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SPECTRAL TRANSPARENCY OF ALMOST MONODISPERSED SYSTEMS
K. S. Shifrin and A. Ya. Perel'man

A modified saddle-paint method for the obtaining of
approximate formulas of transparency of almost monodispersed
systems 1s used. As the model of delta-shaped sequence
describing the distribution of radiil of particles 1n such
systems gammadistributions are accepted. There 1s estimated
the domain of applicabllity of the obtained formulas.
Calculations are glven illustrating the appearance of
components of the spectral structure of the transparency
according to a decrease in width of the distribution
(transition to the monodispersed case). A formula of the
transition for transparency with a change in linear scale
of the problem is derived.

§ 1. Introduction. Formulation of the Problem

Optical properties of real polydispersional systems depend toth
on characteristics of individual scattering and on characteristics of
the microstructure-parameters of the distribution of particles
according to dimensions. If the question on the influence of the first
characterlistics was repeatedly investigated and with respect to it
there is extensive literature, then the question on the influence of
distribution parameters on a pattern of light diffusion is kncwn in
general rather little |1, 2). In this work we will examine the
influence of parameters of polydisperison on transparency of the
system.

The simplest polydispersional distribution is characterized by the
following parameters: vertical scale expressed in terms of density of
particles N and being simply the parameter of normallzation; horizontal
linear scale (average dimension r or modal ry, or some other) and width

of distribution ar, defined by a certain method. The first two
parameters are present in individual scattering. The width of the
distridbution of aAr is parameter characteristic for polydispersional
scattering. The purpose of this work is to investigate the influence
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of thls parameter Ar on the spectral transparency. Although the
qu:alitative side of question is clear (with a decrease in ar the
pattern of light diffusicn should approach that which follows the from
theory of scattering for the separate particle), the quantitative side
requires detalled investigation.

It is interesting to clarify with what Ar appear certain
interference components of the individual pattern o scattering and in
particular, with what Ar on the curve of spectral t_ ansmittance is it
possible to observe the replacement Rayleigh and anti-Rayleigh
o segments of the (wave on the curve of transparency) etc.

With investigation of the transition from polydispersional

| scattering to monodlspersion considerable calculating and analytic

' difficulties appear in the limiting region of small ar, i.e., in the
case of almost monodispersed systems. This 1s connected with the fact
that then the distribution curve will cease to be "ordinary" function
and degenerates into the generalized functlon, the — §-Dirac function.
The general method of examining almost monodispersed systems was
developed in [3]. As the basis of it lies the 1dea according to which
monodispersed scattering can be considered as the limit of
polydispersional sequence delta-shaped distribution curves. Using the
property of functions of the delta-shaped sequence, we will apply to
the calculation of the integral representing polydispersional
coefficient of scattering the somewhat modifled saddle-paint method.
It will be shown that scattering in an almost monodispersed system can
be to considered, as monodispersed with a certain correction. For

' calculation of the correction there 1s obtalned a very simple formula.
The less Ar, the proposed method is found to be more effective since
it by its nature 1is adjusted to almost monodispersed systems.

Let us examine the polydispersional system of particles whose
optlical properties do not very greatly deviate from properties of the
environment. For the scattering coefficient of light on the separate
particle k(r, A) in this case we have

A, ) =Dt K @), (1.1)

where
KO)-I—-E‘—’--} I—em3 (1.2)
V=t ) fomp, ol pie(m—1). (1.3)

Here r is the radius of the particles, A - wavelength, m — index of
refraction, and v® - wave number.

The polydispersional coefficient of scattering (transparency)
g*(v?) for the wave number v® will be

rm-}wmrm. (1.4)
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where f#(r) is the distribution function of particles by dimensions.
Below we will take it for gammadistribution of the form

L) =Are-r. (1.5)

Properties of this distribution were studies in [4]. There, in
particular, it was shown that the standardized (with respect to the
quantity of particles N per unit of volume) distribution (1.5) will be

fi=Ngl e (1.6)

and its relative width A¢ is determined by the formula

28 .
An==1a;-_ e (1.7)

Here Ar is the absolute width of the curve on the level .;./:(r.), and r

M
is the mode of distribution. Our problem now is reduced to the

calculation of the integral (1.4) and to the investigation of changes
in curve gu‘(u*) depending upon Ae for the corresponding distributiornr

fu'(r). Thils calculation will be necessary to make for very large

by, in adertc estimate the limit at u + =, Let us call that at small
u integers simple formulas for gu‘(v') were shown earlier in [5].

The change in spectral transmittance of the system s investigated
with two schemes of the experiment. In first scheme there are
considered distributions of differert width at a fixed value of the
mean-square radius Ty and in the second, at a fixed value of the mode

of distribution ru.

Fixing of the mean-square radius possesses great convenience in
examining different schemes of experiments with light scattering. In
this case with transition into the reglon of geometric optics (1 - 0)

all models have common asymptote. For instance, for spectral
transmittance of polydispersional systems we have

)= [ K@) /° ) dr — { W/ (Ndr = 2FIN. (1.8)

wer Lo
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Consequently for any models with identical F2 the transparency
in the region of small » willl be 1dentical. Formulas for transparency

with fixed FQ are derived in § 2-5,

In certain cases for the basic characteristic of distribution it
is convenient to take not r, but the modal value ry. This quantity is

more graphlic than FQ, represents the form of the distribution curve and

is the most convenient linear characteristic in the experimewt,
Formulas for transparency with fixed r, are given in § 6.

