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Chapter 6 

THE ORBITS OP INTERPLANETARY NAVIGATION 

§6.1. THE GRAVITATIONAL FIELD OF THE SUN 

We have discussed in detail the motion of a particle in the cen- 

tral force field, and also described the motion of a rocket under the 

action of the gravitational field of the earth. Here, we shall study 

the flight of a spaceship in the gravitational field of the sun after 

it has left the gravitational force of the earth. The motion under the 

colar gravitational field is, in basic principle, similar to what is 

in the earth's gravitational field. Therefore, in discussing the motion 

under the action of the solar gravitational field, it is possible to 

use the basic principles presented in the last chapter on the motion 

in the central force field in its entirety. 

In Chapter 5, we found the centripetal force constant of the earth 

2    2 to be y ■ gR  . In considering th? motion of a body around the sun, 

we need to apply a correction to ':his value. From the law of universal 

gravitation, we know that when a body located at a distance of r  from 

the sun moves around the sun, the centripetal force received by its 

unit mass is  fofJ>.@Y ; g&  is the gravitational acceleration on the sur- 

face of the sun, Ä© is the radius of the sun. Here it is easy to derive 
Dl W 1 

*® — *--:v   ; where M  and R  are, respectively, the mass and radius of  1 

the earth. Hence, we obtain 

-(W-S*W-*W->» 
Therefore, the centripetal force constant of the sun is 

- 1 - 
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rt-rg**. (6.1) 

Having done this, we can now apply the basic equations in Chapter 5 to 

calculate the orbits of the spaceship in the solar gravitational field. 

Here, we can calculate first, at what distance from the center 

of the earth, will the gravitational field of the sun be equivalent to 

the earth*s gravitational field? Since the distance from the earth to 
0 

the sun is approximately 1.495 * 10 kilometers; M&/M  * 332,488. If 

this distance is d  then 

* ,        U   (1.495 X 101)1* 

that is 

d - 1.495 X 10* ./  260,000 kiiom.f« 
Y332.488 

if we take into account also the action of the moon, then, once a 

spaceship is more than four hundred thousand kilometers away from the 

earth, it has basically left the gravitational pull of the earth, the 

moon and its motion is principally controlled by the solar gravitation- 

al field. 

§6.?. THE ELLIPTICAL ORBIT IN THE SOLAR SYSTEM 

The orbits we will be discussing here are the most economical or- 

bits to send a spaceship from the earth orbit to the orbits of other 

planets, the so-called double tangent orbit (supposedly first proposed 

by Walter Hohmann). In this section, we shall describe these orbits 

and the motive force required for the rockets. 

It is common knowledge that the orbits of the various planets 

around the sun are all nearly circular elliptical orbits having the 

sun as their focal point. Also, their orbital planes are basically on 

the same plane. Hence, we may consider these orbits to be circular and 

- 2 - 
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all in one common plane. Thus, the problem is very much simplified. 

Figure 6.1 represents the navigation route of the spaceship from the 

earth's orbit to those of the outer layer planets. In the above chapter, 

we have already established that the orbit that is the most economical 

in motive power from a point at a definite height from the earth's sur- 

face to another relatively higher circular orbit of a satellite, is an 

elliptical orbit having the perigee as the definite height from the 

earth's surface and the apogee as the height of the orbit to be reahced 

by the satellite. This result may be extended to the problem of inter- 

planetary orbits, except the perigee ought to be perihelion and the apo- 

gee should be aphelion? or, that is to say, the best orbit to reach the 

planets further than the distance ,from the earth to the sun should be 

the elliptical orbit circumscribing the earth's orbit, inscribed to 

the orbit of the planet, and having the sun as its focal point. This is 

the so-called interplanetary navigation orbit. The perihelion of this 

orbit is exactly on the earth's orbit while its aphelion is on the or- 

bit of the planet. 

After having left the gravitational field of the earth, although 

the spaceship no longer has any relative velocity to the earth, it is, 

nevertheless, possible that it could move around the sun with the earth 

on the earth's orbit. In order to make it leave the earth's orbit and 

move along the elliptical orbit shown in Fig. 6.1, the energy possessed 

by the spaceship originally is certainly not sufficient. It is necessary 

to impart to it additional velocity or to make it so that a'; the moment 

it leaves the earth's gravitational field, the remaining segment of 

velocity is enough for it to coast into a free flight on the elliptical 

orbit, and reach the aphelion of the elliptical orbit; the is to reach 

the point of tangency between the elliptical orbit and the orbit of 

the planet in the outer circle. At this moment, it is again necessary 

- 3 - 
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Fig. 6.1. The spaceship on the navigational route between the earth's 
orbit and the orbit of the planet on the outer circle, a) Orbit of the 
planet; b) re-entry orbit; c) earth's orbit; d) perihelion; e) sun; f) 
aphelion; g) flight orbit towards the planet. 

