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ABSTRACT

The axisymmetric nonsimilar compressible laminar boundary-layer
cquations including approximate transverse curvature terms were modified
to treat inviscid external vorticity, slip and temperature jump as
first-order quantities, and this is referred to as the first-order
treatment, The effects of boundary-layer displacement were a156
treated. Primary interest was in predicting experimentally measurable
quantities over the entire body length of nonanalytic shapes; and the
analysis was not confined to the nose or stagnation region. A review.
is included of second-order boundary-layer thcory and of recent
developments in the numerical solution of second-order boundary-layer
cffects, Comparisons of predicted displacement-induced pressure
distributions, heat-transfer distributions and zero-lift drag werc made
with results from second-order boundary-layer theory and experimental
data for a spherically blunted 9-degrec half-angle cone at free-stream
ach numbers of 9 and 18, At moderate to high Reynolds numbers, the
comparisons showed good agreement betwecn first- and second-order
predictions and experimental results for drag and heat-transfer dis-
tributions; however, poor agreement was found between predicted and
experimental displacement-induced pressure distributions, At low
Reynolds numbers, both first- and second-order treatments substan-
tially overprcdicted the zero-lift drag. The range of applicability

of the theories was established for the conditions treated by

iii
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inspection of the numerical results and by comparison of the numerical
results with experimental zero-1ift drag data, Separate and coupled
first- and second-order boundary-layer effects were considered for
experimentally measurable quantities. The first-order treatment showed,
for example, that slip and temperature jump produced a small effect
when considered as a separate effect; however, this effect became
important and under certain conditions dominant when coupled with

other effects at low Reynolds numbers, Limitations and difficulties

in both first- and second-order boundary-layer treatments are dis-

cussed,

iv
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NOMENCLATURE

Unless otherwise noted, all lengths are nondimensiocnalized by the nose

radius.

Ap Base area

A Parameter defined by Equation 40f

a Nose radius in second-order boundary-layer theory

a, Slip constant, (1r/2)1/2

B Parameter in displacement thickness with external vorticity
(see Appendix C)

R, Nose bluntness parameter, rp/ry},

Ssh Nose-to-shock radius ratio, r,/rgn

by Slip constant, 3/4

C Density viscosity product ratio, pu/peue

CDf Friction-drag coefficient referenced to base area

CDp Pressure-drag coefficient referenced to base area

Cdisp Displacement term in continuity equation defined by
Equation 38a

Ce Skin-friction coefficient, 2Tw/0mUw2

Cie Longitudinal curvature term in continuity equation defined
by Equation 38b

Coty Slip and temperature term in continuity equation defined

by Equation 38a

xXiv
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Transverse curvature term in continuity equation defined by
Equation 38c

Vorticity term in continuity equation defined by Equation 38a

Coefficient in linear viscosity law, (my/u.) (T./Ty)

Slip constant, (15/8)(r/2)1/2

Constant pressure specific heat

Displacement term in energy equation defined by Equation 40d

Longitudinal curvature term in energy equation defined by
Equation 40b

Slip and temperature jump term in energy equation defined
by Equation 40e

Transverse curvature term in energy equation defined by
Equation 40c

Vorticity term in energy equation defincd by Equation 40a

Error test in first-order momentum and energy equation
solutions

Parameter defined by Equation 86¢

Dimensionless stream function

Velocity ratio, u/u,

Stagnation enthalpy ratio, H/H,

Stagnation enthalpy

Static enthalpy

Reference specific enthalpy, 2.119 x 108 ft2/sec?

