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ABSTRACT 

The origin and the structure of undulance and turbulence in stably 

stratified media are investigated through theoretical reasoning and labora¬ 

tory experiments. The mechanisms for generating turbulence in stably 

stratified media are linked with the mechanisms for generating vorticity - 

shear and stratification. The dual role of stable stratification — the 

capability for generating and attenuating turbulence — is pointed out. The 

turbulence Induced by stable stratification is evidenced in two experimental 

results: (i) turbulent rotors in the lee of a barrier in a stably stratified 

fluid, and (ii) the breaking of traveling internal waves on a sloping surface. 

The ability of stable stratification to generate turbulence is also Indicated 

from an exact solution for an inviscid stably stratified flow past a barrier. 

The structure of undulance and turbulence in stably stratified media is 

investigated in a stratified salt water towing tank, with schlieren photo¬ 

graphs, quartz-coated hot-film probes, and single electrode conductivity 

probes. The schlieren photographs show clearly the collapse of a turbulent 

wake and the attenuation of turbulence by stable stratification. Auto¬ 

correlations and -spectra for the streamwise turbulent velocity field and for 

the turbulent concentration field are obtained from the probe measurements 

with both analog and digital data processing methods. From the measured cor¬ 

relations and spectra, the combined wave-turbulence behavior is clearly shown, 

and the turbulence is strongly anisotropic. 

This papeA pMpaAzd ¿04 th& Boeing Scientific ReieoAch LabofiatoAÍeò "Symposium 
on CíeoA Aía TuAbuience and Iti Vetection", 14-16 August 1966, Seattle, 
(ida& hing ton, U.S.A. 
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1, Introduction 

The undulant and the turbulent atmospheric motions in the upper 

troposphere and in the stratosphere, commonly known as clear air turb¬ 

ulence, are far from being well understood. Theoretical analyses of the 

flow phenomena can at best yield piecemeal information; the fundamental 

difficulty is the one common to all nonlinear stochastic processes that 

there are always more statistical unknowns than equations and thus the 

problems are statistically indeterminate. Data gathering from airborne 

measurements have been difficult and expensive. Furthermore, at low 

frequencies, it is difficult to separate accurately the airplane motion 

from the atmospheric motion. Existing measurements in the upper troposphere 

and stratosphere indicate-that turbulence are often found in the form 

of sporadic and isolated patches in strongly stable regions of the 

atmosphere. 

It is the purpose of this investigation to probe the origin and 

the structure of these undulant and/or turbulent motions in stably 

stratified media, through theeoretical reasoning and controlled laboratory 

experiments where the boundary conditions are well defined and the 

measuring techniques are better established. It is believed that results 

from laboratory investigation are complimentary to the actual airborne 

measurements; they will help to isolate the turbulence generating mechanisms 

and to untangle the structure of turbulence in the upper atmosphere where 

the air is stably stratified. 

This is a part of a series investigations at the Boeing Scientific 

Research Laboratories on the laminar, transition, and turbulent flows in 

stably stratified media. (Pao, 1965, a,b,; Pao and Timm, 1966; Timm and 

Pao, 1966; Graham, 1966; a,b, Pao, 1967, a,b; Graham and Graham, 1967, a,b. 



Pao, 1968, a,b,c,d; Pao, Callahan, and Timm, 1968.) 

2. Limitations of Laboratory-Simulated Geophysical Flows 

Before presenting our experimental results, it is important to clarify 

some of the limitations of the laboratory-simulated geophysical flows. In 

general, it is not possible to simulate in the laboratory all the parameters 

and all the complicated and ever-varying wind and temperature structure in 

the atmosphere. 

To achieve complete similarity between model experiments and atmospheric 

flows, it is necessary to have (i) geometric similarity, (ii) kinematic 

similarity, and (iii) dynamic similarity. Complete dynamic similarity is the 

most difficult to achieve. 

In the case of motion in stably stratified atmosphere, the governing 

dynamic parameters are the Reynolds number Re (» UL/v) and the Richardson 

number Ri (* 4 L2/U2), where Ü is a characteristic velocity, L is a 
0 dz 

characteristic length, v is the kinematic viscosity, g is the gravitational 

acceleration, 0 is the potential density. It is very difficult to simulate 

both Re and Ri. Generally speaking, in the laboratory it is relatively 

simple to simulate the proper Richardson number with stratified liquid 

(atmospheric motions can be treated to a good degree of approximation as 

incompressible flows) or heated air, but it is very difficult to achieve the 

huge Reynolds numbers that occur in atmospheric motion. It has been reasoned 

that variations of the flow (with Reynolds numbers) are small at large Reynolds 

numbers, and thus the flow is only weakly dependent on the Reynolds number. 

