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SPECTRAL TRANSPARENCY OF ALMOST MONODISPERSED SYSTEMS

K. S. Shifrin and A. Ya. Perel'man

A modified saddle-paint method for the obtaining of
approximate formulas of transparency of almost monodispersed
systems is used. As the model of delta-shaped sequence
describing the distribution of radii of particles in such
systems gammadistributions are accepted. There is estimated
the domain of applicability of the obtained formulas.
Calculations are given illustrating the appearance of
components of the spectral structure of the transparency
according to a decrease in width of the distribution
(tiansition to the monodispersed case). A formula of the
transition for transparency with a change in linear scale
of the problem is derived.

§ 1. Introduction. Formulation of the Problem

Optical properties of real polydispcrsional systems depend both
on characteristics of individual scattering and on characteristics of
the microstructure-parameters of the distribution of particles
according to dimensions. If the question on the influence of the first
characteristics was repeatedly investigated and with respect to it
there is extensive literature, then the question on the influence of
distribution parameters on a pattern of light diffusion is known In
general rather little LI, 2]. In this work we will examine the
Influence of parameters of polydisperison on transparency of the
system.

The simplest polydispersivnal distribution is characterized by the
following parameters: vertical scale expressed In terms of density of
particles N and being simply theparameter of normalization; horizontal
linear scale (average dimension r or modal r. or some other) and width

of distribution Ar, defined by a certain method. The first two
parameters are present In individual scattering. The width of the
distribution of Ar is parameter characteristic for polydispersional
scattering. The purpose of this work is to investigate the influence

FTD-MT-67-19
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of this parameter Ar on the spectral transparency. Although the
qualitative side of question is clear (with a decrease in Ar the
pattern of light diffusion should approach that which follows the from
theory of scattering for the separate particle), the quantitative side
requires detailed investigation.

It is interesting to clarify with what Ar appear certain
interference components of the individual pattern o' scattering and in
particular, with what Ar on the curve of spectral t_•ansmittance is it
possible to observe the replacement Rayleigh and anti-Rayleigh
segments of the (wave on the curve of transparency) etc.

With investigation of the transition fromn polydispersional
scattering to monodispersion considerable calculating and analytic
difficulties appear in the limiting region of small Ar, i.e., in the
case of almost monodispersed systems. This is connected with the fact
that then the distribution curve will cease to be "ordinary" function
and degenerates into the generalized function, the - 6-Dirac function.
The general method of examining almost monodispersed systems was
developed in [3]. As the basis of it lies the idea according to which
monodispersed scattering can be considered as the limit of
polydispersional sequence delta-shaped distribution curves. Using the
property of functions of the delta-shaped sequence, we will apply to
the calculation of the integral representing polydispersional
coefficient of scattering the somewhat modified saddle-paint method.
It will be shown that scattering in an almost monodispersed system can
be to considered, as monodispersed with a certain correction. For
calculation of the correction there is obtained a very simple formula.
The less Ar, the proposed method is found to be more effective since
it by its nature is adjusted to almost monodispersed systems.

Let us examine the polydispersional system of particles whose
optical properties do not very greatly deviate from properties of the
environment. For the scattering coefficient of light on the separate
particle k(r, A) in this case we have

where

fro)- I I(1.?)

*mEh~-I)+.. Wme -ýu-1) (1.3)
Here r is the radius of the particles, A - wavelength, m - index of

refraction, and v* - wave number.

The polydispersional coefficient of scattering (transparency)
g#(v*) for the wave number v* will be

2
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where f*(r) is the distribution function of particles by dimensions.
Below we will take it for gammadistribution of the form

1(r) az- e-Or. (1.5)

Properties of this distribution were studies in [4]. There, in
particular, it was shown that the standardized (with respect to the
quantity of particles N per unit of volume) distribution (1.5) will be

f.(r) =N r('+V re-0 (1.6)

and its relative width Ae is determined by the formula

As (1 7)

Here Ar is the absolute width of the curve on the level _f*N, and

is the mode of distribution. Our problem now is reduced to the
calculation of the integral (1.4) and to the investigation of changes
in curve g *(v*) depending upon Ac for the corresponding distribution

f *(r). This calculation will be necessary to make for very large

u, in crderto estimate the limit at w - -. Let us call that at small
Sintegers simple formulas for g U(v*) were shown earlier in (53.

