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CHAPTER I
INTRODUCTION

A. Estimation in Optimum Control

Estimation techniques have become very important in modern control
theory applications. In many cases the need for an estimation scheme
arises when optimum control is to be applied to the system. The optimum
control law is usually a function of all of the states of the system.
However not all of the states are directly available. Therefore it is
necessary to extract information concerning the states from the measure-
ments which are available. This process is referred to as estimation.

A basic fecature of any optimum estimation technique is that the
estimate of the states is updated by continuously observing the output,
50 as to minimize some performance index which is generally a function
of the error in estimation [1]. For the Kalman estimator [2, 3], used
in this thesis, the variance of the error in estimation is minimized.

A block diagram of an estimation process is shown in Fig. 1, The
estimator is employed to determine the optimum estimate of the state
variables from the measured output variables. The controller is used
to generate an optimum control 7aw on the basis of the estimate of the
state variables ;4].

As ir most problems, the optimum solution may not be the most
economical or practical. Often it is not advantageous to estimate all
of the state variables, rather only those states which have the largest

influence on the control law. By doing this the complexity of the
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Fig. 1 Optimum estimation and control scheme.

estimator and the number of computations involved arereduced considerably.

However the degree of accuracy will be less when compared to the optimum

estimator,

B. Criteria for an Estimation Scheme

Various properties may be used as comparison criteria for an estima-
tion scheme. The three criteria considered here are:

1. accuracy

2. speed of the computation

3. complexity.
A1l these criteria are closely related. To obtain a high accuracy, the
technique will inevitably be a sophisticated and complex one. Complex
techniques are limited however, because of the size of the available
digital computer. The higher the required accuracy, the more complex the tech-
nique has to be anu the bigger and more expensive the computer has to be.
Besides accuracy, a second important factor to be considered is the time

between measurements. The time it takes to ca.culate a new estimate
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depends on the complexity of the technique and the speed of the computer.
Obviously the smaller this time the better., When the measurement time
decreases, the discrete case approaches the continuous case, and more
information about the states becomes available in a shorter time, yielding
a possibility that the system reaches its steady state much faster.

In many cases such as airborn navigation systems, measurements
must be taken at short intervals because ¢f the speed of the aircraft
and the short duration of the flight. In marine navigation systems the
speed of computation is not critical! and often accuracy appears to be
less critical too. A1l considerations call for an estimator which is as
simple as possible to implement on a special purpose digital computer,
i.e., an estimator that estimates only those states which are necessary
to obtain a good control. Though the estimator may not be optimum
anymore, and the accuracy decreased, the time of computation may be
decreased sufficiently to allow more measurements. This simplification
of the estimator results in a smaller computer, and possibly an increased
number of measurements which makes up for the lost accuracy, as more
information can be ottained in a shorter time. The trade-off between
time of calculations and the complexity of the computer, however, has to
be considered for every specific case.

This thesis develops a computer program with which it is possible
to simulate dynamical systems described by linear differential equations
with constant coefficients and random driving terms, and rapidly to compare
and to analyze different estimation techniques with respect to accuracy and
computational complexity.

Since the equations of the system will be written in state variable
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form, vector notation will be used throughout. Although the estimator
equations can be written in cortinuous as well as discrete form, only
the discrete equations are considered since a digital computer simula-

tion will be used.
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CHAPTER II
MATHEMATICAL SOLUTION TO THE PROBLEM

A. Formulation of the Problem

In this chapter the necessary equations are presented that provide
a framework by which it is possible to study the performance of the
optimum and sub-optimum Kalman estimator or, as it is sometimes called,

the Kalman filter. The differential equation describing the system is

x(t)
y(t)

F x(t) + w(t)

(2-1)
M x(t) + v(t)

where

x(t) an nb-vector* denoting the states in the system, with
initial condition x(0) = Xg

w(t) an nb-vector of gaussian, white noise processes with zero
mean

y(t) an m-vector of the outputs of the system
v(t) an m-vector of the errors (gaussian, white noise sequence)
F an nb x nb system matrix
M an m X nb measurement matrix.
The number of states in the system is given by nb, and the number of
outputs by m,
To solve the problem numerically, Eq. (2-1) can be rewritten as a

difference equation

*
A1l vectors are considered to be column vectors unless otherwise
indicated.

I,

P
E &
&
&
A-‘-x




U = '(t @(tn, 1) w(r) dt (2-3)

where ¢ = o(t., t, ;) is the transition matrix, describing the change
of the state vector from time t _, to time t . Since w(t) and v(t) are
random, x(t) and y(t) will also be random, Therefore when an estimate
of x(t) is generated based upon the measurements y(t), this quantity

will be random. The approach that will be utilized to study these random
quantities will be to investigate their covariance matrices. That is

the matrix defined by
Cov [x(t)] = E[x(t)x'(t)] (2-3)

where superscript T denotes matrix transposition and E is the expectation
operator. In general, w(t) and v(t) have zero mean, making x(t) and y(t)

have zero mean values. Statistically the covariances of w(t) and v(t)

can bhe described by

Efw(t)w ()] = Q8(t = <) (2-5)

ECv(t, )V (¢)] = Cs, (2-6)

where o(t - 1) is a Dirac delta function for continuous signals ar” s:j

is the Kronecker delta function for discrete signals.

B. Optimum Kalman Filter

The optimum Kalman filter estimates all the states of the system,
and uses the same mathematical model for the filter as for the system.
A block diagram of the optimum Kalman estimator is given in Fig, 2.

Defining the states of the system by x(t) and the estimate of the state
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by x(t), the error in estimation i{s defined by
X(t) = x(t) - x(t)

If an estimate is provided at some time t__,, and no subsequent measure-
ments are available, the best estimate of the states at all subsequent

times is obtained by solving the deterministic portions of Eq. (2-2)

Xn = Qn xn_] (2'7)

where ¢ is the same transition matrix used for updating the states of
the system. The estimate at t _, is used as an initial condition. At

time t, the errors in estimation will have propagated according to

- X = + - X
Xn T %0 T ®n¥Xaa1 T Yy T %0y

or

a N,
X = eX oty (2-8)

The resulting value for }n can be used as the initial condition for the
foliowing update. However, if a measurement is obtained at time ths a
new estimate can be calculated. The use of measurements provided &t
discrete instants of time causes the error covariance to be discontinuous,
having different values before and after the measurements. For this
reason, the error immediately before a measurerant is designated X(-)
and the same error after the measurement is X(+). The same notation
applies to the estimate and other matrices with a discontinuity at the
measurement time,

With the new estimate, the errvor in estimation becomes

}n(+) =X - in(*‘)

i
i
.
!
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Hopefully the new estimate will cause the error, or rather its covariance

to be reduced in some way.
To solve the problem statistically, the covariance is taken of

. Eq. (2-8)
Cov (X,) = o Cov (X,_;) &1 + Cov (u_) (2-9)
Using the notation
N
R, = Cov (un) and P = Cov (xn)

Eq. (2-6) can be written as

T

P =¢ P ¢ * Ry (2-10)

n n n-l
The techniques which yield numerical solutions for % and Rn are derived
in Appendix A, and are given by
i i
F(tn'tn_‘) . «w F (tn - tn_])

0, = e Lo (2-11)
i
R, = 121 Q, ifﬂ_;Tfﬂ:ll_ (2-12)
! where Qn is given by
Q, = Fa_, + (F ;) (2-13)

The initial condition for Q 1is given by the covariance matrix for w(t),
see Eq. (2-5). The covariance matrix of the error in estimation is at
discrete time instances sequentially updated according to Eq. (2-10).

This simulates the dynamic behavior of the covariance of the error in

estimation between the measurements, which can now be observed each time
the error is updated. The covariance of the error in estimation will
propagate according to Eq. (2-10) until the time when a measurement is

taken and a new estimate is calculated, The updated estimate is given

pn puy NN Ny Py GE) pup G poy ey am M) ) OGN SN g AaF BN o
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by
xn(-) = onﬁn_](+) (2-14)
By taking a measurement a correction term Ain is found which gives a new

estimate
xn(+) = xn(-) + ox (2-15)

According to Ref. [3] the equations to calculate Ain can be written as

ox, = K Ly, = Mx ()] (2-16)
where

K, = P (=) MT[M P (-) M+ ]! (2-17)
and

Yp = M X +v

Having found the optimum gain Kn, the new estimate is calculated according
to Eqs. (2-15) and (2-16).

) = R C) + KDy, - MK (-)] (2-18)
The new covariance matrix of the error is found by taking the covariance
of £q. (2-18) yielding

. T T
Po(#) = [1 -k M] P (=) TI - K MI' + k, C Ko (2-19)

This equation is usually used in its simpler but numerically equivalent

form (see Ref. [5])
P (+) = I - K, M P (=) (2-20)

The only drawback of Eq. (2-20) is that algorithmically the equation
does not yield a symmetric matrix. Round off errors in the computer

cause the matrix to be non-symmetric resulting in errors which can

[T
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propagate rapidly, especially with a large number of states.
To analyze the accuracy of the optimum Kalman filter it is only
necessary to study the time behavior of Pn. The equations for this time

history are given by Eqs. (2-10), (2-17) and (2-20). The flow diagram

i ot e A AL, L OO T

of an analysis program for this purpose i{s shown in Fig. 3,

C. Sub-optimum Kalman Filter with Control Matrices

In case of a sub-optimum filtar, the dynamical model used to up-
date the estimate is different from the dynamical model of the system.

Generally, the transition matrix in the filter is of a lower order

than the transition matrix of the system. This is in order to simplify
and reduce the computations involved in calculating a new estimate. The
matrices used in the filter will be specified with an asterisk.

The differential equation used in the filter to simulate the system

is given by
Ut) = FoxT(t) +w () (2-21)

which is in discrete form written as

* x * + ®
Xp = 00 X1t Y, (2-22)

The model of the output process is
* * *
Yo =M X, + v (2-23)

The new estimate calculated at the measurement time is therefore given by

X, (=) + K Dy, =M X ()] (2-24)

x (+)

where

*

o, X _1(+) (2-25)

.}

x (=)

n

R by <
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The equations for the sub-optimum estimator are in analogy to Egs. (2-11),
(2-17) and (2-20) given by
* *T *
Po(=) = ¢ P 1(+) o + R (2-26)
* * * *_
K =P (-) MM P (<) M+ (2-27)
*
P(*) = [1 - K M1P(-) (2-28)
*
In the equations above, C 1is the covariance matrix of the modeled
measuremeat error v* (Eq. 2-6), which m2y or may not be the same as C,
the true covariance. Likewise, there is a Q* used in the calculation of
R, (Eq. 2-5). It should also be noted that with the sub-optimum filter

Pn is no longer the true covariance matrix of the error in estimation,

This fact can be seen using the following development.

the state vector x, a transformation matrix § is required, such that

X=x-5X% (2-29)

The new vector S X represents the estimate of all the states of the system.

