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ABßTRACT 

Thi.9 report p^osente rerulte on the syntbeels of tiae-optimal control 

fbr a second-order nonlinear systenu    The problem ia to determine the 

feedback control as a function of the state variables.    This is equivalent 

to finding the svitching locus, since the time-optimal control is a relay 

control.    The nonlinear oystem is represented by a soft spring charact'»^    a 

by the Duff} *g equation with negative nonlinear term. 

The d main of controllability Is described,    for the case that th« 

coefflcir Jt of the nonlinear term is sufficiently small a procedure 

is developed which determines the maximum nunber of svltchlngs.    Also 

the influence of damping is considered. 

An analytic expression of the feedback contrc-1   > derived for the 

conservative case,    This expression contains a hyper-ellipt.     4 n   ral -f 

the flrot kind.    Since this Integral cannot be solved in   iosefl -.'onB 

estimatt i are derived to show the existence or non-exl  »encc o    - 

svltchliH   VJITVC in certain regions of the domain of  .entrolle >illty. 

- 
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CHAPTEP I 

lOTRQDUCTIOH 

This thMii wmkmn  «xtanjilve r«f«r#nc« to work done by Harkoa and Lee 

\lt]t   Tbm principles «ad concepts which th«y dereloped needed In the 

following chepters vill be presented In this chapter. 

the «yate» under consideration Is 

S ♦ F(x,i) - u 

i - y 

f - - F(x,y) • u (1) 

with r{QtO) m Ot T{xfj)  in the class CT la the real nunber plane R ,  u 

is in the oosvact interval flt *! < ^ < 1* 

NMt of the inveetlgation in Chapters II throat IV considers a 

'JonsenratiYc syeteai for which BBlM ■ r(xty)  • 0. Then in equation (1) 

lF(x,y) is replaced by f(x). Bat any physical system has danplng» 

F (x,y) | 0, and in section 3*2 a csrtain influence of the danping is 

dlsenssed. Therefore in this chapter the theorens and definitions are 

stated far systeas of the for« (1) with aonaero F (x,y). 

1.1 CoatrollabUity 

An important concept 1B control lability which is defined for nonlinear 

systaas la p.. Chapter 6.1]. This definition is stated here for second- 

order systeae. 
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D«flnt<oa! The Jo/i.n G of nvill ontroilabllity for the control proceie 

(1) In I «M u lu 0 1.1 defined at. the set of all Initial points 
2 

(x ,y ) 0 , each of vhJch can be steered to the origin by BOM hounded 

measurable lontroJler nft) Gn In EO» finite MM duration. If G contalca 

an open nslgbjorhood of the origin, then the aystea la said to be locally 

controlleb7.e ue^r the origin. 

G is cotuerted because each point in G is Joined to the origin by a 
2 

continuous colutlon cvurve lying entirely in G. G is open in R if and 

only if it cootaiis a neighborhood of the origin, because the solutions 

of this differential equation depend contimaoualy on the initial conditions. 

In [1, Chapter 6.1] a theorea is pro-red which states a condition under 

vhlch a sys^ea is locally controllable. Ibis condition for the second- 

order systeu under consideration is that a certain aatrix has rank 2. 

vor syrten (l) this aatrix is 

0 1 

1 Fy(0,0) 

Thus for this sys^eo independent of whether daaping is present or not 

the doaai.: G of controllability is an open connected subset of R 

containing the origin. 

3 

1.2 Bxletence of Optimd Control 

Anorkher theorem needed for further discussion is the theorea on the 

existence of an nptLaal control [1, Chapter h.z'].    Specified for second- 

order autonouou« systeas it reads: 

Theo^eat; 1.2 Consider the nonlinear process in R 

ä ^ y 

y ■ - r{xty) ^ u fi) 
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F(x,y) 1« C1 in R2, u ? n, irtth the fbllowlag condition«: 

(1) 1h« Mta of «U Initial points (x0,yo) and all targat 

points (S'^i) are nonaa^pty and coapact. 

(2) the control restraint interral 0 is nonempty and 

(3) DM atate constraints ^(x.y) > 0, M»***« tg if 
2 

they exist, belong to the class C in R . 

(k)   The fanily ^ of adadssibla controllers consists of 

all Masorahle function« u(t) on Yariov« tine interrala 

[t ,t ] c [T »T.] such that each u(t) has a response 

(x(t),y(t)) on t^.^l steam« (x(t0),y(t0))-(xo,y0) 

1» (xC^)^^)) - (x1,y1) aad u(t) €0, 

^(x^y) >0, i-l(...r. 

(5)   Th« cost for each u « J la 

C(m) - i(x1>yx) • J ?
0(x(t)tj(t)ttt(t)) dt ♦  nax  yCxCt)^)) 

S ^^i 

^are F^ la C1 in Ä3, «(x.y) and y(x,y) are continnoo« in R . 

(•) J 1« 

(b) There exists a tmifom boond x2(t) 4 y2{t)  < M on l^a^l 

for all responses (x(t),y(t)) to u € J 

(c) The set {^(x^.n), x, y | « € Ci} is comrex in R3 fbr each (x,y), 

than there exist« an optinal controller m(t) on [^»^1 in P alninlting 

C(«). 

For the tine-optlnal problen another class of controllers is defined. 

Dafinitioo:  A is the class of all aeasurable controllers a(t) € 0 on 

finite tias intervals [0,^] such that the response Mt), y(t)) of 



rfEXT NOT REPRODUCIBL 
..v. 

(1)  tofUtd 0« [Ort. '   ■ :•   tM -.J .-.r. .■.■.■•:   potrl   (x(ö), vlO)'> firct 

?h.5 «?cRi.   • *' ?••■ •  v.,       .■<■■   '    :'• 

cptimd  fMdteRk ircRtrolIcr for I ■- 

A eotttroUiBi   »': !   •'', i fin t« 

n.onditieMi M 

•;<,►.   i     ;w»r,l in A !■  /Ril^-i 

tlae-optinm.l it fn MQ    »*(!) la ' or   '• ,,   ' !   ••    Irdi  ttet t. £ ti. 

tue neiSM yriitolplt ^i, awvter "Üm'i optli«! contvoUn1 la a 

mximRl cortroLler.    That mans t'nr roll-r^ln.>   «oadltioM unuit '.c-ld: 

(a)    There txlstl «n a^salutelv sootlmimWi BDWhOT^-vudshi^ 

adjoint vector (n,'*), tl'.1') on  'C/i, ] lueta that 

fx(t), r(t))i (ffc(t)i »ij(*)) o-^ •»(*) s«ti«fyti» 

Hamlltcnlar  gyit— 

ey 

>r 
I  - TL 

•2 

(b)    'ill« fltfiltOfliU 

V 

HfTh,^x,:'>u' ' ri ■'"r:; i''-*>')     "   * 

is «Axirtiivd with rMp^ct to u fbr aJjoat all t oa ("o^t. j. 

