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ABSTRACT

The content of this report, for the second semi-annual period of
contract support, comprises three main topics. The first treats of the
relationships borne in glasses between microstructure and electrical
properties. One study examines a theoretical model that relates the aperio-
dicity in glass lattices to electron transport. Another explores the
structural mechanisms involved in the nucleation of crystal phases in glasses.

The second main topic deals with the measurement of parameters of
material structure, demonstrating the measurement techniques by applying
them to various materials: glass ceramics, nickel alloys, magnetic films,
and degenerate semiconductors. Discussion centers on analysis by small-
angle x-ray scattering, by electron microprobe, and by transmission elec-
fron microscopy. The errors inherent in the measurements and the theoretical
basis for the analysis of data receive special attention.

The third main topic concerns semiconductors and semiconductor devices.
One study reports, for degenerate n-type germanium and silicon, the theo-
retical variation of the density of quantum states as a function of impurity
concentration. In another, the conventional thecry of pn junctions is ex-
tended by removing the assumption of non-degeneracy. Finally, for both
devices and bulk material, the sources of noise are subjected to theoretical
and experimental study.
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SUMMARY

The content of this report, for the second semi-annual period of
contract support, comprises three main topics. The first treats of the
relationships borne in glasses between microstructure and electrical prop-
erties. The second deals with the measurement of parameters of material
structure, demonstrating the utility of the measurement techniques by
applying them to various materials: glass ceramics, nickel alloys, magnetic
films, and degenerate semiconductors. The third main topic concerns semi-
conductors and semiconductor devices, with emphasis on degenerate germanium
and silicon and on the sources of noise in both devices and bulk material.
GLASSES: To explain electron transport phenomena in glasses containing tran-
sition metal oxides, a theoretical model is developed that takes into account
the lack of periodicity of the glassy lattice and the strong electron-lattice
interaction expected in the transition metal oxides. This model is termed
the Nearly Crystalline Ionic Model. As a test of the adequacy of this model,
comparisons are made between measured and predicted data for AC and DC con-
ductivity. The comparison shows that two special cases of the model -- one
postulating cells of small disorder surrounded by a small region of large
disorder, the other postulating cells of disordered materials of a high tran-
sition-metal-oxide content surrounded by a small disordered phase of low
transition-metal-oxide content -- give results in qualitative agreement with
experiment. The effects of heat treatments on glass properties are attributed
to either phase separation or ordering of the lattice.

A second study explores the structural mechanisms involved in the nucle-
ation of crystal phases in a glass. It presents information concerning the

rates of bulk crystallization of glasses and concerning the relationship
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between the mechanisms of nucleation and growth. Binary L120-8102 and
Na20--SiO2 glasses serve as the experimental vehicles.

MEASUREMENT TECHNIQUES AND APPLICATIONS: Of the measurement techniques

discussed, analysis by small-angle x-ray scattering, by electron microprobe,
and by transmission electron microscopy receive the primary attention.
Special consideration is given to the theoretical basis for the analysis of
data and to the errors inherent in the measurements. This work -- coupled
with collateral efforts concerning the measurement of electronic parameters
of materials -- undergirds a major objective of our research program: the
correlation of material structure and electronic properties.

During th;s second semi-annual period, x-ray research has centered on
the determination of particle-size distribution by small-angle x-ray scat-
tering. The theory underlying this method is first discussed. Then the
method is applied to dispersion-hardened nickel alloys containing small
spherical particles of thoria. The x-ray analysis yields results for the
particle size distribution in good agreement with published results deter-
mined by transmission electron microscopy.

Moreover, the application of this x-ray technique to the determrination
of impurity clustering in degenerate semiconductors is considered, as is the
structural analysis of permalloy thin films by the electron microprobe.

In transmission electron microscopy, the analysis must take account of
sample thickness to avoid introducing considerable error in the evaluation
of structure. When the ratio of sample thickness to particle diameter (t/b)
exceeds 2, error may result. A reporting is made concerning the magnitude

of this error. Partially devitrified Li,0-2510, glass was examined by both

transmission and reflection measurements, and the results thus yielded were

compared with results of published x-ray studies. This research demonstrates
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that quantitative stereological parameters can be overestimated by as
much as 3002 when measured in transmission if corrections for thickness
effects are not made. On the other hand, the proper corrections give param-
eter values that differ by less than 10% from the values obtained from reflec-
tion measurements and x-ray analysis.
SEMICONDUCTORS AND SEMICONDUCTOR DEVICES: Accounts are given of two studies
concerning degenerate semiconductors. The first presents, for degenerate
n-type silicon and germanium, the theoretical variation of the density of quantum
states as a function of impurity concentration. The second study extends the
conventional theory of pn junctions by removing the assumption of non-degeneracy.
In the analysis, an approximation is utilized for the Fermi-Dirac statistics
and the dependence of the quantum density of states on impurity concentration
is neglected. Calculations using the parameters of silicon illustrate the pre-
dicted behavior.

Research concerning noise is reported dealing with two subjects. One
concerns 1/f noise present in planar bipolar transistors. The other relates
to a novel theoretical formulation of recombination-generation noise in semi-

conductors.
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I. Introduction

The general objective of this research program is to establish at
the University of Florida a center of competence in solid-state materials
and devices, with primary emphasis to be placed on materials and devices
not used in the conventional silicon integrated-~circuit technology.

From the efforts expended in establishing and maintaining this center
of competence have evolved technical findings: technical findings con-
cerning such materials as glass ceramics, semiconducting glasses, magnetic
films, and degenerate semiconductors; concerning devices made from these
materials; concerning measurement techniques; and concerning methods of
fabrication. The first of the findings in these various areas appeared in
Scientific Report No. 11. To that report the resader is also referred for
a more detailed statement of research objectives than given here and for a
discussion of the means to be used in achieving these objectives.

The present report sets forth the major findings of the second semi~annual
period of contract support. In the presentation to follow, Section II des-
cribes the results of research concerning glasses, Section III repocrts the
progress relating to measurement techniques, and Section IV treats of the

findings concerned with semiconductors and semiconductor devices.
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1. F. A. Lindholm et al, Scientific Report No. 1, Contract No. F 19628-68-C-0058,
College of Engineering, University of Florida, 10 April 1968 (prepared for
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II. Glasses (L. L. Hench)

This sectio.. deals first with a theoretical model relating the aperio-
dicity in glass lattices to electron transport, and, then, with a study of
the nucleation of the crystal phases of glass.

A. ELECTRON TRANSPORT PHENOMENA IN TRANSITION METAL OXIDE GLASSES (H. F.
Schaake and L. L. Hench)

1. TINTRODUCTION

The phenomenon of electronic conduction in glasses containing the
transition metal oxides has received considerable experimental attention
in recent years.* Although a variety of explanations have been advanced
to describe the electron transport process, essentially all the theoretical
models have been crystalline. It is the purpose of this paper to develop
a noncrystalline model which will result in a qualitative understanding of
the transport process itself, and hopefully, shed some light on the struc-
ture of the glass.

