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. The purnose of thic worlk is o £ind vhe thewmiodynemie
functions of the DNA molcculoes. Thoeomodynaiifle function may
bo rcadily coclculstced £f wo lmow the statistiliccl sume In Ore-
der to calculate the statisiical mum, we should adopt a de-
finite modocl.
: ¢
1. e shall proceed £rom tho Vatson and Crick model(l),
In this coal, the Dii molecuacd nave the form of two counter
spi-als linitca by hvdrogen bonds. The lengths of the hydrogen
bonas ore surictly fixed znd, according to numerous experimonts,
arc .om.ovkab 1oas than &% Let us donote the length of the
hyaogen bond by o. Tho .cnersy of thoe hydrogen bonds mey be
noacurel ceeording to a spoctrocrama. In fact, when the bomd
1; proken, there radiates a wave wihose length is unanbiguously .
inkcd wiih the bord onergy. 7The bond energy depends, in fturn
on the bord lensth. The spoctrograms obtained during the bre o
irg of tho hydrogen bonds of DA molocules have one clear line
witbout cny blurringe This moeans that the potential bond en~
ergy is fixzod very atrictly and ths bond potentlal has the fom
of a narrou 8lit: it isc equal to infinily overywhere, oxcept
vhen the bond langth is equal to Tg. AL this length P(rg)=

Vo = const, . i

Tho molccule cpirals consist of succesaiveély connected
1iaka of four typos. The differences in the typos of tha links
cre due to the presonce of four Cifforent radicalss adenine,
iicmine, isanine and cytosinc. .The links of the spirals of
v oquilibrium molecule porfora thernal vidrations, However,
t.e nature ol the interaction potentiul betwoeen the bonds ine-
poscs substantial limltations on this rovesnents &8s any organic
polyacra, tho DNA has fixcd valonco ea;ics, 1.9., anglos be=
tucon tho neighboring links in the planes passing through
these 1links. Thus, pairs of neighboring links represent scmo-
.thing 1ike rigid trianglec,crd thermal vidrations are nothing
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but Eho ¢hanjos ol than az:_z;;les belwion cuch triangies. In nore
popular teras, It is custornyy to suy that tae (i+l)-th link

- rotates along a o0 In rolation o tho Meth link, 2rd anglo

at the cone is callcd the rotntion cuzrio about tho keth

- bora(2), Tho linic lenglas ars casvscld to e conctant (not
~Bessssarily identicsl)s It is cvideni that tho constancy of

tho link longShs enl vole o0 angl-s leaves ¢ sinzle degroe of
Lfro0don (angles (,”1;) aad the oystu iz, csscntial‘iy, a £t;v,'ne-d.i.-
menaional system, althoura the mol.culo 4is situatcd 4n tho
usual throo=dimocncional sjpacce Yais ract is utilized in cale
oulating the ti:omomddynaaie fuactions of tho DNA molccules,
Por oxarpleo, in Zirm's workz{3) thc discussion is reduced to
the one-dimensional lzingts rodol,

Lot us also note thot a qualitative explanation of the
spiral torsion of thc chainc oconsisting of a sequence of links
may only be given in ¢ couplotely genorsl casel{4), In this
case, the potentials P(7;) of intoraction between the noighbore
ing triangles mey bo symraetrical and it is only necesssry that
there should be a cortain force £ -4 0 applied to the ends of
the chain., It the tounsile forco disappears, thnen the spirals
my ochange into a ball; howevor this is provented by the proe-
scnoce of friction. Sirictly spealiing, the cpiral-like struce

.ture at £330 43 a result o the corrolations betwecn the ro- -

tations of tho links and rcpreosenis a collective effact,

- £, Vo shball also consider only the interaction.between
the mo ighboring trianzles as easenticl, Generally spealking,

" the form of the interaction potentials is not known at the

prosent tive; however, there¢ is no basis to aassume that the
interaction is of a long-rangc noture ard, thoroelore, tho

. approachins of the nearect nelchbors should setisfy all the

reasonablo re‘gui_.ronmta. ioreover, let us supposo, as it is
usually éono(%,8), that Hemilton's function of the system may
be represented in the form of a sum of two addends one of which
dependa only on the coordinates and the other only on the im-
pulses. o

Strict examination indicates that in the polymeric chain
Hamiltonian, therc is & third addend, where the iumpulaes ard
the coordinates are mixed. Tais cddcnd may be ignorcd only
thon the interaction potentials of the "triangles" have a shape
of sufficiently narrov and dcep vwellsl®), yaturally, this re-

'quircient is more strict than the approaching of the nearest

neighbors, hovever, it is still a generally accepted require-
ment snd we shall leave it in force. Thus, we assume that
Hamilton's funotion of the DNA molecule may be written in the
form of '
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( ATV g o (2)

(1)

where intogratlion tualoe nitco over the entire phase space
[ end P: 3/XD == inverse Suoraturo.