(•]    Tfm ''r" iltonl«:: Li KMatmr *iihr. 0T  eq'yd  to z?ro uivi 

QSt^taBt  for aU t on rO|t«] alonp ar optlMd ,,raJ«i,tory. 

-1 ii   ?;..<t)  < 0 

• i r: t)„(t) > o. 
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That is, the tlmr-'ptl*al controller is A relay control er. 

Definition: A controller a(t) on [0,t ] in & is called a relay controller 

If there exists a finite noaiber of switching tlws 

such that on each open Interval (^«.i»7^)» i^ly.tk, u(t) is constant 

and equalo +1 or -lt and u(t) switches values on successive Intervals. 

Writing the Hmiltoniaja systea for systea (1) one obtains with the 

mxiaal controller 

* - y 

t =• - F(x,y) + 1    for u = + 1 (1+) 

or 

*-y 

y - - F(x,y) - 1   for u = - 1 (l_) 

and 

vz* "\* ^ Vx,y) (2) 

which is the adjoint systea. Rote that the Haalltonian systea, (l+) and 

(2) or (1_) and (2), Is hoaogeneoos. Since (^(t), T)2(t)) is a nonvanlshing 

vector solution in (T on L
0
»*I3 

of (2) ^C*) hM only Ä finite nuaber of 

zeros utaich arc siaple. 

By this aaxlaua principle the control u(t) is only deterained as 

a function of tine. The feedback controller is a function of x and y 

which rolves the synthesis problea. 

1.*» The SvitchinR Locus 

The fblloving theorea referred to as the "Theorea of Interlacing 

Zeros'1 is very basic in establishing the properties of the switching 



locus for the con«trvctlon of the feedback controller [1, Chapter 7.1 ]• 

Thecre» i.U; Let u(t) for t e [0»^] in A be a «axlml controller for 

■yrfce« (1), and let (x(t), y(t)) and (t^Ct), ^(t)) be the correapondlng 

response i f the Haailtonlan syste«, (1) and (2), on [0,^]. Let T^ T2 

be time  or 0 < T. < T < tj, then four assertions hold: 

(1) If rjg^) - ^(TJ,) - 0 and if yf^) ■ 0, then y(T2) = 0. 

(E) If T^) - vzir2)  = 0 and if yC^) / 0 then y(T2) ^ 0, 

but there is a zero of y(t) on (T.,T ). 

(3) If yirj  - y(T2) - 0, y(t) / 0 on ^^^.Tg), and if rj.,^) = 0 

then Tj^Tg) ■ 0. 

(U) if 7{tx) m  y(T2) = 0, y(t) / 0 on (^.Tg), and if r}^) + 0 

then rj^Tg) t 0,  but there is a zero of I72(t) on (^»tg). 

In other words: Provided the seros of y(t) are isolated, they either coin- 

cide vith the teros of ngCt), or no tero of y(t) is a tero of ^(t), but 

these two sets of seros are interlaced. 

Proof; AssMÄ Hg^l^ m ^S"*?) *  0 

The Hasdltoniar is TJ^ y - ri2 F(x,y) 
+ IT^I " conjt. > 0 on [0,^] 

Therefore r^if^ yU^ '  ^^o) ^z^ 3! 0' 3inc* tbe z•^08 of ^^  "^ 

siaple and by equation (2) T^C^) n^Tg) < 0. Thus either y(T1) ^ 0 

if am only if yCO - 0, or if yC^) ^ 0, then y^) y(T2) < 0. So there 

is a «ere of y(t) on (^»tg). This proves assertions (1) and (2). 

How assuae yCr.) ■ /(Tg) = 0 and y(t) / 0 on {X^T^.    The condition 

that the Hasdltonian is constant on [0,t. ] yields 

y^) ^(TJ^) 3 J"(f2)T»2(T2) 

With y(t) f 0 on (T^.Tg) the uniqueness property of differential equations 

n {nires y (t) + ^ (t) / 0 on [T^T^. Therefore if ^(v«J ■ 0 then 
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t^Tg) - 0. If yir^)  « y(T2) m  0, y(t) ^ 0 on (^.Tg) and T)2(T1) / 0 then 

T^Ctg) ^ 0 try the above equation. If I72(t) vanishes nowhere on (T^»"^) 

thMi /(T, ) y(T2) > 0 which la Upocslhle since T. and T, are consecutive 

seros of y(t). Uhls caqpletec the proof. 

Coarollary l.^t It is easy to show that at a switching point: ^(T) ■ 0 

If jix) > 0      then fjgCx) < 0 

awl if y(T) < 0      then ^(T) > 0 

At T the second equation of the adjoint system (2) Is 

and the Haalltonian la 

^(T) y(T) > o 

«     ^2(T) y(T) < 0 

therefore tt(t) twitches fro« *1 to -1 in y > 0 and fro« -1 to +1 in y < 0, 

going forward in tiae along an optiaal trajectory. 

Markus and Less describe the doaain of controllability and prove the 

aaditence of en optieal control for the cases 

(a) attraetive force, x F(x,0) > 0 for all x / 0 

(h) repulsive force 'x(x»0) < 0 for all x / 0 

with MOMgative dasqping P (x,y) > 0 in R . A sinilar theorea with proof 

for a different condition on F(x,y) will be presented in Chapter II. 

The synthesis problen is solved by detendning the switching locus. For 

a seeoad order systea it aay be described as a function of x: V(x). 

Definitioni The switching locus V consists of the points (x,y) at which 

the ti-»<—i responses switch fro« the solution faally of (l+) to (l_) or 

vice versa. The origin is included in W. 
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n»ero?cre the -ra.j':ctory thro'jgti the origin (or a segment of it) mat 

belo.ig to if« This indicate« & way for the construct ion of W, Due to the 

theorea of infterlaoirg zeros and its corollary a part of the solution of (1+) 

through the origin la the- fourth quadrant Is an arc of the switching locus, 

VT. The solution of (1_) throijgh the origin in the second quadrant as a part 

of the «witching locus is called VT, starting with an initial point on W^ 

(or *r) «^ iategrating baclcmrda in tisie until T»2(t) ■ 0 results in a 

point of t'ne arc vT (o- V^)  of the switching locus. The initial values on 

wj" (or 1^) JUG r)2(C) - 0, ^(0) > -1 (or ^(0) . +1), the sign is given 

by corollary l.U, the Bagnitude can be chosen at will since the systen 

1    lv   2 
Is hopogc» »oufl, x(0), y(0) are given as coordinates of W+ (or W ). W 

2 ^      ^     "~    ~ 
(and W+) are reflected the saae way to obtain vr (and W_), and so on. "Hie 

■witching locus in then the union of all sets Wf and W_, where k. can be 

finite or Infinite. In general the integration is performed nunerically 

so that the Rwitching locus is determined polntwise. 

