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FOREWORD 

Under a Picatinny Arsenal contact administered 
through the Army Research Office (DA-31-124-ARO-D-419) the 

City College has been conducting research on the problem 
of large deformations of ICBM structures. The orientation 
is from the standpoint of the lethality analyst, and the 
intent has been to use whatever is presently available in 
the literature to provide rapid and reasonably good pre¬ 

diction tools. 

In the course of this research, it has appeared 
that an explicit attack on certain phases of the elastic 
shell problem was in order. In a sense, then, this work 
is tangential to the main line of inquiry. When the effort 
is completed,it should be possible to pinpoint with reasonable 
precision the points of initial failure to shells subjected 

to dynamic loading. 

The cooperation and assistance of Mr. Donald 

Miller and Mr. Murray Weinstein of PICATINNY ARSENAL- 
Engineering Science Laboratory is much appreciated. We 
should also like to acknowledge the helpful comments 
offered by Dr. Bernard Koplik, of Brooklyn Polytechnic 

Institute, and by Dr. Yi Yuan Yu, of the General Electric 

Company. 



ABSTRACT 

The forced response of finite, linearly elastic 
cylinders with prescribed edge conditions has not been suffi¬ 
ciently studied. 

Various shell theories have been proposed to 
examine this problem. The simpler bending theories (called 
herein classical theories), more amenable to engineering 
approximation, having been examined by other criteria, may 
not actually be appropriate to all dynamic problems. Only 
limited use has been made of these classical theories for 

dynamic problems, and then only with very specialized edge 

conditions. More inclusive theories, which include trans¬ 
verse shear deformation and rotary inertia (usually termed 
refined or SR theories), though developed, have not been 
used to analyze dynamic problems of this nature. 

We propose to compare the results of two shell 
theories, one classical and one SR theory, when they are 

used to analyze the forced dynamic deformation of an elastic 
cylinder with free and clamped edges. An essential feature 
of the analysis is a reliance on Hamilton's Variational 

Principle as the underlying, dominant governing physical 
law. Beginning with Hamilton's Principle, we have formulated 
two mutually consistent sets rf descriptive equations and 
boundary conditions, as well as the required conditions of 

orthogonality. The equilibrium portions of these equations 
are shown to be identical with particular shell theories, 
previously developed by Yu, in part by different means. 

After the solutions are obtained, they will be 
compared, and the differences noted, it is expected that 

able to dearly delineate the limits of applicability 
of the classical theory. r 
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NOMENCLATURE 
(PARTIAL) 

The following list is an inventory of most of the 
symbols and letters used in this report. We have not made a 

serious attempt to restrict this nomenclature to unique or 
individual interpretation. Certain algebraic letters have 
historically been used so often to represent particular con¬ 
cepts that it would seriously detract from the presentation 
were other letters or symbols to be used, m addition, we 

have attempted to preserve much of the notation used in cer¬ 
tain references, so as to make it easier to compare this 
material with that in the reference. 

, *s a consequence, more than one meaning is often shown 
for a letter or symbol. The one which should be used will 

“LCíeaf Ín context of the application. Not all symbols 
re listed; where the use of the character is restricted to 

incLdJeW P:rS' Tã Ín 3 Very narrow sense, it has not been 
included in this glossary of terms. 

F 

f£(x,¿) 

Gjçíx.izO 

G 

G’ 

Hü 
I 

^mN-ps 

The determinant ars (see equation 76) 

Frequency determinant (see equation 78) 

A constant, expressing amplitude of a solution uj 

Midsurface line (see Figure 4) 

Linear operator on x 

Modulus of elasticity 

Force 

Those terms in free vibration equations that are 

multiplied by (See 103). Traceable to K.E. 
variation. 

Distribution function for pressure pulse (Equation 142). 

Lame'n constant 

ICG 

Free vibration, deformation equilibrium equations 

Hamilton's Integral 

Second invariant of deviatoric stress tensor 

Stiffness coefficient (See equation E-24) 
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L 

L 

M 

N 

P 

Po 
qE 

qx»qíí 

R 

Length of cylinder 

Lagrangien » T + U-W 

Mass of entire cylinder 

Moment resultants (equation 43) 
till 

Generalized mass associated with mN mode (Eq. 129) 

Stress resultants (equation 43) 

Index of infinite number of eigenvalues of 

Pressure on surface of cylinder 

Maximum value of P, as scalar 

Generalized external force in the "direction" of 

Shear stress resultant 

Dimensionless parameter 

dS 

sik 

'C 

u 
dV 

V 

W 

a 

®k 

fj(x) 

g 

Incremental distance along vector e^ 

Components of boundary value determinant, free 
ends (see Eq. 94) 

System kinetic energy 

System strain energy 

Unit volume 

Volume 

System external work 

Location of center of gravity 

mean radius of cylinder 

Free vibration coefficient matrix (see equation 75) 

Coefficients of Fourier series (equation 168) 

(1+¾ )i.n 
Coefficients of Fourier series 

h 
-2 9 h* 

(3a) 

2n 
n 

(equation 166) 

Body fixed triad 

Axial function in assumed solution 

Coefficients in equation 79 
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Half-thickness of cylinder 

Proportionality constant (see equation 15) 

Unit step function 

1/3 ih/a) 2 

Number of circumferential waves 

Vector normal to a surface âTL (Figure 2) 

Generalized coordinate (t) 

Inertial vector location of typical particle 

Time 

Time terms involving rotary inertia 

Deformation vector 

Midsurface deformation or rotation 

Axial coordinate 

Radial coordinate 

A constant amplitude factor (see equation 77) 

*(1-n> )/2 

Terms in free vibration equilibrium 
to strain energy variation (See 103) 

Deformation equilibrium equations 

Surface element (see equation 13) 

equations due 

Used In boundary condition equation (see equation 49) 

Space dependent terns in Free Vibration 
equations (102) 

Stress-motion equilibrium equations (see 
equation 44) 

Used in boundary condition equations (see 
equation 50) 

Non-dimensional parameter (equation 185) 

Paraneter varied as coefficient of perturbation 

Parameter varied as coefficient of perturbation 



ö 

B 

S 

7k 
« 

Mass density 

Shear strain 

variational sign 

Kronecker delta 

Strain 

Strain tensor 

Perturbation Function 

Relative amplitudes of axial modes 

Perturbation function 

Perturbation function (t) in generalized 

coordinate 

Mindlin's constant 

Body referenced coordinates (see equation 14) 

A root of determinant A2 

Poisson's ratio 

Inertial axes 

Location vector to particle from center of 

gravity 

Stress (general notation) 

Stress tensor 

Stress or Moment Resultant (see equation 42) 

Yield stress in simple tension 

Stress intensity (see equation 176) 

Time of action of a pressure pulse 

Circumferential coordinate 

Natural frequency _ 

Lowest extensional frequency = 

Del operator 

Mathematical notation*, "or" 

Notation for scalar multiplication 

Arithmetic multiplier 

A column vector 

Lame's constant 
-vi- 



I INTRODUCTION 

Statement of the Problem 

Many shell theories have been developed to pre¬ 
dict the deformation response of thin cylinders to exter¬ 
nal stimuli. Shell theory is based upon the premise that 
deformation throughout the thickness of the shell is a 

function of the mid-surface motion (linear displacement, 
rotation, variation of rotation per inch, etc.), and the 
original distance of an element from the mid-surface 
These mathematical models, when possible, have been com¬ 

pared with the assumed exact model, the three-dimensional 
theory of elasticity. Such comparisons have been limited 
due to the unavailability of exact (elasticity) solutions 
for other than extremely specialized loadings, constraints 
and response patterns, as for example, the axial shear 
vibrations of an infinite cylinder. 

The classical shell theories are developed for 
a cyUnder whose transverse shear deformation is consider¬ 
ed negligible and whose rotary inertia is disregarded. 
Rotation of the mid-surface is seen then to be a dependent 
function of its linear displacement. The mathematical 

model to predict deformation response is therefore con¬ 
structed from 3 independent variables, i.e., the ortho¬ 
gonal mid-surface displacements. 

A more complete (non-classical) shell theory 
(SR) would account for transverse shear deformation and 
rotary inertia. Mid-surface variables are the linear 

displacements and rotation in the transverse planes. These 
develop a transverse strain approximately constant through¬ 
out the thickness. The five variables are independent. 

1 



In only one instance (wave propagation during 
free vibration of an infinite cylinder) has the dynamic 
characteristics of the models for both of these shell 

theories been compared with the exact three dimensional 

elastic solution, in that one case, the 5 variable shell 
theory can duplicate the elasticity solution while the 
classical (3 variable) shell theory is in substantial 
error in predicting the high frequency oscillations asso¬ 
ciated with short structural wavelengths. 

Our intention is to discover whether or not 
this divergence of dynamic response characteristics between 
the two shell theories manifests itself in more typical 
engineering structures (finite cylinders, clamped and 

free-ended) subjected to familiar impulsive loadings. 
The comparison parameter will be the time history of the 
Hencky stress intensities developed on the cylinder's 
surface. A measurable difference in results for a parti¬ 
cular shell geometry should indicate hesitation in the 

unlimited usage of the popular classical shell theories 
as models for many dynamic problems. 

No dynamic response problem for a finite cylinder 
has been attempted using a non-classical theory. Nor has 

a free vibration problem, with the free and clamped boundary 
conditions, been attempted with a non-classical theory. 
Even with the classical theories, analytical dynamic response 
investigations are very limited. The deformation history 
for the finite - clamped or free cylinder under dynamic 
loading has not been investigated. 

Shell equilibrium equations and required boundary 
conditions will be developed from Hamilton's Principle both 
for a classical theory and a shear deformation theory. The 

alterations necessary in both the equilibrium equations and 
the boundary requirements to transform one theory into its 
conjugate will be accomplished within Hamilton's integral 
and will therefore be consistent with the minimization prin¬ 
ciple. 

2 



The solution of the force-free equations is 
an infinite series of separable space (normal mode) and 

time (natural frequency) functions. Proof of the ortho- 

the norraal mode functions will also be accomp¬ 
lished within the Hamilton Integral by a procedure shown 
to be applicable for any model, when the strain energy 

density of the shell is a quadratic function of the strains. 

This orthogonality is necessary to reduce Hamilton's Integral 
o a set of uncoupled Lagrange equations. The Lagrange 
equations determine the time functions necessary to con¬ 

struct the deformation response pattern during a forced 
vibration. 

A truncation of the stress intensity series for 
both theories will rest upon upper limits of natural fre¬ 

quency magnitudes, to be selected on the basis of the pre¬ 
cision desired in making the comparison. 

1.2 History of Dynamic Analysis of Elastic Cylinders 

Several authors have considered the free vibration 

lnai8g4erpStîCS £fníÍn Shells with various end conditions. 
In 1894, Rayleigh (1)* found the natural frequencies of a 

cylindnca! shell with free edges, based upon an inextension 
of the mid-surface. Frequencies for an infinite cylinder 
were also computed for a pure inextensional and a pure 
extensional mode. Baron & Bleich (2), adding bending to 

Rayleigh s extensional energy, applied Rayleigh's Principle 
to the combined energy to construct a table of natural fre¬ 
quencies for an infinite cylinder. Arnold & Warburton (3) 
investigated the free vibrations of the simply supported 
cylinder. Later, (4) using the Rayleigh-Ritz procedure of 
assuming an axial mode shape, they developed the Lagrange 

equilibrium equations from Hamilton's Principle and computed 
an approximation to the natural mode frequencies of the 
clamped cylinder. In both cases, Arnold and Warburton 
used the classical strain expressions of Love, in 1955, 
Yu (5) , also studied finite cylinders with clamped and ’ 

simply supported edges, with Donnell’s simplified equation. 

* ~ ... —. 

Numbers in brackets ( ) refer to References 



Yu employed an approximation which effectively restrict¬ 
ed the minimum permissible wave length. 

Recently Forsberg, {7), (8), presented a compu¬ 
ter procedure to determine the exact mode shapes and fre¬ 

quencies for any edge conditions, using the classical the¬ 
ory of Flügge. The method was suggested by Flügge in 1934 
but awaited the advent of the high speed computer. Warburton 
(9), used a variation of this procedure, with Flugge's 
equations, to present the edge condition neglected by 

Forsberg, but in our opinion used improper stresses at 
the boundary. Edge conditions do affect natural frequency, 
as shown by Weingarten (10) . 

Yu, (6) , in 1958 included shear deformation and 
rotatory inertia (SR) in analyzing the five natural fre¬ 

quency branches for a simply-supported and an infinite cy¬ 
linder. Other attempts to compute natural frequencies using 
a non-classical shell theory were made by Herrmann and 
Mirsky, (12), (13) , for an infinite cylinder. The first 

was for an SR theory of five independent deformation co¬ 
ordinates and the latter for a six variable shell theory, 
including transverse normal stress (an SRN theory). 

Weingarten (11), used a very much simplified 
classical theory (the Donnell equations with no longitudinal 
or circumferential inertia) and found that many classical 
theories (as well as many assumed mode shapes) lead to 
approximately the same values of natural frequencies. 

The literature on the forced vibration problem 
of shell structures under transient loading is rather 
meager. Dynamic response of cylinders to an impulsive 
load has been investigated in a few cases of simplified 

geometry, using either a membrane theory or a classical 
bending theory. Payton (14) determined the dynamic mem¬ 
brane stress in an infinite cylinder for a number of radial 
pressure distributions. Humphreys and Winter (15) us¬ 
ing Flugge's bending theory, solved the same problem and 
compared numerical results with Payton. 
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Sheng (16), Bushneil (17) and Yao (18) using, 
respectively, the classical theories of Donnell, Flügge 

and again Donnell as equilibrium equations, have solved* 
the response of a simply supported cylinder to a radial 
impulse. This was accomplished in a closed form solution 
using the normal mode method. The complexity of the prob¬ 
lem was greatly reduced, as the normal modes are well 

known as trigonometric functions for a simply-supported 
structure (19) (3) . 

Wah (2) considered the dynamic response of 
clamped-ended structures, but used Yu's approximation 

(see 5) after choosing the form of the axial normal mode. 
Therefore, he accepted, for the forcing function problem 
an unproved (and incorrect) normal mode orthogonality. 

A numerical solution by finite difference methods 

^°r-/^fStlC (sma11 deflection) cylinder by Johnson and 
Greif (21), was constructed from a classical shell theory 
(22), assuming first a normal mode solution. Results were 
indicated for various modal shapes for a clamped-free cy¬ 

linder with a blast loading. Another numerical program (23) 
was developed for axisymmetric dynamic loading of an elas¬ 
tic cylinder, from a momentum distribution caused by travel¬ 
ing elastic waves. 

Finite difference codes for large deformation, 
elastic-plastic response have been developed at MIT. An 
extensive account of the two-dimensional problem (axisym¬ 
metric loading) is presented by Witmer, et al, in refer¬ 
ence (24). Pian extended the theoretical basis of the 

method to include the general three-dimensional shell (25). 
Recently Leech (26) offered the first 3 dimensional shell’ 
co e, capable of handling large deflections and rotations. 

A serious limitation to the numerical approach 
is in computer storage capability. This necessitates the 
use of a very coarse space mesh, which in turn restricts 
the precision of the result. 

5 



1.3 Various Shell Theories 

Many shell theories have been proposed. The 

particular ones reviewed here have had considerable engineer¬ 
ing application. The methods of developing these theories 
have been different, but they all rest on the premise that 
the mid-surface motion of the shell controls the behavior of 

the structure, and a particular motion is prescribed, either 

explicitly or implicitly. 

Classical Theories 

Usually, the dynamic equilibrium for a finite 

element as thick as the shell is considered. The force 
and moments acting upon this element are expressed first 
in terms of strain and change in curvature of the mid¬ 
surface and finally as functions of the mid-surface dis¬ 

placement. For a classical bending theory, where the nor¬ 
mals to the median surface of the undeformed shell remain 
straight and normal to the median surface after deformation, 
the change in curvatures (rotations) of the mid-surface 

are directly dependent on the space-derivatives of the 

translation of the mid-surface. For a membrane theory, 
Where deviations throughout the cross-section are disre¬ 
garded, the effect of median-surface rotation, with re¬ 
spect to its contribution to this change of deformation 
throughout the cross-section, at least, is neglected. 

Cylinder bending theories, developed following 
this finite element procedure, that have enjoyed wide 
usage, are those of Love (27), Timoshenko (28), Flügge 
(29) and Donnell (30). Love and Flügge make allowances 

for the trapezoidal shape of two faces of the element 
in computing the stress resultant. Timoshenko does not. 
Donnell's equations are derivable from those of Timoshenko 
or Flügge, by neglecting the first power of the thick¬ 
ness-mean radius ratio when compared with unity. The 

Donnell equations are applied most frequently as they 
can be easily manipulated to give an uncoupled equation 
in the transverse deformation coordinate and because 
they are amenable to approximate analytical solutions. 

6 



Other bending theories, perhaps more rigor¬ 
ously developed, have been compared by Budianskv and 

Sanders (31), and were justified for a variety of theo¬ 

retical considerations. Two of the engineering theories 

above, Love's first approximation and Timoshenko's yield 
unsymmetrical equilibrium equations and are therefore in 
contradiction to the principle of conservation of energy 

). Their strain energy would not be invariant with a 
coordinate transformation (33). Implying the structure 
was not linearly elastic as assumed, Betti's law being 

violated (34). The major practical consequence of un- 
symmetric equilibrium equations is that a series solution 
of assumed normal mode functions would not be orthogonal 
and therefore not truly separable for analytical and 
computational purposes. 