Integration over i Zinulcoos with the assum

r » v Lumualoos Wi e assumptions that
havo been made 13 donc in .. cacnwnbory '.:.-.x:mcr(e), therofore,
vio shall conzider tho conli urstion »ari of the statistical
sum Oor, as they suy, ©hc condiguration intezral

Q= ‘§])c.-wmdq' . ( 3)

whero integr.ation i3 perforaed over tho ontire configuration
space §2 . ‘

Lot (ol xiel= (Pd ©s the colid angle between the
rizid trisncles, &ho rirst of wnleh 13 constructed on the
(+1l)=th and uk-th linlks, and Wi sccond on the k-th and the
(k=1)=th links. Taen

= 2%
Q= S e de, oo dowde; ... doy, expl—B{Uy (s ..o o P) + .
» ° ' : . (3a)

+Uy @ o) + W)

licre, the unaccented 4‘» belon: to the same spiral,
and the accented & -- to the other spiral; Nj + 1 and N2 +
1 aro the numbors of links of the first and the second spirals,
rospoctively, axd W -~ 18 a poteatial interaction energy of
tho opirals, *

3. Lot us nmuke a few remarks regarding We If the DNA
pmolocule is 1s0latcd and the nurber of the hydrogen bonds of
tho linking spirala is equal to k, then on the basis of the
roaarks in Paragraph d.

W = by, i

N . i

Tho situation 1s different if the molecule £s placed
tn a solution., Following tho c:ample of Frank-Kemenetskiy(7),
let u3 call & tie any factor that changes the difference of
iree exsrgies of the bound and freo states of the nucleotide
pair. If there are ties {or tho part of the configuration
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_ istic numbers of the matrix

texgral conrnschte thae 1o rmns fe “ Qe "
}mi.n d.nar in c'ﬁpreas(:i.on 7)1-" ¢ mavocmnny foetor cxp(-@BV), we

Nlat)
lh(’q—‘)—ﬂ(h-l'i'o)l} ", (4)

]

l g”‘A"" -
e » RENT

}lrherp A=N; + 1=d2 4+ 2, n=1/k, p=oxp(PA), ==cxp( Br1),
¢ = exp(= @ F2); ¥1 15 the differcico ¢f the free cnorsles of

the unooupled and counled p

3 -,-
Qi8,

(&

if it ig followod by a coup

led pair, P; + A

i3 the szue for a 2air with s tle, Fo :

48 the valus subtracted from 7
an uncoupled palr and, fina

if the coupled pair is rolloﬁed .

¥» A, and ), are the character-

11
ossi
Exproszion (4) wac obtcined with certain assumptions
forumlated in workl7), In thc samoe work a nore general case
is oconsidered when the tics zwy ndve fronm one pair of dases
to0 another. :

We shall ignore the mechanizia fastoning the spirals,
but will ooncentrate our attention on the role of thermal mo-
tion of the links making up the spiral. Iioreover, keeping in
mind the rigid nature of the hydrogen bonis between thoe spirals
(see Paragr 1), let us consider that theszo mechanisms are
a0t Sound, (3a) will assumc the iJollowing forms

.

Y ™ | ,
. Quza M AP oo doy - dep. . x
] [ ]

! et e Sb
xd';,u) ("’lU.(’u-u"ﬂ)+ul(9v"'"ﬂ)” ( )

Vo have assumcd here that N=1j) 4 1=No + .i, and thus,

- dntegration from O to 27 s of a 2 N-multiple nature.

