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ON THE INITIAL SLOPE OF ELASTIC-PLASTIC BOUNDARIES 

IN LONGITUDINAL WAVE PROPAGATION IN A ROD 

by 

T. C. T, Ting* 

Abstract 

In one dimensional wave propagation such as longitudinal waves in a 

rod, an elastic-plastic boundary may start at the end x * 0 of the rod 

depending on the stresses prescribed at x * 0. The Initial slope of the 

elastic-plastic boundary at x ■ 0 can be determined easily if the time 

derivative ot of the stress a on both sides of the elastic-plastic 

boundary are not aero. In this paper, the initial slope of the elastic- 

plastic boundary (or boundaries) is determined analytically when ot at 

x » 0 is continuous and vanishes at time t » t while the second o 

derivative at t may or may not be continuous. It is seen that 
tt o 

an elastic region can be generated near the end of the rod even though 

the stress state at the end is contiluouoiy plastic. 
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1. Introduction 

The equation of motion for one dimensional wave propagation in the 

x-direction is 

a - pv. ( 
X t 

where a is the stress, v the particle velocity and p is the density 

of the material. The subscripts x and t denote partial differentia¬ 

tion with respect to these variables. The continuity condition, together 

with the stress-strain relation, gives 

ot « pc^vx 

where is the wave speed. Equations (1) and (2) apply to both 
P o C 

elastic and plastic regions. In elastic regions, the wave speed becomes 

c2 « e/p where E is the Young's modulus. We shall assume that 

2 . 2 
c < c . — o 

In the x - t plane, let X denote the slope of an elastic-plastic 

boundary. X is also identified as the speed of an unloading boundary 

(denoted by cu) or a loading boundary (denoted by c£) depending on 

whether the material at the section changes from a plastic state to an 

elastic state or vice versa. In [l] and [2], it was shown that if at 

on both sides of an elastic-plastic boundary are not tero, \ satisfies 

the relation 

(3) 
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where the superscripts e and p denote values in the elastic and 

plastic regions respectively. Since ^ *or an unloading while 

a£/°t - 0 *or 3 loadí-n8» we have 

c < c < c - u — o 
(4) 

Co^cl or c£ — c ‘ 

If ot vanish on both sides of the elastic-plastic boundary while ott 

are not zero on both sides of the boundary, X satisfies the relation 

(see [3]) 

(5) 

Now, o\/olt > 0 for an unloading while 5 0 for a loading. 

Therefore, we have 

c < c or c < c 
o - u u - 

i 

c < c . < c 
- Í - 0 

Comparing Eqs. (6) with (4), it is seen that restrictions on the 

unloading wave speed c. and the loading wav», speed ci are inter¬ 

changed. This was pointed out in [3]. 

For a rod which occupies 0 < x < L, where L can be finite or 

infinite, suppose that we have obtained a solution of Eqs. (1) and (2) 

for 0 < x < L, t < t for certain initial and boundary conditions. 
— — — o 

For a positive quantity 6 and a function f(x, t), we define: 

lllpilfwm 'P™ 
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(7) 

b - Um f(0, t - &) 
C . A ° 

fa - Urn f(0, tn + 5) . 
6 -» 0 0 

Thus ab and rr® are the values of a "before” and "after" t - tQ 
t b ^ a 

at the end x - 0. If a,, i» not continuous at to> i.e. If at / a 

the following three cases arise: 

(1) ob < 0 , a® arbitrary 

(8) 

( ill) trb > 0 

For case (1), there Is no elastic-plastic boundary generated. The dis¬ 

continuity in <rt is simply propagated along x - co(t - tQ). 

For cases (11) and (ill), if there is an elastic-plastic boundary, the 

slope of this boundary is determined by Eq. (3). If there is no elastic 

plastic boundary generated, the discontinuity in ot is simply propaga¬ 

ted along x - co(t - to) or x - c(t - to) depending on whether the 

region near x - 0, t - to is elastic or plastic. 

fil t) ^ 
The situation becomes complicated when * at “ 0 but ^tt ®nd 

ab are not both sero. Again, we have three cases: 

a b 
(1) ct-<rt.O a* arbitrary 

(ii) or® - oj - 0 

(iii) <rj « crj - 0 
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For case (i), there is no elastic-plastic boundary generated. 