Non-Classical Shell Theories 

Higher order (non-classical) shell theories 
have been developed which attempt to include the trans¬ 
verse shear strains and transverse normal stress. Such 
theories differ from the classical shell theories in 
that the material normal to the median surface of the 
undeformed shell no longer remains normal to the median 

surface after deformation. Shear deformation theories, 
including the effects of rotary inertia, are called SR 
theories, while the further inclusion of the normal stress 
creates what is termed an SRN theory 

A different approach was necessary to create these 
theories as the geometry of the deformation is not as evi¬ 
dent as in the classical bending theory. In a manner 
originally proposed by Cauchy and Poisson, and revived 

by Mindlin (35), the deformation of each particle through¬ 
out the thickness was described by a truncated power 

series for the transverse position coordinate of the shell; 

N 

where the superscript terms described the motions of 
the mid-surface. For an SR theory the circumferential and 
axial coordinates, ui and U2 are linear functions of z. 
The radial deformation, U3 is independent of z. 

7 



This is necessary to define ui and U2^, the rotations 
on the original normal to the median surface, as functions 
of the transverse strain.* 

Consistent with the displacement of a particle, 

the three-dimensional stress-motion equilibrium of a particle 
is studied. The elastic constitutive equations at a point 
(with appropriate modifications for a transverse shear factor), 
coupled with exact strain-displacement relationships for 

curvilinear coordinates, transforms the particle equilibrium 

equations into functions of the mid-surface motion coordi¬ 

nates, ufc(n'. An integration of these equilibrium equations 
over the thickness produces the shell eqiulibrium equations 
as a function of these coordinates. Herrmann and Mirsky (36) 

and Yu (6) developed their shell equilibrium equations in 

this manner. Herrmann and Mirsky determined their shear 
factor by studying the free, axi-symmetric motion of an 
infinite cylinder (36) by the three-dimensional theory of 
elasticity and comparing their shell theory to this. 

Utilizing the true dynamic equilibrium equations 
at a point is the sufficient condition to satisfy the Virtual 
Work integral when there is a variation of the equilibrat¬ 
ing displacements. Recognizing this, further work in develop¬ 
ing shell equations was done, utilizing Hamilton's principle 
of minimizing the time integral of generalized Lagrange 
energy. The results should be exactly equivalent, as 
was checked by Yu (37) and Herrmann and Mirsky (12), as 
they redeveloped their shell theory equations, using the 
Hamilton method**. A great advantage of this procedure 

is that it readily and consistently permits the establish¬ 
ment of the appropriate boundary conditions. A further 
advantage, is that being developed from an energy basis, 
for a linear elastic system, the differential equations 

of motion (the equilibrium equations) possess the symmetry 

necessary for a series of orthogonal solutions. 

*As stated before, the classical bending theories use this 

method implicitly. When the transverse strain is set 

equal to zero, the dependency of the rotation ttk'1 on 

the translations of the mid-surface ujç is found. 

**This is a form of a Rayleigh-Ritz procedure. The actual 
deformations are approximated by Mindlin's series within 
the Hamilton integral and the mid-surface coordinates are 

minimized. 
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Klosner and Levine (38) developed two shear 
deformation theories starting with Donnell's and Flügge's 

bending theory by assuming changes in these bending 
strains consistent with transverse shear deformation and 

constant radial displacement. The strain energy was con¬ 
structed and Hamilton's principle applied to develop the 

shell equilibrium equations. 

The more complex SRN theories have also been 

developed using Hamilton’s principle and the Mindlin power 
series deformation. Herrmann and Mirsky (13) proposed 
a linear power series for all three displacements. Naghdi, 
(43), applying the variational principle of Reissner (39), 

used a radial deformation that was a function of mid-surface 
coordinate terms up until the second power of z. The nor¬ 
mal stress was not disregarded and the shear constants 
were obtained as a natural consequence of the displace¬ 

ment assumptions. 

We will use Hamilton's principle to formulate 

our own shell equations of both the SR type and the class¬ 
ical bending type. These will prove to be the same as 
equations developed previously by Yu, by different means. 

This will incorporate a selection of the appropriate 
Mindlin deformation series (linear in the line-of-curvature 
coordinates and with only one transverse coordinate) . The 
equilibrium equations in each case will be symmetric. This 
is a necessary requirement for solving a dynamic problem 
by the normal mode method. The boundary conditions, taken 
from within the Hamilton integral, will be consistent for 

each type of theory. 

1.4 Comparison of Shell Theory Solutions - Dynamic & 
Static Response 

The free vibration characteristics of infinite 

cylinders, analyzed by both the three dimensional theory 
of elasticity and various shell theories (classical and 
non-classical) have been investigated and compared. 
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Mindlin (45) investigated flexural wave propagation in 

an infinite plate and compared the known elasticity solution 
for the slowest moving wave for each structural wave 
length (first branch of the phase velocity spectrum) to 
solutions found from the membrane theory, a classical 

bending theory and a non-classical SR theory which used 

a shear factor, . All theories gave the same results 
as the membrane theory for long wave lengths but only the 
theory accounting for shear deformation could duplicate 
the elasticity solution (with an adjustment of ^ as a 

function of Poission's ratio) for short wave lengths, if 

the first mode of thickness-shear vibration is compared, 
must have another value. The classical bending theory 
erroneously predicts wave propagation velocities for short 
structural wave lengths (high frequency terms). 

Mindlin (46) did a similar analysis for axially 
symmetric flexural vibrations of a circular disk with free 
boundaries, comparing an SR with a classical theory where 
the rotary inertia is included. Natural frecruencies for 

all mode shapes were compared. There was a significant 

difference in the high frequency range, (short structural 
wave length). The classical bending theory computes high¬ 
er magnitudes for these frequencies due to the constraint 
imposed in suppressing shear deformation. 

Herrmann and Mirsky (36) developed classical 
and SR shell equations (beginning with stress-equilibrium 
at a point and assuming a linear deformation pattern) and 
extended Mindlin's procedure of comparing first branch 

flexural wave propagation velocities, in an infinite cylinder 
with axisymmetric loading. Those computed from these 
shell theories were compared with the elastic solution. 
Mindlin's plate conclusions were verified for the cylinder. 
Interestingly, the effects of shell curvature were negligible 
for short structural wavelengths, and Mindlin's plate 

shear factor, /< could be used in the SR theory to produce 
the elasticity results. The bending theory prediction of 
wave velocities for these wave lengths were in error, while 
for long wavelengths the membrane theory was adequate. 

10 



Greenspon (40) compared the natural frequencies 
(associated with wave propagation) of an infinite shell 
computed from the membrane theory, various classical theories 

and ncn-classical SR theories. This was done for a range 

of structural wave lengths with more than one branch of 
the frequency spectrum studied. The upper branches con¬ 
tain higher frequencies associated with the same wave 
length (mode shape). The shear deformation theories 

were most successful in predicting the elasticity solution 
for the higher frequencies. Greenspon also found that, 
for this free vibration case, the deformations for thin 
shells according to the linear SR theory approached the 
theory of elasticity solution more successfully than did 
the classical bending theory. Even the SR deformations 
became less valid as the shell thickness increased. 

Herrmann and Mirsky (12) duplicated the elasti¬ 
city solution for the first mode frequency of an infinite 
cylinder, during thickness-shear vibration, with an SR 

theory, using Kindlin's plate shear factor. In their work 
(13) with an SRN shell theory the same results were ob¬ 
tained. (The shear factor, though, was slightly different 
from Kindlin's). In (13), where general vibration fre¬ 

quencies for six branches were obtained for each structural 
wavelength, and in another work (41), with their SRN the¬ 
ory, but with axi-symmetric vibrations, limitations of the 
shell theory were uncovered. The higher branches of the 
short structural wavelength frequencies (extremely high) 

were not predicted accurately for thick shells. This is 
partially accounted for by the non-universality use of 
the shear factor, the thickness-shear factor having been 
developed for a lower first mode frequency. 

The forced dynamic response of infinite cylinders 
has been analyzed (at separate times) using the membrane 
theory, a classical bending theory, and the SR theory of 
Herrmann and Kirsky. Spillers (42) used the SR theory to 
describe the response of a semi-infinite cylinder to an 
axi-symmetric longitudinal impact at one end. He finds 
that at times shortly after the impact the deformation and 
stress could have been adequately described by the membrane 
theory. This must be due to high wave velocity of long 
structural wave lengths that are primarily associated with 

shell compression. At a later time, when the effects of 

bending and shear deformation (associated with the slower 
moving waves of short structural wavelengths) are felt, the 
membrane theory is invalid. 

11 



Spillers did not differentiate between the effects of 

bending and shear deformation, as we will. Humphrey 

and Winter (15) compared their work to Payton (14) to 
differentiate between the membrane and bending effects on 

an infinite cylinder in plane strain with radial impulsive 
loading. They found (29) their stresses, from Flügge's 
bending theory, diverged from the membrane solution only 

after some time. 

The membrane-bending and membrane-shear deform¬ 
ation comparisons in an infinite cylinder during forced 
impulsive loading, therefore, do exhibit the characteristics 

found for free vibration wave propagation. As already 
noted, the free vibration analysis of an infinite cylinder 
also indicates an increase in exactness (towards the 
elasticity solution) of the SR theory over the classical 
bending theory. This difference in results between these 
theories has not been verified for a forced response, nor 
has the effect of end conditions in a finite cylinder in 
influencing this difference, if any, been investigated.* 

This is the subject of current research at CUNY. Any 
differences that will be uncovered will be assumed to be 

reinforcing the superiority of the SR theory. 

This supposition of the superiority of the SR 

theory is by no means valid a priori if the criterion of 
comparison is the static response. Klosner and Levine (38) 
employing 5 shell theories (two classical, two SR, and the 
SRN theory of Naghdi) have investigated the displacement 
and stresses produced in an infinite cylinder, according 
to these theories, by axi-symmetric, periodically spaced 

radial loads. These results have been compared with the 
solution of the theory of elasticity. All shell theories 
predict stress and displacement erroneously in the vicinity 
of the applied loads. In predicting longitudinal stress 
and displacement the classical theory gave the best results. 

In predicting the circumferential stress, the classical 
theory gave better results than the shear deformation 
theory and was only inferior ir. predicting radial displace¬ 
ment. The authors attribute these seemingly surprising 
results to the particular static load used, which produces 

large circumferential stresses and constant longitudinal 

displacement throughout the shell thickness. 

it 
Bushnell (17) discovered marked differences in radial 
displacement and frequencies associated with this displace¬ 
ment when comparing a simply-supported and infinite shell 

response to radial impulse, using a classical theory. 
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The shell theories, though, assume a longitudinal displace¬ 
ment varying linearly throughout the thickness. The cross- 

section rotation coordinate, which accounts for this linear 
effect, is computed as overly large with the SR theory 
not suppressing the shear deformation. Iyengar and Yoganda 
(44) also found the classical shell theories acceptable 
in predicting deformations and stresses in a semi-infinite 
shell with a concentrated axi-symmetric line load at one 
end, especially for thin shells. The deformations and 
stresses in the vicinity of the concentrated load were 
in error. They did not investigate a shear-deformation 
theory in their paper. 

1.5 Summary of Analysis 

Forced Response of the Finite Elastic, Cylinder 

The structural dynamic response of the free cy¬ 
linder subjected to time dependent mechanical loading will 
be described by the resulting rigid body motion and the 

elastic deformation of the structure. The elastic deform¬ 
ation will be expressed in terms of modes of free vibration 
of the mathematical model chosen to represent the structure. 
The model will rest upon the choice of elastic parameters, 
permissible stresses and strains, and most importantly, 

the choice of displacement coordinates to define the shape 
of a deformed element within the structure. 

Hamilton's Variation Principle 

Hamilton's Integral, for an elastic cylinder 
i.i motion, is rearranged internally by choosing a set of dis¬ 
placement coordinates (Mindlin's oower series, truncated,) 
[30] * leading to a particular shell theory. Utilizing 

Hamilton's principle to develop the ordinary differential 

equations associated with the rigid body motions, the partial 
differential equations associated with a finite element 
of the structure, and the natural form of required boundary 

bracketed terms refer to subsequent equations 
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conditions, mode shapes and oscillation frequencies can 
be computed to construct a deformation pattern minimizing 
the Hamilton integral in the absence of external load¬ 

ings (free vibration). 

A variation of the propagation times for develop¬ 
ing these mode shapes, is the method used to minimize the 
Integral formed when external loadings are applied. A set 
of generalized Lagrange equations are developed, as a con¬ 

sequence of this, which will define these required time 
functions. When the deformation pattern for this forced 
response is constructed, the stress pattern is, of course, 

determined. 

Variation Technique - The Shell Equation 

We will use the conventional variation to develop 
the three-dimensional, particle equilibrium equations with¬ 

in the time dependent Hamilton integral. In this method, 

all terms of the Lagrangian energy density are expressed 
as functions of the particle displacements. These displace¬ 
ments are ultimately varied during the variation of the 
entire integral. The applicability of this method for 
a continuous elastic structure was suggested by Love (27), 
Goldstein (47) and Wang (48). The actual variation tech¬ 

nique (perturbation from a solution value) is described 
by Goldstein and also by Courant and Hilbert (49) . Other 
variation forms have been suggested. Reisner (39)(50) 
varies displacement and stress independently. Yu has 
done considerable work (37) (51) (52), extending Washizu's 
method (53) of varying strain, displacement, and stresses 
independently, from the static to the dynamic case. 

The SR shell equations are formed after making 

the power series approximation for the particle displace¬ 

ment, applying the variation to the mid-surface motion 
coordinates, and integrating over the cylinder thickness. 

The five shell equilibrium equations [53J - 
as the five natural boundary conditions [59] -1¾ 

as well 
are 
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developed within Hamilton's integral, as functions of 

the five mid-surface coordinates, as a natural conse¬ 

quence of the variation principle. These are identical 

to Yu's (37) developed by his variational technique and 

those found when he used the three-dimensional stress- 
motion equations (6). 

The transformation of Hamilton's integral when 

the rotary inertia is disregarded and the shear factor,/? 

(inversely proportional to shear strain) approaches in¬ 
finity, i.e., 

Lim 
Ldt) 

'K-f •« 
=o) 

results in a classical bending theory. The three equilibrium 
equations [69J - [71J and the four natural boundary con¬ 
ditions [68] are taken from within Hamilton’s integral 
(see Appendix D). 

Free Vibration Solution - Normal Modes. Natural Frequencies 

As stated earlier, the only method of obtaining 
the exact mode shapes and natural frequencies, of a finite 

cylinder, with end conditions other than simply supported, 
was presented by Forsberg (7) in 1964. Many procedures 
are available to obtain approximations to the natural fre¬ 
quencies for a given modal pattern. These are either 

through approximations to the equilibrium equations (11) 
(5) or, Warburton's (3) (4) (9), assumed approximation 
to the mode shapes (the Rayleigh-Ritz procedure) which 
gives better results. Both Forsberg's and Warburton's 
work will be invaluable in solving the free vibration 
problem. 

An assumed solution for the mid-surface deform¬ 
ation coordinates, in modal vibration, is made (54): 

. a iút 

I.Z.* 
I 
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where the series of eight axial functions applies to the 
classical theory and the series of ten to the SR theory. 

Substitution of these expressions into the homo¬ 

geneous differential equations of equilibrium, after a 
Donnell-type manipulation, leads to a tenth (or eighth) 

order algebraic equation for as function of ¿0 and 

equations involving the proportionality of . With 
the boundary conditions specified, the problem is entire¬ 
ly determined. The detailed statement of these conditions 
leads directly to ten (eight) simultaneous algebraic equations 

for the ten (eight) unknown constants. These equations 

involve the roots of . Since the boundary conditions 
will be homogeneous, the determinant [84] or [94j of these 
equations must be zero for a non-trival solution. A com¬ 
puter procedure solves the equilibrium equation and the 
boundary value determinant simultaneously, for a chosen 

circumferential wave pattern, m. A trial value of is 
chosen to determine and C for the determinant, 
which must go to zero, if the chosen Ü was a true eigen¬ 
value (natural frequency). If not, we iterate by trial 
increments to find the values of <0 which will converge 

the determinant through zero. 

The number of iterations required for convergence 
is greatly reduced if good initial estimates are available. 

The solutions developed by Arnold and Warburton (4)(9) will 
be excellent for this purpose, as found by Forsberg (8), 
for clamped-end structures, using Flügge's bending theory. 
The lower branch of the frequency spectrum will lend itself 
to this very well.* Higher frequency terms will be closer 

together and will not need an approximate initial esti¬ 
mate. Convergence time is reasonable, according to Forsberg. 
With Flügge's bending theory, 14 eigenvalues and their 

corresponding eigenvectors ( C ki '^i' ^ i^ were computed 

in one minute. 

initially, the successive eigenvalues found will be from 
the lower branch spectrum for axial structural waves of 
increasing node number (long waves). They should be nearly 

the same for either shell theory, as the effects of shear 
deformation are only evident at higher frequencies, i.e., 
at shorter structural wavelengths or the higher branches 

of the frequency spectrum for longer waves. 
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Forced Vibrations - Lagrange Equation - Orthogonality 
of Normal Modes; Comparison of Shell Theories 

Once the mode shapes and natural frequencies 
are determined, the forced vibration problem is solved, 
within Hamilton fe Integral, by a variation of the time 
function fne] , [121] , [122]. This is the procedural 
form of the normal mode method, when Hamilton's principle 
is applied. The Lagrange equations can be taken from the 

Hamilton integral in uncoupled form, if the orthogonality 
of normal modes can be verified. 

