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ABSTRACT 

The location and size of particles within a volume 

which is stationary or dynamic can be found by two techniques 

of coherent optics.  In the first technique the volume is 

illuminated with coherent light and the resulting diffraction 

patterns are recorded in the far-field (Fraunhofer region) 

of the particles.  The particle information is found from the 

resultant density variations on the film.  In the second tech- 

nique the developed negative (a Fraunhofer hologram) is il- 

luminated with coherent light and the particle field is 

reconstructed in three dimensions.  This investigation is an 

analysis of these two techniques and their relative merits. 

Because magnification is important in the second technique 

the methods of magnifying the volume are discussed.  It is 

found that reconstructing the volume from the hologram 

yields particle information which is easier to obtain than 

the information resulting from the diffraction patterns. 

The volume is also found to be easily and uniformly magni- 

fied by an imaging lens in the reconstruction" process. 

in 
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NOMENCLATURE 

a Particle radius 

A Particle scattering cross-section 

A. Magnitude of the reference wavefront 

A„ Magnitude of the object wavefront 

Ä—10 Angstrom (10   meters) 

b Film fog level constant 

c Radius of the illuminating plane wave 

D(£) Particle geometry 

D(a) Reconstructed particle geometry 

U(£) Fourier transform of D(f-) 

e Base of the natural logarithm 

f Focal length 

I Intensity at the recording plane 

1(5") Intensity in the image plane 

I Incident light intensity o 

J, First order Bessel function 

k. Wave number of the recording wavefront 

k„ Wave number of the reconstructing wavefront 

K Plane wave amplitude 

I Object distance from a lens 
i 

I Image distance from a lens 

L Mean free path 

XI 
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L Lens distance from the recording plane 

m Magnification 

m» Lens magnification 

m Spherical wave magnification 

n Particle density 

N Far-fieId number 

R, Distance from the lens focal point to the object field 

R2 Distance from the lens focal point to the hologram 

T(p) Film amplitude transmittance 

U(p) Light distribution in the recording plane 

U(£) Light distribution in the object plane 

z Volume depth 

Z Recording distance 

Z„ Reconstruction distance 

Z Distance from the point source to the object plane 

ä Image plane position vector 

7 Linear portion of the film characteristic curve 

X Wavelength 

—6 \xm Micron (10   meters) 

£ Position vector in the object plane 

"p Position vector in the observation, or recording plane 

cp Phase introduced by a lens 

(p Phase of the reference wavefront 

cp2 Phase of the object wavefront 

d Partial derivative 

Xll 
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SECTION I 
INTRODUCTION 

Within the past few years, two techniques of coher- 

ent optics have been developed whereby the sizes and 

spatial distribution of a volume of particles may be 

recorded on film in the form of diffraction patterns.  These 

techniques have the advantages that the particle field infor- 

mation can be recorded without disturbing the ensemble and 

that the information may be analyzed at a more convenient 

time.  Unlike conventional methods, which, moreover, are 

too slow for satisfactorily sampling a dynamic particle 

field, these techniques are capable of recording the position 

and size of each particle in the field without having the 

depth of field problem associated with high resolution 

photography or microscopy (1). 

In the first technique, the Fraunhofer diffraction 

patterns of the individual particles are recorded on film. 

These patterns are formed when the particle field is illum- 

inated with coherent, quasi-monochromatic light and the 

recording plane is in the far-field of the individual 

Numbers in parentheses correspond to similarly 
numbered references listed in the bibliography. 
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particles.  The light diffracted by each particle interferes 

with the undiffracted beam to produce a fringe pattern 

characteristic of the particle size and distance from the 

recording plane.  The relation of these particle parameters 

to the recorded intensity distribution has been derived 

theoretically for opaque and transparent, circular particles 

using the far-field assumptions (2,3).  From this it has 

been suggested that "an accurate value of Z and ... a pre- 

cise determination of the particle size" (3) may be calcu- 

lated from microdensitometer traces of the photographically 

recorded patterns.  Section II of this investigation will 

critically cover the accuracy of this statement. 

The diffraction pattern technique was used by Ward (4) 

to measure the size and distribution of particles in a fog 

with a Laser Fog Disdrometer.  A Q-spoiled ruby laser was 

the illuminating source.  Particles were sized by analyzing 

the microdensitometer traces of the recorded fringe patterns. 

The second technique for measuring the size and loca- 

tion of particles within a volume follows directly from the 

first.  The diffraction patterns recorded on the film com- 

prise an in-line Fraunhofer hologram of the volume (5). 

Illuminating the hologram with a beam of coherent light will 

reconstruct the- particle field as it was recorded and 

measurements may be taken from the reconstruction (6,7). 

This was the first successful and useful holographic 
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technique for solving a technological problem (8).  It was 

incorporated into the Laser Fog Disdrometer for reading out 

the particle information (9).  The new readout system used a 

television camera to image and magnify the particle recon- 

structions to a measurable size. 

When a particle field is to be studied, the relative 

merits of each technique are important.  Errors 'and approxi- 

mations in calculating and measuring the particle size and 

location must be known.  These two techniques will be de- 

scribed and discussed in this investigation.  This has not 

been done explicitly in the open literature. 

The discussion in Section II will cover the Fraunhofer 

diffraction pattern technique.  After a derivation for the 

intensity in the far-field, the effects of particle size and 

recording distance on the intensity patterns will be dis- 

cussed.  From this, expressions for the particle radius and . 

distance from the recording plane will be derived.  The 

diffraction patterns and calculations will be experimentally 

verified. 

The reconstruction of the particle field from the 

Fraunhofer diffraction patterns will be covered in Section 

III.  A general, but fundamental, description of the recon- 

struction process will be given and related to the Fraunhofer 

patterns.  Reconstructions from holograms of stationary and 

dynamic particle fields illuminated by a cw He-Ne laser will 

be analyzed. 
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A necessary part of any small particle reconstruction 

scheme is magnification.  Besides electronic magnification 

with a television camera, as was used on the Laser Fog 

Disdrometer, the images can also be magnified optically with 

lenses and with spherical waves (10).  Conditions under which 

each of these would be preferable are important.  Because 

spherical waves and lenses are basic magnification tools, 

Section IV will explain how each is utilized in recording and 

reconstructing the hologram and where each would be most 

suitable.  Comparative conclusions relevant to measuring 

small particle positions and sizes will be made in Section V. 



AEDCTR-68-125 

SECTION II 
FRAUNHOFER DIFFRACTION PATTERNS 

2.1   INTRODUCTION 

When a volume of particles Is Illuminated by coherent 

light, a portion of the light is diffracted by each particle 

and interferes with the undiffracted light.  By applying the 

proper boundary conditions of the particle to the Helmholtz- 

Kirchhoff diffraction integral, the intensity distribution 

(interference pattern) in a plane a distance Z from the par- 

ticle can be found.  This integral is evaluated under the 

conditions that the recording plane is in the far field of 

the particle.(the Fraunhofer region) and the near field of 

the volume.  From the resulting intensity distribution, the 

size of the particles and their respective distances from 

the recording plane can be calculated. 

This Section presents the theoretical derivation of 

the Fraunhofer diffraction patterns of circular opaque par- 

ticles.  Following an analysis of the derived intensity 

pattern, the experimentally recorded data will be correlated 

with the theory.  Conclusions drawn from the theory and ex- 

perimental data will be given. 
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2.2  DERIVATION OF THE FRAUNHOFER DIFFRACTION 
PATTERN FOR AN OPAQUE CIRCULAR PARTICLE 

Fraunhofer diffraction patterns are  formed when the 

distance  from the point  source  to  the object plane,   Z*,   and 

the  distance  from the object plane  to the recording plane,  Z, 

are  such  that 

<*2 + ^max Z* »  ÜÜÜ (1A) 
X 

(»2 .  ^\ 
q + 1 'max Z  »  ÜÜ (IB) 

X 

2   2 where (£ + n )   is the maximum dimension of the diffrac- 
Hid A 

ting object and X is the wavelength of the point source (11). 