Index 0 or 1 for two-dimensional or axisymmetric flow,

respectively
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STJ

Mrve

M'vort

S

Parameter defined by Equation 85b; bound on ¢'(nw) in first-
order treatment (see Appendix A)

The factor 1 + kn

Characteristic length (dimensional)

Axial length of body (dimensional)

Mach number

Displacement term in tangential momentum equation defined
by Equation 39d

Longitudinal curvature term in tangential momentum equation
defined by Equation 39b

Slip and temperature jump term in tangential momentum
equation defined by Equation 39%e

Transverse curvature term in tangential momentum equation
defined by Equation 39c

Vorticity term in tangential momentum équation defined
by Equation 39a

Inner expansion variable in second-order boundary-layer
theory, n/e; parameter in first-order treatment defined
below Equation 78 |

Outer expansion variable in second-order boundary-layer
theory, n*/a*

Inviscid outer flow pressure, p*/pm*U;2

Prandtl number

Pressure

Free-stream normal shock pitot pressure
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a Total velocity vector
R Inviscid outer flow density; radius parameter; gas constant
Re Reynolds number, pZU* x */u*
Rém'z Reynolds number, p_U_%/u_
Res Reynolds number, psus r /us
T Radius
o Nose radius {(dimensional)
S Entropy
Si Entropy derivative in basic inviscid flow, dSI/dW
St Stanton number, q*/[p;U;c;(To*-Tw*)]
s Surface distance measured from stagnation point
T Inviscid outer flow temperature, T*/(U;Z/c;)
s First-order transverse curvature parameter
t Inner flow temperature
U Tangential component inviscid outer flow velocity
u, Free-stream velocity
u Tangential velocity
1\ Normal component inviscid outer flow velocity
\ Normal velocity
V; Hypersonic viscous interaction parameter, M«',(C‘W/Rem'm)1/2
X Surface distance from stagnation point
y Distance normal to surface
z Axial distance from stagnation point
a Angle between tangent to surface and axis of symmetry
8 Pressure gradient parameter, (x/ug) dug/dx

xvii
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&%
&

6*

-

oD €

Ratio of specific heats, 1.4

Boundary-layer thickness

Boundary-layer displacement thickness, é**/a*
Davis' displacement thickness, §*/¢

Displacement thickness with external vorticity

Van Dyke's expansion parameter defined by Equation 8
Inviscid vorticity

Transformation variable

Edge of boundary layer in transformed plane

Cone half angle

Longitudinal curvature

Second viscosity coefficient

Dynamic viscosity coefficient

Density

Prandtl number in second-order boundary-layer theory
Shear stress

Dissipation function defined by Equation 5
Transformation variable, f-n

Outer stream function

Transformation variable, g-1; inner stream function
Vorticity index defined by Equation 79

Van Dyke's inviscid vorticity

Exponent in power viscosity law

xviii
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o Stagnation conditions

1 Firste-order quantity

2 Second-order quantity

b Base

disp Displacement effect

e At the edge of the boundary layer

eff At the effective body surface

i Inviscid

LC Longitudinal=-curvature effect

N Derivative with respect to inner variable N
n Derivative with respect to outer variable n
sh Shock wave
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(k) Iteration index in first-order displacement treatment

In the figures, open symbols and/or curves are used to denote numerical

results and filled symbols denote experimental data.
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CHAPTER |
INTRODUCTION AND DEFINITION OF TERMS USED

Before the introductory discussion of the problem is presented,
a few terms will be defined which may not have a clear definition in
the literaturc. After the terms are defined, the background to the
problem will be given and the methods used and scope of the research

reported in the dissertation will be described.

I. DEFINITION OF TERMS USED

Entropy layer. This is an inviscid layer of gas near the wall
which has passed through the curved portion of the bow shock wave. The
entropy in this laycr decrcases from a maximum along the wall to a
minimum along a streamline passing through the inflection point in the
bow shock wave (if one exists) and increases to the constant value
behind a straight (conical) shock wave., This concept will be made
clearer later in this chapter by consideration of the inviscid shock

layor over a spherically blunted cone at hypersonic flight conditions,

First-order boundary-layer effects. Prandtl's classical

beundary~layer equations for conservation of mass, momentum and energy
for two-dimensional and axisymmetric flow aro the basic first-order

cquations. If terms are added to this system of equations to approxi-
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mate other effects or if the boundary conditions for the equations are
modified, the resulting system of equations is called first order,

