TG 981
MARCH 1968

Copy No.
'\
'.2 Techmeal Memorandum
‘; AIR PROPERTIES AND FLOW
<< CONDITIONS AROUND THE NOSE

OF A BLUNT RADOME

by M. B. TATE

DDC

cPnaR
APR 2 9 1968
el Ul

C

P TORNS HOPRINS UNIVERSITTY o APPLIFD PHYSICS TABORATORY

i
- -3




THIS DOCUMWNT IS BEST

QUALITY AVAILABLE. THE COPY
FURNISHED TO DTIC CONTAINED
A SIGNIFICANT NUMBER OF
PAGES WHICH DO NOT
KEFRODUCE LEGIBLY.

THIS DOCUMENT CONTAINED

BLANK PAGES THAT HAVE -
BEEN DELETED REPRODUCED FROM
BEST AVAILABLE COPY




TG-981
MARCH 1968

Techuical Memorandun

AIR PROPERTIES AND FLOW
CONDITIONS AROUND THE NOSE
OF A BLUNT RADOME

by M. B. TATE

THE JOHNS HOPKINS UNIVERSITY « APPLIED PHYSICS ILABORATORY
8621 Georgia Avenue, Silver Spring, Maryland 20910

QOpereting under Contract NOw 68-0604 « with the Department ot the Nevy




r THE AIME HOPR e UNIVERBITY
APPSR P v sic B | ABROMAYORY
B vgn Unfine Mak dhi

ANSTRACT

In ardor to correlate data obtuined in tente at the Ordnance
Acrophysics Laboratory onVon Karman radomes with theoretical analy-
son of thermal strosses in ogive radomes, the temperature and flow
conditions around the noae of a blunt radome weroe investigated and the
results are reported horaein,

The blunt nose causes a doetached shock wave to form with a
transonic flow region developed hetween the wave front and the nose.

Approximate solutions for the velocity components in the highly nonlinear
bohavior are obtained, and detachment distances compared with published
oxperimenta] data. Subsonic and supersonic compresasible flows are

studied, and the incompressible case is shown for comparison,

Two numerical examples are given to illustrate the evaluation of
initially unknown exponents and the computation of constants in the ve-
locity equations.
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INTRODUCTION

The OAL* aerodynamic heating tests (Reference (1) were conducted on Von Kami.n
radomes. Theoretical analyscs have been developed [or ogive radomes (Refercence “2V)
for the prediction of thermal stresses. Tuempsrature~dependent material pirupertles
were Lnvestigated in Reference (3) and radome characteriatics in Reference (4).
Basad on thoae investigations, it was concluded that the principal factor in
expression of the diiferent equations and correlations hetween teat and theory
in the conrdinate angle ), which wa Jefined in Figure 1.

The authors of Reference (5) have pointed out that there are no theoretical
solutions for flow conditions behind a detached shock wave and along the surlace
of a blunt body, but they do present experimental data that is plotted in Figure
2 for a sphere. The test measurements were obtained for the ratio (ho/Ra) of the
detachment distance divided by the spherical radius,

Since 1957, a great many investigations have been successfully conducted on
high-speed flow problems (References (6) to (16), inclusive). Russian scientists,
References (6) and (7), set up a system of integral equations that they solved
numerically by extensive computer programs. These procedures were adopted and
extended in the USA between 1958 and 1963, as discussed in References (8) through
(12)**, In the field of physical chemistry, Lighthill (13) and Whitman (14)
develouped formulas for shock detachment distances based on gas lonization and
dissociation phenomena. Later (1964), experimental techniques for measuring
detachment distances were described in Reference (15) and numerical methods for

the calculation of flow properties were again reported in 1965 (Reference (16)).

The present study grew out of the need for analyical [unctions in thermal-
stress analysis. The investigations reviewed in the preceding paragraph lead to
valusble point=to=point numerical data on flow characteristics; and the function:!
forms gained herein, usually by the insertion of empirical coefficients, Jurnish
mathematical expressions that are applicable along a radome surface in terms of

the radome coordinates, which govern the thermal=-st ¢ss behavior,

The relationships are especially necessary at and qear the radome nosc wher

the maximum temperature occurs, and the thermal stresses tend to increase owing to

* Ordnance Aerophysics Laboratory, Ceneral Dynamics.,
*% An excellent bibliography is given in Reference (12).
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Fig. 1 VELOCITY COMPONENTS AHEAD OF AND BEHIND A DETACHED
SHOCK WAVE




LKL AL S e e

o 6 8 4 9 s r £ 1
0
O~ k‘.r 1 <r S —
$°0
o L =6 o
=We ) d
. L smg
o
{ t oL ™
-
TYOIL3¥03HL a
(r 43¥) TVINIMNIIXI O z
z
° -
-oz-way | o*d st =
i=a | W +a **d 3
! =
| _ "
— 0z o
~
I- X = e
» u
viw om
vpw "x = u!& s
p—q |ereXi T v - aw d
_ 0t
@ n Mg R MY Py ey P T S S S ST ey e T

THE JOMNG HOPKING UNIVERSITY
APPLIED PHYSICS LABORATORY
BIULVER SPAING MARYLAND

FUIHIS ¥ B0 SOILYY LNIWHOVLIA NOOHS T 6'd

°W ‘HIBWAN HOYW

g

= Ty Fea g e

p——y

o
B

oM




THE JOHNS HOPKINE UNIVERSITY
APPLIED PHYSICS LABORATORY

SUVER BPMNG MARYLAND

the small curvature radii that prevail in this region. The componental velocity
equations are presented and discussed in the ensuing text, and they are derived

in the appendices. Two numerical examples are worked out and the results tabulated

in the final appendix.