By using a collimated light beam the first restriction can 

be neglected.  The second restriction has been shown to be 

relaxed for circular apertures of diameter 2a when (12) 

v   (2a)
2 

Z >    (2) 
\ 

For other geometries, 2a represents the maximum dimensions 

of the object.  The equality in Equation 2 will be defined as 

one far-field distance, N, from the particle.  Therefore, 

the recording distance, Z, defined in terms of far-field 

distances, is 
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(2a)2 

Z = N  (3) 

The distribution of the light in the recording plane 

is given by the scalar Helmholtz-Kirchhoff formula as (11) 

U(p)  = 

- (U(I))MS   (4) 
ikr   ^ 

e      o 

Ö) 

where  U(£) is.the light distribution in the object plane, 

r is the magnitude of the vector from the object plane to 

the observation plane, and .  is the normal derivative to 
on 

the object plane.  The integral is taken over the surface of 

the object plane. 

For the analysis it is assumed that there is an opaque 

particle in the (--plane as shown in Figure 1 where the geo- 

metry of the particle is described by 

D(6) = 
1*1 < a 

]0 |I| > a (5> 

where a is the radial dimension of the object and is much 

larger than X.  For a particle illuminated with a plane wave 

of amplitude K, the light distribution U(£), in the object 

plane is given by the boundary condition 



Collimated Coherent 
Radiation K 

CO 

> 
m 
o 
o 

10 

Observation Plane 
Object Plane 

Fig. 1   Diffraction and observation planes for Fraunhofer diffraction about an 
opaque particle 
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U(£)  = K(I - D(£)) (6) 

Substituting this Equation and its normal derivative into 

Equation 4 and carrying out the normal derivative within the 

integral along r gives 

U(p) = JL 
4ff 

ikr _ 
(1) f  (1 - ikr)cos0 di 

-   0ilcr _ 
- D(£) 1  (1 - ikr) cose d£ 

r2 
(7) 

where   = ~  cose, 0 is the angle between the normal to 
_ ön    Sr 

the l--plane and r as shown in Figure 1 and the surface inte- 

gral is taken over the £-plane. 

The first integral is evaluated under the near field 

condition 

Z « kc2 (8) 

where c is the radius of the illuminating beam which is also 

the limiting aperture of the system.  This integral then 
ikZ becomes e   which is the undiffracted portion of the plane 

wave along the Z axis (3). 

The second integral can be simplified by assuming that 

kr » 1, and imposing the customary paraxial approximations, 

that is, the diffracted rays are approximately parallel to 
Z 

the Z axis, so that cosö =   % 1.  Under this simplifica- 
r 

tion, Equation 7 becomes (after normalizing the constants in 
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front of the equation) 

U(p) ikZ 1 + 
ik 

.   I  DCOe1 --ikrdl (9) 

Expanding r inside the integral in a binomial series where 

(10) r2   -      Z2+  |p-I|
2 

,-2 dropping the higher order terms of Z  , and recognizing 

that in the far-field, 

k|I|2 « Z 

Equation 9 reduces to 

(11) 

U(p)    =    e 
ikZ fl + Jh 

L z 
exp 

L      2Z 
L]/< ik|Tl     |D(I)e-lk<?-p'/zde 

The intensity in the observation plane is 

U2) 

~N|2 i(p)   =    |ufp) 

2k          /     k|p|2^ 
1 -   sinl  

2Z M +   -7T &<?>]' (13) 

where the background has been normalized and 

D(p)  =  | D (£)exp 
-ik(^p) 

dg (14) 

This is the Fourier transform of the particle in the object 

plane.  For a circular particle of radius a, 

10 
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Of .  

D(p) = 
a J 

ka£ 
1  z 

kaTi \ 
<15) 

which.is a Bessel function of the first kind divided by its 

argument and is characteristic of circular particles.  The 

intensity in the recording plane is therefore 

Kp>  = 

,2 4 k a 

kap1 

kap 

kap 

kap 

-|2 

(16) 

Because of the circular particle, symmntry has been assumed 

in the observation plane allowing the vector notation to be 

dropped. 

2.3 ANALYSIS OF THE THEORETICAL DATA 

Equation 16 illustrates the effects of the particle 

size and distance from the film plane on the intensity dis- 

tribution in the observation plane.  The first term, a nor- 

malized constant, is due to the background light and sets the 

average value of the recorded light intensity.  The third 

term is recognized as the Airy diffraction pattern associated 

11 
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with a circular aperture of radius a (11) .  It is considered 

to be an error term in the intensity pattern. The middle 

term contains the information necessary to obtain the parti- 

cle size and recording distance from the diffraction pattern. 

It represents the interference between the coherent back- 

ground and the light diffracted by the particle.  It consists 

of a sine function dependent only upon the recording distance 

and a diffraction term characteristic of the particle.  The 

sine function is the dominant term and produces diffraction 

rings analagous to a Fresnel zone plate.  In holographic 

terminology it is known as the focusing term (13) since the 

diffraction rings have approximately the same imaging pro- 

perties as a lens of focal length Z.  The sine varies more 

rapidly than the Bessel function and is, therefore, modulated 

by it. 

This modulation is illustrated by the theoretical 

diffraction patterns in Figure 2.  The vertical dashed lines 

indicate the points where the Bessel function goes to zero. 

These points are related to the Airy minima and produce a 

phase reversal in the intensity pattern. The data in Figure 

2 were obtained from a computer program of Equation 16, 

where a = 80 JI, X  = 6328 A and Z = 4.1, 12.1, and 20.2 

cm respectively.  These Fraunhofer patterns illustrate the 

effects of the sine and Bessel functions on the intensity in 

the recording plane at one, three and five far-fields from 

12 
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N 
Z 

1 
4.1 cm 

t/VV^WV/v»- ■*V^*o 

Dashed lines iadicate the 
Airy minimum in this and 
the following data. 

N = 3 
Z -  12.1  cm 

<*s\y\/\s^ 

N =  5 
Z - 20.2  cm 

J L J L J I 
0       0.1     0.2    0.3     0.4     0.5    0.6     0.7      0.8    0.9      1.0 

p,  mm 

Fig. 2  Theoretical Fraunhofer diffraction patterns of the intensity, I, versus 

the position vector, p,for a fixed particle diameter of 160 pun and 

Z = 4.1, 12.1, and 20.2 cm with  \ = 6328 A 

13 
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the particle.  More sine peaks are seen to be present within 

the first Airy minimum as N increases.  Likewise, the spatial 

frequency of the sine term decreases for large far-field 

distances. 

The number of sine peaks within the Airy minimum is a 

function of the far-field number.  Setting the argument of 

the Bessel function in Equation 15 equal to its value at the 

first zero and solving for the magnitude of the position vec- 

tor in the recording plane yields 

p = 0.61xJL (17) 
a 

For X  = 6328 A, 

Z      -7 
p  = 3.86   x 10  meters (18) 

a 

At this value of p, the argument of the sine function has a 
nir 

value   where n, by definition, is a positive number that 
2 

describes the number of quadrants or fraction thereof through 

which the sine has passed.  Setting the sine function equal 

to this value and solving for n yields 

2 p2 
n  =  L_ (19) 

XZ 

Substituting Equation 18 into this Equation and using the 

14 
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far-field relation given by Equation 3, gives 

n = 2.98N (20) 

The peaks of the intensity function occur approximately when 

the sine is maximum; that is, when n is an odd integer. 

Therefore, the number of sine peaks within the Airy minimum 

is directly proportional to the number of far-fields at 

which the diffraction pattern is recorded.  For a constant 

far-field number, the diffraction patterns will look the same 

with the exception that the frequency increases for small a. 