In the case of attractive force Markus and Lee have shown that k > 1, 

if there iff no friction, F « 0, k = •. In the case of repulsive force 

k = 1 enl the switching locus coincides with the trajectory through the 

origin in tht second renä  fourth quadrant over its entire length. 

In parts of their dlscusRion they assume that w(x) is single-valued 

which notC.  not be true. 

As an example of a conservative system with attractive force they 

construct the i-wltchinr. locus for the time-optimal control of a hard 

spring (Duffing equation ). As can be seen from the results the witching 

locus W(x) » U (V+ U VT) 1« not single-valued for k > 3. 
fc=l 

They also present some interesting results-mainly computer solutions- 

for the notion of a forced peudulum. 
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a—ark; Later in the analysis singular points are discussed. These are 

points in the (x,y) - plane for vhich A and <r are zero siaultaneously. 

For systen (l) a singular point can exist only on the x-axis with x- 

coordinat«. a real root of F(x,0) - u - 0 for u - +1 or -1. For the 

conservative case the corresponding equation is f(x) - u = 0. The reader 

can easily verify that a singular point (x,0) is a vortex if f'(x) > 0 

and a saddle if f'Cx) < 0. A separatrix is a solution trajectory which 

tends to a saddle point as t approaches * • or a» t approaches *•« 

In the following chaptars the author will present results for a 

systoi vhich describes the notion of a soft spring (negative cubic tens 

in the Duffing equation ). Hie domain of controllability will be 

described and a procedure for obtaining the aaxiaua number of switchings 

will be presented. Also some peculiar behavior of the switching locus 

will be discussed and analyzed. 
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CHAPTER II 

DOMAIM OP COfMROLLAHELITY 

2 ^   BBJflC .'^^P?1^ 
An Initial state of the system 

x + f(x) ■ u 

x » y 

y « - f (x) + u, with -1 < u < + 1 (l) 

sliall be steered to the origin in mininuu tine. The synthesis problem 

is solvrd by detezvlning the feedback control u(x,y). The following 

conditions are placed an f(x)j 

(i)   f(x) Is in the dass C1. 

(ii)  - f(.x) - f(x). 

(i i)   ^r^- •t ^'(x) > 0 In sane region about the origin, this 

laiolies ths^i thore exists sane d > 0 such that f (x) > 0 

f or 0 < x < d. 

(iv)     BUM exitrts KüMP x   > 0 such that f(x) < - 1 for x > x . 
3 S 

A possible graph of f(x) Is shown in figure 1. Condition (iv) 

aBsuree that each system (1+) with u « + 1 and (1—) with u • - 1, as 

Jrnrribed in section 1.3, has at least one critical point, x  and x 
s     s 

a srJdle. The origin, which Is the target for this problem,Is a 

stable equilib.'lum point, by cooditloo (ill), since there u is set to zero. 
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ror this invefltigation the following f(x) will be considered: 

f(x) - x - p x3 , 

the charecteratic of a soft spring with ß > 0 as parameter. 

System (l) can he Integrated in the phase plane by eliminating 

the time: 

»•^ (3) 

■Mi 

OX     y 

For u ■ conatant cne can exprers the trajectories y(x) analytically as 

y(x) - + ^r2(0) ♦•««••] *(?) d? V>) 
o 

With equctlOBB (3) end (U) and the specified f(x), x(t) and y(t) can 

be detendned analytically, the time needed to steer a point (x .y(x )) 

to (x , y(x)) is by equation (3): 

»■/ Ä 
J„ y 

with f(x) - x - p x3 and equation (k) 

-r dx 

^2(0) +2ux  - x2 + § x1* 
(5) 

which la an elliptic Integral of the first kind. 

The inversion of this elliptic Integral [2,  pp. ^52-^55], vith 

y2(x) - h(x), yields 

x(t) - X + 

^-^h'^) 
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y(t) 
rh^xj Ht) 

lQ{t) - ^b'#(xe)]
8 

> 

vt9V xr  Is»» zev    of h(x): h#(«) ■ ^^^4^ •     ^(t) !■ ^e WeierBtruss 

functlcr.     ".«   •ufiiiivior . r .'. rhai-n-üerlstics are presented in 

[2, dit.rte: D.t, 5(*) - - ^-^ - 

^.2    lA»'-lr of CcntrcxlcVilltr. Existence of an Oytlnal Control 

Ac r^iitiored ii. •.•!c-l:ii 1.^ In this section the doneln of 

OOKtltttllibllitgp for oy-tcm (1) with conditions (i)....(iv) on f(x) will 

bt dejciitx:-'^ era the cxlitence of an optimal control will be proved. 

i^icorni z?»^   Given cae systeji 

Ji => 

y - - f^) • u (i) 

wb*i« tt Ir 11 moifelt on ^ .^ u < + ^^ ■^•fc f (x) B8 described in 

b^cticn r..1 hati'^fyi.zi: cmAibl.ana (i)*««(iT)«    The domain G of 

cf>ncrc.M«>.:i,.cy JB «,hc ojk^r connected band B between the principel 8«- 

pMMtrlaw   throGHftt x . and ?    .    Ko-thermore, each point in B can be 

stcwici    o ttM OSlglB by en opoinal control u(t) GA. 

The TTtrlncipa^-TtpFa'fttirLies ar-j the trajectories throurfi x     and x 
8+ 8- 

indlratrc: vi solid I^JMS ixi the phase plane,  figure 1. 

I'Tij} :    :>  ^.nomr« 1.1 thtre exists a nei^.borhood of the origin vhich 

li«g in G.    Thuj, ore just ahev tV    ,   ^»^^w xn ji can be steered into 

t*iifl ciishtoitiood.    Si-art at point P (coqpere fi/^ure 1).    Choosing u = 0 

tae trajectory fo1lcr*8 a colutlon of 

x «• y 

i - - ru) 

, 
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Ihen y «UJ 1J  re»M i nd x vi^J. dccreuje.   At >■ < '>,:'(x) > 0, t'ie^roLv, 

to ccn-l.-io In :-■     3 x    dlirctlcn act  J - •* L.    If   f(x) > 1 for eaco 

value or x < d (nee Onshed UM for f(x) In figure 1) jr vi31 dMVtMS* 

BJ*-. the crsJMtocy rarnot Letrvs the :*2i'-;i S bouodt^ "^r th« s^ineipal 

fiperatri': thxtM^t >:    , that Is for P MXlB*! eonstaat u ■ + '.,    If the 

trsjectoz) tradf v.u lafeerMct UM porlülv; r.-ixls set a ■ 0 end y «ill 

doct-eeb.;, MhlXt x it; still decreaeinr;,    "^lus, ono can ateev the tr>J*< I 

IstO the third qu' irart i^ith 8 properl;' rhor^a u.    Ir tr.e third rrad.' 

tjy value 0 < uk < 1 wi] 1 steer the traJer tory tcjwbrcr the no^Btive x- 

nixis.   AJ it eaters the eacond  ßi drant A ard y vill increase.    T1© stscr 

It tovcrd the origtn u = - 1 is nc*i-jd.   As it encircle-, the cricin '.dth 

d^crea^lr^ llatcnce fi-on the origit one   yseda o-ly to pick the proper 

u to con*irve Jx. the wanted direction. 