The change in spectral transmittance of the system is investigated
with two schemes of the experiment. In first scheme there are
considered distributions of differert width at a fixed value of the
mean-square radius r 2 , and in the second, at a fixed value of the mode

of distribution r
M

Fixing of the mean-square radius possesses great convenience in
examining different schemes of experiments with light scattering. In
this case with transition Into the region of geometric optics (A * 0)
all models have common asymptote. For instance, for spectral
transmittance of polydisperslonal systems we have

e(vI2wwUK W)94)*- j2, (r) dr- N. (1.8)
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Consequently for any models with identical r the transparency
2

in the region of small A will be identical. Formulas for transparency
with fixed r 2 are derived In § 2-5.

In certain cases for the basic characteristic of distribution it

is convenient to take not r 2 but the modal value rM. This quantity is

more graphic than r2, represents the form of the distribution curve and

is the most convenient linear characteristic in the experime-,t.
Formulas for transparency with fixed ru are given in § 6.

All transformations mentioned below are made over dimensionless
variables. Let us assume that as unity of scale there is accepted
radius r 0 . Then the bond between the appropriate measured and

dimensionless values yields the formulas:

4 (a)"r--roe 4(r)= , ' Te=.=P ' g(Y)r()" (1.9)

Here r and a, f *(r) and f (a'), g *(v*) and g (y) are respectively the

measured and dimensionless radii, and functions of gammadistributions
of particles by radii, and polydispersional scattering coefficients
(transparency) corresponding to these distributions; x and y are
dimensionless analogies of the wave number vo; B is determined by
formula (1.3). On the basis (1.6) and (1.9) we obtain

l,(a)-#r "+ ',". A-+t.. (1.10)
ir+I)

The dimensionless parameter A is a function of , the form of which

Is determined by the selection of the linear scale r 0  Thus if

r0 a r¥(r¥ is the mode of distribution), then a *u; if r 0  r

(F is the mean radius of distribution), then a - u + 1; if r 0 -r 2

(r 2 is the mean-square radius), then £mmV(O+PT(i+t) etc. The Integral

(1.4) in dimensionless variables has the forn

&W (,,r• 41), () a.* do no

According to (1.10) and (1.11) we find

MýP-(0) loe' lo • •pj~& t-UN. (1. 12)

44
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§ 2. Transparency of a System with Garnmadistiibution

Let us derive a formula for transparency of a system corresponding
to distribution (1.10) at the arbitrary linear scale of rO. In virtue

of (1.2) (1.11) and (1.12) we have

fr(p +2) 2 2r(p+l) 2 (2.1;,- +A + -

where

Ja-a~&"Iisd . Ii -BCcosex da. (2.2)

Using Euler the formula, we find

is.._ r(p+i) +r(p+i)

Hence

i ?r+ " ia (2.3)

On the bajis of formulas (2.3), (1.12) and -1dentity

+ at
-• .•- co,'-(€osk, + ful h,)(.)

the expression %'2.1) takes the form

+ to"(P+".. , (2.5)

Here

-H It . (5.6)



Further (up to § 6) as a linear scale we take the mean-square
radius r and corresp-ndlngly in formulas (1.9), (1.10), (1.12), (2.5)

and (2.6) one should assume r 0  r2 and A = , atd

(2.7)

Consequently, i'or the distribution

e--T+2e-f (2.8)

transparency is determined by tht expression

2 - 2 Cos0 . [1 / =+ inI n~ I 2 i

+ s((+ (2.9)

where
!7 + (2.10)

§ 3. Transparenc*; of Almost Monodispersed Systems

In § 3 and 4 it is assumed that the spectrum of particles-size
of radii is describel by gammadistribution (2.8) and the diameter of
scattering 2K(6) is assigned by arbitrary analytic function whose
arK:ment is proportional to the product rv* [a-id, according to (1.9),
the product ay] . § 3 formally derives the expression for optical
charaetevijtLc:, (for instance, transparency) ot almosi; monodispersed
systems (Ii ': 1), arn. in § 4 the foindation for this derivation is
given. In § 5 in detail there is considered the case when the diameter
of scattering 2K(6) is defined by expression (1.2).

It is not difficult to check that m (a) from (1.11) is the
6-shaped sequence with respect to a - 1 (when u - -). Therefore, in
carrying out integration in (1.11) it is natural to use the idea of
the saddle-paint method.