This is illustrated in Figure 3.  This figure shows the 

effects of constant N on the intensity distribution for three 

different particle sizes. As the particle radius increases, 

Z must also increase in the same proportion.  It can be seen 

that the Airy minimum occurs at the same point on the sine 

pattern.  It should be noticed that the intensity of the 

peaks of the three patterns are the same since the parameters 

preceding the second and last terms of the intensity distri- 

bution in Equation 16 can be expressed in terms of N"  (6). 

When various size particles are recorded in the same 

plane, the larger particles have more pronounced intensity 

variations than the smaller ones, with the Airy minimum 

occurring closer to the center of the pattern, as shown in 

Figure 4.  The spatial frequency for each particle is seen 

to be approximately the same.  Particle radii of 40, 80 and 

160 |j.m, 20 cm from the recording plane, with X = 6328A are 

shown. 

15 
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L J L I I J L i J L 
0        0.1      0.2     0.3     0.4      0.5     0.6     0.7      0.8     0.9     1.0     1.1      1.2 

(t>,    mm 

Fig. 3 Theoretical Fraunhofer diffraction patterns for a constant far-field 

number, N = 3, with a = 40, 80, and 160 /im, Z = 3.0, 12.1, and 

48.5 cm, respectively, and A =  6328 A 

16 
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*/\AA 

N =   1.2   I 
I 

i 

N =   5 

s/VVW^*' 

'        i        I L J I I L 
0        0.2     0.4     0.6     0.8     1.0     1.2      1.4     1.6     1.8     2.0     2.2 

p,   mm 

Fig. 4   Theoretical Fraunhofer diffraction patterns for Z   =  20 cm, A  =   6328 A, 

and particle radii of 160, 80, and 40 pm, respectively 

17 
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Calculating the Recording Distance 

The sine function in Equation 16 was found to be a 

function of the recording distance Z and independent of the 

particle size.  Therefore, the approximate position of the 

particle can be found from the sinusoidal variations of the 

recorded intensity patterns by measuring the distance, p, 

from the center of the diffraction pattern to one of the sine 

extrema.  These extrema occur when the sine function is 

approximately ±1.  Letting n in Equation 19 be an odd integer 

specifying the maxima or minima of the sine function and 

solving for Z yields 

2p2 
Z  =  1—   ,   n = 1,3,5,"- (21) 

nX 

This equation is only an approximation to the actual record- 

ing distance because of the errors introduced into the 

diffraction pattern by the Bessel function modulation of the 

sine term and the Airy pattern term. This theoretical error 

can be reduced to a certain extent by measuring p to the 

first minima of the diffraction pattern to reduce the effects 

of the modulation term and by keeping the recording plane at 

a large far-field distance which reduces the effects of the 

Airy term.  From the theoretical data, the calculated Z from 

the first minimum of the intensity distribution, was as high 

as 21 per cent for small far-field numbers.  At larger far- 

18 
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field distances, where the Bessel function varies more slowly, 

the errors were below ten per cent.  Figure 5 illustrates 

the theoretical error due to the approximations for a 320 

|j.m diameter particle.  Measurements of p were taken from the 

computer data of the particle and used in Equation 21 to 

calculate the recording distance.  As the far-field distance 

increases the calculated recording distance is seen to 

approach the actual distance and become larger. 

Calculating Particle Diameter 

The particle diameter is found from the diffraction 

pattern by locating the zeroes of the Bessel function.  Solv- 

ing Equation 18 for a yields for the particle radius 

Z     _7 
a  = 3.86   x 10  meters (22) 

To find the radius from zeros other than the first, the value 

of the desired zero is equated to the Bessel function argu- 

ment following a development analogous to Equation 17.  This . 

/kaP,l equation is exact since when J,  <\     =    0, all terms in the 

intensity distribution go to zero except the constant back- 

ground term.  The experimental error is in determining the 

exact location of the Airy minimum on the diffraction pattern. 
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actual' 

Fig. 5  Approximation error in the recording distance calculation 
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2.4 EXPERIMENTAL RESULTS 

General Experimental Considerations 

The experimental arrangement for recording the dif- 

fraction patterns of opaque particles is shown in Figure 6. 

A Helium-Neon laser was used as the light source with a pin- 

hole -col lima tor to spatially filter and expand the beam to 

a 2-inch diameter.  The spatial filter removes unwanted light 

from the laser beam, improving the spatial coherence.  The 

laser operated with zero to thirty milliwatts of power with 

X =  0.6328 (im.  The particle field was composed of a random 

distribution of black paint particles ranging from 85 |j,m to 

400 urn in diameter on an eight-inch thick plexiglass plate. 

The particles had good opacity as well as a fair degree of 

circularity. These characteristics as well as size determin- 

ations were made with a microscope.  SO-243 sheet film was 

used to record the diffraction patterns because of its fine 

granularity and consequent high resolution, which helps to 

reduce the noise in the densitometer traces. 

The laser, particle field and recording plane (a lens- 

less 4x5 press camera) were mounted on an optical bench. 
mw 

A light intensity of 0.05  illuminated the particle field, 
cm2 

and an exposure time of 0.025 seconds was used to properly 

expose the film.  The negative was developed in Kodak D-19 

solution for three minutes and placed in the stop bath and 

fixer for 30 seconds and 1.5 minutes, respectively. 
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Diffraction patterns recorded 15 cm from the paint 

particle are shown in Figure 7.  Particle sizes are shown 

near a few of the patterns.  The fainter diffraction rings 

seen scattered throughout the figure are from dirt particles 

on the plexiglass.  Interference between light reflected from 

the two faces of the plate caused the straight-line diagonal 

fringes.  Edge effects of the limiting aperture are also seen 

on the right. 

The effects of increasing the far-field distance from 

a two-dimensional field are shown by the Fraunhofer diffrac- 

tion patterns in Figure 8.  The particle field of dust and 

paint particles was recorded at Z = 10, 20, 40 and 80 cm. 

Particle diameters representative of the field are shown 

near their patterns in Figure 8a, with the 230 |j.m particle 

indicated in Figure 8b, Figure 8c, and Figure 8d. 

The variations of intensity of both the 280 |j,m and 

130 x 150 \±m  particles in Figure 7 were recorded by a 

Jarre11-Ash photodensitometer. The traces are shown in 

Figures 9 and 10 respectively along with the theoretical 

curves of the particles. The traces were made along the 

line passing through the center of each diffraction pattern 

parallel to the background fringes to reduce extraneous 

noise from these, fringes.  Figure 11 shows the densitometer 

trace and the theoretical curve of the 210 \im  particle in 

Figure 8 recorded 10 cm from the particle.  The recording 
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Fig. 7   Fraunhofer diffraction patterns of black paint particles recorded at 
Z   =   15 cm on SO-243 film,   \ - 6328 A 
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d.    Z  = 80 cm 

Fig. 8   Fraunhofer diffraction patterns of a two-dimensional particle field 
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Fig. 9  Theoretical and experimental intensity curves of a 280 /an diameter particle recorded 
at Z   =   15 cm with A. = 6328 A 
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Log  I 

Fig. 10   Theoretical and experimental intensity curves of a 130 x 150 ym particle recorded 

at Z   =   15 cm with A =  6328 A 
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Fig. 11   Theoretical and experimental intensity curves of a 210 ^m diameter particle 
recorded at Z  =   10 cm with A =  6328 A 
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Fig. 12  Theoretical and experimental intensity curves of a 230 fim diameter 

particle recorded at Z   =  40 cm with X =  6328|A 
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plane was 1.4 far-fields from the particle.  The densitometer 

trace and theoretical curve of the diffraction pattern of a 

230 |im particle recorded at 5.6 far-fields is shown in 

Figure 12.  The data are from Figure 8, page 25, where 

Z = 40 cm.  This curve represents the largest far-field dis- 

tance the diffraction patterns could be recorded from the 

particles without the noise from the film producing extrar 

neous intensity variations. 