All transformations mentioned below are made over dimensionless
variables. Let us assume that as unity c¢f scale there 1s accepted
radius Tye Then the bond between the appropriate measured and

dimensionless values ylelds the formulas:

r=rea, j'(r):- 1, @) L. -;—=y==pv'r . §,(N=rg, () (1.9)

Here r and a, fu'(r) and fu(u), gu'(v') and g“(y) are respectively the

measured and dimensionless radii, and functions of gammadistributions
of particles by radii, and polydispersional scattering coefficlents
(transparency) corresponding to these distributions; x and y are
dimensionless analogles of tle wave number v®; 8 is determined by
formula (1.3). On the basis (1.6) and (1.9) we obtain

/,(@)=Nr} e ¥ A=p,. (1.10)
TT——U'

The dimensionless parameter A is a function of . the form of which
is determined by the selection of the linear scale ry- Thus 1if

ry ® q'(ri is the mode of distribution), then & = u; if r, = r

(f 1s the mean radius of distribution), then &4 = v + 1; if r, = F2

(T, is the mean-square radius), then A=ViFNE+N etc. The integral
(1.42) in dimensionless variables has the forn

c.(-i-)-'I k({- o . (o) da, m, (6)== 2ea'/, (). (1.11)

According to (1.10) and (1.11) we find

-, (a) gy 8® T, 1.61{—:-‘“-1.. u—ﬁﬂré. (1.12)

A I e ¢ -
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¢ 2. Transparency of a System with Gammadlstribution

Let us derlve a formula for transparency of a system corresponding

to distribution (1.10) at the arbitrary linear scale of ry. In virtue
of (1.2) (1.11) and (1.12) we have
"(T)cbi ! —u( ) u::x +2':,‘:,'i’)da=
-y [F(r+d 2 2 P(s+D) \
1.[‘7::!'— Tht =gt -';r/.]. (2.1,
where
J,-Ja’f';“‘omaxd;. J,==;a"e"“couxda. (2.2)
Using Euler the formula, we find .
[ Fp+) T+
A '7{«-uF*' u+ur*}'
L(Ieth Patl)
' Tarapa)
Hence
243 el
Py YY) sa(1+54) fe+l) "('*T‘) (2.9)
- AT B X3 IS v Y] €+ 3.
P+ (W)
On the basis of formulas (2.3), (1.12) and !dentity
et ,
¥ = corte(cos be -+ s dw) (2.4)
(‘+o
the expression {2.1) takes the form
) wfl s 9
PATIETE LSS T E B L ALY [S1PHnryey S
om (lp 41 . N
+-—-(—,—?J]} | (2.5)
Here L .
g-!lﬂlz. '-’--{-. ) : {2.8)

1




Further (up to § 6) as a linear scale we take the mean-square
radius r,, and correspcndingiy in formulas (1.9), (1.10), (1.12), (2.5)
and (2.6) cne should assume Ty ® FQ and A = 1, and

e=Vh+ak+1). (2.7)

Consequently, 1ror the distribution

: P
n,i::)=1T(:+l;-¢""e"‘ , (2.8)

transparency is determined by the =xprescsion

" (p(‘;‘;*'f("i'%'-&?-t:[v ::;cos‘osla((p—{—\?)i)-}-
) +ﬂ%ﬁl}l. ' (2.9)

where

o ar? . SN (2.10
1_2!1‘/'.:. e = Y+ +1) )

§ 3. Transparenc. of Almost Monondlispersed Systems

In § 3 and 4 1t is assumed that the spectrum of particles-size
of radil is describedi by gemmadistribution (2.8) and the diameter of
scattering 2K(é) 1is assigned by arbitrary analytic function whose
arg:ment is proportional to the product rv* [a-d, according to (1.9),
the product ay]'. § 3 formally derives the expression for optical
characteristics (lor 1instance, transparency) ot almost monodispersed
systems (u >> 1), an! in § 4 the foundation for this derivation is
glven. 1Tn § 5 in detall there 1s considered the case when “he diameter
of scattering Z2K(8) is defired by expression (1.2).

It is not difricult to check that mu(a) from (1.11) is the

§-shaped sequence with respect to a = 1 (when u » «). Therefore, in
carrying out integration in (1.11) it 1s natural to use the idea of
the saddle-paint method.

et us expand K(ay) in Taylor series near point a = 1. We have

K(ay)mgﬂépr—(d—i)'- (3.1)

'Let us note that 6 = ay if a and y are assigned by formula
(1.9) and § by formula (1.3).

© L e e s & ———— e ————— 5 o ok O




Substituting this expression into formula (1.11), considering
(2.8), (2.10) and the relation 2y = x (1.9) we obtain

!