and the numerical solution method is called a first-order treatment of
higher-order boundary-layer effects. It is possible only a posteriori
to determine the magnitude of any specific effect by comparison of
solutions with and without the effect included, Moreover, in general,
simple scaling laws do not exist to scale wall-measurable quantities
such as skin-friction coefficient or heat-transfer rate; therefore, a
series of calculations is necessary over the range of the variables of

interest,

Second-order boundary-layer effects, If the flow variables such

as velocity, temperature, density, pressure, etc., are expanded in terms
of an appropriate small parameter and the resulting expansions are
substituted into the Navier-Stokes equations, it is possible to obtain
two systems of equations describing the flow. The lowest-order system
is Prandtl's equations, which are called the classical firste-order
boundary=layer equations. These equations are nonlinear partial differ-
ential equations. A second system of linear partial differential
equations is obtained where various terms can be identified with
second-order boundary-layer effects of physical significance. The
second=order effects are not all independent and uncoupled, but with

one exception simple scaling laws can be obtained to scale the results,

Longitudinal curvature effect. When the surface of a body is
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cufved rather than flat in the direction of the free-stream velocity
vector, centrifugal forces produce a pressure change normal to the
surface. This curvature will influence both the inviscid and viscous
flow fields; however, the effects on the inviscid flow field are usually
larger, persist further downstream along the body, and are more easily

treated numerically than are the effects on the viscous boundary layer.

Transverse curvature effect. A second curvature effect arises

when axisymmetric bodies of revolution are considered. The boundary
layer on a body of revolution grows less rapidly than the change in wall
radius with axial distance far downstream along the body because of the
transverse curvature effect. Moreover, the radial distance of points

in the boundary layer from the axis of symmetry may not be assumed equal
to the local wall radius when the ratio of the thickness of the boundary

layer to the local wall radius cannot be assumed negligible.

Displacement effect. In classical boundary-layer theory, the

properties at the edge of the boundary layer are obtained from the
inviscid flow field solution over the geometric body without a boundary
layer. The boundary laycr retards the flow and displaces the stream-
lines near the surface. This effect on the inviscid outer flow appears
as the flow over the geometric body thickened by the boundary-layer
displaccment thickness. This displacement effect causes changes in the

properties at the edge of the boundary layer.
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External vorticity effect. At supersonic and hypersonic speeds,

a blunt body produces a curved detached bow shock wave which in turn
produces an inviscid rotational flow field. A boundary layer growing

on a body under such a flow field would have different "edge'" conditions
because of the shock-generated inviscid external vorticity. This effect
can be further subdivided into an entropy gradient effect and a stag-
nation enthalpy gradient effect. For most practical problems, it is
satisfactory to treat the inviscid flow field as isoenergetic, and thus
under these conditions only the entropy gradient effect needs to be con=-

sidered,

Slip and temperature jump effects. Under highly rarefied flow

conditions, the gas tangential velocity at the wall is not zero relative
to the wall and the temperature of the gas at the wall is not the wall
temperature value, A continuum analysis based on the Navier-Stokes
equations can be applied if the wall boundary conditions on the tan-
gential velocity and static temperature 'are modified to include the
noncontinuum effects of velocity slip and temperature jump,

The roles of first- and second-order boundary-layer effecps

will be made clearer in the following discussion,
1. INTRODUCTION

As a high-speed vehicle enters the earth's atmosphere, the flow
field about the vehicle changes from near free-molecule flow in the
outer regions of the atmosphere through various noncontinuum regions

to a more classical continuum inviscid outer flow and inner viscous
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laminar and turbulent flow fields. At high speed the gas is not a
simple ideal gas since chemical equilibrium and nonequilibrium effects
on the thermodynamic properties are also important.

