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fulfillment of the requirements for the degree Doctor of Philosophy. The dissertation was 

submitted to be an NRL Report on October 28, 1968, as an interim report on NRL Problem 

SO 1-02, Project RF 05-511-401-5251. 
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ABSTRACT 

The exact formulation of the characteristic or frequency equation for an inviscid 

liquid cylinder radially enclosed within a finite impedance elastic solid of finite wall 

thickness is solved for the permissible modes, including degenerations to the sur¬ 

rounding medium being of infinite extent and either an elastic solid or another liquid, 

as well as to the limiting cases of infinite impedance (rigid boundary) and zero 

impedance (free boundary). These modes are utilized to expand both the potential 

within the otherwise unterminated cylinder and the source impedance variation with 

position of an opposing termination. A piston source of appreciable ka(= 10077) is 

found to render further source specification indifferent as to uniform pressure or 

uniform velocity, and a large radial impedance mismatch (=28) is found to permit 

a simplifying orthogonality assumption. With the inviscid assumption, the formula¬ 

tion indicates that a judicious selection of experimental configuration can limit 

diffraction propagation uncertainties to a few parts per million. An incidental result 

is the demonstration that the zero elastic tube mode exists at all frequencies rather 

than displaying an upper cutoff frequency as was recently reported. 
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Section 1 

INTRODUCTION 

1.1 Purpose of Investigation 

The experimental configuration most usually employed for laboratory investigations 

of ultrasonic propagation parameters in liquids is a liquid cylinder contained within metal 

walls. This small finite sample size is dictated by considerations of relative scarcity of 

test liquid, requirement for homogeneity and unifo.mity of physical parameters, and desire 

to extend the pressure parameter to 1000 atmospheres. 

The purpose of this present investigation is to describe the axial propagation of 

acoustic energy down such a liquid cylinder in terms of the permitted modes, and thus 

predict aberrations in behavior and define optimum geometric configurations for enhanced 

accuracy of measurement of the acoustic propagation parameters. 

Earlier investigations along this line were hampered and limited by the assumption 

that the metal enclosure could be adequately represented by an absolutely rigid or, in 

some instances, free boundary. A consequence of the erroneous assumption of absolute 

rigidity is the existence of a plane wave mode of propagation among the family of permis¬ 

sible axial modes, with the further indication that a piston source completely filling the 

cross section of the liquid cylinder excites only this plane wave mode. 

This report presents the expected behavior predicted by a more realistic theoretical 

treatment of the experimental configuration than has been done previously. 

In particular, the oversimplification to walls of absolute rigidity is removed, and 

instead the radial boundary conditions considered have been extended to include both a 

radially surrounding elastic solid of infinite extent and the most realistic laboratory 

situation of a surrounding elastic solid tube of finite wall thickness. In the former situa¬ 

tion, the equations pertinent to the case of an infinite surrounding liquid as well as the 

limiting cases of absolutely rigid and free boundaries are obtained as degenerations. 

The characteristic or frequency equations obtained for these realistic boundary con¬ 

ditions are solved for the characteristic values relating to the mode propagation constants. 

These are then utilized in characteristic function expansions which have been obtained 
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for both the nonterminated liquid cylinder and the situación wherein a reflector is used for 

termination. In this latter interferometer case, indicated accuracies have been calculated. 

1.2 Zero Mode Controversy 

Apart from the major purpose of this investigation, a recent controversy concerning 

the phase velocity vers..? frequency plot for the "0" mode for the finite tube case is 

resolved. Kumar (1) gives results of his study using exact equations with approximations: 

(a) to a very small thickness shell so that the ratio of outer-to-inner shell radius is very 

close to unity ( = 1 + 8) and (b) that the ratio of the bulk modulus of the liquid to the sec¬ 

ond Lame constant for the shell material can be represented by a constant times 8. The 

significance of this latter approximation is not clear, but while he finds the 1st mode 

that was missed by Thomson (2) but described by Lin and Morgan (3) and confirms its 

existence at all frequencies, Kumar states that the "O’ mode does not exist at all fre¬ 

quencies, « finding in direct disagreement with the conclusions of Thomson and of Lin 

and Morgan. The three papers quoted above all agree that the higher order axially sym¬ 

metric modes display minimum cutoff frequencies. Investigations both by Thomson and 

by Lin and Morgan employed approximate equations for the motion of the cylindrical tube, 