to impart additional energy to the spaceship, so that it will have the 

necessary orbit velocity to enter the orbit of the planet. Supposing 

we do not give it that extra amount of energy, then it will not be able 

to enter the orbit of the planet owing to insufficient energy and will 

move along the length of the other arc of the elliptical orbit toward 

the perihelion, then it will be going along this elliptical orbit and 

become an artificial satellite of the sun. Here we can see that in or- 

der to send a cosmic ship from the earth's surface to the other planets, 

it is necessary to divide the orbit into two stages of acceleration with 

a segment cf free flight in between to achieve this purpose. Of course, 

if we want to shorten the flight time, it is also possible to use other 

orbits. But these orbits would require still higher velocity for the 

spaceship. The level reached by prosent-day rocket technology permits 

only the use of the most economical orbit, namely the use of the double 

tangent orbit or orbits similar to it. In 1961, the orbit used by the 
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Soviet Union in their rocket launched to Venus was one that required 

less time than the one of the least motive power, that is, it took 

more power but less flight time. 

Here we have only explained the most practical and most economical 

orbit used in launching an interplanetary spaceship to the planets out- 

side the earth, but what kind of an orbit should we use in launching it 

to the planets in the inner circle closer to the sun: Venus and Mercury? 

This problem is rather simple. It is exactly similar to the elliptical 

orbit used for launching a spaceship to the planets in the outer cir- 

cle. But, the launching direction is exactly the opposite. That is to 

say, from the earth's orbit, the spaceship must be made to enter into 

an elliptical orbit which is tangent to the earth's orbit at the apheli- 

on and tangent to the orbit of Venus or Mercury at the perihelion. This 

then requires a deceleration of the spaceship so that it can be made to 

3nter the elliptical orbit, then after the spaceship has reached the 

point of tangency with the orbit of the planet, another deceleration is 

applied so that it will lose more energy and enter the orbit of the 

planet. 

In the above, we have described the orbits of interplanetary space- 

ships launched from the earth's oi^bit to other planets in detail. Now, 

we shall proceed into calculations. In Chapter 5, we had an elliptic 

equation 

, t  
I + «CM<0-W (6.2) 

Let r, be the distance of the aphelion on the ellipse and r« be the dis- 

tance of the perihelion on it (see Pig. 6.1). We obtain 

r, _ 1 - « 
r,  l + t* 

Solving it we get the eccentricity of the ellipse 
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therefore, 

.-op. 
r% + ft 

If a is the major axis of the ellipse and b  the minor axis then, 

ri + n - «/T^P; 

Therefore the area of the ellipse is 

(6.3) 

/ 

/' 

/ 

\ 

er«»?«  \ 

Fig. 6.2. Hohmann type interplanetary navigation route, a) Orbit of the 
planet; b; earth's orbit; c) acceleration stage; d) perihelion; e) sun; 
f) free flying stage; g) aphelion. 

From Eq. (5.15) we obtained the period of the motion of a particle 

around the ellipse to be 

r-2^-2,(ai-i)
MJ_.       (6.4, 

A*o PO 
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Prom Eqs. (6.3) and (6,4), according to the principle that for the parti- 

cle, in unit t^.rae, the area swept by its radius does not vary and the 

period of its motion also does not vary, we get 

o~Q^ „^T^<<-„ - area of ellipse .. fo \/n7i area velocity =   . -5—c—~ - +    1—— J pe-iod        2 Ll + 
= constant (6.5) 

Thereby, we will be able to find the velocity of the spaceship at the 

perihelion and aphelion when it is flying along the elliptical orbit. 

Supposing v*  is the orbit velocity of the earth; i>~ is the orbit 

velocity of the spaceship at the perihelion when it is moving along the 

elliptical orbit; vf  the orbit velocity of the planet; v^  the velocity 

of the spaceship when it reaches the aphelion while flying along the 

elliptical orbit, (see Pig. 6.2). Hence from Eq. (6.5) we can obtain 

1    * 1   — ßo   , imö . •re« velocity      ■» — fypx -•   T&i "■ -*■*•    ' ■   . ; 

therefore the velocity of the spaceship at the perihelion and the apheli- 

on, while flying along the elliptical orbit, may be found 

x" IziJm (6.6) 

W In ± n (6.7) 

In the above, we have already explained the reason for the require- 

ment of higher velocity for the spaceship to enter the elliptical orbit, 

let this velocity increment be Av,, then 

to* - „ - „? - toj^T-r1 -% 

.4ffjl^l|^ •[ Ool-ll; (6.8) 