The part of this complex problem which will be of concern in
this dissertation is the extension of classical laminar boundary-layer
flow theory into the lower Reynolds number regime, In modern hyper-
sonic wind tunnels, the aim is toward flight simulation since flight
duplication is almost never achieved. It is also worth noting that in
these hypersonic test facilities, the flow fields over blunt-nosed
bodies are almost always laminar since the effect of the blunt nose
reduces the local Reynolds number in the flow field, and thus natural
transition from laminar to turbulent flow seldom occurs.

The incentive for this research began in 1959 with some un-
expectedly high drag measurements found in testing a slender blunt
cone in the hotshot tunnels of the von Karman Gas Dynamics Facility
(VKF). The application of simple boundary-layer theory failed to pre-
dict the experimentally observed data. Whitfield and Griffith [1]1
developed an approximate theory for predicting total zero-lift drag
based upon the boundary-layer theory of Cohen and Reshotko [2,3], dis-
placement effects based on the work of Lees and Probstein [4] and
and Probstein [5], and transverse curvature (TVC) considerations as

treated by Probstein and Elliott [6]. The method briefly was as

1Numbers in square brackets refer to similarly numbered
references in the bibliography.
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follows: First, the friction drag and displacement thickn?ss were come
puted by the Cohen and Reshotko integral method [3] and a correlation
of experimental pressure distributions. Then, with the aid of the
above-mentioned theories ([4,5,6] the displacement-induced pressure and
friction drags and transverse-curvature-induced friction drag were
computed. Whitfield and Griffith assumed that the theories of
Probstein [5] and Probstein and Elliott [6] which were developed for
sharp cones could also be applied to spherically blunted cones by
assuming that the local, induced skin friction at the sphere-cone
junction was the same as would exist at the same point on a sharp cone
(i.e., T, (blunt sphere-cone junction, ec) =T, (sharp, Gc)). In
addition, constant boundary-layer edge properties were assumed over the
conical afterbody. The justification for the noted assumptions

a posteriori was that the induced effects were small, the corrections

were in the proper direction, and the agreement between analysis and
experiment was good. The calculations were made using both perfect
(y = 1.4) and equilibrium gas models. The highly approximate nature
of the theoretical model used by Whitfield and Griffith [1] was
recognized; however, a correlation parameter was defined and a method
developed which correlated well the experimental drag data at M_ ¥ 19,
The agreement between Whitfield and Griffith's prediction and experi-
mental data can be seen from Figure 1. .

The good agreement which Whitfield and Griffith found between
their predictions and the experimental data was considered somewhat

fortuitous since several boundary-layer effects were not considered
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by them and some of those treated were considered in a highly approxie
mate manner, The next attempt at improving the theoretical model and
numerical solutions was made by Lewis and Whitfield [7]. The basic
model used by Lewis and Whitfield was the nonsimilar laminar boundary-
layer theory of Clutter and Smith [8] including approximate transverse
curvature terms and an inviscid outer flow field. The viscous boundary-
layer and inviscid outer flow fields were coupled in the following
manner, The inviscid blunt body and characteristics solutions were
obtained using the method of Inouye, Rakich and Lomax [9]. The surface
pressure distribution over the geometric body was then used to determine
the conditions at the edge of the boundary-layer. The "effective body"
as seen by the outer flow was obtained by perturbing the geometric body

by the displacement thickness as follows:
Tegg = T, * $* cos «

The inviscid blunt body and characteristics solutions were obtained
over an approximate effective body and another boundary-layer solution
was obtained. This process was continued until there was negligible
change in the pressure distribution over the body.

At the time of the calculations by Lewis and Whitfield, they
found it possible only to treat spherical-nosed bodies in the inviscid
blunt body solution, and thus the spherical nose was expanded or
contracted by the displacement thickness at the starting line (M; =
1,05) for the characteristics solution, Moreover, approximate curve

fit procedures were developed for describing the effective body
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downstream of the starting line,