A brief review of the electron transport process in the crystalline
transition metal oxides will serve as a basis for the remainder of this
paper.3_5 In the crystalline state, each transition metal ion is surrounded
by six oxygen ions in octahedral coordination (Figure 1). The presence of
the oxygen ions causes the d-electron energy levels of the metal ions to split.
The wave function of an electron in any one of these levels is highly localized
inside the octahedron formed by the oxygen ions. There will be a small amount
of overlap of the wave function on one metal ion with the wave function
on a neighboring metal ion, causing the formation of a very narrow

band. Depending on the particular oxide, these bands will be either

1 2
* For reviews, see Mott and Mackenzie
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completely filled, partially filled, or completely empty. We shall
confine our attention from hereon to the latter case. The insertion
of donor states, either by the addition of impurities, or as a result
of nonstoichiometry caused by the evolution of oxygen during forming,
can result in the presence of electrons in the normally empty band.
Consequently the oxide will be a semiconductor.
These excess electrons are usually thought of as being associ-

ated with a certain ion; the electron concentration being specified

by the Me(n)+ (ot1)+

/Me ratio. Although the motion of the electron
through the lattice is via band diffusion, because the wave function
of the electron in the lattice remains highly localized about the
metal ions, the electron transport process is frequently described
as a hopping of the electron from ion to ion.

The narrowness of the conduction band implies that the velocity
with which the electron moves through the lattice will be extremely
small. As a result of the low velocity and the highly polar nature
of the lattice, the lattice will distort due to the field of the
electron. The combination of lattice distortion and electron is
treated theoretically as a quasi-particle known as a polaron, and
behaves similarly to the 'undressed" electron, but with a higher
effective mass, and with a polaron bandwidth narrowasr than the pure
eleotron bandwidth. Due to the strong coupling with the lattice,
the polaron will be greatly affected by lattice vibrations (or phonons),
and as the temperature increases, an increasing portion of the total
conduction will be due to a thermally activated hopping process.

If the velocity of the electron is slow enough, and the

electron-lattice coupling large enough, the lattice in the immediate



vicinity of the electron will be able to react to the field of the
electron, effectively trapping it. The resultant combination of the
electron and lattice distortion is known as a small polaron. At low
temperatures the small polaron will move by band diffusion, although
with a very high effective mass, and an extremely small polaron band-
width (of the order of lO—2 to 10—4 that of the pure electron bandwidth).
As the temperature increases, the effective mass of the polaron
increases, and the bandwidth decreases. At sufficiently high tempera-
ture (of the order of the Debye temperature), however, transport is
predominantly by a thermally activated hopping process, in which
phonons are emitted and absorbed as the small polaron moves from site
to site.

There is no agreement at this time as to which mechanism is
present in each of the crytalline transition metal oxides, although
recent experimental evidence for NiO favors the polaron, rather than
the small polaron.!

Turning now to the situation in the glassy state, the theo-
retical picture is much less clear. Mott! has recently reviewed the
current theory of electrons in a disordered lattice. There appears
to be general agreement that, if the lattice is sufficiently disordered,
and if the binding of the electrons to the lattice ions is sufficiently
great, then all electron states in the solid will be localized.
Localization means that each wave function will have a mayimum about
some site in the lattice, and that the envelope of the wave function
on the average will decay exponentially with distance from that site.
Conduction by band diffusion is impossible; thermally activated hopping

with the emission and/or absorption of phonons is then required for



the electron to diffuse through the lattice. We note that the tran-
sition metal oxide containing glasses, as a result of the inherent
tight binding of the d-electrons may be expected to exhibit localized
states.

A rigorous treatment of the electron transport process in
a three-dimensional glass is completely impossible at the present
time. This is a result of the following:

(1) The lack of a detailed model for the glassy state. There
are two conflicting models of the glassy state at the present time:°>
the microcrystalline model of the Russian School, and the random model
of Zachariesen, which is generally held in the West. One point of
agreement by both schools of thought is that the anion-cation complex
present in the crystalline state (the metal ion with oxygen ions ia
octahedral coordination for the transition metal oxides) is maintained
in at most a slightly distorted state. This point can be inferred
from x-ray diffraction data,® and is supported by infrared studies.’’®

(2) The construction of electronic wave functions for a three-
dimensional disordered lattice is a difficult problem, particularly
in the absence of a specific model for a glass. Only recently have
some papers appeared in an attempt to construct such wave functions.?

(3) There has been little success in constructing phonon
wave functions in a disordered three-dimensional lattice.!? (Classical
calculations do indicate that high frequency modes are localized in
specific regions in the glass.’’8

We shall therefore limit our attention to a one-~dimensional
one-electron model. Here the tight binding model, which assumes that

wave functions in the solid may be approximated by a linear combination



of the wave functions in the isolated atoms (or metal-oxygen complexes
in our case). We shall furthermore use as a framework for our calcu-
lations, Holstein's small polaron approach.® The justification for
this step is twofold:

(1) Even though the small polaron picture may not be appli-
cable to the cxrystalline state, if there is sufficient disorder, it
may be applicable to the glassy state. In the glassy state, the wave
functions will be localized if there is sufficient disorder. Locali-
zation implies that the lattice outside the region where the electron
is localized will be highly polarized, since that portion of the
lattice will always see the field of the electron. Furthermore, the
lattice inside the region of the localized electron will be somewhat
polarized as a result of the exponential decay of the electron wave
function. If the situation in the crystalline state is marginal;
that is, near to assuming the small polaron configuration, then with
sufficient disorder it may in fact assume the small polaron configuration.
This possibility is further enhanced by the greater average separation
of the metal ions in the glass in comparison to the crystalline state,
and the presence of other species, resulting in decreased overlap
of adjacent wave functions.

(2) Holstein's theory can be qualitatively extended to the
normal polaron problem.

In Chapter II we shall therefore cast Holstein's model into
a form suitable for an ionic lattice, and take into consideration
the lack of periodicity. 1In Chapter III we shall apply the results of
our calculations to the observed AC and DC conductivity data recently
obtained on potassium vanadium phosphate glasses. Some additional

implications of the model shall also be discussed.
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2. THEORETICAL

Nearly Crystalline Ionic Model

In accordance with our previous discussion we shall develop
the following model, which we shall refer to as the Nearly-Crystalline
Ionic Model. Cons}der a one-dimensional non-periodic lattice consisting
of alternating metal and oxygen ions (Figure 2). We shall assume that
the forces acting on the ions are harmonic. In place of the unit cell
which would concern us if we were discussing a crystalline model, we
shall use the concept of a metal-oxide complex, consisting of a metal
ion and the two adjacent oxygen ions. We shall consider our chain to
have N complexes or 2N atoms. The analogy with a three-dimensional
complex consisting of a metal ion and 6 oxygen ions in approximately
octahedral coordination should be obvious.

In the following discussion we shall use the following notation:

x will denote the electron coordinate, u_, the displacement of the

ith ion from its equilibrium position in the nth complex. We shall use

ni

the notation u, to denote the triplet of displacements (un-l’ u o unl)
and the notation u to denote the entire set of displacements of the 2N
atoms. Our other notation will follow closely that used by Holstein.”

The Schrddinger equation for one electron in the lattice will be:

NE

Hy = -T2k (1)
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where the Hamiltonian will be given by:

>

~ - ~

(2)

electron + Hlattice + Hint

The electronic portion of the Hamiltonian is

2 .2

9
3 + z Ui (x-R

o * _
?
% n,i ni ni

= ————
electron 2m

where Ui (x_Rni’ Uni) denotes the potential of the ith atom of the
th

n  complex which is located at Rni from the origin.

