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ABSTRACT 1

& -
- - =

This report presents resulte on the synthesis of time-~optimal control
for s secord-order nonlinear system, The problem is to determine the l‘;
feedback control as a function of the state variubles. This is equivalent i
to finding the switching locus, since the time-optimal control is a relay
control, The nonlinear system is represented by a soft spring characteri::d
by the Duffy ig equation with negative nonlinear term, |
The ¢ main of controllability is described. For the case that the
coefficicat of the nonlinear term is sufficiently small a procedure
is developed vhich determines the maximum number of switchings. Also
the influence of dsmping is considered.
An analytic expression of the feedback contrc). ir Aerived for the
conservetive case, This expression contains a hyper-ellipt. * v =al .r
the {irst kind, Bince this integral cannot be solw{‘ed in lose® om
estimate : ere derived to shov the existence or non-exi- cence o -

switchin >0int in certain regions of the domain of .ontrolle)ility.
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CHAPTER I

INTRODUCTION

This thesis makes extensive reference to work done by Markus and Lee
) The principles and concepts which they developed needed in the

followring cioapters will de presented in this chapter.
e syatea under comsideration is

£+ P(x,k) = u

=y

§=-Fx,y)+n (1)
with 7(0,0) = 0, 7(x,y) in the class C' in the real musber plane R, u
is in the compact interval 0: -1 <u <1,

Most of the imvestigation im Chapters II through IV considers a
conservative system for which !g.‘d). = ry(x,y) 2 0. Then in equation (1)
P(x,y) is replaced by f£(a). But any physical system has damping,

!"_(x,y) 7 0, and in section 3.2 a certain influence of the damping is
discuized. Therefore in this chapter the theorems and definitions are
stated for systems of the form (1) with nonszero ry(x,y).

1.1 Comtrolladbility
An importent concept is controlladility which is defined for nonlinear

systems in (1, Chapter 6.1). This definition is stated here for second-
order systems.
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Defintfca: The dorsin C of null controllability for the comtrol process

(1) in n2 end u in 0 1a defincd as the set of all imitisl points

(IO,YO) €Rz, eacli of which can be ateered to the origin by some bounded ,
meagurable contro)ler n(t) €N in some finite time duration. If G contains

an open neighborhood of the origin, then the system is said to be locally

e s

controllable near the origin.

K

G is comnected vecause each point in G is Jo;ned to the origin by a
continuous egolution curve lying entirely in G. G is open in R?’ if and 3
only if it countairs & noighb;arhood of the origin, because the solutions
of this differential equation depend contimuously on the initial conditions.

In {1, Chapter 6.17] a theorem is proved which states a condition under
vhich a svetem 18 locally controllable. This condition for the second-
order system under consideration is that a certain matrix has rank 2.
vor system (1) this matrix is

o 1 ]

-
1 r(0,0)

Thua for this sysien independent of Mher damping is present or not
the domeia G of controllability is an open connected subset of R3

containing the origin.

1.2 Exictence of Optimal Control

Another theorem needed for further discussion is the theorem on the
sxistance of an optlmal control [1, Chapter 4.2]. Specified for secomd-
order autonowous systems it reads:

Theovex: 1.2 Consider the nonlineer process in R:
k=73
§=-Pxy) +nu (1)

S g
o,




-3-

where P(x,y) 1s C* 4n B%, u € 0, with the following conditions:

(1) The sets of all initial points (x,,¥,) and all target
points (x,,y,) are nonempty and compact.

(2) The control restraint imterval 0 is nonempty and
compact.

(3) The state constraints bi(x,y) >0, =1,..., T, if
they exist, belong to the class C in RC.

(8) The family J of admissible controllers consists of
oll measurable functions u(t) on various time intervals
[to,tl] c [ro,f]_] such that each u(t) has a response
(x(t),¥(t)) on [t ,t, ] steering (x(t,),¥(t,))=(x,,¥,)
to (x(t,),7(%;)) = (x,¥,) and u(t) &,

vi(z,y) >0, 1=1,...7,
(5) The cost for each u € J 1s

! |
clw) = a(xy,3) + [ PO(x(8),28),u(t)) a6 +  max  ¥(x(t),¥(t))
' te
where ¥° 15 ¢t 1n 13, g(x,y) and ¥(x,y) are continuous in R%.
e
(a) J is nonempty.
(b) There exists a uniform bound x2(t) + y°(t) <N on [t,,t,]
for all responses (x(t),y(t)) tou €¢J

(¢) The set {Po(x,y,u), x, vy |ue n} is convex in R3

for each (x,y),
then there exists an optimal comtroller w(t) on [to.'tlj in P minimising
c(w).

For the time-optimal problem another class of controllers is defined,
Defisition: 4 is the class of all measursble controllers w(t) € N on
finite time intervals [O,t]_] such that the response (x(t), y(t)) of

e e AR
. . — *‘--"'“'45“:"“.,-_.“ e
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FTEXT NOT REPRODUCIBLE

-ibw

{1) defined on "C,t. T uith vne glves 1nlital potrt (x(0), v(0}) first
reaches the origin st | T
1.3 The Uotimn. “onurol

The goal of Metivg - ec'D vee oar PV . Reslze the time-
ootimml ‘eedback conftrelicr for svene LY et =~taln conditions on
F(*»Y)

A coptrolier uit! on & finmite cioo interel o . dn f is called

time-optimal Lf fov eac u'{t) in A on To,0' T v Cirde that i, < t.. By

the macimwum principle (1, “hapter ° ] tquic optimel controller is a

=

maximal controller, That means the {ollowing ~onditions must vold:
(a) There existc an ahsolutely comuinusus, nowhere-vanishing

adjoint vector (n.l(t), n,{t)) on U0,4, ] such that

-
FY

(x(t), y(t)), (n.l(t), N.lt)) end ult) sevisfy the

Hemiltonlan syster

¥
$HI '"'; R4

SH . s

hJ
R n, w e

(b) The 'amiltoninn

A A I o K

H ¥ Ky, = TL ovam BiInNou) o e
(n-xt'}?‘ [ A 1 Y f‘,‘ (R .

.
18 maximized with respest to u o almost all 4 on {O,tl'j.
(¢} The Meniltonixn 15 greater *heh or equel te zero snd
constant for all ¢ on [C,t, 7 clonw «» optimal trajectory.