. S+ QY ¥. - . ;L o

&0 =11557 X Al Ia’*’e “(a—1)'da. (3.2)
R ] . i

Using the formula Dirichlilet for sums

jé jéaa.==j§ ji Com (3.3)

and =quality

.‘eu-un-_-z( ) 1)*-=a=, Jc"‘"'“ °'¢a_.":__mi;_3)_ (3.4)

w2 find

2 1 |
,(y) 121«-+m+ )a::+u-’-+) ""'"x |

- =l
-

X3 )(~1)~ LK (3.5)

It 1s easy to show (see § 4 p. 1) that the internal sum in
(3.5) will be

z() ,.—.rk"m LU (3.6)

Let us deslignate

| T(+4)
Blp, m)o= ——2= a3 T (3.7)

[b+H)0+ 3T




K= (0) (3.8)

[

According to (3.5)-(3.8),

:.é»y=r 2 P maays (3.9)
where, obviousiy,
K(y)=i say™. (3.10)
» =l

Expansion (3.9) will be called as basic series.

From (3.10) it follows what

2 (Coll'+c|""—‘+ oo FeJagy” =

;::K(.)();)+C|K(n—|)(9)+ oot KO ‘ s (3.11)
where
K“,(y)=y(y o (YK )Y - ) (! primes), (3.12)

Let us expand B(u, m) in series with respect to l. After
simple computations we obtain M

B mmtp B Lt otn L o) (3.13)

This means that expression (3.9) on the basis (2.11) and (3.13)
can be recorded in the form

g ‘ | e 0)=1{rp)+-SaD He0) L, _
Mg (9) + 8Kz () — 18K 3 (y) — 4Ky (9)
+ !l @'y . (1184 (9._?_'. -;"--'-O(-s’)],". (3.1“)

g -

where Kn(y) is calculated with respect to K(y) with the help of
formula (3.12) and y 1is givenly (2.10).
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§ 4, Derivation of Certain Auxillary Equalities. Investigation
of the Convergence of the Baslc Seriles

1. Let us prove the accuracy of identity (3.6). We have

R Bt
_a:z(-l)'"y""x‘;--'m _

sl
(n — m)l ]

ams . (4 4

[ L 4] x"’m (4.1)

Here there was introduced the function

Ka(y)=K"™ ().

so that
K () =KS"" ).

and then it is assumed that n - m = r, Let us expand now Km(z) in
Taylor series at point y

» .) -
K-(z)nz—-—‘—‘——“ (y:"(: A .

Relying here z = 0, we find

zme.(0)=K"'(0). , (4.2)

Subgtituting (4.2) into the last equality, (4.1), we will obtain
(30 )l

2. Formula (3.11) permits finding the sums

% (y) = i P,(m)a.y", . (4.3)
aud

where Pn(m) is a polynomial of the n power

P (m)ys=cym*4-c,m* 4 ... +e,, (4.4)




e =

in terms of derivatives K(y) the expansion of which in Taylor serles
has the form

KO)= Y oy~ 0 =X20 (4.5)

However with this, according to (3.11) and (3.12), it i1s necessary
to start from direect differentiation of function K(y), which is
sometimes inconvenient. 1In particular, if K(y) contains in the

denominator yt(t is any), then it is more preferable to begin from the

differentiation ytK(y). Let us show one of the methods of calculation
wn(y)with initial differentiaticn of ytK(y).

Let us assume that, for lnstance, t = 2, Let us desligrate

S Lko)y =Ko). (KON =K0). (4.6)
Obviously,
K= Z oy =@+ Dimt .. (4.7)

Using the Horner method, we consecutively find
Py(m)=(m + 2Py, W)+ by = (WA 2) [(8 4 1) Pocy (W) + by ) 4 040

l.e.,

Pm)=(m+D(m+1)Py_y(m)+ 8, (m+D+b,, (4.8)
where
Py_y(m) o= bme=t 4 b= 4 . A 4+ 0uey. (4.9)

Substituting (4.8) and (4.3), we find

V. 0) = Yors0)+ 00 i KOV +0,K0) - (4.10)
0= 2P, ey (4.11)
10
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Thus the calculation (4.3) with respect to (4.5) leads with the
help of expansion of (4.8) to the calculation (4.11) with respect to
(4.7), in other words the power of the polynomial (P, (m) in (4.3) 1s

lowered by t units (t = 2). Analogously, we can continue %*he
lowering of the power of the polynomial (Pn_e(m) by any quantity of

t units. But practically, for calculation of w;_z(y), it 1s more
convenlent to apply the formula (3.11) in which K(y) is replaced by
K*(y),

':—n )=..K:._n‘y)+b|K:.-n(’)+
+ Lo +5._.K:.,(y)+b,_,l(‘(y). (uaIZ)

Here, obviously,
K=y(y...(ok* 0)) ...) (¢ primes). (4.13)
Consequently, for (4.3) and (4.4) there has place

[ | .
v,0)= g‘ byt Koy O)+ 0, o K* )+

+ 0, K0+ 6,K0). : (4.14)
where
. =9 . . v
P.(-)-(-+2u-+l);.b.-._w'+b..;;(-+!>+b.- (4.15)

Let us call that this expansicn is easily chtained by the method
of Horner. Formulas {U.14) and (4.15), allowing the summing of
series (4.3), will be used in § 5 and 6.