Experimental Recording Distance and 

Particle Size Calculations 

The recording distances calculated from the first min- 

imum of the densitometer traces in Figure 9,  page 26, Figure 

10, page 27, Figure 11, page 28, and Figure 12 are given in 

Table I, along with the known distances.  This data veri- 

fies the statement made earlier in the recording distance 

calculation section that the smaller theoretical error occurs 

at the larger far-field distance. 

Besides this inherent approximation error, error is 

also introduced into the experimental data by the densito- 

meter and film.  It is possible for the distance of travel 

of the chart recorder connected to the densitometer to be 

different from that of the densitometer slit across the film, 

due to changes in the motor speeds, or film slipping on the 

pressure plates.  Care was taken to keep this error to a 

minimum.  Another source of error lies in measuring the 
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EXPERIMENTALLY MEASURED AND CALCULATED RECORDING 

DISTANCES AND PARTICLE DIAMETERS 
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distance p on the densitometer traces..  Any small error in 

measurement due to approximating the intensity peak is magni- 

fied in the recording distance calculation.  This error was 

not considered in this investigation because of the seemingly 

well defined peaks in the data.  The diffraction pattern 

recorded at the smallest far-field number (Figure 9, page 26) 

gives a 32 per cent overall error for the recording distance, 

while the recording distance calculated from the largest far- 

field number data (Figure 10, page 27) was 4.7 per cent too 

large.  The distances to the first minima were measured from 

the densitometer traces by averaging over both sides of the 

patterns.  Because of the lack of symmetry on each side 

this occasionally puts the center of the pattern slightly to 

the side of the central maximum. 

Table I also compares the calculated and measured par- 

ticle diameters for Figure 9, Figure 10, Figure 11, page 28, 

and Figure 12.  The first Airy minimum indicated by the first 

dashed line from the center of each figure was used to cal- 

culate the particle diameters because, in most cases, it was 

difficult to distinguish the other minima from the system 

noise.  The first minimum was easiest to detect on the densi- 

tometer traces taken of the diffraction patterns with low 

far-field numbers.  The calculated diameters are in excellent 

agreement with the diameters measured with a 100 power micro- 

scope containing a reticle which divided the object field into 
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ten |j.m divisions.  As in measuring the recording distance 

the average distance to the Airy minimum on each side of the 

densitometer traces was taken for the calculation. 

2.5 CONCLUDING REMARKS 

As is evident from the diffraction patterns in Figure 

7, page 24, and Figure  8, page 25, the densitometer traces 

can only be taken where the particle density of the recorded 

volume was low.  This is especially true for large far-field 

distances.  Any intensity variations on the film from other 

diffraction patterns ruined the densitometer trace and made 

it difficult to locate the Airy minimum. 

The range of particle radii that could be measured 

from a single negative was found to be limited to below an 

order of magnitude by the density range of the film.  The 

density of the developed negative is related to the incident 

intensity by D = 7 log(It + b) where 7 is the slope of the 

straight line portion of the film's characteristic curve, t 

is the exposure time, and b is the film fog level constant. 

The background intensity sets the average density of the film. 

When the intensity of the diffraction pattern exceeds the 

gamma portion of the curve, the peaks will be recorded non- 

linear ly.  The gamma must then be decreased by reducing the 

developing time until the largest peak lies on the linear 

portion of the curve.  On the other hand, if the intensity 
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varies over a small range there may not be enough light in- 

tensity to produce a recordable density variation on the 

film; therefore, the gamma should be increased so that a 

small intensity variation is amplified in the density. 

Figure 4, page 17, illustrated theoretically the difference 

in the intensity peaks for three sizes of particles at the 

same recording distance.  The pattern of the smallest parti- 

cle must be magnified considerably if the location of the 

Airy minimum is to be found. 

The dimensions of non-circular particles cannot be 

accurately measured from their densitometer traces because of 

the assumed circular symmetry in Equation 16.  Instead, an 

approximation to the particle size is found which lies between 

the maximum and minimum dimensions of the particle.  This 

approximation will vary with the traversing angle the densi- 

tometer makes on the diffraction pattern.  Figure 10, page 

27, was taken of an oblong particle 130 x 150 j_i.m.  The cal- 

culation from the densitometer trace indicated a mean radius 

of 130.5 p.m.  This value of a was used in Equation 16 to 

obtain the theoretical curve in Figure 10. 
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SECTION III 
FRAUNHOFER HOLOGRAMS 

The amplitude and phase of the light diffracted or 

scattered from a particle field are uniquely related to the 

particle sizes and distances from the film plane.  The phase 

information is lost in ordinary (incoherent) photographic 

processes since the film is sensitive only to the absolute 

value of the incident light.: photographic film can only 

record intensities.  When coherent light illuminates the 

field the diffracted light interferes with the undiffracted 

portion such that the phase difference between the two wave- 

fronts modulates the resulting film plane intensity in a 

manner unique to the particles within the field.  The ampli- 

tude and phase of the diffracted light is therefore recorded 

on the film as Fraunhofer diffraction patterns (for far-field 

recording) and constitute a hologram of the field.  As will 

be seen, by illuminating the developed film with a wavefront 

similar to the one which illuminated the particle field, the 

total field can be reconstructed. 

The reconstruction process forms two images, real and 

virtual, which lie on opposite sides of the hologram.  The 

virtual image of the field lies between the hologram and the 

light source as shown in Figure 13 and is viewed by looking 

through the film.  Because the reference beam was "in-line" 
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with the object field, this image is centered within the re- 

constructing beam and is inconvenient to observe.  The real 

image lies behind the hologram and reconstructs the object 

field without the aid of any auxiliary lenses. 

In order to understand how the real and virtual images 

of the Fraunhofer hologram are formed from the diffraction 

patterns, it is necessary to observe the effects of the holo- 

gram on the incident illumination.  This will be done in 

general terms and the results related to the results obtained 

in Section II, Equation 16. 

3.1   THEORETICAL ANALYSIS 

The film records two wavefronts from the object plane. 

One wavefront is due entirely to the background illumination 

and the other is produced by the object. These add coherently 

in the film plane to produce an optical disturbance U("p) 

given by 

U(p) = Aie
icPl + A2e

icP2 (23) 

where A, and A« are the magnitudes of the reference and object 

wavefronts,  and q>, and cp2> their respective phases.  The 

intensity recorded by the film is 

I  =  |U(p)|2 = A,2 + A 2 + A,A9e
i(cPl-cP2) 1  ■  z    x * (24) 

+ A1A2e-
i(cPl-cP2) 

This expression will be noted as being similar to Equation 13 
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in Section II, where the object disturbance was expressed as 

its Fourier transform. 

The amplitude transmittance of the developed negative 

is related to the intensity by 

T(p) K     [It]~7/2 (25) 

where 7 is the slope of the straight-line portion of the 

D-log E curve of the film.  Substituting Equation 24 for the 

intensity of this Equation gives the amplitude transmission 

of the hologram.  Assuming the background is greater than the 

diffracted light, this Equation can be expanded in a binomial 

series to give 

T(p)     =    H(Al
2  - 3L A2

2  - -X- AlA2ei(^2> 
2        2 (26) 

A1A2e-
i(ol-C02) 

) 

where H = A~^ it~7  and is a constant.  When the film is 

illuminated with an incident beam, the light is attenuated 

and diffracted according to this equation.  The first two 

terms serve only to attenuate the beam.  The first term re- 

presents a constant attenuation, and the second term atten- 

uates it according to the recorded amplitude variation of the 

diffracted wave. 