Let us expand K(ay) in Taylor series near point a - 1. We have

K' (3.1)

t Let u3 note that 6 - ay if a and y are assigned by formula
(1.9) and 6 by formula (1.3).
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Substituting this expression into formula (i.1i), considering
(2.8), (2.10) and the relation 2y = x (1.9) we obtain

r(p-P (3.2)

UEing the formula Dirichlet for sums

Zi C i' 2 i ZC. (3.3)
amOamO *~anama

and 3quality

emSe -- l•(- l*-'• •+''e-'e . (3.4)

we find

g () 7 .(("+ a + 2) (p + x' (A+ X

M=M

It is easy to show (see § 4 p. 1) that the internal sum In
(3.5) will be

.( _ On, __(0) (3.6)

Let us designate

U +2

7+ . (3.7)

7



. (o) (3.8)

According to (3.5)-(3.8),

• ,•=l• 1(.-).. (3.9)
SI-O

where, obviously,

K a(. (3.10)
-=0

Expansion (3.9) will be called as basic series.

From (3.10) it follows what

.(,. + cIa '

CoK(y) +cK(._ (y) +... (3.11)

where

S... (yK'(y) ) ' (I primes). (3.12)

Let us expand B(u, m) in series with respect to _. After
simple computations we obtain

of• +2 3,,,, + e,,, -- l,,, -- 44a, 1 •
P at.m)-= + " .- ±+ 24 .7+ 0 (. (3.13)

This means that expression (3.9) on the basis (3 and (313)
can be recorded in the form

Ica) I. +-(Y)+2(Y) I +

+ 21.(3.14)

where K (y) is calculated with respect to K(y) with the help ofn
formula (3.12) and y is givenly (2.10).

8



§ 4. Derivation, of Certain Auxiliary Equalities. Investigation
of the Convergence of the Basic Series

1. Let us prove the accuracy of identity (3.6)., We have

___ __ y,AK•)(,)
,__(- __.-- _ _)_1 _ (_(- t)'-" (- ) :

a-

Here there was introduced the function

K. (y)= K'(y).

so that
K'O'(y): = -- K )

and then it is assumed that n - m = r. Let us expand now Km (z) in

Taylor series at point y

Relying here z = 0, we find

( . Y - Ks (o) K€m) (0). (4.2)

Substituting (4.2) into the last equality, (4.1), we will obtain
(3.6).

2. Formula (3.11) permits finding the sums

" (4.33)

where P n(m) is a polynomial of the n power

,AM )--cow'+ Cane- I+ ... + . ( 4.4 )

9



in terms of derivatives K(y) the expansion of which in Taylor series
has the form

S( 4' (0)

(y)-- a., y-. a(45)

However with this, according to (3.11) and (3.12), it is necessary
to start from dirent differentiation of function K(y), which is
sometimes inconvenient. In particular, if K(y) contains in the

denominator y t(t is any), then it is more preferable to begin from the
ytdifferentiation K(y). Let us show one of the methods of calculation

4In(Y)with initial differentiation of ytK(y).

Let us assume that, for instance, t = 2. Let us desigrnate

" (4.6)

Obviously,

u y-. d, (a + 2) (t a.. (4.7)

Using the Homer method, we consecutively find

S~i.e.,

P.(a-(u+ -+ I)P._,(a)+ b...(a, + 2) +,o. (14.8)

where

SP.., n,()- I-+bm" +'... +...,. ( (4.9)

Substituting (14.8) and (14.3), we find

(14.10)

where

10



Thus the calculation (4.3) with respect to (4.5) leads with the
help of expansion of (4.8) to the calculation (4.11) with respect to
(4.7), in other words the power of the polynomial (Pn (m) in (4.3) is
lowered by t units (t = 2). Analogously, we can continue the
lowering of the power of the polynomial (Pn2((m) by any quantity of
t units. But practically, for calculation of n*_2 (y), it is nrore
convenient to apply the formula (3.11) in which K(y) is replaced byK*(y),

Y_,(y) - bo/._,.(y) + b, rt._ (y) +
+ + b._•.•11(y)+ b._ 2K (y). (4.12)

Here, obviously,

S(y)-- y (y•• (yK*(Y)..) (I primes). (4.13)

Consequently, for (4.3) and (4.4) there has place
a--'

v.W) ., b._,_, 4•.@-)+b4._,K*'@)+'

+ O,-.K(,)+bK•,) (4.14)

where

•a-,

P,(as)-(Ag+2)(a+ 1) ~b.-8+-800+b (. ~

Let us call that this expansion is easily ehtained by the method
of Homer. Formulas (14.14) and (4.15), allowing the summing of
series (4.3), will be used In $ 5 and 6.