3. We investigate rnow the basic series (3.9) on the convergence.
The expansion of (3.9) constitutes power series with respect to y.

The radius of convergence R of this series is determined by the
Cauchy-Adamar formula

L]
R = T30 m)e, ", agm £ (4.16)

Using formula (3.7) let us estimate 5;%+E). We have




m+tl

Hﬁd.' (l+-'—t-2)(l+ .q[l + nn+C+u(-!] (4.17)

[+ 307

\

where C = 0.577 18 the Euler constant and e(m) - 0 at m + =, With the

derivation of (4.17) there was applied the inequality of Cauchy, and
the asymptotic formula for partial sums of harmonic series was used
namely:

n(— ')4['_-'_(_—')—] (++= |‘la-+r:+-(-)|}

This means

e K — " o o g.v s e e —
T -

' ""‘-"f-[‘ e

. l LY h-+c+'(-) iR
=) )
Sl TR
and since
et b, (4.18)

we finally obtain (see (2.7)]

VBN L
.?. m .?. ‘m. .

Consequently the series (3.9) adbsolutely converges, in any case at

ini<§ - ' (4.20)

12




4, In the atsolutely converging series it 1is possible to
transpose the members by any method. Let us transpose members of the

series (3.9) having disposed it by powers %. Again the obta;ned
series

:.(y)=12————“":.” ' (4.21)

knowingly converges with y and u, of connected (4.20) and (2.7).

Let us determine the form of coefficients of expansion (4.21)
[first three members of this expansion are gilven in (3.14]. We
preliminarily will show that for B8(u, m) from (3.7) takes place the
formula (u > 1)

] NAam ,
o m) 2 =), | (4.22)

where PZn(m) is the polynomial whose power does not exceed 2n [first
thrze members of the series (4.22) are given in formula (3.13)].

Really
o m=[+ 1)+ 1) e (1.23)
where :
o« -)-::(w-) (4.24)

Calculating the product of series in the diagnonal form of Cauchy,
we obtain:

(437 F e - Jam R -

.—. - . .
‘ 0 | s

e ?)-14.-}-{(":") 3 e, € ) ++ “;'
.+_}_{(l+!) gf.donetg.(.)}+...+ h

the fore

(( T a)sr e o Crrtm). ST




This means

e
ol .,_2_03..'&_ : (4.26)

Extracted in (4.25) and (4.26) the functions, of m are
polynomials the powers of which do not exceed the lower index. From
(4.23)-(4.26) follows (4.22). Let us note the formula

AT EE TTINR LT LI
X+ +E58. . (4.27)

: Let us place (4.22) into the basic series (3.9) and change there
; the order of summation. We have

o=t 33 pumer)h (u.28)
or [see (4.21]
e n—?:‘.&.«-)e.y-. - (4.29)

Let us call that in (4.28) and (4.29) Pzn(m) is a polynomial
whose power does not exceed 2n.

Let us turn to summation of expressions (4.29), using results of
paragraph 2 of this section.

5. According to (3.9), (3.13) and (4.28)

i.(»-x{&c.r-&-}gi}‘—‘ wr+
+-,',z"‘*"'§“"““'..,-+gu}n.], (3.30)
: )}

1 1%




where £(n, y) is given by formula (4.29). Since in § 5 concrete
calculations will be made for K(y) from (5.1), then it is convenient
to assume t = 2 (see p. 2). Using formula (4.5)-(4.7), (4.14) and
(4.15) we find: .

2‘¢.r=k(y). 5 ! (4.31)
X.Hma-y.z_;_x.m__;_km (4.32)
) X1

. zu*.w%h’_“.‘-"”‘%‘K:ﬂ")"‘%"q"u’"
- =
~F O+ KO, _ (4.33)
since (for instance, according to the Horner method)

) . mtim=(mtDmt ) (m 4D,
Smt 4 8ae? — 18 — 4dm == (30 - 2) (e 4 1) (3m? — m — 21) -+ 21 (m 4 2).

Substituting (4.31)-(4.33) into (4.30) we get

: c.m-y{xon-:-[-‘rk'.(»— TR0+

+T:'[+K'mm~'§"‘?-.(v)--}-x*o)+.;.§(,)]+.§ !g:..n }
| o (4.30)

Thus for the function

&)= [ K (ya) m, (a) da, (4.35)

where mu(n) is assigned by relations (2.8) and (2.7) and the

nucleus K{ya) is any analytic function, there takes place expansion of
(4,34), absolutely convergent in any case to domain (4.20}. Quantities
eritering into expansion of (4.34) are determined by formulas (2.10),
(4.6), (4.13), (4.29) and (4.31).

Let us emphasize that results of paragraphs 3 and & are accurate
for any function X(6) satisfying the conditions formulated in the
beginning of § 3.
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§ 5. Transparency of Almost Monodispersed System
with FPlxed Mean-Square Radius

Let us assume that K(§) sets by formula (1.2). We have

Koy=1—20 4 1=22¥ . k@ =o. (5.1)
Hence
' S a 4 2) o
Koy= 2 (- rer 553 ﬁ,' (5.2)
This means

vy

0. If m=mP+i

(—-‘)'“-,—;r. if m=Dd.