If P lice ir o.ie of the ^ther quadir.-.t-t. tn" prcHi^ 1« iftlT« 

1'.^ , i."i i«^* shoi1.« clso obsei-ve that a trejectcry '"hicii eeten Vaa 

rxtgion %. b^iuided Yty tie four Mytntfioftl closest  io the origin 

(sec cnirrtllniT ^edrilato-Til inside th^ BO?1{. rnt. dubtd Mpentrieea 

in flt^r»-> ]) «ill not leave it »rein. 

TtiXx:-, it hac been Ehovu that each initlu". pclr-*, P P 3 c'-\ he ete rx sd 

to the orif^lr aj' seme ccntr")! u(t)  '.\.    31aei x nd y remain v;T'nded 

lui-lng thii   orc^enn oy theorer. 1.2 tliere oxinus tai cptxrjjl   .jr:trol. 

This ccxplct-in thr* nroof. 

9M r.rco^ if! bssic.ly tre so»! for the case vhon positive dar.pir; 

it, present. 

By th« rj»xi.Tr.ün principle arc the Vhforcx of Ir.t'jriaciiv Ztroi the 

.-r^'iral controller ij 0  r.^lay ccrtroller:    u a-sBUne:- the TlUm -1 and --j. 
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Since the behavior of the tra.loctory v., j-^pn   he odgia Is inrpor;,. at 

for the svitchlaG locus a detailed1 ItMimlnn of the --eLition betwoen 

.•(x) anc the trajectory thnxigh thr origin J^ nteee:t»»<i. 

For this trajectory in equation ('0 y(i) --■ 0 ond 

i — Y       

o 

With the function as descried In arctic"! 2.1 cne HUft distJn/^uj^h ttu 

different cases. 

(a) Esch system (1 ) vlth • • ♦ 1 and (3_) vith u = - 1 has O;VJ 

nlngular point na the only reel Bjlutlon OJ" encii e^_t,tlon 

m - i-xa+ 

and       f(x) —l*xg-; (M 

see nlso the gre^ In figure 2.    9H txajje-ory through thr> 

orig^'i (solid line for u «= + 1,  dashed line for u = - l) has 

ncgativs nxope throu^out the second and fourth quadrants. 
«I 

This case applies to ;he above exaflijiLe for ß > -r; , 
■ i 

(b) Each system har. throe stngulnr rclrts, I.e., Coch rquation 

{k) hes three real roots.    "The Ki^r«   o? f y) and the  phase 

plane are shovn in f^ore 3.    F^r u  - + 1 t^e seporv.Prices « > 

trajectoxy airs rkrtchd ir soji' )1)M8|   ftV a = •■ 1 th?y ore 

.■.ndii;ate? in drshed llnr.a.    Ji ■ .''"nll'-s^ rocb, x^, 1c 0 o 

vortex,   v,hcn;ar.   r^ aad x    MfVlMMl sadiles.    Ihe MfHEStcix 

throu/jh Xj. encircles x .    Iti rsliifcen'^ctlon .rJ.th thr y-ax't 

lies In the same helf plane «s y^.    xli<»rcrore, the tnjlftoty 

thr^igh the origin dots not reintorcecfc the x-axis.   BOMVW 

it change« its slope.    The slope is negative on (-«, ^j...), 
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."IGURE   2.   ILLUSTRATION   OF  CASE (a). 

3= 
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at x     and x,^    the alope Is zero. 

2 1+ IhiB hold* for the exampiLe when —r < ß < ^=.    The lia'ting case 
d ( & ( 

betveen casea ^a) and (b) Is the case vhen r(x) Jusu touches the llnec 

u ■ + 1 and u » - 1.    Each equation {k) has three real roots, a ainple 

root x   and a doable root x    ■ x^«    When x has the value or this double s ox 

root the trajectory through the origin has zero alope, except at these 

two points It has negative slope throuehout the ceccnd and fourti. quadran^r 

For the example    ß • TT. 

(c)   Each system has three singular polnta as in (b).   Hit the 

aeparatrix through xt relntersects the x-axis in the other 

half plane,  see figure U.    So the trajeccory through the origin 

lies inside the region «urrounded by the sepertrix through 

X^ and therefore relnteraects the x-exla.    This holds for 

■nie llMltlng case between cases (b) and (c) is the caae when the 

ceparatrlx through x^ relnteraects the x-axia In the origin, that la, the 

trajectoiy through the origin coincides with chla separatrix and 
2 

relntersects the ^-axis In a    Ingular point; this occura for ß » rr« 



■19- 

f(x) 

FIGURE 4.   ILLUSTRATION OF  CASE (c) 
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CHAPTER III 

svrrrcHiNG LOCUS FOR SMALL VALUES OF ß 

In this chapter the author vlll dlscuao the case (c), i.e.,  for the 
2 2 

enople only values ß < sr vill be considered.    Then for 0 < ß < srr 

one can find 

1 < x0 < 1.1 

Once xA is detemined one obtains 
o 

x8-;/p-txo       2 

1 
2 

Tor ant1! ß one can approxLoate 

11 1 
^'^ V--" 2 '    ^t^ 

3.1   Svitchin^ Locua-MaxliaiB Humber of Svitchinps 

For the given system (l) the theorem of interlacing zeros which 

was stated in section l.U es basic for the construction of the switching 

locus is equivalent to Stunt's canperison theorem for differential 

equations [k].    Tor one can write the second-order differential equations 

for y »nd T> : 

and 

f + f^x) y - o 

fL * f'U) ^ - o. 

• 

i 
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As strted in section l.k the segments of the trajectory through 

the origin in the second and fourth quadrants belong to the switching 

locus,  which are VT and VT.    One follows the procedure described in 

l.U to obtain consecutive arcs of Y.     Burneister prebents a different 

procedure for the construction of the avltching locus In [5],  for which 

he applies the variation equations of the system.      He claims that his 

method is quicker and more accurate since fewer integrations are performed. 

T^ie author compared Burmeister's method with the one described in l,k for 

x + x +  2xJ = u.    The former yiei-ded only two arcs of the switcning locus 

of desirable accuracy and took relatively more computer time than the 

latter which yieldei four arcs of desirable accuracy. 

If a switching lies on the x-axis (a zero of "TU is a zero of y) 

then the next switching must also lie on the x-axis.    'ftms, consider the 

arc WT In the fourth quadrant,  it re Intersects the positive x-axla in 

x.   ,  figure 5.    Starting at this point beckwarda in time with u = - 1 

the trajectory will relntersect the negative x-axis in x_    which is also 

the endpolnt of \r.    Die trajectory leaving x^_ with u »= + 1 will 
■a 

relnternect the positive x-axls in x    , the endpolnt of VH, provided the 

trajactory lies still inside the region bounded by the seperatrix through 

xt (see dashed line in figure 5).    If it lies outside this region (in 

figure 5 the trajectories leaving x-_ and x,+) it will stay between the 

principal separatrlces and go to infinity in G. 