-1 17 r;',(t) < 0
u(t) = ogn n.(t) = < O4r n(t} - ¢

3N B n?(t) > 0,
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That is, the time-cpiimal controller is a relay control.er.
' Definition: A controller u(t) on [o,tl] in A is called a relay controller
if there exists a finite number of switching times
0=‘ro<‘tl<'-' <'|’k=!‘l:1
such that on each open interval (11_1,11), i=1,...,k, u(t) is constant
and equals +1 or -1, and u(t) switches values on successive intervals.
Writing the Hemiltonian system for system (1) one obtai ns with the
maximal controller
=y
’:-r(x’y)‘fl for“=+1 (l+)
or
=y
- y=-Px,y) -1 foru=-1 (1)
- and
™ = Ny Fi(x,¥)
"2 " = "1 + nz Py(x”) (2)
which is the adjoint system. Note that the Hamiltonian system, (1+) and
(2) or (1_) and (2), is homogeneous. Since (nl(t), nz(t)) is a nonvanishing
vector solution in C* on {0,t,] of (2) n,(t) has only a finite pumber of
zeros vhich arc simple.
By this maximum principle the control u(t) is only determined as
a function of time. The feedback controller is a function of x and y
which rolves the synthesis probleam.
. 1.4 The Svitching Locus
The following theorem referred to as the "Theorem of Interlacing
Zeros" is very basic in establishing the properties of the switching
e
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locus for the construction of the feedback conmtroller [l, Chapter 7.1].
Thevrem 1.4: Let u(t) for t ¢ [O,tl] in A be a maximal controller for
system (1), and let (x(t), y(t)) and ("l(t), nz(t)) be the corresponding
response ¢~ the Hamiltonian system, (1) and (2), on [O,tl]. Let 1, T,

be time on 0 < 1, < T, < tl, then four assertions hold:

1l

Q) 1r nzfrl) = nz('ra) = 0 and 1if y(-rl) = 0, then y('rz) = 0,

(2) 1f my(7y) = ny(,) = O and 1if y(r,) # O then y(t,) # O,
but there is a zero of y(t) on ('rl,'ra).

(3) 1r Y("’l) = Y(“'z) = 0, y(t) f 0 on (71)72)) and if ﬂz(fl) =0

then n,(7,) = O.
() 1f ¥(r,) = ¥(r,) = 0, y(t) # 0 0n (7,7,), and if ny(r,) # O
then 112(1'2) £ 0, but there is a zero of nz(t) on (71,12).
In other words: Provided the seros of y(t) are isolated, they either coin-
cide with the zeros of nz(t), or no zerc of y(t) is a zero of nz(t), but
thes2 two sets of geros are interlaced.
Proof: Assume nz(-rl) = ny(t,) = 0
The Hamiltoniar is my ¥ - m, F(x,y) + In,| = conut. >0 on [0,t,]
Therefcre nl('rl) y(rl) = '71("2) y(r,) 2 0. Since the zeros of nz(t) are
simple and by equation (2) 1)1(11) "1("2) < 0. Thus either y(rl) =0
if and only if y(t,) = O, or if y(r;) # O, then y(r,) ¥(r,) < 0. So there
is a gere of y(t) on (rl,-rz). This proves assertions (1) and (2).
Now assume y(rl) = ¥(1,) = 0 and y(t) # C on (-rl,'rz). The condition

that the Hamiltonian is constant on [O,tl] yields
(7)) mp(ry) = §ryiny(sy,)
With y(t) # O on (-rl,'r?) the uniqueness property of differenmtial equationl'

rejuires yz(t) + 92(t) f Oon (11,12]. Therefore if "2(’1) = O then




0

o SR |
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T~

; "z('rz) -0, 1If y(-rl) = 1(12) =0, y(t) § O on (11,12) and nz(rl) § O then
”2("2) # O by the above equation. If n,(t) vanishes nowhere on (11,12)
then i(rl) i('rz) >0 which is impossible since t, and 1, are consecutive

seros of y(t). This completec the proof.

Corollary 1.4: It is easy to show that at a switching point: n,(v) = O
it y(<) >0 then (1) <O

and 1f y(t) <O then ﬁz(r) >0

At t tbe second equation of the adjoint system (2) is

#y(t) = = o (1)
and the Hamiltonian is

m(7) ¥(v) 20

or f(z) y(z) <0
Therefore u(t) switches from+1 to -1 in y > O and from -1 to +1 in ¥y <0,
going forward in time along an optimal trajectory.

Markus and lLess describe the domain of controllability and prove the
existence of an optimal control for the cases

(a) attractive force, x P(x,0) > O for all x § O

(b) repulsive force rx(x,o) <O forall x £0
with somnegative damping Py(x,y) >01n na. A similar theorem with proof
for a different comdition on F(x,y) will be presented in Chapter II.
The synthesis problem is solved by determining the switching locus. For
a secomd order system it may be described as a function of x: W(x).
Definition: The svitching locus W consists of the points (x,y) at which
1 the maximal responses switch from the sclution family of (1) to (1_) or-
vice versa. 7The origin is included in W,

‘,ﬁu«
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Thercfore ihe Lrajcctory through the origin (or a segment of it) must
beloag to W. This indicates s way for the construction of W. Due to the
theorem of interlacirg zeros and its corollary a part of the solution of (1+)
through the origin ia the fourth quadrant is an arc of the switching locus,
H}. The solution of (1 ) through the origin in the second quadrant as a part
of the switching locus is called Wi. Starting with an initial point on Wi
(or uf) and iutegretipng Lackwards in time until nz(t) = 0 results in a
point of the arc Ri (o= wf) of the switching locus., The initial values on
Wi (or Wi) are na(o) = 0, nl(O) = =1 (or nl(o) = +1), the sign is given
by corollary 1.4, the magnitude can be chosen at will since the system

1 1
is horogeneous, x(0), y(O) are given as coordinates of W, (or W ). wa

(and Wf) are reflected the same way to obtain w? (and wi), and :? on.- The
switching locus ic then the union of all sets HE and Hf, vhere k can be
finite or infinite. 1In general the integration is performed numerically
80 that the switching locus is determined pointwise.

In the case of attractive force Markus and Lee have shown that k > 1,
if there is no friction, F 2 O, k = w, In the case of repulsive force
k = 1 and the switching locus coincides with the trajectory through the
origin in the second and fourth quadrant over its entire length.