Lin and Morgan including the effects of transverse shear and rotatory inertia. The latter 

state that the neglect of transverse shear and rotatory inertia changes the "O' mode only 

slightly, with rotatory inertia relatively unimportant there and both effects unimportant for 

the higher modes. It is interesting that Jacobi (4) following Fay, Brown, and Fortier (5), 

states that the •O* mode obtained from their approximate equation does exist at all fre¬ 

quencies and also that this single purely imaginary root displays the character later found 

by Kumar if the flexural (shear) forces in the wall are completely neglected. 



Section II 

PRELIMINARY 

II. 1 Use of a Potential 

The general wave equation satisfied by a potential analogous to the wave function in 

quantum mechanics is 

V2 i// + g2(q) 0 = A — + B 
B2 \p 

dt2 

where g2 is real and independent of the coordinates q for homogeneous media or for har¬ 

monic waves, and the 0 represents a stationary wave function, e.g., one for which the 

time dep. .idence can be factored out as 

= d>T. 

Using a separation constant -K2 leads to the simultaneous equations 

V2,¿ + g2* = -IC20 

and 

B 
d2T 

Bt2 
+ A 

BT 
Bt 

-K2T. 

When the harmonic solutions, so chosen to satisfy the radiation condition, 

= ÓQ *Íkq 

and 

are substituted back, two equations are obtained 

-k2 + g2 = -K2 

-^2B -íAúj = -K2 

3 
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with the simultaneous solution 

indicating dispersion for 

k2 = g2 + o>2B + iAw 

c2 = — = c2 (w). 
^2 

For the usual acoustics case 

g2 =0 

which does not eliminate the dispersion but also 

A = 0 

which does remove it. in any event, by the imposition of appropriate boundary conditions, 

the solution is quantized, validating the expansion 

Z cn *n Tn- 
n* -oo 

Separating out the time dependence in the usual acoustics case yields the time inde¬ 

pendent homogeneous Helmholtz equation 

V2 + k2 <¿ = 0. 

The general solution of the ordinary wave equation in free space is, in terms of this poten¬ 

tial, which we will now refer to as a velocity potential (but later as a displacement 

potential) 

= 0O * 

Continuing the analogy to wave mechanics, we note that the logarithmic derivative is 

widely used to fit different solutions to the time independent general quantum mechanical 

wave equation called the Schroedinger Equation. The logarithmic derivative 

1 ^2) 
^ dz 

is precisely that with its utility following from 

d d , 1 
— (In az) = — (In z) = — • 
dz dz z 
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The logarithmic derivative is related to the specific acoustic impedance Z# which is 

defined as the quotient between pressure p and particle velocity u. Of the several op¬ 

erator notations which could be written for p and u we select 

P = 
S 

and obtain 

u = V 

iejp0 

* = V<¿ 

where V<^/0 is the logarithmic derivative related to impedance (actually susceptance) by 

top where p is density. We note that even the factor iw cancels when equating this ex¬ 

pression on both sides of a boundary so that the logarithmic derivative equality is modified 

in the acoustics case only by the inclusion of respective densities or density ratio. For a 

plane wave moving in the positive 7. direction 

V 
õ 

dz 
Zf = pc. 

If instead of a velocity potential (so u = we use a scalar displacement potential <!> 

(so S = Vtp) we then require 

p = -p<h 

u = V<i> 

with 

Z = 
p4> 

and again for a plane wave moving in the positive 2 direction or 

$ = <Po 

we have with 

u(2) = — 
dz 
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and 

P = pw2 $ 

that 
ZU) = PC 

*hich is the same as obtained with a velocity potential. 

