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FOREWARD

The work at hapd concerns classification of geogFaph-
ical map proﬁections and is an edited though still quite
.'literal‘ translation of Min.-Rat. Prof. Dr. iians Maurer's
"Ebene Kugelbilder -- Ein Linnesches System der Kértenent-
- wurfe," Petermanns Mitteiluﬁggn, Ergangungsheft Nr. 221,
Goth, 1935. The editing has consisted principaily of
putting text, maps, tables and chart; into a format that'
could be accomodated in a vehicle of publications to |
whiéh'such advantages as, multi-color representation and
" fold-outs are denied. The literalness of the translation"
will be apparent immediately, but hopefully not paiﬁrully,
to all but those totally untuﬁored in ﬁatperé'of cartog-
rappy.' Instead'or finding such ramiliar.terms as "con-
formality" and "equ;valénce", one willlsee instead
"ahape-trde" and “areaftrue", respectively. Other liter-
alisms also have been permitted to exist. :

! Maurer's paper was written during the 1930's, a
period when Germans were attempting to fpurify" end
"germanize" -- among other things -- their lénguAge.

Our translator, Peter Ludwig, has attempted, as noted
above, to render nothing more than a'"direct",'rather
literal translation. Thus, the Latin and Greek deriv-
atiVe.specialized terms usually used are often avoided.
Cartographers will notice this as socn as they see the
names for the classification categories. But Herr Maurer
laid great store by his germani;ations and madé'fine

disfinctions among various properties with them. See




his remarks about this matfer on page 13. Herr Maurer's"
1ist of “germanizations" has been rearranged so as to
aid the reader of thia.translation. (See p. 188)
Mathematical expressions that have been "lifted"
.fronithe text have no change except for the German
decimal-comma, which has been changed to decimal-
point. In tables.tﬁat have be?n reproducéd directly,
however, thé decimal-comma stands. These and other.
differences in aynbols and punctuation ahould cause
1ittle dirrigulty, however. : ,
Classification in a discipline is, of couhsé, not
an end, but rather the means to an end. Sucéeab, however,
can be denied unmitigatedly, to those who labor thh
inadequate or confused classiiications. To geégraphers
who would study the reasons for various spatial patterns
ot phenomena on the earth's surface the map 13 at once
a means of storing 1nrormation, experimenting with 1t
lolvins various spatial-type problems, and presenting
certain results of analysis and synthesis, The.need,
therefore, to delineate and group map projections for
various purposes according to varioﬁs characteristics
-se;ns selr-evideﬁt. : T = ;
| ‘Perhaps it will not be overly repetitious to note
yet another time that the earth}s surface when regarded
as the surface of a sphere 1is nof developable to the
plane. It cannot be spread out in a plane without
ltretching, overlapping or tearing. Even for'an infin-

1tesimal element of area on the earth's surface, the plane
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map must, in general be distorted eitherfin shape or in.
area (even apart from the scale factor). It may, of
course, be "distorted" 1p both area and shape. If,

: however, within each infinitesimal element of area,
there is no "distortion" of shape, the map is said to be
conformalg If there 18 no distortion of area, the map
is said to be equi-areal or equivalent. This 1s achiev-
able because ;1near scales along orthogonal lines may

be compensated as required.

Equivalence is an overall prOperfy whereéﬁ con;
ropmality can not be becaiuse isometric mapping (1.@.,
everywhere constant linear scale) is noﬁ'achievable.
Whereas every local angle on the.Greenland poastliné
can be preservct, the overall khape can not be. Green-
: land Jqst does -not possess a plane -shape.

Geodésic preservation can be achieved, but only at
the expénse of both equivalence and conformality. It
is possible to preserve conformality and obtain other
additional reatures; however. For example, & rhumb
line whicﬁ is a constant bearing line on the earth's
surface (not generally a great circle) may be shown as
a straight line and with coprormality.prese“vgd.'

The term "distortion" is frequently used in de-
scriptions of properties of map projections. If the
projection is truly a systematic, mathematically defined
one, the term "trapstormatioﬁ" or some such less pejo-
rative notion is preferable. One should not say, for
example, that angles are distorted on ;n equivalent
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map. Angleg are recoveraﬁle ifr tbe.functlon 1s known,

. thpugh.they may not be successfully measured &1rec§;z
~on the map in a manner analogous to that oﬁcthe earth.
‘The key to the matter seems to be that we regard as
"preserved" those properties for which the samé methods
of nogsureﬁent may be employed on both the map and the
earth with identical results and as "distorted" those
for which identical methods produce different results,
requiring thuﬁ, different methods to achieve comparable
values. ’ :
Other matters pertinent to projection:such as the
naturé and location of necessar& 1nterruptions:(whether
of point, line, or area, or in combination).ih mapping
from the closed surface of a sphere to the open surface
--of a plane, singularit}ea, and many.other topics also
.lap.be conbidered.as varying a;pegts of proJectiqns.
It Ean be seen that families of projections may be
' regarded as existing depeﬁding upon which propprty or
groups of properfies'the claasirier'ﬁishes.to consider.
The infinite variety of map projections possible and the
general'lack of mutual exclusiveness of properties (a
notable exceptidn beidg, as noted, cqqrqrmality vérsus
equiyalence) renders the préblem of classification
difficult. In fact, the problem of classification of

map projections can stand as a classic example of the

"taxonomic" difficulties encountered'in constfucting
meaningful classes in general. ?he value of any classi-

fication can be judged only against thé use to which it
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is to be.put. But, since'broJections are defined by

mathematical functions, system can be introduced into"
the classification brocedure.
In "A Classification of Map ProJectioﬁs," Annals

of the Association of American Geographers,” Vol. 52,

- 1962, pp. 167-175, Professor Waldo Tobler (Department

of Geography, University of Michigan) notes that the

'undoubtedly increased use of electronic computérs and

quantitative methods on the part of geographers in the

future will require a more detailed understanding of

- map projections than has been the case befpre this.

Anticipating this need, Tobler, himself, has created
a "parametric" classificetion that provides a simple
direct approach to the problem. It is intermediate

betﬁeen the verbal-desériptive categorizations ordi-

" narily found in geography text books and a truly

geéeneral classification based, for example, o. complex

variables or vectofs, as Tobler notes.' The Tobler -
classification does include the normal cases of all
possible map projections, however. Ih essence Tobler's
dlassification explores the possibilities for mapping
spherical coordinate systems to plane coordinates when
either or both plane coordinates depend upon either or :
both spherical coordinates according to varioug functions.
'The,rigure, from the Tobler article, reproduced

below neatly summarizes his system.
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RECTANGULAR COORDINATES POLAR COORDINATES

Fic. 1. Schematic illustration of map projections
in the classificatory system. The diagrams do not rep-
resout any srcclﬂc projections hut are fndications of
tho possible form of the lines of latitude and longitude
on the map. In category A both families of para-
metric lines may be variably spaced curves. In cate-

ory B tho meridians may he vardably spaced straight

s (parallel or radiating, depending on the co-
ordinatcs employed). The paralicls may be variably
spaced curves of highly variable curvature. Category
C ix similar to category B except that the role of the
meridians and parallels are interchanged; the parallels
In polar cvordinates are circles of course, The forms
of category D are fumiliar; the spacing illustrated is
more variable than that usually encountered, however. . -
Interruption, similar to that on conie projections, and
truncation have not been illustrated but also arc pos-
sible. Tho diagrams all refer to the normal cases of
the projections.

Of considerable importance is the fact that the
system includes various new "relative" mappingé 80
lgch appreci;fed by theoretical geogrgﬁhers wherin
’ _“distance" 1is measured in time » cost, effort, or ;I.n. s
other pertinent terms.
As we continue our studies of the role of distance
as & dimension of socliety, we are constantly reminded
that ;ts importance is to be judged not in physical
units of lengih alone, but rather in terms of "cost

distances", "time distances" and the like. We are in-
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. formed of the concept of the elastic mile. The straight
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line distance over the earth's surface is not, we aret

told, to be regarded necessarily, as the effective dis-

'tance separating places. Rather, circuitous land routings

bétween places, for example; may, within limits, prove

" more economical if intervening difficult terrain and the

high cost of traversing 1£ can thus be avoidedg Then,
too, the favorable ratio of water transport rates to
land transport rates frequently occasion a willingness

to add substantial amounts tuo the geographical distance

" involved, the result being signifiéant’economic gain. .