In parts of their discusaion they assume that W(x) is single-valued
vhich nead not be true.

As an example of a conservative system with attractive force they
coacstruct the switching locus for the time-optimal control of a hard
spring (Duffing equation ). As can be seen from the results the witching

locus W(x) = 5 (wf U WE) is not single-vaiued for k > 3.
k=1

They also present some interesting results-mainly computer solutions-

for the motion of a forced pendulum,

e g e ot
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Remark: Later in the analysis singular points are discussed. These are
points in the (2,y) - plane for vhich x and ¥ are zero simultaneously.
For system (1) a singular point can exist only on the x-axis with x-
coordinate & real root of F(x,0) - u = O for u = +1 or ~1. For the
conscrvative case the corresponding equation is £(x) - u = 0., The reader
can easily verify that a singular point (x,0) is a vortex if £'(x) » 0
and a saddle if £'(x) < O. A separatrix is a solution trajectory which
tends to & saddle point as t approaches + ® or as t approaches -=,

In the following chapters the author will present results for a
system which describes the motion of a soft spring (negative cubic term
in the Duffing equation ). The domain of controllability will be
described and a procedure for obtaining the maximum mumber of switchings
will be presented. Also some peculiar behavior of the switching locus
will be discussed and analyzed.
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CHAPTER II

DOMAIR OF CONTROLLABILITY

2.1 DIroblen Jtetenent

An initial state of the system

X+ £(x) =u
or
x=y
ye-2(x)+u, with-l<u<+1l (1)
shell be steered to the origin in minimum time. The synthesis prodblem
is solved by determining the feedback control u(x,y). The following
conditions are placed on f(x)3
(1) £(x) ts in the class ct.
(11) = 2(~x) = 2(x).
(1°1) _d_%*). = £'(x) > 0 in some region about the origin, this
implies the® there exists same d > O such that £(x) > 0
for 0 < x < d.
(1v) There exiote some x_ > O such that #(x) <=1 for x> Xgo
A possible graph of £(x) is shown in figure 1. Condition (iv)
assures that each system (1+) vithu=+1land (1 )vwithu=-=-1, as

deascribed in section 1.3, has at least one critiecal point, Xg and Xg
+ -

a seddle, The origlin, which is the target for this problem,is a

stable equilib.-ium point, by condition (111), since there u is set to zero.

[

-



For this investigation the following f(x) will be considered:

r(x)-x-ﬁx3,

the characterstic of a soft spring with g > O a5 parameter.
System (1) can be integrated in the phase plane by eliminating

the time:
av = (3)
Then
-f
§g-oca,

For u = constant one can exprecs the trajectories y(x) analytically es

y(x) = :‘Aa(o) +2ux=2 r 2(z) ar (4)
0

With equations (3) and (4) and the specified f(x), x(t) and y(t) cen
be deterwmined analytically. The time needed to steer s puint (xc,y(xc))

to (x , y(x)) 1s by equation (3):
b 4
ax
$ Lc :

wvith #(x) = x = B x and equation (&)

t-r 95— (5)

*e ‘/@2(0) +2ux - X0 ngn

vhich is an elliptic integral of the first kind.
The inversion of this elliptic integrel [2, pp. 452-455], with

¥2(x) = h(x), ylelds




I

. ¥ .'l‘ La)
folt) - e b cxc)](‘

whore x LlsaZero of h(x); h'(x) - ﬁd; . 5(t) s the Welerstruss
functicr. Lo definitior «vd charscteristics sre presented in

(2, Cawpter O], 3(0) ;-‘-"iaé;;) )

2.2 Iwgeie of Controslobildity, Existence of en Optimal Cootrol
Az mentiored L section 1.4 in this section the domsin of
controllet?iity for system (1) with conditions (1)....(iv) an £(x) will
ve deseribed, end the existence of an optimal control will be proved.
Theoret 2.2 Given ivae systex
X=y
== 2(x)+u (1)
where v ie rragureble on ~1 < u < + 1 with f£(x) as described in
greticn 2.1 sotilsfying conditions (1)e..(1v). The domain G of
coniro’latility is the oper connected band B between the principal se-
meratrices throuvsh ‘gy W »_ . Furthermore, each point in B cen be
steered o the orizin by en optimal control u(t) €a.
The priacipalceperatrices are the trejectories through Xoy and Ko
izdicatrd va solid lines in the paase plane, figure 1.
Treor: Iy theorem 1.1 there exists a neighborhood of the origin vhich

ides 4n G. Thus, ore gust shew th-* __.u¢ un B can be steered into

thls ceighborheved. Stert at point P (compere figure 1). Choosing u = O

the drnjectory follows e eolution of

Yo

:.y

¥y o= = 2(x)




Dy

Then y will locrerse cnd x vili decrewse. £t x «< d,7(x) » 0, therefove,
to cerdiivi in th> game Alrecticn set v =+ L. If £(x:, > 1 for some
value ¢ x < d (sce dashed lime for f(x) ir Pfiguiv 1) v will cecxeace.
Byt the :irmjectory cannot leeve the regicn P tourde” by the poincipal
neparstrisz through R 4 thet 15 for e meximel constant u = + ., If the
tvajectory tends to intersect the posliive xe-exds set u = 0 snd y will
daereese, while x is still decreasing. Thus, one can steer the tiejectc
1nto the Laird qurdrant with e properly chosen u, In the thidird cracdi~
try value O < 3 < 1 will steer the trajectory towards the negative x-
axls. A3 it citers the second qurdrant x and y will increase. To stzer
it toverd the ordgin u = « 1 15 neadad. As it cnelrcles the cxdgin srish
dacreasirg distence fiom the origin oune zeeds only to pick the proper
u to contirie ir. the wented direction.

12 P lice in one of the other quadrents the prool 1s sintler,

e seaider show'.d clso observe that a trejectory ~hich enters tac
region & bounded by tne four geparstrices closest o the oxigin
(see cvrvilireer quedrilate-nl. inside tha solld sn( darhed seperatric s

In tizure 1) +il1l not leave it sgain.

Thus, it hee beern thowa that each initiael peir’, P € B ¢mn be clooyed

N

to the osrigin uy gome control ult) 2A. Since x end y remain hornded
during thic ororcess by theorer 1.2 there eaists en optimal control.
This ccaplctes the nroof,

The rreof 1s beslely the same for the case vhen positive danpin
ie vrozens.