- 7 - 
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Similarly, let Ai?1 be the velocity increment required for the spaceship 

to enter into the orbit of theplanet from its elliptical orbit 

^-«-*-^-^-4-£S- (6.9) 
Prom Eq. (6.8), one can see, 2r^  > r1 +  r2; therefore,   U ^' - lj >o, 

which explains that Ai>2 is positive, i.e., in order to make the space- 

ship in the earth's orbit to enter the elliptical orbit for the launch 

into the planets in the outer circle, it is necessary to increase its 

velocity. Similarly, from (6.9), one can see 2r2 < r, +  r2, therefore, 

>0  , explaining that AT;, is also positive, i.e., when the v-m 
spaceship enters the orbit of the planet in the outer circle from its 

elliptical orbit, increased velocity is also necessary. Consequently, 

it is very easy for us to derive that the condition for the launching 

of a spaceship from the earth's orbit into the orbit of Venus or Mer- 

cury is exactly the reverse, namely, a decrease in velocity is necessary 

for it to go from the earth's orbit into the elliptical orbit and an- 

other decrease of velocity for the entry into the orbit of the planet 

in the inner circle from the elliptical orbit. 

Hence, we can proceed to calculate the required total increase in 

velocity for the interplanetary spaceship to be launched from the 

earth's orbit into the orbit of the other planets 

AP - JÄ-[ LiD- - i'| + JÄ.fr- LiO-1 

It may be written as 

"-"[^-»M'-^Sj     (6-10) 

Prom the earth's orbit going to the orbit of the other planets, the 

path from the start to the finish is exactly half of the elliptical or- 

bit, therefore, we find the flying period of the spaceship is a half- 
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period, namely 

2   K  >  '   »     K  2  '  «/.«-• 
V  M 

In the derivation of the above formulas, although they are based on the 

model of launching a spaceship from the earth's orbit into the orbits 

of the planets in the outer circle they are, however, applicable to 

calculations for the elliptical orbits between the orbits of any two ar- 

bitrary planets 

§6.3. ACTUAL EXAMPLES 

We shall use, as an example, the launching of an interplanetary 

spaceship from the earth's orbit to Jupiter to explain some of the 

pertinent concrete problems. 

From Table 1.5, we can get the following values: 7, = /gR  =7.91 

km/sec; R  = 6371 km; z»2 * 1*49457 * 108 km; 1^ = 5203r2; M@/M  = 332,488; 

therefore, from the above equation we find by calculation 

t>J| = 7.91  x  3.764  =  29.8U km/sec;  u« =  13.06  km/sec 

A*i-»f[jijp^- -1] »8.82 km/sec; At^ = 5.64 km/sec 

Here we have only computed the velocity increase necessary for the 

spaceship while it is flying along the elliptical orbit. But, we know 

that spaceships flying towards other planets will also have to start 

the flight from the surface of the earth, hence we have to take the pro- 

cess of the launching from the earth's surface and consider it together 

with the flight along the double tangent path. In the following, we 

shall calculate two different schemes of launching a spaceship to Jupi- 

- 9 - 



The first scheme: the spaceship starts the flight directly from 

the earth's surface, that is, giving the spaceship a velocity enabling 

it to leave the earth's gravitational field at a relatively small dis- 

tance from the earth and still retaining a definite velocity enabling 

it to enter directly into the elliptical orbit flying straight to the 

orbit of Jupiter. When it reaches the position where the elliptical or- 

bit is tangent to the Jupiter orbit, it is given an increase in velocity 

enabling it to enter the Jupiter orbit. Actually, it is dividing the 

total path of flying from the earth's surface to Jupiter into two stages 

of acceleration with an intermediate stage of free flight. Consequently, 

we can calculate the energy required by the spaceship for the first 

stage of acceleration 

i-^y-i-il+ -!(*>»- 

therefore, the velocity increment required for the first stage of ac- 

celeration is 

Am - V V\ + GW1 Ä Vil.181 + 8.82" - 14.23  km/.« 

whereupon the increase in velocity necessary for the entire flight is 

V — A» + Avi — 14.23 + 5.64 — 19.87 km/.«.c 

The second scheme: an artificial satellite is launched first from 

the earth's surface. Then, from this artificial satellite the spaceship 

is launched along a similar elliptical orbit towards Jupiter; namely, 

the total flight is divided into two major stages. Firstly, the method 

of launching satellites as discussed in Chapter 5 is used to launch a 

satellite, then, the method of the double tangent orbit is used to 

launch a spaceship from the satellite to Jupiter. Consequently, we can 

calculate the total energy that the spaceship should have for the en- 

tire flight        v . [vt + {jvX _ r. + (Af,ay}i]i/> + A„t 

- + VU.18a 4- 8.821 + 5.64 - 14.23 km/sec. 
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From the results of these two schemes one can clearly see: the 