This shows a way of determining the maximum possible number of 

switchings, namely,  follow the trajectoriea whose switching points lie 

on the x-axls until they leave towards infinity and count the intersections 

xt on the positive or negative x-axis.    This number of Intersections 

OTM«Mai 
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(including the origin) is then the mexüaun number of switchings.    For 

the above example f(x) = x - (3 x   with p < ^r the following algorithm 

has been de'/eloped: 

The trajectory through the origin for u = + 1, VT,  is 

y(x) =-Jfx   -x   +2x 

Its reintersectlon with the x-axls, x1    = x-  is determined by solving 

i.* x    + 2x c 0, 

that is finding the smallest positive root of 

ßx3 x + 2  e 0  . 

Note that by the symnetry of f(x) x,_ = - x-.    Then the next step is 

to determine the intersection Xg for the trajectory leaving - x,. 

This trajectoxy is y(x) ■   - Jf x   ' x   + 2x + Ux-, and x- is determined 

by solving 

| x   - x2 + 2x + ^ = 0 

for the smallest positive root.    Then the n-th reintersectlon is 

found with the knowledge of the preceding interoe^tions by solving 

n-1 
_   v      _    v      -i.   9v   4-   L. | xU - x2 + 2x + ^     t   x.  - 0 

1=1   1 

Since x   ,  is known and -x    ,   is also a root of the above equatio" ^hls 
n-l r^l 

foxurth degree equation can be reduced to a cubic equation 

'3 " V» ^ " (I " -n-l) x + (? + I \* - Vl3) ' 0' 

which can be solved exactly; x   is the smallest positive root.    However. 
n 

for computer solution the above fourth degree polynomial can be solved 

more quickly by Newton's method (or any other algorithm) with a starting 
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velue x    = x ^1 + 2 than the cubic    equation vhlch involves variable 

transformations.    And one also must detemine the nrnallest root of the 

three roots. 

The above procedure is temlnated vhen x    approaches xt»  'Vhen the 

trajectory leaving - ::   ,  reintersects the positive x-axis between the 

reintersection of the seperatrix through x.     (u - - l) and x. ,.    For the 

trajectory leaving the corrcspondinc point -x   the polynomial has no 

positive root x < x+ 

These trajectories with the switchinr; points on the x-axis divide 

the donain G of controllability into sub regions for each of which a 

certain number of switchings holds, e.g., in figure 5 for each point in 

a region marked with n «= 1+ four switchings ere necessary to steer it to 

the origin in minimun time.    The outer boundary of each region belongs 

to it, except the boundary of G,the seperatrices through x      and x    , 

which does not belong to G.    The switching at the origin to u - 0 is not 

included.    The example shown in figure 5 is plotted for ß = 0.01. 

For the linear case, p = 0, the harmonic oscillator,  the difference 

between   two succeeding intersections of the switchinc locus is 

xi " xi-l 2 end x_ = 2n.    For ß > 0 it is x,  - x,  1 * Z + b±    with &i x        i-x i 

increasing for increasing i.    In Markus-Lec's erample which corresponds 

to ß < 0 the difference x. - x.^,  is decreasing for Increasing i.    As e 
2 

rough estimate    for the maxiraum number of switchings for 0 < ß < rr one 

may aasume the linear case and check how many intersections with 

x. - x-,  = 2 are possible on (0,xt) or n < -s- (for very small ß 

1,1 Ixx 

The switching locus of an example with ß = 0.03 Is shown in figure 6. 

Here the maximum number of switchings 1& two. 
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In figure 7 the iiochronti are •ham for the preceding example 

(& - 0.03). Their equation la 

T(x»y) - j rrgr ■ oonataat, for the tl«e-optl«al u. 

Each point on auch a doaed cvrre la ateered to the origin tine-optlaall/ 

In the aana length of tine. 

Theae laochronea represent aleo bonndarles for the aete of 

attainability vlth the origin as Initial point, e.g., the laochrone 

with T(x>y) - T. anrroondi a region each point of which can he reached 

fron the origin vlth the tine optlnal control In the tine t < T^. 

Fron thla Illustration and other examples one nay conjecture that these 

regions are convex If they He within x. < x < x^^. 

3*2 Inflnanee of Damping 

The presence of danplng affecta the behavior of the system 

significantly. Since the nonlinear systen vlth damping cannot be 

analyted the linear systen will be considered first. The differential 

equation satisfied by a tlns-optlnal control Is given by** + oft ♦ S « agn t^. 

If z • y then, V + ay + y - 0, and the equation satisfied by r), 1> 

ff2 - a f)2 * rjg - 0 

The systen oscillates only for a < 2 (a s 0 represents the harmonic 

oaclllator) so for a > 2 the nazl 

because 

number of switchings Is one. 

^(t) 

vT 
sinh lot - 1 

backwards In tine, with the only zero at t > 0.    For a - 2 

TjgCt) » (At + B) e       , «here 
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A  and B arc tKultive constants.    Therefore th« na/.ivur. mjaber of 

switchins;E li one.    For a < ^' with 

r?n(t) 

gt 
i  4? —   sin  p. - -r- 

f- cf 

2 
the system has pn infinite mmT*~T number of svitchincs in G = R .    Ihe 

trajectorlcr with switchincs on the x-axis arc described by 

. -S - 
x = 1 + - e        cos (ut + arc run rO 

y = — e        sin ojt. 

■Hie switching intervals are ut =0, rt, ?.«  •... u? =   /I —s* .    Considering 

the trajectory for u = + 1 leaving the x-axis at -x       one obtains 
n-1 

a 
2 * with P =   ■■  i i ■ ■■ ,   (A similar result appears In [6] with e 

t     a2 

T 
presentation of the equ/.tion for the switching locus).    In this linear 

case one car determine x.   without first calculacing ^   . 
no 

^ ep - 1 

As the damping increoaes the distance between these intersections will 

increase. 

Now assume some maximum value x < x.. is given and one wants to 

know how many switchings of the tine-optinal control are needed to steer 

this point to the origin.    One replaces    in the above equation x   by x». 

and solves for n: 
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,    (x  - l)(eP - 1) + 2p 
n < ± in —ß- 
- C 

e
p
+l 

This number aay be changed by 1, depending on whether the point with x 

as abscissa lies above or below the switching locus. 

With the nonlinear term the equations for y and T> are 

y+ay-- f(x)y=0 

\ - ^ Ti2 + f'(x) Tj, = 0 

with f'(x) - X • 3ft x 

The solution oscillates for f'(x) - -jp > 0 or for 

—r      » 
-■/¥ B (1 - T > 

A rough estimate on the maximum number of switchings can be obtained 

by substituting 

■N-Ä^- TT ) 

in tha above inequality for n. 