By the rnmximum principle and the theoret of Interlacing Zeros the

opoimal controller is a relasy corntroller: u asswies the values -1 and <3,

e %

g

-
el
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2.3 Fhase Flans Aaclrris

Since the tehavior of the trajectory tlirough “he erdgia is dwpostint

for the swiiching locus a detalled discussion of the relation between

2(x) ené the trajectory through the origin s nprecerted.

FYor this trejectory in equation (M) y(0) = 0 ond

y(x) =:.ﬁux- 8‘[: (%) u;

With the furnction us desrribed in s~cticn 2.1 cane ret dlstinguish th

di fferent

cases.

(a) Esch system (l+) vith u = + 1 and (1) with u = - 1 hes one

™is case

(v)

singular point as the only real golution of each eqguation

2(x) = B Ty

amd  f(x) =-lex__; (%)

see nlso the grenh In figure 2. The tiaj2ctory through the
origin (solid line for u = + 1, dashed line for u = - 1) has
negative siope throughout the second and fourth quedrants.
applies to the above example for B > -}., o

Eack system hes three singuler reints, i.e., cach equation ¢
(4) hes three resl roots. The panul ol T x) snd the phase
plane are shoewm 3a figure 3. Fur n = + 1 the separalrices ¢
trajectory ar2 sketched ir soli? 1’hn2n, for u = - 1 they arc
indiceted ir drshed Linca. Ghoe amallest roct, Xy ic &
vortex, shereas Xy aad xs mroresent saddles. The separstiix
through X, encircles x o° It raintercection with the x-axic
lies in the same helf plane as Xy herefore, the trajectmy
through the origin does not reintercect the x-axis. LHowever

it changes its slope. The slope 1s negative on (-, ’%-)’

A
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(xo_‘~x°+), and (xt+,eo) end positive on (xt-’xo-) and (x°+,xt+),

at x°I and xt: the slope 18 zero.

This holds for the exsmple when -:—7- <p < g—,-,-.

betwveen cases (o) and (b) is the case vhen T(x) Jusc touches the lines

The lim”“%ing case

u=+landue=-2X., Each equstion (4) has three real roots, s simple
root X, end 8 double root X, = X When x has the value of this double
root the trajectory through the origin hes zero slope, except at these

tvo points it hes negstive slope throwhout the cecond and fourih quadrants.

For the example s--la-‘-,?.

(¢) Bach system hac three singular points as in (b). But the
separatrix through X, reintersects the x-axis in the other
half plene, see figure 4. So the trajectory througk the origin
lies ingside the region surrounded by the separtrix through
x, and therefore reintersects the x-axis. This holds for
p <.

The limiting case between cases (b) and (c) is the case wvhen the
ceparatrix through X, reintersects the x-axis in the origin, that is, the
trsjectory through the origin coincides with thie separetrix snd

reintersects the x~axis in a -inguler point; this occurs for g = '27
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CHAPTER III

SWITCHING LOCUS FOR SMALL VALUES OF B

In this chapter the suthor will discuss the case (c¢), i.e., for the

example only values g < %—7- will be considered. Then for 0 < B < -2—,7

one cen find
1_<_x°<1.1

Once X, {s determined ome obtains

X

2 0

x5 1% T

X 2} (] 2

l'brn&"lﬁonecwappro:d.mte
1 1 1 1

/e
3.1 Switching Locus=Msximun Fumber of Switchings
For the given system (1) the theorem of interlacing zeros which
was stated in section 1.4 es bpasic for the construction of the switching
locus is equivalent to Sture's comperison theorem for differential

equations (4], For one can write the second-order differential equations

forywdvz:
T+e(x)y =0

and %{zu'(x)nz-:o.

| Y R
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As stated in section 1.4 the segments of the trejectory through
the origin in the second end fourth quedrants belong to the switching
locus, which ere Wi and Hi One follows the procedure described in
1.4k to obtain consecutive arcs of v’; Burmeister presents a different
procedure for the construction of the switching locus in [5], for which
he epplies the variation equations of the system. He claims that his
method 1s quicker end more accuirete sincefewer integrations are performed.
The author compared Burmeister's method with the one described in 1.4 for
.§ + X + 2x3 = u, The former yieided only two arcs of the switcning locus

of desirable accuracy and took relatively more computer time than the
latter which yieldedi four arcs of desirable accuracy.

If e svitching lies on the x~-axis (e zerc of T is a zero of y)
then the next switching must also lie on the x-axis. Thus, consider the
arc Hi in the fourth quadrant. it reintersectc the positive x-axis in
X, figure 5. Starting et this point backwerds in time with u = = 1
the trajectory will reintersect the negative x-axis in X, vhich 15 also
the endpoint of wz_ The trajectory lesving X, wvith u = + 1 will

reintersect the positive x-axis in x,,, the endpoint of W3, provided the

3
trajectory lies still inside the region btounded by the seperatrix through
Xy (see dashed 1ine in figure 5). If it lies outside this region (in
figure 5 the trejectories leaving x3_ and x3 +) it will stay between the
principel seperetrices and go to infinity in G.

This shows a wvay of determining the maximum possible number of
swvitchings, namely, follow the trsjectories whose switching points lie
on the x-axis until they leave towards infinity and count the intersections

x, on the positive or negative x-axis. This number of intersections
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(including the origin) is then the maximum number of switchings. For
2

37 the following elgorithm

the sbove exsmple f(x) = x - B x3 with B <

has been developed:

it

The trajectory through the origin for u = +1, wi, is

Y(x)=-,\,§xh-x2+2x

Its reintersection with the x-axis, X4 =% is determined by solving
gxh_x2+2x=o’

that is finding the smallest positive root of
§x3 -x+2=0.

Note that by the symmetry of £(x) X. = = % - Then the next step is
to determine the intersection X, for the trajectory leeving - X

This trajectory is y(x) = - Jg xt e x4 2%+ hxl, and x, is determined

by solving

gxh-x2+2x+hx1=0

for the smallest positive root. Then the n-th reintersection is

found with the knowledge of the preceding interse~tions by solving

n-l
I gxh-x2+2x+l+ £ % =0.
i=1
Since Xp is known and "X 1 is also a root of the ebove equation +his

fourth degree equation cen be reduced to a cubic equation
3 > 2 - (.2- - ) (-ll -g- - 3) =
x X ¥ B 1) X + B + B X .1 xn_l = 0,
which cen be solved exactly; xn is the smsllest positive root. However,

for computer solution the above fourth degree polynomial can be solved -

TN more quickly by Newton's method (or eny other algorithm) with a sterting
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velue X =% _q + 2 thar the cubic eq;mtion which involves veriable
transformations. And one elso must determinc the smallest root of the
three roots.