NOMENCLATURE

The following notations are used in the text and appendices of this report:

A,B,C,D: Constants
F: Function
J,K: Congtants
M: Mach number
P Function
R: Radius, inches
T: Temperature, °F or °R
U: Function
v: Velocity, fps
X,Y,Z2: Cartesian reference axes
a,b: Cons tants
c: Sonic speed, fps
h: Displacement of a detached shock wave, inches
k,m,n: Exponents
p: Pressure, psi or psf
q: Exponent
T Radius, inches
x: Auxiliary variable (x = R/Rh)
o; Angular coefficient, radians
g: Shock wave angle, degrees
Y: Ratio of specific heats, cp/cv, (v = 1.4 for air)
A Constant
p: Density, scf
v Coordinate angle, degrees or radians

J

~
Ayl

— e

L

P
o~




L B SR S =S ™

 S—

THE JOHNS HOPKINS UNIVERBITY
APPLIED PHYSICS LABORATORY

SILVER BPRING MANYLAND

The following symbols appear as subscripts:

a: Values at surface '"a"
n: Normal

o: Free-stream values

p: Pressure

s: Stagnation

t: Tangential

v: Volume

Wi Shock=-wave values

R: In radial direction
v: In ¢ direction

DETACHED SHOCK-WAVE LOCATION

Approximate Formulas--The detachment distance h, (Figure 1) is the distance along

the geometric Z-axis between the shock wave and the radome nose. It is contained

in X as
W

(1)

where Rw is the radial distance from the origin to the wave, and Ra is the radius
of a spherical body. Therefore, Xw is a dimensionless ratio, and the variable

ratio is
X = R/R, (2)
with R being the radial distance to any point in the flow region, and R is

positioned by the coordinate angle § as sketched in Figure 1.

The detachment distance (ho) is contained implicitly in the relation
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T x (m¥lenk) ZL:L:-fl—-] (3)
[} w m+n

W

whaerein the exponents (k, m, n) are dependent on the fresvstream Mach number

(Mo), the vadome dimension R.. and the aire-property ratio v = 1.4 which 1a the
spacific-hcat rativ (y = cP/cv). The densities appearing in equation (3) wceur

at the radome=-nose stagnatiun point (pw‘> and immediataly behind the wave (pwn)

on the Z=axis. Mathods for the calculation of exponents k, m, and n are deacribed
in the appandices, and the densities are computed from the well known formulas
which follow,

e
P (y+1) MP v
F&:‘ " | TIGAD) (4)
p, (v+l) M]

Poo © () "7+ (yel) H: (3)

The densities (4) and (5) can be calculated directly when MO is known or assigned
and with v = 1,4, Calculations involving equation (3) are normally carried out
by the trial-and=error method, and the various relationships are discussed more

fully in the appendices.

Experimental Data~-Test data on detachment lengths are reported in Reference (5)
‘or spheres, circular cylinders, flat plates, and flat nosed bodies of revolution,
The tests were conducted by the NACA, NOL, CIT, and in JapanX The discussions

in the present report pertain to the sphere only, and the test data plotted in
Figure 2 were obtained from Reference (5) p. 105,

* NACA = National Advisory Committee for Aeronautics,
NOL = U.S. Naval Ordnance Laboratory.
CIT = California Institute of Technology.
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AIR VRLOCITY RQUATIONS

dngvmpresaibls Flows==The squationa for incompressible flow are given for purposes
of coupacison (Appendix A) and ave!

Vy ==V, con ¥ (1 - #) , V' =V, winy ‘l * T)h') (8)

where X ia the variacle ratio X = R/R.. and the velocity that ia tangential to
the apherical surface 18 shown beluw,

v, * (V*)n T = LSV siny (1)
a

Subaonic Compregaible Flow=-The velocity compenents for subscnic and sonic M,%1)

compresaible flow ara taken from Appendix B as follows:

VR a e Vocoa *[ g‘j + A cos®y sin a(x-l)] a)
V. ain § 3AR cos®y
V* ™ -O—R_-_ g-r - "——%—-— (1 + cos a(x-l)l (9)
w
R UO!
R .- A
X= » o - ’ A= (10)
R. xw-l an

where sin ¢ ():w-l.) = 0, cos @ (xw-l) = 1, and U is a power function of R expressed

in terms of the variable X as written below.

m

DS

-
ax"

R
u--k-‘( (1t,

1
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The exponenta (k, m, n) emploved in the function U depend on the freesstream
Mach v mber (Nﬂ). the radome dimenaions, and the ratio y of the specific heats
of atr. KEvaluations of the exponents are explained in Appendix D, and numerical
values are obtained in Appendix B, From the latter appendix with Mo = 1, the

r——
L

St

numerical results ave!

M o» ] me 0,1, ne 1,6204; kw 12,282 (12)

0

and the velocity which is tangential to the outer surface of the sphere pictured
in Pigure 1 s i

» [ ) - 108 . “
Vo (V*)n i R. v ein ¥ (1.28-0,4 coa®y) (13) ‘]

which can be compared with the A of equation (7) that was derived for the .
conditions of {ncompressible flow.