energy demand for the two schemes is the same. There are, however, great 

differences in the method of execution; the first scheme is relatively 

simpler. There is the possibility of using just one continuous stage of 

velocity increase while the second scheme calls for the use of three 

stages of velocity increase in mutually separated intervals. We know 

that the Venus rocket launched by the Soviet Union was launched from a 

satellite. Since this method is so complicated, why is it then that the 

direct launching from the earth was not adopted? The reason is that al- 

though the second scheme requires a multistage acceleration, but the 

lifetime of the artificial satellite could be fairly long hence its or- 

bit parameters could be very accurately determined, and also there will 

be time to take advantage of these parameters to calculate on the ground, 

the exact moment to fire the interplanetary rocket, the direction of 

the action of the thrust and the execution of this launching. In all, 

the launching of a cosmic ship from an artificial satellite can be done 

with the highest accuracy and thereby increase greatly the reliability 

and precision of the flight orbit. On the other hand, although the power 

demand in the first method is relatively low, but since there is no 

such intermediary as the artificial satellite to proceed with the accu- 

rate survey of the orbit and aiming, control is very difficult. Launch- 

ing is not reliable. Certainly, after the solution of the problem of 

the precision control of still more multistage rockets, the method of 

directly launching can also be turned into reality. 

The flight time of the spaceship to Jupiter can be calculated from 
* 

Formula (6.11) 

r» „  8*-5 ( 6-203 X 1.49457 X lO'V"   /      1 
2    \ 12,7^2     '   .   /    V 332.488 

— 1,438,000 "in — 1,000 <■*■ 
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Here the portion of the launching from the earth's surface constitutes 

but a very small segment of the entire flight, therefore, in the calcu- 

lation of the flight time, only the time required for the flight alon^ 

the path of the double tangent orbit needs to be considered. 

From the above calculation, it is seen that the use of the double 

tangent orbit in launching interplanetary spaceships consumes far less 

energy in comparison with other orbits. But, from the standpoint of 

time, it is fairly long, flying from the earth to Jupiter takes three 

years. If we can improve more effectively the thrust system, then the 

rocket can reach a greater height such that other types of orbits may 

be used, e.g., the parabolic orbit and the hyperbolic orbit. But, we 

know that when the rocket is flying towards the planet, it is still af- 

fected by the orbital velocity of the earth. If the velocity of the 

spaceship is too small, it will make straight line or close to straight 

line flights impossible. Consequently, if it is desired to shorten the 

time of the flight, the rockets should have extremely high velocity, 

e.g., 50 km/sec. Under the conditions attainable by present-day rocket 

engines, the velocity that may be used for interplanetary navigation 

is but 20 km/sec and less, that is using the double tangent orbit or 

orbits approximating this situation. 

Finally, it also needs to mention an energy saving device of 

launching a solar explorer (an automatic station close to the sun). It 

has been proposed that one may launch the rocket at a velocity slightly 

lower than the third cosmic velocity, so that the rocket will finally 

reach the edge of the solar gravitational field and revolve around the 

sun. Since at this moment its orbital velocity around the sun becomes 

very small, it is only necessary to compensate that velocity and it 

will automatically fall toward the center of the sun due to its gravi- 

tational pull. But, although the energy required is quite low, it does 

- 12 - 



require very accurate control since in compensating the velocity it 

has to be clone exactly right. Overcompensation will make it revolve 

around the sun in a reverse direction and undercompensation will result 

in its continuing the revolution around the sun, and unable to fall 

straight toward the sun. Hence, to have to aim at the planet where it 

is supposed to be going at this immense distance makes it a still more 

difficult task. To try to realize this proposal is a most difficult and 

complex procedure. It will have to wait for still further technical de- 

velopment to resolve this problem. 

§6.4. LOW THRUST ORBIT IN THE CENTRAL FORCE FIELD 

Low thrust orbits are based on this type of reasoning: owing to 

the consideration of the numerous advantages of launching off a satel- 

lite orbit, for example, what we have cited earlier: starting the flight 

from the satellite in comparison with the flying off the surface of the 

earth, affords a higher degree of precision in control, therefore, many 

interplanetary navigation orbits start from the orbits of the earth 

satellites. In the satellite orbit, the gravitational force of the earth 

with respect to the satellite always exists since the satellite is re- 

volving around the earth, it must have acceleration and this accelera- 

tion is exactly equal to that produced by the gravitational force of 

the earth. At the same time, the objects on the artificial satellite 

are also revolving around the earth, their accelerations are also ex- 

actly the same as that produced by the earth*s gravitational force. 