This argument, although quite logical, has not yet been looked into quanti¬ 

tatively. An attempt was made (Timm and Pao, 1966) to study the Reynolds 
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number asymptotic behavior under a fixed Richardson number for laboratory 

simulated mountain waves. The results are inconclusive because of the very 

limited range of Reynolds numbers attainable with our experimental facility. 

Therefore, extrapolation of the laboratory results obtained in flows 

with moderate Reynolds numbers to the atmosphere motion with very large 

Reynolds numbers, is to be approached with caution. It is only those 

phenomena which are weakly dependent on the Reynolds number that can be 

extrapolated. 

3. Tun Mprhanisms for Generating Turbulence in Stably Stratified Media 

Turbulence is always associated with strong vorticity fluctuation. 

These vorticities are generated in the flow when it undergoes transition 

from laminar to turbulent states. The mechanisms for generating vorticity 

in stratified media, thus for generating turbulence, can be clearly 

identified through the vorticity equation for a viscous incompressible 

stratified fluid: 

Du 

Dt 

Rate of change 

of vorticity 

following a 

fluid parcel 

+ v7x(Vxu)) 

Viscous 

diffusion 

of 
vorticity 

(u*V)U + p”2Vp *VP 

Generation Generation 

of of 
vorticity vorticity by 

by shear stratification 

(3.1) 

where w is the vorticity; U is the velocity; P is the density; P is 

the pressure ; v Is the kinematic viscosity and is ssumed to be a constant 

(„hlch is a good approximation to many phy ical problems). From (3.1) there 

are two mechanisms for generating vorticity in stratified flows: <w-’>2 end 

p-27p«VP. The term (u-VlU represents the generation of vorticity by con¬ 

vective stretching of vortex lines; this mecnanism exists in homogeneous as 

fluid flows. The term p"2VpxVP represents the well as inhomogeneous 
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generation or extraction of vorticity through interaction of the density and 

pressure gradients; it is a new mechanism for generating vorticity introduced 

by stratification. These two mechanisms, which are responsible for the 

generation of vorticity in stratified media, are thus responsible for the 

generation of turbulence. The structure of turbulence in stably stratified 

media is then dependent on the relative magnitude of these two mechanisms. 

Let us define a parameter y , where 

y « I p~2V(j xVP I , vorticity generated by stratification < 2) 

I (w*V)lJ| vorticity generated by shear 

For small y , turbulence, if present, is mainly induced by shear. For large 

y , turbulence is mainly induced by stratification. The shear-induced 

turbulence is a common phenomenon and needs no further explanation. The 

turbulence induced by unstable stratification, such as by thermal plumes, is 

also physically obvious. However, turbulence induced by stable stratifica¬ 

tion needs further explanation. The stable stratification plays the dual 

role of generating and attenuating turbulence. The capability of stable 

stratification to generate and to attenuate turbulence will be discussed in 

Sections 4 and 5 

4. Stable Stratification-Induced Turbulence 

4.1 Indication from an inviscld theory 

Consider an inviscid two-dimensional stratified fluid flow: (3.1) be¬ 

comes 

^ « p-2Vpx7P . (4.1) 

Thus, stratification is the only mechanism to generate vorticity. Pao (1967) 

has obtained an exact solution for the steady inviscid two-dimensional non- 
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diffusive flow of a stably stratified fluid past a barrier in a semi-infinite 

domain, where Up*1 and dp/dz are assumed to be constant upstream. The 

results are expressed in terms of a Richardson number, defined as 

Ri - *|£Hl2/U2 , 
p dz 

where g is the gravitational acceleration, and L is the barrier height. 

A flow at moderate Richardson number (Ri - 0.833) is shown in Fig. 1, where 

lee waves are formed behind the barrier. However, at larger Richardson 

number (Ri - 1.875) , where the flow is strongly stratified, eddies are 

formed behind the barrier (Fig. 2). The streamlines in Fig. 1 and Fig. 2 

are also isopycnic lines (constant density lines). The streamline patterns 

(eddies) in Fig. 2 Indicate heavier fluid on top of lighter fluid, a condition 

that is likely to be unstable and to become turbulent. 