Kraus and Kalnins (55) verified the appropriate¬ 
ness of a normal mode dynamic solution for a bending theory 
shell with homogeneous boundary conditions. They need 

symmetric equilibrium equations to prove orthogonality 
by a particular Green identity. Tso (56) verified the 
orthogonality result, using the equilibrium equations and 
boundary conditions generated from Hamilton's principle, 

for a classical theory. His proof rests upon homogeneous 

boundary conditions (leading to a separable (space-time) 
solution series) and a linear elastic structure, where 
the strain energy is a symmetric quadratic function of 
the displacement variables and their space derivatives. 
Love (27), proves orthogonality for the normal modes of 

vibration for a structure whose strain energy is a quadratic 
function of the strain. For his proof, he utilizes the 
symmetry of the energy expression for this linear elastic 
system that makes Betti's law valid. We will extend a 

similar orthogonality proof to both the 3 variable and 5 
variable (SR) case. The need for this orthogonality (to 
uncouple the Lagrange equations) will manifest itself 
within Hamilton's integral. We will prove the orthogonality, 
therefore, also within Hamilton's integral. 

When the orthogonality proof is completed, the 
uncoupled Lagrange equations to determine the time coordinate 
as a function of an arbitrary force input are developed , 
[128] . The deformation pattern for an impulsive force 

input is examined, Cl46] and the resulting stress intensity 
on the cylinder's surface is computed, [180] [192] 
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The results of utilizing the bending theory or 
the shear deformation theory will be compared for various 
edge conditions, shell geometry, and truncations of the 
deformation series. This will be the subject of a subse¬ 

quent report. Previous dynamic solutions for a finite 

cylinder have only been attempted for simply-supported 
edges, where the normal mode functions are known. This 
work has been done with a classical bending theory. No 
attempt has been made previously to solve any dynamic 

problem for a finite cylinder by a non-classical (SR) 

theory. The comparison to a bending theory solution, 
therefore, has not been previously attempted. 

1.6 Proposed Tasks 
(Subsequent Work) 

All work described below must be done for the 

5 variable (SR) theory and the 3 variable (classical theory 
equations). Equations referred to are for the 5 variable 

theory. 

1. Perform a Donnell type manipulation of the 
free vibration equilibrium equations £53] _ [57] to get 

uncoupled equilibrium equations [lOEj. The deformation 
series D-OCO is substituted in these equations to produce 
the eigenvalue equation [79] and the eigenvector equation 

[8]]. 

2. Computer program for the evaluation of the 
five roots of Ai2 in the eigenvalue equation of a trial 
function, WT. 

a) Program for the evaluation of the lowest 
roots of the Warburfon approximate fre¬ 
quency equation for estimates of trial u*r. 

b) Calculation program for the eigenvector 

function P/.. 

3. Computer program for the evaluation of the 

boundary value determinant D ( «>T) , ( [84] or [94] ) and 
iterative search procedure for convergence to zero. 
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4. Calculation program for the eigenvector 
function, Ij 

5. Integration computer program for the 
amplitude factor, Amn, at a given particular impulsive 
loading [146] . This includes the generalized mass and 
generalized force integration. 

6. Truncated series summation program for the 
stress intensity [194] . 

7. Comparison of stress intensities for various 
shell geometries, edge conditions, and solution series 
truncation, according to the classical or the SR theory 
Graph plotting and analysis. 
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SECTION II CO-ORDINATE SYSTEMS 

The cylinder has length L, inside radius (a-h) 
and thickness 2h. it is subjected to an arbitrary pressure 

P on its surfaces. The usual practical case encountered 
would be that the pressure was exerted only on the outer 
cylindrical surface, but our analysis is not so restricted. 
We do require, however, that the body undergo only trans¬ 

lation with respect to the inertial axes Ç i* J 2» and 
3. (See Figure 1) . With this limitation, only certain 

patterns of surface pressures are permitted.* 

A point m in the material is located by means 
of the vector f from the center of gravity B. The body 
fixed triad e^, e^* ¢53 serves as a reference coordinate 
system both for the surface pressure p and for the sub¬ 
sequent deformation vector u, locating the displaced 
particle at m'. 

The symbol_e^ is used to represent any one of 
the vectors êi, Í2# e3, which are seen to retain their 
orientation with respect to the inertial set ^ p. 

♦Note* 
This particular limitation is not really essential 
to the analysis, but is chosen for the convenience 
it affords in presenting the problem clearly. The 

general desire is to prevent rigid body rotation, 
so the requirement is that there be no resultant 
external moment. If, for example, the loads are 
radially directed, rotation is automatically pre¬ 
vented about the Ç 3 axis. To avoid rotation 
about the axis they must be symmetric with 
respect to ¢( = 0, and to prevent rotation about 
the 1 i axis, uniform along the longitudinal axis. 

If there were a rigid body rotation, in the subse¬ 
quent application of Hamilton's principle, terms 
deriving from the variation of strain energy would 
not be affected. The variation in kinetic energy 

and work would produce additional terms, identifiable 

as being associated with the rigid body rotation, 
but otherwise not particularly useful. 
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The point m may be visualized also as being located by 
the coordinates x, and z. x is taken as the distance 
from the left end, ¿ as positive counterclockwise from 

the vertical zero position, and z as the distance from 
the mid-surface, measured positive radially outward. 

When the body has translated, the location of the 

center of gravity at time t¿ is given by Yg(t). The 

location vector p is considered not to vary in time. The 
new position of m is given in inertial space by the vector 

r. We may thus write: 

(1) - 9.(4)+0(1(,41,1¾ ta.(v,4(1,4) 

But we may express Ç as: 

(2) ps £.6} * ^ ” >0(-ly\) 

or, more appropriately: 

(3) p- (.+ .)8,+ (b-yK-l,) 

so that equation (1) becomes 

(4) (a+«)g*-(+£ 

It should be noted that e3_is a function of We now 

define the components of YB along the space-fixed axes as 

(5) Y»(t>pS ?§(iV Ip 

and along the body fixed axes as: 

(6) Y»(-fc)|Cs •< 

Equation (4) now may be written: 

(7) f« YlCtV«* t( Û4*)€, +U»c5|C 

with the first and last terms understood to be in indiciai 

notation. 
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Differentiating with respect to t, the second and 
third terms drop out and 

(8) ^ * àt ^ + 

Repeating the operation, and employing the conventional 
dot notation: 

(9) r * •+ 

Expression (8) will be useful in formulating the system 

kinetic energy, and equation (9) in understanding the part 
played by the rigid body motion. 

SECTION III DETERMINATION OF 
STRESS EQUATIONS OF MOTION AND 
STRESS BOUNDARY CONDITIONS 

Hamilton's principle states that the motion of the 
system from time t0 to the time tf is such that the line 
integral I is an extremum for the path of motion: 

(10) I = ) (T-U + W)dt 
t. 

The integral I is defined by equation (10), in which the 
kinetic energy T is: 

ai) r= J-Lrtfóv 
V 

The system potential (strain)energy is: 

(12) u * / Z ¿V 
V 

23 



and the term W is taken as: 

(13) 

In equations (11) - (13) , we use 

I = density per unit mass 

<J¡n = stress tensor 

Ci» = strain tensor 

dV = unit volume 

d2 » unit surface area 

and P, r are used as before. Some explanation of these 

terms is helpful. 

The unit volume is defined as: 

(14) fllV"dS,dSaciS3 

Where dSv is the incremental distance along the body-fixed 
vector ev. T*6 origin of the orthogonal body-fixed vector 

triad ^1 # ®2* ®3 Is formally located by the body referenc¬ 
ed coordinates Xlt and h3. m the particular cylin¬ 

drical coordinate system of Figure 1; 

1 dx 

Rdjzf 

1 dz 

We will find it more convenient; however, to retain a more 

general symbolism: 

(15) dSK- 
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In the form of (15), we can use Hamilton's principle for 
any orthogonal curvilinear co-ordinate system. 

The term d £. requires additional explanation. 
In equation (13) it is understood that the integration is 
taken over the entire surface of the body under study. in 
the actual case, which involves a cylinder, the surface 
occurs at either end of the cylinder, and on the inner and 
outer curved surfaces. At these boundaries, âZ. has different 
forms : 

Boundary 

X1 = X = 0 

^ = X = L 

= R = a+h 

A3 = R = a-h 

âl 

Rd<^dz 

Rd<^dz 

(a+h) d^dx 

(a-h) d^dx 

= dS2dS 
3 

= ds2V as1 

= ds2y asj 

The boundary is encountered in the first two cases, by 

traversing the body in the direction i^. In the latter 
two cases, the boundary is encountered by traversing in 

the direction 63. No boundary exists for a traversal in 
the direction ¥2. 

In each of these cases, the surface dZ could 
be called and dZ3 to reference the direction of 
traversal. Also, and fortuitously, the elemental surface 
at the actual boundary are normal to the direction of 
traversal. 

In order to preserve the generality of the indiciai 
notation, we do not assume that the surface dZ must lie in 
a plane normal to a body-fixed coordinate vector. Instead, 
we take the surface dj. as in figure 2, so oriented that IT 
is normal to dZ . The projection of dZ on any coordinate 
plane is found from: 
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Furthermore, we assign a subscript to dZ , e.g., dZfc 
to reference the direction traversed in the body to 
encounter the surface. Thus (in this case) equation (13) 

should be understood to imply: 

yV* j P»r <*Z, 
I 

i 4- / P-r ¿Z, 

The stress and strain tensors (T and 6 ik 
follow the conventional notation that the first subscript^ 
indicates the plane on which the stress acts (normal to ei) 
and the second subscript the direction in which it acts. 

Now, the extremum requirement on equation (10) 

is equivalent to: 

(17) SI = O 

Setting L = T + U - W, equation (17) becomes: 

da) I ( *L dt * 0 

L is known to be a function of the displacement coordinates 
YB(t)p and uk (x,$,z,t) as well as of their appropriate 
space and time derivatives. (See Appendix A for details). 

Conventionally, uk and Yjjp are assumed in the form of a 
minimizing function plus a perturbation function: 

(19) ( /,6, + «KV}* « 

(20) Y|p (■fc.f?) * + Pf *• 

*See Reference 47 
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The terms and Cp are the perturbation functions and 
ofk and^p are the parameters to be varied. (Indiciai 
notation is not implied here) . The minimum forms (u]ç)MIN 

and (Yb)min are the forms of u^ and Ygp when 0(^ and ßp 
are set equal to zero. The perturbation functions 17 ^ 
and Cp are required to be zero at t0 and tf. The variation 
¿I thus requires that: 

(21) ÍI («iK.fp)- 

^Vj.O ^*0 

The application of equation (21) involves differentiation 
under the integral sign in (10) of the form: 

(22) 

•fo»o itK*® 

so that we must also use the notation: 

(23) 

Stic • aú<ic.l ¿Ate 

y*«*- 

fK. ■ ^.C 

Expression (13) is an artificial form, chosen 
so that Sw will be_equal to the virtual work done by the 
surface tractions P during a virtual displacement. Equation 
(18) becomes: 

(24) sjrat - + 0 

**Indicial notation is implied 

28 



Substituting (11), (12) and (13) in (24): 

//[S(i^-p)“S(ioiReiÄ)]dVdt ♦//p-SrdZdt »0 
Vv 

The actual variation of equation (25) is perform¬ 
ed in Appendix A. The result is: 

(26) 

sjldt-jl(V,(t),‘Ü,)]SU,dVclt 
^ V 

{(«!«Su,^'"“*(cri,Su,r"“]]d2;clt 

^[F(tV-MŸ,(t)JSY,(tVclt .0 

The equations are written to be most accessible for a 
free-body in space. For a constrained cylinder, the 
deformation (and strain energy) would referred to an 
inertial reference. As rigid body motion does not con¬ 
tribute to the strain energy of deformation, the Hamil¬ 
ton integral, as developed in Appendix A, would be 
acceptable for a constrained cylinder. The form of 
(26) would change; 

In the first and second integral on the right 
hand side: 

•iufc would become írjç 

* + would he r^, as the c.g. 
acceleration is absorbed in the deformation 
coordinate 

The third integral would be absorbed. It depends on the 

unspecified, (for the constrained case), motion of the c.g. 
of the body 

The stress, <Tifc, would be developed as functions of the 
displacement coordinate, r^, and its space derivatives. 
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In equation (26), the first integral provides 
the stress-motion equilibrium equations for a volumetric 
element. The second integral prescribes the boundary 
conditions and the third integral demonstrates the equili¬ 
brium equations for rigid body motion. 

In the second integral, we interpret the sub¬ 
script i as being associated with the traversal of the 
direction e^ to encounter a boundary surface element 
d2E i- The equation requires an evaluation of ( CTilc ¿ ufc) 
at trie extreme values of the body referenced coordinate 7\ 

The stress-motion equilibrium equations (with¬ 
out the boundary conditions and rigid-body equations) may 
be separately obtained by setting the time integral of the 
virtual work equal to zero: 

<27> /w„tI ■//?,„-S?dVdt *0 
't A 'V 

In the conventional form, using Î as the stress tensor 
at a point, and V as the del operator: 

(28) ^WV„T if)‘Sr dVdt ■ 0 * 

Note: This is shown as follows: 

in which <Tij e^ej is the stress dyad. Carrying out the 
differentiation: 

continuing. 

Using the Kronecker delta: 
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(Continuation of Note on preceding page) 

or, contracting the first and third terms: 

We now make use__of the idemfactor I = £ tneten which has 
the property I»e^ = 

Replace m by t and interchange j and t to find 

Return to the expression for 7*? to find: 

Replacing the index j by k, k by t and t by i: 

[!?r 
In the first expression replace t by i, and note that 

CTti =0¿t to obtain 

The^balance of the proof follows readily from the definition 
of r. 
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SECTION IV THE TWO-DIMENSIONAL THEORY - THE "SR" THEORY 

o* j ÆThe neXt Step is to isolate the z dependence 

equation6 COOrdinate “k (=<./, t), and to integrate 

cylinder. reSPeCt t0 Z OVer the thickness of the 

.. . 18 result in stress-motion equilibrium 
equations in terms of shell variables, i„e., as functions 

linder"™id* ^ ^ P°int X'^ is a ^cati^n on the y- 
linder mid-surface. This is then a two-dimensional theory. 

coordinate^ defo™a“°a 

(29) * 

where the superscript (n) indicates a 
Several prior investigators have found 
truncate this series as follows 

mid-surface property, 
it appropriate to 

See Reference 35 

**For a constrained cylinder, with inertially referenced 
deformation, the following condition holdst 

uk + YB,k = rk 

uk° + zujç1 + YB>k = rk° + zrjç1 

^uk + YB,k) + zuk = rjç0 + zrjç1 

lhe infrHeíi011 COnstrained cylinder is a function of 
the inertially referenced, mid-surface motion, r^". 
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In equations (30), the superscript o refers to a mid¬ 

surface deformation and the superscript 1 to a mid-surface 
rotation. 

Since we require arbitrary variations in 
it is necessary to develop equivalent expressions involving 
duk and This is done as follows: 

We have taken (see equation 19, repeated below for 
convenience): 

(19) U « ( Í *,, 5 ( ^ O)«* ,t) 

With the assumed z dependence: 

(31) (x,0, Vk)*2 U* 

Now, if the variations of u£ and u¿ are similarly defined; 

(32) UK (*,w) 

(35) Uk (», Uà (»,%*■) 

We note the H jj (x,0,t) are zero at t0 and tf, but are 
arbitrary at other times. 

Since any variation is still defined as: 

(34) T7T\ 
• 0 

lUso 
We operate on (32) and (33) to yield: 

(35) 
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Since: 

(36) ^(x^Vk)* [L'*(*^,t,0)'ZUí('^t,<í] + 

it becomes apparent that 

(37) SuK-+ 2Sü¿ 

We also require the volume element, which 
for cylindrical coordinates becomes: 

(38) dV* (a**)oi0dxclt*(l*£-)od0dxdt 

As has been explained, the boundary conditions may ba 
related to several surfaces. We emply the table developed 
in section II to denote the proper forms of dX^. 
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. 

Using (37), (38) and dX ^ as needed, equation 
(26) becomes: 

(39) 

-»('Ym+ÜK^Ü^JfSuS^iíUÍiJíl^jfjdsjQd^dxdt 

{[I( Pk -a-iHê#*e,)a-h(Su; "hUl)(Q*h)dddxdt 

*]f[ (¾ (5Uk “hUKjfQ-hJd^dxdt 
\ Xf 

u;»#5u¡,}j(Bo(|*|)d»]Qd0dt 

^{F,W-MŸ,(i),}SY,(t),dt 
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The detailed treatment of equation (39) is 
given in Appendix B. It is necessary, on a term by term 
basis, to assign the values 1, 2 and 3 to the index k, 
as well as to completely evaluate such terms as 

For a better understanding of the form of the results, 
we consider equations (39) on a term by term basis. 

The first part requires that: 

• • ( * *Q»'} M diiadjfdxdt 

Manipulation of equation (40) results in the following 
equation assembled from terms developed in Appendix B: 

(41) 

jJJJf. ijn *«" «il- «(Vü,’« *Ü,')](“») d«} fur 

* {/[$“*!?“ «ir ï(^l-ür*ü:)]i(i*|)d*]su: 
* Il ^ 

*{/)>?“ * ô?» -.(Vô'.*«üi)](i-I)d.}fu; 

* {to ^ • 3¾ -.( V Ü|-«<4)]«(l-§)d.}f Ui 
•W 

* Í [iffî -»(^i,*Üjl¡l(l*|)<l»}Slí]od»d*d* 

■ O 
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Enuation (41) is thus seen to contain in itself a series 
of five terms, which add up to zero because this is implicit 

in the independence of the terms in (39). In addition, 
each term in equation (41) is multiplied by an arbitrary 

integrating term, of the form Su£. Therefore, each one 
of the terms, after integrating must equal zero. This 

result is obtained in Appendix B and summarized below. 