Hence, there will not be the need of any force to uphold the objects 

inside the satellite. The objects are in a weightless state. While they 

are weightless they are nevertheless still under the action of the grav- 

itational force of the earth. Here we may see that although the weight 

of an object originates from the earth's gravitation, but it is not 

the same thing as the gravitational force. We need to have a clear un- 

- 13 - 
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derstanding of thiL concept. Consequently, there are people who think. 

that it may be possible to make use of the fact of weightlessness to 

employ a very small acceleration to launch a spaceship from the orbit 

of a satellite; they have also proposed that in interplanetary naviga- 

tion, it is possible to use low thrust orbits, employing an electric 

rocket system of low thrust but extremely high pulse ratio (we shall 

discuss this in the next chapter). This presents problems in a different 

area, namely the investigation of orbits with acceleration lower than 

1/1000 g to 1/10,000 g. But, in order to use acceleration as low as 

that, it can only be done at the expense of something. Also with further 

lowering of the acceleration, the cost gets higher and higher which will 

be clear in the calculations later. Therefore, we cannot assume that on 

the satellite orbit where there is weightlessness, there will not be 

any more weight expenditure. This is incorrect. Actually, although on 

the satellite orbit, the sense of the gravitational force is lost but 

the satellite has not left the earth's gravitational field and just as 

it was mentioned in §5.2, there is still expenditure of weight, conse- 

quently, low thrust orbits still have to pay a definite price. Below 

we shall carry out a concrete calculation to explain the launching or- 

bit of the satellite, or the low acceleration orbits. Since the thrust 

is consistently acting on the flying vehicle therefore, the flying orbit 

is no longer an ellipse but has become a spiral orbit. 

Assume here g* is the gravitational constant on the satellite or- 

bit; F is the radial thrust of the mass of the spaceship in unit in- 

stant; Fa is the circular thrust of the mass of the spaceship in unit 

instant (see Pig. 6.3). The values F , F can vary during the flight. 

Applying Newton's law we can write the following two equations of mo- 

tion on flying vehicle of unit mass to serve as the basis of the prob- 

lem we are considering. The radial velocity of the flying vehicle is 



$-'(£)'-<-(T7"~ <6-12' 
Prom the variation of the angular momentum in unit time, we can obtain 

the equation for the circular motion as 

-■&£)-* (6.13) 

According to the results of the previous calculations, we know that 

using the radial thrust direction leads to a relatively larger consump- 

tion of energy and the effect is not good. The best thrust direction 

is also not the direction of the tangent to the orbit but is a direction 

where it forms a desirable angle with the tangential direction of the 

orbit. But the difference in the mass ratio required in the circular 

direction and the direction of the optimum thrust is not very great, 

therefore, we are considering here only the circular thrust to simplify 

the problem. The results obtained are also very close to those obtained 

in the optimum thrust direction. For the convenience of calculation, we 

have adopted here the following format of dimensionless variables.* 

/- 

I     • Fig. 6.3. Launching from the 
I satellite orbit, a) Earth; b) 
I spaceship orbit; c) satellite 

orbit. 

The dimensionless quantity for length is 

P-^. (6.11) 
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here r Is the distance from the flying orbit to the center of the earth 

at any arbitrary time; while r* is for that at t ■ 0. The distance be- 

tween the flying orbit and the center of the earth is also the radius 

of the orbit of the satellite being launched. The dimensionless quantity 

for time is 

r-j£*    , therefore dr-j£dty  or dt - J~dr. (6.15) 

The angle 8 itself is a dimensionless quantity, consequently, it re- 

quires no conversion to dimensionlessness. Since only the circular 

thrust direction is used, therefore we set F    - 0, while 

*•-»*•. (6.16) 

Here Fp itself is an accelerqtion, while the magnitude of v indicates 

the magnitude of that acceleration. Hence in substituting these dimen- 

sionless quantities into Eq. (6.12), we get 

rm dt* y\dx)      F   ft* 

or it is the same as 

Substituting these dimensionless quantities into Eq. (6.13), we get 

d 
dx :
(^)-v* (6.18) 

Based on the following three initial conditions, a transformation may 

be performed on Eq. (6.17); its initial conditions are: 

1) When T ■ 0, 

'-1: (6.19) 

2) When T ■ 0, p » 1, i.e., the velocity of the spaceship in the 

satellite orbit, which is tangent to the circular orbit or in other 
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words there Is no radial velocity, hence 

(£).-* (6-20) 

3) When T ■ 0, p ■ 1, and also its linear velocity or the satellite 

velocity is /g^r*, therefore, 

.(d0 (£). Vr*. 