For cases (ii) and (iii), if there is an elastic-plastic boundary, Eq. 

(5) alone is not sufficient to determine the slope of the elastic-plastic 

boundary. In some instances, Eq. (5) cannot be used and a modified 

version of Eq. (3) has to be employed. In this paper, we demonstrate 

how the initial slope of the elastic-plastic boundary or boundaries can 

be determined analytically by using Eq. (5) and the additional conditions 

which will be presented below and in the next section. We will restrict 

a 
our attention to cases (ii) and (iii) for all combinations of CTtt and 

CT^t. An interesting result is obtained for case (iii) in which an 

unloading wave followed by a loading wave may be generated even though 

ct(0, t) is non-decreasing at the boundary. 

The validity of Eq. (5) requires that “ 0 on both sides of the 

elastic-plastic boundary as well as along the elastic-plastic boundary. 

a b 
In the problem under consideration, a * a » 0 at x • 0, but cr 

t t I» 

may not be xero for x ^ 0 along the elastic-plastic boundary which 

starts from x ■ 0, t ■ tQ. Thus, we have to use Eq. (3) instead of 

Eq. (S) with some modification of the left hand side of Eq. (3). To 

obtain a modified veralon of Eq. (3), fir.t con.ider ot(x, t> in the 

neighborhood of x ■ 0, t ■ t . Since at(0, tQ) - 0, by expanding 

a (x, t) into Taylor series, we have, 
c 

a (x, t) ■ a (0, t ) x + 0..,.(0, t )(t - t ) + .. 
t tx o' tt 0 0/ 

Along x ■ \(t - tQ), 

V*' '>1* - \(t - to> ■ (<,tx(0' t„) +r ■’tt10- V ’ *+ 0(x2> <l°) 
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With Eq. (10), Eq. (3) becomes, by taking the limit x -♦ 0, 

„P X* „P ,2 o +-- cr c 
tx X tt m _o_ 
e ^ 1 e 1 

cr T- r* cr 
tx \ tt 2 

c 

(11) 

This is the modified version of Eq. (3). Equation (11) applies to an 

elastic-plastic boundary in which <rt on both sides of the boundary are 

not tero except at the point concerned. 

Since Eq. (11) introduces new unknowns we need additional 

conditions to determine them. One of these conditions is furnished by 

the consideration of the continuity of second derivatives along the 

boundary. Let d/dt denote the total derivative along any curve which 

dx 
starts at x • 0, t - t with the slope a(t). Then, 

do 
— - o a + a 
dt x t 

í-f - ^ a2 + 2<rtx Q + fftt + Vt 
dt 

(12) 

(13) 

If if] denote the discontinuity in the values of f on both sides of the 

curve, Eq. (12) gives 

[oj a + [at] - 0 . (14) 

In the present problem, lot] - 0 at x « 0, t « to and hence 

fo]"0atx«0,t*t. (15) 
1 x * o 

Moreover, if we eliminate v between Eqs. (1) and (2), we obtain, since 

<rt • 0 at x * 0, t • to, 
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1 CT ■ -r cr at x ■ 0, t • t 
XX 2 tt * o c 

With Eqs. (15) and (16), Eq. (13) yields 

2 
[(1 + =2)att] + 2«l^tx] " 0. «t x - 0, t - to 

C 

(16) 

(17) 

Equations (5), (11) and (17) will be used for determining the slope of an 

elastic-plastic boundary. 

In this paper, we consider the situation in which the stress state 

in the region 0 < x < 6, t 6 < t < t is plastic. Since ~ o 
b b 

or (x, t ) » O' x 4* ... , this implies that o > 0. The situation in 
£ o cx ex 

which the region below t « to is elastic can be analysed by essentially 

the same procedure. Therefore we will study the slope of the elastic- 

plastic boundaries for given (rk < 0, a“ >0, and o 
tt ’ tx ’ 

2. The Elastic-Plastic Boundaries 

We define ß by the ratio 

a b > b ß * - a /a 
^ tr tx 

tt 

(18) 

b b 
Since a < 0, a > 0, ß > 0. In the neighborhood of x - 0, t » t , 

11 CX o 

fft<x. t) + - t0) + ... . 