4. 211 that has been saild cbove :nay be summed up in
the following way. ‘Tho configuration intogral of the DNA molo-
culs has the form of (3b) if the following acsumptions are true:
a) Hsmilton's function my be presonted in the form of (1) which
1s a gersrslly doocepted assumption; b) the correlation between
the forces ocoupling the spirals and the thermal motion of the
spirals’ links is small. ' ‘

. All further calculations are of a ocompletely precise
mo . o
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In ordor to meke this problem, ronnny& & unidimen»

sional one, let us make the touov subst ‘che
J ‘ nrnblu in th. mtogrunz we nn’:e . Sublon of

v', - ' . » R : . ~ei @ :T . ‘ : . - ‘ ;

! i . l‘.-z 8% i ‘ } ’ ' (’)'

. b gich -

vhere - 1 T i '
| Mty m3leme = ' , T
m-{-mvm

1 is the distance Detween the geometrical centers of the i-th

and the (i+l1)-th triangles, and v 1s the value of the angle

auppl.onths the walent one to 7T « Formula (5) :.s obtained
o “-ph goometrioal oonsiderstions (for more c.etails see

‘e . @
. = v

o

It is seen from formula (&a) tlut the values of Ax
are uutd M'“n

e

i

ol * ‘ l-‘l*-’lw(ﬂ*'f“'yr-mm

Oon tho otrongth ot the oorrupondmb (6), we can pro=

— ceed from the potentials of the in ouon between the trie

o angle s % ) to the potentials of x), Limitations from
top and om by the values Axk mtuthouqum

PP

o gbr<n ..
3(:’-{0«) st xCrSime | A v
o a8 8>W.- : . ;

?n o(x) is & function which is obtained £rom PP when

popey

Py

18 substituted by x according in formulas (5). .

' ression (s.b). after m abovo nbnumm. tm—
) toru s ouﬂu

s ‘. _— oy - '_'i‘. .I“ .HI | .;s. " O ) ‘
‘ y gmrffon o "‘; f""mi :.
4 ) L '. '. ",' " Py ;
: .‘i .. A. ; ..l ... ' "‘. ’ 'D ..'..' . sz: 4"‘ - ) ;
1 . “ . . ﬁ ;.. “'%‘ (m .vo.“') . :‘_' . ‘“‘? ‘
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T L A LML S e e :




Pactor ¥ in formula (30) has appeared because of the
. ty of the correspondence between ¢ and Ax. In fact,
two angles @ differing by 180° correspond to one value of the
. " distanse A x bdetween the centers of the neighboring triangles, -
amd, therefore, 82X different methods of the distribution of
the ehain in space correspond to one definition of the coore
dinates ‘31o X8, eee, a') at the same value of total potential
. emorTgy.
The calculation of tho Jacobian of the transition from
ecoxiinates ( Py, (g, .+¢) to coordinates (x), x2, ...) is
in an elementary way, inasmuch as, according to

(6) and (la), only the elements on the main diagonal
lﬂ -u- She main disgonal are nonsero.

" n Tesuls of thu, we. obtain

” N ‘ - .

: 0 so0 v G N l"H»I—"l
’ ! ’ """"'")-ulY"-('m"‘FV(’m"f;'f'l'm' ‘;
. Illull

o= m+uyr.;w (e

v
“

o7 1e@ ws substitute (6) in (3¢) introduecing, for lm'itr.
‘ _&o tonn.lu expression:

f".w.-“ ’l't"HJ"(—“u('n—'H_L T
{‘\ ! 4' g .. 'lir-ﬂl.—'...ﬁ_(l.—lm_ ,
i : (3‘) wiil nnm the form on T

' B :‘. 0-83#, os {u.i‘,'n .0“’.—1,_.)* :

o fufufioieio

;’ (34)

- S m as uto;nuon u (a) the unacsented
. «nd the asemted ocordinates is done upmtoly, it 4 ntn-
. eiemS %o mso the Moml

..-............-...., o cerm s .....’ PN

"‘w-_-srg:. ‘,




. Jet us take advantage of the method used earlier in
;;rk(:ii‘ Iet us denote the Laplatian forms of the function
a e . : .

. .
. 'me,sr"vmu. Re(t)>0
Let us introduce a sequence of functions

. x .
Pm O Pyl = {00 Fp (=01 0v,
. J -

\

~where each Fi is obtained as a convolution of Fiy.) with Gy,

Using the convolution theorem (the Laplacian form of convolue
tion of two functions is equal to the product of their Laplae
cian forms), let us perform N times in sequence the Laplace