Supsrsonic Compressible Flow=-When the free-stream flow is supersonic (M >1), the ¥

components of velocity between the shock wave and the aphere (Figure 1) are »
devaloped in Appendix C in the form given below. \

v B ain oy (X-1) ;
VR = -Vocoa v[ -53— + Co'f* + A cos®y sin a(X-1) (14) o
V sin ¢ BR cos @, (X-1)  3AR cos®y { }
) | KU a 1 - a -
V* . U\', + % prye 1 + cos w(X~1) (15)
KR U’ :
R n aw
Xm =, o= . o = . A= (16)
R, X,-1 1T <D ol .
B = —-—,,-2 K =1 (17) i
(Y+1) MO ! Y+1 ¢ J
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The trigonometric functions at the outer boundary (X = )g') become ain o, (xw-l) -],

;] cos n\(xw-l) « 0, ain a(xw-l) = 0, and com a(xw-l) » =]; and, at the inner boundary
(X = 1), the sines vanish and the cosines equal unity. The function U ia defined
;l by equation (11).
For large values uof Mn. the cunatant o (equation 17) can be negplected; and

i numerical results from Appendix K are: (Sue Appendicos €, D, and E)
V)
. M, = 6 m = 0,927; no= 1.4 k w1 (18)
) vV, =V, siny (1.129 - 0,0114 cos V) (19)
" TEMPERATURE RELATIONS

\

N Inasmuch as the present investigation wes made to find suitable analytical

\ functions for the computation of thermal stvesses, the velocity funct.ons are
,‘ employed to represent temperature discributions over the radome nose, By means

of the air energy equation, the surface temperatures (Ta) are expressed as

vé .y v
| T =T +=-2%38 .7 . (20)
i a o 2 o s 2 n

in which Ts - ('I‘)x_1 Y=o is the stagnation temperature at the radome nose, and
1

[ —

cp is the constant-pressure specific heat of the gas. Consistent with v = 1.4
for air, we have

cp = 6,006 (fps)?/°R

so equation (20) can be written

v,
Ta = T = 17012
o
9
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and, with equation (13), one can find V..

Ku ]
B
V. -Volin‘[i‘:a: +QT—OO-;'-*- -ﬂ—ggl—l] (23)

For a specific radome, we shall lat

KU
.R-I.J-‘-AO' g:--ﬁ. SA-A. (24)

aw
and write equation (23) in the following manner.

V = Vsiny¥ (A + Alaecat - A‘coa'*) (25)

One of the advantages of the preceding type of equation, arising with radome noses
that are only approximately spherical, is that the Ai can be found empirically
rather than by applying equations (24).

By placing equation (25) into (25), we find that T. can be expressed as a

series in cosy; i.e.,

Ve n=3
T, =T, - 32;- an(cost)zn (26)
p
n=-2

where the an are listed in Table 1 below.

Table 1 ~ Series Coefficients a,.

e mm—— o

n a

-2 Aﬁ

1 NOWN

K - 28 (a+ &)
28, (A - &) - A
Ay (24, + A7)
Ay

10

O ==

-
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In the manner just described, we can obtain integrable functions of ¥ that are
applicable tu the theory presented in Reference (2) for radome thermmal stresses.
The calculations with equations (25) or (26) must in all cases bu restricted to
values of the coordinate angle in the vange 0 < ¢ = §, , where §; is the Mach

angle computed from
cos ¥, = 1/M 27)

and, in general, since the approximations limit the analyses to small angles,
one should probably not extend the calculations beyond about 30° even when v,

axceeds this value.

DISCUSSION

The approximate solutions obtained herein have been checked in a few
instances with experimental data and seem to bz satisfactory [or engineering
calculations. iowever, the limits of their applicability have not been fully
determined at this time, and it appears that they should not be employed much
beyond § = 30°,

For calculations with angles larger than y; = cos~t (l/Mo) when this angle
is less than 30°, the analyst would need to omit the secew term that occurs in
equations (14), (15), (23), (25), and (26) and fit a solution of the kind re~
presented by equations (8), (9) and exemplified by (13) and (19) to the interval
¥, Sy = 30°.

CONCLUDING REMARKS

It is tentatively concluded that the velocity tangential to the radome
nose for which analytical expressions ave derived in this report, can be used
to compute surface temperatures that are suitable for the prediction o. thermal
stresses.

Furthermore, it appears that empirical cowfficients can be employed

to obtain semiempirical funct-ons in the preseat solutions ir cases




THE JOMNE HOBRINGE UNIVERS:TY
APPLIED PHYSICE LABORATORY
MLVER BaRING MARYLAND

where the radome nose is a nonapherical body of revolution, which is the situation
that arises when one has to deal with the Von Karman radome.

12
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APPENDICES

Appendix A: Incompressible Flow==The equations of fluid flow are nonlinear, and

their general solution is unknown. To illustrate the procedure for obtaining
approximate solutlions, we shall first consider the case of incompressible flow,
which also provides a limiting case for useful comparisons.

The boundary conditions (Figure 1) are:

(V)R - © -V 1y (VR) - -VOCOB *, (VW) - Vo sin w (A‘l)

=0, (V*) = V(¥) (A2)

and for axially symmetric steady flow, the continuity equation is as follows.