. To man, operational épace on the earth's surface
1s‘ﬁot at any one moment to be conceived as representing

a single geometric unity. For example, many conceptual

. surfaces may be regarded as overlying the physical surface

of the'garth, each such conceptual surface. being defined

operationally in its appropriate terms. Such surfaces

co-exist but do not coincide. Their reconciliations
present problems of major significance to planners and
modern scholars of society. One man's geodeéics'are
another man's crooked lines, just as one man's data
are'anothgr man's trivia.

_ The Tobler system is general enough to include
certain "empirical" projections as well. In his paper,
howe%er,'Tobler mentions specifically, as examples,
only a few "named" projections, his emphasis being,
and rightly so, on the development of the system .and

presenting it before any exhaustive applicatioﬁ to all
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of past cartographic history was made. Others who

recently have concentrated as well on the development

of claeeiricaticn systems without extensive applications

" 4nclude L.P. Lee in "The Nomenclature and Classification

of Map Projections," Empire Survey Review, Vol. 7, 1944,

" - pp. 190-200 and B. qouccinky,in "On the Classification

of Map Projections," in Vol. 11, 1951 of the same journal,

pP. 75-=79.

.Indeed, in the English Language, no cinsle work
exilte that can be regarded as at once a detailed catalogue
of named projections and an 1nccrporation-of aspects of
cartographic history according to eyetematic principles.
The British National Committee for Geography of The

Royal Society have issued a “Gloesar9~or Technical Terms

4n cartography," London, 1966 containing in Appendix I

alphabetized listing and very brief verbal descriptions

'or about 170 named projections. They have 1nd1cated the

number assigned to a projection in the Maurer catalogue
where that is pertinent. The British lieting is not as '
inelusive as the Maurer catalogue for entries until 1935’:
but does include more recent ones and is valuable in v
that respect. '

In order to help f1l1 this serious gap in the liter-

_ature for English speaking geographic and cartographic

students the following rendition of Maurer's work is
offered. It is hoped that this entry in the Harvard
__gers in Theoretical Geography will provide not- only |

a source of valuable information to eetablished scholars
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but especially that it will also provide an introduction.

' to.the nature of map projections, the history of cartog-

raphy, and the essence and problems of classification of

projections for beginning graduate students

William Warntz
Professor of Theoretical Geography
and Regional Planning

Harvard University
Cambridge, Massachusetts

19 August 1968
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SECTION I: INTRODUCTION 7 -

Prefatory Remarks

' The purpose of this paper is to bring better order and .
clarity into the diversity of the various systems of map
projection. The projections will be ordered according to
stems, classes, familiee, etc., in which various common
attributes are to be seen. The first classical example of
such an attempt at classification was in another area of
very intricate diversity, the systeﬁ of classification in
the world of plants and animals, as drawn up by Linne. Then
came other systems of classification, according to other
criteria, such as the clasgical system of climate grouping
drawn up by Koppen.

Now, of course, map projections are not an assortment
of phenomena offered by nature, but rather they have been
thought up by human beings and can be multiplied at a quite
arbitrary rate. Nevertheless, even for these one can find
principle criteria, which can bring too often missed. order
.and clarity to the field of cartography. It is most necessary
that the characteristics, which are supposed to be peculiar
to the various groups and which belong to the terminology of
cartography, be uniformly, clearly and consistently established
Until now, this has been missing to an alarming extent in the
development of this science. There have even been well-known
cartographers who have taken the position that truly sharp,
consistent and concise definition of the criteria for map pro-
" jJection is not necessary, since any conflicts because of in-
exact definition would be made hardly recognizabie in the types
of projection found in the geographical atlases. On the other
hand, this paper will defend the position which I have made
known in the past: '




by

"The above mentioned view, which is the source of the chaos -
in the system of designation in cartography, is in my opinion
completely uncalled for. Theoretical cartographj, the tﬁeo:y
in respect to illustration of the carth's surface on plane
surfaces, is fundamentally a mathematical science and cannot
do without clear basic terminology. One does not need to
become entangled in mathematical sophistries, but inexacti-
tude does not need to have such free reign that even in the
best texts one cannot tell what is meant by the various
illustrations." On the other side, many people have regret-
ted the present chaos; as evidence of this I shall confine
myself to repeating the statement of Eckert! in his great
work "The Science of Cartography" ("Die Kartenwissenschaft"):
"In the nomenclature of préjections there reigns a muddled-
ness which is not to be found in any other branch of geography."
Giving names obviously has the purpose -.or, at least, should
have - of making clear the particular characteristics of
known things. Therefore I have attempted, not only to clas-
sify projections in one large system, but for the projections
themselves, to suggest and to use appropriate German terms
for their particular characteristics and for any other desig-
‘nations which arise in the field of cartography.

I made known the principal features of the system many
years égo in a lecture to cartographers of Berlin, but it is °
only in retirement that I have found time to work it out quite
thoroughly. The careful reader will discover at appropriate

places in this paper, now and then with surprise, that this

‘systematically comparing research of the types of projection

will lead to the tracing down and the correction of a great
number of blunders and errors in the text books of our field.
The reader will find in my system many types of projection
which I have added, aside from those known from our text books
and which I name with reference to their sources. I must,

in this respect, ward off the likely reproach that I have
suggested a huge number of useless projections. The numbers




of the tables of the system are in general not proposals
for atlases, but rather they have been set up for the com-
pletion, for the elucidation of the relationships between
other types of illustration, or for the explanation of the
congolidation of some characteristics into one projection,
This is true for practically the whole Stem IV of system
tables and for the system numbers 30 - 33, 35, 36, 41, 42,
54 - 58, 60 - 62, 74 - 76, 80, 96 - 99, 101 - 106, 157, 162,
164, 165, 168, 195. Another group presents genéralizations
and different, justified special cases in respect to projec-
tions in the text books; this is true of system numbers 5,
17, 19, 20, 43, 86, 110, 113, 115 - 117, 119, 121 - 124,
126, 127, 130, 138 - 140, 142, 144, 145, 147, 148, 150,

Smeesr—e e e

.151, 171, And only those numbers which I have entered under

my own name in the "Index of Types of Projéction" ("Verzeich-
nis von Entwurfsarten") can be considered as proposed pro-
jections, which come into question for special designs.

_Illustrations from only a small part of the many pro-
jebtiqns are included in.this paper, although, as far as
well-known. types of projection are concerned, they are re-
ferred to in the column labeled literature in the system
tables; especially those with the designation F refer to
the number of the figure in the "Manual of Map Projection"
("Leitfaden der Kartenentwurfslehre") by ZGppfitz - Bludau,
Leipzig and Berlin, 1912,

" The Map Grids as Characteristic of the Projections

First of all, one must decide just which clearly de-
fineable characteristics of map projections are to form the
foundation of their classification. If we understand a map
of the world to be a two dimensional picture of the earth's
surface, then the map must be of such a likeness, that every
single point of the earth's surface be recognizeable. For . ]




this, we need a system of coordinates on the earth itself,
according to which we can indicate the original point and

a system of coordinateg on the map, thus enabling ourselves
to locate the illustration in relationship to the illustrated.
Thus the science of cartography becomes the science of the
relationships between a grid of coordinates on the earth and
a cdrrespondinq grid of coordinates in the various possible
two-dimensional representations. We want to perceive the
original, which is to be represented, as always lying on a
globe, the radius of which is equal to .the unit‘of length;

in other words, we want to consider - or, to be more exact,
to assume - that a picture of the earth has first been pro-
jected onto the above mentioned uniform globe, and then that
the map projection represents this picture in two dimensions.
What we see, then, as characteristic of a map- projection,

18 ite grid of coordinates, which is the likeness of a grid
of eircles on the uniform globe, A

Now, the grid of meridians and parallels of latitude
is the usual grid on the uniform globe; its illustration is
supposed to be called the polar grid. But since all points

and all great circles of the globe, in view of their geo-

metric traits, are completely equal, we can instead of the
meridians and parallels of latitude - that is to say, the
great circles which cut through the poles and the secondary
circles which cut through these great circles - choose just
as well a similar grid of prime and secondary circles of two
other arbitrary antipodal points. We have at our disposal