Therefore at(x, t) - 0 along the line x • ß(t - tQ). In the nalysls 

of the elastic-plastic boundaries, the value of ß plays an important 

role. For a given ott <0, ß > 0, and a 
tt” 

.Lcuatlons Spending on th. ..la., of 8 -nd 

cussed separately below. 

there are six different 

tt 
These are dls- 
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A. Solutions for <j® ■ cr^ « 0, o^t < 0 , crtt < 0 . 

There are three cases depending on the values of ß. It is under¬ 

stood that ub and tr® are not both zero, 
tt tt 

Al. co < ß (Fig. 1) 

For this case, the unloading wave speed cu is simply equal to ß. 

The second derivatives of the stress are discontinuous across cu and 

c as shown by solid lines in Fig. 1. The letters P and E denote 
o 

respectively the plastic regions and the elastic regions. To determine 

cra , a" and (Ta , we use Eqs. (5) and (17) which can be written as 
tx tt tx 

1 1 

u b „ b ,, u, m m 
n + -—to,. + 2c a - (1 + + 2c a 
v 2^tt u tx 2 tt u tx 

c c o 

(20) 

2am + 2c a” 
tt o tx 

2a“ + 2c a“ 
tt o tx 

(21) 

Equation (20) is obtained by applying Eq. (17) to the line x « cu(t - tQ) 

while Eq. (21) is obtained by applying Eq. (17) to the line x » cQ(t - tQ) . 

When ß - cu - co, Eqa. (20) and (21) can be combined to give 

ob «b 
O + + 2a* + 2c a* 

tt o tx 

which yield* a*x. 
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(Fig. 2) A2. c* < ß < c 

We will show that if c* satisfies the relation 

tt 

tt 

- (— 
c 'c* (22) 

(- 

then the unloading wave speed cu has the value c < cu < c0» and this 

elastic-plastic boundary is the only boundary across which the discon¬ 

tinuities in second derivatives may occur. In Fig. 2, the dotted lines 

c and c are for reference only. There are no discontinuities across 
o 

these dotted lines. Notice that c* < c. Also notice that cu cannot 

be equal to ß. 

By applying Eqs. (11) and (17) to the unloading boundary, we obtain 

b ^ 1 ff + —- 
tx c tt 

u 

a la 
a + — cr 
tx c 

u 
tt 

(23) 

u. b „ b 
(1 + t)cx + 2c a 
^ 2' tt u tx 

c 

2 

(1 + -r)aa + 2c aa 
K 2' tt u tx 

c 

(24) 

Elimination of a8 between Eqs. (23) and (24) yields, using Eq. (18) 
tx 

-r - 1 + < V c2 
C cn tt 0 

( 2 + ßc 2} 
c K u c 

1 V _0_U_ 
') ■ 

(25) 

( 2 2 c c^ 
u o 

) 

;.p . u-m •'•ua- t. a*»;}, •. M.! ’tetájte*.Mä‘S •» • .»«íl 



Equation (25) provides a solution for We will show next that there 

exists only one cu satisfying the condition c 5 cu < cq for given 

c* < ß < % and 0 ^ CTtt/att - 

First, notice that for the unloading boundary to be valid, we must 

have c >0. With this, it can be shown that the right hand side of 
u 

Eq. (25) is an increasing function of cu for ß < cu < cq. Next, we 

consider the cases c S ß — cq and ß 5. c separately. When 

c<0<c, ß < c < c , and the right hand side of Eq. (25) assumes a 
- p - o p u - o 

negative value when cu « ß and becomes infinite when Cu - c^ Hence 

there is a unique solution for cu for given c < ß < cq and 

0 < CTa /ab < °°. If ß < c, we have c < c < c . The right hand side 
— tt' tt " ^ u o 

of Eq. (25) is still infinite when cu - co but assumes the value 

(26) 

when c ■ c. In order that a unique solution exists, we must have 

In view of the definition of c* in Eq. (22), this implies that c* < ß. 

The proof is completed. 

A particular solution in which c) is continuous, (i.e. 