(42) 

iia 
t * * 

¿ If1' * ñ ♦£) -a.hf.w-s,- 2»hü,°- } $u; 

♦ i$ R*(b)d’ï) - o-,; - ’o;} su; 

'f'-fä'o-ft-2«h?,(t)-«, -2»hôHí‘üi}íu; 

*5^“ * P/o• ä)h - ‘ü¿] Su; 

-f“ *p;d‘â) -2«h?,(t)-s,-2ihü;}su;J0d#d«dt 
S 0 

In equation (42), it is to be understood that 

there is no surface traction on the inside of the cylinder. 

The terms P-^ , P2+ and P3 represent the surface tractions 

on the0outside of the cylinder. The meaning of such terms 

as <^11, Oil, etc* shown on Figure 3. Generally speak¬ 

ing, the superscript o refers to a force resultant, and the 

superscript 1 to a moment resultant. The first index designates 

the plane on which the resultant acts, and the second index 

the direction in which it acts. Stress resultants are to be 

taken as "per unit length" of surface on which they act. 
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FIGURE 3* STRESS AND MOMENT RESULTANTS 

ON CYLINDRICAL ELEMENT 
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These equations may be more familiar if the 
notations for stress resultants N and Q, and moment re¬ 
sultants M, as discussed in Appendix B, are employed: 

(43) 

= O 

In equations 42, 43, uf represent the second 
derivative (with resoect to time) of the mid-surface deform¬ 
ation and u^ represent the second derivative (with respect 
to time) of the mid-surface rotations. 

We note that equation 42 (or, alternately, 43) 
in general forms a series 

(44) f JJ adödxcft * O 

in which k^= 1,2,3 and n = 0,1. (There is no term correspond¬ 
ing to Su^*) Since, in general 0, this requires 
that the individual terms s 0 identically. The set 

of five equations that results is known as the group of 
"equilibrium equations". 

Returning to equation (39), the second, third, 
fourth and fifth 
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integrals refer to the boundary conditions at the follow' 
ing boundaries: 

At z = h 

At z = -h 

At X = 0 

At X = L 

Outer Cylindrical Surface 

Inner Cylindrical Surface 

Left end 

Right end 

The results are found in Appendix B, and the 

end products summarized below: 

At z = h 

(45) 

*ov (a*H)d0d»dt 

At z = -h 

(46) 

WJ( 
(R +03«)2s-h (^1 

♦ ( Pa v ^32 ) I*“h ( S ^°) 

+ (PX + ^32)**-h 

-(p;- Tn)B.-h(f U30)] 
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At X = O 

/Mk-Cwihj*'*»' 
* {«■.!*/" F¡ 0*í)sdtj^g (SU,%.0 

’[^‘/hhp10^)*dS}i(=o(su;)1(SO 

At X = L 

(48) 

* [^I }x,L (Sy»),,LJ«d#olt 
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In the boundary condition equation» (45 - 48) 

the quantities Pk refer to the external surface tractions 

at the boundary and the (r¿k to the stress resultants at 

the boundary. Equations (45) and (46) are of the form: 

(49) 

(o»h)(i^cUdt »O 

While equations (47) and (48) are of the form: 

(50) 

* O 

There are only two ways of satisfying equations (49) and 

(50) . Either the £uk / 0, in which case 0k = 0 and 
ilk = 0, or alternately, the îujj = 0. This prescription 

will later be considered in more detail. 

Finally, the last term in equation (39), in this 

form, clearly demonstrates that Newton's second law must also 

hold for the entire body. The requirement is stated: 

(51) Fp(t)-MŸjWp *o 

This fact, too, will be useful in our later development. 
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SECTION V 

EQUATIONS IN TERMS OF 

DEFORMATION COORDINATES 

The next step is the transformation of the stress- 

motion equatins into a similar set involving deformation 

displacement coordinates. This work is done in Appendix C. 

For the equilibrium equation 42, the result be¬ 

comes : 

(52) ad#dxdt 30 

where the individual values (S) £ are, 
Jv 

(53) 

L 

♦ ko ♦»;>*) 

-2*hŸg(tVé,TJ-fc *0 

NOTE: n y\ 
In equations 53-60, replace by r^ 
if dealing with an unconstrained cylinder. 
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(54) 
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Equations (53-57) were obtained by Yu in 1958, except for 
the terms involving the external forces and the rigid bodv 
mot i on. ^ •J' 

In equations (53-57), 

(58) 

k 
2 

The significance of £ is explained in part in Appendix C 
and also in Appendix D. The notation t* is used to indicate 
those terms which are related to the inclusion of rotary in¬ 
ertia. This is further discussed in Section VI. 

Boundary conditions (45) and (46) are in an appro¬ 
priate form for use when the outer and inner cylindrical 
surfaces are free to move, and are not transformed. 

Boundary conditions (47) and (48) transform as 
follows: 

At X = 0 

3 va ax W a a/0*;,,*, 

I}, (w')x jo ätät 
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At X « L 

We retain this material for later use while we 
briefly consider its relationship to conventional treatments. 
This is discussed in Section VT. 
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SECTION VI 

NEGLECT OF ROTARY INERTIA AND TRANSVERSE 

SHEAR DEFORMATION - THE "CLASSICAL" THEORY 

Most frequently in classical engineering shell 
theory, the various descriptive equations are developed 
under the assumptions that there is no transverse shear, 
and that terms involving rotary inertia may be neglected. 
When this is done, the five differential equations reduce 
to a set of three, and the boundary conditions are also 

simplified. (Not all investigators have obtained the same 
set of three. This depends on the precise point at which 
these assumptions are made, as well as on the nature of 
other simplifying assumptions). 

The usual next step is the transformation of the 
stress-motion equations into a similar set involving displace¬ 
ment (deformation) coordinates. From this point, some solu¬ 
tions have been found for the lower modes.* Prior studies 

have been directed generally at the free vibration problem. 
It has been found that slight differences in the original 
differential equations do not cause very much change in the 
natural frequencies found, it has also been demonstrated 
that for each set of mode parameters, three natural frequencies 

result from the set of three equilibrium equations. Similarly, 
one might expect five natural frequencies from the five 
equation set. 

We are, however, interested in the response of 
the shell to impulsive loading, rather than in the free vibration 
problem. The response is formed from an infinite series of 
expressions for shell deformations, each term of which is 
at one of the shell natural frequencies. 

* 

NOTE: A mode is characterized by the size of an axial and 
a circumferential wave length. Ordinarily, only the 
lowest natural frequency for the mode is found. 
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Lacking information to the contrary, it is pre¬ 

mature to assert that these assumptions may be made, and the 
problem simplified, without loss of accuracy. The actual 
response will depend on the nature of the load. Different 
forcing functions will certainly excite different combinations 
of the normal modes. 

In order to assure complete consistency with the 
equilibrium equations and boundary conditions already obtain¬ 
ed for five variables we essentially return to equation (39) 
et seq., obtained directly from Hamilton's principle. (The 
details are included in Appendix D.) 

Neglect of rotary inertia affects only equation 
42, in a relatively minor way. Terms in h3 are dropped from 
each one. The result is the equation (D-7). 

Neglect of transverse shear deformation is con¬ 
siderably more subtle. Essentially we require: 

(61) fcu-O-*,* 

This is the same as requiring that: 

(62) ^ ® ^'¿r “ “à 

This can be accomplished by letting Mindlin’s Constant £*♦•*, 
so long as 30 and 4*23 0 remain finite although undefined. 

The Hamilton Integral as IQ, leads to the 

following stress-motion equilibrium equations which are (D-22, 

D-23) and (D-24), shown below as (63-65), ( ji 0); 

(63) « 

(64) -2»h ^(*)•*,-2lf)iü® 
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Boundary condition equations (45) and (46) are 
unaffected by this assumption. 

The complete set of boundary conditions (as IC“*-®») 

at X = 0 is given below for reference purposes: 

At X = 0 

(66) 

For a clamped (fixed-ended) cylinder, at both x = 0, and 

X = L, the end conditions are prescribed and reduce to: 

(67) u,°* o«u i 

For a free-endtd cylinder, Px = ?2 = P3 = 0 and for arbitrary 

^uk ° * 0, the boundary conditions at x = 0 and x = L become 
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(68) o;,0 «N,-o 

ERSATZ SHEAR 

4 

ERSATZ TRANSVERSE SHEAR 

Where the first 3 terras of the last equation define Q i 

with no rotary inertia considered. X|x=0,L 

In addition, we can obtain the appropriately con¬ 

sistent set of three equations in deformation displacement 

coordinates. A new set of stress resultant equations as 

(see equations (D-30) (a-j) is formed by using 

equation (62). The set is then substituted in equations 

(63-65) to form: (assuming ^ u1° ^ ^ u2° ^ ^u3° ^ °) • 

(69) 

9,(1)-¾ *2»hU,-R*(l*§)] -O 

(70) 

-{2»hfyt)-v2.ho;-p;(i*&)-p;.(&).(i4j}*o 
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SECTION VII 

THE FREE VIBRATION 

PROBLEM 

We have obtained the shell equilibrium equations, 

expressed in terms of the mid-surface variables. (Equations 
53-57)). The set may be written as: 

(72) 

|wmm4 ^ 

*.-'4 K 

Where it is understood that 

k = 1, 2, 3 

n = 0, 1 

= X 

S2 = ad^ 

The solution to this general problem (which includes the 

surface tractions and the acceleration of the mass-center) 
is discussed in Section IX. 

+ In the free vibration problem, the surface tractions 
Pk and the acceleration YB(t) are eliminated from the set S . 

For clarity of notation, we write the set now as: 

It should be eaphasized that will refer only to the free 

vibration problem, and that the only difference between 
and Hk is in the elimination of the Pk and YB(t) terms. 



We assume that the solutions u£ may be expressed 
as an infinite series of terms, separable in the functions 
x,$,ts 

(74) 

When these solutions are substituted in the set 
result becomes: 

the 

(75) 

h;. ï C n* a,4ft * Q„ - 0 

H,1? sin -0 

*ln "^C»»l“*t[<‘4lf*+®4l'í,*««»í'*«»*<Ü 4«45f»]*0 

coa [a,,f”♦ as^'*■*a„f,*]*0 
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The trigonometric terms satisfy the necejsary angular 

periodicity and the imaginary exponential time terms satisfy 

the periodicity requirements of free vibration. 

. The coefficients a are functions of K, a, m w,. 

V * a , D and D , where D signifies differentiation with 

respect to x. Since these equations are valid for any value 

of <f) or t, the bracketed terms must be equal to zero for 
any value of m. 

Thus, equations (75) essentially form a matrix 
equation: 

(76) 

in which is a 5 x 52determinant, as a function of Ä, K, a, 

ro* wi*, 0 , D and D . This can be solved if the typical 
solution is ataken as: 

(77) 

The subscripts i indicate that more than one such solution 

will be possible. The term f” . refers to a factor of the 

solution common to all f£ for ma particular m, i set of five. 
The terms ££mi then express the relative amplitudes for 

each f”, for a particular m,i set. 
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Using this postulated solution form, the 
determinants! equation becomes: 

(78) 

The matrix A2 is of course also a function of 1,0 and K, 
but the form chosen highlights the variable factors in it. 

To satisfy equation (78), the determinant of the 
matrix A2 must equal zero for each value of i and m. Ex¬ 
pansion of the determinant would result in an equation of 
the form: 

(79) a-Aj= pX ' 5.1 * J*** * 

In equation (79), the coefficients gpi are functions of h/a, 
and m. For specified values of h/a, u>M and m, there are 

five values of hj2, or ten values of *i, that will satis¬ 
fy equation (79). There must be at least one real root A 
and this will be associated either with four other real roots, 
or with either one or two pairs of complex conjugate roots. 

Assuming for the moment that the 10 values of 
are known, the index i in equation (77) is seen to take the 
values 1 - 10. Equation (77) thus yields: 

(80) f"(x,tr>)m * jE fKn Qe*W¿ * 
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It is convenient to set { mi * 1, for normalizing 

purposes. Now, if Ami can Be obtained as analytic functions 

of ^ be possible to obtain the relative amolitndp 
factor: - 

(81) £fcint (w*,Oc -¾¾ 

(This is done by substituting the h . into four of the five 
equations (78).) rai 

To reiterate, it is at this point possible to 
write equation (80) in the form: 

(82) 

Until the value of w is found, it should be noted that the 

values °f £lml, VLm2» etc* are undetermined. 

In order to proceed further, it is necessary to 
appreciate that the five functions (74 a-e) must satisfy the 
problem boundary conditions, as presented in equations (59) 
and (60). 



BOUNDARY CONDITIONS FOR CLAMPED ENDS 

For the purpose of continuing this discussion, 
we now note that for clamped ends equations (59) and (60) 
yield the following 10 homogeneous boundary conditions 

A+ x«o A+ x*L 

r®«0 * r,*«o 

r,' *0 r,' « o 
rj« 0 r,*» 0 

r¿»o ra'«o 

When boundary conditions (83) are substituted in 
equations (74 a-e), each m dependent term will yield 10 
equations. Since the boundary conditions do not depend on 
either ¿ or t, these essentially reduce to the 10 equations 
found by setting equations (82 a-e) equal to zero at x = 0 

and x * L. 

* See note on Page 43 
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Since the column .... r^10 is arbitrary, the determinant 

of the coefficient matrix must = 0. 

Recall that both equation (79) and the determinant 

of equation (84) are functions of u> for a particular valuó 

of m. Equation (79) is imagined to provide as functions 

of oom, so that all that remains is to find the value or 

values of wm that satisfy equation (84). 

The determinant of equation (84) is a transcendental 

equation which yields an infinite number of solutions. We 

employ the index N to denote these values. Thus N = 1,2,3 

The natural frequency w should thus be subscripted as toiaN, 

and is seen (in this case) to be one of the eigenvalues of 

ttí in the determinant of (84). Thus, to recapitulate: 

• Each value of (N=l, 2, 3 . ... oo ) 

determines ^mNl an(^ £kmNi* 

• Placing one value of in 9 of 10 equations 

(84) produces the relative amplitudes of 

the axial functions, where f^iNlO *-s taken as 1. 

• Thus, equation (80) may be written: 

(85) 
wN 

There are an infinite number of solutions 

N = 1,2,3 .... o« for each m that will satis¬ 

fy the boundary conditions (83) and the equilibrium 

equations (75). Each of these solutions may 

be conveniently expressed: 

(86) Uki«n * CroNeiW,"‘, cos tn# Ü sm m# fKn U,m,N)wN 

The set of solutions correponding to the eigenvalue 

is represented by the solution vector: 

(87) * Cn,Ne‘,u,n"‘t cos U sm m* jV*" (x.m.N)^ 
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Each of these solution vectors exist independently for 

each (a • Thus the complete solution is represented by a 

doublyn¥nfinite series formed as a linear combination of 

the solution vectors: 

(88) 

or. 

{uî)«22; ** u„n»♦(*;UnNL} (89) 

Before proceeding further, let us also develop 

the boundary conditions for free ends. 

BOUNDARY CONDITIONS FOR FREE ENDS : 

For the free ended cylinder, the boundary condi¬ 

tions can be obtained from equations (59) and (60), by noting 

that the variables u.0, u.1, etc. are not prescribed, so that 

the several terms $u|J ? 0. If we take no surface tractions 

on the end faces, equations (59) and (60) reduce to a system 

of 10 equations: 

(90) 

A+ x»0 A* x*L 
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These are, of course, expressible in terms of deformation 

coordinates as follows: 

(91) 

c. e 0 

By way of example, consider (91a) in terms of 

equations (74) and (80). This becomes: 

(92) 

*“ mir «* 

‘éè m^), C-e'“”* «0 
k*i *' T/\%mOlu m 

Factoring and simplifying: 

(93) 

COS m 

■ 0 
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We designate the term in brackets as Si]c(x)m and in 

brackets as Sifc(x)mi where the subscript k and superscript 

n serve to assicate it with the corresponding stress re¬ 
sultant. jÇhe i subscript, of course, again serves to 
identify Sik,mi with one of the 10 roots Since a 
similar development can be made for each of the terms of 

equation (91) the result is again a 10 x 10 determinantal 

equation : 

>»* 

. s; \\mp 

strjt* 

C, 

n. 'n* 
V. Jut 

*o 

where all terms in the left matrix are analytic functions 
of um, and the solution for will proceed in an analagous 

manner as with clamped ends. 

We now consider the forms of the equilibrium equations . 
and the boundary conditions when the solution is taken in 

the form of equation (89), the doubly infinite sériés. 
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First, noting the form of equation (85), we write the 
solution set for a given m, N pair as: 

(95) 

(^i )mN ^ C06 

(U')»N = CmNfciWw,,tco« 

(^Í)»N s C*"N e'w,""t Sin f2' (x(m(N)mN 

(^s)mK* C^e'^cos mf 

Now, substitute the solution vector into the 
set of equilibrium equations. In the process, we note from 
equations (75) that each one of the terms f¡¡ is multiplied 
by a coefficient of the form arg. The coefficient is identi¬ 
fied by row with a term h£ and by column with a term fß. 
We therefore find it convenient to display the equilibrium 
equations in the form: 

(96) 

(HrL-c^.-^co. m* [<<;•♦ «¡IT* 

[< r ♦ «-c* a* f,*« «r.f; * 
[»rr - Ci' • w;> a'f,'* <.r, v]., 

"♦[•«lí 

(HíL- C^e‘—1 ce, «♦[oïC“ «Sf> «Síf * 4 f,’ ♦«SçL 
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Equation set (96 a-e) may be more compactly dis 
plfiyed as the column vectors 

{h;} • CwN »in U coi mfjcft. 
^ J • »mH 

It should be carefully noted that the coefficients aoj¬ 
are functions of m, D and w*, and that they are precisely 
the same as those displayed in equation (75). The only 
difference is that b) has been shown to be dependent not 
only on m but also on N. 