3. We Investigate now the basic series (3.9) on the convergence.
The expansion of (3.9) constitutes power series with respect to y.
The radius of convergence R of this series Is determined by the
Cauchy-Adamar ftrmula

S- € -
a~do

Using formula (3.7) let us estimate . We have

ii



". .- ,+ +.u+C+8(. (417)+ 1+ --r+L a Lol

where C - 0.577 is the Euler constant and c(m) * 0 at m + -. With the
derivation of (4.17) there was applied the inequality of Cauchy, and
the asymptotic formula for partial sums of harmonic series was used
namely: __-____

na-'÷) -
Ant% P

This means

I + bm+C+,(,)x".[ k)( P] lea,"(Ml
• , 1 + 2 + T " " "

and since

Um 7+bu)rnI, (4.18)

we tinally obtain (see (2.7))

.m;. ,Jx,'•i - -' •"(4.19)

Consequently the series (3.9) absolutely converges, In any case at

i.(1(4.20)

12



4. In the absolutely converging series it is possible to

transpose the members by any method. Let us transpose members of the

series (3.9) having disposed it by powers 1. Again the obtained

series

go, ( -Y) 7 Y)(4.21)

knowingly converges with y and u, of connected (4.20) and (2.7).

Let us determine the form of coefficients of expansion (4.21)
[first three members of this expansion are given in (3.14]. We
preliminarily will show that for 0(G, m) fhT (3.7) takes place the
formula (P > 1)

where P2n(m) is the polynomial whose power does not exceed 2n [first

thr.e members of the series (4.22) are given in formula (3.13)].

Really

+ (4.23 )

where

+ ,-!+ .(4.24)

Calculating the product of series In the diagnonal form of Cauchy,
we obtain:

1+) +o - LU
So

(14.25)

131,++-j(l') ... -*'.t •,s,,)+ I... +

13



This means

• ~ A ((a))- (4.26)

Extracted In (4.25) and (4.26) the functions, of m are
polynomials the powers of which do not exceed the lower index. From
(4.23)-(4.26) follows (4.22). Let us note the formula

M2+5=++6 I ++ 4+, S+5I'+Um+4 x

x +... + +m-.. (4.27)

Let us place (4.22) into the basic series (3.9) and change there
the order of summation. We have

t.(Pin XjX*um~~emfi~r(4.28)

or [see (4.21)

e-m- (4.29)

Let us call that in (4.28) and (4.29) P2 n(m) Is a polynomial
whose power does not exceed 2n.

Let us turn to summation of expressions (4.29), using results of
paragraph 2 of this section.

5. According to (3.9), (3.13) and (4.28)

4r + • (4.30)



where ý(n, y) is given by formula (4.29). Since In § 5 concrete
calculations will be made for K(y) from (5.1), then it is convenient
to assume t - 2 (see p. 2). Using formula (4.5)-(4.7), (4.14) and
(4.15) we find:

•m
(4.31)

since (for Instance, according to the Horner method)

all + 2W + 2) + 1) - (a + •

Substituting (4.3l)-(4.33) into (4-30) we get

ArpS' WIU K-y

7T

T [' 3)(Y) Y). (.3)
g

Thus for the function

Io W K y))n. (4 . 35)

where m (a) Is assigned by relations (2.8) and (2.7) and the

nucleus K(ya) Is any analytic function, there takes place expansion of
(4-34), absolutely convergent In any cise to domain (4.20). Quantities
enrtering into expansion or (4.34) are determined by formulas (2.10),
(4.6), (4-.13), (4.29) and (4.31).

Let us emphasize that results of paragraphs 3 and 4 are accurate
for any function K(6) satisfying the conditions formulated In the
beginning of I 3.



5 5. Transparency of Almost Monodispersed System
with Fixed Mean-Square Radius

Let us assume that K(6) sets by formula (1.2). We have

C(--) I- + -Aý-. +K -.mO (5.1)

Hence

K•y)--l -- IL-,|i + 2) Pll( e • (5.2)

This means

0. if .-- +

if i*

Considering (4.18), we obtain

Viii r(i•II-1 ( 5.4)

According to (,.20) and (5.4) we conclude that the basic series
(3 19) with K(y) from (5.1) absolutely converges in any case with

iINK ••p•• (5.5)

Let us determine now the expansion of transparency g(•) (1.11)

into series with respect to whe: r r2  Par this purpose we place

In series (4.34) .he tunction (5.1). We have

roem*-OF8M1+S .Wommb..b+ (5.6)

±6

- -



Considering formulas (4.13)-(4.15), (4.29) and (5.6), by
inductior we obtain

bl o Y b6 _Iy -+co-yI5.

where some of the coefficients can be equal to zero. This means that

am 1 I--tos2v + 27ie2Y +

+ ui 1 -u~ji+_________ _____--_-

+ -,N (5.8)

where y is given by (2.10). This series absolutely converges in
any case In the doinain (5.5).