CTa - ob ), and the solution for t < t is a simple wave solution was 
tt tt 0 

obtained by Biderman (see [4]). Biderman's solution can be recovered by 
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setting 1, ß - c in Eq. (25). The result is 

or 

0 

•% 

A3. 0 < ß < c* (Fig. 3) 

In this case the elastic-plastic boundary has the slope 0 < cu < c 

and the discontinuities in derivatives occur across cu and c as 

shown by solid lines in Fig. 3. Since 0 < cu < c which satisfies Eq. 

(6), at must be zero along x - Cu(t - tQ). By Eq. (10), we have 

1 m -I- — a c tt u 
0 . (28) 

Applying Eq. (5) to the unloading boundary, we have 

(29) 

On the other hand, across the characteristics c we obtain, by Eq. (17) 

(30) b b m , m 
a + c a » a + c cr tt tx tt tx 

Equations (28) to (30) are sufficient to determine cu, atx and a^. 

Elimination of and yields 

11 
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(31) 

The right hand side of this equation is an increasing function of 

and assumes values from zero to the one expressed in (26) as cu varies 

from zero to c. Thus a unique solution is assured if 0 < ß < c*. 

ß. Solutions for - 0, 5 0 » gtt > ° 

When (Ta - cr - 0, o\ < 0 and a! > 0, the stress at x - 0 is 
t t I- C »o'- 

continuously loading. For prescribed cr(0, t) , t < to, the solution 

¿8 uniquely determined up to the line x - c(t - tQ). When ß > c, 

0^-0 along the line x - ß(t - tQ) which is below the line 

x - c(t - t ). Therefore unloading must take place even if a(0, t) is 

continuously Increasing. 

Bl. c < ß (Fig. 4) 
o ~ 

In this case the unloading wave cu is simply equal to ß and we 

have a loading wave c^ < c as shown in Fig. 4. Discontinuities may 

occur across the line cq as indicated by a solid line. 

Applying Eq. (5) to the unloading boundary and Eq. (11) to the 

loading boundary c¿ respectively, we have 

(32) 

12 



i a la „ 
CT + - CT 2 

tx c,, tt c & O 

1 1 
2 

n 1 n 1 1 
CT + - CT T - ~r 

tx c tt 2 2 
i c c,. 

(33) 

On the other hand, application of Eq. (17) to the lines c , c and c „ 
u o Ü 

yields 

(i 
b „ b 

+ 2c CT 
tt u tx 

1 + 
i) 

m „ m 
CTkt + 2c cr^ 
tt u tx 

tn ran n 
CT. „ + C CT ■ CT,. + C CT 
tt o tx tt o tx 

(34) 

(35) 

\ a - a 
1 + I O' + 2ca a 

2 / tt r- tX 
c ' 

1 + 
n _ n 

CT. . + 2c CT 
tt i tx 

(36) 

Equations (32) to (36) have six unknowns and hence require another 

equation for a solution. This is supplied by the condition that the 

stress on the unloading boundary cu must be identical to the stress 

on the loading boundary c for the same position x. 

Referring to Fig. 4 this implies that 

J 2 crt(x, t) dt + J 3 CTt(x, t) dt - 0 

ll t2 

or 

^ 2 t \ 

J* S fftt(x’ t) dt dT+Jat<x« t2) +att<x’ t>dtfdf 
tj tl t. t. J 

13 
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i.e. 

P 2(t2-t)att(xlt)dt + cc(x,t2)(t3-t2) 4- X 3(Vt)att(x,t)dt 

t2 

0 

Now, by the Mean Value Theorem, we obtain, 

«VV2 att<x’t12) + + 2 ‘W ctt(x-t23) ' 

where tx < t12 < t2, t2 < t23 < t3- As x -»0, 

c2 " C1 " (f - f)x ■ att<x- tL2) 1 V 
OU 

while 

- t 
3 2 ' c/ co 

(--—)* 
\ c. c / 

CTtt<x, t23) tt 

Vx' t2> x 

by Eq. (10). Therefore, In the limit x -*0, Eq. (37) yields 

c, c / tt 
i o 

- 0 

Equation (38), together with Eqs. (32) to (36), give a complete 

description of the problem. 