Since these coefficients formed the matrix of 
equation (76), we may now write: 

(98) 

The notation cos m0 Usin m^ may be incorporated 
into each term f£ by defining: 

(99) *£(w* U 

Thus we write: 

(100) 

By considering the development of equation (96), it is 
also evident that: 

(101) 



; 

It is convenient to write 

(102) 
{a«rfrJ («,♦)„} * {*h Mnl,} 

and then to separate out the terms containing of in each 
function: 

{*K (x,»)mN] * {a", ( [f"(x,?)„,]) * K (103) 

Equation (101) is now written: 

(104) 
m«0 Mai {A\(íír(., 

In equations (103) and (104), the terms A” are due to 

terms with just space derivatives, and stem'from a variation 
of the strain energy. The terms iAm come from 
terms with just time derivatives, and are due to the varia¬ 
tion in kinetic energy. 

(Each term,AÇ,mil ^ »^mlrf.mN is formed by using 
one of the mN series of {(^),,^ in the equilibrium equations.) 

Similarly, from equations (90-93), for any one 

ies of {(u^i^^the boundary conditions for free the series 

are typically noted äs 

of 

ends 

(105) 

*®* Sík(x,0)w,m| CmN Uae.L X*0,L 

where Sjk(x)yj, cos m^ Usin m^ = Sik mN ^See' 
equation 

' 
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It is thus also evident that we may define 

(106) 
p ¡WwMt 
''WIN® 

X*0,L 

Later, consideration is given as to whether or not the 

series of equations (100), (104) and (106) actually do 

effect the required minimization of Hamilton's Integral for 

Free Vibration. 

Now, we pause to note another important point. 

Equation (79) was displayed as an equation of the 10th order 

in Ai- It could also have been shown as of the 10th order 

in t*m or more precisely, of the fifth order in (eî Thus, 

having located any one set of values which, together with 

one value of u) , satisfy both equation (79) and (84) or 

(94) there must be four other values of <*> that are compatible 

with each of the Ami set. 

The interpretation of this situation is that a nodal 

pattern is established, consisting of m circumferential waves 

and r axial half waves. For each such nodal pattern there 

are five natural frequencies. (The r axial half waves are 

interpreted as having r+1 axial nodes). 

Thus, as equation (84) or (94) is solved for the 

successive values of 0) , corresponding to N = 1,2,.. oe, 
we may expect that we could, with some effort, identify the 

particular five values of N corresponding to the same number 

of axial nodes. (This requires plotting the axial function, 

equation (85) for each N). Thus, the following notations 

are equally appropriate: 

(107) 

P mNi“* i»rji 

(ximi(*> 
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We now proceed to consider the actual approach 
to be used in the numerical solution of the problem of 
free vibration. 

NUMERICAL APPROACH 

In reviewing the steps necessary to isolate the 
values ofu)ra which satisfy the boundary value determinant, 
we note that it was necessary to develop the values of Ami 
as functions of w , explicitly. Having these values, it was 
then nceceeary to use equations (78) to find also as 
explicit functions of go . 

Since it does not appear feasible to obtain analy¬ 
tic expressions for an alternate approach is necessary. 
This was suggested by Forsberg (Reference 7). This method 
is outlined below: 

• We assume a given shell (|. I o ) 

Use a trial value for u* 

For the shell, determine from 
equation (79). Also find 

• Using the appropriate boundary condition 
determinant (84 or 93) , test whether the 
determinant = 0. 

• Iterate on to until the result converges, 
repeating the above process. 

It will be noted that computations on JCiani are 
selves also laborious. This effort can be somewhat reduced 
by applying a Donnell type manipulation to the equilibrium 
equation set (73). The method is alluded to in Reference 6. 

The result of the Donnell manipulation will be to 
provide a different set of five equilibrium equations. One 
of the equations will be a function of U3 alone, and the 
four other equations are each functions of u° and one 
other (unique) variable: 
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(108) 
®,(u;)*o 

et(u,°u,°)-=o 
e,(u;,u2*)-o 
e4(u;u,>o 
Gf(u,0,u;>o 

Equation (108a) is essentially the same as equation (79). 
The other equations (108 a-3) provide algebraic expressions 
for^Íàni. Th® complete operational requirements are not 
given here, because they are very lengthy, and because they 
are available in Reference 57. 

Asymptotic values are available for an infinite 
cylinder, to serve as appropriate starting points for the 
iterative process. These are: 

Flexural Vibration of a Ring 

(109) TW» (m*-Q 

Axial Shear Vibration 

(110) 

Extensional Vibration of a Ring 

(in) 10^)-(^2^) 

Usually two of these frequencies are several orders of magni¬ 
tude higher than the minimum frequency and thus the lowest 
one is the first to be tried. 
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From this starting frequency, a detailed, small 
increment in wupwards should yield, for a given m, the eigen 
values corresponding to N = 1, 2, 3 . ,. 

POSSIBLE MEANS OF REDUCING THE ITERATIVE EFFORT 

Previous investigators have been concerned with 
the analysis of the free vibration problem, rather than with 
the response problem. Thus, they have attempted to provide 
means by -yhich the lowest frequency for a particular axial 

node pattern may be identified, as well as other frequencies 
also associated with that axial node pattern. 

This method of designating the natural frequencies 
utilizies the r, j indices rather than what we have here 
termed N. 

We have some reason to believe that the smaller 
eigenvalues corresponding to our index N may be correlated 
to the r, j index as follows: 

N 

1 
2 
3 
4 

N 

£ 

1 
2 
3 
4 

i 

1 
1 
1 
1 

2 

It is not presently known at what point we will 
encounter the second frequency corresponding to r -- 1, but 
the calculation should not be too difficult. Approximate 
solutions for the three frequency system for free ends are 
available in Reference 9, and for the clamped end case in 
Reference 4. At any rate, it is likely that for the lower 

eigenvalues, these approximations can serve as good starting 
points for iteration near N = 1, 2, 3, etc. 
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We should emphasize that for the response problem 
there is no need to identify the actual numbers of axial 
nodes, r+1. We will be concerned rather with a simply estab¬ 
lishing a cutoff frequency as a truncation criterion for 
the deformation series, equation (100). This will be further 
considered in the next section. Brener 

SECTION VIII 
THE FORCED VIBRATION 
PROBLEM 

To reiterate, the free vibration problem./in which 
both the surface tractions F and the acceleration Yb of the 
center of gravity vanish) is solved by the equation set (100). 
This is repeated below for convenience, except that we now 
use the subscripts p, s instead of m,N. (The reason for this 
change is associated with a desire fer clarity in the develop¬ 
ment of the orthogonality requirements later in the section) ï 

The equilibrium equations became equation (104): 

(104) f;m„} -0 

and the boundary conditions for the free ended cylinder be¬ 
came equation (106)î 
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Each p, s solution set independently and sequentially satis¬ 
fy the equilibrium equations and the boundary conditions. 

The original variation was presented in equation 
(39). Making use of the transformation to deformation coordi¬ 
nates (refer to equations (52-56), and of expressions (45-48) 
we recast the variation as follows: ' 

(112) 

“¿H* 

'JJ. S.SMVt 
0 _ _ 

tr C C 

^^3 refers to the element of surface 
(aji) d/dx, and C is the midsurface line. (See Figure 4). 
The term Pk is defined: 

(113) 

Of the three terms in equation (112), the first 
includes the set of terms (52-56). The second integral ' 
may be summarized: 

(114) ljt> $KSU« dZ5dt 'Hi (PK<*)* O SW(«‘ »)|h d^dxdt 

Since in both free and forced vibration, Su* on the cylindrica! 
surface is not defined, equation (114) serves here merely to 
emphasize that Pk|hf-h = ±5^^ 
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dZ3s iath>d<£dx 

dC8 ad</> 

FIGURE 4= DEVELOPED 

CYLINDER SECTION 
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Because of the equivalence of forces and deflections at 
<f> = o and ^ = 2ir , the third integral reduces to: 

,115) //(P><r«M), oifót 

in which 

“/P<| ('‘f)»"«*« 

To solve the forced vibration Hamilton Integral, 
a proposed deformation function must: 

a. Satisfy the third (boundary condition) integral 
b. Satisfy the first (equilibrium) integral 
c. Satisfy the limit of the integral as P and 

(i.e., the free vibration integral). 

We propose a deformation function similar to equation (100), 
with the same function but a different time function: 

(116) 

and will also require that: 

The proposal follows the classical concept of the so-called 
"normal mode" method of solution. 

The obvious reason for such a choice is that the 
axial function already found for the free vibration solution 
satisfies the appropriate boundary conditions. 
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From an examination of equations (100) and (104), 
it is evident that were we to have used equation (116) for 
the free vibration problem, the set representing the five 
equations of equilibrium would have become: 

(u8) 

One of the equations would have read: 

(119) <*22(Km,.})<t(t)„-F;MP, 

The difference between the terms h£ and SjJ is in the existence 

of the terms dealingwith pj and V¿(t)k. Thus, if equation 
(116) is now substituted into (112) we obtain: 

(120) 

O'o)h"- 2»h,^)][SU;] Qd»dxdt 

4L Í.Wk«,« 
^ X 

4X (|ls».« 

We now recognize that the term Suk also involves 
a doubly summed series. In order to distinguish the modal 

pairs in the iuß term from those used elsewhere in (120), we 
call these by the indices m, N. The variation $uk (with 

the space dependent function fJç(x#^)niN already defined) in¬ 
volves the variation of the time function qit),,^: 
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(121) SUk* 
m»0 Nil (x.^wN 

Now, we substitute equation (121) for $u£ into (120) to 
obtain: 

(122) 

’<p« (I^)h"-Yv2«v,^>]f; (»,»UQa»d»]«it 

$>suKazJdt 

' *- i*‘S° r ® |(io J 

In equation (122), the second integral is equal to zero for 
arbitrary SuR. The third integral is also equal to zero 
for arbitrary Sqit)^; as long as the deformation coordinates 
were chosen in the form of equation (116). 

NOTE' 

We take 

^ (K> ^wN ■‘’•‘“K ®mN(t)] 

therefore: 

su:* tëiiï ’ÍP^0^ mI.t^ ^(i) 
mN 

Be c avise 
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For free ended cylinders: (at x = 0 and x = L) 

d») P;.0 and 

For clamped end cylinders: (at x = 0 and x = L) 

(124) 

mN *0 

The third integral is thus demonstrated also to be zero. 

Our assumed choice thus satisfies requirement a. 

Before examining the criteria involved in the satisfaction 

of requirement b (which will incorporate an orthogonality 

condition as a subsidiary requirement), we seek to demonstrate 

t at requirement £ is satisfied. This would necessitate using 

(117) 

to demonstrate that $li-. = 0. lp,T5^o 
We write: 

(125) 

* Py»« >i) * f» fr.»)*, adÿdxjdt 

Bach component of this integral may readily be shown to be 

equa! to zero (see equation (104)), for any arbitrary variation 
of Cn^e1'*' mNL* 
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We now return to equation (122) for an examination 
of the first integral. For the Hamilton condition to be 

satisfied, it must be equal to zero for any arbitrary vari¬ 

ation Therefore the term within the [ J brackets 
must be brought to zero. This will require a minimization 
of each time coordinate, q(t)mN, (see equation (128)). Speci- 

ically, this requirement (the equilibrium equation) is written: 

(125) 

* (¾ o 4)hB—y,jK 2»h^)J.f;K,)>iNad,dx 

To equation (125), add and substract: 

(126) j,m 
So that equation (125) becomes: 

(125a) 

(l*&)tl'’-VM2líh-(5;)n)*-f1,"(xi*)iW(ad*dx i o 
In equation (125a) the first term does equal zero, because 
it contains the factor HjJ, ps = 0. 

Now if the following orthogonality requirement is 
satisfied: 

(127) 

mvp, faN 
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then the first integral of equation '’Sa) leads to the 
Lagrange equilibrium equations for principal (separable) 

time coordinates, as the coefficient of the arbitrary 

variation of these time coordinates: 

'128) SI * o ^ -M J ^tu] 

where the generalized mass associated with the mNth normal 

mode is: 

(129) ‘JJfi (*.♦)«» 

and the generalized external force in the "direction" of 

qftJmu associated with that mode is: 

(130) •il 
r 

The proof of required orthogonality is shown in Appendix E. 

This proof is interesting because it proceeds from 

Hamilton's integral directly, and does not require examination 

of the actual mode shapes. 

The following pre-conditions are necessary: 

•The system must be linearly elastic, with no dissipation 

of energy internally possible. 

•The mode shapes must satisfy the equilibrium equations 

for free vibration. 

•The mode shapes must satisfy the boundary conditions. 

N0T£; In Appendix E, Betti's Law is seen to rest on Maxwell's 

Reciprocity theorem, = Kpa-mN* Maxwell's theorem 
is verified below for an elastTcTystem undergoing 

infinitesimal strain. 
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It then rests on Betti's Law, which is an implicit general¬ 

ization of Maxwell's Law of Reciprocal relations*. Eventually, 

we demonstrate that since the natural frequencies for any two 

modal pairs are not equal, equation (127) must be satisfied. 

NOTE: (Continuation of note) 

A linear stress-strain relationship, (Tij = cijk**-m is 

formed for an elastic system whose strain energy density 

is a quadratic function of the strains, UVol = 4Cij 

(higher order strain products are disregarded with infinite-' 
simal strain). 

For a system in free vibration with homogeneous boundary 

conditions, the strain, which is composed of the separable 

deformation coordinates (100) and their space derivatives 
(A-2) is; 

(2) €h|rf? hKl(*,M)ps^t)pl 

This develops a strain energy variation 

(E-6) 

and in terms of the generalized force associated with the 
increase in strain energy; 

E-20) V dt * HW- 

(3) -fu SUdt * I 
The term within the integral is the stiffness coefficient 

equivalent to E-24; 

(4) >(&.) fr 

77 



NOTE: (Continuation of Note) 

By the same token: 

^-11 ini *• 

The latter equivalency is due to an interchange of the 

dummy variables in the summation. 
Due to the symmetry of the elastic constants = ij; 

(6) K dV 

This guarantees the proper usuage of Betti's Law for this 

system. 
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SECTION VIII 

SOLUTION OF THE 

FORCED VIBRATION 

PROBLEM 

(131) 

With an assumed solution of the form: 

we have shown that the Lagrange equation (128) is to be 

satisfied. Equation (128) is repeated below for convenience 

(128) 

l^eddfftr»tn<?M f0r the.9eneralized ma3s «mH the general- 
ed force Qit)^ are given in equations (129) and (130). 

We now consider a forcing function which is arbi¬ 

trary when taken as a function of x and ¢, but restricted to 

a step time function from o tot and zero thereafter. Thus, 
the forcing function is written: 

(132) 
ï, -P.[h(t)-h(t- T)J6ÍX,«) 

or, alternately: 

(133) 

We note also that one of the terms required in equation 
(130) is Yg(t)k. 

At this point, we should emphasize that although 

we have frequently referred to a "fixed-end" boundary, the 

constrained end structure equations are developed for the 
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absolute (space-referenced) coordinate r and the c.g. motion 
is absorbed in this displacement coordinate. Therefore, any 
reference to the deformation coordinate u, and the rigid body 
displacement, 7, refers to the free cylinder in space. The 
acceleration of 7g{t) with respect to the space fixed origin, 
is then found by computing the resultant force acting on the 

Whole body, and dividing by the entire mass: 

(134) cm. X4(P-m»(o*yd0dx 

From (134) and, using (133), we may write the components of 
7B(t) along the body-fixed triad e^ 

(ns) Ÿ,(t),. J 

We now apply the Laplace transform operation to equation 

(128)(assuming zero initial conditions). 

(136) 
__ Q(*W— 

mH 

We find it convenient to usethe following notation for 

generalized force: 

(137) 0(0«, ' /7 ( bl p; * c“. Y.W.) < od*d* 

in which: 

(138) bj»(l*£)hrt 

(139) ¢1 * - 2«h » 
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In order to transform we consider the 
transform first of the component (133) and then the trans¬ 
form of (134). We pause to note that the era of interest 
is t>t , and that we intend to consider the limit, of 
pure impulse (P0£ constant as t-^o). The transform of 
(133) is: 

(140) pK(s)«XPK(t)*§GK(*i0)(l-e"ST) For t?î 

Expanding the exponential term in (140): 

(141) PK(s)» ^“'«[l-O-ST* ÇV..)] 

We now recognize that as T-*-0, the influence of the latter 
terms may be discounted. The expression becomes: 

(142) PJ«), -P.TÔkM 
iî-*o 

In the same way we can write, for Ot , as T**-o and P0T 
constant, 

( !4 3 ) Ÿ# ($)K * (¿p- eK)^ûU [õ (x^)*Ip] (I ♦ X 

We now transform equation (137), making use of (142) and 
(143) : 

(144> 5(x,»)-i,(l‘&)odfdx]« 

We substitute (144) into (136), and at the same time, take 
the inverse Laplace transform: 
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(145) 

fòm* 9 «Su [l ífi* I Á1i ^ ftcl^x sln ^ 

We substitute equation (145) in (131), amd sum over all mN 
modes : 

(146) 

{ü»}„î* I (f‘ (,'*U¡&JU h"G«u'*] f« MtM**** 

(If'(».^„„(a^dfdKj»in w.»t r r fiifriÉK**'- ■«/, 4fhoLl 

Equation (146), it should be recalled, is the solution to 
the problem for the limiting case of the forcing function * 
in equation (132) . 