11.2 Misuse of Convention of the Real 

Another point to be made now concerns a valid but nonetheless misleading convention 

usually employed in acoustics, by which only the real part (or only the imaginary part) of 

a complex quantity represents the physical parameter in question. This convention of the 

real it most likely responsible for the startling omission of relative phase information in 

the acoustics literature while relative amplitudes were and are commonly employed. To 

illustrate this, for a simple undamped homogeneous harmonic oscillator we have 

d2a 

d72 
+ K* = 0 

written most simply in terms of displacement z since no propagation is involved. The 

general solution is 

where 

z = z0 e 

CO2 = 

-Iwt 

and the convention of the real, permissible with linear equations, represents the displace¬ 

ment by 
2 = 8! cos ut + a2 sin cut 

where we note 

Since this can be written 

z0 * *l + **2' 

z0 = Re 10 

we may also represent the displacement by 

= 9U[Re'i(wt"0)l 

= R cos (ait - 0) 
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where there is no great loss in setting the initial phase angle 6 to zero. For example, 

the average value of the square of this quantity would be 

<z2> =4r2 
2 

While absolutely correct, the application of this convention to acoustics has resulted 

in the loss of information carried by the wave function or potential. Specifically, all 

phase information is lost. Of course, phase information is obtained simply if there is a 

driving force in the simple harmonic oscillator equation, but is not for a homogeneous 

acoustic wave equation. 

Carrying the development along, postulating a wave function or velocity potential ¢, 

a simple example of a wave travelling with constant velocity and unchanging shape through 

a medium is a harmonic wave 

•A - e*^* e-***1*. 

The amplitude tp0 is in general complex 

= I "¿O I 
so that 

¢= I i/»0| exp [i(kz -/3- wt)] 

but there is again no particular loss in setting /3 = 0. We also note that the average 

value of the real part of an exponential time dependence is 1/^2 times the magnitude. 

Using q for the generalized wave number (reserving k for the plane wave value of q) 

= I i/r0l exp U(qz - 0>t)] 

and applying the convention of the real 

0 = |0O| cos (qz - wt). 

However, we are dealing with stationary states and so are not concerned with the average 

value of the real part of an exponential time dependence. It is easily seen that using 
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^diffracted 
rei 

we may write 

and 

plane wave 

= y(Ä« ^rep2 + ^rep2 

1^ rei Prel* 

But the important point is that it readily follows that 

^rel - ^diffracted “ aplane wave 

im ^fel 
= tan •l 

3U rel 

an immensely useful albeit simple step which has apparently not been previously used in 

the literature by others. Actually, the work reported here utilizes cylindrical coordinates 

and the average over a circle of radius a or 

Jn 

and thence <^>fej,< p>rel, and<0>rej. 

<i/t> =- I ^(r, z) 27rrdr 
77a2 Jo 



Section III 

FINITE-SOURCE FREE-FIELD DIFFRACTION 

This investigator’s interest in acoustic propagation measurements in the laboratory 

dates back to the early NRL Sea Water Sound Speed results (6) and the later investigations 

of accuracy (7) wherein diffraction was stated to be the principal remaining source of 

error. In the latter reference, use was made of King’s expression (8) for velocity potential 

in cylindrical coordinates in order to map the radiation field of a 1 MHz, I inch dia. acous¬ 

tic source. King’s expression for a source in an infinite baffle. 

'0 

with v0 the velocity of the disc of radius a and 

M = (a2 - k2)1/2 

is not affected by his later error. Following Williams’ method (9) we obtained 

5L = 1 - B cos A - C sin A 

im rei = B sin A - C cos A 

where 

A = M + N 

4z3 

9 
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N2 N2 N2 

and the J’s are Bessel functions of the first kind of indicated order and argument M, z is 

the azial cylindrical coordinate, a the acoustic source radius and It the ordinary wave 

number. 
Although the amplitude variations detailed by these «pressions were missed by 

Villiams, they were pointed out by Seki, Granato, and Truell (10) and by Bass (11) who 

recalculated the average pressure by a more valid approximation. In (12) a higherorder 

approximation was shown to be not appreciably better. However, for reasons possibly 

following those indicated in the previous section no investigator calculated the indicated 

average ptwse relative to plane wave value prior to that. In that report the second-order 

approximation obtained following Bass’ method is 

sin X 
Ä. <£>rel = 1 - D [J0 cos X + J L sin x] - E J ! 

COS X 
Jrn <0>rei = D [Jo sin X - J ! cos x] - E J ! 

where 

and the argument of the Bessel functions is 

* = y [(z2 + 4a2)1/2 - *1- 

It was noted that although the <p>rel calculated by the first-order approximation in (11) 

differ from the aU ve by less than 1 percent at the closest calculated point (z = 0.075 cm) 

the calculations for <0>rel disagree by over 30 percent at this same point. Of course, 

none of the earlier authors calculated<0>rel, nor is Williams’ approximation valid at 

such small z. 