The theoretical model and numerical treatment used by Lewis and
Whitfield [7] were superior to those used by Whitfield and Griffith
(1]; however, the results obtained for prediction of zero-1lift drag were
in poorer agreement with the experimental data as shown in Figure 2. A
comparison of drag components computed by Whitfield and Griffith and by
Lewis and Whitfield is shown in Figure 3, The skin-friction drag and
transverse-curvature-induced drag components predicted by Whitfield and
Griffith were each about 15 per cent larger than those predicted by
Lewis and Whitfield. The minor drag components due to displacement-
induced friction and pressure drags were in better agreement; however,
their contributions were about one order of magnitude less than the
first two components discussed,

The defects in both the analyses by Whitfield and Griffith and
by Lewis and Whitfield were recognized and in fact sustained the
interest for the work described herein, Both analyses were approximate
but based upon what were considered some of the best theoretical models
and numerical methods available at the time the studies were made,

Both theoretical models approximately treated TVC and displacement;
Lewis and Whitfield included the nonsimilar boundary-layer effects,
whereas Whitfield and Griffith used the similar boundary-layer solutions
and integral method of Cohen and Reshotko [2,3].

Those involved in the above-described analyses of the experi-
mental drag data were aware of the hazard of application of approximate

analyses outside of ranges where they were developed and tested.
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The work of Lewis and Whitfield has been extended to include the
effects of vorticity interaction as first suggested by Ferri and Libby
[10] and more fully described by Hayes [11] and Hayes and Probstein [12],
The effect of inviscid external vorticity is simple conceptually. When
the Reynolds number is sufficiently low, the laminar boundary layer
entrains the high temperature, low density gas which crossed the curved
bow shock., The velocity at the "edge' of the boundary layer increases
above that along the inviscid wall streamline, and the velocity gradient
at the edge of the boundary layer is first increased and then decreased
depending on the length of the body and Reynolds number or boundary
layer-to-shock layer thickness.

To help clarify the physical aspects of shock-generated inviscid
external vorticity, some typical results from a condition where
vorticity effects are large are presented and discussed, The uncoupled
inviscad and viscous flow fields over a 15-degree half-angle spherically
blunted cone at M_ = 18 are shown in Figure 4, Lines of minimum entropy
and '"edge" of the entropy layer are shown in the inviscid shock layer,
The term "edge" of the entropy layer as used herein denotes a line above
vhich the entropy is nearly constant and within one per cent of the
constant conical limit. The shock wave has an inflection point where
fhe shock angle is a minimum, the shock is weakest, and the entropy
increase across the bow shock wave is a minimum, Since the entropy is
constant along streamlines, the entropy will be a minimum along the

streamline which passes through the shock-wave inflection point, The

12
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classical or first-order boundary-layer thickness is shown where the
Reynolds number was chosen such that the boundary-layer thickness

would be less than the shock layer thickness, and the boundary-iayer
displacement thickness is also shown. Although not distinguishable in
this figure, the boundary-layer displacement thickness is negative

over the spherical nose, For the conditions shown in Figure 4, the
boundary layer is thinner than the shock layer over the entire body
and thinner than the entropy layer in the nose region, but the boundary
layer becomes thicker than the entropy layer for s > 26, Downstream
of this point the thickness of the entropy layer decreases monotonically
whereas the shock and boundary-layer thicknesses increase. It should
be emphasized that the flow fields shown in Figure 4 were calculated

on the basis of being completely uncoupled, and the conditions were
chosen to illustrate some of the features of the flow fields,

The results from the characteristics solution were interpolated
normal to the body at several axial stations, and the resulting
velocity, temperature, pressure, and entropy distributions are shown
in Figures 5-8, The results were nondimensionalized by the value of
the variables along the inviscid wall for convenience of presentation.
Since the sphere-cone tangent point was at z = 0,741, the profiles at
z = 0.75 represent supersonic flow (M; = 2,15 at z = 0.75) over the
spherical nose where the effects of longitudinal curvature on the
normal pressure gradient are evident, The flow field near the wall
adjusts quickly, but the nose influence persists until z > 7.5 in the

flow field near the shock wave., For thin boundary layers over the

14
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conical afterbody (8/yg, < 0.3), the usual boundary-layer assumption of
ap/3y = 0 is supported by these data.