The solution for stratification-induced eddies was first obtained by 

Long (1955) for a stratified flow past a barrier in a confined channel. It 

has been suspected that the presence of eddies is due to the confining 

upper and lower walls, which could cause the wave resonance phenomenon. 

However, results in Fig. 2 show the presence of eddies behind a barrier even 

in an unconfined domain. Furthermore, Long (1955) has demonstrated experi¬ 

mentally the existence of these stratification-induced eddies behind a 

barrier in a relatively shallow fluid. 

4.2 Evidence from laboratory experiments - Me waves and rotors 

behind a barrier 

In this section we shall demonstrate from our experimental results the 

presence of the stratification-induced turbulent eddies (they are called the 

"rotors" in some meteorology literature) behind a barrier in a stably strati- 
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fled flow. The results are obtained in a deeper (compared with that of Long, 

1955) towing tank, such that the top free surface effect is small. A two- 

dimensional wedge resting on a flat plate is used as a model for a mountain 

ridge (Fig. 3). The wedge is an equilateral triangle and is 2 inches high, 

with a 30 degree apex angle. The flat plate is 20 inches long. The wedge is 

resting at the middle of the plate. The model is towed horizontally at 

constant speed U in a tank of stably stratified salt water with constant 

density gradient. The tank is 9.5 feet long, 16 inches wide, and 20 inc'.^ 

high (Fig. 4). Fine aluminum powders are used as tracers, illuminated with 

a sheet of light, 1/4 inch thick and 4 feet wide. The light illuminates the 

middle portion of the tank and shines from above. A 70 mm camera is tra¬ 

versed at the model speed on a lathe bed parallel to the tank. For a more 

detailed description of the experimental facility and the flow visualization 

technique, the reader is referred to a related report (Pao, 1965-1967). 

A stably stratified flow over the model ridge is shown in Fig. 5, where 

Ri » 13 and Re * 914. Fig. 5 shows : (i) the upstream blocking 

effect — the flow in front of the model is slowed down, (ii) the Chinook 

effect — strong wind rushes down the back slope, (iii) the lee waves, and 

(iv) the turbulent rotor — a turbulent eddy is formed in the lee but away 

from the barrier, and thus it is induced by stratification and not by 

boundary layer separation (shear) at the barrier. This shows turbulence 

induced by stable stratification. To permit comparison of the difference 

between shear-induced and stratification-induced eddies, a shear-induced eddy 

caused by boundary layer separation behind a barrier in a homogeneous fluid 

is shown in Fig. 6. 



4.3 Evidence from laboratory experiment^ - Breaking of internal waves 

It has been reasoned that, in stably stratified media, a train of 

internal waves approaching a sloping sea bed or a sloping land surface may 

break into turbulence. The breaking of internal waves was proposed (e.g., 

Phillips, 1966; Long, 1968, among others) as the main mechanism for generation 

of clear air turbulence. 

We have generated In the laboratory a train of internal waves approaching 

a eloping surface in a stably stratified two fluid system. Fig. 7 shows 

the internal wave approaching the sloping surface. Fig. 8 shows the internal 

wave breaking into turbulence. This is another example of stratification- 

induced turbulence. 

The breaking of internal waves on the sloping surface is currently being 

investigated in detail. The results will be reported with M. Hall in the 

near future. 

It should be noted that the turbulent rotors described in Section 4.2 

can be regarded as the breaking of stationary internal waves. 

5, structure of Turbulence in Stably Stratified Media 

The structure of turbulence In stably stratified media will depend 

strongly on the generating mechanisms - whether it is induced by shear or 

by stratification, or by both. In what follows, measurements of a shear- 

induced turbulence in stably stratified salt water will be presented. 

5.1 The experiments and data processing 

A circular cylinder is towed horlsontally at constant speed in a tank of 

stably stratified salt water with constant density gradient. The tank is 

35 feet long. 12 inches wide, and 30 inches high (Fig. 9).* The cylinder is 

.The author is indebted to Messrs. 8. A. Thomas, H. E. Harding, and L. A. 

Wilson for designing and constructing the towing tank system. 