Section IV 

GUIDED-MODE DISPERSION 

IV. 1 Characteristic Function Formulation for Modes 

As indicated in an earlier section, and as is usually the case, a velocity potential 

d>(r,0, z, t) is assumed throughout the liquid cylinder of interest (Fig. 1) which satisfies 

the scalar wave equation 

_L ^ 

Separating out a harmonic time dependence 

e±i<jt 

yields the homogeneous time-independent wave equation called the Helmholtz equation 

V2</) + k2d> = 0. 

This is accomplished by writing 

¢. = <Mr, 0, z) T(t) 

and utilizing a separation constant -k2 as 

V20 1 d2 T .2 
- = - -= -k . 

¿ c2t dt2 

The Helmholtz equation is written in cylindrical coordinates as 

d2 4> 1 d0 1 d20 d20 , 
-- + — + k2d> = 0 

dr2 r dt r2 dd2 dz2 

and separating the variables as 

d. = R (r) 0 (0) Z (z) 

11 
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the differential equations 

and 

d20 
- + n 2 

de2 

0 = 0 

0 

d2 R 

d7 
1 dR 

+ - — + R 
r dr 

= 0 

are obtained using the separation constants -n2 and -q2. The corresponding solutions 
are 

0 = C cos n# + D sin nfl 

where for single-valucdness of 0 we note that n must be an integer, 

Z = Ee'*** + Fe"1«!1 

and 

R = GJn - q2)- 

The general solution to the time-independent part of the wave equation is then written as 

a mode of order (nm) as 

nm (Knm cos ni9 Lnm sinnfl) e lq"“J Jn(rvk2 - 

Limiting consideration only to those modes with axial (circular) symmetry, n is re¬ 

stricted to zero whereby the 0 dependence of 0 is eliminated; thus 

^Om = = K0m Jo(rV/krrq¡1J e±i,0“Z. 

And finally considering only outgoing waves for a harmonic time dependence e-^*, 
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Ve express the argument of the characteristic function for the radial dependence as 

X, On 

by defining a characteristic value X0|n as 

Y 3E 
A0m qo. 

where b is the liquid cylinder radius. The specification of the characteristic values 

X0. involves radial boundary conditions equivalent to equating impedances. The im¬ 

pedance in the radial direction from the liquid cylinder side at the boundary r = b is 

determined by evaluating 

P 
u(r) r=b 

where 

d<f> 
? = -p 

u(f) = — 
dr 

and <(> with the time dependence restored is for each mode m 

Xç 

b 

whereby the impedance in the radial direction from the liquid side evaluated at r = b is 

-iwpb J0(X0J 

¿ _ m if. 
•Pom - M0m Jo V i, / e 

X-íüt) 

ZL (t) 

IV.2 Plane Wave Synthesis of Mode 

The form of the individual natural modes <è0o| is an expression of the fact that the 

total field within the liquid cylinder can be considered as the .- tmmation of an "infinite* 

sum of "plane waves" each making a different angle with the z axis of the cylinder, lhe 

words "infinite" and "plane waves" are written with quotation marks because it will be 

shown that the required sum in practice is indeed finite and the plane waves are of the 

type usually referred to as inhomogeneous, that is, with amplitude decreasing in a 
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direction normal to the direction of propagation. The plane wave synthesis of a waveguide 

mode is demonstrated by one of the many integral representations of the Bessel function 

Jn(X) as 

which becomes in our symmetrical case 

Considering a plane wave travelling at an angle ß to the x-axis in the xz plane as 

Aeik (m cos ß + z sin ß) g-iwt 

we sum an infinite number of such waves all making the same arigle (v/2 - ß) with the 

z*axis so that the loci of their wave normals is a cone about the z-axis with apex at th; 

origin. These waves then make a variable angle (0 - a) with the x-axis in the xy plane 

so that reverting to cylindrical coordinates we have x = r cos (0 - a) where without loss 

of generality we set 0 = 0 so x = r cos a. We then have for the infinite sum 

o 
Aeik(r cos a cos /9 + z sin ß) e~icjt 

Applying the integral representation 'his becomes 

2Ti A J0 (kr cos /3) c‘k* s*fl ß 

which can be written 

where 

and 

«lom = k sin 0 
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whereby we note that the sum of the squares yield 

^Om = k " ÍOin 

h 

which vas previously de.:ned. Thus the modes we shall use for expansion are inhomo 

geneous plane waves or plane waves modified in the r direction normal to the propaga 

tion direction z by a Bessel function dependence. 