Hence 

(6.21) 

4) When the initial conditions (1) and (3) are substituted into 

(6.17), then we obtain 

(£■)-■ (6.22) 

If the results of (6.17) is multiplied by p3 then we get 

or 

therefore 

Substituting into Eq. (6.18), we obtain 

Equation (6.23) is a nonlinear differential equation of the third order 

with p as the variable and T as the independent variable. (6.19), (6.20) 

and (6.22) are the three initial conditions necessary for its solution. 
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When p(t) Is defined then from the first order integration of (6.18) 

one can get the circular component velocity P— , while Eq. (6.21) de- 

termines the integration constant. This is the principle of seeking a 

solution. But in order to solve the equation, the relatively more com- 

plicated method of numerical integration will have to be used. As to 

how the numerical integration is carried out, we are not prepared to 

introduce here. 

Following the progress of the flight, when t = t-., the kinetic 

energy possessed by unit mass of the spaceship is 

while the corresponding potential energy is 

The total energy per unit mass is 

""a 

»"1 

If we desire to conclude the acceleration stage, that Is t = t, then 

we not only need enough energy (kinetic energy) to overcome the earth's 

gravitational force in order to leave it but also require to have a 

drfinite velocity nJg*r*; in which n  is a dimenslonless quantity which 

indicates the magnitude of the remaining velocity. If we denote the 

conclusion of the acceleration stage by "1," then 

*K*M-*B->S-*< «V*V)a, 

After substituting the above dimensionless quantities, the above equa- 

tion is transformed into 

ifr«Ci4»Y + ,.>£! JJIY] -t-r'±-± A»r• .21    f-Arfr/i r*p\drh\     *      Pi    .2.  '    V 

Namely when T  = T,(t = t,), the dimensionless equation describing the 
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conclusion of the acceleration stage is 

(AY + rffAY-l-.P. (6.24) 

From the differential equation and the boundary conditions, we define 

first p and p*L   as functions of T, then, in actuality, Eq. (6.24) 
dx 

calculates the dimensionless acceleration time T1 for every definite 

interplanetary navigation mission (i.e., fixed n). Having found x1 it is 

possible to determine fc-^ which is the action time of the engine, a 

very important parameter in the design of spaceships. 

Here we shall assume that v = const, that is, thrust varies with 

the variation of mass but maintains with it a definite ratio. In addi- 

tion, for the sake of convenience of calculation, we will first assume 

a larger value of v then from the results to estimate v, i.e., the 

condition when acceleration is relatively low, since at large v, the 

acceleration is correspondingly larger. The acceleration stage will not 

be too long, therefore, it is quite close to 1. Substituting p » 1 into 

Eq. (6.23), it is possible then to make use of the initial and final 

conditions to perform the following approximation integration on Eq. 

(6.23) 

_(_+lj _v. (6 ^ 

while integrating (6.25) would give us 

that is 

■~1 + 1 - C\ + 2Cxvt + vJra. 
dx* 

,2 #J 2 Utilizing the initial condition (4), when x ■ 0, dp/dx  = 0, therefore, 

C1  = 1, then 
^ - 2vr + vV. 
^ (6.26) 
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Integrate again Eq. (6.26), we obtain, 

dx i 

Applying initial condition (2), when T = 0, dp/dx  = 0; substituting 

into the above equation we obtain Cp = 0, then 

ifi.-ve + i-W. (6.27) 

Finally, integrating Eq. (6.27), we obtain 

Using initial condition (1), we obtain C~  = 1, therefore, 

p-l + i.vr» + ±vV. (6.28) 
3     12 

Prom Eq, (6.28), it can be seen, that when x is very small, that is in 

a very short time period, p approaches very close to 1, explaining that 

the above approximation integration is reasonable. Substituting the re- 

sults of Eq. (6.28) into Eq. (6.18), we obtain 

dr\    dr/ 3    12  * 

After integration it becomes, 

p*Jl « c< + vr + 1 vV + i-vV, 
dx 12     60 

Using the initial condition (3), we obtain C^  = 1, therefore, 

p*J!L - i + vr + i-yV + ivV. ( 6 . 29) 

Squaring the p already found we get 

p» - l + i-vr» + i-vV + — vV + — vV + —vV.   (6 .30) 
,3     6 -'•   9     18 -.. 144  V-      - ' 

Multiplying the known p by dp/dx ,  we  get 

p*L « vr» + i_vv + JLvv + i-vV + i-vV. (6.31) 
</r 3 3 36 36 

Multiplying the equation at the conclusion of the acceleration stage, 

t  » t1%  i.e., Eq. (6.2^), by p^, we get 
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Mi 

which is the same as 

Substituting the results of (6.29), (6.30) and (6.3D into Eq. (6.32), 

we obtain 

Lr\ + i- v*rj + i- v*r{ + 1 vV* + - »V?}* ■+ ji + vr» +1 v*ri 
I    3      3     36     36  J   i       12 