The lattice vibrational portion of the Hamiltonian will be

given by:
i RTINS G G I
lattice M 2 g i) mi 2]
n,i i auni

23

In this expression, g(:j’ is the force constant acting between the

th

i~ atom of the nth complex and the jth atom of the zth complex. The

primed sum indicates that the summation goes over each atom once; it

is required due to the equivalence of un,-l and un-l,l'

The interaction portion of the Hamiltonian Hint describes the

interaction of the electron with the lattice vibrations and is contained

~

due to the explicit dependence of the U, on the displacements.
electron i
We now wish to solve equation (1). To do so, we shall use the
tight binding approximation which is appropriate for the narrow bands
of the crystalline transition metal oxides. We consider first the
nth isolated complex. The electronic wave functions will satisfy the.
following Schrddinger equation:

52 32
[- EE';;E + i Ui (x-Rni’ uni)] ¢n = En(unMn (3
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Both oy and En(un) will depend on the displacements. We have chosen
to explicitly display this for the En(un). The wave function for

the entire solid will be given by:

¢ o= T a (W (4)

m

Inserting equation (4) into equation (1) and making use of equation (3),

we find:
3a_(u) 2 2
a1} m _ o )
1" ot % T DE(uda(ue, + 2 M 2
m n n,1i i Buni
t,]
n,i ] ’h2
’ ' -
x am(u) + g(t,j u g utj am(u) o + I >N
n,1i i
m
2
Bam(u) 8¢m 3 ¢m
—ul ' -
x |2 ™ ™ + am(u) + I Ui (x Rni’ Uni)
ni ni 3u n,i
ni
m#¥n
x o a (u) (5)
We now multiply both sides of equation (5) by ¢; and integrate over
all space with respect to the electronic coordinate x. In doing so,
we shall come across integrals of the form:
= *
T, = [ o%¢ dx (6)

Due to the localized nature of the ¢ wave functions which allows us
to use the tight binding theory, we shall follow Holstein® and approx-

image equation (6) by:

T = 4§ (7

-11-



Equation (5) becomes:

2
da_(u) 2 3a_(u
-:hi_.__StL' = E (u)a (u) + I L-'—L—*-gni
P PP 2M 2 pJ
n,1 i ou
ni
p,J
2 9a (u)
N m
xu  u .a(uwl+ I'|-=1[2s¢* dx
nl pjp n,i 2Mi P auni
m
82¢m
- [o* am(u)-——E— dx|[+ I' Sfo* Ui (x—Rni, uni)
P au n,i P
ni
m#n
x ¢ dx a_ (u) (8)

Consider¢ the last sum in equation (8). Because of the localized nature
of the three functions under the integral sign, we can approximate the
integral as zero unless two functions refer to the same site, and the

third refers to a neighboring site. Therefore, this sum becomes:

S So* £ U, (x-R u . dx a_(u)
e+l m,pte ¢p i i mi’ ml) ¢p o

* -
+ eil 6p,m+s f¢p i Ui (x Rpi’ upi) ¢m dx am(u) 9)

Next, consider the second sum of the right hand side of equation (8),
which contains derivatives of the wave functions with respect to the
nuclear displacements. These terms should be small (i.e., the displace-
ments affect the wave functions only slightly), and we shall therefore
follow Holstein® and set this entire term to zero. With these approxi-

mations, equation (8) becomes:

~12-



o ' 1 3 pi)
opom o Bl o oo 8|, - E (u)
iat o 2Mi auii (23’ pi 3 n n
£,]
- wn(u) an(u) = F 6n,m+s Jmn(u) am(u) (10)
e=t1
where:
= 1 =
wn(u) = L f¢: I Ui (x Rmi’ Umi)cpn dx (11)
e=+1 i
] = * =
Jmn(u) / ¢n r Ui (x Rni’ Uni)¢m dx (12)

i
Inspection of equations (11) and (12) shows that wn(u) represents the
perturbation on the energy of the isolated complex En(un) due to the
neighboring complexes while Jmn(u) is an overlap integral which will
allow for transitions between the two adjacent sites.

Equation (10) is similar to that derived by Holstein. There
are two important differences, however. First we see that the terms
En(un) + wn(u) and Jmn(u) are in general different for each site,
due to the effects of disorder. Secondly the lattice vibration inter-
action is written in a more general form.

A general solution to equation (10) is still impossible without

further approximations. We shall therefore make the following

simplifications:
Ml = M2 = M (13a)
g(zi) = g (constant, between nearest (13b)
] neighbors only)



En(un) + Wn(u) = A - Bn u

1
n »0 - Cn (un,l - un—l,l)

2 3

= & (“n+1,o - “n-1,o) = &

(“n+1,1 - “n-2,1)

'3
= An - Bu 0 - i Cn (u2 ud(z)) (13¢c)
J (u) = J (conctant) (134)

Approximations (13a) and (13b) allow us to establish analytic
normal coordinates for lattice vibrations. The problem reduces to 2N
equal masses interconnected by springs of force constant g. In an
actual glass the nearest neighbor force constants should be slightly
different due to anharmonic terms in the lattice potential. This would
reduce the problem to a nonanalytic problem in which the short wave-
length modes become somewhat localized. By assuming the force constants
are all equal, we shall therefore be assuming a strictly harmonic
approximation. Assuming the masses equal restricts our phonon spectrum
(Figure 3); however, in consideration of the large differences between
one- and three-dimensional spectra, and in light of the success of the
Debye approximation, which is similar in its effects as our approxima-
tion, we expect qualitative agreement between our model and reality.

The approximation of the energies as being linearly related to
the displacements of the iuns appears to be standard in polaron theory.
It allows the problem to be recast into displaced normal coordinates,
as we shall see. Inclusion of higher order terms would recouple the
phonon modes which the normal coordinates decouple, and hence shift
the phonon frequencies. The approximation (13c) therefore corresponds

to a series expansion of the energy about zero displacement and the

-14-



Plot of w, versus k.

Figure 3.
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ignoring of nonlinear terms. The term An reflects that different sites
have different energy. The Bn term yields the shift of energy due
to the displacement of the metal ion of the site on which the electron
is located. The Ci yields the effect of displaceﬁent of nearest
neighbor oxygen ions, Ci of nearest neighbor metal ions, and so on.
We shall see that the Bn term ylelds essentially meaningless results,
but we include it as it is similar to Holstein's approximation.>
Finally, the approximation (13d) states that we shall ignore
the effect of displacements on the overlap integral, and is justified
in view of the smallness of Jmn'
With the approximations of equation (13), equation (10) may

be rewritten.