9(prRV.) 3(prv,)
— R ""J‘aw =0 (A3)

In polar coordinates (R, V), the crogss-sectional radius is r = Rsin {; and the

density is nearly constant when the free-stream velocity V° is small enough to

assume that the flow is incompressible. Under these conditions, one knows that
equation (A3) can be solved by employing a power function of R multiplied by a

sine or cosine function of §. Therefore, in order to satisfy the boundary

conditions (Al and A2), one chooses

. U . v
VR Vocos v iR VoU cos ¢ (A4)

where U = U(R) is a function of R alone. From potential theory, we have

avR B(RV*)

3% 2R (A5)

13
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which together with (A4) leads to

V U sin
v, = =2 '

' = . ' (A6)

If we further select U as a power function in the form

U= R+ (R/n)(R/R)T = R (X +1/nX") (A7)

where the variable ratio R/R. is represented by X = R/Rn and n is an undetermined

exponent, the first derivative is
Ut - - 1/%7 (A8)

and the boundary requirements (Al) and (A2) are fulfilled by equations (A4),
(A6), (A7), and (A8).

The unknown exponent n is found by substituting the foregoing relations into
the continuity equation (A3) with the constant density term cancelled from this

equation, as shown below

'g'i [n’ siny cosy (1-1/x“"'1)} - %*- [n. sin®y (x+1/nx“)] . (A9)

which tells us that n = 2, And the velocity components become
Vg = *V_cosy (1-1/x3), Vy = +V eind (1+1/2x3) (A10)

which is the classical solution for this problem. When R = 3R. and 4R‘, the

components are

'\ = =0),963 Vocoo v (V') = 1,019 Volin v (All)

)
R X3

X=3

14
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(v = -0.984 Vocosw, w,) = +1.008 Vosin L] (A12)

)
Ryt V xmty

(= bt

t M

from which it is seen that the values required by (Al) are quickly approached. ;
Along the spherical surface (Figure 1) where R = Ra’ the velocities are

v 2 (v

) =V w+1,5V sin { (A13)
X1 Ve @ 0

R

Lo

and it is observed that the tangential velocity increases from zero at the

S

stagnaticn point to Va = 1,5 Vo at each side where ¢ = 90°. According to

Reference (5), the latter velocity approximately equals the free-stream velocity

{ CE}

vV, vhen ¥ = 90° in the high-speed compressible flow of air.

Appendix B: Subsonic Flow--In the consideration of subsonic flows that approach

- the sonic range (Mo = 1) as an upper limit, we employ a more general function U
;} than the one given by equation (A7). It is
' k
R
: U=f‘-§1—+-—1; (B1)
nX

:I in which k, m, n are undetermined exponents, and we take the density as

p =P(R) F (). (B2)

b

where P is a function of R and F is a function of V.,

-

At a finite radius R = Rw, as yet undetermined, the boundary conditions

are

Mpee =V, (v,) = -V cos §, v,) = +V sin ¥ (B3)
ReR, © R ReR, o ¥ ReR, o

and along the surface of the sperical nose of the radome, the boundary require-

ments remain as specified by equations (A2).

15
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The energy equation states that

v Vo
(o]
'1'$=-'r+2cp-1‘o~0~2cp (B4)

where Ts is the stagnation temperature. The pPreceding equation can be expressed

T
S . B (25 )) /o
T 1+2CPT 1+ 2 (B85)

and with isentropic compression, the density can be calculated from

1 L
v-1 l-y
=) - [1 + Leolue “a] (86)
8

which can be expanded to obtain

(87)

and, since the velocity components contain sine and cosine terms, one sees that

these terms will occur in expansion (B7) as cos®y, and higher orders with similar

powers of the sine. However, since sin2¢ = 1-c082¢, we can confine the dis~
cugsion to the cosine terms. For simplicity, we shall consider the first two

such terms and take

VR = - Vo[ E%O,Ll + A cosat sin %(%%J (B8)
w W

V_ sin ¢ 3AR (X -1) cos®¢ |
V. = + 0 y__ a w {1 +°—°£.IL(&T.Q}] (39)
d

'] R UJ o (Xw-l)

where equation (B9) is obtained from (B8) by means of (A5),

16
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Some abbreviation is gained by letting

o = n/(Xw-l) (B10)

and from the boundary requirements (B3) and (A2), we find with the aid of (Bl),
(B8), (B9), and (B10) that

U f
(Vg) = -V cos ¥, e = ] (B11) g
R xmx ° R,Y |
w {
|
U 2
(Vg) = 0, V =V siny |—2, . SAcosy (B12)
a (o} RU o
X=1 a w
R U"
a w
A== g (B13)

wherein the last expression (for the constant A) is secured by requiring the maximum
radial velocity to occur at R = Rw and ¢ = 0 according to the physical condition at
this point.