Primary interest, however, in these data is in the development
of the velocity and temperature profiles and their relationship to the
entropy profiles. The formation of the entropy layer can be seen €from
Figure 6. The monotonic increase in the velocity and decrease in the
temperature gradients at the wall can ée seen from Figures 7 and 8.
The effects of these gradients in second-order boundary-layer theory
will be discussed in Chapter II. Far downstream on the cone (z > 20)
and even for thin boundary layers (6/ysh < 0.5), the inviscid velocity
at the '"edge" of the boundary layer would be about 30 per cent greater
than the inviscid wall value, and the tempcrature would only be about
20 per cent of the inviscid wall value. These large changes in edge
conditions are not usually considered in boundary-layer analyses.

It is important to note that the 15-degree half-angle cone was
chosen to magnify the effects of the entropy laycr by compressing the
effects nearer the nose than would be the case for smaller half-angle
cones. However, in addition to considering these effects on the
inviscid flow field, it is important to consider the effects of the
coupling between the entropy and boundary layers.

The coupling of the inviscid outer flow and viscous boundary
layer flow complicates the picture described above, and some of the
difficulties caused by this coupling are considered in this disser-
tation. Also, at sufficiently low Reynolds numbers noncontinuum effects

should be considered especially as they affect the wall boundary

19
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conditions on the veldcity and temperature profiles.

About the time of the presentation of the results by Lewis and
Whitfield [7], Davis and Flugge-Lotz [13] published a report on second-
order boundary-layer effects on hyperboloids and paraboloids at
infinite Mach number and spheres at a Mach number of ten, The theory
of Van Dyke [14] was used with an implicit finite difference scheme
originally proposed by Fluggé-ﬂotz and Blottner [15] for treating the
classical first-order boundary layer over two-dimensional bodies.

As will be shown in this dissertation, the theory of Van Dyke when
coupled with the implicit finite difference method of Davis and
Flugge-Lotz gives a powerful tool for extending classical boundary-
layer theory to lower Reynolds number,

More recently Adams [16] used the Levy-Lees transformation [17]
to solve the first- and second-order boundary-layer theory again with
the finite difference method of Davis and Flugge-Lotz, Adams also
developed an approximate method based on the Newtonian theory for the
pressure distribution over hyperboloids and paraboloids. The essential
difference between the second-order treatments of Davis and Flugge«Lotz
and that of Adams was in the treatment of the displacement effect.
Adams was able to treat analytic bodies of arbitrary length whereas
Davis and Flﬁgge-Lotz were restricted to the nose region since in their
method the effective body was approximated by shifting and expanding
the original body by the displacement thickness. Although the shifted
and expanded body technique was useful and had some advantages over

other methods, it was limited to the nose region since it did not provide

20
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satisfactory fits of the effective body over rcgions far removed from
the stagnation region. The method developed by Adams was limited to
analytic bodies since it was based on the Newtonian impact theory and
was thus not applicable to spherically blunted cones.

A method has recently been developed by Marchand, lewis, and
Davis [18] for treating the second-order displacement effect over
nonanalytic shapes such as spherically blunted cones, The method used
by Marchand, Lewis, and Davis for treating the displacement effect
will be described later hercin, and thec remaining second-order effects
followed Davis and Flﬁgge-Lotz exactly except for the effects of
vorticity which were coupled to the displacement cffect,

The primary goal of this disscrtation will be to present a com-
parison of a first-order treatment of second-order boundary-layer
effects with trcatments of Van Dyke's second-order theory and a com-
parison of both treatments with experimental data. From these come
parisons some conclusions will be drawn rcgarding the ranges of appli-
cability of thc theories.