-on the globe so infinitely many coordinate grids of the exact

same shape. In a given two dimensional representation, how-
ever, the likenesses of all these grids are by no means of
the eiact same configuration and they show definitely dis-
gsimilar éeometric characteristics. Of course, there are
special characteristics, which, independent of the coordinate
grid drawn into the map, apply to every point or every piece
of area of the map and can serve as distinguishing mark of




the particular type of representation.: Such characteristics
will be defined by means of differential equations, which are
valid for the whole map. . Thus it happens in fact for the _
valuable attributes of true-shape (Winkeltreue or conformality,
tr.), on the one hand, and true-area (Fl&chentreue or
equivalence) on the other. As a matter of fact, the mathe-

matician tends to include all conformal and all true-area pro-

jections in one main group. In cartography, however, one has
not done this, and no doubt corréctly, precisely because the
third main group of the neither true-shape nor true-area pro-
jections consists of such a great number, which have to be ’
classified ‘according to completely different viewpoints. But
it is above all these dissimilar forms of grids, whose par-
ticular properties are ascertained by means of differential
equations, which are connected with the just mentioned group.
For this reason one prefers laws of classification, accord-
ing. to which the similarity among the principle forms of grids,
stands out clearly and graphically. Therefore, we also use
true-shape and true-area, not as the marks of the principle
families of the system, but rather only for the smaller sub-
divisions., Yet we must then relate in general the charac-
terizing attributes of a projection to a particular grid of
coordinates. Thus, our system of map projections becomes

the same as a system of map grids.

According to the rules, one will have the polar grid con-
sidered as the grid of a projection, if another grid of prime-
and secondary-circles of the globe does not produce essentially .
greater geometric simplicity. One must maintain the polar .
grid as the distinguishing grid, however, particularly in
the event that the polar grid is involved in the meaning and
use of the map. This is, for example, the case with respect
to true-course (Loxodromen) maps, on which the lines of course
remain the same, or with respect to equal-azimuth maps, on
which the lines are straight lines. For the terms course and
asimuth are connected inseparably with the meridians. €ince




our system is to have general epplication, ho&ever; we may
not fix the polar grid as the only valid grid for projee;
tion, but rather we mdst define as applicable the circle
grid with two definite, although arbitrarily chosen, anti-
podal points of the globe; for the time being this grid will
be considered the basic grid of this plan,

" The Grid Lines

We shall employ, then, two hosts of circles as coordinate
grid of the globe, to be more exact, the prime circlés,
great circle halves, which.have two points on a diameter of
the globe in common, and the secondary ecircles, full cireles‘
which intersect all these principle circles perpendicularly,
The two points which are common to all prime circles are
called the prime global points, and the connectlng straight
line, the prime axis. We consider the degree marking for the
prime circles determined in this manner: A distribution of
degrees runs in both directions from a central prime eirecle

around the prime pointsas center, and each prime circle’ is

designated by the angle X (between -7 and +mu), i.e., the angle
formed by each prime circle with the central prime eircle.

The largest secondary circle is called the basie circlem
The degree marking of the secondary circles is given by means
of a distribution of angles formed with the principle circles,

which runs, either in both directions from the basic circle

as ¢ up to h/z to the prime points, or from one prime point,
the basic point as § from 0 up to n to the other prime point.
Each secondary circle is designated by the value ¢ or §,

which applies for the point of intersection with the prime
circles.

The prime and secondary circles are considered as set
off by equally spaced values of A and ¢ (and/or &), 'a grid

SR




of these curves thereby resulting. Between each two prime
circles of the grid lies a cell(Fach) (principle circle -

intersection), and between each two neighboring secondary

circles lies a zone of. the grid.

_ In the representation of this globe grid, of this map
grid, the representations of prime circles are called prime
lines (Hauptlinien) (abbreviation: H); the pictures of the
secondary circles are called aeabndary lines (Nebenlinien)
(abbreviation: N). The terms celland zone are also valid in
the same sense for the map grid. If the uniform division of
a grid line on the globe corresponds with a uniform division
of the line as illustrated, then this is considered equally-
'd§vidcd (Gleichteilig or uniform) . .

Abgolute dimensions on a map are of <onsequence for .
the types of representation and their rules only when the
projection is supposed to be true-area or distance-interval-
true (Abstandstreue or equidistant). As already mentioned,
we assume that the radius of the globe which is to be il-
lustrated represents the unit of length. True-area means,
.than, that all units of area in the picture cerrespond with
the area in the original picture on the uniform giobe.
Distance-interval-true means for a pair of map points that
the shortest distance between them (geradliniger Abstand)
is exactly corresponding to the length of that arc of the
great circle, as it is between its two original points on the !
globe. Such accuracy with respect to distance interval cannot
‘possibly be fulfilled for all pairs of points on a map. One
must therefore qualify explicitly, when one ealls a whole
projection trus with respect to distance interval. By such
projections we mean those on which the N are either equal-
centered (concentric) circles or parallel curves, and the
intervals between the circles or the parallel curves cor-
respond to the intervals of the great circle arcs between
the original secondary circles on the globe. Such a projection
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is called central-interval-true (mittabstandtreu), if there -
is a point on the map from which the intervals between all .
other map points can be reproduced on an accurate scale; if
such a point is missing,.then the projéction with interval
accuracy is eirecle-interval-true (kreisabstandstreu).

o

.~ The Grid Coordinates

The illustration is mathematically determined, if the
two coordinates of each point of the illustration, which
serve either as polar coordinates r, a or rectangular'
coordinates x,y*), are given as functions of the two original
illustration coordinates X and § (or ¢). In general, two -
representation-equations (Abbildungs-Gleichungen) (abbreviation:
Gl.,) serve here. According to these equations, a point on:
the surface of the map does not always have to correspond to
a point on the globe, and vice versa. It does happen often,
however, that one or two particular points of the globe are
represented on the two dimensional surface by a line which
can be the infinitely distant straight liné. Furthermore,
it can occur that according to the representation-equation,
not only one, but several likenesses of the surface of the
globe are precduced on the two dimensional representation.
This can be related for example with the fact that each global
point [A;¢] also can be considered as [(A + 2n7): (¢ + 2mw)])
or [(A + (2n + 1)7w; ((2m + 1)7w - ¢]) where m and n are whole
numbers and quite different coordinate values and points on
the two dimensional representation can correspond to the
vérious global coordinates. Inversely, it is also possible '
that two or more different global points correspond with one
point on the two dimensional representation, so that the

*Note: "We chose the x-axis in the direction of the straight
line representing central H, the perpendicular to that the
y-axis, in accofdance with the papers of Tiisot-Hammer and
Bourgeois-Flirtwingler. Herz and Zoppritz do it the other
way around,




same qéction on the plane surface is overlapped by several
sections of the global representation,’ Naturally; one draws
only one of these images on the approrriate section of the
two dimensional illustration.

The Inclination of the Projection

For the type of representation as such, it does not
matter how the global coordinate grid lies in relationship
to the bodies of land and the oceans; but one names the
projection according to ite inelination: '

earth-axiecal (erdachsig), if the prime axis of the
global grid coincides with the .axis of
the earth, :
transverge-axical (querachsic), if the primé axis of
. the global grid is on the plane of the
equator, and
oblique-axical (schiefachsig), if the attitude of the
' prime axis of the global grid corresponds
with neither of the two named above,

With a pblar inclination the grid of prime and secondary lines
coincides with a polar grid, and does not do so with trans-
verse and oblique inclinations. As mentioned above, one may
consider every map, which according to its particular type

of projection produces a grid not corresponding to the polar
grid, as a representation of the polar grid, but just in an-
other manner of préjection. As a rule, however, one chooses,
a map of a particular type of projection, because it sur-
passes another in regularity and simplicity. It serves as

an explanatory example, that with a transverse (orthographic)
projection the N become parallel lines in irregular intervals
and with irregular distribution, and the H are ellipses.

One could consider this map projection a so-called untrue
cyclindrical projection (einen s&ulenkreisigne Entwurf,.or
conventional cylindrical projection) as does, in fact,
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" Tissot-Hammer. In such a case, the grid of prime and secon-

dary circles of an equatorial point corresponds to an
azimuthal projection of greatest uniformity, with straight
true-shape intersecting H and with equally distributed full
circles with the same genter as N, One would designate such
~a map, naturally, as - an equatorial azimuthal projection of

the most simple type, ‘as a perspective represéntation of the
globe, not as a projection on a cylinder according to its
polar grid; in the latter case, it would be awkward and
unclear to indicate how the representation could be.produced
on that cylinder, the axis of which is the same as the globe's,
and the radius of which could be arbitrary.