Considering (4.18), we obtain

W YIS 0)| =2 (5.4)

‘ According to (4.20) and (S5.4) we conclude that the basic series
(3.9) with X(y) from (5.1) absolutely converges in any case with

TIE3AX3 1T N (5.5)

Let us determine now the expansion of transparency gu(g) (1.11)
into series with respect to % whe: ry Fz. For this purpose we place
in series (1.34) .he function (S5.1). We have

RO)=2—-30c008y, K (f)o=2—2c0sly 445 m Yy
KA =Symty + Sy, K;0)=Symaty+ (5.6)
+ 8y coely - 16y s 2y
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Considering formulas (4.13)-(4.15), (4.29) and (5.6), by
inductior we obtalin

a~1

t(a, y)=by, +sin2y Z.Oa-,y“"+cos2y.2.buy". (5.7)
m -

where some of the coefficients can be equal to zero. This means that

bm_"{‘__ -t | I—;;Q.v_._ Boady |
w 0 -
- + —2ydsia? - :
+ - Yely 1:‘1%-2: yt sia 2y +E"‘%‘”‘]' (5.8
’ < amd

where y 1s given by (2.10). This serles absolutely converges 1in .
any case in the deomain (5.5).

Let us introduce the designations:

K. =Ko+ 2D | (5.9)
L " | ‘
' gyt -y Ly -y
K0, 9 = K\ 00, ) 4+ —5 3 ., (5.10)

where K(y) 1s determined by formula (5.1). Then

LN KO &) 1K, (. -‘L &) 21K, {y. ») (8.11)

give a zero, first and second approximation respectively for
transparency at large u, and these formulas have meaning In the reglon

(5.9).

In conclusion let us give the formula for the calculation of
transparency (2.9), accurate at x = 2y (1.5) and u, in the scale (y)
accepted here. We have:
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&) =18,0). tgo 2

\ e ire

W) =1+ — ‘“';"" [Vfﬁcmc»sln((p-i-i’)o)-{-
coc((»~:-l)..)]
1.

+ (5.12)

Obvicusly the region of convergence of series (5.8) corresponds to
kil

|w| < T

§ 6. Transparency of Polydispersional Systems for
DIstrlbutions with a Flxed Mode

Let us take as unity of scale the mode of distributicn of
particles by dimensions. Then in formulas §§ 1 and 2 one should assume

ry=rx, A=p. (6.1)

Relations (2.5) and (2.6) give

olF)=r{1+2+ 14+ 2-

P 4

o8

[(l;&-:—)cosusm ((P+2)¢)+——(—(—“—;M}}, (6.2)

where

Y =2eNr}, tgo=-r. (6.3)

A comparison of formulas (2.9) and (6.2) graphically illustrates
the considerations expressed 1n § 1 with respect to the selection as a
linear scale of the quantity the mean-square radius ry. Indeed the

righct side of (2.9) at x + ~ tends to the general asymptote, the
c-nstant number y not dependent on py. This clrcumstance does not take
place for the right side of (6.2). Moreover, 1t 1s azcurately only
when r, = r,, which directly follows from the general formula (2.5).

The case u >> 1 (the system 1s almost monodispersed) when
rp = 'y is exhausted analogous to case ry =T, (see § 3-5). We have

18
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lu@)::“'[' Eoﬂ(». m)a,y™, (5.4)

where y' is given by (6.3), a_ by (3.8), and a(u, m) by (4.24). The

radius of ccnvergence of power series (6.4) is determined by the
inequali.y

A ' (6.5)

> — *
m ]/ (=) o
-|-lo-n lK (O)I

According to (4.26) and (4.27), formula (6.4) can be rewritten
in the form

) e.(y)=1'{/<(y)+_;—[ K o)+ K m]+

- ) .
Flieo+ Laoteo) S "’} (6.0

Here designations (4.6), (4.13), (6.3) are used, and

A= Y Quimany, (6.7)

where Q2n(m) is a polynomlal whose degree does not exceed 2n. Let us

assume now that K(y) is assigned by formula (5.1). According to
(5.4) and (5.6), in this case we obtain

"(y).=.‘, 1— l!n2y + l-—j;t:l?y + 3—-3co¢2:-.0-2ylln2y + "
2—zcu2y+43.2—,un2y+-"‘—°-y=cu2y—2yahn2y - e
. J e K] + (n, v . (6.8)
P =y l‘.‘

where the indicated expansion 1s accurate in any case 1if

Iyl<4. (6.9)
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and n(n, y) has the form

. a a1
1. y)=sin 2¥,Zcb..-.y”"'+cos 2y E byay* +
- = t=0 .
+Pes(y) (33, B (6.10)

where Pn_3(y) 1s a polynomial whose degree 1is not higher than n — 3.