We seek to compare this solution with the one to 
be derived for the "initial velocity' problem: 

For this we use the free vibration solution, equation (100), 
repeated below for convenience: 

<100> 

We find it convenient to use the trigonometric equivalent 
(When adding the complex conjugate of the time term to (100) : 
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(148) 

sm wmPjt ♦ Bwn cos 

Since the initial displacement is taken equal to zero, the 

terms • 0. Equation (148) reduces to: 

(149) {u;} -2 2 {0,.,)4a,, 

Differentiate with respect to time, and substitute t = 0 
to obtain: 

(150) {f* (*,$)*,*)wmN 

We select one coefficient for one frequency for 

examination. Multiply each one of the five equations re¬ 

presented in 150 by the appropriate Fkn(x,^),^, and inte¬ 

grate over the limits of x and 

(151) 

Due to the orthogonality relationship (see Appendix E) , 

only one term remains on the right hand side. Thus, for 

each nodal pair mN: 

(152) 

Thus, 

W~ IJt 
equation (149) becomes: 

(153) {u?}.22{f;M4 
»"'Up 

* « 

Sm 
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T f we state # equation (153) may be used to present 

the solution to tfie initial velocity problem. 

In order to specify the initial velocity distri¬ 
bution, we examine the equilibrium equations for forced vi¬ 
bration, (53-57). 

We make the important assumption that at very short 
times, no deformation or strain terms exist. These equations 
then reduce to: 

(154) a. R*(l*4)-2lhÍ?a(t)-íi * O 

b- - o 

c. t>¡ 04)-2^(^1-2^ 0 * o 

d-p>)04) - 

During the period o<t<T ,Pk + is constant: 

(155) 

+ • • 

Since is constant, the acceleration YB ^ for o<t<T 
is also constant, and by equation(135): 

(iss) (oit.r). (L,-u) 

We now note that we can represent (154) in a shorthand (al 
though not entirely satisfactory) manner: 

(157) P,*(l4)H"-2lhj^^, 
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(In the last term, the plus and minus signs alternate in 
a, b, c and d). 

Since uk and uk are constant during this inter¬ 
val, the velocity components are given by: 

asei úKB(r)./Tü;(tíduü;t 
*0 

We solve (157) for ukn and multiply by t s 

(159) 

Úr(T)»Ü"T»(P*nrí. 
Kv/ hi ^ Çnr V 

-JT/I 2KV 2jh3 
2*h(n /-Ya*UH t 

Substituting for Pk+ and ŸB/k: 

(160) ú; fT). äk [$fp,T GK(x,»)(l4)h" 

•îi G«íx,*)(í.Ã)2.h[è’j"(i‘fi)ad#d» 

We now substitute equation (160) into equation (153) (noting 
that the demoninator of (153) can be expressed as Mmjj), that 
we are considering the initial velocity as ùvn(T) and that 
equation (153) will be valid for t>T 
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But we have used (x,$)mN to refer to those portions of 

the solution multiplied by uj2mN. From equation (103) and 

(157) : 

(162) 2»h[T]X*« 
la-V11 
lO TK,m*( 

We substitute (162) into (161) to obtain: 

(161a) 

fu;} «2 kxj 
I V» ^ r 

-P.tJJt 2,b]if(i,'iX (*,iU(a^d»dx 

[*]"à^(p.î^(«,*)ha(i*4) -P.r/Jt ♦ 

2»V>[fe] (i-r*«ic)(l ♦&) - ^ úr1) ad^dx 

’^T JJi or'ctx.^ad^dxj 

The first two terms of (162) are indentically equal to (146). 

It remains to show that the latter four terms vanish. 

Compare the section between < ) brackets to equation 

(160), and it is then seen that the last four terms reduce to: 

dea» • Wfñmcx*)-. -o“(t)f."(«,»u) qd«dx 
»•P i*o 

In the integral the terms k, n, n±.l have the following values: 

(164) 

k*l 
n«o n*»*« 
n«i n*i*o 

n«o nti»i 
h*i nti*o 

k«3 n-o n*i (ná dinned) 
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In the summation, the terms under the integral add to 
zero. 

We conclude that equation (162) is identically 

equal to equation (146) in the limit, so that the forcing 
function problem and the initial velocity problem both 
yield the same answer. 

We now briefly consider the characteristics of 
two typical forcing functions: 

Cosine Frontal 

The so-called "cosine frontal" loading is often 
used as a mathematical model for certain nuclear weapons 
effects on ICBM structures. In our nomenclature, the "cosine 
frontal" loading is specified: 

(165) a. For \p¡<~ ; P+--P0[h(i)-h(^r)]co9 ^ 

b. TT*|0|>-J ; P'*© 

In expression (165a), h(t) and h(x) are unit step functions, 
t represents the time duration of the pressure pulse. The 
load is thus seen to be directed radially inward, and symmetric 
in the xz plane with respect to ¿=0, and uniform along the 
longitudinal axis. 

The fact that the loading around the circumference 
exists only over the top half is mathematically cumbersome. 

We replace equations (165) by the equivalent expression in¬ 
volving a Fourier Series expansion in 

(166) 

In equation (166), the Fourier coefficients are: 
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(167) bo-ir 

b,* 0.9 

VSfJíi! ps 2,4,*,... 

bp*0 

We see that this series, which includes all the even cosine 
waves, may not yield the most information, because the co¬ 
efficients of the series diminish rapidly in magnitude. 

A similar problem exists with respect to a Fourier 
series expansion in the x direction. The double series be¬ 

comes : 

(168) P*« -5,Pe[h(t)-h(t-t)]S bp cos ^ *¡7 

The coefficients ar are found by: 

(169) '■».».S 

and are also noted as diminishing rapidly in magnitude. 

Impulsive Force at Center 

As an alternate to the cosine frontal load, we 
consider a single concentrated force acting radially inward 
at the position x = h, ¿=o, applied to the outer surface. 
We set the value of this force as: 

(170) F ■ (W,)(a*h)(A0)Ux) 

The force can then be expressed as a combination 

of unit step functions as follows: 

(171) -«(«-[+•¥])]• 

[2nir ♦ ŸJ)-b(#-t2mr-Ÿ3) 

-h (0 - • [ b(t) - Mt-1)] 
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When this is expanded in a Fourier series both in x and <¿, 
the result becomes: 

(172) p* 

In expression 

(173) 

bp coi 
1 p.o(.,i r r r«i,*(»^ L 

(172), the Fourier coefficients are given by: 

bp*l p«0 

bp«2 p* 1,2,3,45 , . 

Or » 2 fin ^ r«|,3(5.. 

All the waves that are excited are thus represent¬ 
ed as of the same magnitude. This is probably a better test 
function to use than the cosine frontal form because the 
transmissibility associated with a particular normal mode 
will be more easily identified. 

While these forcing functions are suggested for 
initial analysis, consideration need not be so limited. We 
proceed to consideration of the parameters to be used to 
evaluate the response of the structure to a forcing function. 

According to the Mises-Hencky theory, plastic flow 
is initiated when the second invariant (1^) of the deviatoric 
stress tensor at a point reaches a certain maximum value. 
The second invariant (1^) may he conveniently expressed in 
terms of the stress components <Tilc as follows: 

( 174) 12 (*>.*» ■■£[ (tfirfy)2 *(<rn-rH)2*(vn -rM)2 ♦ 6 (y* ♦ff,}*«-,2)] 

The critical value for I ' 2 (x,<zf, z, t) is determined by (T0, 
the yield stress in simple (uniaxial) tension: 

(175) -J- 0-.1 2 i; 
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A term called the "stress intensity", orr, has been defined 
as: 

(176) «'r* /jf [(«-„-O1 * ('i." 0* * 6 *«■,»♦*«)] 

Thus, the Mises-Hencky yield criterion may be stated simply 
as: 

<177) Í. ï (Tr 

Clearly, then the parameter of interest is (Tr. Equation 
(177) determines whether or not plastic flow will be initiat¬ 
ed, as well as when or where this will happen. 

The deformation, stress and strain acting on planes 
normal to the cylinder surface ( O22# and O’] 2) are maxi¬ 
mum at either the inner or outer surfaces (z=±h). The stress 
on the surface ( O31, <132 and0*33) is zero, once the initial 
impulsive pressure subsides. 

Consequently, we assume that the maximum stress 
intensity occurs at the inner and outer surface: 

(178) 

The stress intensity becomes: 

(179> fr ♦ <r¿ *«;? 

Equivalently, 

I 

(180> «’r (*,#>,0 * T ly« * - 2*;,«i* * 1 
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In expression. 

(181) a. *;,s («„*>>«z*') 

b' ^12 ‘ (fe22 

1-0 
wll" )-01 2 ' S»2 

Tlie s train—de format ' on relations liave also been previously 
developed. The pertinent results are repeated below: 

(182) a. 

b- ^ I ^.-rj * u.) ■ - u; - h 

c- 2*'*lh‘ H* 

Substituting into the stress-strain expressions: 

(183> a- 

b- «a* wifith (fj'*u5 ♦ h^)] 

The solution to the free vibration problem, with the initial 
velocity specified, has been found, as equation (146), repeat¬ 
ed below for convenience: 

(146) [u«} «2Z (fK (*,#)wN)¿D|>n*m (x,#)mN(«*h)d*d> 
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We now introduce a normalizing factor for the natural frequency. 
«0, which is the lowest extensional frequency of a ring in 
plane strain: 

(184) 

Correspondingly, we write: 

(185) 

in WhichOjnjj is a non-dimensional parameter. 

In equation (146), we recall the definition of 
the generalized mass Mmu, equation (129): 

(129) 
Fr (’‘•♦U*)» 

We find it convenient to introduce the notation: 

(186) 2ah Mlm 

Where we understand that the (2*h) is factored out of the 
term Fß#inN (see equation (162) ) . It will be seen that equation 
(146) can be written: 

<187> {U:}'2^.1 tf."[7¾.] «.»t 

in Which K' refers to the bracketed terms in equation (146). 
Both K' and M', for a particular mN pair, are defined. 

We now note that, for any one equation Ujç11, 

<188> $-45.1 $"* fâj «.a«* 
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(189) P«T ^ r K'irtW T 
«5? we2ih^rií LnWNM,*Js,n wort*Nt 

The terra (x*2()mN is defined by equation (99) and (85) 
We see that, for each rnN pair: 

(190) 

(191) 3ilS,-L.!!lk> p >(cos w»Usm m») 
^ (m#) 

Employing (190) and (191) in (188) and (189), the form of 
^ll' ^22' ^12 (refer t0 (183)) is seen to be typically: 

(192) 

* M* * 2¾^ [iSrwJ *,n ♦ 60S mf Utin * 

Jpt 

In (179), the stress intensity ffr is noted to in¬ 
volve the square root of the sum of several terms, each of 
which is a product <Tps <jqr. Thus: 

(193> rr'JT^r 

Examining (192), we now note the equivalent form: 

(194) 
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Where the terms int ] brackets are obtainable from (192) 
Now, utilize equation (184) to write: 

(195) 

The dimensionless parameter R(x,(zi,z,t) becomes 

(196) 

Equation (196) provides the basic tools necessary for 
parametric examination. 

Given any particular cylinder, we would propose 

to plot R vs. time for various points that may be expected 

to display a critical section. We expect, actually, that 

the value of R for a free-free cylinder will be greatest 

at x = T' ^ = o# and for a clamped cylinder, at x = 0. 
I* = 0. 

Assuming that it is possible to locate a critical 

section, then for a given cylinder the value of R found us¬ 

ing the five variable theory (R5) will be compared with the 
value of R found from the three variable theory. 

It is hoped that the importance of this effect, 

perhaps measured as (Rs-d^/Rs, can be presented as a function 

of the significant parameters, including time of divergence 
and series truncation. 
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APPENDIX A 

VARIATION OF THE 

LAGRANGIAN DENSITY 

that: 
The application of Hamilton's principle requires 

J^ Hi iPrJdVdt -JJsßwJdVdt *JJP Sr¿2ét*0 

We evaluate these, term by term, starting with the second 

term, which relates to the strain energy. 

STRAIN ENERGY 

The strain-displacement equations in curvilinear 

coordinates for a linear infinitesimal strain theory are 

represented by the tensor: 

(A-2) 

The constitutive equations of an isotropic material are: 

(A-3) 

in which 6tt is the dilatation and £, G are Lame's con¬ 

stants. For a homogeneous material, ¿ and G do not vary. 

( $ ik is the Kronecker delta, which vanishes for i ^ k, 

and is equal to 1 for i = k). 

Both (T ik and e ik are thus functions of the de¬ 

formation coordinates uk and their space derivatives. We 

have already indicated that u^ is taken as a function con¬ 

taining the parameter *A (refer to equation 19). Thus: 
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¡ 

í ! 

(A-4) 

- 5 (i<r¡^¡.) • - kÄ (ï ***n)à*t 

Before proceeding, we shall demonstrate that: 

(A-5) -$U--í(io¡KeIH)* 

where «Tiiç = *U/a« ik for an elastic material with no 
dissipative properties. This may be done as follows. 
First, expand -S(V2«Ík«íh) 

(A-6) '«(i )^-^( )f«i« 

(A-7) 

The expression for ^ik is available from (A-3). We rewrite 
(A-3) below: 

(A-3) 

Introducing an equivalent form, 

(A-8) fin *20 
I 

Taking í^ikí 

(A-9) HO 

This reduces to: 

(A-10) ^•XStjíi.S (^)^205(^) 
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Now, substitute (A-10) in (A-7): 

(A-ll) -S(i(¿i.,*..*26í(»¡.)] 

Factor out the to obtain: 

(A-12) - $ (2<Tin6,*)*-^[o‘¡nS(6l„)*X6wStjí¡»í(cti) *2GeIÄ?(e,j| 

In the second term, €mSiÄ-*ett 

(a-13) - ¿{<riKS(i J (etj) ^ 208,^(6,,)] 

Now change the indices so that $tj SU«;) $¡k$(••*) 

(A-14) —i{«-i^(0*X«ttiiÂf(6j*2Gei,î(6j} 

Factor out HeJ 

(A-15) - S (^0^*1,) ■ " S (tin) 

Note that the last two terms are equal to (T^ by equation 
(A-3), so that (A-15) reduces to: 

(A-5) -S(i<rikeiJ«-<rlHS(eiH) 

(This is what we set out to demonstrate). 

To proceed with the actual variation of the strain 
energy term, use (A-2) and (A-5) in (A-l): 

(A-16) 
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Consider the first two terms on the right side of (A-16) : 

<A-17) -¡J * f f 

Since k amd i now become dummy indices, interchange them 
in the first term: 

(A-18) 

In general, because the stress tensor is symmetric, 

(A-19) * <Tju 

Using (A-19), and interchanging the operators S and 

(A-20) -jj ?,{%.%) „Vdt 

We now employ the definition of dV (equation (14) to yield: 

(A-21) -//j(/^k^dS.dMS,cii 

It is understood that i can take on in succession the values 
1, 2, 3, Using equation (15), we rewrite (A-21) to: 

(A-22) "“// / ( «U jã; (îun)KdA,h4dA, h$dA,di 
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In general. 

(A-23) 3 ^ )A,i 2_ 
3bi èh\ ^5, * K ¡K 

The form of (A-22) when i = 1 is: 

(A-24) L^'* (iuK)dA, hjdA^jdAjdt 

Integrating (A-24) by parts with respect to A. 

(A-25) 
~~J j Í dAjdAtdt 

V// /Su*‘1Ã,^h»h3)clAtolAaclA3dt 

Similarly, i can = 2 or 3, so that equation (A-25) can 

serve as the model for the complete expression of the re 
suit of (A-22) . We can thus write that (A-22) becomes: 

(A-26) “ /// (^i» ^2^)1 dA¿ câAjclfc 
t Va j 'Mnwj 

iff .M"**) 
I I ^92K^U^'^3)| 

Jt ja/a3 'a MM) 

f r f i A j(MA») 

"‘III (^H^Unh.haHdA.dAidt 
lA,(MiN) 

*/// / Su«[íÃ,(«-..h,*',) 
t '‘i "3 

* TÄ^KKfcafldA.clAadAjolt 
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In each of the first three terras, ( ffik Suk) be evaluated 
at the surface, at the extreme positions taken by the direction 
coordinates Examine the first term and designate di ¿ 
to represent the surface element encountered. We may now 
use equation (10) to write, for the first term only: 

(A-27) dS.dt 

Expand 

(A-28) 

(A-27; v'-'j find: 

*•// ♦// («-„Su,)«-(-1,)1 
» *1 * *1 

To find: 

(A-29) —/ / ñ é([(<rmSuw) Jd^dt 
\\ 

The first three terms of (A-26) thus become 

(A-30) 
If r. A; (MM) M(MIN). 

- \ \ ♦fa* Su») }dZ¡dt 

Consider now the fourth term of (A-26) and letting I, m, n 
represent the subscripts of A, we summarize it as follows: 

(A-31) "*[ f i Í 
\ ^Aj 

with m / n. 
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Expanding under the integral sign: 

(A-3 2) 

Rewrite (A-32) as follows: 

(A-33) 

JÍuk^cIA.í hwdAmhnd\dt 

<r»> 

ÍA| (Knhjfu* ^dAihmdAwhndNndt 

Simplifying, 

(A-34) Ji\k *v.$ftîu«,,Vclt 

Since we know that ^/ih = 0, we can add %,*, *Vwi to the 

second term without changing anything. Noting that h|>At***a 

we write: 

(A-35) UjliU.dVdt 
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The second term can be replaced by a tensor: 

(A-36) "JJß?. ?>’'T,ii£'I'vrJSU|>dVdt 

Replace the index I by i to obtain: 

(A-37) 

It may be shown that 

(A-38) ‘*1^ ■ i ^ 

Multiply both sides of (A-38) by 1/ht 

(A-39) 

Thus, equation (37) becomes: 

(A-40) 

We return now to the third and fourth terms of (A-16) 

(A-41) 

This equals: 

(A-42) —Sut) dVdt 
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In the second term, interchange i and k, to yield 

(a-43) -JJlf's,- H; Su. * ?"«, • if; sut) dvdt 

Again, using = this reduces to: 

(A-44) ~ff fa* ®¡* fs¿ Sut)dVdt 

Interchange t and k to obtain: 

(A-45) -//kvjfsujdvdt 

Now, noting that: 

(A-46) 5.1¾.-s .Hi 
e' ast *- >st 

Equation (A-45) becomes: 

(A-47) *// (<r.ií.,||í)íu.<IVdt 
Vv * 

Thus, all the terms resulting from the variation in strain 
energy have been found. They are specifically contained 
in equations (A-30) , (A-40) and (A-47) . 