IV.3 General Mode Characteristics 

Those radial characteristic functions representing propagation are a finit* subset of 

the usually infinite set which could be used for expansion of the velocity potential within 

the liquid cylinder. For such an expansion to be permissible the . ?t of functions must be 

complete, but if the expansion degenerates to a finite series the question of completeness 

may no longer be germane. Such an expansion is easily carried out if the characteristic 

functions are mutually orthogonal, but such a requirement is not necessary. From the 

defined characteristic value X0m we obtain for t/v waveguide mode propagation constant 

q„„ = -i V(kb)J - (X0.); 

and lor propagation wo require q0„ to be real so the individual modes designa.ed by the 

integer m are summed at most to describe propagation over 

0 < X0«n ^ kb- 

We note that imaginary X0m (= i X0m) is admissible for propagation since even in 

this case q0|n remains real. The relative phase velocity of the mth mode with respect to 

the intrinsic sound speed of the liquid constituting the cylinder is also obtained from the 

defined characteristic value X0m as 
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The relative group velocity is then obtained as 

directly from the definition 

so that the relationship between group velocity, phase velocity, and intrinsic velocity is 

C2 = Com V0m‘ 

The following conclusions are obvious from the relative phase velocity relation: For 
real X0m and X0m < kb, 

C Om 

c > 1. 

For real X0m 
and X0m = kb. 

C Om 

C 
no . 

For X 
Om = 0, 

*lom ~ 

For kb = « , 

For X, m = iXr 

1. 

For kb < X0m < , q0m is imaginary. 

In this last case the mode is nonpropafaunp or evanescent with an imap,nary wave- 

'encth and as previously stated this leads directly to the ettpansion over propagated 
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modes being a finite rather than an infinite series. When Cqœ/C is identically unity the 

propagation is in a plane wave mode. 

The possible imaginary characteristic value 

is interesting also since then 

*0« = ‘^0m 

u0m 

~cT 

and, unlike the modes with a real characteristic value, no lower cutoff frequency is pre¬ 

dicted and the mode extends down to zero frequency or kb = 0. The situations wherein 

such a mode is permitted will be indicated in Section 7. 



Section V 

PROPAGATION IN NONTERMINATED CYLINDER 

V.l Characteristic Function Expansion for Potential 

Without detailing as yet the characteristic or frequency equations which determine 

the characteristic values X0m, and which are themselves determined by radial boundary 

conditions, we expand the velocity potential within the liquid cylinder in terms of the 

natural modes d>0|B as 

<Mr,z) = £ K0BJ0(r^)ei,,0»‘ 
m 

where as previously noted we have assumed radial symmetry for no 6 dependence in 

cylindrical coordinates. The expansion coefficients as usual depend upon the type of 

excitation of the liquid cylinder and indicate the relative amplitudes of the various modes. 

Concerning ourselves only with axial propagation within the liquid cylinder and invoking 

radial symmetry we have obviously restricted ourselves to a form of excitation which is 

not only axial but axially-symmetric. Such an exciter is a piston source centrally located 

on the axis and at the origin of the cylindrical coordinate system. The piston source 

radius is taken as a and the liquid cylinder radius is again b. The geometry, with the 

inclusion of an outer medium about which nothing is now said, is shown in Fig. 1 where 

we disregard for now the redector medium III. We need not yet specify the nature of the 

axial boundary condition at z = 0 to develop the formulation for the evaluation of the 

expansion coefficients. Indeed we note at z = 0 

where, to simplify the notation we hav** defined 

19 
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The expansion coefficients are obtained by the Fourier method by multiplying both sides 

of the equation for velocity potential at the origin by rR0(? and integrating with respect 