The covariance matrix of the error between the system states and the

estimated states is

Cov(X) = E[(x - 5 0)(x - S )]

or

Cov(¥X) = E(xx1) - E(xkT)ST - 5 F(3xT) + S E(xx1)ST (2-30)

When solving this equation it is convenient to augment the state vector x

-~ *
by the estimation vector x, whico yiclds a new column vector z defined by

[

*The vector z will be referred to in the following sections as the
"augmented state vector."

l To transform the estimate x into a vector with the same dimension as

kit

T

!

;f'!'W\fW.iw!ﬁlqnﬁ'ﬁ!%li'-ﬁi e
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The reason for doing this becomes obvious when the covariance of z is

taken,
[
@ xx! | xxV (2.31)
Cov(z) = E|l=~y— I~ -3
' | &

By merely partitioning the Cov(z) matrix the auto-correlations and
cross-correlations of x and x are directly defined. If Cov(z) is known,
the covariance of the error can be calculated by using Eq. (2-30).
However there is another method [6] which does not require the
partitioning of the Cov(z) matrix. Use is made of two control matrices
A1 and Az' With these matrices control is applied to the system at the

measurement times, according to the fdllowing equations

Xa(+) = R (+) = Ay K (+) (2-32)

Xp = %y = Ry in(+) (2-33)
where x (+) is the new calculated estimate at the measurement time
before control has been applied. The vectors xa and i6(+) are respectively
the system state, and the estimate after control has been applied.

To simulate and observe the dynamic behavior of both the state of
the system and the estimation of the state, the covariance matrix of 2
must be updated at discrete intervals. The covariance of the state is
given by the matrix in the upper left corner of the Cov(z) matrix in
Eq. (2-31), and the covariance matrix of the estimate is in the lower

right corner. From Eqs. (2-2) and (2-25) it is easily derived that

between measurements the relation of 2 to z , is described by

Nl A et a0
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*n

0 U
n 0—- -;,- z, 4t —6— (2-34)
n

—_————

This equation can be written in the form

where o, is a transition matrix for the augmented state and Un is an
error vector due to the random driving terms. Taking the covariance of
Eq. (2-35) yields

_ T
Cov(zn) <o, Cov(zn_]) o, * Cov(Un) (2-36)

!
I
[
[ 2= 0, 257 * U, (2-35)
[
[
[

where from Eq. (2-34) and (2-11) Cov(Un) is found to be

. R, !

= |-ha.
Cov(Un) l
i

o)|o

0

At the measurement time a new “"optimum" gain Kn is calculated with

Eq. (2-27), and a new matrix Pn(+) is obtained from Eq. (2-28). Having

calculated a new gain Kn the estimate is corrected according to

Xg(#) = R (-) + KLy, - M % ()] (2-37)

- where y s given by the system equation

Yo = M L +v

The new estimate in(+) is then fed back through the control matrices to

~

Xq and in(+) as described in Eqs. (2-32) and (2-33). By substituting
Eq. (2-37) into these two equations the new values for the state and the

estimate are

xt = (1= Ay K M)x = Ap(L = K M) X (=) = Ay K v (2-38)

= ey

i AR W s S o — e T e S - O 1 emme wmis
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SA(H) = (1ADK, Mox o (1-A)(T - K KR () + (Teav (2-39)

where the prime denotes that control has been applied. Augmenting xa
with ié will give the new value for za. The equation describing the

relation between za and zn is of the same form as Eq. (2-35)
zp =0 2 + U (2-40)

where 06 and UA are given by

I- M -A (I - M)
o = —--Z—Kﬂ—-f—g-—-f"—-——; (2-41)
(1 - A])Kn M (1 - A])(I - Kn M
—-A v
we |y (2-42)
n (1 - A
Taking the covariance matrix of Eq. (2-40) yields
Cov(za) = ea Cov(zn) OAT + Fov(Ué) (2-43)
where - T
| T
Ky C Ky A 1 =A, K C (I-A)
Cov(V!) = Bt Z_T_T_.,._.Z_n-_ﬁ:\. ==
-(I-A])Kn C I(n A2 : (I- Al)Kn c K (I-A )

which can also be written in the simpler form

Cov(up) = l:--Ag-J Ky € KI [-A;_ i I-A) (2-44)

D. Function of the Control Matrices

The function of the control matrices is shown in Fig. 4, With A]
and A2 equal to zerc there will be no control, and the normal propagation
of the state vector x and the estimate X is simulated. With the option

of having Al and A2 it is possible to propagate the covariance matrix of
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MODEL OF THE SYSTEM i

KALMAN FILTER

Fig. 4 Sub-optimum estimation scheme with control matrices.
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the error in estimation
Cov(X) = Cov(x - § X)
Making A1 = [ and A2 = §, the state vector and the estimate become
Xp ® %y = S X (+) = X (+) (4-45)
K1(+) = (1= AR (+) = 0 (4-6)

In other words, the vector za contains the error in estimation in its
upper part. Updating the covariance of za will simulate the propagation
of the error in estimation,

The advantage of this technique is that it is not necessary anymore
to calculate the covariance of the error separately from the updating of
Cov(zn). With the option of the two control matrices, the covariance of
the error is obtained, in the upper left corner of Cov(zn) as indicated
above by making A] = 0 and A2 = S. A block diagram for a sub-optimum
filter is contained in Fig. 4. A flow diagram for an analysis of a

sub-optimum filter 1s contained in Fig. 5.
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Cov(z,) = ejCov(z Je, '+ Cov(y )

DO n times
max END

Fig. 5 Flow diagram of a sub-optimum Kaiman estimator.
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CHAPTER III
DESCRIPTION OF THE PROGRAM

A.  Introduction

This chapter contains an explanation of a computer program developed
for analyzing estimation schemes with a Kalman filter, using state
variable techniques. The program utilizes the equations derived in
Chapter II for the sub-optimum Kaiman estimator with control matrices.

A complete listing of the program is contained in the Appendices.

The program was written in Fortran IV for the CDC 3600. Variable
dimensions are used throughout the program except for the dummy arrays,
which are used only for temporary storage to perform certain matrix
operations. These temporary matrices denoted by T1, T2, etc., are in
COMMON. This is done because every subroutine requires a different
number of duhmy arrays of different sizes. The COMMON can then be
arranged to suit the need of every subroutine. Al1 other arrays have
variable dimensions, which makes it convenient to change the storage
assigned to these matrices by only changing the DIMENSION statement in
the main program, Changing dimensions becomes important when the memory
space available in the computer is limited. Certain constant matrices
which do not need many computations to compute, are recalculated with
every measurement in order to use their storage space for the calculation
of other matrices. This way, without losing much time a great deal of
memory space is obtained, With this program it is possible on a computer

with 32k memory locations to analyze estimation schemes with up to 25
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states, 25 estimates and 10 outputs, or any other combination which
results in an equal amount of storage. However, the DIMENSION statement
in the main-line program (and the COMMON) has to be changed accordingly.
The different subroutines used in the program and how they are linked

together are shown in Fig, 6,

B. Dita Deck Setup

The main-1ine program called ESTIM, starts by reading all the non-
dimensioned variables used in the program. These variables are to be
punched on the first data card which will be read according to the
following read statements

1 FORMAT(815,3E10.5)
READ 1, N,NB,M,KT,KTF,KMAX,I10UT,KAI,T,AE,RE

where

N the number of states in the filter

NB  the number of states in the system

M the number of elements in the output

KT  the number of updates between measurements

KTF  the number of measurements to be taken

KMAX the maximum number of iterations allowed in the MEXP subroutine
for the calculation of the transition matrices and the random
error term of the matrix Ricatti equations

IOUT a flag used in the print routine OUT, and set equal to:
1 when the square root of only the diagonal terms of P1 and

COVZ are to be printed as output, or

2 when the full matrix of P1 and COVZ are to be printed out.

KAI a flag which is used in the subroutine AINPUT, and set equal to:

1 when only the diagonal terms of AQ, BQ, P, and COVZ are
used o5 input

2 when the diagonal and sub-diagonal terms of these symmetric
matrices are to be read
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MEXP " | MAIN AINPUT

it ! it

MATMPY DRUK
DRUK

FILTER ‘ ERCOV ouT

i il il

ABTAC 1) DRUK
MAVADD ABTAC
MATINV MATADD
ABT SUM
MATMPY SuMB
DRUK DRUK
' MATMPY

Fig. 6 Block diagram of the subroutines used in the program,
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the time between measurements, in the same time unit as used
in the system matrices

are respectively the absolute and the relative error which
are aliowed in the calculation of PHI, BPHI, RK, BRK

The next set of data cards contain sequentially the following matrices

an n x n matrix which is used as model of the system in the
filter

an nb x nb matrix representing the model of the system

an n x n covariance matrix of the random driving terms in
the model of the filter -

an nb x nb covariance matrix of the random driving terms in
the model of the system

an m x n measurement matrix of the states in the filter
an m x nb measurement matrix of the states in the system

an m x m covariance matrix of the noise at the output of
the filter

an m x m covariance matrix of the noise at the output of the
systam

an n x n covariance matrix of the errvor in estimation

an (nb+n) x (nb+n) covariance matrix of the augmented vector
of the states in the system and the estimated states in the
filter

an n x n control matrix feeding back the estimate after the
measurement according to Eq. (2-32)

an nb x n control matrix feeding back the estimate after the
measurement to the states of the system (see Eq. 2-33).