In figures 8, 9, and 10 an exanple for 3 » C.0O5 is shown to 

demonstrate how the damping changes the shape of the switching locus 

and the nÄximun number of switchings. 

With Z = e   y one obtains for the above equation Z + (f (x(t))- ^TrO 

for which the comparison theorem [U] can be applier:. 



,>c- 

Z 
Q. 

It! 



r 
-31- 

CVJ 
O 

M 

0> 

UJ 
QC 

i 

—■- 



• ^2- 

» 



-33- 

CHAPTER IV 

SWITCHIHG LOCJS FOR DTTERMEDIATE 

ARD LARGE VALUES OP 0 

In this chapter the cases (a) and (b) as described In section 2.3 

will be discussed. Originally the assumption was aade that if the 

trajectory through the origin does not reiotersect the x-axis then it 

ovineldas \ixh the switching locus over Its entire length, and the 

IP*—" matoer of switchings Is one. Bat coaputer results showed that 
2 

there are cases for 0 > 77 for which there exists an arc of the switching 

locus sticking back froa Infinity. Furtheraore the switching locus Is 

tisc«etlaaoasf the arc through the origin is not connected with the 

om sticking back frosi infinity. Figures 11, 12 and 13 show exaaples. 

Two different integration procedures were applied to assune the result. 

OM Integration was with respect to tlmt t, the other procedure was with 

raspect to z as discussed later. Froa these results the conclusion was 

insm that there exist arcs of the switching locus sticking back froa 
2 ^ T 

iaflalty only for soae subinterval of — < ^ < Tf '    In 

the following sections the author will consider certain situations for 
■ 

9 > — and show whether there exists a second switching or not. 

V.l Darlvatloos 

The systea equations are 

*-y 

f - - f(x) « u (1) 
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FIGURE  II    SWITCHING   LOCUS FOR   /3* 2/27 
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FIGURE   12. SWITCHING  LOCUS   FOR   i9«0.08 
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with u - + 1 bttl«v and a - - 1 above the «witching locua.    The •Ajolnt 

tjtkmU 

(2) 

and the Hudltonlan 

M*>jf\,\) - \ y + ^ [tt - f0o]a h » (6) 

Where h It a positive conetant along an optlaal trai ectory. The equation 

of an oftlaal trajectory was derived In section 2.1 aa 

yU) • i Jy2(o) + 2 u x- 2 f f(i) if .        (M 

the aaae procedure !■ applied to obtain "^ and r\2 as functions of x and 

y 

^<-> • 

One uses the Hamlltonlan, equation (6), to eliminate TL : 

\-|--| Ctt- f(x)l. 

With u - f(x) « y y' Area «ystea (l) one obtains a first-order 

differential equation for T^ in x 

r \ • r' v • $ 

! 

which can be integrated 
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Thu«, one can write the feedback control In analytic forw 

The conotantB x and h are rpecifled in tbe next lection. With 

f(x) « x - 0 x the above integral is an hyperelliptlc integral of the 

flrft kind [3l which "^nnot b« solved in closed form. 

k,2   SwitcMag Coodition 

To shew the existence or non-existence of a second switching 

one aast investigate equation (7), Hiis is done the following way. 

The initial conditions ar* chosen on the switching locus in the second 

quadrant for which u > - 1, see figure Ik.      The integration is 

parfomsd along the trajectory below the switching locus. Thus, from 

now on only the ease u * + 1 is oonsldered. By the syaaetry of f (z) 

the situation Is exactly the saae above the switching Locos with opposite 

sign. Let x ■ - a, then the Initial ordinale is 

y(-a) ' J 2a - a + | a . 

Since (-a, y(-a)) ?-S on the switching locus ^(-a) = 0, One can choose 

TL(-a) arbitrarily becaxiae syste» (2) is hoaogeneous. TL (-a) mist be 

positive for u switches fro« -1 to +1 at this initial point. Thus 

let TL(-a) ■ 1 than by equation (6) 

h « y(-a) 

There exists a second switching when the integral in equation (7) 

beeoaes tero for sosw x j  -a. 
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Howevwr, M one c*n see fro« figure Ik, y(x) Is not slngle-vmlued, 

so that the integration intervml mxat he divided into «uhlntervals for 

irhlch y<x) U ilngXe-valued.    The first interval la [-a,xc] for vhicb 

y(x) is in the second quadrwit, vhere xc is the sbscissa for nhich 

y(x ) « 0.    The second interval is (x »x] for vhich y(x) Is in the 

low«r half jlane.    The required division hy y(x,) csuses difficulties. 

Later on in the evaluation of the integral it will be shovn how to 

avoid this proble», 

Froa (6; one can detendne TU(XC) 

h - Vv y^c5 + S^J & - f(xc^ . 

Since y(xc) " 0 

VS) ' 13^7 • (8) 

^(XJJ) > 0 since 1 - f(xc) > 0 for xi+ < xc < 0. 

It «ill be shown later that the next witching • if there exists one- 

occurs la the fourth quadrant. 

Therefore, first ~m «ill ha deteradued, end then the equation, 

uill ha exiurtned. At a second switching point TL(x) • 0, and 

solved focr x will give a point (x,y) of the switching locus. In general 

this eqaation cannot he solved. But if there is a switching for soae 

0 < x < • the expression on the left hand side of this equation will 

change its sign. Since T^U) > 0 and y(x) < 0 in the third quadrant, 
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Vo) 2V ' < 0, Thus, there exists a switching on (0,») if the expression 

dx 

is positive, or if 

dx 

o y^x) 

\(0) 

Considering absolute values of .y the switching condition is given 

by V0' dx (9) 

If 
f-     dx    ,     V0) 
JolTwT   ^^ ' 

there is no «witching. 

U,3   Eitimtion 

(10) 

In this section estimates are derived to exaaine the inequalities 

(9) and (10). 
T2(0) 

7^1 is determined by 

lim 
r3(F) 

J 
(11) 

x y 

nher« the Integration is performed in the third quadrant. The above 

integral is subdivided into two integrals as follows 

** ri%)   x y3(?)   J-a TFo 
Furthennore with y y' = 1 - f(x) the first integral of the right hand 

side is transformed as follows 

r(-a) dy(0 r   dg     .     f{ 

J
x y3(0        Jy(x)    y2(?)[l-f(01 
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Qnw, the «futlo« to b« lorvrtlfated ii now 

f« th« «itlmtlan of 1 - f(x) one need« to distlnguleh three 

different cues 

its »il— vabM. 

. M li ■ho«m !■ figure 15.   At x - - —r   1 - H*) *•* 
• 36 

•*• ^     V<Xe< <-»<0 

/50 

1 - f(x) > l - f(-*) « (- ■^»-•) 

1 - f(x) > 1 - fUe) « (xc. - ~ ) 

BH« requlree th*t y(- —) «drte: 
/5P 

t the condition na n !• 

e • 
i. (12) 

1 - f(x) > 1 - f(xj •• (xe, -•). 

