=1
<"i, = 2. BikBjk>
k1

B, . for i $ j
i)
nii

and (70)

Thus the new dynamical matrix becomes
D (Bi-! K] [BI-T, (71)

which is symmetric. The eigenvalues of the system have not been changed from the original system
coordinates, and the eigenvectors may be transformed back into the nonmass-weighted system by the

inverse of Eq. (66). Thus eigenvectors of Eq. (71) as (°} are converted to eigenvectore of Eq. (64)
as {7} by

(Bi-!{} (72)
CONCLUSIONS

The procedures described above are presently used by Hughes Aircraft Company, Space Sys-
tems Division, in the comiputer program Matrix Analysis Routine for Structures (MARS) on a G.E.
635 computer. Present size limits are 246 degrees of freedom, 100 zero-mass coordinates, and 100
mass stations. There are no restrictions on the number of elements. Most computations are per-
formed in double precision, including the eigenvalue and eigenvector solution which is a modification
of the Share program BIGMAT SDA 3202-01. A model of a dual-spin spacecraft consisting of 44
masses, 55 elements, 96 zero-mass coordinates, 38 infinite stiffness extensions. and 82 sets of joint
flexibilities required 12 min of computer time to generate the system dynamical matrix and to solve
for 50 modes and frequencies.
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