The terms resulting from strain energy variation 
are summarized below: 

(a-48) ÍÍ 
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-// (oî.fu>f ""}dZ di 
* I; J 

We now proceed to the variation of kinetic energy. 

KINETIC ENERGY 

The variation in kinetic energy is expressed: 

(A-49) % f Tdt • /” f ir4)dVdt 

But, from equation(8): 

(A-50) ? - ?g ♦ u 

Substitute (A-50) in (A-49) to obtain: 

<A-5D S(K£.)-fJî ff[Vû]-[\-û])dVdt 

Expandings 

(a-52) *20.?,.d,.6]dVdt 

But: 

(A-53) 

U* ÚkIh 

Also, from equations (19) and (20), 
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(A-54) 
uk*(Uk)min *<*^1*^,*^) 

Since í(½f•F) ultimately depends on the two parameters « 
and ß , we must take: 

(A-55) S(Í'F,F)"|7/'2'^^olN * (í* 

Performing the operations indicated in (A-55): 

(A-56) 

or, noting that -jj; «•«‘k * Sû and 

(A-57) 5(|fF)-«[(f,*6)-fuJ • ,[(V0).{* 

(A-58) 5(4^)-»[?,-S0.i-SV,-VSV,-ó'S|í] 

(Equation (58) could have been derived directly from (A-52)). 

Note that s%»s(î?) and that S and V,t operators may 
be interchanged. Substitute (A-58) in (A-52) : 

(A-59) f(K.E.)«^yt-S^idVdt -/[kjr.DdVj-sU 

>JJi%-fcC¡üUv¿t'jJú-fc(SU)dVát 
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The second term vanishes, because of the definition of 
center of gravity, and the remaining terms are integrated 
by parts. The result is: 

(A-60) 

S(K.E.)-MV^e| ” J MVSY.dt 

-[/«VSÖdVdt 
'v k 

♦Íiò-Súj -[['ÚSOéVdt 
V 't, A-'v 

Since SYb and 5Û vanish at the time boundaries, equation 
(60) reduces to: 

(A-61) i(K.C.)--/MVÎŸ,dt -ffl[%'f¡]-Sv<IVdt 

M is used to represent body mats. We replace the vector 
dot products by the appropriate scalar tensor forms: 

(A-62) .U T d Vdt » Ye (t)f S\(i)pdt ^ I [ % (i), ♦ 0,,] SuK dVdt j 

We now proceed to the variation in the work term: 

(A-63) j/wdt -S^P-rd2 dt 

This may be written: 

(A-64) Ç^Wdt•jijrp.SŸ1(i)d2dt +JJ* ^Îôdïdt 
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Rearranging slightly: 

(A“65) Sjfwdt «y^iypdzj* SVB(t)dt ^y P-SödZdt 

The term may be replaced by F(t), the resultant 
force on the body. Using appropriate subscripts: 

(A-66) $ Wdt F(t)pSVs(t)pdt +[ f PKSuKd2dt 

(It should be noted that the integration with respect to dl 

must proceed over dZ^, dZ2# and dZ 3, as previously dis¬ 
cussed) . 

The final result is available from equations (A—48), 
(A-62) and (A-66), and is shown below: 

(A-67) 

?(Ldt ’ll * <0« ( VÜ;) * <n. 

-*[Ÿ|(t)K^j}sukdVdt 

*fjt. [P*'*■*< ^MuS'^}] dZjfllt 

^ [p(t)p-MŸ#(t)pJ SYl(t)p dt ■ 0 

The first integral provides the equilibrium 
equations, the second provides the boundary conditions, and 
the third shows the conditions for rigid body motion. 

113 



APPENDIX B 

DERIVATION OF 
SHELL EQUATIONS 

As we examine equation (39) prior to integration, 

we recognize the need to find the values of such terms as 
in cylindrical coordinates. It may be shown that: 

(B_1) «J’*** ^ «,*’■**» 

and that all other values of the indices yield 0. This, 

of course, considerably simplifies the problem. 

We turn our attention first to the equilibrium 

equations themselves. Two forms may be isolated, one to do 

with Çuiç° and the other with Su^. In each case, the co¬ 
efficients of these arbitrary variations must be identically 

zero: 

<b-3> f [>fj" * 
■'■h 

-i(V,k-^»g;)](*K!-£)suÍ'oi. ,o 

As k assumes successively the values 1, 2, 3, 
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there will be three equations from (B-2) and two from 
(B-3). For k = 1. equation (B-2) becomes: 

(B-4> -•(Vü“*«ü,“!](V)'í»"o 

Using the curvilinear values for S2, S3, we write (B-4) 
as: 

(B-5) 

It/ [**('*&** 
/-h -h 

"h "h 

■ O 

The third term is expanded and then integrated by parts 
to yield: 

'B-6) 

We confine our attention to the case of surface traction 
on the outer surface (+h) only. Further, we define: 

(S-7) *îi°* N„ - Í o;(l",f')d* 
'•h 

(B-8) 

J-h 

Utilizing (B-6),(B-7) and (B-8), with the restriction cited 
for surface traction, equation (B-5) becomes: 

115 



(B-9) i?HW • i?; 
in O 

(m 

We retain equation (B-9), and continue for k = 2 to ex¬ 
plore what happens to (B-2): 

*üj )](l»-f)îuJd»*o 

Again, using the curvilinear values for s2 and S3 

(B-ll) 

<ru0m 

-/ ao 

Now, defining; 

(8-12) 
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Using (B-12) and integrating the third term of (B--11) by 
parts, and confining our interest to outside surface traction 
only, equation (B-ll) reduces to: 

!_(« .• <0> . 

v ; ¿X û >0 a Uj to 

We retain equation (B-13), and continue to examine (B-2) 
when k = 3 : 

<b-i4> Alf,! • Hr ä -(5¾ - <«»<■ »arid-i) a* «0 
-h 

Again, using the curvilinear values for S]^, S2, and S3: 

(B-15) 

"h *h -h 

♦•ár/-¿/<raida - í »^„♦^♦aüï'X^fjda so 
-h -h -tk 

The third term is integrated by parts. We define 

(b-16) o;j0)-QR»/o;3(l*f)d« 
-h 

Note that <T23 = 2f and finally obtain: 

(B-17) 

Í5Í» 4J-*p+íu*i\. 
íx *PsU*lr)"“õr 

-ZlhY.W-ij-ZihüfSO 

To summarize (B-9) , (B-13) and (B-17) are the equations 
that derive from (B-2) for k = 1, 2 and 3 respectively. 
They represent equilibrium equations in the x, & and z 

directions, and must be viewed as being multiplied by the 
arbitrary variations $u°, £u2 and Su3. 
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We now return to (B-3) and evaluate it for 
k = 1 and k = 2. First, for k = 1, (B-3) becomes: 

(B-18) 

"a (¾ ♦ ü,<0>» »ül1’)] a (l ♦•§■) da -0 

Using the curvilinear coordinates for S^, S2, and S3, we 
write: 

(B-19) 

We define 

(B-20) 
acrM(h|-)d» 

*craid* 

and obtain: 

(B-21) 

- tig* \{iHt - zg*or-2^u;,‘ ■ 0 

Last, we return to (B-2) and evaluate it for k = 2 to find 
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(B-22) 

-«(^.Or-íüDJííXI-fjdn *0 

and this may be written as 

(B-23) 

í rh i rh jry *^2*ijïj *oi2d* 
-h ■'-h 

*f/*<rS2da 
4 4 

-/"y(Y#2*íí%üj5)(*)(¡*£)d* «O 
/_u 

Define : 

(B-24) 

*^»U 

sM0 “/z^ada 

Equation (B-22) becomes: 

(B-25) 

ií'í + XiSDi'í + pVn*ÍL\ _W ÍX Û ¿p n¡ n(l Q )-<r9i 

-^Ÿ,ü¡"-2h*JÜÍ" *0 

The additional equations required are (B-21) and (B-25).* 
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Equation (39) may also be used to provide the 
boundary conditions. For each boundary, namely x = 0, 
X = L. z = ±h. there are five equations, obtained by iterat¬ 

ing through the arbitrary variations |>u£ and $u£. We 

consider them in the order in which they are given in equation 
(39) . 

In general, for clamped end cylinders the displace¬ 
ments will be prescribed at x = 0 and x = L. For free ends, 

the stress and moment resultants will be specified at x = 0 
and x = L. in each case, the surface tractions will govern 
the boundary conditions at z = —h. 

NOTE: In the several equations (B-9), (B-13), (B-17), 
(B-21) and (B-25), the substitutions: 

+ 
P 
1 

P 
+ 

2 

+ 
P 
3 

have actually been made before a rigorous demon¬ 
stration supports the notation. These follow 
logically from the boundary conditions equations 
(B-26). When îu£ / o, being not fixed at the 
free outside boundary, it is necessary that 

Pl+ = ^31+' etc- 
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In order to preserve maximum generality, we will 
retain the multipliers £ug and SujJ for each case. 

At z = h 

(B-26) 

'W-'-j.jo'miun 
•<pt*-yi!),.B(a-WSur 

’(pi,'<r)a>,rt(0,h)h(*O 

*(p5*'»»)„„J*O 

At z = -h 

(S-27) 

'(pr*'rl.)...h(a-h)(-h)SUÍ" 

*(P;*Oi1)„.h(e.-h)(-h)fui 

At X = 0 

(B-28) fjfk'/>^)d.]<ioSu:*'.[^.jrV(,.f)d.]<ioSU: 

♦[«;” */hp2»(i‘f)d»] íu[ 
•H 

4K’ 4/>, O ♦|)d.]iit Wj’Jad» dt * 0 
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In expressions (B-28), P,, p„ and P-j refer to values of 
surface traction at x = 0. 

Finally, 

At x = L 

(B-29) 

•[5;““/ P3(lodÿdt .0 

Again, in these equations, Pp P2 and P3 represent the sur 
face tractions at the tace x = L. 

122 



APPENDIX C 

TRANSFORMATION OP EQUATIONS 
INTO DEFORMATION COORDINATES 

Our task is to transform the set of equilibrium 
equations, (42), as well as the boundary condition equations 
(45-48), into ones that involve the deformation coordinates 

ujç • 

The sequence of steps are planned as follows: 

• Express the stresses in terms of the strains 

• Write the strain-displacement relations 

• Transform the strain-displacement relations into the 
deformation coordinates ujj of the mid-surface. 

• Derive the stresses in terms of u£| 

• Integrate over z to find the stress-resultants in terms 
of uj^ 

• Substitute these equations for the stress-resultants into 
equations (42) and (45-48) . 

The Stress-Strain Relations 

To begin, we reiterate that the constitutive equations for 
a homogeneous, isotropic material are specified as in equation 
(A-3), repeated below for convenience: 

(A'3) °;, = 4etti„*256m 

When this is true, the individual stress-strain relations may be 
written: 

K'11 a;, 
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(C-3) 0^-26^-^(1-0)6,, 

(c-4) <r0-26 6,,--5^1(1-0)6,, 

(C-5) 0-,,-266,,-^0--))6,, 

In order to prepare a path for the eventual neglect of 
transverse shear, we create what might be termed a pseudo¬ 
isotropic material by using G' = for the last two equations, 
(C-4). 1C is known as Mindlin's constant, as he suggested 
this device in another connection. 1C is a constant which may 
be chosen at a particular value for a particular purpose. In 
our case, at the appropriate time, K will be permitted to 
approach **° in the limit. 

We thus replace equations (C-4) and (C-5) with: 

(c-6) ¢3 * 2G'e*w-,¾ (1-0)6,3 

(c-7) o«-2G'6„“7^ (i-o)6m 

The Strain-Displacement Relations 

In Appendix A, the strain-displacement equations for 
curvilinear coordinates in infinitesimal strain are shown as 

(A-2) 
if -L>s, 

♦ iÜK 
¿s¡ 

In equation (A-2) e. is the body-referenced orthogonal triad 
shown in Figure 1. Each of the terms Uj., uk and ut are the 
deformation coordinates of the point. We reiterate that e,, 
is a function of ¢, while u*., etc. are dependent on x, ¢, z 

and t. 
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The ds^ set has also been defined, and is repeated 
below for convenience: (Refer to equations (14) and (15)). 

dSj^ = dx 

dS 2 = (a) (1 + ~) dji = Rdjzi 

as3 = dz 

Using this information, the strain-displacement relations 
for an arbitrary point become (see reference (27)). 

(C-8) C «: 

(C'9) e22*(õ!^)(7j2'U5) 

(c-io) 6,,= Jp 

(e-ID 6u'T8,2-i[|ï!‘a-n|ÿ'] 

(c"12) e«",T>iä = T[la‘,l?] 

(c-i3) 

We have also adopted the following truncated series ex¬ 
pansion so as to be able to express the deformations of a point 
in terms of the deformations and rotations of a mid-surface: 

(30) U, 
(OK , , ID 

U, ♦zu, 

_ (o> ci) 
U2- ♦ZUï 

Uj-U 
10> 

3 
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In these equations, for clarity, we note once again that: 

« Deformation components of arbitrary point 

u * Deformation components of the middle surface 

of the shell 

Changes in slope of normal to mid-surface in 
the -¥ and F- directions. 

1 ^ 

Transformation of the Strain-Displacement Relations 

Substitution of equations (30) into equations (C-8) 
through (C-13) yields: 

(C-14) 

f. 

c. eS| i ¿tí» ■ o 

«a * T »il ■ idí*’»»?1 *5Í» JJ1 ) 

(¾5 * em* *u'i‘ô^î ïÿ’“ôiî(u; *íui)} 

Equations 
that ¿H» 

e. 

f. 

(C-14e).and (C-14f) are further simplified by noting 

and ^ = 0, etc. These become: 

vivKul’Ir] 
*n'T»»*i{s^ •(“«’il?’"«’ui)} 
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We note, in passing that t13 is a function of x and ¿ 
alone, (constant throughout the thickness), and that fc 
is equal to -¿L. multiplied by a function of x and jzi. 

Stresses in Terms of u£ 

Equations (C-14) are now substituted into equations 
(C-l) through (C-5) to obtain the point stresses in terms of 
the mid-surface displacements u£: 

(C-15) 

d. 

, CE (1-0) 
e* °23 I-02 2 

Integration Over z To Get Stress Resultants 

The shell stress resultants are defined in Appendix 
B as follows, and are repeated below for convenience: 

b. 

a. 

d. 

c. 

-h 
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It is now necessary to compute each of the ex¬ 
pressions (C-16), with the assistance of equations (C-15). 
This is done on a term by term basis: 
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h. 

i. 

'cJ-,T$+ôh7ï:) d* 
**h 

Oii-M*" [¿-.{li' * *î5l,us} 

°ii‘ * e-5?1 

di 

!i r-i- iü? * -JL. iüll J 
»♦* M a-»* 30 jdî 

The integration of equations (17a-j) is straight¬ 

forward, although laborious. it is worth noting that after 

the integration, only terms containing odd powers of z survive. 

We also pause to note the presence of the factor 1C 

in (17c) and (17f), which define the transverse shear resultants. 

These are the specific terms which will eventually be affected * 

by the assumption of no transverse shear. 

In tbe integration of equations (17), we shall make 
the following assumptions: 

(C-18) 
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Wherever, in the integration it occurs, we take 

(C-19) 

In the results of the integration, use is made of the "thin 
shell requirement" that h2/a2 may be neglected compared to 1. 
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Equations (C-20) were obtained by Yu in 1958 

(42)"nSC(45-«) They Wil1 nOW be SUbStltuted in equations 

Substitution into Equation 42 

Equation 42 becomes, after substitution: 
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(1 ^ “ 2 H ï |¿ís - 2 ïhŸB(t) • 5,] Sujj adx d ^ dt 

used: 
In equation (C-21), the following notations are 

(C-22) 

Also, the subscript 1 is used on t for time to identify those 

terms which are associated with rotary inertia. 

Equation (C-21) was also obtained by Yu in Reference 

6, although not by the Variational Principle. 

Substitution into Equations (45-48) (Boundary Conditions) 

In much the same manner, we now substitute equations 

(C-20) in equations (45-48), which become: 

(C-23) Same as (45) (see text) 

(C-24) Same as (46) (see text) 
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(C-25) 

'xco 

»U1, 
’X»0 

II {jj^ 4 ^)*/BR(i’f)dï] Suf 

* [7¾ "T {¿ ' T?14 Ü1} */ FÍ (*)(l * f ) d*] Si 

* [4v-x -244^4^ -^43} */p2o -Dd.i suj 
-h Jx*o 

* [30¾) "4 4 4*4 *3 jÿ1} */ PjsO*! )d*l Suj 
0 rh 'h 1 Jxs0 

* ’ V * V 773} *[ P3(*+í)cis]SMj|QCl0dt B0 
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APPENDIX D 

EFFECT OF DISREGARDING 
ROTARY INERTIA AND 
TRANSVERSE SHEAR 

The effect of disregarding rotary inertia in 
equations 42 is considered first. By rotary inertia we mean 
the inertia deriving from the kinetic energy of rotation 
of the plane normal to the mid-surface. 