The ebove procedure is termineted when xh approaches X s when the
trajectory leaving - xn-l reintersects the positive x-axis between the

reintersection of the seperatrix through x, (u == 1) and X, For the

.
trajectory leaving the corresponding point = the polynomisl hes no
positive root x < X,

These trajectories with the switching points on the x-exis divide
the domein G of controllability into subregions for each of which a
certain number of switchings holds, e¢.g., in figure 5 for each point in
a region marked with n = 4 four switchings ere necesssry to steer it to
the origin in minimum time. The outer boundary of each region belongs
to it, except the boundary of G,the separatrices through Xy and Xgo 9
wvhich does not belong to G. The switching at the origin to u = O is not
included. The example shown in figure 5 is plotted for g = 0.01.

For the lineer cese, B = O, the harmonic oscillator, the difference
between two succeeding intersections of the switching locus is
xi-xi_1=2andxn=2n. For g > O 1t is xi'xi-l=2+5i wi‘l:h{":i
increasing for increesing i. In Markus-Lee's example which corresponds
to 8 < 0 the difference X3 = %Xy is decreasing for increesing i. As e
rough estimate for the meximum number of switchings for 0 < B < -%- one
may assume the linear case and check how many intersections with

= 2 are possidble on (O,xt) orn < :;t- (for very small B

X T Xa
n<g (- )

The switching locus of en example with B = 0.03 is shown in figure 6.

Here the maximum number of switchings 1is two.

g RN R T
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In figure 7 the isochrones are shown for the preceding example
(B = 0.03). Their equation is

T(x,y) = _r ;%3’ = constant, for the time-optimal u.

Each point on such o,ocloud curve is steered to the origin time-optimally
4in the same length of time.

These isochrones represent also boundaries for the sets of
attainability with the origin as initial point, e.g., the isochrone
with T(x,y) = T, surrounds a region each point of which can be reached
from the origin with the time optimal comtrol in the tiuts'rk.
From this illustration and other examples one may conjecture that these
regions are convex 1fthoynow1thinxt_ <x <xt+.

3.2 Influence of Demping
The presence of damping affects the behavior of the system

significantly., 8ince tke nonlinear system with damping camnot be

anslysed the limear systeam vwill be considered first. The differential
equation satisfied by a time-optimal control is given by°k + ak + x = sgn Npe
If%=ythen,Y +af+y=0, and the equation satisfied by n, is

Ty =cafy+m=0
The system oscillates only for a < 2 (o = O represents the harmonic

oscillgtor) so for a > 2 the maximum number of switchings is one,

because

a
3t 2
ny(t) = & s (& -1
,;-‘-; -l
dackwards in time, with the only zero at t = O, Fora = 2

a
t
"z(t) = (At + B) o! » Vhere
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A and B are positive constents. Therefore the maxzium number of

switchinze is one. For & < ¢ with

g-‘t
(o]

nn(t) = - sin = 5 t

ST
the syster has cn Infinite maxdmum number of switchings in G = Rz. The

trajectorlies with switchings on the x-axis ere described by

ATS E

-
x=l+-€-0e“ cos(ut+arcsin%)
L-%t
[
Yy ==¢£ sin 'Y
rE9 ut

The switching intervals are ut = 0, %ty 271 eee. @ = [4 - 95— « Considering

the trajectory for u = + 1 leaving the x-axds at =x one obtains

nel
. p
% 1+ (l + )%_1) e
2%
with p = =pa =~ , (A siniler result eppeers in (6] with o
[0
.

presentation of the eqw.tion for the switching locus). In this linear

case one can determine X without first celculating o1

Lo p
&=l+enp+e ~
ef -1

As the damping increases the distance bebtween these intersections will
increase.

Now assume some maximum value x < Xy is given and one waents to
know hov many switchings of the time-optimal control ere needed to steer
this point to the origin. One replaces in the above equation X, by Xy

and solves for n:

w‘f',

e >

b SRR S s =

- ‘mm



(x, - 1)(ef - 1) + 2p
ep +1

1n

n <

ol

This number may be changed by 1, depending on whether the point with X,
a8 abscissa lies above or below the switching locus,

With the nonlinear term the equations for y and 'nz are
y+ay+t'(x)y=0

o & r _
n2-7n2+r(x)1~2-o
with £(x) = 1 - 38 x°

2

The solution oscillates for f'(x) - %— >0 or for

x<J%§(1-%-) )

A rough estimate on the maximum number of switchings can be obtained

by substituting
2

Xy = %E (1 - %—- )
in the above inequality for n.
In figures 8, 9, and 10 an example for 3 = 0,005 is shown to
demonstrate how the damping changes the shape of the switching locus

and the maximum number of switchings.

a
t : hir 2
With 2 = e2 y one obtains for the above equation Z + (f'(x(t))- %—)z-o

for which the comparison theorem [i] can be applied.
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CHAPTER IV
SWITCHING LOCUS FOR INTERMEDIATE
ARD LARGE VALUES OF 8

In this chapter the cases (a) and (b) as described in section 2.3

will be discussed. Originally the assumption was made that if the

trajectory through the origin does not reintersect the x-axis then it
oeincides ".ith the switching locus over its entire length, and the
maximm namber of switchings is one. But computer results shoved that
there are cases for >$[—, for which there exists an arc of the switching
locus sticking back from infinity. MPurthermore the switching locus is
discortinmous, the arc through the origin is not comnected with the

ome sticking back from infinity. PFigures 11, 12 and 13 show examples.
Two different integration procedures were applied to assume the result.
One integration was with respect to time t, the other procedure was with
respect to x as discussed later. From these results the conclusion was
drewa that there exist arcs of the switching locus sticking back from
iafinity only for some subinterval of ?27 <g < -;7 . In

the following sections the author will consider certain situations for

f >-;7- and show vhether there exists a second switching or not.