The designations earth-axical (erdachsigqg), transverse-
axical (querachsig) and obliqae-axicaz are to be recommended
over others used, since they show just what is meant and
cannot be misunderstood, as is the case with respec: to most
other terms used in the place of these., Some of. these other

terms are:

for earth-azical: Perpendicular, pole-oriented, pole-
axical, right-axical, polar-projection, equator-
projection (normal, polstdndig, polachsig, . '
rechtachsig, Polar-Projection, unator-Projection);

‘for transverse-axical: transversal, equator-oriented,
equator-exical, meridian-projection, equator-
projection (transversal, &quatorstandig, &quator-

. achsig, Meridian-Projection, Kquatorial-Projgktion);

for oblique-axzical: horizontal, zenithal, inter-oriented,
slanting-axical, Meridian-projection, transversal,
transverse-axical (horizontal, zenital, zwischen-
standig, schridgachsig, Meridian-Projektion,
transversal, querachsigqg).

It is obvious, that one will only with difficulty under-
stand the difference between equator- and equatorial-projection.
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It is a doubtful matter, when the designations meridian-
projeétion and tra«sversal apply also for the oblique-axical
projections in the pamphlet by Graf-Groll® published for a
wider circle of readers,'and when E, Hammer " labels oblique-
axical projections also as transverse-axical, just because
in both of them a coordinate-axis lies across, i.e., perpen-
dicular to, the straight central-meridian (geradlinigen
Mittelmeridian). The word azis in the term transverse-
axical means something completely different from what it
means in the word "oblique-axical" as used by Hammer. 1In
view of the unsuitableness of other terms, I call attention
to my earlier statements ® and confine myself here to the
following sentences:

If the axis of the projection is perpendicular (normal)
to the axis of the earth, then the projection is not called
perpendicular, but transversal, although a transversal
really does not need to run perpendicular to that straight
line which it is supposed to intersect. If the axis of a
projection is not perpendicular to the axis of the earth,
but intersects it, then one calls the projection perpendicular,
It is called zenithal or horizontal, if the axis of the pro-
jection passes through the zenith of a point of the earth or
stands perpendicular on its hoérizon; but is should not be
called horizontal or zenithal, if that point of the earth
falls on the equator or on a pole of the earth, as though
such points had no zenith and no horizon. A cylindrical pro-
jection should be called equator-oriented, if the cylinder
used does not stand on the equator, and equator- axzcal '
if the axis of the projection is not the axis of the equator-
circle, i.e. the axis of the earth, but rather any diameter
of the equator. A perspective projection should be called a
meridian-projection, if the eyelevel meets the level of the
equator, but equator-projection when the eyelevel meets the
axis of the earth

-
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All these remarks show how easy it is to misunderstand
most terms other than the designations earth-axical, transverse-

axical and oblique-axical,

The Grid Lines as Basis for Classification

For classifying, our system of map projections uses
mainly the most important properties of the H- and N-lines of
the particular projections as characteristics of families,
orders, classes, etc., The N and H play a role in our system
similar to the stamens and pistils in the classification
of flowering plants in Linné'ssystem. The setting up of such
a system has not only the advantage that one can get a clear
idea about the usefulness of the various projections and
about how they are more or less related to each other. - Most
important, it forces one to sharply define the-distinguishing
properties and to thereby combat the chaos in the basic
terminology of the field of map projection. This extremely
depiorable chaos has resulted from the various authors who
often use the same designation for competely different concepts
or even contradict themselves with their own definitions.

My countless attempts to establish consistent and uniform de-
finitions were not mathematical hair splitting with which
geography need not meddle, but rather a challenge which
every science must meet if it does not want to degenerate.

The system, including the detailed examples of projec- .
tions, has been carried through so that it can provide for
the locating of particular map projections according to their
properties, just as a guide to flora facilitates plant clas-
sification. It is assumed that the exact description of
these particular projections is for the most part known;
otherwise, one may use the bibliography given at the end of
this paper for investigating. There are also numerous biblio-

graphical references in the systems tables.
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" The Designations for the Properties of Projecti

- German terms were used for these designations wherever
possible, and germanizations for many of the foreign terms
have been'suggested. (An alphabetical index of these german-
izations is appended on page 188 .) The justification for
such germanizing is found not only in the self-evident en-
deavor to write German wherever possible, but also because
occasionally various authors use the same word of foreign
origin for different meanings, because for any one concept
several designations of foreign origin exist, or finally
because it is natural to w%sh to find a more appropriate
term thaén the completely misleading or meaningless designa- -
tion of foreign origin. The faultiness of the terms "normal,
transversal, horizontal," etc., for the orientation of the
projections has already been discussed. The rémaining terms
and designation will now be more exactly clarified, as they
appear on the basis of the system 6f the great system tables.

The Families (Stamme) of the System)

Both families I and II have the property of being
centrdlly eircular (Mittelkreisigkeit or axial) in common.
A projection is centrally circular when all its N are cen-

ter-equal (concentric) circumferences, -whereby circumferences

can be not only understood as circle-arcs and full circles,

-but also as the border cases, point and straight line. I

used to use the term "axial" for centrally-circular, but
prefer the approériate German term "centrally circular."

The mathematical equation for it is r = F(9) independent

of A, when r means the radius of N. If S, the midpoint of
the center-équal circumference lies in infinity, then all N
are genuine curved circumferences and do not degenerate

into straight lines. Such projections make up the Family"

I denote with the designation "true-circular," If S is
infinitely distant then all N become parallel straight lines,

13
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Such projections are called cylindcr-c{rcular (saulenkreisig
or conventional cylinder). For their mathematical reproducﬁion
rectangular coordinates are advised, where s = F( ¢) indepen-
dent of A, With almost all cylinder-circular projections,

the base-liqes X =¢ = 0 as well as the mid-H, which is re-
produced as a straight line, show up as symmetry-line of the
gfid (even if this is actually not unavoidable; c.f., no. 197,
198, 207-216, 224 of the system), One can imagine such a pro-
jection drawn on a straight circle-cylinder (Kreiszylinder),

a cylinder (Saule), the axis of which is parallel to the prime
axis of the globe and to the above mentioned mid-H, while the
straight N intersects cylinder circumferences. The designa-:
tion "cvlinder-circular" is hereby justified. 1In the litera-
ture these cylinder-circular projections are usually called
true- and untrue-cylindrical projections (echte and unechte
Zylinderprojektionen or conventional cylindrical). While
cylinder-circular projection, which do without one or both of
the above mentioned symmetries, have only theoretical value
but no practical value, the cylinder-circular projections,
which have this double-symmetry, play an important role.

They represent Family II of our system,

The double~symmetry, which is characteristic of Family
II and is missing in Family I, is also possible, when the N
are not parallel straight'lines, but, rather, curved lines,
All projections of this nature are included in Family III.
Families I and II, then, are both centrally-circular which
Family III is not; and Family II and Family III are both -
double-symmetrical, which Family I is not. Our three most

important families, then, are:

Family I: True-circular. All N are center-equal
circumferences with micépoints in infinity. The
projections are not double-symmetrical, because
they are not symmetrical to the base-line., If
all the N are full circles, the projection is
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called radial-circular (radkreisig or azimuthal);
if all the N are not full circles, the projection.
is called "conical-circular" (kegelkreisig or
conventional cénical).

Pamily II: Straight-symmetrical. All N are parallel
straight lines, and the grid symmetrical to the
base-line ¢ = 0, as well as to the mid-H A = 0.

Family III: Curved-symmetrical (Krummspiegelig).

- The grid is symmetrical to the base-line ¢ = 0
as well as to the mid-H A = 0; The N are, howeyer,
not pargllel straight lines. .

Pamily IV: consists of the less regular projections,
which are neither centrally-circular (mittkreisig '
or achsial) nor double-symmetrical. The uniformity
of these grids is mostly limited to symmelry to
one straight-line mid-H. They can even be
conventional-cylinder, but then without an H as
symmetry~-line.

Finally, we need yet a Family V which constitutes those
map projections which are not constructed according to a
uniform grid for the whole map but for which different laws
of representation or equations are applied to the grid lines
on various parts'of the world map. This is th: Family of
eompound projections.