+ JL VYX -2{l + l vr! + -L u'rjl - 1.1 (l + 1 vrj 
60       i I 3 12       J I 3 

+ 4-,*; + ly«rt-f lvjrl + — uVjl. (6. 33) 
6 9 18 144       I 

Equation (6.33) is the equation obtained by approximation integra- 

tion after the conclusion of the acceleration stage. But before we pro- 

ceed to further calculations, let us look at the practical significance 

of vT,, particularly in its relationship with mass ratio. Supposing o 

is the effective jet velocity; MQ  is the mass at t  * 0; If- is the mass 

at t s t,; then for unit mass, there is the following relationship on 

the thrust of unit mass 

Since F = \>g*,  therefore 

dt     hi 

c   dU . 
--—-v*'; 
M   dt 

After making it dimensionless 

dM • 17* .^ 

Integrating in the interval at T from 0 to T, and M*  to A/.., we get 

Hence, 
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Here for a definite propellant, the value of o/Sg*r*  is a constant, 

while /#*r* is actua-ly the orbital velocity of the satellite. In case 

of the present day chemical rockets, (?//g*rf lies between 0.35 to 0.55; 

for the atomic rockets which we will be discussing in the next chapter 

c/Vg*r*  is between 1 and 1.25; while for the so-called electric rocket 

(see the next chapter) o/Sg*r*  can reach 20. 

Let c//g*r*  In MQ/M-I   S n, then it actually represent the magnitude 

of the mass ratio, and may be used as an index of the magnitude of the 

mass ratio of constant quantities. Therefore n = vx-,. Substituting this 

relationship into Eq. (6.33) and we obtain 

Using Eq.(6.35) under the condition of given v and, n  to find the value 

of n. Actually, owing to the assumption we introduced at the beginning 

of our calculation, p * 1. The degree of precision of Eq. (6.35) does 

h 2 not require the use of the factor 1/v , only the use of 1/v as the 

factor term is accurate. Hence, consider n as a function of n  and v we 

can expand it into the following form and calculate only up to the fac- 
2 

tor term 1/v , 

l-^0O"+J&l+;«.; (6.36) 

2 0 Combining the l/(v )  terms we get, 

(i+ *<»)*-2-«■, that is, f»-/2+y-l.   (6.37) 

2 1 Combining the l/(v )  terms we get 
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Solving for n        we get 

7u>-    güü   [ju-,« -13 (a). __ i3 m.   j a.   j_ «n 
2(l + jyw)L3 15 90 ' l3        6

/JJ,^D-^0^ 

First, we use Eq. (6.37) to find n(0), then Eq. (6.38) is used to 

find n   ; then from Eq. (6.36) we finally find n. From Eq. (6.38) one 

can see that: when n  « 0, it will be sufficient if the energy required 

for acceleration can overcome the earth's gravitational force. Then, 

according to Eqs. (6.37) and (6.38) we get 

„ „ 0 (7(0>(0) ö VT - 1 - 0.4142; 
' V!)(0) - + 0.002349. 

Under the condition when > /0.10, our calculation is sufficiently pre- 

cise, and also prominently shows: when v varies from a very large value 

(i.e., v >) to v ■ /0.10, at n  = 0, the value of n increases from 0.414 

to 0.437. When n  » 0, v = 0.10, the above calculation gives n * 0.649 

which is not very accurate. When v < /0.10 for a definite value of w, 

the method of numerical integratisn may be used to find the definite 

variation relationship between v and the mass ratio. Here we only give 

the results of our calculations as shown in Fig. 6.4. From the curve, 

we can see that when acceleration decreases to 1/2 g, its corresponding 

mass needs not to be increased too much, which is the same as what we 

said before that when the acceleration is larger than 1/2 g, the cost 

we pay is not excessive, but any continuous decrease below 1/2 g. The 

increase in mass ratio will be exceedingly fast. For example: when 

n  ■ 0, v ■ 10" , the value of n is almost twice the thrust when it is 

large, which is equivalent to saying that if the velocity of the jet is 

constant, the logarithm of the mass ratio is twice the large thrust; 

- 23 - 



-3 
but the twofold logarithm is equivalent to saying that at v = 10  the 

mass ratio will be the square of the mass ratio at the large thrust. In 

other words, we have to pay while using small thrust; if we cannot in- 

crease the jet velocity then we ought not to make v smaller than 0.10. 

u 

to \, 

u ^i " 1J5 

1.6 v- - i.ft*\ 

1.4 
j 

\«-0.695 

1.2 iN, V 
^•-Ö.462\ \ 

1.0 
NJ       > \ 
• o j X \ V   >— 

Oi V 1             I 

V  1 
0.6 

0.4 

0.955 

0.755 

0.575 
0.488 
0.414 

10-*   10-    10-»    10^,_10-'      l       10       10» 