Let us introduce the designations:

%,(Y. p)-K(Y)+ Y .

--- YM-2• + -)-4C"2p-2V'1O2" (5.10)K',(y. p)- K, (y. p) + PO

where K(y) is determined by formula (5.1). Then

give a zero, first and second approximation respectively for
transparency at large u, and these formulas have meaning In the region(5.5).

In conclusion let us give the formula for the calculation of
transparency (2.9), accurate at x - 2y (1.9) and u, in the scale (y)
accepted here. We have:

17



SI,~~g (Y) 70T" (Y). tg ,, +2Y 0 + l
% ~ (i + 2)(fi&+ 0)

j t, ~(Y) ---4!-- " c Ls+ cos w sin ((p, + :2) +)-I

+ (5.12)

Obviously the region of convergence of series (5.8) corresponds to
IwI

§ 6. Transparenc of Polydisperslonal Systems for
Distributions with a Fixed Mode

Let us take as unity of scale the mode of distribution of
particles by dimensions. Then in formulas §§ 1 and 2 one should assume

rs=re , A=1 . (6.1)

Relations (2.5) and (2.6) give

-2 1 +_o__in(p+2 +LT' (6.2)

where

112N3X (6-3)

A comparison of formulas (2.9) and (6.2) graphically illustrates
the considerations expressed in § 1 with respect to the selection as a
linear scale of the quantity the mean-square radius r 2 . Indeed the

right side of (2.9) at x * tends to the general asymptote, the
c'nstant number y not dependent on p. This circumstance does not take
place for the right side of (6.2). Moreover, it is a.curately only
when r0 - H2' which directly follows from the general formula (2.5).

The case u >> 1 (the system is almost monodispersed) when
r rM is exhausted analogous to case r 0 - r 2 (see 6 3-5). We have
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to (y)= {, m) a.yr, ( 6. 4)
a=O

where y' is given by (6.3), am by (3.8), and a(p, m) by (4.24). The

radius of convergence of power series (6.4) is determined by the
Inequalit.y

R )F• (6.5)i,-. V/IK()(o) 1 ,

According to (4.26) and (4.27), formula (6.4) can be rewritten
in the form

+ (Y) ,,)+ -K,(y)+K(A]+ (I (.)

Here designations (4.6), (4.13), (6.3) are used, and

S(J. y)= Q Q (in)ay, (6.7)

where Q2 n(m) is a polynomial whose degree does not exceed 2n. Let us

assume now that K(y) is assigned by formula (5.1). According to
(5.4) and (5.6), in this case we obtain

9(O2y+ 1-cos2( + 3-3cae2v+2Ysn2)

L ~~29 ,,
2 -- 2 cs,2y+-yhNo2y+--iA-y2 cs 2y- -2,y3(1_ 1 (6.8)3 +, 1. 10).68

where the indicated expansion is accurate in any case if

(6.9)
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and n(n, y) has the form

1(g. y)-sn,2y b,.,y"-Y + cos2y b,%y.k+

+ P,_.- ) (4> 3). (6.10)

where P n3(y) is a polynomial whose degree is not higher than n - 3.

§ 7. The Bond between Dimensionless Transparenc!ie at
Different TLinear Scales. The case of v Integers

As the model of the 6-shaped sequence we will, as above, use
totality of gammadistributions with different v (see § 1):

f(r)=N 0"'r e-' when /,(a)=Nr. ( ale-", (7.1)l'(p+ 1) 7U -~+0)

where

,-a.• 4(a)=r(r). A-----r*. (7.2)

Parameter P characterizes the width of the distribution (7.1)
[for instance, by formula (1.7), i.e.,] the degreee of
monodispersiveness of the system; at P -o the system becomes
monodispersed. In turn the parameter 8 at fixed width of distribution
and selected type of the scale r 0 (r 0 = rM, r 0 = F, etc.) is determined
by the magnitude of this scale. Tnus (in § 7 all parameters
dependent on p will be provided by a subscript, for instance:A= A )