It should be carefully noted that our property of clas-
sification "double-symmetrical” does not mean that the grid
projéction must be symmetrical to any two perpendiculafly' .
intersecting straight lines (that would be the case, for
example, with every azimuthal projection, for any two ar-
bitrarily chosen perpendicularly intersecting H); rather,
our classification term "double-symmetrical" presupposes that
both symmetry-straight-lines be the base-line (representation

of the basic-circle, Grundkreis) and the mid-H.
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Here one should recall the earlier remark that various
families ¢an be ascribed to one map, according to which grid
of primary and secondary circles of the globe .are considered
the basis of the representation. A transverse-axical gnomic
préjection, for example, (No. 1 of the system table) is
considered, according to the generally accepted interpretation,
a perspective projection with the eye-level at the middle
of the globe, and such a projection represents the grid of

the prime point as concentric full circles and their diameters.

This map grid is centrally-circular anrd not double-symmetrical; -

according to the grid, the projection.belongs in Family I.
But if one wished to determine the law of representations of
such a map according to the polar grid, then the projection
would not be called centrally-circular, since its N are

“hyperbolae, but rather doﬁble-symmetrical, since the H and

the N are arrayed symmetrically to the base-linc and the
mid-H., According to the polar grid, then, the map would have

to be placed in Family III, the curved-symmetrical projection. .

Obviously, however, one will want to consider the far greater
uniformity oi the perspective projection as definitive for
systematic classification.

. If, in the centrally-circular projections (Family I
and II in general, Family IV and V in single instances), the
mid-point S of the N is at the same time the representation
of a primary-point of the globe [r=0 for 6§=0 and/or x=«
for ¢=n/2), then the map is a primary point map. - If S is
not the representation of a primary-point of the globe
[ x>0 for §=0 and/or x finite for ¢=n/2]}, then the map is
a ring-map. On a ring-map, the representation of the pri-
mary-point of the globe on an N-line can be either a point
(Punkt-Ringkarte or point-ring-map) or a line segment (line-
segment-ring-map) or also a full circle (Kreis~Ringkarte or

eirele-ring-map).
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. With the projections which are not eentrally-circular
(Family III in general and most of Faﬁily IV and V), where
the grid of the projection is in general always the polar
grid, the map is called a polar-point-map, if at least one
primary point of the globe is represented, and polar-line-
map, if neither of the two primary-points of the globe is
represented,

One might be reminded here of the émbiguity of the
representation-equations. For example, the radius-law
(Halbmessergesetz) r=8 (System no. 24) produces in Family I
for the central-interval-true radial primary-point-map in-
finitély many different ripg-maps for the inner-most map;
and in Family II, 1nf1n1tely many maps are produced, for
example, for the flat-map (Plattkarte) (System no. 90)
according to its equation x=¢; y=A, agreeing in the y-direc-
tion as well as in the x-direction, and congruent with the

original map.

The Tefms: secondary~-circle-divided (nebenkreisteiliq)
and cellular (zenithal)

All the N are uniform in a secondary-circle-divided pro-
jectidn. For true-circular secondary-circle-divided projections,
the mathematical expression in polar coordinates r and a is
a= g(8) + A\ h (§) and r - F (§) with reference to conventiona;_
cylindrical in rectangular coordiantes x = F (¢) and y =g (§) +

‘A h (§). If the N are curves, the more complex equatlons are

necessary with respect to this property.

Cellular (zenithal) means centrally-circular with ex-
changeabie,_equal cells. Furthermore, with the property of
being secondary-circle-divided, every H must be permutably
equal to every other H, Such projections are especially
valuable, because in them every H shows completely equal pro-
portions. It is because of this radial symmetry that grids
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of this type have such significance for nautical and astro-
nomical conversion of coordinates’. The mathematical ex-
pfession for the property of being cellular (Facherigkeit,
Zenitalitdt) is o = f (6) + nk; r = F (8) and/or y = £(¢) + nk;
x = F (¢), where n is a constant. The designation "zenithal"
is very appropriate for this important branch of the system
of map projections, since the zenithal line of the prime point
of the globe is of great importance for every such projection.
The great circles through them are represented as identical,
permutable in every respect, with all secondary-circles around
them as axis, as concentric circumfefence, vhich are at the
same time equi-distorted (Verzerrungsgleichen, iquideformaten).
Every point of such a line possesses the same distortion-
indicatrix, according to Tissot. Unfortunately, the word
"zenithal" has been subject to great misuse..

One has to differentiate here the following arrangements

in projections:

. I, The N should be concentric circumferences around
a center A, This is what we call centrally-circular
(mittkreisiqg). ' '

II. As I, but with the additional "namely full circles",.
This is what we call radial-eircular (radkreisig).

III. As I, but with the additional "and at the same time
equi-distorted." We call this cellular (facherig).

Iv. The H are straight lines which intersect at a point A
at the same angle as in the original on the globe.
We call this radial-directional (radstrahlig).

V. = I and IV (radial-circular and radial-directional

(radkreisig und radstrahlig) is called radial or

azimuthal.,

In our literature one finds the following definitions
of "zenithal:"
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1. 2Zenithal = oblique-axical in Herz 1885’, Tissot-
Hammer 1887°, Hammer 1889'°, :

‘2, Zenithal = the opposite of oblique-axical in Schoy
1913,

3. Zenithal = equal-cellular (gleichfécherig) in Zoppritz 1884'2?,

Hammer 1889'?, Maurer 1905'", Zoppritz-Bludau 1912!°%,
(j). 4, Zenithal = azimuthal in Gretschel!®,
5. Zenithal = centrally-circular in Hammer 1889'7,
6. True-zenithal = radial-circular in Hammer 1889'°,
7. Zenithal = true-shape in the mid-point of the map
in Hammer 1915'°, ‘

A few extracts from the cited literature in our biblio-
graphy illustrate this monstrous chaos, as discussed in more
detail at other places by‘the author?®, We use the expression
according to the definition given above, as'Zoppritz already
used it in 1884, and for which I propose the ggrmanizaﬁion
cellular (f&cherig), a term surely not to be misunderstood.

It is supposed to mean that all cells of the projection are
congruent (kongruént). The N are equally-divided, equal-
centered ciréumferences and the H are lines congruent with
their sections (Einteilungen).

The Term: straight-cellular (geradficherig) or
general-conical (allgemein kegelig)

The subdivisions of the cellular projectiors, in which

(:) all H are straight lines, should be called straight;cellulaf
(geradfdcherig). We find stréight-celluiar proiections in
Family I, where they represent radial (proper conical) pro-
jections with unclosed arcs as N, as well as in Family II,

in which the true-cylindrical projections are given. They
are found even in Family IV among the less uniform projections,
as no. 197, 198, and 224 of the System. All three are
conventional-cylindrical as well as eylindrical-radial

e

=



N

20

(saulenstrahlig); but only the first tWo are cylindrical 2
(saulig), as will be further illustrated on p.

. The mathematical expression for the straight-cellular
projections if s+ = F (8§); o« = nA (n - constant) or, in the
case of the cylindrical projections, x = F (¢); y = nl,
Even if the likenesses of the map in the border cases of the
0)
are very different from each other and from that of the conical

radial (n = 1) and of the cylindrical projections (n

projections (n neither 0 nor 1), the regularity of these
three groups is so intercoupled that the compilation of the
three classes is more or less emphasized as systematically
expedient in most text books. The definition of .the "conical
projections" in Bougeois-Furtwéinglerv also encompasses the

two border cases, but the designation "conical representations"

is used without differentiation, regardless of whether or

not thé border cases are included. HerzII, in his chapter on
"Conical Projections," treats the definition of the azimuthal
(he says zenithal) projections and.goes into particulars about

VI

all the true-cylinder projections. Z8ppritz-Bludau emphasizes

the relationship on p. 30 and p. 104, as does Hermann WagnerVII
on p. 204,. In the literautre, one finds, next to the expres-
sion "conical in the more general sense," the deéignation
"geometric simply defined," which stems from Hammer; one finds
these terms for the compilation of the radial, conical, and
cylindrical, that is, for out straight-cellulér projections.
The term does not designate anything which is essential in

the matter, and it should be dropped once and for all. The
globular projection (Globularprojektion) (no. 158 of the System),
with its childishly simple geometrical definition, should not
be included in the group of "geometric simply defined," but
rather the Tissotian perigonal projections and the projections
of James Clark, which are defined with complicéted integral
expressions, A better expression is "geheral-conical"
(allgemeinkegelig), which makes'absolutely clear that a
proper-conical projection -is meant, including the border cases,
where the cone used degenerates to a plane surface or to a
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cylinder. The shorter designation straight-cellular is also
good; it is supposed to make clear that the congruent cells: of
the grid are bordered by straight prime lines.