C. Input Formats
The matrices are read in row-wise according to FORMAT(8E10.4).

If the number of elements in a row is greater than the number of fields
specified by the format statement, i.e., eight in this case, the reading

of the elements is continued on the following data card(s). The next
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row is started at a new data card, which continues until all rows are
read. An example of the statements used for reading a matrix A with
dimensions n x m is given by

1 FORMAT(BE10.4)

D0 9 I=1,N

9 READ 1,(A(I,J),9=1,M)

The reading of AQ, BQ, P1, COVZ is slightly different. Here
advantage is taken of the fact that these matrices are symmetric. There-
fore only the elements of the lower triangle including the elements on
the diagonal are read. Again the reading is done row-wise as was the
case with a nori-symmetric matrix. The only difference is that now the
diagonal term is considered to be the last element in the row. Inside
the subroutine AINPUT the upper-diagonal terms are equated to their
corresponding sub-diagonal terms. The statements to read a symmetric
matrix B with dimension n x n are

1 FORMAT(8E10.4)

DO 8 I=1,N

8 READ 1, (B(I,d),d=1,I1)

A third type of matrix is the diagonal matrix AA. The diagonal
elements are put in order on the same data card, or subsequent data
cards 1f the number of elements of the diagonal is greater than 8. Al)
off-diagonal terms are set to zero inside the subroutine AINPUT. The
statements used for reading a diagonal matrix C with dimensions n x n
are

1 FORMAT(8E10.4)
READ 1, (C(I,I),I=1,N)

In most cases the off-diagonal terms of AQ, BQ, P1 and COVZ are also

equal to zero. The flag KAI provides the option to read only the
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diagonal terms of these matrices, in the same way as for AA,

As a final check if the data was presented and read correctly, all
the variables and matrices that are read as input data, are directly
printed. The printing of the matrices is done in a separate subroutine

DRUK, so that the print forme{ can easily be changed.

D. General Description of the Program

After all the data is read and printed, the transition matrices
and the error covariance matricec a:e calculated in the subroutine MEXP.
The accuracy desired for these matrices is to be defined by AE and RE,
the absolute and relative error terms respectively. The iterations

continue until all elements in the matrix EXPTA satisfy the inequality

|AEXPTA, 5| < AE + RE |EXPTA, (3-1)

j!
where EXPTA is the desired matrix and :EXPTA is the last calculated term
of the series. When Eq. (3-1) applies for each element of AEXPTA, the
total number of iterations is printed and the final matrix EXPTA is
printed by calling DRUK. KMAX provides a limit on the number of
jterations allowed. In the case a matrix does not converge within the
allowable number of {terations, an error message will be printed and
further execution of the program terminated.

Following the calling of MEXP, control is transferred to subroutine
ERCOV where the matrices P1 and COVZ are updated and corrected at each
measurement., The way the system and the filter are updated and measure~
ments are taken is illustrated in Fig. 7. The initial conditions for P1
and COV7 are specified by the input data. The first update is at t = T/KT,

*he states in the filter and the system are updated without the correction

R R

MRERTH il i e
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Fig. 7 Propagation of the states,with measurements.

«f the estimate by the Kalman filter. The number of updates does not
have any effect on the propagation of the states; it merely provides a
possibility to observe the states at certain times between measurements.
At every update the corresponding time is printed, and P1 and COVZ are
printed in subroutine OUT., According to the value of the flag 10UT, P]
and COVZ are either printed completely or the square root of only the
diagonal terms is printed.

After KT updates have been calculated and printed out, the time will
be t = T, which is equal to the measurement time. The number of the
measurenent is printed and the control is transferred to subroutine
FILTER. Here, the new optimum gain AK is calculated according to Eq.
(2-27) and printed. With the new gain, Pl is corrected according to
Eq. (2-28). When control returns, COVZ is implemented with the new

estimate as described by Eq. (2-43). The new P1 and COVZ are printed
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again in subroutine OUT. Control returns to the beginning of ERCOV,

and the procedure of updating and taking a measurement continues.

vy W G e

After KTF measurements have been taken, control returns to the main-line
program,

The program is implemented with a DO-loop to accept up to ten data

T T
L]

decks. An "END OF FILE" (EOF) check is performed and execution of the
program is terminated when the EOF card 1s encountered in the case of
less than ten data decks. The first card of the new data deck follows

directly after the last card of the preceding data deck.

1 =

E. Explanation of the Subroutines

v s

ESTIM: The main-line program, ESTIM, is kept quite simple. A

i

D0-1oop with a dummy variabie, II, gives the possibility of accepting
up to ten data decks. Inside the DO-loop, the first data card with ail

p—y
b '

the variables is read as explained in the beginning of this chapter.
With the following statement, CALL AINPUT, all input matrices are read.
After control returns, the subroutine MEXP is called four times; twice
with the flag KIM = 1, to calculate the transition matrices PHI and

BPHI, respectively of the filter and the system; and two times with the

s r~—

flag KM = 2, for the calculation of the error covariance terms cf the

filter and the system, designated RK and BRK. These call statements are

—
0 L]

followed by a call statement for subroutine ERCOV where the rest of the

calculations are performed. After the execution of this statement,
control goes back to the beginning of the D0-loop and reads the first

data card of the next data deck. With the "END OF FILE" check

fcllowing the read statement, the program is terminated when the EOF

| ,
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card is encountered in the case of less than ten data decks.

Subroutine AINPUT: In this subroutine the following matrices are

read: AF, BF, AQ, BQ, AM, BM, AC, BC, P1, COVZ, AA, BA according to

the format explained in the beginning of this chapter. This subroutine

is called with
AINPUT(AF,BF ,AQ,BQ,AM,BM,AC,BC,P1,C0OVZ,AA,BA,N,NB ,M,NNB, KAL)

where KAl is the flag to select the read format of the matrices and

NNB is the number of states in the augmented state vector, z.

Sibroutine MEXP: Referring to the matrix exponential and the error
covarince flow diagrams in Appendix A, it can be noted that a large
similarity exists between both diagrams. Consequently, both programs
have been combined into one called MEXP. The flow diagram of this sub-
routine is shown in Fig. 8. According to the value of the flag KLM,
either the equations for the matrix exponential or the error covariance
routines are used. When KLM = 1 the transition matrix is computed and
with KLM = 2 the error covariance matrix is calculated. Both matrices
are required to update the covariance matrix of the states according to
Eq. (2-26).

In order to be able to acquire a high accuracy with slowly con-

verging matrices many iterations are necessary. With large matrices

this involves many computations which result in an undesirable growth

are W SN Wid e e Sowl o e ed e Gl b bed I D

of the truncation errors in the computer. Double precision is used
for the algorithm to circumvent this problem. The parameter list in

this subroutine is
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KLM = 1 -1 KLM = 2

l’—“ T1 = A*T
EXPTA = Ti+l —I EXPTA = T

K=K+1

KLM = } KLM = 2

T2 = TI* —1

T1 = T2*T/K [ T1 = (T2+T2T)*T/K

EXPTA = EXPTA+TI
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L
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L

NO
YES '
@ PRINT: K,EXPTA

END

Fig. 8 Flow diagram of the MEXP subroutine for the numerical

solution of the matrix exponential and error covariance
equations,
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MEXP{D,F,A,T1,T2,EXPTA,T3,N,KMAX,AE,RE ,KLM)

The following variables are to be specified in the calling program
D the time between updates, D = T/KT
F the system matrix

A either the system matrix F, when KLM = 1, or the covariance
of the random driving terms Q, when KLM = 2,

N the order of the matrices

KMAX the maximum number of {terations

AE  the absolute error

RE the relative error

KLM a flag
T1, T2 and EXPTA are double precision arrays which are used only for
temporary storage inside the subroutine. EXPTA is the desired matrix
in double precision which at the end of all computations is equated
with the single precision matrix T3 which is transferred to the calling
program through the parameter 1ist. The call statement for calculating

a transition matrix PHI might, for example, be
CALL MEXP(D,F,F,T1,72,73,PHI,N,KMAX,AE,RE,1)

The equivalent statement for the calculation of the error covariance

term RK would be
CALL MEXP(D,F,Q,T1,T2,73,RK,N,KMAX,AE,RE,2)

Generally the subroutine operates as follows: The single precision
variable D is equated to the double precision variable 7. Next, the

statements for EXPTA = T1 = A*T are executed. For KLM = 1 the identity

matrix I is added to this first term of the series. The double precision
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variaﬁle K, denoting the number of iterations, is incremented by 1.

The following term of efther series is calculated and stored in T1 and
added to the series. All elements of T1 are checked according to

Eq. (3-1). A check follows to determine if the number of iterations K,
has exceeded the 1imit KMAX. If one of the elements of T1 does not
satisfy Eq. (3-1) and K is still below its 1imit, the iterations continue
and the next term of the series is calculated. In the case that the
series does not converge and the number of {terations reaches its 1imit
KMAX, the message "number of iterations exceededf will be printed and

the execution of the program terminated.

Subroutine ERCOV: In this subroutine P1 and COVZ are updated and

after each measurement incremented with a new estimate. The flow
diagram of ERCOV is represented in Fig. 9. The parameter 1ist in the

subroutine is given by

ERCOV(PHI ,BPHI ,RK,BRK,AM,BM,AK,AC,BC,P1,04,C0VVU,COVZ,AA,BA,TA,TC,
N,NB,M,NNB KT ,KTF,10UT,D)

Except for AK, OH, COVU, TA and TC all variables and arrays are to be
specified in the calling program. The matrices which have not yet been
defined are

04  the transition matrix of the augmented state vector z

COVU the error covariance term for the augmented z-vector
TA and TC two dummy arrays with variable dimension,

The subroutine starts with storing of AA - I in AA, where I is the
identity matrix. This is done because AA appears always in conjunction

with 1, After these steps, control comes to the first DO-loop where KTF
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M= M -1
]

| BPHL, 0 BRK} O
T | OH=[---t--{ 3 COVYs[--+--
0 PH Lo ! q)

T
I

PHI*P1*PHI " + RK =

JQH*COVZ*0H

PRINT: TIME

PRINT:
CALL OuT | P1, COVZ
. CALCULATE :
( CALL FIi TER AK, P1

BAXAK*BM-1 | BA*( 1-AK*AM)
AA*AK*BM | AA*(I-AK¥AM)

o

o
< ©
N =
[{] (1)

+ COW

DO KT times

BA
covu =JiQJ*AK*BC*AKT*[BATEAAT]

COVZ = CH*COVZ*OH ' +COVU

PRINT:
CALL OUT T
DO KTF times CID:: P1, COVZ
<;ifz)