[ ST (N« S § 2
1ot - IR AR R XY S
p,i 9
pi
-B_ u - I ct (u u )l a(u) = & 8
n n,0 g B [} §(R) n cotl n,me
xJ 0 am(u) (14)

We transform to normal coordinates by setting:

1 1/2 ﬂ
Uy - i (i) 9 sin ((2n+i)k + 3 (15)
In doing so, we find the frequencies given by:
2 2 21
W o= Wl (etn®1l); w, = 2B (16a)
with:
k = %%; where ¢ 18 an integer in the interval (16b)

-2N < L < 2N

=16~




Substitution of equation (15) into equation (14) yields

2 1/2
h oo ! 1 2 2 1 i
[_ i i'(_ N +.§ M w9 )_ An + Bn T (N) ( 9 sin(2nk + 4))

k
+cl : G2 qk( sin((2n+1)k + 7] - sinl(20-Dk + 71)
+ ctz1 ﬁ (%)1/2 qk( sin[(2n+2)k + 7] - sin[(20-2)k + %])
+ ... ]an(q) = e£+l Gn’m€ NEREN ) (17)

Collecting terms involving Q> and completing the square to obtain a

term of the form (qk - qin)) we find:

2 2
_ho _ 1 SR § 2 _ (@2} _ _(n)
[13: f(( mo 2t 7 M (G qk)) Eb]an(q)
9
= ei+l Jmn 6n,m+e am(q) (18)
where:
1/2
m _ 1 1 a %
QU = (N) tuM 5 [Bn sin(2nk + 4) + I Cn sin 22k
O 2
x cos(2nk +-%ﬂ (19)
and:

E‘? 2 s 4 L . [Bn sin(2nk + ) + I ci sin 20k
k  2NMug Yoy

2
x cos(2nk + -Ll)] (20)

-17-



Equation (20) represents the polaron binding energy. We now treat Jmn
as a small perturbation. To obtain our first order results, we set

J = 0., We obtain the equation:

mn
2 2 2
@ o o omfat 12 ()
1 odt -m_ 2tz Mo (4 - 977 |x (@
k aqk

(21)
Equation (21) is the equation for a set of decoupled displaced harmonic

oscillators. The solution is:

My, | 172 1teP
p - k _ (P __N
x () T ¢Nk T (q, q " )||exp 5 (22)

where:
P = th + 3 + (P 23
EN we (N +3) + By (23a)
k
-1/2 2

o2 = @ w 113 g2 /2 Hy (2) (23b)

In equations (23), N, is the occupation number of the kth mode with

k
frequency W and the HN(z) are the Hermite polynomials.
We now "turn on'" the perturbation It Ve look for solutions

of the form:

a(q) = I C(p,N) a_,(n,q) (24)
n p,N P,N

with

P
itEN

= P -—
ap’N(n,q) an x© (q) exp m (24a)

Inserting equation (24) into equation (18) we find:

P
itE
1 3C(p,N) Nlrgl .
i z adt ap’N(n,q) exp h E 6n,m+e Jmn

e=+1
]

1cE§,

x C(p',N") ap,’N,(m,q) exp |- —3 (25)

-18-



Multiplying both sides of equation (25) by the complex conjugate of

equation (24a), and integrating with respect to all Q3

_heceNy | (pN|V|p'N") C(p',N') exp | AL
i ot ' ' h
p N
Pl
« (&2 - E) &)
with:
M 1/2
(p,N[V[p'N') = ¢ J , ¢ S ® =

] ]
e=+1 PP p,p *e k Nk n

(p)) o

My \1/2 1 e
x (qk =9 S (p )) fik)qu

q — (q -q
N k Tk
(27)
.

Mu | 1/2 :
it (qk = qép ))J in a

To evaluate equation (27), we expand o (_i_
k

1
power series about q(p) = qép ) - 0. We find:

k
ka"l/z . )1/2
CONE ‘ “k (p)
N (q =g )} = “’Nk T G D
¢ (2)
.k (E‘f‘s AR IO
3z My, |1/2 (o). \ T Kk k
2=\ (qy - qkp )
2
o ¢ (z2)
Sl (ﬂ)( (")
2 2 Mw | 1/2 A"
5z k (p)
z=(—rh— (qk = q )
(p) 2
- q ) B T (28)

and making use of the relation:
)1/2 Nk+1

2

EE 1/2

2

k

0z L (z) =

k-1

¢N (2z) (28a)

3¢N (2) (
k+1

-19-~



Equation (28) becomes:

1/2 Mw, 11/2
__E - {(p") = k
N [ h (qy = 9 )] “’N'[(—n S
k' k.
: . :
, (&)1/2 ) (ka)l/z ORI NI+1|1/2
2 N[\ e 7 % 2

e

(p)

>]

Mw, |1/2 Muw, |1/2
(p) k (p') _ P
X Oyt = (q - ¢ )}(-— (q " " - qp)
Nk+1 { + k k h k
1/2 Mw
o S = “k ( ) (p ) _
(N + ) O [ 5 (qp - ) |+ |(q
k
q]ip))2 + higher order terms (28b)
Evaluating the integral appearing on the right hand side of equation
(27), and using the orthonormality relation:
S0 (2) 0, (2) dz = &, ., (28c)
o N Ny N, SN
We find:
1/2 Muw, }1/2
= _k _ _k _ ("
Ioey [_h (q) - 9 )]<1>N.[( n) (q - 9, )J
Muw. Mw
k 2
x (—h_ dq, = l: 7 N+ —) )(q(p ) ép)) J
1
x 8 .+ &)1/2 (.M&}l/z (q(P N ON P '
N, N 2 T 9K NN
N' +l 1/2 [M
/ Yk (q(p ) _ (p)) s Lo+
A B T NNt
(29)

-20-



(r")

K = qép)) from equation (19):

We can evaluate (g

\1/2

(ql((p) - qép)) - (%

._l_ ' A
5 IBP, sin(2p'k + 4)
ka

+IC

Y sin 20k cos (2p'k +-’1)]
g P 4

1/2

- -];\ L B sin(2pk+£)

N 21°p 4
ka

+ z Cz sin 2¢k cos(2pk + l):’ (30)
g P S

To proceed further, we need to place

B, = B - B
p p
(31)
¢, = * =
p

This assumption is equivalent to saying that the lattice-electron
coupling is the same in all complexes. While not exactly true, we
expect the coupling to be nearly the same in all complexes. Using

equations (31), we can rewrite equation (30):

(p") (P)) _ (_1_\1/2 2 sin ke

n
(qk - q, S > E3 cos [(k(pte) +‘Z)
Moy
L , b
- L C” sin 22k sin [k(p+te) + Z]]
L
(32)
where p' = p + ¢
In the following discussion we shall deal with two cases:
Case I B=20
2 2
v, = _S-gn_k [z ¢* sin 221{, (33a)
ka ‘hwk L

-21-



B

Case I1I (L CQ sin 22k) = 0
L

B2 sin2 k

T 2 (33b)
kaﬂwk

We make use of equations (33), (32) and (29) and rewrite equation

(27) as:

N+

k 2k

2
N[VIp'N' = z J 8 m l- |~
¢ I IP ‘ e=+1 pp' PPt k{[ (N

ZNL\I/Z

'TFJ YkJ/Z

x sinz[k(p+e) +-%]] GN N +
k* 'k

T 1/2

x sin[k(pte) + 3

2(N,+1)
16 - (___5___

N

1
Ny Nesr

1/2
Yk

I

138 ' (34)
Do )

x

sin[k(pt+e) +

for Case I. For Case II the sine terms are replaced by cosines of

the same argument.

Solution for Crystalline Lattice

In anticipation of difficulties which we shall encounter when
we treat the disordered case, we shall first treat the crystalline
lattice first. In doing so we find that approximations (13b) and
(31) become exact, and that all of the An's of equation (13c¢c) become

equation, making all the Eép)'

s of equations (20) and (23a) equal.
We restrict our attention to the case when all Nk's remain unchanged.