::::orom of the expression of q. As a result, we shall Ob=

. v
. 'v'(t)-ﬂa,(t)-
=
and now the ulcn;auon of q is reduced to the .integral

1 N .

e=—dhetellG . -
Expression (7) permits further simplification, since

only four types of links can occur in the DNA molecules (ade-
nine, thymine, isanine,.and cytosine): Inasmuch as potentials
$x depend on the mutusl distribution of two neighboring trie
angles or, in other words, on three consecutive links, the num~
ber of potentials of various nature is determined by the num-
ber of combinations of four elements in groups of three differ-
ing either in the eloments themselves or in their order with
an additional condition: when the direct order of one combin-
ation coincides with the reverse order of the other, the oom-
binations are considered to be identical, Let us explain this
by an example: 86quence (ademine, thymine, isanine) results
45 a different potential than sequence (thymine, adenine, ise-
nine), however the potential ocorresponding to 1t 4s the seme
as for sequense (isanine, thgntino, adenine). <

A simple caloulation: Yesults'in a oconclusion that the
number of verious ocombinations of the above-mentioned e i

%0 80, Thms, the mmber of varicus funotions of Uy is.
md s NQ . : : . ’ . .
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If the code of the molecule is known, then it is lnown
whas ’ortl.on of the ¥/ gmpl of threes of the links belongs

cash of ﬂu pcuiblo Jpos.
It %o cvuopt that
' T ndutes +1.-ﬂ

m. upnuxon (7) -q bo mston as '

- —§.t-mm"¢.

b ‘ (8)
m'. R =@ QI B @™ ... o I
SR 5 N ar ey { — s + 09, (1)
. R L ﬁr—.lﬂ—lw:' A
' R AU o (Bt)

In ordor to odcmhto the ucoml of (8) m asymptotio

l.-o-. Ne=s 00, lh._-l
N

i
!, od

.'mumwmm. point method,

Ye .hdl omit the calc t*m as thq mouy mnt

_the seheme explained in works(8

let wue gin tho Linal ruult
(L)-J"-lwm" 0(

- where £ is force uwnodtothbondaot‘ﬂn oluin B is ine

veres Semperature, N is the mumber of links, -nd R 48 dotor-

.m by formulas (6). and (8.).

If various Iy, X3 anmd 19, ug correspond to different
oparm, then the uprouion for Q assumes the touonns form;

c-x«. e N . r.. raJ“Wlnm""- |

h_lgm_!q.m x.g. ihtch m, oqul %o
mey %o found from the 'oqutm of onto'(O).

-




(9)

}!,.~a. +.:_’n.. Rys UBY O,
‘ .pm‘l.l’o ~ QP,IJuR-m,NM..o(VLﬂ:).o (7’7__;).
' ‘ (10)

where 0( ' ) are the factors which are unessential during
further transition to 1nQ.

" . In order to obtain the total statistical sum €, 1t s
necessary to multiply Q further by the part of the statistiocal
. sum connected with space integra:ion of the impulses. If i,

Ig, 13, and I4 are moments of inertia, and T, T2, rs, and

r4 are the radil of inertia of the links delonging to four
different.types, then the impulse part of the statistiocal sum
has the form; :

: LN (Y (1N @) N (Ve Ve
. §_[(wr:2 (1) (tard) (179 "1 = — (12)

2xpA

where h is the Planck constant and T; are the portions of
links of each kind in the spiral;

Sttt =t
Thus, now we can write an oxpruiion for the statistie
cal sum of ne molecule (let l;: Ng)
:-J.nl"kml"’.o(v'—ﬂ_)_, .' ] (12)

zh;ro expressions for J and Z are given by formulas (11)'-m
4). '

Thermodynamic funotions masy be calculated Dy the stan~

dard formulas of statistiocal physics. - = o .
R N p .
- '?_,“ug N O
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Sumning up the above, we see that thermodynamic funo-
tions of the DNA molecule in a solution may be calculated if
the assumptions briefly formulated in the beginning of para=- ' -
graph 4 are true, . For concrete calculations it is necessary
to have explicit expressions for the interaction potentials
of the links' groups of three ©y(x), to kmow the codes of .
the molecules, i.e., numbers y, and T;, Formally, from the
thermodynamic point of view, molecules can only dAiffer in
their different sets of numbers + (k=1, 2, ..., 20)., The
calculations themselves are reduced to very simple quadratic:

. formulas (8a) which are considerably simpler than the problem
of finding the fundemental functions and fundamental values
of integro-Zifferential equations in a method using the Markov's
processes. MNoreover, msthods connected with l(arko(' chains
require the assumption of the spirals! homogeneity(b) 1.e.,
".they 40 not talm into consideration their ooded nature and
cannot "discriminate® the molecules of different nature,

XX
"In oonclmi:,:a I express my gratitude to S. V., Tyablie

kov, V. 1. Ivanov the late M. L. Tsetlin for their value
.able discussions. - .
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