P. rif -ra
- +1. if r-*F .. (7.3)

Sif

and, correspondingly,

(7.4)
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Let us assume that B is secured. Then for any fixed v we have

.,- .where - +2)(p+ 1). (7.5)

In (7.3) there are extracted values of A for cases r 0  r

r and r 2  Let us designate (see § 1):

y,-IP',. y=lN'ro. Ipw,,s-l) (7.6)
S= Nr-, 1,2xN4. (7.7)

According to (7.5) and (7.6),

.•-•,.(7.8)

Quantities Sy* and g*(v*) are invariant with respect to the type

of selected scale rO. We have:

II,"---[ == --•(7.9)

e.(, e)_ A- t (7.10)

Let us introduce the dimensionless characteristic of the
transparency

,- •--•. .(7.11)

The presence in the denominator F2 and not any other linear scale

r0 r r 2 is explained it, that only in this case (see 1 1 and 5) there

has place

Omn 0-- (O . - random). (7.12)
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I
Formally this relation ensues from (5.12), (7.7), (7.10) and

(7.11). Really,

0p- I when Y -o. (7.13)

Let us establish now the bond between dimensionless transparencies
g (y) and g (9) from (7.10). Let us assume that at an arbitrary

linear scale of r 0 the following formula is accurate

1~; .9'pF(4) (7. 14)

where T will be selected from the condition

m %(z)-- I. (7.15)

Then on the basis of (7.5), (7.7), (7.8), (7.10) and (7.14), we
obtain

SIL

.(7.16)

Parameter V can be determined in terms of a and M . Indeed,

in virtue of (7.13) and (7.15),

and therefore

(7.18)

or

- ) + and • - random). (7.19)

22



Let us sum up. If for arbitrary r 0

2 1M 1'(X)=t1. (7.00)G ' - 7 , / ' i r . . .ft

then T is determined by (7.19),

C, W --' 19 (7.21)

and considering (7.13),

o.-M,-04(22V (7.22)

where S (y) is given by (5.12), and TU by 0.5).

A comparison of formulas for the transparenrcy of (7.20) and
(7.21) shows how with a change in the typ. of linear scale r 0 the

variables are expanded (form of depenaency, of course, is kept). Thus
with transition from r 0 to F 2 in virtue of (7.20) arid (7.21) or (7.8)

and (7.10):

"(7.23)

In [5) the formula is obtained for calculation of the transparency
of systems with gammadistribution with u integers in the case r 0 o rM:

G) +.;_ .,÷÷( +') • >

a'" irl 2: (7.24)
+i 36 r+-r'

4+5)

This means that in accordance with (7.3) and (7.19) we have
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I

~( >.•+•+ 0>. r-M)(7.25)

and according to the transition (7.20)-(7.21), we obtain that at p
integers

SOA)"1k YrP-+-FF (7.26)

where y is given by (7.7), and e (x) by (7.24).

In [5) there is also obtained the formula for transparency when
w-0

•.)-N• (;) ,ix-(,•) (7.27)

This means that in accordance with (7.3) and (7.19) we have:

&*-I. V.-2 (P-O. r,.F) (7.28)

and, according to the transition (7.20)-(7.21), we arrive at the
conclusion that formula (7.26) Is accurate at P a 0 if 0o(x) is taken

from (7.27).

Considering (7.3) and (7.8) we find

WY SIRTI

Y- l"• (P-0: ,.-7). (7.29)

Thus when , 0 (integers) the following formula Is accurate

((VI2. - We ' (7.30)

whore S (x) Is calculated with respect to (7.24) If M > 0 and with

respect to (7.27) If u - 0.
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Formulas (7.26) and (7.30) are convenient during calculation of
the transparency for "small integers p > 0 (up to ui - 10 to 12).
Table 1 Examples. In 91 10 and 11 from [6] there are

extracted values of x, In which the transparency
P Y YAP

-(x) attains a maximum value. There for
0 0 . - 0 r 0 - was accepted, and for u, equal to 2, 6,2 ,60 1.510
6 1I36 1.66
to I.36 17 and 10 r 0 - r.. Assuming x = 2y [see (1.9)] we find

values

Y;MP . (7.31)

In which g (y) is maximum (Table 1). Let us note that as follows

from Table 1 [6), the transparency gl(v*) with u equal to 0, 2, and 6
has a single maximum. When 1 - 10 there exists still a second
maximum of transparency (see Table 4). This maximum is considerably
weaker and is not considered here.