The third and fourth terms contain the information 

necessary to reconstruct the real and virtual images of the 

particle field, respectively.  These terms diffract and 
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attenuate the light passing through the hologram in such a 

way that concave and convex wavefronts emerge from the holo- 

gram which contain the information necessary to form the two 

separate images.  To understand how these wavefronts are 

formed in a Fraunhofer hologram, it is necessary to first 

look at the intensity distribution recorded in the film plane 

given by Equation 13 in Section II.  When this Equation is 

substituted into the amplitude transmittance equation and 

expanded, the transmittance of the film becomes 

T(p>  - 1-JL -£    [B(p)]2-2- -i^-exp -lklp|2i)(p) 
2   rz 2    r        2Z  . 

+ JL J£_  exp iÜEi! B(p)   (27) 
2    r      2Z 

where the background intensity, A, and the total attenuation 

of the transmittance given by H in Equation 26 have been 

normalized.  Again, the first two terms of the transmittance 

equation are constants and do nothing to form the real and 

virtual images.  The third term diffracts the incident light 

and forms the real image.  This can best be understood by 

recalling the effects a positive thin-lens has on a plane 

wave.  By definition a lens is a device that converts a plane 

wavefront into a spherical wave of radius f.  This is illus- 

trated in Figure 14.  The phase change in the spherical wave- 

front introduced by the lens is given by 

39 



AEDOTR-68-125 

Fig. 14   Effects of a positive thin lens on a plane wave 
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cp  =  kx (28) 

From the right triangle in the Figure, the paraxial assump- 

tion that x « p is made, so that the sagital approximation 

results for x, that is 

IPI
2 

x  =   (29) 
2f 

The phase change  is therefore 

kliyl2 

<p     =    _f_  (30) 

2f 

From this it is seen that the exponential in the third term 

of Equation 27 will produce a positive lens-like phase shift 

in the incident beam, and like a lens, a Fourier transform 

of the term, D(p), will occur at the "focal point" of the holo- 

gram forming the real image at Z.  Likewise the fourth term 

represents a negative lens that has a virtual focal point. 

Thus, the virtual image is formed behind the hologram by this 

last term.  The location of these images is shown in Figure 

13, page 36. 

The intensity distribution in the reconstructed real 

image plane has been derived to be (5) 

1(a) =  1 + 7D(ä) cosj )+ _2L [D(S)]2       (31) 
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where a is the position vector in the image plane and the 

other terms were used earlier. 

The first term is once again the normalized background. 

The second term contains the reconstructed image DCa) which 

is interlaced with slowly varying cosine fringes that do not 

degrade the image.  The third term is the out-of-focus vir- 

tual image which causes most of the deterioration in Fresnel 

holograms but very little in Fraunhofer holograms. 

3.2 EXPERIMENTAL DATA 

The Fraunhofer holograms were recorded in the same 

manner as was the experimental data of Section II.  The par- 

ticle field was illuminated with plane waves of quasi- 

monochromatic light where X = 6328 A and the far-field dif- 

fraction patterns were recorded on SO-243 film.  Upon illum- 

inating the developed hologram with another plane wave, the 

reconstructed particle field was imaged and recorded on 

Polaroid film.  Figure 15 shows an opaque paint particle 

field and below it, its reconstructed real image.  The neg- 

ative images of the opaque particles are characteristic of the 

in-line holographic technique.  The particle field was recon- 

structed 15 cm from the hologram, the same distance the holo- 

gram was recorded.  The photographed field is shown magnified 

four times actual size and the reconstructed field is approx- 

imately five times where magnification was due to the camera 

lens.  The virtual image of the field could be seen by 
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Fig. 15   Opaque two-dimensional particle field and the reconstructed 

real image from a Fraunhofer hologram 
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looking directly into the hologram when the power of the 

illuminating beam was sufficiently lowered so as not to harm 

the eyes.  There was no recognizable difference between the 

real and virtual images when they were imaged onto the view- 

ing screen with a lens.  In fact, one was always being con-1 

fused with the other since both contain exactly the same 

information, only each is located on a different side of the 

hologram. 

Particles A, B, and C labeled on the photographed field 

and on the reconstructed image in Figure 15 are the same par- 

ticles whose diffraction patterns are shown in Figure 7, page 

24.  Figure 7 is the positive of the hologram that was used 

to reconstruct the field.  The densitometer trace of particle 

C was also shown in Section II in Figure .10, page 27. 

To simulate a volume of particles two plexiglass plates 

with opaque paint particles on them were placed five cm apart 

with the first plate 18 cm from the recording plane containing 

SO-243 film.  Reconstructed images of these plates were re- 

corded in planes separated by five cm and are shown in Figure 

16.  The images are magnified nine times.  The large paint 

particles are approximately 220 um in diameter and the small 

dust particles about 55 p.m.  Arrows indicate a few of the 

particles that are in focus in each picture.  The loop in 

Figure 16a was part of a small thread from a cleaning tissue. 

The thread is about 85 urn in diameter.  The particle images 
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Fig. 16   Reconstructed real images from a Fraunhofer hologram of two planes 

separated by 5 cm 
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in these pictures are sharp and clear so that measurements 

can be taken of them.  Densitometer traces of these particles 

were impossible to obtain because of the particle density. 

A volume of opaque paint particles from the aerosol 

were photographically stopped in space and the hologram re- 

corded on SO-243 film.  The volume of particles was generated 

by a spray paint can centered approximately 39 cm from the 

recording plane.  The schematic arrangement is shown in 

Figure 17.  The reconstructed real images are shown magni- 

fied nine times in Figure 18.  Five planes are shown in this 

figure; each plane is separated by one cm with the first 

plane 37 cm from the film.  The volume extended five cm in 

the Z direction and the width of the reconstructed area was 

seven mm.  Particle motion was stopped by a fast shutter 
_3 

with a speed of 10  seconds.  The particle diameters mea- 

sured from this figure are approximately 81 |j.m.  A few of 

the particles in focus are indicated by arrows in each figure, 

3.3   FRAUNHOFER HOLOGRAM LIMITATIONS 

Particle Size Limits 

The limit on the minimum size of particles that can 

be reconstructed from a Fraunhofer hologram is set by the 

far-field restrictions made in the derivation of the inten~ 

sity from the diffraction integral which includes the condi- 

tion that the dimensions of the diffracting particle be 
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Fig. 18   Reconstructed image planes from a Fraunhofer hologram of a spray paint volume 
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larger than the wavelength of the Illuminating radiation. 

For a He-Ne laser which emits a wavelength of 6328 Ä, this 

limit is about one \±m.     The smallest particles recorded in 

this study have been about 25 p.m.  Any particles below this 

limit were difficult to observe.  As will be shown in the 

next chapter on magnification, magnifying a particle in the 

recording or reconstruction process increases the reconstruct- 

ing distance directly as the magnification.  Therefore, any 

large magnification of a small object tends to make the re- 

construction distance uncomfortably long. 

The maximum particle size that can be recorded in a 

Fraunhofer hologram is determined by the far-field or Fraun- 

hofer condition given by Equation 2, that is 

(2a)2 ^ ZX 

Holograms taken closer than this distance are Fresnel holo- 

grams and the reconstructed image is deteriorated by the 

conjugate image.  For a particle one mm in diameter, the 

Fraunhofer recording distance must be over one meter long; 

therefore, for large particles, Fraunhofer holograms are 

difficult to take. 

Recording Distances 

Theoretically, there is no limit on how far the par- 

ticle can be from the recording plane, since its diffraction 
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pattern is Fraunhofer at infinity.  From a practical stand- 

point, however, the recording distance is limited by the 

response of the film to the diffracted light.  As the record- 

ing plane moves farther from the particle, less diffracted 

light will strike the film, resulting in slowly varying low- 

contrast fringe patterns which are severely limited by system 

noise.  The signal-to-noise ratio of the film thus limits the 

length of the recording distance from the particle.  In terms 

of far-field number it has been found (10) that for clean 

reconstructions 

N < 100 

Recording at this large far-field distance where the fringe 

contrast is low results in poor contrast between the images 

and the background.  Since the particle information is spread 

out over an even larger area of the film than the sinusoidal 

interference frequency the resolution of the image is poorer. 