§ 7. The Bond between Dimensionless Transparencies at
Different Iinear Scales. The case of u Integers

As the model of the 6 -shaped sequence we will, as above, use
totality of gammadistributions with different (see § 1):

f:(r)aaN-,(—'::;n-r"e"' when f,.(a)=Nr3"—r—(9P:_:'—”a‘e“‘. ‘ (7.1)
where
rmary, fo@=rfol), AP (7.2)

Parameter u characterizes the width of the distribution (7.1)
[for instance, by formula (1.7), i.e.,] the degreee of
monodispersiveness of the system; at y + « the system becomes

monodispersed. In turn the parameter g at fixed_width of distribution
s Tg = r, etc.) 1s determined

M
by the magnitude of this scale. Tnus (in § 7 all parameters
dependent on u will be provided by a subscript, for instance:
A =4 ),

M

and selected type of the scale ro(r0 = r

b 1f ryg=ry .
Amiptl, if ryzar (7.3)

and, correspondingly,

Y

- (7.4)
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Let us assume that Bu is secured. Then for any fixed u we have

".Z,.'-ci-.wheres= tc+9¢+0. (7.5)

In (7.3) there are extracted values of A, for cases r, = 1,
r and FQ. Let us designate (see § 1):

Jmtry §=Pr, B=2x(m—1) (7.6)
1=2N7}, 1,=2%Nr. (7.7)

According to (7.5) and (7.6),
-L- - 3.8
-y '; ( )

Quantities 8v#* and g:(v') are invariant with respect to the type
of selected scale ry. We have:

"'--'l;=-:’:. (7.9)
;;(,o)__‘.-‘._‘_”_,.,-'_':_'(_.;_..' (7.10)
4 ]

Let us introduce the dimensionless characteristic of the

transparency
a.--"-_L;%. . o (7.11)

The presence in the denominator Fé and not any other linear scale
ry # F5 1s explalned in that only in this case (see § 1 and 5) there
has place

tm O,=1 (. - random). (7.12)
Pom .
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Formall{ this relation ensues from (5.12), (7.7), (7.10) and
(7.11). Really,

O,v&;"-,--.u(ﬂe‘l'wheny—"w- (7.13)
AR Y O S

L4

Let us establish now the bond between dimensionless transparencies
gv(y) and gu(y) from (7.10). Let us assume that at an arbitrary

linear scale of Ty the following formula i1s accurate

;.(;) -u'.',(%). (7.14)

»

where ’u will be selected from the condition

Hm & (0)=1. (7.15)

g0

Then on the basis of (7.5), (7.7), (7.8), (7.10) and (7.14), we
obtain

. :.o)-fr—'ﬁg—'.({-). | (7.16)

Parameter 'u can be determined in terms of 3, and T, Indeed,
in virtue of (7.13) and (7.15),

wm o2 oy a,(—f.l-)-l. (7.17)

oo ' I A X ]

and therefore

.'.:,:'r...n . (7.18)

or

',-lt_'!éti_‘l fkmd v - random). (7.19)
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Let us sum up. If for arbitrary ry

;.(;)-u'.% (3.;'-) Jim 6, () =1, (7.20)

then Y, is determined by (7.19),

60 =m(). (7.21)
and considering (7.13),
a._..'(,)_c,(-’-‘f- . (7.22)

where su(y) i1s given by (5.12), and N by (7.5).

A comparison of formulas for the transgarenc: of (7.20) and
(7.21) shows how with a change in the typr. of linear scale ry the

variables are expanded (forg of derenaency, of course, is kept). Thus
with transition from ry to r, in virtue of (7.20) and (7.21) or (7.8)

and (7.10):

* (7.23)

In [5] the formula is obtained for calculation of the transparency
of systems with gammadistribution with u integers in the case ro = y'

C 8 (N=2eNA (14 L)1+ )0 () >0
AW=14 |
e [+ ~ (7.20)
o , NN 3 vl
K 4 ol ae P |

This means that in accordance with (7.3) and (7.19) we have

23




bmp, O,=CHDLHD 50, r=r) (7.25)

and according to the transition (7.20)-(7.21), we obtain that at u
integers

6 0)- r‘.(ym) (7.26)

where y is given by (7.7), and eu(x) by (7.24).

In [5] there is also obtalned the formula for transparency when
uwe=0

6(7)=2NPN,25), 40=58L0 (7.27)
This means that in accordance with (7.3) and (7.19) we have:
dg=1, ¥ =2 (p-o. r.-;) (7.28)

and, according to the transition (7.20)-(7.21), we arrive at the
concluaion that formula (7.26) is accurate at y = 0 1if o (x) is taken

from (7.27).
Considering (7.3) and (7.8) we find

,...; >0, ry=ry),
youVTy (=m0 ry=7) (7.29)

Thus when u > 0 (integers) the following formula is accurate

c:(-’)-a-ﬂm(%). (7.30)

whore 'u(') is calculated with respect to (7.24) if u > 0 and with
respect to (7.27) 1f u = 0.




Formulas (7.26) and (7.30) are convenient during calculation of
the transparency for 'small integers u > 0 (up to u » 10 to 12).