Using equation (34), equation (26) becomes

-22-
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e=+1 PP

x sinz[k(p+e) + %J} C(p',N)

at = Z J ] 6p,p‘+£ ﬂk[l - (

2

(35)

We note that each of the terms inside tlie product bracket will be

nearly unity, since the N term is much greater than N

can approximate

-a

l-a = e

and

- k
e (1 - ak) T e

Equation (35) therefore becomes

_%acatN SRR S S o~ S(T)
e=t1 PP P,P'¥e
where
2y
S(T) = & —= sin’[k(pte) + L] (N + )
. N 4 k 2

Since for every k there is a -k

Yk

S = & (Nk+%)

k

K

Hence we
(36a)
(36b)
C(p',N) (37)
(38)
(38a)

We can now replace Nk by (exp Bhwk - 1)-1, where 8 = 1/kT. Equation

(38) becomes

Y Bhiw
S(T) = I 3% coth NE_E
k

-23-
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Assuming a time dependence of exp (%%E) of the C(p,N), equation (37)

becomes

Je_S(T)

E C(p,N) = C(p'+1,N) + C(p-1,N) (39)

Dol = Jp,p-l = J for the

crystalline case. The solution to equation (39) will be

where we have made use of the fact that J

Clp,N) = &P (40)

because of the periodicity. The energy'will be given by:
E = 2J cos o exp [-S(T)] (40a)
The C(p,N) assures that our solutions are of the required Bloch form.

Solution for Disordered Lattices

We are now against one of the most formidable problems in
contempory theoretical physics, and one for which there is not a
complete methematical solution as of now. We are therefore forced
to anticipate the results of a theoretical solution.

We can prove that in our problem localized states may be
formed. This can be seen by writing equation (26) for the case
when N = N':

P
itEN

1
T t[C(P,N) exp (- E

|u

. itEE
& EN C(p,N) exp (- ™y )

Q

'
P
itEN
+h

+ I (pN|V|p'N) C(p'N) exp
L

P

(26a)
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By taking N = N', I (N, + l)hm =1 (N + l)hw . Therefore, by
K k 277k K k 2777k
equation (23a) and equation (20), equation (26a) becomes

itA
T

(e

itA
= Ap C(p,N) exp |- :E—R

3
Y [C(p.N) exp

itA

A (26b)

+ 3 (pNIV!p'N) C(p'N) exp (-

p

Equation (26b) is identical to that of Anderson,.’l and we may use

<A> eS(T)

the results of his theorem, that if 3

is sufficiently large,
all states will be localized (in the sense that nonthermally activated
diffusion is absent). Here <A> represents the deviation of the An'
The problem of solving for these localized states is consider-
ably more complicated, however. To circumvent this problem, we note
that in the development up to equation (35), no use was made of the
energy differences on different sites, other than to carry it in the
time developmgnt exponential. Furthermore, we note :hat until this

point, the local site variable p appears only through the electron-

phonon coupling term, in the displaced normal coordinate g

(p)
K

We therefore propose to handle the disorder in the following
manner:

1. We begin by taking the crystalline lattice as our first
approximation, that is, the J's are all taken equal, and
the An's all equal.

2., At this point we introduce disorder into the problem.

's will now appear in the

The energy difference in the An
solution for our C(p,N)'s. We can also allow our J's to

be different; the differences will affect our solution

for C(p,N)

-25-



3.

At this point we can follow Mott,! and take as the solution

for C(p,N) to be:

-y IS - '
c"(p,N) = F(ryp)e "' P T (41)
that is, a state localized on site r located at Sr' The
justification for this assumption has been summarized

by Mott:

a. The solutions to the random Kronig-Penney model and
the random 6-well model are of this type provided
there is sufficient disorder.‘'?*!?

b. The wave functions of impurity atoms in semiconductors
are of this type. The theory of impurity semicon-
ductors shows that the wave functions of the impurity

“  Further-

atoms are localized due to random fields.'
more, the impurity conduction is found to fit
Anderson's criteria. We should point out that our

current problem is akin to impurity conduction

experimentally.

We shall anticipate testing the validity of this assumption

by comparison of our theory with experimental results.

Inspection of the results of the disordered Kronig-Penney and

disordered §-well models shows that F(r,p) will be highly sensitive
to local structure; the important pcint is that the envelope of Cr(p,N)

will fall off exponentially on either side of the localized center.

The physical meaning of equation (41) is that in the disordered

lattice the small polaron will not be confined to one site. Even
though adjacent sites have different energy, the polaron will tunnel
to adjacent sites, or equivalently, will “resonate," in the sense

used by Pauling,!® with them.

—26-




As in the crystalline case, the Cr(p,N) will be defined only
on a site. Also, since equation (41) will represent the steady state
solution of the problem, the Cr(p,N) must be orthonormal; i.e.,

I F*(r'p) exp (—yr,§Sp - Sr.l) F(r,p) exp (—yr|Sp - Sr|)
. 4

= 6, (42)

To each localized state there will be an energy Vr which 1is
the counterpart of E in equation (40a) for the crystalline case. Vr
will now contain the energy shifts due to disorder.

Now we wish to calculate the transition rate for a polaron
in a localized state at r to jump to a localized state at site r'.
This problem is not equivalent to a calcuation for a jump from a
polaron on site r to a polaron on site r', because the eigensolutions
to our problem are spread out due to tunneling.

The total wave function for a polaron in a localized state
on site r will be given by

ka)l/Z

r
a (N) = F(r,p) exp -lesp - Srl)énp ¢Nk ( =

} (43)
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Also of interest is the fact that

/

1
/I a;r(N) a; (N')dq = I F*(r,p) F(r',p) exp vy
n P
¢ ‘ka 1/2
X SP - Sr'| exp (‘Y SP - Sr|) ﬂki{ ¢§k;ﬁg—
) Mw, {1/2 .
k |
(g - qép))!¢m ,[(';r' (qy - qép)) dq, exp' ,
J el
i)
x 5Vr = Vr| = i ANkhwk) i}: Grr' GNN' (44)

by virtue of equations (42) and (28c). In other words, a polaron
cannot hop from one localized state to another without hopping from
one site to another at the same time.

To return to the problem, we wish to computer the transition
rate from a state localized at r to one localized at r'. We *ake

as our wave functions:

@

z
r' ,N'

an(q) Qn(r',N') az (45)

Substituting equation (45) into equation (17), with a reminder
that all An's are equal, multiplying both sides by a:r(N), integrating

over all q)» We find:

h aQn(rN) INT 1t
= IT (nN|V|n N ) Qn|(r N ) F*(rsn)

n',N',r'

] ] - - - -
x F(r'n') exp ( Yr|sn Srl) exp ( Yr"Sn' Sr")

(46)

e[, -

Vi + I N
k

khwk)J
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where (nN[Vln'N') is given by equation (34). The transition rate
from state r to r' via a jump fromn » n + 1 is given by time dependent

perturbation theory:

1
R Ntk BS, H(r,r',n,n')‘(anVln'N'){2

h2

9 v o

x == 0 (12 Hw (Np = N ) + AE) (47)
where:
AE = Vr - Vr' (47a)
1l - cos(%g)
Ux) = _(Et__Z_ (47b)
+

d _ 1t ixt/n

Y Ux) = > i e dt (47¢)

_Yr|sn_sr|-Yr'|sn'_sr'||2

l

(47d)

H(r,r',n,n') = |F*(r,n) F(r'n') e

Substituting equation (34) into (47), we find

o 1
WET (m¥en'N) = & ¢ 1%

t
2
x f m 1 -{=
-t ki[ (N

N -iw t N +1 iw t
+ ZYk[ﬁE e - e k ]sinz[k(n+r_) + —Z]}

1] 1)
n,n'+e H(r,r',n,n’)

(N, +3) sin®(k(ate) + 2] ‘
Y (N +3) sin nt+e 7

N

y e1AEt/‘h dt (48)
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Completing the square in equation (48) and ignoring the term in sin4( )
since it is of order 1/N2, and making use of equations (36a), (36b)

-1
and replacing Nk by (exp Bﬁwk -1) 7;

1
W (non') = Lz' 3% 14 H(r,r',n,0")
% e+l nyn ZE

t r Y Bhw

x exp [-2S(T)] / exp (iAEt) exp|+ L 2 coth ke

1 N 2

-t .k

X cos wkt + i sin wkt)Jdt (49)

The term S(T) is given by equation (38a).