In Figure 19, this far-field criterion is plotted for 
3 

particle radii from one to 10 \±m  and recording distances 

from 0.01 to 10 meters.  Any recording situation lying above 

this curve will result in images of poor contrast and reso- 

lution.  The minimum recording distance criterion, N = 1, for 

Fraunhofer holograms is also plotted in the Figure.  These 

two curves define the range where the particle field will be 

reconstructed cleanly. 
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Fig. 19 Dependence of recording distance and volume depth on particle size and 
density for clean reconstructions from Fraunhofer holograms 
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Depth of Field 

The field depth was found to be limited by the parti- 

cle density as well as the recording distance.  The particle 

density limits the volume size since all of the information 

in the three-dimensional volume must be recorded on a two- 

dimensional plane.  Too large a density keeps the information 

from the particle farthest away from reaching the recording 

plane.  Enough background light must also get through the 

volume to record the hologram.  This background light atten- 

uation was used to obtain a criterion for the density and 

volume size as follows. 

The intensity of the undiffracted light, I, passing 

through the volume is given by Beer's law (14). 

I = Ioe"
z/L (32) 

where I  is the illuminating intensity, z is the volume depth, 

and L may be regarded as the mean free path of the light. 

For particles of cross-sectional area A with density n, the 

mean free path is 

1 i 
L =   (33) 

An 

where it has been assumed that the total scattering cross- 

section of pertinence is equal to the geometrical cross- 

52 



AEDC-TR-68-125 

sectional area (11).  Assuming that the minimum background 

light necessary to record a hologram is I e~ , then the volume 

depth must be less than the mean free path, that is, 

z < J_ (34) 
~~  An 

Therefore, as the particle size or density decreases, the 

volume may become larger.  How large the volume can become 

is determined by the maximum Z-dimension of the volume from 

the recording plane and the smallest particle contained with- 

in it.  The recording plane must be less than 100 far-field 

distances from the particle to maintain clean reconstructions. 

Figure 19, page 51, illustrates the restrictions made on 

the width of the volume by its particle density.  The constant 

density curves plotted from the equality in Equation 34 are 
5 

shown as dashed lines.  The density range is from one to 10 

-3 cm  .  Given a constant density and particle size, the depth 

of field of the volume can be found.  The lines of constant 

density were extended into the Fresnel region so that the 

recording plane distance from a given volume could be calcu- 

lated without having the larger particles recorded in the 

Fresnel region.  If a volume is 10 cm deep and has a parti- 

2  -3 cle density of 10 cm  then the particles must have radii 

less than 178 um or the medium will be too dense.  The volume 

must also be at least 20.5 cm from the recording plane.  This 
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data was obtained by finding the intersection of the 10 cm 

volume depth with the density (Point A on graph) and moving 

this point vertically upward into the Fraunhofer region 

(Point B).  The smallest particle size that will give clean 

reconstructions is found by assuming the worse case condition, 

that is, the particle is located in the volume at the maximum 

recording distance from the film plane,  Therefore, the 

volume depth is added to the minimum recording distance 

(Point C), and this total distance intersects the N = 100 

curve at Point D.  The smallest particles that would recon- 

struct cleanly in this example would be 30.5 cm from the 

recording plane and must have radii of at least 22 p.m. 

Figure 19, page 51, may then be used for engineering design 

when two of the parameters are known (or assumed). 

Out-of-Focus Images 

Trouble in locating the position of the particles in 

the reconstructed volume came about from out-of-focus parti- 

cle images in adjacent planes.  It was found that the point 

of exact focus for the larger particles could not be deter- 

mined as easily as for the small particles because of the 

intensity of the out-of-focus images.  This effect is seen in 

Figure 16a, page 45, where the image of the large particles 

in focus in Figure 16b, five cm away, are still evident.  The 

images of any small particles present in-line with these 

out-of-focus images would be difficult to find.  For a smaller 

54 



AEDCTR-68-125 

increment of the photographed planes it was difficult to 

determine in which plane the larger particles were in focus. 

It is seen in the spray paint volume in Figure 18, page 48, 

that even for small particles, if an individual plane is 

studied in the middle of the volume where the density is high, 

the out-of-focus and in-focus particles are difficult to 

distinguish.  This gave an accuracy of approximately five 

mm for Z.  Particles in focus were found by observing their 

images in each photographed plane and finding where they were 

sharp and bright. 

Because of the bright out-of-focus images for the 

larger particles, planes within the reconstructed volume 

could be focused upon in a precise manner by observing when 

the small particles (< 100^) appeared on the recording plane. 

The two-dimensional fields in Figure 15, page 43, and Figure 

16, page 45, were assumed to be in focus when the small 

threads in each field were sharply defined in the reconstruc- 

tion plane. 
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SECTION IV 
MAGNIFICATION OF THE PARTICLE FIELD 

4.1 INTRODUCTION 

In order to accurately measure the diameter of the 

particles in the recorded volume from the reconstructed 

image, it is necessary to magnify the particle field.  This 

is done by using spherical waves or lenses in either the 

recording or reconstruction steps, or both.  Magnification 

with spherical waves is given as (10) 

ms 

Ri V 
Rl + Z      klR2 

-1 

(35) 

where R,, Z  and k, are the distance from the point source 

to the object field, the recording distance, and the wave 

vector of the recording step, respectively, and R„, Z2 and k„ 

are the same parameters in the reconstruction.  These are 

shown schematically in Figure 20. When a lens is used to 

magnify the particle field, the magnification is found from 

the thin-lens equation 

m. =-jL=    - _L_ = - J—L- (36) 
*     I l-t f 

where l  is the object distance and l*is the distance of the 
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image from a lens of focal length f. The negative sign indi- 

cates the image is inverted. 

The reconstruction distance Z„ increases linearly with 

the system magnification and is given by (10) 

^2 Z2 
m =   _ _ (37) 

\l   Z 

Therefore, the advantages gained from magnifying the parti- 

cle field are offset in the reconstruction by a longer image 

formation distance. 

This equation cannot be applied to the case of plane 

wave recording and reconstruction in order to magnify the 

reconstructed volume with a longer wavelength source.  It 

was found from the theory (10) that the condition necessary 

for bringing the images into focus reduces Equation 37 to 

unity.  Only the position where the image is in focus will 

change with wavelength.  This is understood by noting that 

the point of focus of a Fresnel lens is a function of wave- 

length.  Therefore, because the object characteristics modu- 

late the focusing (Fresnel lens) term in the intensity 

pattern, only the longitudinal position of the image changes. 

For spherical waves the magnification will change with wave- 

length as shown by Equation 35. 
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4.2 MAGNIFICATION IN THE RECORDING PROCESS 

Spherical Waves 

When spherical waves are used to magnify the particle 

field in the recording process, and the image is reconstructed 

with a plane wave, the magnification is given by Equation 35 

when R„ = oo as 

Z 
mc  =  1 +   (38) 

Rl 

This result may also be obtained by observing in Figure 20a, 

page 57, that the linear magnification is 

y'     R, + Z Z 
m   =   = —t  =  1 +   (39) 

y       Rx Rx 

where the second equality follows from the similar triangles 

involved. 

Figure 21 shows the Fraunhofer hologram and recon- 

structed image of a 200; \m  particle field recorded with 

spherical waves and illuminated with a plane wave of X = 
a 

6328 A.  The particle field was 20 cm from the focal point 

of the lens and 40 cm from the recording plane.  Magnifica- 

tion was 3x.  The image was reconstructed 114 cm from the 

hologram with collimated light.  The recorded cross-sectional 

area of the volume is smaller than in the plane wave case 
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Fig. 21    Magnification of a planar particle field by spherical wave 

recording of a Fraunhofer hologram where m = 3x 
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because of the smaller illuminating area of the diverging 

light when the same film area is illuminated.  Because of the 

magnification, the recorded diffraction patterns are three 

times larger than they would be in the case of plane wave 

illumination, thus allowing more particle information to be 

recorded on the film. 