Table 1
s | e
0 0,856 1.2
2 o8| 1.51 .
(] 1,% 1,68
10 1.5 1,78

Examples. In §§ 10 and 11 from [6] there are
extracted values of x“ , ir which the transparency

u
gu(g) attains a maximum value. There for

b= 0r, = r was accepted, and for u, equal to 2, 6,
and 10, r
values

"
0o * Ty Assuming x = 2y [see (1.9)] we find

- (7.31)

in which gu(y) 1s maximum (Table 1). Let us note that as follows
from Table 1 [6], the transparency g:(v') with u equal to 0, 2, and §

has a single maximum, When u = 10 there exists still a second
maximum of transparency (see Table 4). This maximum is considerably
weaker and is not considered here.

According to (7.29), y = yn » in which gu(y) is maximum, are

found by formulas:

u
Ye:Derhy >0
I=VTy, =0 (7.32)

’n."'

In Table 1 there are given va l ue s ;h and Yy with u equal to 0,
v ¥

2, 6, and 10,

Thus we converted to the general lincar scale rp " FZ’ accepted
for variable y [see (7.6)]). Let us note that on the basis (7.3) and

(7.4),

mlr<n (8, is fixed). (7.33)

Therefore, in virtue of (7.9) these inequrlities are accurate

- - (7- 3“)
’M" < You? <’o.-"r. .

Here there are extracted values of y at various scales of Ty
corresponding to the same wave number v®,

L
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§ 8. Spectral Transmittance of Polydlspersional
Systems with Different Width of Distribution

For an illustration of obtalned formulas there were calculated f
curves of spectral transmittance of different polydispersional systems i
(Figs. 1-6). The curves are plotted in dimensionless variables. Along :
the axis of the abscissas 1s plotted the magnitude

T A T (8.1)

where

rE_L Y S V- § (8.2)

and along the axis of the ordinates

2 () :
= (8.3)

0,=

On every figure there is given few curves of Gu, where

designations of curves I-IV on all figures have identical meaning.
These curves are calculated by the Jormulas (5.1), (5.9), (5.10) and
(5.12) respectively. Curves I, II, III signify, correspondingly the
zgero, first and second approximatior of transparency at large

u (see § 5). Curve 1V describes the exact movement of the transparency
of the system.

In Table 2, proceeding from calculations of the curves depicted
in Pigs. 1-6, for the set .,

w = 10, 20, 30, 50, 100 and 400 (8.4)

there are estimated the quantities Yor V3 and P determining the

limiting values of y for the corresponding approximation (at maximum
permisaidble adbsolute deviation from the exact curve not exceeding 10%).

The relative width of the considered distributions ac (1.7) is given
in Table 3.

Let us note that Table 2 does not completely reflect the degree
of proximity of considered approximations to the exact transparency.
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In virtue of the selection of the scale r, = Fz, transparencies su(y)

at all u ‘including when u = =) have a general asymptote when y =+ =,
Theref.ore, zerc approximation
7Table 2 Ky) =G_ = & (y) 1s naturally, close

to G = 3u(y) at large y. If K(y) at
s ¢ 8§tol0 differs from su(y) by not more

-,

=
b
>
b

» 17 Y 3.0 than 10f (this takes place from thne
-1 u 3.6 83 general considerations for sufficiently
] 4.9 67 69 large u), then at all other y good

, = ;33 >g: 1.8 coinciderce of ¢ (y) and K(y) s

ensured. Therefore, for instance, in
Tavle 2 Yo > Ny with ¢, equal to 100,

At the same time the first and second approximations considerably
better than the zero describe the transparency su(y) Jn the most

important section of the change in frequerncles corresponding to small
y(C <y 2 8 to 10) (see Figs 1-t).

Tadle 3

’ e u, O, Ya, G,
¢ ™Y X 1.12 - -
2 1,754 1.5 K] - -
] 1.3 V.58 .3 -\ -
W . ™ Lm - ] — -
6,555 .. 1.4 an 0.98

‘ﬁﬂ 1.8 1.50 gn 0.02

0, 1,96 1. B 0 98

ol 0. 28 2.00 1.9 N 0.83
" 0.1 2.04 1.9 n o.N
® . 2.08 1.5 3.0 or

It is necegsary to note that the seconc spproximation does not
give considerable improvement of the result as compared to the first,
and at v 2 10J the first approximation practically quite accurately

presents the transparency for all c¢insidered range of values of
y. Therafore, curve III in Figs, 5 and ¢ is not deplcted,

In Table & for the set u (2,4} accurate values of transpareniles
are calculated [see (7.22)]

ai".iﬁna (8.5)

where bu(y) is given by (5.12). As follows from results of ¥ 7
(transition (7.20)-(7.21)] the foliowing formula is accurate

S0~ (i) (8.6)
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Fig. 7. Accurate transparency for the set u.
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allowing to pass from tie transparency .btained with the arbitrary
type of the linear scale g to the transpgarency in the scale

ro ™ FZ and inversely. An example in this case can be the transition
with integers p > 0 from (7.24) and (7.27) to (7.26).