Pig. 6.4. Relationship among n, 

If we can, during the decrease of thrust, simultaneously greatly 

increase the Jet velocity, such at' will be described, in the next chap- 

-3 
ter in the case of theengine of electric rockets, e.g., when v = 10  , 

the value of Jet velocity o  is greater by better than two times the 

rocket engine propelled by high thrust chemical propellants or the 

atomic rocket engines, then the increase in n will be surpassed by the 

increase in a.  The mass ratio will actually decrease, then the condi- 

tion will be entirely different. The use of low thrust electric rocket 

engine will have true merit. We will go into this in more detail in the 

next chapter. 
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§6.5. LOW THRUST INTERPLANETARY NAVIGATION COURSES 

Now we shall return to the real time t9  and calculate the time re- 

quired for the launching from a low earth orbit under low thrust. If 

v = 10  , n  = 0.462, i.e., after having left the earth's gravitational 

field there still remains a velocity of 3.66 km/sec for the entrance into 

the orbits of other planets, then according to Fig. 6.4 n s 1.14, or 

T1  = n/v = 1.14/10"4 = 1.14 x 10 . But according to Eq. (6.15), 

*- /Ü!r,- i&IhpoQ x LUX 101* = 9.19 * 1C sec = 106 days. Prom this we 

can see that with the use of such a small thrust, the duration of the 

acceleration stage has been greatly increased turning it into a portion 

of the entire interplanetary navigation that can no longer be neglected; 

while the orbit has a1so become a very closely twisted spiral as shown 

in Fig. 6.5. 

Fig. 6.5. The launching orbit of low 
thrust rockets. A) Satellite orbit; 
B) earth. 
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We can use the results of the above section (§6.4) to calculate 

the condition of landing on the satellite orbit of a planet at the end 

of the flight of an interplanetary spaceship. This is merely changing 

acceleration to deceleration. Figure 6.4 is still applicable, except 

when the dimensionless quantities are converted to real parameters, the 

g*  and r* of the planet must be used. 

From the above actual example, we can see that when low thrust is 

used, it is difficult to distinguish the stages of acceleration when 

leaving the earth's satellite orbit, the stage of flight between the 

planets and the stage of approaching the planet. All three stages have 

become mutually connected. The calculation of the entire orbit is more 

complex than that for the orbit using large thrust, which itself is 

also a problem under investigation. 

§6.6. LIGHT SAILS 

From the facts of small thrust orbits, there have been proposed 

that the pressure of light may be used to produce a very small accelera- 

tion. This will also propel the interplanetary spaceships, or the so- 

called "light sails" equipped spaceships. Light sails have no expenditure 

of mass. They rely on the pressure of light to produce thrust. The mag- 

nitude of the pressure of light can be explained by a calculation using 

the conditions in the vicinity of the earth. 

Since the intensity of the direct sunlight at the vicinity of the 

2 earth is 1.3 kilowatts/m , if m is the consumption of photon mass per 

square meter per second, o  is the velocity of light (3 * 10  km/sec), 

then 

7     2        2 
1.3 * 1000 * 10' erg/m /sec = mo   , 

During perpendicular illumination, the light pressure is at a maximum 

since there are both Incident radiation and reflected radiation, thus 

the light pressure is 2mo, hence 
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2fhC — ——— -• 0.866 dyne/m 
S X  101- 

2 
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that is, 1000 m sails can produce thrust of 1/1000 kilograms. If the 

weight of the flying vehicle is 100 kg, then its velocity will be 

—5 i 
1/100,000 g corresponding to approximately v = 10  . It has been care- 

fully computed that sail ships such as that, if it is propelled out of 

the earth's gravitational field by a rocket of large thrust, then it 

will take approximately a year to reach the area around Mars. Hence, 

if we do not consider the problems in construction, and look at it 

purely from an orbit standpoint, light sails are feasible. But, this      ] 
i 

is a rather theoretical way of thinking, there are quite a few things 

that require to be studied, e.g., the sails have to be made very thin 

and light and then its strength will be very low easily broken by the 

shooting stars and meteors in space. Consequently, the realization of 

the use of light sails still awaits further research. 

Manu- 

*!gpt [Footnotes] 

No. 

15      What we can point out here is: in the calculation of dynamics, 
for simplification of calculation, it is very common that the 
method of changing the variables into dimensionless quantities 
is used. This will not only simplify the form of calculation 
but at the same time since the variables are dimensionless, 
during calculation, it is not only convenient but will not 
get into errors due to nonunified dimensions. Therefore, the 
method of dimensionless variables is a most frequently used 
practical technique. As to how to select the basic measuring 
units, it is necessary to have a concrete analysis of the 
problem on hand and make it so that after changing the varia- 
bles into dimensionless quantities, the calculation will be- 
come very much simpler. 