When V, (equatior (B12)) reduces to Vo at § = 90°, the surface boundary

condition becomes

Ua
Ry - !
aw

(B14)

and further relationships between the undetermined exponents are derived from
the continuity equation (A3) as shown below. In order to separate the variables,

we employ the following approximations:

Vv . ] ' 2
R . -cos ¢ Hw + A cos®{ sin a(X-1)| & - ol cog;& (1 +a cos¥) (B15)
v U u' (1 + a)
) w w
17
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v 3AR_coa’y {
a -s—iunl - —l—.l -
VE = %t, s ‘1 + cosor(X l)} R R U (al6)

wherein a, b represent mear valuea of the functional ratlios; i.e.,

A U' sin a(X=1) oAU’
a '[ s SR (317)
maan ‘e
3AR U’ 3AR U
b = —-ﬁ-—v—{l + cos a(x-l)} ~ —-—a—!— (p18)
o v,
mean

and with {B2), (B1S), and (Bl6é) put into (A3), there is obtained

d [ PFKPU'sin 2 (1 + a cos®y) | 3 | BFU sin®y (L=b cos’y)
an[ 2 (L+=o) U, ] 37[ v, ] (819)

in which the variables can be separated with each group equalling a conatant that

is hereafter denoted by A,

Lol L dCRUY 2 (A% a) dlF sin®y(1 - b cos®W)] (5,0

UP dR F sin 2y (1 + a cos y) ' dy

The preceding equation leads to the following two ordinary differential equations

involving the undetermined coefficient A,

d (PKU') AU dR

PRU'  ~ RU’ (821)
d[F sin®y (1 = b cos®y)] _ A cosy (1 + a cos®y) dy (822)
F siry (1 = b cos®y) (1 + a) siny (1 = b cos®y

18
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Integration of (B21) and (B22) pruoduces

men n
in ) e n ‘_"__2_’&. (823)
Ew Uw kmn (xwm+n_l) xn

° e b cop® A ln(lintcocvl)
1“[ Fxl(ha*‘il - blcon”*s . (1 =-b)
1 = b cos’y,
+2Zl+a$tﬁ+% l“( )

=5 coly (24)
wherein t‘> o. In order to have the logarithms remain finite at X = 1 and ¢ = o,

ve must require that

A = kmn, A = 2(leb) (B25)

- with the first expression deriving from equation (B23) and the second from (B24).
The results for P and F then are

o4 k=1
! . (ml-nk)[m—: n g
J P ou P (X /X) manx™ | X=RR (B26)
3 q
- 1 < b coay,
F=F [m—m] (B27)

where the exponent q is evaluated from equations (B24) and (B25).

a(l=b
q=2+ blta (B28)

! From equation (B2) the density equals PF, and Pw and F1 are found from the free=
stream density at ¥ = 0, X = X .
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el U
mEn

q n+
e e [t | o T (829) 1

To summariase the conditions for computing the unknowns, we find by means of (Bl),

(Bl1), and (B23) that \
\
" - A (30) Vo
- L]
and for (B29), when X = 1 and ¢ = 0, the density ratio is as shown below for the (} ?
stagnation-point and free-stream densities. i
18
s
kel
m+n ' .
p m + nX ,\I
-8,y (mlenk) ) '
ey, i (831) 5

! By means of (Bl), (Bl4), (B30), and (B31), there is obtained . j-

m+2 .
AL o ey X, o
P

Ton (832) ,
1 )
and one alsc finds from (B30) that
m+n me+n A
! m+n " X-n (B33)

which can be put Into equation (B3l1) for further simplification of the latter.

The set of equations now can be listed as

20
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(a) X\ = kmn

(b) A = 2(1eb)

o :
(@) x,™" - tE

@ b /oy = %O Dy

w
m+2
p
@ - OD:w (83

and the solution of this set of equations (B34) is taken up in Appendix D.

Appendi i Su oni ow-~Ahead of the blunt body in Figure 1 for supersonic
flow, a detached shock wave occurs that provides a boundary surface for the
definition of Rw. ‘Air properties behind the wave front are related to the free-
stream properties in the usual way through application of the continuity, momentum,
and energy equations and the universal gas law., Briefly, with n denoting normal

and t tangential components, these relations are:

povon =Py an (c1)

a 2
Po + povon " Py + P an (C2)
Vot: - th (c3)

v Yy
cpT0 + 7 = cp Tw + 5= cp TS (C4)
P=pRT (C5)
21
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von = Vc sin B, vot ] Vo cos B (ce6)

c® =y plp = (y-1) cpT (c7)

where the last equation shows the relationship for isentropic compression. And

the foregoing equations lead to the following well known relations.

3
Py X‘m - 2[1 + (y=1)M 7 /2] (©8)
pw von (Y + 1 Mon

The boundary-value velocities can be expressed somewhat more simply if we employ

the following constants.

.‘\ ; KL .
170

Therefore by insertion of (C9) in (C8), we may write

\/ 1+ K (Msin B)?
wn O
v_ 31M: sin B B csc B+ Ksinp (c10)

and, with y = 1.4, the above constants are

B = 6/5, K = 1/5, and K = 1/6.

The general boundary conditions along the spherical nose surface (R = Ra)

are
(v = 0, (V*) = Va = V(WsRa) (Cil)

)
R R=R
a

R =R
a

and, immediately behind the shock wave (R = Rw), the boundary requirements are

22
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(VR)R-R " - [Vw“sin(B+¢) + VQtCOS(B+W)],
w

(v¢)R_R = thsin(B+W) - ancos(ﬁ+¢) (c12)
w

but conditions (Cl2) are intractable at the present time owing to the difficulty
imposed by the variable Rw and the unknown analytical relationship between B and

V. Some progress can be made, however, by restricting the analysis to limited

ranges of the coordinate angle ¢. If we consider the case wherein the flow region

has no large departure from the longitudinal axis, we can use B = 90°-¢; and the

simplified boundary conditions become

(VR) = . an = - Vo (B sec ¢ + K cos ) (c13)
R=R
W
(V*) = 4 th = + V° sin ¢ (C14)
R'=R.W