Low Temperature Approximation

An expression valid at low temperatures will be of interest
in discussing the AC conductivity. Inspection of the second exponential
in equation (49) shows that at low temperatures it will remain finite,

and hence we expand it in a power series and obtain:
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AEt

) JZ sin T
W (nomtl) = S5 exp [-25(D)) H(r,r',n,mtl)d —=
n h
AE &
Vi Bhwk sin 5 + mk)t sin_ﬁ W t
+ Il— e +
| 2E ] 2E
n T % h T %
1 YkYk' Bh(wk+wkl)
x T— + — 3 |©
e k_; kk' N
sin(wk + Wyt +_£§)t Bhwk. sin(wk. + %E - wk)t
* A te AE
e Fouer oy Yt T Ty
ghw
k AE . AE
+e sin(wk-wk, +1‘1 )t+51n (ﬁ -wk"wkv)t
- + LE AE _
% T % Th n W W'

1
+
ghw fliw, ,
( e & - 1)(e K - 1)

Now letting t approach =, which is valid if we are considering only

(50)

low frequency applied fields; the terms (sin xt/x) will be replaced
by 278(x). The first term in the brackets of equation (50) vanishes.
This term represents transitions which do not involve phonon emission
or absorption and has been considered previously. The second term
(single sum) represents one-phonon processes; the third term (double
sum), two-phonon processes, and higher order terms will represent
multi-phonon processes. At low temperatures, only those modes where

fiw, << kT will be activated, and from equation (33a) we see that the

k

A for these modes is small. Hence we can confine our attention to
2
single phonon processes, as two phonon processes are of order Yi:

We can therefore write:
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One Phonon Emission:

: 2
ap!
WO (ontl) = 28 exp [-25(D)] H(z,r',n,mr)
n
ghw
Y k
k e AE
R R - (S ' (51a)
N ] e A (n W

One Phonon Absorption:

2
L
WET (nomtl) = 2”; exp [-25(T)] H(r,r',n,ntl)
1
Y Bhw -1
Te (o _ ) AE _
< 12 v le 1] s (h wk) (51b)

In considering transport through a random lattice we should have at
equilibrium an equal number of emissions as absorptions. With this

criteria we can combine equations (5la) and (51b) to obtain:

0 2
Wit (n>ntl) = 2“; exp [-ZS(T)] H(r,r',n,ntl)
7
Y Bhw
k k AE
x I N coth 3 8 n i'wk (52)

To determine the total transition rate from r to r', we must sum over
all n, as equation (52) gives only the transition rate from r to r'
via a jump from site n to site n + 1. As can be seen from equation
(52) thé only n dependent term is H(r,r',n,ntl). Let the sites r

and r' be separated by a distance R; i.e.,

|sr - si‘ = R (53)

-32-



Therefore we can compute:

_Yrisn_sri
 H(r,r',n,n¥l) = I |F*(r,n) F(r',ntl) e
n n
=Y 1 |S =S_+]|2
+
< e r ntl “r (54)

If we now assume that most of the contribution to the sum comes from
the region between the two centers, which is reasonable if R is great
enough, since on either side of the centers we will have the product
of two exponentially decreasing functions, equation (54) can be

rewritten as
‘Z(Yr‘Yrv)Sn

I H(r,r',n,ntl) = I |F*(r,n) F(r',n_-+_—1)|2 e
n n

-2(y +Y_ )R +2(y _-v_,)a
% @ r r o r r (54)

where +a is the distance between site n and site n + 1. If we are

looking at an average process, we can write Yo = Yova =Y
I H(r,r',n,ntl) = I |F*(r,n) F(r',n_tl)l2 e—l‘YR (55)
n n

There is no way of evaluating the sum on the right hand side at this
time. We note that it contains as its terms the relative probabilities
that the jump will occuv via site n, rather than another site n'. If
R is large enough, we should be able to approximate it by a constant

Z, of order unity. With this approximation, equation (52) can be

rewritten as:

2nJ e—ZS(T) e—QYR k

W(r>r'") z
-+ k

Y
k AE
N coth 2 6(h + wk]

(56)
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When a field is applied, we must substitute A for AE in

equation (56):

A = Vr = Vr' - eF (57)

Equation (56) can be evaluated for Case I. Then from equations (33a)
and (l6a) we can write, considering coupling from only the nearest

neighbor oxygen ions:

c? ein® ksin® 2k . 32¢%k . 64c® %

[\

Tk
Mmz tw sin3 L k sz how sz fiw_ Yo
o o 2 o o o o
(58)
where use has been made that wk/wo << 1, 1Inserting equation (58)
into equation (56), replacing the sum by an integral, and using
relation (57);
2 L 2
W(ror') = an z e—ZS(T) e-4yR _% s 2 ; 64C
h 0 Muw~ Hw
o o
w Bhw d
k k (b %k
x =% coth —— §[5 + | — (59)
o o
and integrating leads to:
232 | -2s(T) -4yR 128 2 & 8
W(r»r') = - Ze e == coth 2 (59a)
f Mo (fw )

Equation (59a) is in the same form as that developed by Miller and

Abrahams!“ for the case of impurity conduction at low concentration,

-25(T)

with the addition of the term e , and the absence of a term

proportional to R3/2. Our Z term could in fact have R dependence;

however, it should vary slowly; the main variation wiil be via the

exponential. Making use of typical values® J = 10-3 eV, e_ZS(T) =

10-2, Cz/Mmi‘hwo = 5, w, = 1013, equation (59) reads:
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-4yR B4

W(r»r') = 2 x 1012 AZ e 2

coth

which is the same order of magnitude as that given by Pollack and
Geballel® for Miller and Abraham's expression.l"

We note that the Case II Yi becores infinite as Wy + 0; in
fact as can be seen by inspection of equations (13c) and (33b) a
uniform translation of the solid will give rise to a large energy

shift. We discard this case as meaningless.