%1 Derivetiens
The system equations are
=y
¥=-2(x)+u (1)
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FIGURE Il. SWITCHING LOCUS FOR B = 2/27.
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FIGURE 12. SWITCHING LOCUS FOR B=0.08.
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with u = + 1 below and u = - 1 above the switching locus. The adjoint

systea is
b -G,
(2)
b=
and the Hamiltonian
Rk Ty, Ty) = Ty ¥ + M, [u - 20) ] =m0, (6)

shere h is a positive constant along an optimal traj ectory. The equation
of an optimal trajectory was derived in section 2.1 as

y(x) -:/12(0) +2ux-2 _r £(g) ag . (4)
o

The same procedure is applied to obtain ™ and T, a8 functions of x and
y

‘"5. v £

-J;"‘x"-;‘,ﬁ“z

a

-E-ng---} . (2')

Ope uses the Hamiltonian, equation (6), to eliminate T
n
ne2o2 - o).

With u - £(x) = y y’ from system (1) one cbtains a first-order

differential equation for “2 in x.

Y %Y -3
or % ’
) -

vhich can be integrated
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Thus, onc can write the feedback control in analytic forms

(x)
u(x,y) = ogn {y(x) [—T?-(% -h j:—ydzg)]} , ¥ # 0.

The constants X, and h are specified in the next section. with
£(x) =x -8B x3 the above integral is an hyperelliptic integral of the

first kind [3] which cannot be solved in closed form.

b,2 Switching Condition
To show the existence or pon-existence of a second switching

one must investigate equation (7). This is done the following way.
The initial conditions are chosen on the switching locus in the second
quedrant for which u = - 1, see figure 1%. The integration 1s
performed along the trajectory below the svitching lecus, Thus, from
pow on only the case u = + 1 18 considered, By the symmetry of £(x)

the situation is exactly the ssme sbove the switching locus with opposite

sign. lLet x = - & then the initial ordinste 1s

Y(-a)n\’za-;gj%tu.

8ince (~a, y(-u)) is on the switching locus T\z(-a) = 0, One can choose
'nl(-a) arbitrarily because sysiem (2) is homogeneous. 'nl(-a) must be
positive for u switches Crom -1 to +L at this initial point, Thus
let 'nl(-n) = 1 then by equation (6)

h = y(-a)
There exists a second switching when the integral in equation (7)

becomes gero for same X § -8.

e .
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However, as one can see from figure 14, y(x) is not single-valued,
so that the integration interval must be divided into subintervals for
which y(x) is single-valued, The first interval is {-s,xc] for whick
y(x) 1s in the second quadrant, where x is the abscissa for which
y(x ) = 0. The second interval is (x ,x] for wnich y(x) 18 in the
Jower half plane, The required division by y(x ) causes difficvlties,

Later on in the evaluation of the integral it will be shown how to

-avoid this problem.

From (6) one can determine ‘nz(xc)
b= My (xg) ¥ixg) + Tplxg) B - £(x.)] .
Since y(xc) =0
Tz, = TR * (8)

Y\Z(xe) > 0 since 1 - f(xc) >0 for x , <X, < 0.
It will be shown later that the next switching - if there exists one~

occurs in the fourth q\ntrsnt.
0
Therefore, first 1:'(57 will be determined, and then the equation,

,(x) 1\2(0)
L LAY =t

will be examined, At a second switching point 1\2(1) = 0, and

N i
vy (%)

solved for x will give a point (x,y) of the switching locus. In general
this equation cannot be solved, But if there 1s a switching for some,

0 < x < ® the expression on the left hand side of this equation will
change its sign. Since nz(x) > 0 and y(x) <O in the third quadrant,

Co B e
- il "—-“‘""-‘
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-bl.

n,(0)
—2-(—7 < 0, Thus, there exists a switching on (0,#) if the expression

le(O) - dx

¥y = ] o ¥x)

is positive, or if

o o ) 7,(0)
) yg( ) yioy -

X

Considering absolute values of y the switching condition is given
A

by I - dox (0) (9)
) Iyg(x)l Mo] .

L S (10)
<

Ir 4 IY (x)l hiy(O ’

there is no switching.

4,3 Estimation

In this ucti«zn)estimhes are derived to examine the inequelitiles
(0
(9) and (10). "T57 1s determined by

"5(0) 2(x) © ae
—y—mnmmr ‘rx%]’ (11)

c
where the integration is performed in the third quedrant. The above

integral is subdivided into two integrals as follows
<8

ar
X y3(§) J 3(E) 3( )
Furthermore with y y' =1 = £(x) the first integral of the right hand

side is transformed as follows
ay(¢)

. a -
5(9 r yx) YA(E)Q-£(e)]
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Thes, the equatiom to be investigated is now

o) T(x) () o
oy rl'? Eoy l‘j:(x) y%-n] P

Yor the estiwation of 1 - £(x) one needs to distinguish tbree

uftmatcuu,unlhminnml‘)‘. Atxn-/-—;: 1 - £(x) has
its maximm value.

<Xc<--}— <-a<0

‘ﬁ
then 1 - 2(x) >1 = 2(-a) on (- 25-a)
VB
l-f(x)>1-f(zc)6n(xc,-é)
This requires that y(- =) exists:
/8
S S I M.I.I
A5 AR iy
m.,tlnecditicaonuil
(3. .2 2
‘(10a+/35)<'</33
o
P /R T T Y. (S with 0 <y <1, (12)
1
Case 2 ‘.+<xc<"<'75
then l-t(x)>1-f(xe)n(xc. -2).

Thesefers, & mast be such that ix | < |x | exists, Thws

L <.<—:8'—[|z.|+3].
e

TR L S8
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FIGURE 15. ILLUSTRATION OF I-f(x)=1-x+8x®.
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Case 3: --}-- <xc<-a<0
VA
then 1-f£(x)<l-=- f(xc) on (xc, -1)e i
The limits on » zre then
~ e
Cea<p (2 -2 ).
/33 188

For case 1 :lhe integration is performed over the intervels

[y(x), y(=~ -—l~-)_} and ‘-;.'(- —2-'-) , 7(-a) | . Then the estimnte is
/36 VAT ’

0) (M) h 1 1
737 < B {y(x) T 1ef(x ) ‘:; Tx) = 1 Pf
x*x; - y(- =)
/38
P T I J.o ax_
1-r{-a) Ly. 2y y(-n) [ - y(x)

/38

After performing the limit and taking absolute values Icr y

*n,a(o) : 0 ax . nl(xc)
[y{07 Y en ys(x) h[l-f(xc)"