For these latter requirements, one can use

o = rr/2(xw-1), o = rr/(Xw-l) (C15)
] B Sin O’l (X-l) o
VR = - V0 cos UJ + Y + A cos*{ sin a(x-l)] (Cl6)
V sin { BR cos o (X-1) 3AR cos®y ]
_ .0 KU a 1 - a -
Vw = ~=R U& + o&coszw a ‘{} + cos a(X-1) (C17)

where U is the power function of R given by equation (Bl), and the density will
again be represented by PF as shown in (B2). Again, as in Appendix B, we shall

use mean values of the functional ratios in order to integrate the continuity

equation (A3), and we shall find A in the same manner as described below equation

(B13). Hence,

23
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VOKU'cos ]
VR ~N - o (1 + a,_secaﬁ + a cos®¢)
w
VOKU sin ¢ 3
vV, = 1+ blseca‘{l b cos ¢)

——
v R Uw

KRQUQ'
A= T
QUW
BU' sin 0'1 (X-l) QIU.
Wl s ol R
mean aa
AU ' sin a(X-1) AU
a = W ~ W
Ku' 2 KRhU;'
mean
BU 'R _cos o (X-1) BRU'
b, = —¥_28 ~ a W
1 o, KU 20y KU
a
mean
3AR3UJ BARhUw'
b= T 1 + cos o(X~1) ~ = K”a
mean

Integration of the continuity equation 18 completed by the method explained pre-

viously in Appendix B, and we learn that

2(1 + bl- b)

A = kmn, A= T+a+a
9% 92 min 1 k=1
- c032¢ C1+ 1 Cac 1 m + nxw x /x)(m+1-nk)
< ~20e
wo C, +cos®y C,-cos?y n o+ o™ J W
24
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p B M* o (y+1)M
0ol 0 0 [+]
Puo = Plgax = T3 KRM® © 2% (y-DMR (€27)
W=ow (o] [o]
-
Pus = lyay = Py { (B M) ]Y'l (c28)
w=o YMO N Kl

where B , K are defined by equations (C9) and C » C,, q,, and q, are given below.
1 1 1 ] 1 2

b b
1 1 i 1 1 1
Gttt v Gt Vs th (C29)

1+0 )\[1+a(1-cl)] , L-¢,  [1+a(i+g
- —_—, e

)J
qQ =2 - - + —— —— (c30)
1 G+c, 2vl C+¢, +cC, 2| C+¢C,

When the foregoing results are summarized for evaluation of the unknown exponents,

we obtain a set of equations that are similar to (B36).

(a) A = kmn
2(1 + b, - b)
® AT
@ x™n Atmk htm
¢ W A-nK ki- n
( , k-1
m+1l=nk
() pws/pwo = xw [xx/(kl'n)]
. m+2
A1 pwonlalxw
(e) Xx—'; = BoD) (C31)
pws e Bt

The above set differs from the previous one primarily in the use of Xl = 7 /K

(where A, = 6\ when y = 1,4), the density ratio, and the additional terms in

25
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equation (e). The density ratio is calculated with equation (C28), which, when

Yy = 1.4, gives us

3

2
X2 5 - (Cc32)
Puo 5(7M0 1)

and Puo 81 be computed with equation (C27) when required. Further discussion

of the solution of set (C31) is presented in the next appendix.

Appendix D: Solution of Equgtions--Inspection of the equation set (B36) indicates

that two solutions are m = n =0 and n = -m. These two solutions are trivial,
however, and we must look beyond them to fiéd # usable function U (equation Bl),
In doing so, one can regard Xw as a known quantity based on the experimental data
reported in Reference (§) and plotted in Figure 2. The first solution then
obtained proceeds as follows: If we use the mean value of equation (B18) together

with (B13) for A, we arrive at

A4m) (A-n
A= ohX (p1)
W
3AMp 3p _(A4m)
b = 8 m+2 - ________S +3 (D2)
ap  (A-n)X P, azxwm

and che krown density rvatio can be replaced by an exponent (n&) of Xw as defined

Ly equation (N3) immediately below.

An (p /o)
w
In this way, we have the relation
o X0 oy =1 o)

and the equations (B36) can be written to furnish the following set wherein we

let o X, /6 equal the known constant C.
26
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(a) A =1tkmn, C = anw/6

(b) A\ = 2(l-b) =2 -_Q_»+_1ét%$2\_-9)_

]
] (<) xm+'n=)\-1-m
]

k-1
(@) 1 = x (mim-1-nk) [-—-—-]
w

A=n
A (e) === x ™M (05)
-4 A=n w
i. ;j On putting (D5-e) into (D5-d), we obtain

. .
».] k = m+m-n (D6)
1
J and from (a) and (b), one finds

%(-= A(14C) + m - n - 2C (D7)

which leads to a calculable value of A when (D6) and (D7) are solved together.

m - 2

)\=2+m- (D8)

The coefficient A is less than 2 (since my is smaller then 2) as computed from

e e s o L

the preceding expression. After computing the above coefficient, n and k are
expressed in terms of m by means of (D5-a) and D6).