The principle geometric concept which justifies the
designation conieal projection is this: that the two-dimen-
sional map can be laid on the surface of a coﬁe, which has
the.same axis as the globe, in such a manner, that the H of
the grid appear as equi-distant cone-laterals and the N as
circles of the cone. The half opening-angle (Offnungswinkel)
y of the cone is determined by the constant n of the cone-
projection in the designation sin y=n, since, with a cone of
half opening-angle Y whch results from turning the straight
lines SK (cf. illustration 1, table 1) around the straighf
line SO, the angle drawn of the lateral of the cone SK onto
the shell is a=n A=X sin y, if the rotating plane surface
SOK describes the angle A; for, sin y=0K : SK=n, Since sin y
cannot bé greater than 1, there is a conflict in accepting
the principle geometric concept n>1l, Nevertheless, one could
project maps according to the laws r=f(6); a=A; n>l, But
there is, however, hardly any intelligent reason for making
such a.qhoice of n. On the other hand, one must maintain a
clear understanding that with n<l, that is, with a real conical
projection, spreading the cone onto a plane surface leads to
_numerous repetitions of the representation of the world map.
If n is a rational number, then a finite number of variously
oriented world map representations result, which join each
other without overlapping when n=1/2 and m=whole number.

Here the illustration of a closed curve of the globe is also
a closed curve on the representation, '

The distance of the tip of the cone S from mid-point O of
the uniform-globe can be chosen in various manners. If it
[the distance) is = 1/n (S moves toward S' in illustration 1),
then the cone is contiguohs with the globe at secondary circle
8' = m/2 - y = arc cos n; [§' =x S'OD']. If SO<1l/n tha cone
interéects theglobe at two secondary cixcles § and §;;

21
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[6,= ¥ SOD,; 6.= ¥ SOD.]. Cases SO> 1/:, in other words,
where the basis is a cone which freely encircles the globe,
are reserved in our system for the exceptional case, in
which the cone degenerdtes to a cylinder (no. 86 of the

System),

SECTION II: THE SYSTEM TABLE
(table at the end of this volume)

Prefatory Remark

Now that we have clarified the general terms, we begin
with the system table. The families of the system and their
branches are given in single headings and the further subdivi-
sions (subbranches, orders, classes, etc.) are listed in ver-
tical columns, while the lines indicated with running "system
numbers" (Abbreviation: SNo.) in the first éolumn aive the
partiﬂhlar proiection tvpes according to their distinctive
characteristics. The column labeled "Field Number" (abbrevi-
ation FNo.) refers to the table of terms in map projection,
as given and commented upon in Section I. In the wide column
labeled "Type", one finds particuiars concerning name, time '
of oriain, equations and other particulars about the projection,
while the final column refers to the literature about it. The
original source is mentioned only in isolated instances, whereas
the well known text books arc often mentioned, usina the

.abbreviations for them found at the beainning of our biblio-

graphy. The numbers after these abbreviations always mean
page numbers; only in the case of no. 111, Tissot-Hammer,

are paragraphs of Part II referred to.

INTERPRETATION OF THE SYSTEM TABLE

Family I, Branch A: true-circular and secondary-circle-divided
(SNo. 1 - 73)

Subbrénch A: Cellular; Order a: Straight-cellular (SNo. 1-52)
Class I: Radial (azimuthal) (SNo. 1-31)
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Among the straight-cellular projections we find the
border case n=1 of the radial (azimuthal) projections, which
are defined mathematically by the equation oa=X; r=£f(6).

The property a=A, i.e., that the H are straight lines which
intersect each other at one point with the same angle as on .
their original, is called radial-directionality (Radstrahligkeit),
(:) while the property that the N are concentric full circles is
called radial-circularity (Radkreisigkeit). The definition
radial (azimuthal) = r'adial-dire'ctionaZ. + radial-..circular in
which the point of intersection of the radial-rays is at the
same time middle-point of the radial circle, is common to all
of cartography. The deviating definitions of Schoy!!
that azimuthal = radial-directional + radial-circular if one
is to expect tb call the illustration a map at all, that
azimuthal = radial-directionai with or without radial-cir-
cularity, if the illustration is supposed to be a cartogram -
have been justifiedly rejected as unfortunate?®, since
scientific definitions must obviously be unequivocal. Hammer's
demand, that an illustration only be called a map if it rep-
resents a particular part of the surface of the earth with
the least possible distortion, is much too broad. According
to his stipulations, maps of the moon and the straight-direc-
tional (geradwegig, i.e. orthodromic) maps are only cartograms;
but obviously'the purpose of an illustration has nothing to
do with the terminological rule about what is azimuthal.

Group A: plane-perspective (perspective) (SNo, 1-21)

(:) ' In the class of radial maps we must differentiate betwecn
ptime-point maps and ring maps, as we have just made clear above
with respect to straight-cellular maps. Among the radial
prime-point maps, all cf which are true-shape at the prime-
point of the map, there is one group which is particularly
prominent, the group of perspective projections, which give
a perspéctive picture of the surface of the globe., (The
cartograrl:2r, too, may use the word perscective - perspektiv -




for perspectival - perspektivish -, as has been the practice
in geometry for more than half a century.) The persepctive
illustration is projected from a point of vision A either onto
a plane surface, which stands perpendicular to the straight
lines AO [0 = middle-peint of the uniform globe], or onto a-
cone or cylinder, which have the straight line AO as axis.
Accordingly, one différentiates between plane~perspective
(ebensichtig), cone-perspective (kegelsichtig), and cylinder-
perspective (saulensiéhtig) projections, Only the plane-
perspeactive projections are of greater significance, so that
one usually understands perspective as meaning plane-perspec-

tive.

The particular plane-perspective projections (illustfa-
tion 2, table 1) differ in distance q = OA between point of
vision A and globe~center O. The distance c = OM between
globe-center and the surface of the plane representation
changes only the scale on the map; it has a significance
with respect to the type of projection only if exact agree-
ment of measure of surfaces and distance-intervals between
map and uniform-globe is demanded; this is sometimes over-
looked. (Examples of the latter in SNo. 10-19).

Illustration 2 shows the radius-law as law for all plane-
perspective ‘projections:
r = (q + c) sin §: (g + cos §) and the stipulation

pertains.

‘We can differéntiate as types according to orientation of .
the point of vision:

Internal-perspective (innensichti;) with point of vision

in the globe [ -1l<g<1]}. _ '

External-perspective (auBensichtig) with point of vision

outside the globe [g>1l], between which stands the

globe-surface-perspective projection, with point of vision

on the globe jacket [g=1]. :

s e
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Since one line of vision strikes the globe generally
at two .points, every two points of the globe are reproduéed
as one point of the two-dimensional representation, when
any perspective projection of the whole globe is involved.
The secondary~-circle 6=A' is given in the system table for
the external-perspective projections [A = ¥ NOD' in illustration
2], the representation-circumference of which is the outer
border of the doubly accomplished world map. One usually
constructs plane-perspective maps only a picturé of a dome
of the globe, from 6=0 to 6=A' in the case of external-per-
spective, and in the case of internal perspective, from 6=0
to §', where cos 6' = -q, becoming thus r=«, The arrangement
of representation is not so as to correspond to the lines of
vision which reach the dome of the globe from inside the
globe, but, rather, to cofrespohd to the lines of vision which
gravitate outward toward the point of vision. The plane-
perspective map is thus really the perspective bicture.of
the surface of the earth as seen from a point of vision
lying above it, only in the one instance when g=«, point of
vision infinitely distant, '

Of the internalmperspective préjections there is only one
of value, the center-perspective (gq=0) SNo. 1, where the point
of vision lies at the center of the globe. It is usually
called a gnomonic projection or central-perspective and has
a most valuable property, that of representing all geodetic
lines of the globe, the great-circles of the globe, as
geodetic lires on the plane, i.e., as straight lines. Repre-
sentations which accomplish thi are called orthodromie or
gtraight-directional. The ceﬁter-perspéctive pfojection
presents also a special example of the true-great-eircle
projections which represent all global-great-circles as
circumferences, if, of course, those circumferences become
straight lines. Schols derived the radius law r=2 tgé:

(1 + /T + k?tg2§) [k=constant, in particular k=0 for the

center-perspective projection]. There are also non-radial

s e anan o .
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true-great-cirele projections, since the great circles remain
straight lines on every collinear illustration of a gnomonic
map; the map thus remains true-grecat-circle as well as straight-
directional, while thereby losing not only the property of
being radial (azimuthal) but also the property of bheing
centrally circular (axial). One should, therefore, not call
such projections gnomonic, as has often been done in the
literature??, since this name befits only the axial and only
the central-perspective with true shape at the prime points,
while affine representations of these maps are generally
true-shape at two points and have in this manner achieved a

certain amount of practical significance (cf. SNo. 182 and
the bibliographical note about this on pllf). In a center-
perspective projection all the meridians are always straight
lines, no matter how the prime grid lies, but the parallel
circles are not always hyperbolae, as Zoppritz-Bludau??
proposes, but rather, they can be parabolae, ellipses and
circles. 1In such  a projection the map of one hemisphere
alone.fills up the whole surface of the picture. The sug-
gestion in Tissot-Hammer?“, that the significance of the
Mercator prbjection (éNo. 94.95) is retreating more and more
in favor of the gnomonic marine map, has hardlv been supported
up to now; except for a few specialized maps, the marine maps

have remained Mercator maps.

The second type of the perspective projections (SNo, 2)
is the globe-surface-perspective (g=1l) kind, which was first
used by Hipparch and since 1613 has generally been called N
‘stereographie, or body-delineating (which says nothing at all),
The name does not designate any of the properties of this
type of projection which is true-shape and reproduces all
circles of the globe as circles., Since, among all the types
of projection, this kind alone has this property, it would ;
be fitting to find a German name for it: all-circular
(allkreisig). Naturally, this projection is great-circle-
true., 1Its radius law stems from Schols' formula for the
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case k = 1; it is r = 2 tg §/2. 1In the case of an all-
circular map, the picture of the complete globe just fills
out .the whole plane surface of the representation,

The external-perspective projections SNo, 3-6, as for
No. 1 and 2, the distance ¢ of the plane surface of the pic-
o ture from the center of the globe can be chosen arhitfarily.
SNo. 3, the orthographie or distant-perspective (fernsichtig)
map made by Apollonius in 240 B.C., reproduces the correct
perspective picture of the globe from a huge distance; for
this reason it is used for maps of the moon and the plznets.
It could also be used for certain geophysical maps and for
antipodal maps, since, on the one hand, it reproduces true
to scale the straight-line interval of every point of the
earth from a diameter of the earth, and, on the other hand,
reproduces each two antipode points as end points of the
diameter. of concentric circles. ‘

The claim of the projection (SNo. 4) by De La Hire
r(90°) = 2r (45°). could pertain, not just for the hemisphere,
but also for a calotte A in the form of r(A) = 2r(a/2).
I find, instead, (SNo. 5) the designation r = 1 + coc A/2.
Projection (SNo. 6) is mentioned in Gretschel and Herz without
reference to the name of the originator,

With SNo. 7-19, c is no longer arbitrarf. SNo. 9, the
projection with the minimum of greatest distortion of length
at value c=1, is found in Gretschel, while Parent (No. 8)
(:} mentions only the case c=0.

Projections 10-15, with respect to hemispheres, and
16-21, with respect to globe domes with arc radius A, call
for such stipulations regarding scale that c can no longer
be chosen arbitrarily, when q is given for the uniform globe,.
For No. 10-13, Parent has mentioned only the cases in which
c=0, while in Gretschel and Herz the values are found from

q for cszl.
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The following should be mentioned about the projection
No. 16 by Fischer: According to Tissot-Hammer, No. 63, the
characteristic stipulation r(A) = A is treated for this pro-
jection with the unfounded assumption that ¢ = 1, and accord
ingly the equation

g = (sin A - A cos A):(A - sin A)

is derived, resulting in A = 90° g = 1,752, As a matter of
fact, ¢ can also have other values, so that the equation
should be q = (c sin A - A cos A):(A - sin A). Thus, for a
specific value A, one can fulfill Fischer's stipulation
r(A) = A by means of infinitely many value pairs ( q/c ).
In order to obtain particular value pairs ( g,c ) one can
require, for example, the stipulation r(A) = A for two
globe domes A; and Ay Exanples of this are given under
No. 17. "

One finds the same error in Hammer's projection (No, 18)

as is Tissot-Hammer. Again, ¢ = 1 is unjustifiedly stipulated;

In place of the cquation (q + 1) cos A/2 = g + cos A the
equation (q + c) cos A/2 = q + cos A should be stipulated.
Here, too, one can expect equal-area for the two globe domes
Ay and A,. Now one gets two equations for g and c:

qg=1+ 2cos A1/2 cos Ay/2; ¢ = 2 (cos A;/2 + cos Ar/2) - q.
An example of this is given under No. 19,

Projections No. 12, 13 and 21 as to surface areas, and
8 - 11, 14, 15 and 20 as to lengths, claim the least distor-
tion ratios; 8 and 9 and/or 14 are from time to time special
cases of 20 and/or 15. Tissot-Hammer note inappropriately
that projection 10, with least possible distortion on a hemi-
sphere, has never been proposed; this projection is also men-
tioned in Gretschel and Herz as a projection of Parent stem-

ming from the year 1702,
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Non-perspective radial projections (SNo., 22-31)

‘The latter two of the non-perspective radial prime-
pqint maps (No. 22-27) a27so make certain claims of least
distortion., But one must observe that Airy's projection is
not the exception for the hemisphere of James-Clark's: pro-
jection, as one might assume from the description on p. 221
in Herz; rather, the integral stipulations of both projec-
tions refer to different basic dimensions. Assuming that
for every point of the map k, and k, are the greatest and
the least ratios of length distortion, James Clarke (No. 27)
presents both expressions (k; - 1)? and (k, - 1)? as scale
dimensions for length distortion, while Airy (No. 26) gives
(k1/kz2~- 1) 2also as scale dimension for length distortion,

"but (kikz - 1)? for area distortion. The formula given for

r in the system table corresponds with the description by
Herz (p. 221) who avoids the inappropriate stipulation'with
regard to constants, to which Clarke and James, in agreement
with Airy, and even Gretschel (p. 98), vet adhere.

The Lidman map (No. 22) is a special case of a universal
doubly-proﬂected projection., If one first projects the globe
onto a coaxial cone, and then from a point of vision lying
on the axis of projection on a flat surface perpendicular
to this axis, then the radius law of the thereby resulting
radial point-map is:

_8in 6 (a2 + ¢c) (h + a1) tg y
tg Y(qY + cos 68) (h + g2) + (g2 -q1) siné

In this equation q; and gq: are the intervals of the first and
the second points of vision from the center of the globe;

h and c are the intervals of the tip of the cone, and/or of
the picture surface, measured in opposite direétion from the
center of the globe, while y represents the half opening-
angle of the cone. Since five constants i, dz, hy ©p Y
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are at our disposal here, one could fulfill many different
demands with such a projection, Lidman's exception corres-
éonds with the stipulations g, = ¢ = 0; q; = «; h = V2;

Y = 45°,

The expression "intervening" (vermittelnd), as applied
to projections 24-27 originated with Hammer (in place of
the expression "true-center" (mitteltreu) chosen by von
Breusing for his projection) and it is supposed to mean that
the dimensions of distortion of these projections are just
about the mean between the dimensions for distecrtion for

equal-area and for true-shape projections.

Radial ring-maps (No, 28-31) have little practical use,
except gometimes for the équal—area No. 28, which no doubt
shows more distortion of length of all N, as well as distor-
tion of shape, than the egial-area point-map No. 23. Ring-
maps No. 29 (equal-area) and No. 30 (circle—iﬁterval—true),
which one may consider a plane intersecting at the scale-true
secondary circle 6§, of the globe, could at least be sensibly
used for representations of a zone of the globe in the
vicinity of these N. If one draws a true-shape map with scale-
true secondary circle Gm on the above mentioned plane, then
it becomes geometrically similar to the all-circular projection
No. 2, except for the change in the scale, by which the
radius law now reads r = (1 + cos Gm) tg §/2 rather than
r =2 tg §/2, It becomes, then, as all true-shape maps, a

point-map.