Table 4.
y 0 () () () y tu(y) pmm o (y)
05 | 0,30 0218 | 0,209 0,5 | 0,258 024 | 0184 .
1,0 | 9933 | o868 0,852 1.0 | 0,83 0.768 | 0,806
15 | 1.3 1,351 1,363 1.5 | 1,356 .37 | 1413
20 | 1.3 1.455 1,495 2,0 | 1.5% 1,558 1581
28 | 1,218 1.283 1,318 25 | 1.3% 1388 1,458
30 ! 1,084 1.076 1.076 30 | 107 100 | 10165
35 | o2 0,972 0,940 35 | 0808 0864 | 069
40 | 1009 0,970 | 0,940 40 | 0901 088 | 03810
.48 | 1002 | 1o 0,999 45 | 095 098 | 0045 .
50 | 1015 1,026 1,042 5.0 | 1.066 e | tes
55 | 1,06 1,029 1,045 5.5 | 1.074 1'ne | thm \
60 | tols 1,02 1,028 60 | 1056 1,050 | 1,076 )
65 | to13 1.014 1012 6.5 | 1.001 0983 | 095
7.0 | 1on 1.010 1.004 7:0 | 0988 0956 | 0894
7.5 | 1009 1,008 1,004 7.5 | 0,996 0.9%1 | 0,962
80 [ 1008 | 1007 1.006 80 | 1.008 1,020 | 10t
85 | 1.007 1,007 1,007 85 | 1013 1,035 | 1086
90 | 1.006 1,006 1,007 9.0 | tol 1,027 -| 1,069
. 9.5 | 1006 1,006 1,006 95 | 1.007 17003 | 0981 ..
1000 | 1005 1.005 1,005 100 | 1004 1,002 | 0950 ,
y ¥ (y) | Qo y) | Y0 (¥)
, 10,5 1,003 | 0,995 | 0,960 .
11,0 1,003 | 1003 | 1,000 .
15 1,004 | 1008 | 1,043 :
120 | t00¢ | 1008 | :i03
, 12,5 1.004 1.005 | 1.006 . ¢
130 1.003 | 1002 | olom
135 1,003 | 1000 | 0978 - oo
v ' 14,0 | 1.002 | 1003 | 0999 P
148 102 | 1003 | 102 SO
. . 15,0 1,002 | 1003 | 1024 Y
- J

Figure 7 gives curves of exact transparencies for the set u (8.4)
and y = » [monodispersed case, see (8.9)]. From the figure one can
see how with the growth of u and corresponding narrowing of the width
nf distribution Ae components of the spectral structure become nore
distinct, there appears even more wave3 on the curve of transparency.

In the examples considered on the conversion of spectral
tranemittance, [6] for a description of the right segment of curve
Gp we used the assumption on the monotonous decrease in g*(v*) for

the first maximum. From Fig. 7 one can see that when u < 20, in
virtue of the stability of the calculation scheme, 1t is practically
possible to consider that this takes place. Data cf aerologic
investigations show that distributions of radii of particles of
natural clouds and fogs are usually described when y < 20, This
means that examples of the analysls of the transparency given in (6]
are typlcal.

FTD-M?-67-19
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At the same time the calculation scheme from [6] permits not
only determining the spectrum of particles in the case of multimodal
transparency but also using there appendices of the functio.

w(y), wo(y) and w2(y) in Table 1. The tables shown are calculated

rfor the scale

r..—-i“T-' (8'7)

where t* is the range of the change in wave numbers v¥, If 1% is
great, then ro is small, and it is necessary to take large a in the;

formula

r=ar,, (8.8)

in order to calculate the spectrum of particles f¥*(r) in the needed
interval cf dimensious. This means that for large t* of Table 1 the
appendices from [6], possibly, must be continued for the large
interval of values & as compared to the interval considered there.

' *F. ’lp
20 3p0r

b

Il 1 i ] -
3 N (] i ()
Fig. 8. Abscissas of first maxima and miaima
of transparencies.

0 1 2 3 * 5

5uuw

Fig. 9. Ordinates of first maxima and minina
of transparencies.

Table 3 gives values yM and Ym in which Gu attains,

M M
correspondingly, the first maximum and first minimum (if it exists)
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calculations. The clea» minimum 3u(y) is observed when u > 10, The

Gy and G . Tr.e limiting case u = «(Ae = 0) corresponds to
o

u
monodispersivenec: of the system of particles where obviously,

a,. =Ky, (8.9)

where K(y) is given by (1.2). The other limiting case u = 0(Ae = = )
corresponds to the widest distribution in the accepted family of models
of spectra of particles. !

Figures 8 and 9 show, correspondingly the movement of the
dependence of yM s Yy and GM R Gm on u. The scale along the axis of

u U M M
the abscissas in Figs. 8 and 9 is accepted for convenience of the image

logarithmic. Let us note that extrema Gu = $u(y) are very smooth, and

therefore their reliable determination requires very exact

position of abscissas of the first minima su(y) is almost not changed
with the growth in u -~ all Y, are concentrated in the narrow interval
3.7 <y < 3.8, u

Figures 8 and 9 illustrate the character of the change of
transparency with gradual transition from the polydispersicnal system
of particles to the monodlspersed with a decrease in the width of the

distrivuvion of the model.
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