0 (37) 

(38) 
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Equations (32) to (36) and Eq. (38) can be solved for c£. Omitting 

the lengthy process of eliminating the unknowns, we present the result 

below: 

The left hand side of Eq. (39) can have any value from zero to infinite. 

The right hand side of Eq. (39) is an increasing function of and varies 

from zero to infinite as cn changes from zero to c. Therefore Eq. (39) 
£ 

ft I) 
provides a unique solution for for given 0 < - 

B2. c < ß < c (Fig. 5) 
~ ~ o _ 

For this case we have two elastic-plastic boundaries: c < ß < Cu < Cq 

and c. < c. Applying Eq. (11) to the unloading and the loading boundaries, 
I ~ 

we obtain 
1 1 

“ 1 1 
(40) 

1 1 
2 
_o_¿ 
1 1 1 
2 

o (41) 

Application of Eq. (17) to both boundaries yields 

(42) 

15 
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(43) 

F' 

1 + ;iKt+ 2cî "‘x l + 
Ci \ , 

~2 ° 
c / 

m 

cc 

_ m 
2c. cr i tx 

Again, we need another equation which is supplied by the condition (see 

Fig. 5) 

t2 
J1 üt(x, t) dt * 0 . 

Cl 

Following the procedure in deriving Eq. (38), the condition yields, as 

X 0, 

- ’ "U, c„ I 
m 

rtx ’ 2 ”tt\cj(! cu 
(44) 

Equations (40) to (44) give a complete description of the problem. 

Elimination ot 0^, between Eqs. (40), (42) and (44) yields 

(-7 
' C 7) 

u u 

0-7)(7-7)(007(: t)(7 2 ) 
c / 

(45) 

u u 

while «1 Imination of 0^, 0^ 0*x between Eqe. (40) to (44) yield. 

tt 

tt 

7)(7 \) * f(f - t)lï 
co' l' l “,lc 

-7)(7-7)0(0t0 
u u 

(46) 

It can be shown that the right hand side of Eq. (45) is an increasing 

function of cu and Cj, for c < cu < cq and 0 < c^ < c. Since 

ß • c when c ■ c and ß ■ c when c^ * c^, Eq. (45) yields, for a 
u ^ 

16 
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as a single-valued function of for given c < ß < co, cu 

0 < c£ < c. Therefore, for each 0 1 5 c and c 5 ß 5 c0* 

there exists only one c < c < c which satisfies Eq. (45). In fact 
U w 

one can even show that c^ > ß. Now, the right hand side of Eq. (46) 

varies from zero to infinite as assumes values from zero to c 

Thus, by Eqs. (45) and (46), there exists a solution cu and c£ 

satisfying the relations c < ß < cu < c and 0 < < c for given 

Two limiting cases can be considered here. First, when ß * c0» 

Eq. (45) gives cu ■ cq and Eq. (46) becomes 

(47) 

As can be verified easily, this limit can also be obtained by letting 

c « c in Eq. (39). Thus, the solution is continuous from case B to 
u o 

B2. Next, when ß ■ c, Eqs. (45) and (46) give cu m c¿ " c* This 

is a limiting case of A3 which is discussed below. 

B3. 0 < ß < c 

For this case, there is no elastic-plastic boundary generated. 

The discontinuities in second derivatives are simply propagated along 

X ■ c(t - to). 

3. Discussion 

The initial üiope of the elastic-plastic boundary at the end of the 

rod is determined analytically when the first derivative of the stress 

u at the end of the rod is continuous and vanishes at time t • to 
t 

17 
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while the second derivatives cr at t may or may not be continuous. 
tt o 

Solutions are obtained for all possible combinations of att before 

„„d .f»r t - t0 «cpt those .... In which no .L.tic-pU.tlc 

boundaries are generated. 

The determination of the complete shape of an elastic-plastic 

boundary for general initial-boundary value problems usually requires 

a numerical scheme. The procedure can be divided into two stages. In 

the first stage the slope of this boundary near the end of the rod must 

be found, and in the second stage the remainder of the boundary is 

determined. The problem considered here offers an analytical solution 

for the first stage. 
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