to r over the limits 0 to b to obtain 

f** rb 
I 0(1,0) Rof rdr = ! Yj ^OaiROm^0f r<*r 

Jq •’o t® 

which represents a set of simultaneous equations as follows: 

f = 0: 

t = 1: 

f 0(r,0) R00 rdr = f K00 R^0 rdr + f K01 R01 R0o rdr 
Jq J0 

+ f *^02 R0? R00 r<^f + Í R03 R0;. R00 r<*r 
J0 J0 

Í 0(r,O) R01 rdr = [ K0o Roo Roi rdr + Í Koi Roi rdr 
Jq J0 

+ Í K02R02R01rdr + [ K03 R0, R01 rdr 
Jo Jo 

Í 0(r,O) R02 rdr = Í K0o Roo R02 rdr + [ Koi Roi R02 rdr 
J0 Jo 0 

+ Í K02R^rdr f f K03 R03 R02 rdr + • 
Jo Jo 

This finite set of simultaneous equations can be written in matrix form as 

+ . . . 

( = 2: 

etc. 
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í 
•'o 

J' •Yl 

Í 

</>(r,0) R00 rdr 

0(r,O) R01 rdr 

R0m rdr 

f R00r* Í R0l R00 rdr • • • f R0mR 
J0 J0 Jq 

f R00 R01 rdr f R01 rdr • • • Í 
J0 J0 Jq 

rdr 

R0ni R01 rdr 

R00 R0m rdr R01 R0m 
J0 Jo 

rdr R0m rdr 

k00 

L01 

k0ni 

V.2 General Nonorthogonality of Characteristic Functions 

As previously stated, if the characteristic functions R0(I1 are orthogonal the expa* 

sion is most easily carried out. The orthogonality criterion is 

R0ni R0f rdr = °. tn t f 

¢0, m = / 

It is easily shown (13) that 

r^b 

Jo 
rdr 

2 [)-,2¾.) * ),2¾.)] 

and 

Ro? rdr ^X0m Jo(Xof) J 1 (X0in) Xof Jo^XOm^ J 1 (Xo?» 

so that the orthogonality criterion is 

X0m Jo J i (X0m) - X0j, J0(X0m) J j (XQg) = 0 for f ?! m. 

Obviously the functions utilized for expansion are orthogonal only if the characteristic values 

are zeroes of J0, or zeroes of J,, or in the rather unlikely event that the orthogonality 

criterion is otherwise satisfied, that is, 

X0m Jo(Xof) J ! (XoiJ = X0f J 0 ^X0m^ J 1 ^Xop) 
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or 

Jo(X0f) Jo(*o»> f „ 
- _ -— for l t m. 

Xof J i (Xof) Xo«Jl(Xo-) 

This is otherwise stated by requiring that the logarithmic derivative evaluated at the end 

points is not n function of the argument of the characteristic function or characteristic 

value or 

—-Í(R ) 
* 0“ 

b 

* F(X0J. 
o 

Indeed, the left-hand side is just the Wronskian. It is shown later that the characteristic 

functions chosen for expansion are orthogonal only for rather trivial and physically un¬ 

realizable boundary conditions. The simple situation of the characteristic values being 

either zeroes of J0 or zeroes of J, is tantamount to invoking homogeneous boundary 

conditions, that is, requiring that either the function or its derivative vanish at the 

boundary. 
For orthogonal characteristic functions then the matrix of the coefficients is diag¬ 

onalized, that is, indicating orthogonal R0m as Rq* 

j* <M*»0) Rqo 

£ *(f,0) R?, rdr 

0 0 Í (Rom)2 rdr 
•'O 

rN 
*00 

k01 

vN 
*0m 

V 
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which are separate equations 

Í ¢(.,0) R".,* = f (RNj2tdt 
J0 J0 

solved directly for K^. 