High Temperature Approximation

We will require an expression for the transition rate at high
temperatures in our discussion of the DC conductivity. The integral
in equation (49) has been evaluated by Holstein® for AE = 0. We shall

follow his method here. First we introduce the transformation:

e = 4o (60)
which transforms the integrand of equation (49) to:
Y Bhiw Bhiw

BAE) k k k

exp |- —F5|exp|- L 5 |coth - csch cos w, T
( 2 K N 2 2 k
1AET
+ T (61)

The t-integration extends from -t co +t on the real axis, and two

components perpendicular to this axis from -t - E%E to -t and from t
tot - E%E. Combining the latter two under one integral we obtain:
32 BAE
W(esr') = 2= 2 exp (-4yR) exp (- BEY (1, +1.) (62)
hZ 2 1 2
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where:

t Yy Bhuw, gh
I, = [ exp |- I 7 [coth - csch cos w, T
1 N 2 2 k
-t k
iAET
+ Y dr (63)
_ Bh/2 Y gh gh
12 = I+ /S exp|- I EE coth‘—iSli - csch zwk
+ 0 k
iAE
x cos [wk(t + 10)] +-—;r-(t + i0) | do (64)

The second integral, equation (64), contributes little, following
Holsteins's analysis (that is, the term inside the brackets still
determines the convergence of the integral). Equation (63) diverges
when AE = 0, and needs to be corrected by removing those transitions

for which N = N', Equation (63) therefore becomes:

(¢) t Y, BHwk
I = exp [-25(T)] s exp | L — csch cos T
1 N 2 Wi
-t k
iAET iAET
+ — exp [11 ] dt (65)

We now wish to let t + », The first exponential of equation
(65) will rapidly converge, while the second will cause the integrand
to oscillate. Because of the rapid convergence, we can replace

2 2
cos (T by (1 - W, T /2):
2

t Y Bhw wzr
I(c) = exp [~2S(T)] s exp | L K csch ke 1- E
1l ¢ K N 2 2

iAET 1AET
+ - exp (ﬂ ,}dr (66)
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Rearranging terms, we find:

Y gh 2
Iic) exp [-2S(T)] exp E %k _ AE

t 2
x f exp | - ﬁir-wiég— - exp (EAEL) dt (67)

where:

Y Bhwk

W = i-iﬁ o csch 3 (67a)

Evaluating the integral and letting t -+ o«

Y Bliw 2 1/2
Iic) = exp [-2S(T)] exp Z'ﬁk csch 7 L (%)
k a2
) (68)
By use of equation (67a), and on changing the sums to integrals:
m Bhw
I(c) = exp [-2s(T)] exp i / 2y, csch K gk
1 LI k 2
1/2
. m
1 2 Bhw
= J YWy csch 5 dk
2
X exp =BG (69)
21 2 Bhw
4n - / Y1 csch 5 dk
Combining the three exponentials, and noting that:
Bhw Bhw Bhw
- coth k + csch L tanh k (70a)
2 2 4
and that if hwk << kT;
Bhuw Btiw
tanh ——= = —= (70b)
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ghuw

k . 2
csch 5 i, (70c¢)
Equation (69) may be rewritten as: 2
g 4 AES
2 11/2 a 16E
I(c) mh exo | - a (71a)
1 4E_KT P kT a
where:
T vy, h
E = l-f k% dk (71b)
a m 2
0
Combining zquation (71) with equation (62): 2
R -
JZ a 2 16Ea
' = —— - -
W(r>r') n Z exp (-4YR) exp T
. 1/2
X lloEakT] (72)

In the crystalline case, Z = 1, vy = 0, AE = 0, and equation (72) becomes
identical to that given by Holstein® (his equation contains an error;
the 1 is to the first and not the second power). Furthermore, if AE

is small in comparison to Ea’ the AE2 term in equation (72) may be

neglected.
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3. DISCUSSION

Review of Theoretical Model

Before proceeding to apply the results of Chapter II to exper-
mental conductivity data, it is worthwhile to review the calculations
of that chapter, with specific emphasis on the assumptions which have
been made, and their implications.

Our starting equation (10) is very similar to that for the
crystalline lattice.® The essential difference arises from the energy
of the electron in each of the complexes being different due to the
disorder of the lattice. We then approximated the ionic masses to
be equal, and that all nearest neighbor force constants were equal.
Due to the anharmonic nature of the interatomic bonds, this approxi-
mation is not strictly true. Inclusion of these effects will result
in some localization of the vibrational wavefunctions, and hence to
a nonanalytic problem. Mathematically, localization is equivalent
to the normal vibration coordinates [equation (15)] no longer being
normal. If the anharmoniticity is not too great, the strictly
harmonic approximation that we have used should give reasonable
agreement with reality. In addition, because we have taken the ionic
masses to be equal, the phonon modes in the range 0 < k < % will be
accoustical modes, while those in the range-%.i k < m will be

optical modes.
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An analytic solution to the strictly harmonic one-dimensional
problem is possible since the solution of the vibrational modes will
be a plane wave expansion. In three-dimensions, the eigenstates of
the lattice vibrations are no longer plane waves due to the disorder.
It is for this reason that the three-dimensional problem has not been
solved analytically.!0

We next assumed that the energy of the electron was linearly
related to the lattice displacements. It is at this point that we
can distinguish between a polaron and a small polaron treatment. In
the polaron problem, the main electron-lattice interaction would come
from more distant neighbors - that is, the electron would be moving
sufficiently fast so that the lattice in the vicinity of the electron
would not have time to react to the electron's field. In the small
polaron case, the electron velocity will be such that the lattice
in the vicinity of the electron will react, and hence the nearest
neighbor interaction will be important. The inclusion of distant
interactions enables us to treat the polaron case in our problem.

We shall come back to this point later on in this section.

The assumption that the overlap integrals Jmn are independent
of the lattice displacements [equation (13d)] removes the effect of
thermally assisted tunneling. Thermally assisted tunneling results
from the increased overlap of the electronic wave functions due to
lattice vibrations which cause adjacent metal ions to move closer
to each other. Provided that the wave functions do not vary appreciably
across nearest neighbor complexes, this approximation should be good.

Next, to solve the wave equation (we are treating the coef-

ficients, a , as wave functions), we took as a first approximation
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Jmn = 0. In completing the square in equation (18) (which is the
same thing as using a variational principale o determine the ground
state) and transforming to displaced normal coordinates, we allowed
the electron to interact with the lattice and distort it. The effect
of the non-zero value for the Jmn was treated as perturbation. The
Jmn's gave rise to the matrix elements (pN|V|p'N') which allow the
polaron to move from site to site.

It is at this point that we have narrowed our attention to
the small polaron case. In our solution, we have assumed that C
is important, as it will be for the small polaron. However, by
setting the CR = 0 for a certain number of inner neighbors, we can
deal with the polaron case. Unfortunately, we have no criteria to
indicate how far out to set the C2 = 0; this will vary depending on
the material considered, and, as noted in Chapter I, on the amount
of disorder present. In order to establish such a criteria, we would
need to solve the wave equation [equation (18)] in the zeroeth order
for both J and the electron-lattice interaction. Such a solution
appears to be possible using Anderson's Green's function method;!!
however, since the solution would require numerical methods, it shall
not be considered here.

In order to solve the problem, we assumed that the interaction
parameters Bn’ Ci were equal for all values of n. In doing so, we
have assumed that the latcice deformation on different sites, and
consequently the deformation or hinding erergy is the same for all
sites for a given set of phonon occupation numbers. The result of

nonequal binding energies will be to further increase the energy

differences between sites.
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The solution to the crystalline problem reaveals a polaron
bandwidth of 2J exp [-25(T)], that is, one which decreases exponentially
with temperature. In the disordered lattice, we apply Anderson's
theorem and find that the criterion for localized states is that the
parameter (<A>/J) exp [S(t)] must be sufficiently large. Here we
notice that the criterion is teriperature dependent, and that the
probability of localized states increases with increasing temperature.
Furthermore, the presence of the exponential term, which is always
greater than unity for both the polaron and small polaron cases, means
that localized states are more probable in the polaron problem than
in the pure electron problem, and that the probability for localized
states, for a given amount of disorder, increases exponentially as
the electron-lattice interaction increases. In addition, there is
a possibility that when disorder is small, there will be band states
at low temperature, but that these states will become localized as
the temperature increases.