Fig. 9 Flow diagram of subroutine ERCOV.
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denotes the numbear of measurements to be taken. Inside the DO-loop

o, and COV(Un) are defined according to Eq. (2-34) and stored under the
names OH and COVU respectively. Though these two matrices are constant,
they are recalculated at each messurement dus to the fact that they
share the same storage locations as “6 and Cov(ua). This way OH and
COVU can be used for two purposet which savas usaful storage space.
Time=wise, this 1s Justified a3 there are hardly any computations
involved 1n calculating v, and Cov(l,). The following DO-loop updates
P1 and COVZ according to iqe, (B-88) & ~ °1-38). KT denotes the number

oy m M ™~ @ G o ww

of updates betwasn meas remsnta, HBeh ° esch update the propagetion time
is printed out. P) and COVE are printed in subroutine OUT after sach
- update, With the system updatead KT times up to the measurement time T,

a new measurement will be taken by transferring control to subroutine

1

FILTER, whare a new AK and P) are calculated., In the statements

following the return of control from FILTER, 05 and Cov(U;) are calculated

s

according to Eqs. (2-41) and (2-44) and are stored in OM and COVU. OH
is obtained by first calculating the partitioned matrices, and augmenting
these matrices in subroutine SUM, COVU is obtained by augmenting BA

with AA - 1, and post-multiplying and preultiplying AK*BC*AK' by the

— ™M

newly obtained matrix according to Eq. (2-44)., As this augmented matrix

| B

contains only two matrices in this rase, there is an entry SUMB provided

in subroutine SUM which augments twe matrices instead of four as is

=

explained in the description nf subroutine SUM. The new matrices P1 and

COVZ are printed in subroutire WT and the whole sequence of updating

and calculating a new estimate is repeatad again until the final measure-

ment KTF is reached,

.~ ™~
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Subroutine FILTER: This subroutine of which the flow diagram is

shown in Fig. 10 calculates the optimum gain AK and the new error in
estimation P1, The parameter list in the subroutine and in the calling

program is
FILTER(AM,AK,P1,AC,N,M)

The equations used for the Kalman filter are strictly according to the

equations derived in Chapter II, Eqs. (2-27) and (2-28). A1l variables

e e e s b 1m 1

except AK are to be defined in the calling program. Pl which is trans-

ferred to FILTER is equal to the error in estimation at the end of the
last update when transferred back to the calling program P1 will be
equal to the new corrected estimate according to Eq. (2-28). The function

of the statements can easily be seen without further explianation.

Subroutine OUT: In this subroutine both P1 and COVZ are printed

after each update and after each measurement. The parameter list in

the subroutine and in the calling program is
OuUT(P1,C0VZ,T1,N,NB,NNB,I0UT)

T1 is a dummy array used for storing the square roots of the diagonal
elements of Pl and COVZ. According to the flag IOUT either the full
matrix of P1 and COVZ is printed when IQUT = 2, or the square root of
Just the diagonal terms is printed when IOUT = 1, With merely changing
this small subroutine the print format can easily be changed without

changing the binary deck of a large subroutine.

Subroutine DRUK: This subroutine is made to print a matrix and

is called by
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START

T1 = AM*P1*AM'+AC

Calculate new optimum gain AK

AK = PI*aMT*(T1)]

Pl = P1-AK*AM*P1T

Calculate new covariance matrix

of the error in estimation, Pl

PRINT: AK

Fig. 10 Flow diagram of subroutine FILTER.
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DRUK(B ,M,N)
where

B is the matrix to be printed

N the number of columns

M the number of rows.
The matrix A is printed row-wise, or in case the number of rows is
larger than the number of columns, the matrix is automatically printed
column-wise, The message "transpose" is then printed above the matrix.

The print format used with the print statement is

2 FORMAT(1X,12E11.4)
DO 3 I=1,N
3 PRINT 2, (B(I,J),J=1,M)

The print format or statements are casily changed to suit one's purpose.

Subroutine SUM and entry SUMB: In this subroutine an augmented

matrix is obtained from four smaller matrices according to
A 1B
S = — e -

c !o

The call statement 1is

SUM(A,8,C,D,S,11,12,01,02,112,012)
where

I1 is the number of rows in A and B

I2 is the number of rows in C and D

J1 is the number of columns in A and C

J2 is the number of columns in B and D

112 is the number of rows in S

J12 is the number of columns in S
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Subroutine AQI:

do not have any significance.

where

Subroutine ABT:

equated to the identity matrix,

AQI(B,N,M,KK)

KK is a flag.

where

Subroutine ABTAC:

ABT(A,B,S,K,L,M)

S = A*B*(

T
T

two matrix operations

S = A*B*A' when the flag KK

when the flag KK

37

With the entry SUMB tha following type of augmented matrix is obtained

The same parameter 115t 1s used for SUMB as for SUM, only B, D, and J2

In this subroutine all elements of a matrix B

are equated to zero when the flag KK = 1, Otherwise, the matrix B 1is

The call statement 1is

N is the number of rows in B

W
.

M {s the number of columns in B

This subroutine performs the following matrix

product > = A*BT. The call statement 1s

K 1s the number of rows in A and $-
L 14c the number of columns in A and B

M 1is the number of rows in 8 and the number of columns in S.

This subroutine performs either of the following

A, A s, R S R e TNRE SR
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The call statement is

ABTAC(A,B,C,T,S,K,L,M,N,KK)
where
T is a dusmy array used to store the product of A and B
K is the number of rows in A, T, S
L is the number of rows in Band the number of columns in A
M is the number of columns in8, C, T
N is the number of rows in C and the number of columns in S,

In the case that KK = 2, the calling sequence is
ABTAC(A,B,A,T,S5,K,L,L,K,2)

Advantage has been taren of the fact that S is symmetric in this case.
Therefore only the upper-diagonal ternis including the diagonal terms
are calculated, and the sub-diagonal terms are equated to the corraspond-
ing elements above the diagonal. This way calcuiation time is saved.

The following matrix subroutines were implemented on the computer
as library subroutines. Therefore, these subroutines are not contained

in the 1isting and only the calling sequence is explained.

Subroutine MATINV: This subroutine is used to take the inverse of

a matrix. Jordan's method is used to reduce a matrix A o the identity
matrix 1 through a succession of transformations. With this method, the
matrix equation A*X = B is solved, where A is a square coefficient matrix
and B is a matrix of constant vectors. The inverse and the determinant

of A are also computed. The calling sequence is

CALL MATINV(A,N,B,NB,DET,MA)

where




is a square matrix of which the inverse has to be taken, as
output it contains A-l

N is the order of A

B is a two-dimensional array {not usually square), as output
contains X

N8 1s the number of columns in B; if NB = 0, the routine 1s
used only for the inversion

DET is the determinant of A calizulated by MATINY

MA  is the dimension of A in the calling program.

Subroutine MATSUB: In this subroutine two matrices are subtracted

according to C = A - B, The calling sequence for this matrix routine is
Call MATSUB(A,B,C,N,NX,M)

where
)] is the number of rows in A, B, and C

NX s the row dimension of the matrices in the calling program

M is the number of columns of A, 8, and €

Subroutine MATADD: In this subroutine two matrices are added

according to C = A+ B. The calling sequence is given by

CALL MATADD(A,B,C N NX,M)
wherg
N is the number of rows in A, B, and
NX is the row dimension of the matrices in the calling program

M i5 the number of coiumns in A, B, and C

Subroutine MATMPY: 1In this subroutine two matrices are multiplied

according to C = A*B, The calling sequence is given by

——— - EETIEREST VY SR 4 ek e e e A Attt OGER G RREe T - S — N . . R R
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CALL MATMPY(A,B,C,N,NX,M,MX,L)

where
N
NX
M
MX
L

is the
is the
is the
is the

is the

number of rows in A and C

row dimension of A and C in the calling program

number of rows in B
row dimension of B

number of columns

in the calling program

in B and C
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CHAPTER 1V
AN INERTIAL ESTIMATION PROBLEM

A.  Errors Occurring in an Inertial Guidance System

In vehicles navigated by-an inartial system it is desirable that
the system computes the position and velocity with respect to earth
very accurately. However, several types ¢f errors occur in an inertial
guidance system. These errors fall into two categories

1. deterministic

2. random -

The deterministic errors are usually simple in form and quita easy to

e e G gam N AR SN 8B BB

describe mathematically, such as errors with constant coefficients or

with sinusoidal characteristics. These errors are generally compensated

et
h [

for, i.e., effectively subtracted out of the system. The random errors
are treated statistically based upon a mathematical specification. Gyros,
accelerometers, initial alignments, servos, digital or analog computers
and geographical data are some examples of error sources that arise either
within the inertial system or with outside data used by the inertial
system. When dealing with errors in an error analysis it is necessary to
describe these errors mathematically in order to study their propagation.
Generally, these errors do not consist of pure white noise, but are
correlated in time. This problem will be solved by adding states to the

state vecter x, and simulating the errors as being the outputs of

stochastic processes with white noise inputs.

It 1s impossible to implement inertial guidance systems without

PR e e PR e e e e
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errors. These errors will grow very large after a period of time if
they are not corrected. In order to keep the errors generated in an
inertial system within acceptable bounds it is necessary to recalibrate

the system periodically. The correction of the system errors is achieved

by the use of independent sources of information. These external measure-
ments can include position, velocity, attitude and combinations thereof.
The external measurements are compared to corresponding quantities
indicated by the inertial system., The Kalman filter uses the differences
between indicated and measured quantities to provide the optimum estimate
of the errors in the system. A block diagram of a recalibration scheme
is contained in Fig. 11.

As well as estimating the states of the system, it is also important
to obtain with the Kalman filter an estimate of those error sources which

are correlated in time. If the error sources contain only white noise,

estimating the errors would not assist in predicting the error at the
next time of interest due to the fact that white nuise is not correlated
in time. However, when the disturbances and the measurement errors

are not changing rapidly compared with the system state and measure-

fos Goisd ol fuoi g buod dwed -t i OGN G OB W OB

ments, the fiiter accuracy can be enhanced by estimating these errors.

The estimation of the system disturbances a .. measurement errors which

[ W

have significant correlation time, increases the number of state
variables to be estimated. This is frequently described as "state
vector augmentation."

In the navigation problem to be considered, three types of random
variables are used

1. white nojse

Gul Bl Gt Geed
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2. random constant

3. exponentially correlated random variable.