The focal point of the lens must be placed away from 

the particle field so that the Fraunhofer conditions for a 

point source given by Equation 1 are obeyed.  The first con- 

dition limits the amount of magnification that can be intro- 

duced into the recording process since increasing Z and m 

also increases Z„ directly, according to Equation 37.  For a 

Fraunhofer hologram of a 200 |j,m particle magnified ten times 

with R,  = 10 cm, (to keep the recording plane in the far- 

field) , the reconstructed inuge is in focus nine meters from 

the hologram. 

For a three-dimensional volume, each plane within the 

volume is magnified differently.  This limits the spherical 

wave recording of Fraunhofer holograms to planar fields if 

different longitudinal magnifications cannot be tolerated. 

Thin Lenses 

A thin lens may also be placed between the particle 

field and recording plane to magnify the field.  The lens 

images the optical disturbances in a plane removed from the 

particle field onto the recording plane at L as shown in 
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Figure 22.  Therefore, the system magnification is due en- 

tirely to the lens and, according to Equation 36, 

ml     =   -| L " f 1 (40) 

The image is inverted and magnification is independent of the 

particle position, but the object plane of the lens must be 

in the far-field of the particles for Fraunhofer holograms. 

The lens can also be thought of as operating on the 

particle field itself as shown in Figure 22b.  The inverted 

image of the field at l     is illuminated by spherical waves 

from the focal point of the lens.  The system magnification 

is then the product of the lens magnification and the spher- 

ical wave magnification which is 

V    I z 
m = 1 +   ] (41) 

Equation 40 can be subsequently derived from this equation 

by solving the thin-lens formula for £  and putting I    in 

terms of the focal length and the radius of the spherical 

waves illuminating the image of the particle field, 

The diffraction patterns and reconstructed images of 

an opaque particle field 14.7 cm from a 7 cm focal length 

lens are shown in Figure 23.  The recording plane was 52 cm 

from the lens, yielding a magnification of 6.4.  The image 
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Fig. 23   Magnification of a planar particle field in the recording process with a lens ig. li   Mag 
where m   =   6.4x 
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was reconstructed with plane waves and recorded approximately 

85 cm from the hologram.  Interference caused by the virtual 

image can be seen surrounding the real images of the particles 

This interference is present because the patterns were re- 

corded in the Fresnel region of the particles.  The point 

where the real image was reconstructed in focus was difficult 

to determine because of its gradual intensity buildup over 

many centimeters.  The "fuzziness" associated with out-of- 

focus images was not present.  This behavior is much like 

that discussed in Section III for large particles. 

4.3 MAGNIFICATION IN THE RECONSTRUCTION PROCESS 

Spherical Waves 

Reconstruction with spherical waves is shown schema- 

tically in Figure 20b, page 57.  The magnification is related 

to the radius of the illuminating wave and the recording 

distance by 

mR =   (42) 
S X,     Z 

1 - _I  
X2    R2 

which is from Equation 35 where R, = «.  This equation can 

also be derived from Equation 37 solved for Z„ and using the 

appropriate similar triangles in Figure 20b. 

The reconstructed image of a particle field magnified 
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13.5 times with spherical waves is shown in Figure 24.  The 

radius of the reconstructing beam was 16.2 cm and the parti- 

cle field was in focus 194 cm from the hologram.  Sharpness 

of the»images is to be noted along with the reconstructed 

small detail.  Particles diameters range from 220 |xm for the 

larger paint particles in the center down to 15 |j.m for the 

smallest dust particles.  The hologram of this particle field 

is shown in Section II, Figure 7, page 24. 

Because of the large reconstruction distance magnifi- 

cation much greater than that shown in Figure 24 would be in- 

convenient.  Also, as magnification becomes too large, the 

image is degraded by a lack of recorded resolution on the 

hologram making the magnification "empty". 

According to Equation 42, large magnification can also 

be obtained when R2 is less than Z.  It was found that for 

this case, image degradation results from interference between 

the virtual image and real image,  This can be thought of as 

arising from the lens-like properties of the hologram.  Since 

Z is the focusing point of the hologram, when the point 

source is between it and the virtual image, the images are 

combined on both sides of the hologram and interfere.  Thus 

in reconstruction, the criterion 

R2 > Z 

must be observed to obtain clean Fraunhofer images. 
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Fig. 24   Real image of a planar particle field reconstructed and magnified 13.5 times 

with spherical waves 

67 



AEDC-TR-68-125 

Thin Lenses 

When the hologram is illuminated with plane waves, the 

unmagnified reconstructed images can be enlarged by an optie- 

cal system.  For a single thin lens, the magnification of the 

images is given by Equation 36.  The object imaged by the 

lens may be either the real or virtual reconstructed images. 

Figure 25 shows three stages of magnification of the 

real images of a field of graphite particles.  The particle 

diameters range from 20 to 200 p.m.  In Figure 25a, the par- 

ticle field was magnified 7.3 times by a 7.5 cm focal length 

lens.  The central portion of this figure is shown magnified 

15 times in Figure 25b.  The image plane in this case was 

193.5 cm from an 11.5 cm lens.  This enlarged image was mag- 

nified a second time by an 8 cm lens placed near the record- 

ing plane.  Other imaging systems could reduce this distance 

by an order of magnitude. Overall magnification was 26.2 

times, and the field is shown in Figure 25c, Magnification 

any larger than this became "empty", resulting in blurred 

images and poor resolution. 

An optical system, such as a microscope, could greatly 

reduce the observation distance of the reconstructed magnified 

images.  All attempts, however, to directly observe the 

images through a 50 power microscope have been fruitless. 

Particles could only be seen as blurs of light.  It is be- 

lieved that this is due to the limiting aperture effect of 
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Fig. 25   Graphite particle field recorded and reconstructed with plane waves and 

magnified during reconstruction with a lens system 

69 



AEDC-TR.68-125 

the microscope objective.  The cone of rays intercepted by 

this lens is empty of the particle information necessary to 

resolve the fine detail. However, focusing the images onto 

a frosted glass plate placed in the object field of the micro- 

scope allowed them to be observed when the objective was 

focused on the plate.  Fine object detail in this case was 

degraded by the granularity of the frosted glass. 
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SECTION V 

SUMMARY AND CONCLUSIONS 

Two techniques have been described which are capable 

of furnishing data for measuring the location and size of 

particles within a three-dimensional field.  Both techniques 

are based on photographically recording the interference 

between the light diffracted by the particle and the partially 

coherent background, or undiffracted light.  When the inter- 

ference patterns are recorded in the far-field (Fraunhofer) 

region of the particles, the particle parameters may be cal- 

culated directly from the densitometer traces of the fringes, 

or the particle field may be reconstructed holographically 

and measurements taken of the images. 

The far-field interference patterns were shown to be 

functions of the particle radius and recording distance.  The 

theoretical predictions were verified experimentally.  By 

measuring the density variations across the patterns with a 

densitometer, the location and size of the particle were 

determined.  An error in calculating the particle location 

was found to result from the approximations that the Airy 

term of the intensity distribution can be neglected.  This 

error can be reduced to a minimum by moving the recording 

plane into a larger far-field region from the particle and 

using the first minimum of the intensity function in the 
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calculations provided particle sizes and seediiig density is 

commensurate. 