| S

n.)‘(m”\‘) K ow—AEm (09)
A+ m ' m(m + ml)
By using (D9) to replace n in (D5-e), we find
27
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N
(A em ) X “H ™~ -—-i'-&. (DIO)
17 %w m
X
W
and m can be calculated from (D10) by successive trials, because all quantities
but m are known in this relationship. Following the numerical evaluation of m
from (D10), n and k are computed with equations (D9). These values of the
exponents (k, m, n) furnish sufficlent information for determination of the power
function U of equation (Bl). The solution, however, is approximate, because (D5-c)

can be rearranged to give

n A+ m
()\-n)xw = g
W

(D11)

and, by comparing (D10) and (D1l1l), one observes that the latter is satisfied only
by n = my , which fails to satisfy all of the other equations in set (D5). The
approximation thus formed meets all of the boundary requirements in Appendix B

with the exception of (Bl4), which becomes greater than unity, lying between 1

and about 1.5. This result may, nevertheless, be acceptable in many cases, because
it appears likely that (Bl4) is too severe. We are unable to answer this question
conclusively, however,since the experimental data are insufficient for definition of

the correct relation.

It is necessary to consider, also, that perhaps all of the boundary conditions
be relaxed to some extent as indicated by the solution in Appendix A for in-
compressible flow. This solution shows that the air properties differ from the
free-stream values for all finite values of xw. Employing this behavior as a
guide, one can reduce requirement (Bll) by a reasonable percentage, such as is
exemplified by equations (All) and (Al2).

I1f we say that (Bll) is J-percent of unity (for example, one might use

J = 0,9 for a ten percent reduction), equations (D5) become

(a) )\ = kmn, Ag= JA

O\ +m) (A\g -n)
) x-z(l-b).z-%[ 3 )\)‘ +1_31]
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A+ m
() xwm+'n - ka- -
2
(1 -nk) k-l
(@) os/po"'xwr " [)‘2/()%'“)]
A
() o= =x"" (D12)
2

where, in equation (D12-e), m, depends on the choice of J as defined by the next

equation (in which m, is given by (D3)).

_ in J
m =m + -3 x_w " (D13)

Upon solving the set of equations (D12), one finds that A is no longer independent

of m and n as was the case with set (D5) where the result is given by (D8).
Instead, we proceed as follows: With D given by

in J

D=1+ o X (D14)
W
we find from (D12-d) and (D12-e) that
k = D/(m + my- n) (D15)
and by means of (a), (e). and (D15), n is obtained as a function of m.
- - m
n=m + m[l (1-1/x ~73)J3D (D16)
By substituting (D12-e) into (D12-c), we find
m=my m 1
X -]l 4+={1 = (D17)
\J n [ xwm+n5 ]

which together with (D16) is solved by successive trials to obtain m, With the
value of m thus found, n is calculated from (D16) and k from (D15). And these
three exponents furnish sufficient information for the definition of U,
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Similarly, the equation set (C31) van be evaluated by taking (Cll=e) in
the form

A m
\ ™ }
Lot A (D18)

where m, is computed from

inCp.._/p Q)N.n(l-l/ll‘at )

my= 2 -—--‘*-!—-}'L“xw (019)

and the expression for k that is similar to equation (D15) ia

koD /(m+m= n) (D20)

and the n-function of m, similar to (D16), bacomas

n=m+ o [1 - (-1/x,™™)p, /x] (p21) \

in which the term D, 1is calculated from the next expresaion,

4n (1 - 1/5‘0\)
h=1- in xw

(D22)

Using the trial-and-error method, we then calculate m for the following relation=

ship in conjunction with equation (D21).

n-
x, * w1+ oL (D23)

It is observed that the preceding relation is analogous to equation (D17); and
after m is computed, n and k are determined by means of equations (D21) and (D2U),

respectively.

30




Yy

.

. .. -

| S

Cad

THE JANNE WOPRING LM VEARIIY i
APPLIED PHYRICE LABONA TONRY
B vER BPMING WARVL ANA

When it is denired tv smploy the veduction coefficient J, the exponenta (m,
n, and k) are computed from the following sequence of equatiuona,

IR [l - - 1/\,'"““\).10./1:] (D24)
nemy . ;
X, -1+ 00 x—w-ml;\- (D25) ,
|
K Dy/(m+m= n) (D26) |

Exponent m iy calculated by trial and error from equations (D25) and (D24) followed
by the evaluation of k from (D26). The terms my, and D, are obtained from

m = my %&‘,{: (027)
D= D+ {-“"‘-—,{: (D28)

where my and D, are given by equations (D19) and (D22), reaspectivaly.

Appendix E: Numerical Examples«-If we consider the case of M, = 1 and tale Xw =4
with the solution represented by equationa (D21) to (D17), inclusive, and J = 0,9,

the initially calculable terms are:

pu/po = 1,577 (BEq. L32), my= 1,671,470 (Eq. D3)
mn" 1.595,605 (Eq. D13), D » 0,924,135 (Eq. D14)

n = 1,595,605 + n\[ 1 - 0.831,722 (1-0,109,514 x Q‘m?](Eq. Dle)

"™ ) +§ [1 - (0.109,514)/4‘“] (Eq. L17)
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k (Rq. D1%).

“m+men

Use of the triale-and-error process furnishes approximate fulfillment of equations
(D16) and (D17) with m = O,1; and from (D16) and (D15), n and k are computed and
sumnmarined below with m,

m=0,1; n=1,6204; k = 12,282 (Rl)

The power function (Bl) with exponents (El) is shown helow (wherein X = R/R.).