According to (7.29), y - , in which g (y) is maximum, are
found by formulas: U

YO.- YYX (P-4• (7.32)

In Table 1 there are given v a 1 u e s YM and ym with P equal to 0,
2, 6, and 10. I U

Thus we converted to the general linear scale r 0  r 22, accepted

for variable y (see (7.6)]. Let us note that on the basis (7.3) and
(7.4),

r•<i<F (B8 is fixed). (7.33)

Therefore, in virtue of (7.9j these Ilnequlities are accurate

(7.34)

Here there are extracted values of y at various scales of rot

corresponding to the same wave number v*,
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8. Spectral Transmittance of Pol dispersional
Systems with Different Width of Distribution

For an illustration of obtained formulas there were calculated
curves of spectral transmittance of different polydispersional systems
(Figs. 1-6). The curves are plotted in dimensionless variables. Along
the axis of the abscissas is plotted the magnitude

y-P',-a-)j,, (8.1l)

where

Y7 (8.2)

and along the axis of the ordinates

,0 -(8.3)

On every figure there is given few curves of , where

designations of curves I-IV on all figures have Identical meaning.
These curves are calculated by the formulas (5.1), (5.9), (5.10) and
(5.12) respectively. Curves I, II, III signify, correspondingly the
zero, first and second approximation of transparency at large
14 (see 1 5). Curve IV describes the exact movement of the transparency
of the system.

In Table 2, proceeding from calculations of the curves depicted
In Pigs. 1-6, for the set m.

a 10, 20, 30, 50, 100 and 400 (8.4)

there are estimated the quantities yOv yj and Y2 determining the

limiting values of y for the corresponding approximation (at maximum
permissible absolute deviation from the exact curve not exceeding 10%).
The relative width of the considered distributions Ac (1.7) is given
In Table 3.

Let us note that Table 2 does not completely reflect the degree
of proximity of considered approximations to the exact transparency.

26r-77
* -~~-----t
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In virtue of the selection of' the scale r 0 - r2, transparencies S(y)

at all u 'Includtng when u - -) have a general asymptote when y .
Theref.ore, zero approximatiori

Table 2 K"y) - G . $(y) is naturally, close

-- to G 3 % y) at large y. If K(y) at

,j < 8tol0 differs from P (y) by not more

11.1 than 10% (this takes place from tne
0 3.4 4.6 5.3 general considerations for sufficiently
3 . 6.7 6 large p), then at all other y good

>. .O4: coinciderce of , (y) and K(y) is

ensured. Therefore, for instance, in
Taole 2 y0 > yl with i, equal to 100.

At the same time tne first and second apProz.mations considerably

better than the zero describe the transparency 5(y) in the most

important section of the change in frequencies corresponding to small
y(C y 8 to 10) (see Figs i-t).

Table 3

~Y-%-

* 3033 I.22 1,12 -

6 1.013 1 .h t.33
GOM 1:70 - .373 0

S.M I 3.20 3.71 0.3J2 jjW 3*75 0.88
a 02310 2.0 1365 3.74 0.83

t oll~ 1.13 3.79 0 .77I.IIIl .D3.Ui O.'n

It is neceesary to note that the second approximation does not
give considerable improvement of the result as compared to the first,
and at u 103 the first approximation practically quite accurately

presents the transparency for a.l cinsidered range of values of
y. Therefore, curve III In Figs. 5 and • Is not depicted.

In Table 4 fo.- the iet u U acc-urate values of transparencies
are calculated [see (7.22))

o,.-t,•.(8.5)

where 5(y) Is given by (5.12). As follows from results of 1 7

(transition (7.20)-(7.21)] the following formula is accurate

(8.6)
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Fig. 4.

Fig. 5.

p--

Fig. 6

Fig. 7. Ac-urate transparency ror the set ~
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allowing to pass from the transparency •btained with the arbitrary

type of the linear suale r 0 , to the transparency in the scale

ro 0 W2 and inversely. An example in this case can be the transition

with integers p > 0 from (71.24) and (".27) to (7.26).

Table 4.