Fzmily II: Conical (SNo, 32-52)

A cone which is coaxial with the uniform globe is the
basis of the conical projections; it may not degenerate to a
plane or to a cylinder., 1In the law of prime-lines a = ni,

which means the property of being conical-radial
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(Kegelstrahligkeit), n has to be a proper fraCtion; namely

n = sin A, where A is the half opening-angle, Even if it

doesn't matter how for one imagines the tip of the cone S

(Illustration 1, table 1) to be from the center of the globe

@, it is usually useful to assume a certain interval 0S = c,
(ﬁ) whereby the cone can become a contiguous cone (S inclines

toward S') or an intersecting cone (SO<S'O). 1In the case

of the contiguous cone n = sin y = l/c = COSs Gm [6m = ¥ S'OD'

where the side lines of the cone S'D' are contiguous with the

globe). The intersecting cone intersects the gloﬁe in both

secondary-circles 6§, and 6,., Here 6; = 90 = vy + € = ¥ SOD;;

6§ =90 - Yy~ € =¥ SOD,;; and n = sin y = 1/c cos e,.where

€ =¥ D)OE = 1/2 ¥ D1OD,.

A contiguous-cone-map, using representation law
o« = X sin y, is considered as originating on the cone with
the half opening-qngle y which is contiguous with the uniform
globe.at>the scale~true reproduced secondafy-circle ﬁn = 90° - v,
The radius law, then, suffices for the stipulation r(5m) =

cot Y.

An fntersecting-cone-map, using representation law o =
A sin'y , is considered as originating on the cone with
the half opening-angle Y, which intersects the uniform globe
at a scale-true reproduced secondary-circle Gm’ where
§ >.90° - Y, Then the cone intersects the globe at yet
another secondary-circle [180° - 2Y -~ Gm], which generally

(:) . is not reproduced true to scale.

Beside the property of being conical-radial, there is
also the second property of the conical projections, the pro-
perty of being conical-eircular (Kegelkreisigkeit), which is
accomplished with the formula r = £ (§). Thus, conical =
eonical-circular + conical-radial, and the point of inter-
section of the rays of the cone must be at the same time the
middle-point of the cone-circles. '

[ S s e e e =
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Conical Prime~point Maps (SNo, 32-44)

. Here we are differentiating between the subclasses of
prime-point maps [r, = £(0) = 0] and of ring-maps [ro = £(0)> 0].
Among the former appears first a group of cone-perspective
projections, that is, perspectives of the globe on a coaxial
cone as seen from point of vision A on the axis of the cone.

If the tip of the cone S (Illustration 1) lies about ¢ = 0S
above, and the point of vision A abo.t the straight line seg-
ment g = OA below the plane of the basic circle GOB, then

the radius law for the general case of the cone-perspective
projection results (SNo. 32)

r = (q+ c) siné : [g'sin Yy + sin (y +6°)], which in the
case of ¢ = cosec y is valid for contiguous cones (Noc. 35).
The law from No. 32 is carried over for y = 90° to the law
for the plane-perspective projections (p. 24). The law for
the cylinder-perspective projection (SNo. 92), which is given
later (p.61) is derived a y = r - ¢, when one letsy = 0,
¢ = « and c'sin Y = cos hecomes qn, where qn are scale-true N,

SNo. 33 gives the exception to the middle-perspective
contecal projections (g = 0). In Tissot-Hammer it is called
"laying out the gnomonic projection onto a cone." It can also"
be contiguous-conical (SNo. 36). '

The globe-surface-perspective contical projeciion (q = lf,
‘with the point of vision on the surface of the globe, has the
general equation r = (c + 1) sin & [sin y 4+ sin (y +6)].. In
the table, only the special case of a contiguous cone$d W = 60°
is given (SNo. 37), which has been named Brauns stereographic

conical projection.

SNo. 34 gives Murdochs middle-perspective equal-zone
conical projection (known as Murdoch II), in which the globe
zones between the N 6, and 6, are not represented true-area,
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but are on the whole equal-area. Vith such a stipulation the
cone must have a very particular opening and inclination to-
vard the uniform globe, for which the equation

y = 90° - él—%—ﬁl; c = secigi—g;gi )/;os ég;%_ﬁz
is applicable., Here neither 8, nor §, are the scale-truc
N Gm through which the cone exteunds. For them the equation
sin 6 = r sin y, where for r the radius law is

- SO =0 8y 8, -6t 8,
Y cos ) tg 5 + tg |§ 5

For &, = 60°, §, = 30°, for example, one finds ¢ - 1,39, and,
for the scale-true Gm the values S = 55°38,3' and
Gm = 34°21,7',

Conical projecticns, too, can he zone-perspective, where
every'seéondary circle is projected from its middle-point onto
the cone. 1In T.-H.2% the zone-perspective conical projections
are quite unfortunately called "cone lay-offs" (Kegelabwicklungen),
‘a desiénation which could, of course, be applicd to any.arbi-
trarily chosen conical projection. The general equation for
such projections is r = (c - cos §): cos y. Such a map can
be a prime-point map only in the case c = l, where the tip of .
the cone inclines to the surface of the globe. A projection
of this type is given under SNo. 38, § = 180° - 2y

m
is valid for the true to scale N,

The true-shape conical projections (group C). are, as are
all true-shape maps, point maps. They correspond in both forms
No. 39.and 40 with the projection of Lambert-Gauss. No 39
(contiguous-conical) represents only one N, and No. 40 (inter-
secting-conical) two N true to scale., With equal value n =
sin y, both projections are geometrically similar, but they
cannot be called identical - as is done in Z.-B3° ,_since
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they are not identical with respect to the uniform globe,

In No.'3§ (contiguous-cone) all N, except for one scale-true
& = 90° - Y, are enlarged in the reproduction, In No. 40
the intersecting-cone used for the reproducing is not the one
which passes through the two -c¢ale-true secondary-circles

6 and §,; for this cone would have a y= 90° - QL;§;§&,
while in the case of a true-shape projection with true to

scale N §, and §, it would have to be

log sin §, - log sin §,

log tg Q% - log tg é%

n = sin y =

These examples §;= 90°; §, = 30° will serve for fhe elucidation
of the ratios. Then n = sin y = 0.5263; y =-31°45.4' results,
When reproducing onto a contiguous cone of such an opening

and which is contiguous with the uniform globe at the secon-
dary-ciréle o= 9C° y=58°14.6', where only this N is true to
scale, while all other N appear enlarged, the radius law is

r = 2.198[tg s n. The tip of the cone lies, then, at an

2 .
interval c = sec y= 1,900 above the basic circle of the uni-
form globe. But in the case of reproductions, which give both

secondary-circles §; = 90° and §, = 30° true to scale, one can

choose either the intersecting-cone I through the secondary-circle

§, = 90°, which produces the cone-tip-interval ¢ = 1.616, or

the intersecting-cone II through the secondary circle §, = 30°
with a cone-tip-interval ¢ = 1,674, In both cases, I and II
the radius law is r = 1.900 (tg % ™, in both instances both

N §, = 90° and 6, = 30° are reproduced true to scale and thg
secondary circle §, to the greatest extent, namely at a ratio
of 1.,900: 2,198, The second intersecting-circles of both cones
are, however, not reproduced true to scale, in the case of cone
I 6= 26°29,2', in the case of cone II § = 86°29.2'; the first

is enlarged, the second made smaller,

Since the hk, réther‘than the angle ) appear on the conrical

prime-point maps between the straight-line H at the pfime-péint
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of the map, it is often stated in the literature, for example }
iﬁ T.-H.27, that in true-shape corical projections the prime-
point of the map is a singular point at which the property

of true-shape, which exists everywhere else, is missing.

This is a mathematical error, despite deceiving appearance,

The picture of a full great circle of the globe is, of course,
not a straight line which passes through the prime-point of

the amp, but, rather, it consists of two straight rays which
enclose the angle ny. At this point, the curve which consists

of two half straight lines has a whole bundle of ‘tangents;

and exact+wathematical inquiry, as to which of all thesc tan-
gents is applicable in a single instance, shows that the property
of true-shape is kept at Fhis point, too., Even in the case.

of the infinitely distant straight line of the surface of the
map, the representation of the other prime-~point of the globe
conforms to the co<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>