1l
1
- f(xc)] ly (- /_7—.‘3 )

+

'1-1’%-&)[”(-1.)‘ -5 | (23)
/38
This holds for case 1. The estimates for cases 2 and 3 are given later.
In the above inequality (13) the integral and T\l(xc) must be
estimated. The equation for ‘nl(x) can easily be found from equation

(7) and equation (6).

|
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 (x) (x,) '
, (x)
* = h- x +h£ 7L

(x,) ¥y'[1 -]

Starting at X, ™ =aon the switching locus the imtegration is performed

on the trajectery in the second quadrant. PFollowing the above estimation
recedure one obtaias for case 1

E(xc) S n
TR -2 )] Iy (- =)
7/

*ﬁ?ﬁ‘ﬁ?ﬁl

fce.nth(xc)>1
fcre-o3'nl(x°)<1.
Ia the folloving estimstes are pursued which show that there is
20 sevend switching, by inequality (10), for cases 1 and 2.
For the integral in (13)

L1 e
-c;s(-x_) -cth+§(pxr-2'x+k):‘m,

the cudbic function 513 e 2x + b 18 replaced by its tangent at x = O

which is l'h’-t:. Then the integral can be estimated
(]
dx P S 1+a .
I_‘ ;(x) ’F& [?Ja Fu ]

Fisally, the desired estimate for case 1 is




N '
SRS o N . W
ﬂS'TOTT 1+la -2/ -Fa-n( 'j
s z ———— o
- = -
!1 - “:A(‘) b {~ —f—- Y
2 1 1 1
- ~ e L4 h .
C It (e [h L L S
ly(~ ——)!
/38
aad for case © ‘
P U S LN
1
RIVOT] ” T L5 T st
o
B S " (15)
c -
The estimate or case 3 it given on pege 9.
Now one needs an estimete for the 1-ft side of inequalilty (10).
*_ax ¢ © A
- e ar i 2. . = ] Ml ‘2/?
Yo Y o r3'2= (ax® = 2 -u) +ha ! -
The cubic polynominl is approximnted by i“e tangerts is illustreted In
figure 15, Then
| E g-2/2
' N F?B 7ET8
_[ dx P [ dx { Ax T
~-§ ] [ - 3‘7: O - i ]j &
° lJ (x)l o rha*l-(x-’l)l"‘ , /——8 [ha+2(l s \%)X
: i
|
a
- | 653
[\ h 2 /2 I
8-2/2 [uw 2 (1 - ——) %+
e JET3 : _
210 l‘
.f::\j:q
- r.““.K
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After performing these integrations one obtains the following
inequality as equivalent to the condition that no second switching

exists in case 1.

, 7l 1
F(anﬂ) {'1;]“1 a:;_ L..__.._ir.g__..‘” ,__.f::l
a+ b & ~ =)
) oo 2R

1 Y Al l ]
+ — — - W Ty o SR s
el WY [ s T 2
1_ -0,%6 a+6‘ L’Ta an 2’{3 “84 h(z -l)(‘ &7 8-r-(-z-i

ho]

[Z (a/z-2) + 1

1 1 - NETB

' b g 4
a3 - ) B Wz ) (B - 25

1

l+a

{—r.[— '};‘1']* D) uz- t(-a) ]

(16)

: T[l-f(x) 1-f(-a)]}<o

}.a. .

The sccond braces contain the quantity obtained in inequality (14). It
mist be replaced by the one from ipequality (15) if case 2 ig examined.
All square roots in the first braces exist for 8 2 -g—.(- . The function
~ 7(a,p) is plotted versus 8 in figure 17 with y as pu'amuer

-¥(a,8) lies in the shaded area for 0.2 < ¥ < 1.0 and B > ﬁ- This
shows that inequality (16) holds, i.e., that there is no second

Mtchingfore>ﬂmdn-(réé +—")<t<%.

For case 2 a positive term in F(a,8) drops out, so that the

approximation becomes even better,
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To show the existence of a second switching for some 8 >-§7
and some & inequality (9) must be verified. Since there is apparently
ealy a small range of a and g for which a second switching may exist
(see figures 12 and 13), and since the estimates are not very sharp one
example will be tested, which will be a = 0.2, p = 0,05, see figure 12.

One can see that case 3 applies: - e <x, < -a, for which

>

T,(0) 2 °© ax
BR(OT| SR T - fx) " .[_. 00

There the cubic function U4=2x + &:3 is replaced by its segments over
8 intervals on ~-a < x < 10, After the evaluation of all the estimates

ome obtains
dx
‘[o ey -z
and
;b‘(ﬂoéﬂ < 2,h

satisfying inequality (3). Thus there exists a second switching point.

Because 41, /dx exists and is nomzero if 7, = O there must be an interval
about & = 0,2 for each point of which a second switching point exists,

The same can be said for 8.

b4 Bstimation for Small a

To prove the results in figures 12 and 13 one must show that
there is no second switching for small a. A different approach is
used to verify ineqwality (10), x is expressed as a function of y,
and the integration is performed with respect to y. The requirement
of a being smll implies that the rangz of x and y is smll in the
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left helf phese plane. For the equation describing the trajectory,
2 )
y’:ha+2x-x2+%x‘ s
one cst apply an approximation procedure to obtain x as a function of

b 4

R
qel-fr -y v

where ¥° = 1 + ha. This sequence converges for
g 4 2 2
X <Y - v .

This approximation results in

xl:x +Ay2+nyb+cy6+coo

viers A - %‘1—'2)- S‘%i Fua.
na.;.:j-%e%;ﬁ.ge%gﬁ-.gg<l;r"+-...
iy pp gt

jar’
8
1-r 8- (1-r
l!ﬂ xc'(l"r)'gs—rl-+-37$;-5—L 4+ @ oo

3

e -2a(l-8+28°4+28804-...).

The higher terms have coefficients with decreasing megnitude. The

abova expressions are evaluated by developing series in & since

~ap——

r = ]1 + ba , whose power series converges far 4 & <l ‘- The following
estimation 4s only valid for sufficiently small a. The integration

in the second quadrant is then




%(x)--hj—;—

[ x IY(X) x.-8 ay
3 S IR
. (‘) y(.a) Yy
After substituting the polynomials in y and performing the integration

one obtains

Nx) o

2 M 5
- - 4 - - - >
y(x)  y(x) 24 + LBn" - 2CH - behy(x) - 2Chy (x).

Letting x approach X,

1 2 N
1a m[ﬂz(x) - an:}- -2A + 4Bn® - 20n°.