.5 0,300 0,278 0,249 0,5 0,258 0.234 0,184
1.0 *,n O.M 0M852 1,0 0. &30 0,768 0,806I.3 1.334 1 .351 1.363 I'S 1,356 1,327 1.413
',0 1.310 1.4,55 1 4,95 2.0 1:5W0 1,5,W 1,581
',5 1,218 1.263 1,318 2.5 1,359 1,388 1,458

3.0 1,064 1,076 1,076 3,0 1,076 1,070 1,165
3,5 1.022 0,972 0.940 3.5 0"898 0,864 0,699
4,0 1,009 0,970 0,940 4,0 0,901 0,8&58 0,810S4,5 1,012 1,003 0.999 4,5 0,995 0.986 0,945
5.0 1.015 1,026 1 042 5,0 1,066 1,102 1,106
5,5 1,016 ,1029 1,045 5,5 1,074 1,116 1.179
6.0 1,015 1,022 1,028 6,0 1,056 1,050 1,076 .
6,5 1,013 1,014 1,012 6,5 1,001 0,983 0,956
7.0 1,011 1i010 1,004 7.0 0,988 0,956 0.894
7.5 1 1,008 1,004 7,5 0,996 0,981 0,962
8,0 1008 1.007 1,006 8,0 1,008 1.020 1,044
.,5 1007 1 ,007 1.007 8,5 1,013 1.035 1 066
9,0 1,006 1.006 1,007 9,0 1i011 1,027 1,069
9.5 ,.006 1,00G 1,006 9,5 1,007 1.003 0,991

1800 1,005 1.006 1,005 10,0 1,004 1,002 0,950

on ,(,) !$y)In

10,5 1,003 0,996 0.960
* 11,0 1,003 1,003 1,000

11,5 1,004 1,006 1,043
' 12,0 1.004 1,008 ;.037 .

12,5 i.004 1,006 1,006
13.0 1,003 1,002 0,979
13.5 1.003 1,000 0,97o
14,0 1,002 1.003 0.999
14,5 .1,002 1,003 1,020 .
15,0 1,002 1,003 1,024

Figure 7 gives curves of exact transparencies for the set • (8.4)
and P - - [monoaispersed case, see (8.9)]. From the figure one can
see how with the growth of p and corresponding narrowing of the width
of distributJon Ac components of the spectral structure become rmore
distinct, there appears even more waves on the curve of transparency.

In the examples considered on the conversion of spectral
transmittance, [6] for a description of the right segment of curve
G we used the assumption on the monotonous decrease in g*(v*) for

the firet maximum. From Fig. 7 one can see that when p < 20, in
virtue of the stability of the calculation scheme, it is practically
possible to consider that this takes place. Data of aerologic
investigations show that distributions of radii of pao'ticles of
natural clouds and fogs are usually described when p < 20. This
means that examples of the analysis of the transparency given in [61
are typical.
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At the same time the calculation scheme from [6] permits not
only determining the spectrum of particles in the case of multimodal
transparency but also using there appendices of the functio,,
w(y), W0 (y) and w2 (y) in Table 1. The tables shown are calculated

for the scale

2' .(8.7)

where T* is the range of the change in wave numbers v*. If T* is
great, then r 0 is small, and it is necessary to take large a in thei

formula

r= or.. (8.8)

in order to calculate the spectrum of particles f*(r) in the needed
interval of dimiensluiis. This means that for large T* of Table 1 the
appendices from [6], possibly, must be continued for the large
interval of values a as compared to the interval considered there.

Fig. 8. Abscissas of first maxima and minima
of transparencies.

UU

U

Fig. 9. Ordinatns of first maxima and minima
of transparencies.

Table 3 gives values y M and ym in which G attains,

correspondingly, the first maximum and first minimum (if it exists)
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GM and Gm TI.e limiting case p = ( = 0) corresponds to

monodispersivenez, of the system of particles where obviously,

O. = K(y). (8.9)

where K(y) is given by (1.2). The other limiting case i = 0(A = )
corresponds to the widest distribution in the accepted family of models
of spectra of particles.

Figures 8 and 9 show, correspondingly the movement of the
dependence of y yM1 Ym and GMI, Gm on P. The scale along the axis of

the abscissas in Figs. 8 and 9 is accepted for convenience of the image
logarithmic. Let us note that extrema G = S (y) are very smooth, and

therefore their reliable determination requires very exact
calculations. The clea- minimum $ (y) is observed when p > 10. The
position of abscissas of the first minima $ (y) is almost not changed

with the growth irn P - all Ym are concentratect in the narrow interval
3.7 s, y s. 3.8. V1

Figures 8 and 9 illustrate the character of the change of
transparency with gradual transition from the polydispersional system
of particles to the monodispersed with a decrease in the width of the
distriwLion of the model.
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