12.282

R 0.1
. ' 0
UeTgae: |10% + xl'!."euﬁiz 2&] (2)

The first and gecond derivatives with respect to R become

0.1

11,282
ut=lrox v ] ( 0.9 xz.szoa) (83)

10,282 2
Ve - 0-1 6 -in— - """-1'-—""‘
R.U 11.282) 10 X + x1°62 } (x0.9 xz 6204

+ [}0 xO'1 +

11,282
0,617,132 2,6206 0.9 (26
x1.6204 x3.6204 x1.9

and from equations (E2, E3, and 4), the following numerical results were com-

puted.

11 11
Ua/Rn = 3,255,587 x 10 Uw/Rl = 9,171,341 x 10 (ES)

ul =0 U/ = 2,542,788 x 10t} (E6)

.
‘:‘.
.
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1 1
RUS' = 6,479,189 x 10 RU'' = 1,861,719 x 10°° (E7)

The numerical ratios that vccur in the velocity components as caiculated with
equations (BS, E6, E7) and A and & are:

U U
—de = 1,280,322; —~¥ = 0,901,701 (E8)
RU RU
aw W oW
R U”
o . ;(-ET- - 1,0472; A= &-—‘U‘q’- - 0,069,916 (E9)
w w
R U” R Ul!
s a a w
" 2.548,065; " 0.073,216 (E10)
W W
and the velocity components follow,
]
VR - -Vocos ] [51 + (0.070) cosaw sin a(x-l)] (E1l)
w
Vo sin § U
VW - + =7 - (0.200) Racosaw {1 + cos a(x-l)} (El12)
w

At the outer boundary where Xw = 4, it is found from the preceding relations that

the components dre

(VR) = -V cos ¥, w,) = 0.902 V_siny (E13)

. ] -
xw -4 Xw 4

and at the inner boundary along the surface of the spherical nose where X = 1, the

components are as follows:
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(VR)X_1 -0, (v")x“1 =V, =V siny (1.280 - 0.4 cos®y) (F14)

The results indicate that V‘ increases from zero at ¥ = 0 to Va = 1,28 Vo at
¥ = 90° with the variation tgbulated in the immediately following Table 2.

O O 8 o

-
(S

Table 2 - Variation of Velocity Tangential to Spherical Nose for Mo -],

}

(D: : sin ¥ cos ¥ Vv, csc v va/vo Va/vo L‘.
8. V° (compressible) (incompressible) 1
{

0 0 1 0.88 o 0 _
30 0.5 0.866 0.98 0.490 0.750 |
45 0.707 0.707 1.08 0.764 1.061 ¢
60 0.866 0.5 1.18 1.022 1.299 ;
90 1 0 1.28 1.280 1.5 i

{
3
If one next considers the case for large Mach numbers (say Mo-*-w), the value ,‘1

of xw = 1,143 is taken from the data in Figure 2 and pws/pwo = 1,073 computed with
equation (C32). Since the following ratio is small; i.e., B {

(1/ B, ) = 5/21n = 0.0758 (E15)
M _>6

3
' and will be neglected, we shall let k = 1 and calculate m and n from equatiors: (é !
(C31l-a, c, and d). We find that ‘ i

nEm+l - i: (}"l’zg) - m + 0.472,659

mtn
Ly’ -2t L
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where (E16) and (El7) are solved by successive trials to obtain m = 0,927 and
n=1,3997. The power function of R (equation Bl) wherein X = R/Ra is then

e r | K227 0,216,286
al| 0,927 Lo

and the first and second derivatives are found to be

1 1

x0.073 x2.4

Ul

2.4 0.073
RU' =58 - —=
K34 1-073

by means of which the results shown below were calculated.

U = 1.793,035R_, U = 1.813,667R
a a w a
u' =0 U' = 0.264,660
a w
RU'' = 2,327, RU'' = 1,461

a a aw

(E18)

(E19)

(E20)

(E21)

(E22)

(E23)

The ratios that appear in the expressions for the components of velocity were

also evaluated; e.g.,

K Ua K Uw
o' 1,129, o - 0.9994
a w W W
KRaUd !
A= — = 0.041,837
QUW

and the veclocity components are written as follows.

35
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VR = - Vo cos ¥ [17%%5 + (0.0418) cosat sin 7n(x-1)] (E26)
Vosinw U s
V* = —x—| T8 - (0.00571) R cos ¥ (1 + cos 7m(X-l) (E27)

V) oy . ) 2
*R-Ra V, = Vsin ¥ (1.129 - 0.0114 cos 1)) (E28)

The veriation of Va along the surface of the spherical nose shown in Figure 1 is
tabulated below in Table 3.

Table 3 - Variation of Velocity Tangential to Spherical Nose for M°>6

SRS S o R e R ovau R Shutp

\

sin ¢ cos ¢ V_csc ¢ v /v V. /v
(Deg.) a a’'’o a’'o
g v, (compressible)  (incompressible)
0 0 1 1.118 0 0
30 0.5 0.866 1.120 0.560 0.750
45 0.707 0.707 1.123 0.794 1.061
60 0.866 0.5 1.126 0.975 1.299
90 1 0 1.129 1.129 1.5
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(1)

(2)

(3)

(4)

(5)

(6)

(7)

(8)

(9)

(10)
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