To solve the problem for the disordered lattice, we invoked
Mott's conjecture! that the wave functions decay exponentially as
exp (- yr|Sn—Sr|). In other words, the polaron in a state localized
at r is not confined to a single metal ion; there is a probability
of finding it on nearby ions also. With our eigenstates thus estab-
lished, we determined the transition rate from a state localized on
site r to one localized at r'. Such a transition cannot be vertical;
that is, the polaron cannot emit or absorb a phonon on one site. Instead
the transition is diagonal; that is, the polaron simultaneously jumps

from one site to another with the absorption or emission of phonons.
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Because of the overlap of the eigenfunctions, it is possible
for the polaron to travel a large distance in a single hop. The
transition will therefore take place via a tunnel-hop-~tunnel mechanism.
The importance of these transitions follows from the fact that nearest
neighbor energy states may be too different for the transition to
occur easily; but a transition between more distance neighbors, where
the energy difference may be more favorable, can occur.

We should emphasize one fact about multiphonon processes.
These transitions must take place in a single hop, or via multiple
hops in which each intermediate state is an allowed state. The proba-
bility of a multiple hop will be equal to the product of the proba-
bilities for each single hop.

We shall conclude this section by noting that the y appearing
in the expoment of the expression for the transition rate [equations
(59a) and (72)] is not a constant, but is different for each pair
of states. This statement follows from Anderson's Green's function
method, ! which will be treated in the next section. This "disorder"
parameter, vy, will tend to zero as the lattice becomes ordered; hence,
for localized states in regions of small disorder, it will be small;

while in regions of extensive disorder, it will be large.

AC Conductivity

The AC conductivity of a disordered solid will be a bulk effect.
The applied AC field will cause the energy levels of the complexes
to fluctuate, and the polaron may therefore hop from one site to another.
Since the field is varying, an electron does not have to travel through

the lattice as is the case for DC conduction, but need merely change
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sites in order to contribute to an AC current. The result is that
lucalized states which do not contribute to the DC conduction are
brought into play, causing an increase in the observed conductivity.
As the frequency increases, more hops occur in a given period of time
(provided that the transition time is short enough), and the net
current increases.

Pollack and Geballe!® have derived an expression for the
difference between the AC and DC conductivity (OAC), which is assumed
to take place via hopping between pairs of sites with an energy
difference AE. Their expression is applicable in the present situation,
by taking the total number of pairs to be N(1l-c), where N is the total
number of metal ions, and c is the concentration of electrons

(n)+ (“+l)+), and inserting a term f'(y) dy and integrating

(= Me /Me
with respect to y to account for the variation in the disorder

parameter y:

2
= L o) & .2
Re [chC(r,AE,w)] = T dp(r,AE) N(1l-c¢) T ¢
2 2 .
x [ 1 1 w 1 f (Y) dy (73)
l-+w212 cosh2 a5
|2z

The term dp(r,AE) is the number of sites of energy difference AE at

a distance r, which we shall define as:
dp(r,AE) = 47r’ (Nc)P(r) £(AE) dr d(AE) (74)

where P(r) is the pair distribution function of metal ions, and f(AE)
is the probability of a localized state with energy difference AE. This

latter function intuitively should be a function close to a Gaussian
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distribution function. Inserting equation (74) into equation (73)

and integrating over r and AE, we find:

2 2 2
. _l__ 2 e_ 4 -1 w T
Re(o,) = T3 N c(l-c) & /// 4rr't 2 2
1+ o
1]
. P(r) ngEZEf (1) dr d(AE) dy (75)
cosh (EET

where 1 is obtained from equation (59a):

n2 sz (o )?

1 o
L e exp [2s(T)] exp 4yR
W(r-r?) 256 3% 7 ¢
x tanh(Eﬁf (76)

[The term A is taken into account in deriving equation (73).]
Equation (75) is nonanalytic and has not been evaluated even

for the case when P(r), and the terms in y and AE can be omitted.

We can discuss the qualitative results, however.

The first thing we note is that if

i

T <<

in all cases, then the AC conductivity is proportional to wz. However,
1 is a function of r, AE, and y. Pollack and Geballe considered the
case when we can ignore the effect of y (i.e., take it equal to a
constant) and P(r) [i.e., we are in the range where P(r) - equal

to 1]. They find that the AC conductivity is approximately proportional
to w" where n is some constant less than 2. This behavior arises

from the circumstance that as w increases, mcre heps are made causing

an increase in conductivity, but the longer transition times cease

-45-



22

to contribute to a conductivity increase (i.e., —_&__5_5 * 1 for these
1+ w1t

long transition times).

The case when all factors must be taken into consideration
is much more complex, and therefore is best discussed by considering
experimental data. We consider the data obtained by Hench and Clark,]7
and Hench and Kinser!® for a potassium vanadium phosphate glass.
They observed that at low temperatures, the AC conductivity increased
proportional to w0°8 at low frequencies, but that the exponent n
gradually increased to a value of 2 at a frequency of 107 Hz. The
variation in the exponent of W with a change in the frequency can
be attributed to either the pair distribution function P(r), or to
the y distribution function f'(y). The pair distribution function
can be calculated from x-ray diffraction data, and is generally found
to differ from unity only for the first, second and third nearest
neighbor metal ions. The distance between these pairs of ions is
a maximum of approximately 10 Z, and therefore the induced energy
shift caused by the field is of the order of 10-5 electron volts.
This value is much less than kT, and hence these transitions between
second and third nearest neighbors can be accomplished by the phonons
themselves, and should contribute little to the AC conductivity.

We are led to the conclusion that the variation in the exponent
of w must be due to the disorder parameter, v. To understand how this
can be, we must consider a qualitative solution to the wave eyquation

[equation (26)]. According to Anderson!!

a,, (Ey = 1lim 1 o(jlW|k) (77)
jk a-0
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where

k + -1
io + E - E, “ig + E - E,
j 2 j

- Wk) .
(jIWlk) Vi, IR

(78)
The le in orr case is just the matrix element (jN|V|eN). The energy

E is the energy of the eigenstate Vj’ and the energy Ej is the energy
of the polaron on the complex j (including the perturbation energy).
The coefficient ajk(E) is the wave function at site k for a polaron
localized on site j. Equation (77) is solved by an iteration technique.
From inspection it is seen that the solution for k distant from j will
involve the product of matrix elements in the numerator, and a product
of energy differences in the denominator. If now there are highly
ordered regions in the lattice where the energy levels are nearly

the same, then the wave function will not decrease rapidly. It will
decrease rapidly in those areas where disorder is high. Thus if we

may postulate the structure of the glass as being composed of partially
ordered regions separated by regions of large disorder, the transition
times will not vary continuously with r, but will come in "clumps,"
changing sizeably as the disordered regions are crossed. A similar
behavior occurs if instead of <ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>