B^^f^e, « «ft bo «df ttot |xc | < jx,! exiet«.    Bnu 

1      - - . KJ 
•55 

< • < I Kl * 33 
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RGURE 15. ILLUSTRATKX; OF   l-f(x)«l-x+/9x» 

^x1-2x + 4 

MK-v- 
2v^ ^S M M 

FIGURE 16. ILLUSTRATION OF THE FUNCTION /Sx^x-»-^ 
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Case 3s 
/a 

<• x    < -a < 0 c 

then 1 - f(x) < 1 - f(xc) on (xc, -a). 

The llBl4 a OC a :ire then 

C < a < r- ^     -      )    . 
r   V33       I8ß / 

For caae 1 the integration is per.^omrt Ofyer -he intervals 

y(x), y(- JL) I and  "y(- --)  , y(-a) 1 .    Then tht eatlmtt la 
/3& J -       /"^ 

TlgCO) ,(x) 

5r»x: y(-—) y(-—) 

h       r    i i    I    h 'w _ä dx 

a y^x) 

After pcrfomanc the liadt and baHiv; absolute values Tcr y 

p     dx      ,        Tl^ -2(o)        |.0_^ 

hly(0)l > J^ y3(x)   T hfi-f(x^^ 

Ci- f(x )] |y(~) 
A* 

i    r       i 
W-^- )l l\ (13) 

This holds for case 1.     The estimates for cases 2 and 3 w« «iven later. 

In the above inequality (13) the integral and ^(x^ mufit be 

eatimted.    The e<iuation for T^x) can eaaily b« found from etjuation 

(7) and equation (6). 

' 
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(x) 

«k x   > - a on the avltdiing locus the Integretion Is perfaneed 

trajeetetry la the seooad qoedrutk.   FoUoeiag the ehonre est last ion 

obtaias for caae 1 

f(xe)l|T(.^)| ^h> \l 

+
 I^TB- W.-** ] 

2 V«c) > * 

3 V'e) * 1- 
IB the MUbMlng ettlwtea «re porsned which show that there is 

wltddag, by ineqaality (10), for eases 1 end 2. 

fee UfeegraX in (13) 

f0   ix     ..f0,, d, 
J-a7Ö0 J^   [«»a + ^px3- 2 < + M]3/Z   I 

the evbic fanctlon ßx - 2x ♦ i+ is replaeed by its tangent at x - 0 

ehich is V-Jbt. Then the integral can be estiaated 
0 

r      to     ^    1   r 1 l-»a     "1 

riaally» the desired tstiaate fin* case 1 is 

__ 
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.fo> ^ i r 1    l^a 

(xjl|y(.-^)l c- j 

 2  ri 

!y(- -i- ) 

1 

«ad for case i 

\(0) 

(iM 

1 hri-f^cr (15^ 

Tht •itiKRtt- for car. e 3 Is given 3B pace -9. 

one needs an estimate ror th*. 1- ft side of inequality (10), 

p-   dx       r46      ^ 
PÖÖ1 '   ■ o   [| (3x3- - ^0  ^j3/? 

"Me cubic polynoari.«! is •xpproxinn.t.ed by 1 c   iangents i« llluttrated In 

^.gure 15.    Then 
T 

cbc •   _ dx  <   f to       r        (     

J 0 iTcoi' ^ o fVi-'x.ir"3   rJ: [UR+?(i" Jm**? 

dx 
on 

I ^-T ^7^" 
bl2/2     TUR -  2 (1 "1 **  -■' \ 

• 



ilfter perforaln^ these In-eRratlona one obtains the  following 

inequality  as equivalent *o the conditJon that no oecond switching 

exlats in case 1. 

fin    t    *!?%'x i 
KM)-iTJtl it 

i   r      i _ _    _        _i      i 

t1" i— rs—rr J; 

/in 

r i   r i      i-^a   1 +,  -j  Tl 

=: I i - f(xp)    I - n-a) J J 

■n»« second braces contain the quantity obtained in inequality (l^). It 

■oat be replaced by the one from inequality (15) if case 2 is exasdned. 

All square roots in the first braces exist for P. > ä , The function 

- P(ale) is plotted versus t3 in figure 1J with y af parane-er 

-?(*,&) lies in the shaded area for 0,2 < y < 1.0 and P >ff * This 

shows that inequality (l6) holds, i.e., that there is no second 

switching for 9 > » and i (»L +-—-)< a < — . 

For case 2 a positive tern in F(a,a) drops out, so that the 

approxiaation becomaa even better. 
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To «ho« the existence of a second switching for some 0 > «r 

•ad some a Inequality (9) aast be verified. Since there is apparently 

«■ly a small range of a and 0 for which a second switching may exist 

figures 12 and 13)» and since the estimates are not very sharp one ( 

• will be tested, which will be a * 0.2, ß ■ 0.06, see figure 12. 

can aae that case 3 applies:    - r=r   < x   < -a, for which 

V0) 2 fO      dx 

Ibara the cubic function 't-2x ♦ Qx   is replaced by its segments over 

8 intervals on -a < x < 10. After the evaluation of all the estimates 

obtains 

J |y3(x) I 

V0) 
< 2.U 

satisfying inequality (9)* Thus there exists a second switching point. 

Because dTj2/dx exists and ^s nomzero if TJ2 = 0 there must be an interval 

•bout a ■ 0.2 for each point of vhich a second switching point exists. 

UM same can be said for 3. 

<Jf Estiaation for Small a 

To prove the results in figures 12 and 13 one must show that 

there is no second switching for small a. A different approach is 

•Md to verify inequality (10). x is expressed as a function of y, 

and the integration is performed with respect to y. The requirement 

•f • being small implies that the rang« of x and y is small in the 



50- 

left half phiP« plane. For the equation describing the trajectory, 

Z «.    2  ft 'i 
y «i*a+2x-x +2X  > 

one can apply an upproxiaation procedure to obtain x ai » function o 

rnj TTT— 

where r ■ 1 4 W« Thia sequence converges for 

B !♦   2   2 ■5 x < r - y 

This approxioation results in 

2 U 6 
x«x   +Ay    +By   +Cy+' c 

where 'fe-l-^-f^^ — 

32r' 

r r" 

J 
r 

r 

or r 

and 

r r 

/i    >     5 (l-r)U   . ft2 (1-r) *  _  .. 

2 ? 
« -2a(l - a + 2a   + Eß a3 +-...)  . 

The higher tcrar. have coefficients with decreasing aagnitude. The 

ftbov» expretsions are eraluated by developing series in a since 

r « / 1 + Wa , whose power series converges for '♦ & <1.  The following 

estiaation Is only valid for sufficiently omall a. The integration 

in tie second quadrant Is then 



.__v. 