..i—.mi.. -r- ...... MMMMII MiMMRHiU 
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a 3/4 inch (diameter) rod and is neutrally buoyant. It is towed by tightly 

stretched nylon-coated stainless steel cables (Fig. 10). An air-lubricated 

probe transport (Fig. 11), mounted with Thermo-Systems quartz-coated hot-film 

probes and single electrode conductivity probes (similar to those of Gibson 

and Schwartz, 1963), is towed behind and at the same speed as the circular 

cylinder. The hot-film probes are used with Thermo-Systems 1010A constant 

temperature hot-wire anemometers, and the single electrode conductivity 

probes are driven by Tektronics 3C66 carrier amplifiers. A hot-film probe 

and a single electrode conductivity probe are placed s"fde-by-side at the wake 

axis. Another pair are placed 1.5 inches off the wake axis (Fig. 12). The 

output from the constant temperature hot-wire anemometers and from the 

Tektronics 3C66 carrier amplifiers is recorded on a 14-channel Ampex CP-100 

FM magnetic tape recorder at 15 ips tape speed.* The instruments are shown 

in Fig. 13. 

The signals from the analog tape are processed by both analog and 

digital methods. For the analog data processing, the signals are re-recorded 

on loop tapes. The loops are sent to a readout device connected to a 

Technical Product Wave Analyzer system for spectral analyses,** aid to a 

Princeton Applied Research Laboratory Correlator tc obtain auto-correlations. 

A digital data processing method is developed later, using the Cooley-Tukey 

fast Fourier transform algorithm (Cooley et al, 1967).*** The analog data 

are converted to digital form with the Data Technology System Analog-to- 

* The author is indebted to Mr. G. Bruce for lending the tape recorder 
and for his operation instructions. 

** The author wishes to thank Mr. M. M. Mitchell for the spectral analyses. 

*** The author is indebted to Messrs. S. D. Hansen and W. C. Cook for 
writing the computer program. 
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Digital Converter.* The digital data are fed into a Univac 1108 computer. 

The computer output is sent to an SC-4020 printer-plotter. The data processing 

method is now being changed to direct on-line data processing with an IBM 

360-44 computer system. 

In addition to the probe measurements, shadowgraph pictures and 16 mm 

movies are taken to help visualize the flow and identify the region of the 

turbulent wake. 

5.2 The shadowgraph results 

As pointed out at the beginning of Sect! t 5, this section is mainly 

concerned with shear-induced turbulence in stably stratified fluid. The 

turbulence region begins immediately behind the cylinder. This is quite 

obvious from the shadowgraph picture in the near wake (Fig. 14). The wake 

in a stratified fluid is narrower than that in homogeneous fluid. It decays 

rapidly downstream. Shadowgraph pictures in the far wake (Fig. 15) show 

that the turbulence is very weak there. These shadowgraph pictures (Figs. 

14 and 15) show that stable stratification is an effective mechanism to 

attenuate turbulence. A phenomenon we have observed in the shadowgraph but 

which does not present itself clearly in the picture is the strong undulating 

motion of the turbulent and the nonturbulent interface. This phenomenon can 

be seen clearly in a 16mm movie film. It is evident from these observations 

that turbulence in stably stratified fluid is a combined wave-turbulence 

phenomenon, i.e., undulance and turbulence. This statement will be further 

substantiated with our probe measurements. 

* The author is indebted to Mr. R. Miller for lending the DTS system and 
for his operation instructions. 
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5.3 Streamwíse turbulent velocity spectra and auto-correlations 

The attenuation of turbulence by stable stratification is further 

demonstrated with the spectra of streamwise turbulent velocity on wake axis 

at 48 diameters downstream of the circular cylinder. Spectra measure¬ 

ments are made in tap water and in stable stratified salt water, respectively, 

with the same hot-film sensitivity. The results are compared in Fig. 16, 

and they show clearly the attenuation of turbulence by stable stratifica¬ 

tion. Webster (1964) observed the fast decay of turbulence intensity 

behind a nonuniformly heated grid in a wind tunnel, where the heating at 

the grid increases with height, (thus the fluid is stably stratified,). 

It should be noted that the measured streamwise velocity spectral be¬ 

havior in stably stratified fluids do not differ markedly (except for the 

lower intensity) from that in homogeneous fluids. The same remark applies 

to the streamwise velocity auto-correlation. A streamwise turbulent velo¬ 

city auto-correlation in a stably stratified is shown in Fig. 17. It does 

not differ significantly from that in the homogeneous wake. The wave-like 

behavior cannot be detected from either streamwise velocity spectra or auto¬ 

correlations . 