In Chapter II the theory of higher-order boundary-layer effects
is given., A review of Van Dyke's second-order theory is presented
including a discussion of the asymptotic matching principle. The source
of the various second-order cffects is indicatcd, and the coupling
betwren sccond-order vorticity and displacement is shown,

The first-order treatment of higher-order boundary-layer effects
is given in Chapter III., The effects of vorticity, slip and tempera<

ture jump (considered as a single effect), and displacement are described.
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The effect of first-order transverse curvature was developed by Clutter
and Smith, and the approximate nature of the treatment caused by an
error in the original theoretical development is discussed.

Numerical results and discussion will be presented in Chapter
IV. The conditions treated by the first- and second-order theories
will be given, and the numerical results will be presented and dis-
cussed,

Comparisons of the numerical results from the first- and
second-order theories will be made with experimental data and the
results discussed in Chapter V.

The conclusions from the study will be given in Chapter VI.

From the comparison of numerical results and experimental data, the
ranges of applicability of the theories will be discussed, and the need
for future work will be indicated.

Scparate effects and problems will be treated in appendixes. The
numerical treatment of the first-order boundary-layer theory is des-
cribed in Appendix A. The method used to treat first- and second-order
displacement effects is described in Appendix B. Finally, the effect

of vorticity on the displacement thickness is derived in Appendix C.
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CHAPTER Il
REVIEWOF SECOND-ORDER BOUNDARY-LAYER THEORY

The second-order boundary-layer thecory of Van Dyke [14] is
reviewed to indicate the salient features of the theory and the roles
of the various second-order effects. The critical role of the match-
ing of the inner and outer expansiors, based on Van Dyke's asymptotic
matching principle, is discussed.

In the second-order boundary-layer theory, Van Dyke [14]
identified seven separate second-order effects which were longitudinal
curvature, transverse curvature, slip, temperature jump, entropy
gradient, stagnation enthalpy gradient, and displacement.1 The
separation of the effects of vorticity and displacement is somewhat
arbitrary; however, the presentation given below follows Van Dyke's

treatment.,

I. SECOND-ORDER-BOUNDARY-LAYER EQUATIONS

The Navier-Stokes equations are written in the orthogonal
coordinate system (s,n) shown in Figure 9, where s is the non-
dimensional distance along the surface, n is the nondimensional distance

normal to the surface, x(s) is the longitudinal surface curvature, and

1A brief physical explanation of each of the second-order
boundary-layer effects is given in Chapter I.
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T,(s) is the radius of the axisymmetric body where all lengths are non-
dimensionalized by the nose radius of curvature a*. Further, all veloci-
ties are referred to U, pressure to p;U;z, density to poX, temperature

to U;Z/c;, entropy to c;, enthalpy to U;z, and viscosity to the value
- %2
of u at T* = U* /c;.

The continuity equation becomes
(rjou)s + (kerV)n =0 (1)

where subscripts denote differentiation and j = 0 for two-dimensional
flow and j = 1 for axisymmetric flow. The radius r = r, + n cos o and
the function k = 1 + kxn are used for convenience.

The Navier-Stokes momentum equations become

72 [p(uug/k + vuy + xuv/k) + pg/k] = {ufu, + (vs - ku)/K]},

+ (2/k) [u(ug + xv)/k]g + u(2¢/k + j cos a/r){uy + (vg - ku)/k]

+ [2jurg/(kr}] [(ug *+ kv)/k - urg/(kr) - v cos a/r]

+ (1/K) (A[(ug + xv)/k + vy + § (urg/k + v cos a)/r]lg (2)
and
e-2 [p(uvsg/k + Vv, - ku/k) + pp] = 2(uvp)p + {uluy + (vs - ku)/kllg

+ 2u(k/k + j cos a/T)v, - 2ux(ug + wv)/k?

- 2ju(urg/k + v cos a)/r? + jurg [up + (vg - xu)/k]/(kr)

+ {(A[Qug + «v)/k + v, + j (urg/k + v cos a)/r]}, (3)
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The energy cquation is
€72 [p(uTg/k + vT,) - (ups/k + vpy)] = o~ (uTs/K)g/k
+ o-l Ty + jool uTrg/(k%r) + o~! (k/k + j cos a/x) Tp + @ (4)
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