The measurements of the particle radius rely on find- 

ing the first zero of the first order Bessel function in the 

fringe pattern.  This occurs when the intensity deviates from 

its sinusoidal variations and goes to the background.  The 

first zero occurs after the sine function has gone through 

approximately 3N quadrants with the contrast of the fringes 

decreasing as 1/N.  N is the far-field number.  For large N, 

therefore, the particle size information is severely limited 

by system noise, such as film grain, scattered light, dust 

particles and nonuniformity of the reference beam.  Accuracy 

in measuring the particle radii increases, therefore, when the 

particles are only a few far-fields from the recording plane, 

Other zeroes of the Bessel function may also be used to cal- 

culate the particle size, but these are more difficult to 

identify. 

Control of the film characteristics is essential for 

accurate densitometer traces of the fringe patterns.  For a 

small film gamma, indicative of a short developing time, 

the large far-field number fringes will be too light to be 

recorded by the densitometer.  However, a negative developed 

with a large gamma will suffer from nonlinearly recording of 

the first peaks of small far-field number fringe patterns. 

The film gamma thus limits the range of far-field number 
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patterns that may be studied from a single negative. 

Films of low granularity should be used to record the 

fringes because of the errors introduced into the diffraction 

patterns by noise.  The exposure range should also be held 

to, a minimum on the gamma portion of the characteristic curve 

to reduce the graininess (15). 

The particle density of the volume must be as small as 

possible to avoid overlapping of adjacent Fraunhofer patterns. 

These will produce extraneous fringes on the densitoriieter 

traces, which could obliterate the. first minimum of the 

Bessel function.  This is especially true for large N where 

the patterns are spread out over a large film area. 

Odd-shaped particles cannot be accurately measured 

with this technique because of the assumed circularity for 

the Fourier transform.  Measurements taken from unsymmetri- 

cal diffraction patterns can be averaged over each side of 

the pattern to yield an approximate particle size lying 

between the maximum and minimum particle dimensions. 

, . The second technique for measuring particle sizes and 

their location in a volume follows directly from the first, 

since the fringe patterns constitute Fraunhofer holograms of 

each of the particles. The object and reference beams of the 

hologram are the diffracted and background light from the 

volume, respectively.  Illuminating the developed film with 

plane waves of coherent light will reconstruct the particle 
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field exactly to size and in the same position relative to 

the hologram as it was recorded.  Consequently, the position 

and size of the particles may be measured directly from the 

reconstructed image.  The accuracy of these measurements 

depends on the accuracy of the measuring equipment and the 

ability to determine the point of focus of the image. 

The holograms are recorded in the far-field region of 

the individual particles to eliminate interference from the 

virtual image.  This image, which appears in the conventional 

(Fresnel) in-line hologram of Gabor (1), creates no problem 

since it reduces to a constant for the far-field approxima- 

tion.  Furthermore, Fraunhofer holograms are more convenient 

to record for small particles because of the far-field con- 

dition. 

Unlike the diffraction pattern technique where circu- 

lar symmetry about the particles* axis was assumed, the par- 

ticles can be any shape and of any composition, since the 

hologram contains and reconstructs the information that is 

unique to the particles which scattered the radiation.  Par- 

ticles from perhaps 10 jam to one mm may be recorded on Fraun- 

hofer holograms.  Each hologram will only reconstruct parti- 

cles free from conjugate image interference and system noise 

that were recorded in their far-fields from N = 1 to N = 100, 

respectively.  Thus, the size range reconstructed from a 

single hologram is limited to about an order of magnitude. 
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Fringe overlapping on the hologram does not limit the 

particle information of the volume as in the previous tech- 

nique.  The particles will be reconstructed independently of 

any interference from other wavefronts.  The limit of the 

particle density depends upon the depth of the volume and 

the particle scattering cross-sectional area.  If the density 

is too large relative to the area the volume will attenuate 

the incident light to such a degree that the film will not 

accurately record the information of the particles iö the 

volume.  Depth of fields achieved in practice have been typi- 

cally 50 to 60 far-field distances (7).  Figure 19, page 51, 

illustrated the relation of the volume depth to  the particle 

radii for various densities. 

Out-of-focus images were found to be a source of difs 

ficulty when observing adjacent planes in the volume.  The 

focusing depth of the particles increases with particle size 

making it difficult to ascertain in which plane the larger 

particles are in focus.  This limits the resolvable depth of 

the.reconstructed volume. 

The gamma of the film is not as critical as it is 

when the diffraction patterns are studied.  Images recon- 

structed from underexposed negatives will have poor contrast 

but are still observable.  Too much exposure will wash out 

the higher frequencies of the fringe pattern and reduce the 

image.resolution. 
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Magnification is introduced into one or both of the 

steps of recording and reconstructing the hologram to enlarge 

the images to an observable and measurable size.  Spherical 

waves or lenses will magnify the particle field in either 

step. 

Spherical waves increase the reconstruction distance 

and the lateral field dimensions by a factor m, as indicated 

by Equations 37 and 38, respectively.  Recording is limited 

practically to planar fields since the volume depth suffers 

Upon reconstruction from nonuniform longitudinal magnifica- 

tion.  Also, the focusing plane of the reconstructed images 

is difficult to locate accurately because of the longer depth 

of field of the enlarged particles, and approximations to 

this plane must be made. 

If the increase in reconstruction distance can be 

afforded, magnification can be applied in the recording pro- 

cess to a planar field to increase the detail which the film 

will record.  This results in a better reconstructed image 

resolution and allows poorer resolution film to be used if 

necessary. 

The reconstruction distance is also increased by 

Equation 37 when a lens is used to magnify the particle field 

in the recording process.  The magnified image can be thought 

of as being illuminated with spherical waves arising from the 

focal point of the lens  (Figure 22, page 63).  Therefore, 
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the=disadvantages and advantages of spherical wave recording 

will1 apply here.  The lens aperture could also be a factor in 

limiting the resolution of the smaller particles (11). 

Spherical wave reconstruction of a Fraunhofer hologram 

recorded with plane waves yields magnifications which are 

much- greater than are possible with spherical wave recording 

arid plane wave reconstruction.  When the reconstructing point 

source approaches the recording distance, the magnification 

will increase according to Equation 42.  Thus, planes within 

the volume are magnified differently upon reconstruction and 

will not be reconstructed in the same relation as they were 

recorded. 

A lens placed behind the hologram when it is illumin- 

ated with plane waves overcomes the disadvantages of the 

previous magnification techniques and allows the location of 

the particles, as well as their size, to be determined more 

accurately.  Since the hologram is illuminated with plane 

waves, the volume is reconstructed exactly as it was recorded, 

By moving the hologram, individual planes of the reconstruc- 

ted volume will be magnified and imaged by the lens.  Since 

the positions of the lens system and observation plane are 

not changed, the magnification of the particles in each plane 

focused will remain constant.  The location of the planes 

relative to one another is simply determined by measuring the 

distance the hologram is moved in order to bring each plane 
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into focus.  The distance of the hologram from the object 

plane of the lens is Z, the recording distance of the volume. 

Magnification is increased by increasing the obser- 

vation plane distance from the lens.  This distance can be 

reduced for larger magnification by using a short focal 

length lens.  Unfortunately, a lens of this sort usually has 

a small numerical aperture associated with it, which results 

in poor image resolution. 

Any'appreciable magnification in the reconstruction 

is limited by the resolution of the recording process.  When 

this limit is exceeded the images reconstruct empty of any 

resolution with a corresponding loss of contrast.  Film res- 

olution and lack of coherence of the illuminating light 

source cause the image to be degraded.  When the path dif- 

ference between the background and the diffracted light is 

longer than the coherence length of the source, the phase 

information in the diffracted light will no longer be re- 

corded.  This reduces the effective size of the hologram of 

each particle, thereby decreasing the image resolution.  Co- 

herence requirements of the laser were not considered in this 

investigation since the coherence lengths of commercially 

available lasers are sufficient to record objects with the 

100 far-field distance limit set on the hologram for clean 

reconstructions (16).  Therefore, the resolution of the holo- 

gram system depends on the resolution of the film used to re- 

cord the hologram in the plane wave case. 
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