Of the three types of random signals, only the white noise is uncor-
related in time,

The white noise is denoted by w. The characteristics are: an
expected value E(w) = 0, and an autocorrzlation R(1) = ol &().

A random constant can be generated with the use of one additional
state. This is illustrated in Fig. 12. The sta:e differential equation
can be written as

e=0
The initial condition is chosen according to the nature of the error.
The autocorrelation is ;276;.

The exponentially correlated random variable is frequently a use-
ful representation of errors in inertial navigation systems. The auto-
correlation function of the random signal is a declining exponential

2 Pt

Efe(t;) e(ty)] = o (8-2)

where 02 is the variance and 8 is the reciprocal of the correlation time.

An exponentially correlated random variabie can be generated by passing
an uncorrelated signal, i.e,, white noise, through a linear first-order
feedback system. A block diagram for this stochastic process is shown

in Fig. 13. The differential equation of the additional state variable

is

e=-ge+w (4-3)

where

e = v AT SATARSIP: k. & ALY,

L Y
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- Im External
Measurement
Sources

Difference between System
and External Measurements

Kalman
Filter

Fig. 11 Block diagram of a recalibration scheme.

Jlnitial Conditions

1/s

e

Fig. 12 Mathematical model for a random constant.

I.C.

/s —°

Fig. 13 Stochastic process with exponentially correlated output.




i

P P em pey P e e T ) M e e R R e G G e
il

| g

45
E(w) = 0, E[w(t) w(t + <)] = 2 8 0% &(x)

8., Simulation of an Inertial Guidance System

The model of the system contains seven states, not including the
augmented states for the errors. The block diagram of the system is
shown in Fig. 14, see [7]. This system is called a coupied model as all
states are coupled resulting in a rather complicated F-matrix, For the
optimum Kalman filter the same model {1s used in the filter as in the
system. In order to obtain a less complicated Kalman filter, the
equations are simplified, resulting in two other models of the system
as shown in Figs. 15 and 16, The reference frame used is: x-north,
y-east, z-down.

It is assumed that the accelerometer and gyro errors can be repre-
sented by an exponentiaily correlated random variable, Eq. (4-3). For
this example only velocity measurements are considered, with measurement
errors consisting of white noise with a random bias term, Eq. (4-1). The

state vector used in all systems therefore is given by
XT = [GRX, GRy. Gﬁx. GRy. ¢x. ¢y. ¢zs on Vy) Cx’ eyl CZ’ Vx’ Vy] (4'4)
where SR indicates position, ¢ the platform tilt, v the position error,

¢ the tilt error, and v the meaSurement error, The differential

equations for the errors [8] are given by

AR (4-5)
€= B, € + W, (4-6)
v=20 (4-7)

A . AR L T s S A L s A M A s A - SRR




46

‘v L9pOW ‘wa3sAs uoljebiAeu [el3a3ul ue jo weabetp dolg i 6Ly

/-

-—- -

juer-

[3uueyd-£

-«

|




Lauueys-z

"8 L3poW ‘walsAs uoijebiaeu perjuaur ue yo wesbeip yoorg gL biyg

ll.lluulm\—rll

¢ 3

;
m ‘ ¥/1- Lauueyd-x
g -] s , s/l 6 s/L
Xyo /t xao £ »4 A,
/1 EITEREL
Ays Kys ¢ 1

- A e el Ll b ke L Lo
[rr o , o I o

- et vt

T " TP T T T T e Sy oS

ur R R OALE 16 FNT e 1 T (% 4 M 1.t et aemrim o i’iﬁ

} d b bd bed ) bed  amd

e Ay g ey e




ul ue jo weubelp yoo|g 9| ‘biyg

) 19pol ‘wdsAs uorjebiLAeu |PLuR

r e e e e e D —_— e N—\x3l
! [2uueyd-x 1
_ x\_.l
I
| —_—,—— — e —
| s _q.. [2uueyd-2 !__
1S X i
‘lﬁﬂm_lmk.l s/t J&dkl s/l ] he ” —Ne s/l P z, i
Y X | |
‘ _rl 8 I [ |
- - - -- === T TT-T 0= L
; 4/ [auueyd-A

b- s/L IIT

" ‘JM@I s/l 3° s/t




| g

o peee RS el gy gEey My

;‘w

49

For computational simplicity, the F-matrix is assumed to be non-
varying with time, since the change 1in F(t) is negligible over the time
interval studied. This means that the radius . ¢ the earth, R, and the
gravity vector, g, are constants, and motion relative tc the earth is
neglected. The model shown in Fig. 14 is used for the dynamical simula-
tion of the system, The F-matrix of this model with the augmented

states for the simulation of the errors, is given by

e | l -
0 0 1 0 0 o0 0,0 0 0 0 0j0 0
0 0 ¢ 0 0 olo 0o o0 o0 olo o
0 0 0 2, 0 g 0:1 0 0 o0 o:o 0
6 0 -2, 0 -g 0 0 0 1 0 O 0,0 o0
w/R 0 0 R 0 o O0lo0o 0 1 0o o0 0 o
0 v <R 0 - O wx:o 0o o 1 olo o
worR 0 oL o 910 o0 o0 o 110 ¢
o el B g

0 0 o 0|'8vx000 040 0

0 0 0 0 0 0 0]0 - 0 0 0]0 0
o 0 0o o 0o o olo o, o0 olo o
0 0 0 0 0 oo:o oo-s€y0|o 0
o 0 0 0 0 0 0,0 0 0 o-eezlo 0
©o 0 0 0 0 o0 0o o—-o_?)‘_u': 0 0

|

o 0 0 o 0 0 0,0 0 O O0 O01l0 90
- I \ -

where w, = % COS L and w, = =0 sin L, with o the angular rate of rotation

of the earth; L is the latitude; and y represents the expression

ml+wx tan L

- - The system consists of three channels: the x-, y- and

R AL by
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z-channel, as shown by the dotted iines in Fig. 14. These channels are
coupled by terms containing functions of the angular velocity, w, and/or
the latitude, L. These cross-coupling terms between the different
channels of the system (Fig. 14) are generally much smaller than the
other terms. This fact is used for a simplification of the Kalman
filter equations. If all cross-coupling terms are ignored, the model

in Fig. 15 is obtained. The upper left part of the new system matrix

F becomes
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 0 g 0
F]] =]0 0 0 0 -g 0 0
0 0 0 R 0 0 0
0 ¢ -1/R 0 0 0 0
_9 0 0 0 0 0 9_
The order of the states in the state vector is changed to
T _ . [y
x' = [sRy, 6Ry» s SRy GR, by ¢, (4-9)

A new F}]-matrix is obtaine? by rearrangina tke ruws and columns

accordingly.
0 1 o0]0 o o:o_
0o 0 -g'0 0o 0o
0 1/R o:o 0o ol o

Fih = 3‘—0——0-2-0—_1_5.}-5 (4-10)

0 0 0,0 0 gfo
o o olo amr olo
0T ooy
.
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1

The state vector matrix .quation can now be decomposed into three

Aot ot et b AR o 0 e

independent sets of differential equations. If the states to simulate

the errors are included, the three state vectors for thec: thrjes

[T RN

independent systems are

PEE S O e o=

T . : -
l x| = [GRy, 6Ry. ¢x, Vy, €y vy] (4-11a)
T_ 3 '
Xp = [GRX, SR ¢y, Vr £y vx] (4-11b)
| T
Xq © [¢>z. ez] (4-11¢)
. The states to simulate the velocity measurement errors, vy and vy are
coupled to their corresponding channel through the meas:vement matrix. ;
' The F-matrices corresponding to the three state vectors are ]
[ [0 1 0o o o0 0]
0 0 -g 1 0 0
[ 0 /R 0 0 1 0
F] = (4-]2&) =
0 0 0 'va 0 0 *
[ ) 0 0 0 =8.x 0 1
[ |0 0 0 0 0 0] 3
0 1 o 0o o O] j
[ 0 0 g 1 0 0 i
0O -1/R 0 0 1 0
{ F, = (8-12b)
0 0 0 -8, O 0
[ o 0 0 0 -, O
i i Lp 0 0 0 0 (L
0 1 %
i Fy = (4-12¢) i
i
[ 0 0 )
!
[ i




o

- e Bt ket et ket csd D G b D D TP WD S e G wid

52

The computer time and memory reguirements are considerably reduced when
the system in Fig. 14 is decomposed into a set of thice indepenient
systems. The equations for the Kalman filter can be programmed much more
efficiently this way on a special-purpose computer,

A third model for the system is shown in Fig. 16. This model can be

decomposed into a set of two independent systems. Without the augmented

states to simulate the errors, the state vector and the corresponding I

system matrix Fn are given by

T_ .
x' = [5Ry, dhy. 9.0 SR.s OR , 4o ¢,] (4-13)
0 o: 0 0 0 0
0 0 -g| 0 0 O 0
|
0 /R 0.0 0 0 0
DA R
Fip =0 o 0 0 ] 0 0 (4-14)
o 0 olo o g o0
|
0 0 0,0 IR 0 8
0 0 0 f-w/R O =~ O

The system matrix can be decomposed along the dotted lines. The states
to simulate the random inputs can be added to the appropriate channel

in analogy to Eq. (4-8) to obtain a full system matrix.

C. Analysis of Three Estimation Schemes

The models of the system in Figs. 14, 15 and 16 will be referred to
as models A, B and C. Model A simulates the actual dynamics of the system
very closely and will therefore be used to simulate the system. The

following three estimation schemes have been used

bt iy e e
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1. Optimum Kalman, using model A for the simulation of the system
and for the kalman filter;

2. Sub-optimum Kalman, using model B for the filter; and

3. Sub-optimum Kalman, using model C for the filter.
The reference information for the estimaticn schemes is assumed to
consist of velocity measurements only. The filter system matrix of
model A is stored according to Eq. (4-8). The filter system matrices
for model B and C are stored the same way, i.e., as a 14 x 14 matrix
with the states in the same order as in Eq. (4-4). The change in the
order of the states mentioned in the previous section is merely a way
to f1lustrate how the F-matrix can be decomposed into smaller matrices
in order to be programmed more efficiently on a special-purpose digital
computer. For example, model A contains fourteen states, all of which
are coupled, either through the system matrix or the measurement
matrix, and therefore all the states have to be estimated simultaneously.
However, model B contains only twelve states to be estimated. The two
states in the z-channel, ¢, and €,» are not affected by the optimum gain
as they are uncoupled from the observable states, éhx and 6Ry. The
resulting twelve-state system can be decomposed into two uncoupled
systems each with six states, of which the system matrices are given by
Eqs. (4-12a) and (4-i2b), The optimum gain and the estimate can then
be calculated for each of these systems separately. This results in
storing more matrices, but of smaller size, than with the system composed
of all the states as would be done for model A. Model C contains
fourteen states to be estimated since the z-channel 1s coupled with the

x-channel, The x- and y-channels are uncoupled, so0 that the system can
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be decomposed into two systems, one with six states for the y-channel,
anc the other with eight states to simulate the x- and z-channels.
Here also the new estimate and the optimum gain can be calculated
separately for each of the two sys‘tems.