The Reynolds numbers of our flows are not high enough for investigation 

of spectral behavior at the buoyancy subrange. 

5.4 Turbulent concentrât ion spectra and auto-correlations 

The concentration measurements at the wake axis with the single electrode 

conductivity probes do show strongly the wave-turbulence phenomena, which 

can be identified through either the spectra or the auto-correlations. The 

concentration spectrum usually has a single peak (Fig. 18) and the auto¬ 

correlation usually has an identifiable wave frequency (Fig. 19). 

% 
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In this section we have presented some of the preliminary results for 

wake turbulence in a stably stratified fluid, which is a type of shear- 

induced turbulence. We have demonstrated, through the concentration spectra 

and auto-correlations, the combined wave-turbulence behavior. These 

phenomena have been observed by Reiter and Bums (1966) from their airborne 

measurements of clear air turbulence in the upper troposphere, although 

detailed information on meteorological conditions was lacking. The wave- 

turbulence phenomena are also obvious from the recent HICAT measurements in 

the stratosphere (Crooks, Hobits, and Prophet, 1967) with a U-2 airplane. 

Our work on wake turbulence is continuing with investigation of the 

turbulent structure in the entire wake and in the intermittent regions, and 

spectral behavior at low frequencies. 
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Flg. 1. Lee waves an exact solution of an Invlscld stably
stratified fluid over a barrier (Rl-0.833). The upstream 
conditions are;Up^ - constant and dp/dz • constant. The contour 
lines are modified streamlines. The characteristic length L-1.

10 30

( 30

4 00

2 00

-(.N -4.00 -2 00 2 00 4 00 t 00 0 00 10 00 12 00 14 00

Fig. 2. Rotors -  an exact solution of an inviscid stably stratified
fluid over a barrier (Ri-1.875). (See Fig. 2 caption for 
other details.)
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3. A mountain ridge model. The wedge is a 2 in. high 30 equal- 
lateral triangle. The flat plate is a 20 in. long fiber glass 
sheet. The center black strip is to reduce the light reflected 
by the flat plate.

r/ip
<i]

\

Fig. A. Towing Tank System A
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Fig. 7. Internal wave approaching a sloping surface. Upper fluid: 
white oil, specific gravity = 0.885, viscosity = 13 cp., 
layer depth = 10.5 in. Lower fluid: water, sp. gr. = 1.0 
viscosity = 1 cp., layer depth =6.5 in. Beach angle

'a • 
6^40

8. Breaking of internal wave on a sloping surface, 
caption for other details.)

(See Fig. 7
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VI

Fig. 9. Towing Tank System B

Fig. 10. The circular cvlinder
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Fig. 11. The air-lubricated probe transport

Fig. 12. Hot-film probes and single electrode conductivity probes.
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Fig. 13. Instruments and Flow diagram ; 
(a) Instruments

Ampvs
CP-100

DkU
Ttclaolocy

Mo4*l
DT-Sfll

(b) Flow diagram
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Fig. 14
A shadowgraph picture for the near wake of a circular cyl­

inder in a stably stratified salt water, (Re - 1376, Ri = 
0.154), Cylinder diameter • 1.905 cm. Towing speed - 7.226 
cm sec”l, Sp. gr. gradient » 2.218xl0"13 cm"l. Scale:

1 in. per division.
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Fig. 15 Shadowgraph pictures for the far wake (Re • 1376; Ri 
0.15A).

(a) "/D « 54 at the left edge of the picture

(b) X/D » 110 at the left edge of the picture
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l" ,1 if I» * 

Fig. 16 Comparing the streamwise energy spectra in water with that 

in stratified salt water, X/D = 48; Cylinder diameter = 1.905 

cm; Towing Speed = 42.1 cm sec-^; Sp. gr. gradient = 2.43 x 

10~3 cm-1; Re = 8030. Ri = .00467. 
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Fig. 17 Streamwise turbulent velocity auto-correlation in a stably 
stratified fluid. X/D = 48; Cylinder diameter = 1.905 cm; 
Towing Speed = 45.7 cm/sec; Sp. gr. gradient = 0.731xl0-3 
cm"1; Re = 8710; Ri = 0.00121. 

Frequency in Hz 

Fig. 18 Concentration spectra in a stably stratified fluid, (See 
Fig. 17 Caption for other details). 



Fig. 19 Concentration auto-correlation in a stably stratified fluid 
(See Fig. 17 caption for other details). 