X=X
c

Thus, ﬂz(xe)=2\h=h ;-B%-E%* ] which compares

h
with Y\z(x) = mcj in the first three terms of its series in a.

(7)

In the third quadrant the integration is

(0) (x) r ‘3’L

Y\z(x (0) x,~€
r’(x) S 3] o o )

y y

With the above polynomials and equation (17) one obtains the following

estimate

(0) 3
;‘zm ok [1 77'] LB /la [l + 75—-]- 2c(lu) [1 + " 3/2]+,,,
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or as a fuaction of a

W,(0) N 10 o7 ]
r - rol— + a + = L. .
RTyOT] 2 7% [* 7 72 0 0
For thae integral in the fourth quadrant one can use the estimate for
case 1, Then the condition that there is no second switching for

small a is

. 1 [ 1 1 ]
1~ [2

278 f‘*-‘ﬂ%’-%g «/““7'3( 76"2%)

2
0.83 g+1
1 1 - 3 ]

L =
T oD

+

<7§&- (1 - 2.16a -1.3a° + -) . (18)

"™is inequality is illustrated in figure 18. The left hand side
of inequality (18) is plotted versus a with 8 as parameter. The right
hand side marks the boundary of the reglon for each peir (a,8) of which
the inequality halds. The inequality was also tested for 8 = 0,09 and
was satisfied for ¢ < 0.1. 1In the preceding section it was shown
that there is no second switching for s 2% (7% +i-§5§- ). Porp>2
(18) holds for all a less than the above value. Thit inplies that

there iz no second switching for 8 > 2., There does not exist a

second switching for any B >-§7 and sufficiently smell a.
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L,5 Non-Fxictence cf Switchings in the Third Quadrant

The trajectory leaving the switching locus through the origin in

the seconi quadrant beackvward in time is given by

4
X

ot

Y+(x) =j_j4a+ 2x - x2 +

Assume 'n? = 0 in the third quadrant at Xp. Then u switches fronm

+1l to -1 and the trajectory is now described by

y_(x) = :\/#(a + xl) - 2x - x° +%xh -

Ir Xy < - a,y_(x) reintersects the negative x-axis entering the second

quadrant again, since it cannot intersect the y-axis: y (0) = + %) i
is imaginary. 7Thus, this is not a time-optimal process. The trajectory

is now closer to the origin than when it started going backwards. If

-a < %, the trajectory y (x) intersects the y-axie at

(0) = - Ju v x> fla, |

deg
vhere - /i = y+(0). As the trajectory y_(x) enters the fourth

1l

quadrent continuously increasing it must intersect the switching locus

throu; : the origin in this quadrant at X5 3

Xp = &+ X .
with oa<x1<0: 0<x2<a.
A trajectory cowing {rom sbove this switching locus in forward time
reaches the origin more quickly along this switching locus than
along the prescribed way. It takes ever longer to reach the origin
from the starting point (-a, y(-a)) than from (xa,-y(xa)). Thus,
there cannct be a switching in the third quadrant for a time-optimal

control.

T
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CHAPTER V
SUMMARY AND RECOMMENDATIONS

5.1 Swmary

In this investigation results for the synthesis problem were
obtained. Tt was shown that the coefficient 3 > O of the negative
nonlinear term of the Duffing equation characterizes the behavior
of the system.

For 0 <8 < ;7 the maximum number of switchings k is ® >k > 2.

A procedure was developed to divide the domain of controllability G
into subregions for each point of which a certain number of

svitchings is necessary to steer it to the origin time-optimally.

With this procedure one also obtains the maximum mumber of switchings.

Computer results opposed the assumption that for 8 > %- the
trejectory through the origin i) the second and fourth quadrants,
coincides with the switching locus over its entire length, implying
that € = 1. Narely, arcs of the switching locus sticking back from
infinity were discovered for values g >% . Thus a switching
condition involving functions of x and y was derived. Since it contains
a hyperelliptic integral it was necessary to derive estimates to
examine this condition. Using these estimates it was shown that there
exists a second switching for an interval about 8 = 0.09 and about
a =02 ais the abscissa of the point where the trajectory intersects

the switching locus through the origin. It was also shown that

s £ o L
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there does not exist a second switching for sufficiently small a

and any 8 >-§,—7- , and if B8 2%.—{ there does not exist a second switching

1,2 5
ir‘>71(73_e+T8§)'

5.2 Recommendations

With these estimates one could rot rover the whole range of a

to determine whether there exists a seconi zwitching or not for

%7 < 8 <2, Thus more investigation on this hyperelliptic integral,
equation (7), is necessary to obtain more information about the arc

of the switching locus sticking back from infinity.

Another problem for possible future study is the case when the

rate of the time-optimal control is bounded. The system is then the

following

X=y

y=-f(x) +2

z=v with |v]<1,

it

v = u is the rate of the control u. Thus a third state variable z
is introduced, and the new control v is bounded in magnitude. The

adjoint system is then
PRRNOR™
L B |

;‘ = e« 7N

li3 2

“_ m—

and the Hamiltonian is

H = “ly + nz [z - f(x)] + 'n3 v = h = constant.

In figure 19 an example for 2 = 0.03 is shown. The integration is




FIGURE 19. EXAMPLE FOR BOUNDED RATE OF CONTROL, B8=0.03.
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performed backward in time starting in the origin with the following
initial conditions: v = +1 (the case v = - 1 is symmetric starting

in the fourth quadrant) and ns = +1, Thenh = 1, Since the adjoint
syster is homogeneous one variable "1 or 7, can be chosen

arbitrarily, then the other variable is determined by the Hamiltonian,
In this integration the initial value of n, vas varied for each
trajectory. In figure 19 the heavy lines represent the switching locus
where v changes its sign. The dashed lines mark the points (x,y)
where z = 0. Much work has been done for linear systems with bounded
rate of control, e.g., [7) But for the nonlinear system the domain
of controllability needs to be determined and the set of attainability
should be described. An investigation on the maximum number of
switchings would be of interest.

A further problerm is Lo have a constraint on both the magnitude
and the rate of the time-optimel control. Then for the above systen
the control v and the new state variable z are bounded, Some results
are available for linear systems, e.g., [8]. But nothing has been

done yet for nonlinear systems.
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