The external measurements used are the velo. s in the x- and
y-directions, R and SR . Realizing that the measurement errors have

Y
to be added to the output also, Eq. (2-1b) becomes

-
SR, + v v
y = XX - X (4-15)
y

where Vy and vy are the "white noise" components of the meusurement
errors and Vi and vy are the bias terms of the measurement errors. The
measurement matrix M for the system will be

o ¢ 1 0o 0 0 929 0 O O O O 1 O

M o= (4-16)
c o 0 1 0 0 0 0 0 O O0 0 0 1

The output vector for the filter in Eq. (2-23) is likewise obtained and
results in the same measurement matrix as for the system in Eq. (4-16).
Table I contains the values for the different parameters used and

their values when converted into the units of feet, seconds and radians.

TABLE I  System Parameters

g R Q L 8 By
15°/hr 45° 178 hrs™' | 172 hrs”
32.2 ft/sect [ 2.13007Ft | .944x10"%rad/sec | .785 rad |6.951075sec™!|.139 sec”!

u, = Qcos L= .666x107% sec"

wy ® =2 sin L = -.666x107 sec”]

T T—
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The initial conditions for the error in estimation, x, are contained
in Table Il in addition to their values in the unitc - feet, sec:nds

and radians.

TABLE 11  Initial Conditions

Rx 2y Rx 2y ¢X »Y ¢Z OVX Y OEX.ynz O\JX Wy
3000 ft | 1. ft/sec| 10 min 10° 20 Sec .01°/hr | .3 ft/sec
3.x103 . 2.916x10°3| .175 | 3.12x1073 [ 4.925:10°8 | .3

Tt ft/sec rad rad | rad ft/sec2 rad/sec ft/sec

The initial condition for the covariance matrix of the error in estimaticn
P(0) is obtained by squaring the values in Table II, The covariance of
the random driving terms is

o2 = 2.71x10

v
2
£

-9 4

rad ft2/sec
3

Cov(wv) = 28,

19

Cav(wc) = 28 o = 3.37x10°

. rad/sec
The values for 8., 5 , o, any v _are obtaiined from Tables I and 1I. The
diagonal of both the covariance matrix for the system and the filter is
obtained from the above values for the random driving terms, and all the
cff-diagonal terms are zerc as these random signals are uncorrelated.

The covariance of the "white noise" error components of the measure-

ments is given by
2 2
Cov(vx) = Cov(vy) = 1/4 ft°/sec
The covariance matrix of these errors is given by

.25 0
0 .25

C=

LIS

BRI
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For the control matrices A, and A, the identity matrix is used. The
initial conditions for Cov(z) can, with Eq. (4-45) and Eq. (4-46), be
represented by

Cov(z. ) = .0
° 0

P10
0!
The first half of the diagonal terms are equal to the diagonal elements
of P(0). The terms in the second half of the diagonal and all off-diagonal
terms are equal to zero.

For the simulations, a measurement time T = 60 sec was used. The
number of updates KT = 2, The number of measurements KTF = 30, correspond-

ing to a final time of t = 1/2 hour.

D. Results and Comments

The results of the simulations with the different models are plotted
in Figs. 17 through 20. The figuree contain the estimation errors in
6R. v &R, 4y
not plotted since they are for all three models very much like the

and ¢, for all three models. The y-channel results were

results for the x-channel of the optimum case. One can notice that
model A gives the best estimate, closely followed by the results with
model C. The estimate obtained with model B is far worse. However, it
is misleading in this case to compare the three estimation schemes when
the measurement time is the same for all three cases. The calculation
of the optimum gain takes much longer with the complicated model A than
with the far less complicated model B, Therefore with models B and C
more measurements can be taken and more estimates calculated in the same

periocd of time than with model A. The more measurements taken, the
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faster the steady state is reached, and due to the small correlation
time of the errors, the steady state may be smaller,

In order to get a better idea about the trade-offs, Table III
contains for each of the three models:

1. The amount of storage necessary for the matrices;

2. The time involved to calculate a new estimate; and

3. The steady state for the states of the system after 30 minutes.
The amount of storage given in Table III does not include the menury

The matrices include: AF, AQ, PHI, RK,

necessary for the instructions.

M, AC, P1, AK, T1 and T2.

TABLE IIl  Surmary cf the Results

Model A | Model B8 | Model C
e e e " e | |
Time of calculations 1. .16 .26
Steady state after 30 minutes
&R, n 10° ft 3.02 17.57 | 3.0
6R in 10% £t 3.05 3.10 | 3.05
GRX in ft/sec .394 21.4 .395
5»'zy in ft/sec .373 8N .374
¢, in min 192 .407 | .338
¢ in min .245 | 16.6 .362
¢, in degrees .058 9.9 .060

*This state does not reach steady state, but will continue to
grow (see Fig. 17) due to velocity error.
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In Chapter 1V, Section C it was already shown that by ignoring the cross-
coupling terms of the system the system could be decomposed into two
different uncoupled models of the system, resulting in a smaller storage
space required for the various matrices. Besides gaining a considerable
amount of storage space, especially with large systems, there is also a
great amount of computer time gained. Most of the calculations consist
of multiplications of matrices. To multiply two n x n matrices, there
are n3 multiplications needed. If the dimension of the matrices is
reduced by a factor 2, the amount of calculation is reduced by a factor
23 -8,

Besides the fact that some matrices are reduced in size by
decomposing the system matrix, the transition matrix, PHI, and the
covariance matrix of the error term for the random input of the filter,
RK, usually converge more rapidly. This is an important factor when
these two matrices have to be re-calculated at every time a new estimate
is calculated. This is the case when the measureme~t time is not constant,
and/or when the system matrix in the filter is time~-varying. 1t should
be noted here that the convergence of PHI and RK depends highly on the
arrangement of the rows and columns. The order of the states in the
state vector should be arranged in such a way that all elements of the
system matrix are as close as possible to the diagonal in order to
obtain rapid convergence.

The calculation of the time involved to calculate a new estimate
is derived by assuming that most of the computer time is taken up by
multiplying matrices — in particular, the matrices with the largest

dimensions. These are: AF, AQ, PHI, RK, P1, T1 and T2. By

L o b il s o e
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decomposing the sys'em matrix, AF, all these matrices are reduced in
size in the same way as AF. With model A, the multiplication of two

matrices will involve 143 = 2744 calculations. The system matrix of

ey o O o e

model B is split into two 56 x 6 matrices, therefore the equivalent

3

multiplication takes 2x6~ = 432 calculations. The system matrix of

-

model C is split into an 8 x 8 matrix and & 6 x 6 matrix. The equivalent

3 3

multiplication here involves 8” + 67 = 728 calculations. It is assumed

that the number of these calculations is proportional to the time of

calculating a new estimate. In Table III, the time to calculate a new

estirate for model A is taken to be 1.0, and a1l other times are relative

e

to this medel.

Apparently an estimator using model C in the Kalman filter is the
most desirable, as it can be programmed quite efficiently by decomposing
it into two uncoupled systems, and still the system reaches steady state
in a short time, The reason that model B exhibits a strong growth of the
errors 1n the x-channel is because the azimuth, ¢z has been uncoupled in

this model which makes ¢, unobservable. Therefore ¢, is unaffected by

the optimum gain. Model B may be better suited for use when more states

are observable,

o
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APPENDIX A

The Matrix Exponentijal Equation

An important subroutine in the program is the matrix exponential
(MEXP) subroutine. This routine utilizes the system matrix F to calculate

the transition matrix which is defined by
¢(at) = eFAt (A-]) ?

To evaluate this equation, ¢ is put in a series form which can be
written as -

o(at) = I +Fat+F t oo (A-2)

This series converges [9] and can easily be programmed on a digital

computer. The flow diagram of this subroutine is shown in Fig. (A-1).

The Error Covariance Equation

From the system equation
x(t) = F x(t) + w(t)

where w(t) is a random noise process, a relation has to be obtained
describing x(t) at any instant of time as a function of an initial
condition x(0). Due to the random noise, a statistical description of
the system is necessary. The covariance matrix of the states is given
by

P(t) = E[x(t) x'(t)]

with E[x(t)] = 0 1f E[x{0)] = 0.
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k=]

Tl = Ft

da Tl +1

N
k=k+1

T2=FTM

T1 = T2(t/k)

o= 0+ T

1 << ¢,

YES

Fig. (A-1) Flow diagram for the numerical solution of the matrix
exponential equation.
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To generate the covariance matrix P(t) as a function of time and an initial

condition, its differential equation is to be examined as follows
B(t) = E(x(t) xT(t)] + E(x(t) X'(t)] (A-3)
Substituting the system equation ytelds

E[x(t) x'(£)] = EL(F x(t) + w(t)) x'(¢)]
= F P(t) + E[w(t) x1(t)]

Likewise,
E[x(t) xT(t)] = P(t) F' + E[x(t) w'(t)] (A-4)

Noting that x(t) can be written as

t
x(t) = 8lt,. t) x(t ) + ft o(r, t) w(<) dr
()
and substituting into Eq. (A-4) yields
E[x(t) wT(t)] = E[{¢(t°. t) x(to)} wT(t)] +
. E[{f: s(cs t) w(x) do} wi(t)]

t o
. s[[t ¢, t) w(x) Wi(t) de]
0
t
. [ a(x, t) E[w(z) w(t)] de (A-5)
t0

According to Eq. (2-5)
E[w(x) w'(t)] = q (¢t - 1)