•^1- 

1^ -•yJ(0 

'-[ TOT) 
X      -   X 

c 

y3(x) 

y(x)   x -?     , 
3] -Vdyj 

y(-a)   y 

After «ubrtltuting the polyno«lalB In j and p«rfor«lng the integration 

OBt obtain« 

_£,«. . i"»    -  2A « uflh    .  2CH    - UBhy(x) -  2Chy'(x), 
y(x)     yTx) 

Letting x approach x 

lim   ^j [T)2(x)  - 2Ah] - -2A ♦ i*Bh2 - 2Ch (17) 

X-r-X 

1, \{*c) = 2«! = h fi - ß ^'g^    - I fcd    1   ...]   which co«pare8 
r        "^ 

with %(») ■ . fy s in the firit three terma of ItB series in a. 

In the third quadrant the integration is 

T2(0)  Ms)    f    ^ 

V«-   h re--     xc     . ry(0) 

rrrr- - h I-T  - -T 3 
x -f c 

yün~ yJ(x)     ^{ö)     ,Jy<a)     y 
: dy] . 

With the aba»' polynoaial« and equation (17) one obtains the following 

estimate 
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or as a function of a 

\{0) 
^TsE1 f7|- 5-25R4 ioan + - ...]. 

For tue integral in the  fourth quadrant or« oar- use the estlmte for 

case 1.    "nien the condition that there is no second switching for 

»■all a is 

1  +   4« 

■f M1 

'rrjrl 

*n 

1  * ] 

[' 
O.H^ j£ i i 

"liis ioequÄllty is illustrated in figure 16.    The left hand side 

of inequality (13) is plotted versus a with 3 as para«eter.    The right 

hand side aarks the boundary of the region for ea^h pair (a,0) of which 

the inequality holds.     The inequality was also tested for 3 - 0.09 and 

was satisfied for o £ Ool,     In the preceding section it was shown 

12 5 
that there is no second »witching for a >£ ("TS+fa     '•    ?or H 2 2 

(18) holds for all a lens than the above value.    This inplies that 

there is no second switching for 0 > 2.    There does not exist a 
2 

second switching for any 3 > ^ and sufficiently saall a. 
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FIGURE IS. ILLUSTRATION OF INEQUALITY (is). 
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14' 5   IgS BSÜ^SSSS '-t etchings in the Third ^oadrant 

The t.ajfcctory leaving t!:e switching locus through the origin In 

the Bccor.d quiidrant baokvArd in time is given by 

T 
y+(

x) - j. ^a + 2x - x    +| 

Assume ? = 0 in the third quadrant at x.. Then u switches from 

+1 to -1 and the trajectory is now described by 

y.(x)  r 1 N/*(
ft J \) ' 2x - x + im 

If x. < - a,y (x) relntersects the negative x-axis entering the second 

quadrant again, since it cannot intersect the y-axis: y_(0) « J+,  + x.) 

is imfininary. T'hur,, this is not a time-optimal process. The trajectory 

Is now clcser to the origin thün when it started goinc backwards. If 

-a < x. the trajectory y (x) intersects the y-axis at 

rj,0)»*j±*m£>»f*t 

r* 
where - j-a • y^(0). As the trajectory y^Cx) enters the fourth 

quadrant continuously increasing it must intersect the switching locus 

throw, the origin in this quadrant at x» , 

with 

x2 = a + x1 

-e < y, < 0: 0 < x0 < a. 
X c 

A trajecto-y corrinü Crora above this switching locus in forward time 

reaches the origin more quickly along this switching locus than 

along the prescribed way. It takes eveo longer to reach the origin 

ftrom the starting point (-a, y(-a)) than from (x2,-y(x2)). Thus, 

there cannot be a switching in the third quadrant for a time-optimal 

control. 
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CHAPTER V 

5.1 Suanary 

In this Investigation results for the synthesis problem were 

obtained. It vas shown that the coefficient r'i > 0 of the negative 

nonlinear term of the Duffing equation characterizes the behavior 

of the system. 

2 
For 0 < 3 < <«= the maximum number of switchings k is •» > k > 2. 

A procedure was developed to divide the domain of controllability Q 

into subregions for each point of which a certain number of 

switchings is necessary to steer 5t to the origin time-optimally. 

With this   procedure one also obtains the maximum number of switchings. 

Computer results opposed the assumption that for 3 > •=? the 

trajectory through the origin ii the second and fourth quadrants, 

coincides with the switching locus over its entire length, implying 

that k ■ 1.    Ranely, arcs of the switching locus sticking back from 

infinity    were discovered for values P >^5 •    Thus * switching 

condition involving functions of x and y was derived.    Since it contains 

a hyperelliptic integral it was necessary to derive estimates to 

examine this condition.    Using these estimates it was shown that there 

exists a second switching for an interval about e = 0.09 and about 

a > 0.2.    a is the abscissa of the point where the trajectory intersects 

the switching locus through the origin.    It was also shown that 
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there does not exist & second switching for sufficiently snail a 

2 k 
and any 3 > :r= , and if B >-r^ there does not exist a second svitching 

5.2 RecommendationG 

With these estimates one could rot cover the whole range of a 

to deteranne whether there exists a seconn .TWitchinp or not for 

■* < 3 < £. Thus more investigation on this hyperelliptic integral, 

equation (?), is necessary to obtain more information about the arc 

of the switching locus sticking back from infinity. 

Another problem for possible future study is the case when the 

rate of the time-optinal control is bounded. The system is then the 

following 

& • y 

y - -f(x) + z 

z -- v     with M < 1, 

v = u is the rate of the control u. Thus a third state variable i 

is  introduced, and the new control v is bounded in magnitude. The 

adjoint system is then 

v - \ 

and the Hamiltonian is 

H ■ Tly + V   \z - f(x)J T r   v = h  i constant. 

In figure 19 an example for 3 = 0.03 is shown,    "ftie integration is 
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performed beckvard in time starting in the origin with the Tollowinc 

initial conditions: v =  -1 (the case v ^ - 1 is sytmnetrlc startine 

in the fourth quadrant) and T). = + 1.    Then h - 1.    Since the adjoint 

tystc.  is homogeneou« one variable TL or rj? can be chosen 

arbitrarily, then the other variable is determined by the Hamiltonian. 

In this Integration the initial value of T;n vas varied for each 

trajectory.    In figure 19 the heavy lines represent the switching locus 

where v bkMfM its aign.    The dashed linos mark the points (x,y) 

where z = 0.    Much work has been done for linear systems with bounded 

rate of control, e.g.,  {l\    But for the nonlinear system the domain 

of controllability needs to be determined and the set of attainability 

should be described.    An investigation on the maximum number of 

Bwitchings would be of interest. 

A further probler. is ':o nave ?, cor.ctr.ili.t on both the .xagrätude 

and the rate of the time-opt IJJKJI control.    Then for the above systec 

the control v and the new state variable z are bounded.    Some results 

are available for linear systems, e.g.,   [8].    But nothing has been 

done yet for nonlinear Systems. 
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