The total kinetic energy of the body has been 
given in Appendix A as: 

(A-49) K.E.*Af (rr)dV 
“'v 

Expanding by the definition of r, 

(D-l) K.E.* /•2ü-VÓ-ü]dV 

We note that: 

(D-2) c-(ûWù;)ëK 

and 

(D-3> VV« 

Using the volume coordinates dS^., and expressions (D-2) and 

(D-2) in (D-l), we obtain: 
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(D-4) 

-¡[U«-*] 
“"[uîif zu'J jRd^dxdi 

Expanding (D-4), and taking R = a+z. 

(D-5) 

K-E,a/^ /h ¿fy *2\ûkc 

*ûc/ ♦ 2újzúi + 22ú^|(l<-§)dz Qd0dx 

Wr' examine the results of the integration in z, to 
the extent that it affects the terms containing ùP and Y„ , 
Such terms are? ^ 

(D-6) R.I. t erm s = jrfj... £ h\ U, V . . h\ .. 

We may thus conclude that in equations (42), the R. I. terms 

are those that contain h_. These terms may be identified by 

cailing the time rather than t. (This is done in the develop- 
ment of the system of five equations in deformation coordinates, 
equations (61-65)). 
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If these terms due to rotary inertia are eliminated 
from the stree-motion equations, (42), they become; ( íu£j¿o) : 

(D-7) 

///{[|?‘* ¿ íf" * Ü ) - •«, - 2í íi’h] Su® 

’ [^‘■aïf’1' R^)(l * è) - IT,;] Su; 

• [&^#“’^*P2>&-2»hV,(tys,-2»hci;]fc4 

We now turn our attention to the neglect of trans¬ 
verse shear. 

From Appendix C, equations (C-14): 

(C-14) e. 6,*Í-»,*í{u;*7x’} 

f- «»■ i «1» * 1(5¾ [uj *7 $uj]] 

and also: 

(C-17) e. 

f. 

-O 

136 



We now combine equations (C~14e) and (c-17e), as well as 

(C-14f) and (C-17f) , to yield: 

(D-8) 

(D-9) 

In order to require that the transverse deformation go to 
zero: 

(D-10) 
= 0 

*0 

This is the same as requiring: 

0 

This can be accomplished by letting C—►“©• in (D-8) and (D-9), 

so long as 0"13 ° and ^230 remain finite, although undefined. 

As IC--*o® , conclude, from (D-ll) and (D-12), that: 

(D-13) 

(D-14) 

(D-ll) 

(D-12) 
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We consider now the variations in ^ and u2: 

(d-15) Su;--s 

(d-16) Sui-'iSuj-il^Suî 

In equation (D-15), one must evaluate the integration with 
respect to x, and a similar operation is involved in (D-16) 

with respect to (rf,, We substitute (D-15) and (D-16) in (D-7) ; 

(D-17) 

"Zíü.’hJSu* 

*[^"♦■5 íf’1 * R*h(l-S[)-«■¿lElxSuî] 

* [if“ * Q if" * ■f’ * p> d *&) -2>^,(t)-i, -2 »h 0¡] Su¡ 

’[if* ’zrlf" ’ijVi’&Wáli íuí -sij- îuî] 

*[»i,*crif,*,»(|’f)'®,~2í,’<,«w'í»‘2l,ü’h]Su»}adíd,‘dt * ^ 

In equation (D-17), the terms may now be regrouped as coefficents 

of $u°, Su2 and $u3 to form new equilibrium equations. The 

terms which are coefficients of and hr$u§ must be 
integrated with respect to x and ¢( respectively. 
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The term that combine to contribute initially to 
the equilibrium equations become: 

(D-18) 

UJl 
'¿If“ 'P,' (I *"a)'2»hYtW'il -2»hü;. . îu 

*¿iía -2íhYB(t)-í5-2,u“h]Su“}adídx dt 

We note, in the coefficient of Su^, that ^23 (0) .. 
has disappeared. a —ã— = 0 

The additional terms are: 

(D-19) //¿k'-iti'-tMi'ü-tiHsu',) 

’ a If2 ' Pa h îu;)j Qdxdÿdt 

Integrate term by term of equation (D-19), by parts: 

(0-2°) a. fij^ji-fc-SuDdx - - Su°3 dx 

b- SuJ)dx*-¿^*Sulj'.jf-L^fk ju« ljx 

c. _^P, h(>l*QK*lxíuí)d><*-F¡,hO*§)Suíj^j/’^(h)(|f^)íu* jx 

d- ”^^i|e-/|flîîu;dx 
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(D-21) a. / j?*(-ûfos<4)ad*~f2'ifc4| -(-5- 
# '0 J 9 

ff(affi)(-afouï)Qàt Su\o¿* 

c • ^ P2^0 ^)(‘oT if *-^h(|4Ã) ÍUí|e ^ jT ^-(1 Suä adl^ 

d.j^^Îÿi^ûd^ * (Tjj Su°3[ Sujad^ 

In equations (D-20 (a-d)) the left hand terms add 
to the boundary conditions ard the right hand terms to the 
coefficient of Su®, in equations (D-21 (a-d)) the left hand 
terms are identically zero, and the right hand terms contribute 
to the cgefficient of In the process, the terms Wï5 
and vanish. "Sx 

«70 
The final result, which involves a combination of 

(D-18), (D-20) and (D-21), form the equilibrium equation set: 
(Since Su?. Sut and Su? l3 are arbitrary) : 

(D-22) [IJ" ♦-5"îJÏUP,+(l-&)--2ih,Ÿ9(t)‘ê,-2ihüÎ>]Su10 »0 

(D-23) [I?* *q -2ïhŸft(tH -2»hu2 

**5TTx*0*Tí)]Su? *0 

(D-24) [^t(l-&)-#-2ih'Ÿ8W*iJ-2ïhüe5^* ^ 'JL 
è$ïx 

iß! 
ix W(l‘ïï) *è Su * o 
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Equations (D-22), (D-23) and (D-24) are the 
forms of the stress-motion equations when rotary inertia 

and transverse shear deformation are neglected. We note: 

• Only three equations are necessary 

• All terms containing <T ° and <^° have vanished. 

(These corresponded to the shear stress resultants 
Qx and QeS), 

The second condition is particularly important, because in our 
assumption 1C—*-oo (refer to equations (D-12) and (D-13)). Qx 
and Qszi remained undefined. 

Now, we proceed to the boundary conditions, shown 
both in Appendix B and as equations (45 - 48) in the text. 

Aqain, we must make use of (D-15), and (D-16) repeated below 
for convenience: 

(D-15) Suj 

(D-16) Suj 

In the boundary conditions on z, at ±h, equations 
(45) and (46) are not affected by the manipulations of this 
section. 

First, we reconstitute the boundary conditions at x = 0, 
by using equation (47) and parts of (D-20). 

At X = 0 

(D-25) 

■[°£ +1 P2(l-!)da]Su02 ♦ [<j¿ +J )dz]5w‘j 
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* [o* *£ps(l-f)d.]Su” 

First, note that the <r130 terms may be cancelled. Then 

substitute (D-15) and (D-16), and regroup: 

At X = 0 

(D-26) 

-[< 

y-h y-h **° 

*¿[ar¿+/pzz^»)diE])lI|^ ^u3}ad0dt * 0 
•h 

The last term may be integrated by parts with respect to 

and the final result is: 
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At X = O 

(D-27) 

*[®¡2 'í^^aldz Suj 
•'-h J-Y\ **o 

*[/\(l*l)dî *F?‘h(l^)‘|f”*|f;' 
“h 

For a fixed-end c\ .nder, the end conditions must clearly be 
prescribed: (at both x = 0 and x = L) 

(D-28) u,*0 

Uj*0 

u3'0 

>ru»=0 
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For a free-ended cylinder, P1 = p2 = p3 = o, and for arbi¬ 
trary $U]°i etc., the boundary conditions at x = 0 and also 
X = L become: 

(0-29) O^-N^-O 

o;,!*Mx-0 

°ri+ -O ersatz shear 

!?“*$'-iTthKi'ë)‘a#" 

= ^ *Ö^*“ *P|TW(l*'o)'5iî',*'0 ersatz transverse 
y SHEAR 

where the first 3 terms of the last equation define Q 
with no rotary inertia considered. X|x=o,L 

We may now obtain the corresponding expressions 
in terms of deformation coordinates. Starting with the equation 
set (C-20 a through j), we substitute for 

and 
U 

I o 
o 7$ 

to obtain: 
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h. 

{o] = o»'0 

o;:” j 

^¿* M»*= -I Tpi] 

We can now make use of these expressions for the 
stress resultants in terms of deformation coordinates by appro¬ 
priate substitution in (D-22), (d-23) and (D-24). This be¬ 
comes theoHamilton Integral as IC-^-o© . The results are: 
(for iUl , Su2° and Su3° all ¿ 0) 

(D-31) 
2q* 0<t>i 20 TTÍ0 qK 

t^J5¿'^x“Qíii,)]"{2«hYi(t)-i1t2íhüf-F>+(l-5)| -0 

(D-3 2) {t¿ Ÿ TO' * ¿ -5.¾^ 

*k[l O-^TO'-ai^ï! 

-{¿»hY.W-ï, -2«hüJ-P>5)~£h(l'£)} = 0 

id-33) -1¾[x>tí¡,j¿.x v.k ,n W.m A¡r 
Ql Q îx Ka la 75¾ Tõ>i$*U 

To' v uiJJ 

“ [2 ïhŸB (t) • i3 ♦ 2ïh ü°3 - P3+(l+-¾) “ h (l ^) -1|2 -3- (|+-3)J » 0 
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Equations (D-31) through (D-33) are essentially 

the same as those obtained by Yu in Reference 6, except of 

course for the terms containing the external load and the 
Yb(t) terms. They differ from the well-known Flügge equations 
only in terms with the coefficient k. (Yu used a force ba¬ 

lance method to obtain his equations). 

We contend that this system of three equations, 
derived directly from Hamilton's Principle, is inherently 
consistent with the basic (correct) system of five equations, 

and will use them instead of the Flügge equations. 



APPENDIX E 

DEMONSTRATION OF 

ORTHOGONALITY OF THE 

NORMAL MODES 

In section VII, we indicated (equation 127) that 

it would be necessary to satisfy the following orthogonality 
requirement: 

(E-l) S 4 N 
m.p, 5=N 

Hie term Fk(x,izi)pg is identified in equation (104) as being 

associated with the variation in kinetic energy, and the 

f£(x,i20mN are the normal modes in free vibration. (Refer to 
equations (80), (85) and (99)). 

This condition (E-l) is essential to the solution 

of the forced vibration problem, in that it ensures that it is 

possible to develop the Lagrange equilibrium equations for 

prinicpal (separable) time coordinates. 

This type of orthogonality requirement is commonly 

encountered whenever the solution to a forced vibration problem 

is attempted by the classical "normal mode method". The usual 

practice is to demonstrate that the necessary orthogonality con¬ 

ditions are met by manipulating the actual expressions for the 

normal modes. In this appendix, the verification is taken direct¬ 
ly from Hamilton's equations. 

There are three major assumptions in the proof: 

• The system must be linearly elastic, without energy 

dissipation 

•The normal mode functions must satisfy the equilibrium 

equations for free vibration 
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»The normal mode functions must satisfy the boundary 
conditions 

(These will be cited as needed). 

We begin by restating Hamilton's principle 
(Refer to equations (10), (17), and (18)): 

(E-2) (T-U4W)dt « 0 

For the case of free vibration, there are no surface trac¬ 
tions V, hence no term W, and no acceleration of the center 
of gravity ŸB(t).* 

Thus, for free vibration, Hamilton's principle re¬ 

duces to: 

(E-3) i/V-V)dt * 0 

the kinetic energy variation is expressed (see Appendix A) 

(E-4) Í STdf / f i(|*r-r)| dVdt 
'o '0*4 'Ÿ,* CONST (FRIS CYL) 

*NOTE• 
Here, we are of course glossing over certain subtleties 
that have been adequately discussed elsewhere in this 

analysis. For a free-ended cylinder P- = 0, while in 

a constrained end situation, no work is done by the 
constraint. Again, were this simply a question of 
free vibration, no use of the center of gravity as 
the origin of a bodyfixed coordinate_system would 
even have been considered for a constrained end 

(i.e. ü -►r) . 
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S]nee we are now dealing with an inertia system (7« = constant) 
(E-4) reduces to: a • 

In equation (E-5), uk are deformation coordinates and indiciai 
notation is of course implied. 

We proceed to the variation of the strain-energy 

term. For a linearly elastic material, we showed in Appendix 
A (Equations A1-A15) that: 

(E-6) 

In Appendix A (Refer to (A-20) and (A-47)), this expression 
was shown to be: 

We have shown, in Appendix A, that the right hand side is 
equal to: 

(E-8) 

in which it was understood that the subscript i refers to 

the direction of traversal. During the subsequent manipulation 

of (E-8), we have utilized (see equations (30) and (37): 

(E-9) z$ui0 
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and used a slightly different form to emphasize the bound¬ 
ary surface in the direction of z as contrasted with the 
boundary surface normal to the mid-surface. 

Using all of the above information, we may write 
(E-3) as: 

iE’10) r* rrrrr* 
íy(T-U)dt«|jí^[^ [(vr)K(l*f)*"-í(2#ü^z’u|f)B"]daQd#dxdt 

JjjtiUiWlóCdt 

~¡¡ 03K(^)fi,i»^K(sh)cl23dt fO 

For free vibration with homogeneous conditions 
the solutions have been developed (which of course satisfy 
Hamilton's integral (E-10) in the form: 

(E-ll) 

As has been explained (Refer to equation (121)) we want to 
distinguish the modal pairs in terms Suj? from those used 
elsewhere in the equations. We retain the choice adopted 
there, employing m, N subscripts for any terms involving 
&u£. We thus write, for use in equation (E-10): 

(E-12) Su," *2 ScjftL, 

<e-i3) su,(h)-5Z [f;(^),K (*,♦)„,,] ^(t)^ 



(E-14) 

(E-15) 

(E-IB) 

(where n-ëj^ s"k (x,20ps = 0 for a free-ended cylinder 

fi'ë5<r5K(h)-2 5 ñ‘I,S^(x(^h)pí ^(t)pS 

and this equals zero for no traction. 

- í í(z0ü¡*'+zlur)zn(ito)dz *2ZF,n(x^)p4uj%û(t)p( 
'-h ^ * ' 

(E-17) -/h(,.t)K0.|)S"dZ=22A\({f;(x, 

If we now substitute equations (E-12) through (E-17) in 

(E-10), the result becomes: 

(E-18) 

-/22 s^(iU [2 2 (/"-«i sr.(*,»VC(*.*)m« 
■t c 

-/228^ [??i (t)Psd23)]dt 

Equation (18) can also be written in the form: 

(E-l9) 0sj"WJ^ ^ [O^wn]^ 
t 
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in which: 

tui 
Q^jpjr is the generalized force associated with the 
conservative work due to the increase in strain energy. 

H 
Q(t)mu is the generalized d'Alembert force associated 
with the work done by the variation of kinetic energy. 

Thus: 

(E-20) 
X t 

(E-21) /(sT)dt./(|;¥uQttOdt 
t * 

We write: 

(£-2¾) Q(t).H -2 2 .,(0,, K.,.„ -22 QW" 

(B-23) 2 

From equation (E-18), it is apparent that: 

(E-24) ({f« it ad^dx 

R'ëi Su(x^)ps|fKn(x(ri|dC 

*hf«(*,»U)|d2, 
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Now for any function satisfying the boundary conditions, 
(either free or clamped ends) the latter two integrals 

vanish, and KmN_pS reduces to: 

<E-25> . //a", ({CMXCM,* ad»dx 

We retain (E-25), and rewrite (E-19), substituting 
(E-22) and (E-23) : 

(e-26) 0-/25 sH(tU22fc 

Since the term Sq(t)mN is arbitrary, the interior brackets 
must equal zero, which leads to all and any: 

<E-27> QiC *<$(C -- o 

Equation (E-27) holds for all terms in (E-26), and the ps sum 
should be considered as the coefficient of iq(t) 

'mN 

Now consider a particular term of (E-26), identified 
as including Sq(t)mN> Associated with this term is the doubly 
infinite series: 

(E-2e> 2 5 -9(4) 

In (E-28), isolate one term, corresponding to £S. This co¬ 
efficient of iqft)^ is thus: 

(E-23) 0(tU‘QW“« -0 

Multiply this coefficient by q(t)mN (this is still equal to zero). 
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(E-SC)) «o 

In a parallel way, we can invert the values of 
mN and £s, and multiply the corresponding coefficient by 
q(t)£S to obtain: 

(e-si) -o 

We now substract (E-31) from (E-30) to obtain: 

(e-32> 

* [bw« * o 

Now by Betti's Law the first bracket is equal to zero.* 

Also note, by reference to equations (100) and 

(104), (E-32) is exactly; 

♦NOTE: 
Betti's Law applies to linear, elastic systems. In 
this case: 

M lu] M 

QWmN <^«0 “0(0^’ C^(t)tíB 0 

which may be written: 

(^lV* ^E.*^E*-t-fòa *0 
This is then seen to be a generalized statement of 

Maxwell's reciprocity theory. 

K = 
mN-ps ps-mN 
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(E-33) 0-/ / 

[2] 
which is the equivalent Sturni-Liouville orthogonality scheme 

for a set of partial differential equations with homogeneous 

boundary conditions. This proof is attempted by a detailed 

evaluation of (E-33), utilizing the boundary conditions. What 

remains of (E-32) is therefore: 

(E-34) 

Using equation (E-23) this may be written as: 

(E-35) 
ïüEL* (^ES // (x^J^ad^dx «0 

X 0 

because it can be shown that 

(e-36> f."(x.*)2í,f;(«.»)tJ=F;(x1í)Bf;(xl*)ri 

Since, in general, unless m,N = p,s, u>ps ^ o>amN, equation 

(E-35) demonstrates the desired orthogonality relation. 
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