Substituting into Eq. (A-5) yields

t
ELx(t) w ()] = Jt olt, t) Q 8(t - 1) dt (A-6)

()
Fig. (A-2) shows the impulse function st - 1).
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Fig. (A-2) Impulse function &(t - 1).
With a puise width ¢, the impulse function is only non-zero between
t-1/2cand t +1/2 ¢. Therefore, the lower integration limit in
Eq. (A-6) can be changed from to to t - 1/2 ¢ without changing the
result, Because ¢ is infinitely small,
o(t, t) = o(t, t) =1
As the impulse is only integrated over half its area, fromt - 1/2 ¢
to t, the final result of Eq. (A-5) contains the factor 1/2.
E[x(t) W' (t)] = 1/2 Q
Substituting this result into Eq. (A-3) yields a simplified matrix
Ricatti equation
B(t) = P(t) F1 + F P(t) + Q (A-7)
The solution to this differential equation is obtained by the
following method. By direct substitution it can be shown that
P(t) = [0y + epp P0)I[0; * 0y, P(0)]" (A-8)
where
o(t) = z o(t) (A-9)
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(A-10)

(A-11)

Proof: Rearranging Eq. (A-8) and taking the time derivative ytelds:

P(t)[e]] P P(0)] = [921 + 8y P(0)]

B(t)[oyy + 815 PO)] + P(L)[Syy + Oy, P(0)] = [Byy + 0pp P(0)] (A-12)

From Eq. (A-9)
Oy * gy Oy

élz =0

81 * 2y Oy ¥ 2y O

%22 * 222 922

(A-13)

where ), * 0 according tec Eq. (A-11), and O ® 0 which becomes apparent

Jater on in Eq. (A-16) when the expression for o(t) is found.

these results into Eq. (A-12) ylelds
<1
B(t) = -P(t) Zyy * 2y * 255[0p) + 0,5 P(0)] 07y
Inserting the values for 2 from Eq. (A-11)
P(t) = P(t) FT + Q + F P(t)

which proves that*t both equations are equivalent.

Substituting

(A-14)

In order to find an algorithm to program Eq. (A-8), the series method

is used. From Eqs. (A-9) and (A-11)
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-L-qt
aft) = e e, F (A-15)

Using the matrix exponential method to solve for (t) yields

L o] [T} o . AT G B A
o(t) = [-op-d# foa-dt ¢ fo-r={ ¢+ F--r-
o11] [aie] [o7TF] T [T T

Performing the matrix multiplications yields

w to] [fTio , (k12 1o |,2
O(t) m jmmp =] ¢ joei= t jrmpgm——— +
0 ? 1 Q!F -Qf?+FQ : 21T

(-¢7)3 L 0| 43 16)
¢ fo e - - - = - 4 s -
F(FQ-GFT)-(FQ"-0F)FT ! 3| 3T
By noting how the series progresses, one can easily obtain simple

expressions for %170 92 and 6yp 23S follows

T

oyg(t) = e ta (o)

ezz(t) . eFt -

e‘z(t) =0

With these results, Eq. (A-8) can be written in a simpler form

P(t) = ¢ P(0) o + & e;} (A-17)

0y9 can be easily found by using the matrix exponential method for
solving o = %%, This method, however, takes a substantial amount of
time on the computer due to the large dimension of z2; therefore another
method will be used, In the following derivation 1t turns out that for

017 e;} a rither simple-to-program expression can be found. Multiplying
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the series of G, and e;} gives the result

2 3
% O = @t + (& + 1) fr ¢ [ + ETQFT + FigrT + R free

This equation can be written in amther form, realizing that Q is
symetric, or Q = Q', which makes QFT = (FQ)T, so that FQT + QT 1s
again symmetric,
-1 : T, t2 T
921 ©19 = Qt + (FQ + (FQ)') »—+ [F(FQ + (FQ)T) +
21 "N 2—3
WRUGENGLPLE By (A-18)

This series is easy to program with a simple iteration routine shown in

Fig. (A-3), with oy o] = R,

L O IO
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] k=k+1

T2=FT

T = (T2 + T2N)e/k

Rn = Rn + M

Fig. (A-3) Flow diagram for the numerical solution of the matrix
Ricatti equation,
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APPENDIX B

This appendix contains a listing of the sub-optimum Kalman filter

estimation program explained in Chapter III.

PROGRAM ESTIM

DIMENSION AF(20+¢20)¢8F (2%¢28)sAQ(20+20):8Q(25¢2%)+PHI1(20¢20) ¢
1BPHI(25:¢25) sRK(20+¢20)1+BRK(25¢25)¢AM(10020)+BM(10¢2%5)+AK(20+10) ¢
2AC(100310)eP1(20¢20)9BC(10¢10):COVU(LS:45)eCOVZIASe45)¢AA(20:20)
IBALIZB:120)+TA(25425)eTC (28¢25),:0H(48¢45)

COMMON T1(50¢25)eT2(50¢25)eT3(50125)eT4(25+25)¢75(25:25)
EQUIVALENCE (AF+BPH] )+ (AQ'BRK )¢ (BF T4 )¢ (BQAeTS) 1 (T1sTA)«(T2+TC)
FORMAT (BIS5+3€E10:9)

FORMAT (/%
FORMAT (/4
FORMAT (/%
FORMAT (/9

PHI®)
8PHI#)
RK®)
BRKe )

Nowrbdu~-

FORMAT (&} ~N NB M KT KTF
DO 222 JJ=)410
PRINT 7
READ 1 ¢sNINB oM KT KTFKMAXs JOUTIKAL +ToAEWRE
IF(EOF +60) 223.28
28 PRINT J eNINBoMiKTiKTFosKMAX IOUT ¢eKAIsToAEIRE
D=T/FLOATIKT)
NNBeNeNB
CALL AINPUTIAF +BF+AQ«BQeAMBMJAC+BC P sCOVZeAABAININBIMIiNNB KAL)
PRINT 23
CALL MEXP(DIAFsAFeT1sT2 ¢TI PHIINIKMAXIAERE: 1)
PRINT §
CALL MEXP(DIAF+AQtT1+T2¢TIARKeNIKMAXsAEIREs 2)
PRINT &
CALL MEXP(D'BF eBF ¢ T1¢T2e¢TIeBFH] NP KMAX AEIRE 1)
PRINT &
CALL MEXP(DBF oBQsT1¢T2 ¢TI :BREINBsKMAXsAERE, 2)
CALL ERCOVI(PHI] +BPH] +RKsBRK+AMIBMe AKsAC+BC Pl +OHICOVUICOVZIAAIBAGTA
1 eTCoNeNBeMiNNB«KTsKTFe IOUT D)
222 CONTINUE
223 CONTINUE
END

KMAX 1OUT KA] T AE RE®)

ra
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SUBROUT INE AINPUT (AR B sAQBQsAMi2MIATsBCoPL 1COVZoAABAININB oM,y
INNB ALY

DIMENSION AF ININ)eBF INBNB)sAQININ)+BQINBsNB) s AM(Moki ) s BMIMINB) o
LACIMeM) o P {ININ)ICOVZINNBINNB ) BC (MsM) e AA(NIN) DAINBeN)
FORMAT(BE]0+5)
FORMAT(1Xs12E11e4)
FORMAT (/8 AF#)
FORMAT(/7% BF#)

FORMAT (/8% AQH»)

FORMAT (/7% B0O#)

FORMAT (/% AMS)

FORMAT (/7% BM#)

FORMAT (/% ACH)

FORMAT (/% BC#)

FORMAT (/% P1#)

FORMAT (/% COVIR®)
FORMAT (/% AA#®)

FORMAT (/% BA#%)

DO 20 I=1.4N

READ 149 (AF(lsd)eJdmieN)
PRINY 2 :
CALL DRUK (AF oNyN)

DO 21 I=m)]+NB

READ 1¢ (BF(leJ)eJd=leNB)
PRINT o

CALL DRUK(BF +NBsNB)
PRINT 8

GO TO(22+23 KA}

CALL AOI (AQeNeN: 1)
READ 1+ (AQ(lel)alm]oeN)
PRINT2:(AQ(1el)elm]l N)
PRINT &

CALL AOQLI (BQ«NBNB¢ 1)
READ 1¢(8Q(1el)elsl«NB)
PRINT2:(BQ(T21)eIm) «NB)
GO YO 29

DO 24 Is=1N

READ 1e¢C(AQ(I e JYeusmlae])
0C 25 182N

1is]=}

DO 2% U=l
AQ(JelImAQ(T o)

CALL DRUK(AQININ)
PRINT &

DO 26 1=t NB

READ 1+(BQ{lsJled=loel)y
Ow 27 1=24NB

1i=]=}

DO 27 Jmill}
BQ(J«1)=BOQ( o))

CALL DRUKI(BO«NB'NSB)Y




29
30

32

33

35

40
41

43

45

47

<9

50

DO 30 1=2iMm

READ 1. CAM (T aJ)admy oN)
PRINT 7

CALL DRUK(AMsM,N)

DO 33 1aim

READ 1.+ (BM(loy)edmg oNB)
PRINT 8

CALL DRUK (BMeM NS )

00 32 =1 em

READ 1t (AC T od)edm) ym)
PRINT 9

CALL DRUK(ACsMeM)

00 33 1=i.m

READ 1. (BC(I!J)'J'IcN)
PRINT 12

CALL DRUK(BCiMsM)

PRINT 10

GO TO(3%,40)KA]

CALL AOQ! (Pl 4NNy 1)

READ )clPl(lol)ol'loN)
PRINTZ.(P!(IOI)OX‘ION)
CALL AOT (COVZ s NNB « NNB + 1)
READ Lo (COVZ(Tel)almy oNNB)
PRINT 11
DRINTzo(Covzllt!)olﬂloNNB’
GO TO 49

00 41 =1,y

READ 12(P1(ledreuny,eg)
00 43 1= .NNB

READ 100COVZU(Tad)etmyoely
DO 48 (s2.N

Iln]lay

00 48 U=,
PltJdel=P1(14J)

CALL DRUK(P]1eN¢N)

00 47 1=2,NN8

Ilal=y

00 47 umi,g1}
COVZ(U1)SCOVZI(L4 )
PRINT 11

CALL DRUK(COVZ.NNBONNB)
CALL AOI(AAINONe 1)

READ 14 CAA(lold)olmioN)
PRINT 13

PRINT 2e(AA(Tol)elm]oN)
00 SO I=2] ¢NA

READ le (BA(leJ)eJet oN)
PRINT 14

CALL DRUK(BA+NB )
RETURN s EenD

74
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SUBROUTINE MEXP(DIF AT oT2eEXRPTAITIINIKMAXIAE sRE ¢KLM)
ODIMENSION ACNIN)IsF (NIN) sEXPTAININ)I ¢TI ININ) e T2ININ)¢ TI(NGN)
OOUBLE PRECISION T1+T2¢EXPTAPK T TK

2 FORMAT(# NUMBER OF ITERATIONS K=#]4)

S FORMAT(/®% MAX, NUMBER OF 1TERAT]IONS EXCEEDED®*)
T=0D
PK=] .0

DO 10 J=myi N

DO 10 1=y N

TICLe)=TRA(] o)
10 EXPTA{l«J)aTI (le)

GO TO (14+18) KM
14 DO 15 I=1«N
15 EXPTA(I«1)2EXPTA(I+1)41400
18 PKEPK+!eD

TR=T/PK

DO 30 1l=1.4N

D0 30 J=1lN

T2{leJ)=0D

00 30 L=1:N
30 T2(1eJ)mT2(1 e J)4F (L1 oL)IRTI (L YD)
38 DO 20 J=14N

00 20 I=]1 N

GO T0(38+s39) KLM
28 Ti1l1eU)mT2(1eJ)RTK $ GO T0O 20
Qe T1I{le)m(T20(1eJ) + T2(Jel))RTK
20 EXPTA(l«MIZEXPTA(LI ) + T1(le))
68 DO 7C J=m)i.N

DO 7O I={ N
H ER=DABS(T1{1eJ)/({AE+RERDABS(EXPTA(IsU) )} )}
’ IF(ER«GT140) GO TO 80
70 CONTINUE

GO TO 110
80 IF(PK.TexMAX) GO TO 18

PRINT S s STOP
110 KsPK

PRINT 2K

DC 120 I=m)lN

DO 120 JU=m3i«N
120 TI(1 s HIEXPTAL(LJ)

CALL DRUK (T3 eN«N)

RETURN & END

™3 = G . =
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SUBROUT INE ERCOVIPHI BPH] +AK BRK ¢ AMIBMeAK s AC+BC P tOHICOVUICOVZeAA
1sBAsTAITCoNINBIMiNNBXTeKTFeIOUTT)

DIMENSION PHI (NeN)BPHTI (NBNB)eTA(NBNB): TCININB) !
1 oRK ININ) sBRK (NBINBYIAMIMIN) ¢ BM(MiND) ¢ AK (NeM)+AC(MuM) sBC (M M)
2+AA(NIN) ¢ BAINBIN) c OH(NMEB sNNB ) s COVUI(NNB «NNB ) e COVZ (INNB «NNB ) ¢ P1 (NeN)

COMMON T1(25¢25)¢T2(2L025) . T3(28¢25)¢TA(25125)¢TB(25¢25)¢TS5(50+50)
16T7(50¢25)1¢T9(50425)+¢T6 '850:¢%0)
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EQUIVALENCE (T1eT5)s(T6eT7.T8)

FORMAT (//% MEASUREMENT NUMBER®]4)
FORMAT(///7% TIME niFl1e4)

MAKE AAsAA~]

DO S I=leN

AA(lel)mAA(lel)=10

DO 28 1llixn}] KTF
TIMEaTR#FLOAT (1] )#FLOATIKT)

CALL AOI (OHMeNNB+«NNB: 1)

CALL AOI (COVUNNB«NNB+ 1)

00 10 I=]«NB

00 10 JUst.NB

OH(lsUIBBPHILI o)

COVU(]l + J)aBRK (10 )

DO 1% I=tleN

DO 1S J=i N

OH{I+NBeJ+NBIZPH] (110

DO 18 K1=]1.KT

UPDATE PRI}

CALL ABTAC(PMI +Pl +PHIeTL1 eT2eNeNesNeNe 2)
CALL MATADDIT24+RKeP1 ¢NeNeN)

UPDATE COVARIANCE(2Z)

CALL ABTAC(OHCOVZeOH e TS+ TEsNNB+NNB ¢+ NNB e NNBe 2)
CALL MATADD(T&«COVUICOVZ+NNB ¢« NNB «NNB)
TIMEA=TIME-TRFLOATI(KT-X1)

PRINT 3«TIMEA

CALL OUT(PL+COVZsT1 eNeNB:NNBIOUT)
CONTINVE

PRINT 2411

CALL FILTER(AMAK P +ACeNM)

CALL MATMPY (AK eBMeTBeNeNIMiMINB)

CALL MATMPRY (BA+TB8sTAINBINBsNeNeNB)
CALL MATMPY (AKX ¢AMaTCoNINeMeMeN)

DO 65 I=x§«NB

TA(lel)=sTAC(lol)=10¢

00 70 Is1aN

TC(le1)2TC{lel)=1o0

DO 70 J=l sN

TCtloJ)®=TC(IeJ)

CALL MATMPY (BA+TCeT2:NBoNBINsNeN)
CALL “YATMPY (AA«TCeTAsNeNsNeNeN)

CALLL MATMPY (AATB+TCoeNeNeNeNINE)

CALL SUM(ITAT2eTCoTAsOHMeNB¢NINBINeNNB¢NNB)
CALL ABTAC(AKsBC+AKIT2e Tl sNeM¢MeNe 2)
CALL SUMB(BA«s1AA++ TT«NBosNINs ¢ NNBsN)
CALL ABTACI(T7e¢T1 eTT7eTO«COVUINNBININeNNBe 2)
CALL ABTAC(OHICOVZsOMHsTSsTEaNNBeNNBoNNBesNNBe 2)
CALL MATADDI(TE+COVUICOVZ+NNB o« NNB e NNB )
CALL OUT (P11 eCOVZeTI eNINBINNBeIOUT)
CONT INUE

RETURN $ END

TR

e




RN

N e &S SR g ey g W W PN s Gy Gy Gu o e 5 D D

.

W

g e o A N

i"l'

20

40

[ NURAN

19

20

101
102

e et FETPULI B SR ee s S = = o & i

77

SUBROUTINE FILTERIAMNIAK Pl sACINIM)
DIMENSION AMIMIN)sAKINIM) sPLININ)tAC(M¢M)
COMMON T1(25¢2%8)¢T2(2%¢25)eTI(T75:¢50)
FORMAT (/7% AK#®)

CALCULATE K

CALL ABTAC(AMIPl ¢AMsT) s T2sMeMNeNsMy 2)
CALL MATADD(T2¢ACeTIsMeMIM)

NO=0O

CALL MATINV(TIoMeT1 eNODET M)

CALL ABT(PleAMeT2eNINIM)

CALL MATMPRY(T2¢T1 tAKININeMeM¢M)
CALCULATE P)

CALL ABTAC(AK sAMIPL ¢TI e T2eNeMeNeNe 3)
CALL MATSUB(P] «T2sP1sNeNeN)

PRINT 9

CALL DRUK(AK ¢ NsM)

RETURN 8 END

SUBROUTINE OUT(PLesCOVZeTeN«NBNNBIOUT)
DIMENSION PL (NIN)sCOVZ(NNBNNB) e TI(NBoNB)
FORMAT (/78 COVZ#®)

FORMAT (/7% SQUARE ROOT OF UPPER DIAGONAL TERMS OF COVZew)
FORMAT{1X+12E11e4)

FORMAT (/7% P11 #»)

IF{IOUT«LEel ) GO TO 19

PRINT 8

CALL DRUK(P] o+NeN)

PRINT 2

CALL DRUK(COVZ+NNB «NNB)

PRINT 23

DO 20 I=mti«NB

T{Ie1)mSARTF(COVZI(IsI))

PRINT Se(T(1el)els]leNB)

RETURM 8 END

SUBROUT INE DRUK (A eNeM)
ODIMENSION A(NiM)

FORMAT (» TRANSPOSE#*
FORMAT(IXe1ZE1led)
IF(NeGTeM) GO TO 2

DO 1 I=l N
PRI”?IOZO(A(!QJ)OJ‘!ON)
RETURN

PRINT 101

DO 3 Is]l M

PRINT 102e¢(AlJel)eJr]N)
RETURN % END

o T R T S
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OIMENSION AC(TI1¢J11eB(I10J2)eC({I20J1)eD(12e42)eT(]12eJ12)
00 20 us)1.J2
00 15 I=1.411)

I8 TlleJd+Jl 1B eJ)
DO 20 I=1.412

20 Til4lled+Jd1)mD(]eJ)
ENTRY SUMB
DO 10 Ju=mleJ]l
00 5 l=1.11

85 T(leJimA(leJ)
00 10 I=1.12

10 TCI+11eJ)aC(]eJ)

3 RETURN 8 END

. SUBROUT INE SUM(AB«CsDsTalle120J10J2e1120J12)

SUBROUTINE AOI (AyNsMs KK)
DIMENSION A(NM)
3 DO 10 I=1.N
' 00O 10 Jm1 M
10 A(l+J)e040
1IF(KKeEQe1l) RETURN
DO 20 1=1eN
20 A(lel)sleO
RETURN S END

Groal

Lo

SUBROUTINE ABT(A«BesTeKeloM)
DIMENSION A(KoL)eBIMeL) e TIKIM)
l DO 1 JmleM
DO 1 Islek
T(1eJ)2040
l D0 1 Ki=]eL
1 TULaaT(JeJ)+A(14K1IRB(JeK])
RETURN 8 END

SUBROUTINE ABTAC(AsBiCoeToY Kol tMaNIKK)
DIMENSION A(KsL)IsBILIM)ICINIM)eTI(KeM)eY(K«N)

C ABAT KK22 YaARBRAT
3 c ABCT KK=3 YmA®BSCT
CALLL MATMPY(A+sBoeTeKeKoL ol tM}

GO TO(942¢5) KK
2 00 4 Ial.K
i DO & JsleN
Y(led)m0eO
DO 3 KisieMm
] 3 YUleIsY{led)+TU1ex1)IRC(JeK])
& Y(JUell)sY(leJ)
GO TO 9
' 8 CALL ABT(TeCoYoKeMIN)

9 REYURN $ END
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