The intent in this nonreflection situation in this Section is to obtain the velocity po 

tential within the liquid cylinder averaged over a fiducial receiver centrally located on 

the axis and with the same radius as and concentric with th. source or 

<0> 
1 f‘ 
- <Mr,z)2T7rdr 
va2 X 

assuming a response proportional to the average excess pressure over the receiver. Then 

the average velocity potential above is expressed relative to a plane wave as 

<0> rel = 
<*> 

¢0 eik' 

V.3 Piston Excitation of Modes 

At this point we must specify the form of the excitation at z = 0. Considering only 

circular disc excitation in the axial direction or piston-like sources in infinite baffles we 

could have (a) a rigid piston in a rigid baffle so 

d0(r, z) (i 

~sT~ = u° 

over the source 

on the baffle 

d0(r, z) 

dz 
= 0 

or (b) a rigid piston in an infinitely flexible baffle so 

d<A(r, z) 

dz 
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over the source 

<Mr,z) = 0 

on the baffle 

or (c) a source with uniform pressure distribution in an infinitely flexible baffle so 

d>(r,z) = d.0 

over the source 

<Mr, z) = 0 

on the baffle 

or (d) a source with uniform pressure distribution in a rigid baffle so 

0(r,z) = <t>0 

over the source 

<90 (r, «) 

<?z 

on the baffle. 

Condition (a) is the most easily physically realizable one and is the usual connota¬ 

tion of a piston source. Condition (d) is similar to the diffraction of a plane wave by a 

circular aperture (14) and has been used by Mangulis (15). It leads to the prediction for 

example, that for lea << 1, the velocity of the disc becomes infinite at the edge of the 

disc (16). Though condition (a) will be principally used in this report, the relatively un¬ 

physical condition (c) will now be invoked as a simple illustration of further development 

as it involves only the velocity potential. With this unphysical condition we then have 
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with the result 

a b 
Ÿ X0f 

¿j ^Om ^Om «Of r,*r 
in 

as the set of simultaneous equations or matrix formulation with the elements on the left 

side evaluated. The matrix solution must then be obtained for the coefficients, but if tht 

characteristic functions were orthogonal the above would then lead to individual equations 

for the expansion coefficients KQm as 

= d>f 
2*J.(x»-ï) 

Without invoking orthogonality but utilizing the source boundary condition (c) we have 

rdr 

and 

- V iíí K iqom * _L i /v 1) 

<^d>>00 _ Y K -"‘(■‘"‘loin) 
<^>reI ' ¿ a^0 Ko“C HI W 

which becomes for orthogonal characteristic functions (K 

(Xo“ b) 

\ 

öm 

Om 

KN ) 

<*>?;■ = z 2 r 2 2 , 

We now go back and utilize the more appropriate source boundary condition (a) instead 

of the source boundary condition (c) for which the development was just done. 

, ‘•J.^Xo. j)*'*"“’0"’' 
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From 

u*(r,z) 
d<j> (r, z) 

dz 

we obtain 

so that 

I 
Uj(f»0) = i ^ ioin Jo yr jj j ^Om 

m 

and the determination of the coefficients is obtained by 

i •.(-.<» jo(- °11 li<'* q°“ ,o('t)"1’ \ o / •'O a 

and applying the source boundary condition (c) the left side is 

»o J‘)o(-x)'* = U“^,)(X»iï) 

so that 

U„ 5T J. (*0t ï) = ¡ j £ K0. 10. Jo(- t) "" 
A0f ^ D/ -¾ m 

which is again a set of simultaneous equations which can be cast in matrix formulation 

and be solved for the K0-. If we now simplify the formulation by assuming the charac¬ 

teristic functions are orthogonal, the matrix is again diagonalized and separate equations 

for the kSL are obtained as 

2U0 a J1 fx0||1 —■ 
N _ \ D_ 

iflom k ^Om [ Jo2 + Jl ^0m^] 

In obtaining <d>>fel we divided <<£> by a plane wave representation 
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<6 i = cA eik2 aplane wave c 

For a plane wave simple relations hold as 

d(Ji ., 
U, : — = ¡It0n e,k2 

dz 

U0 eikz 

so that 

and 

U0 = ilc0o 

kn _ Jl (X°»" l) 

lomb XOn,fJo2(X0in) + Ji2(X0m)] 

whereby it is obvious that for a uniform velocity source designated (Kq,,,)00 is 

related to for a uniform pressure source designated (K^)^0 by the factor k/q0 as 

(itNju° = _l oc« y*». 
^Om 

We recall that for a plane wave, q00 = k, so that the factor disappears for a plane wave. 

Also with m = 0 we have 

and 

^oo = KooJo eikz e’iwt 

xoo = b v/k2 - qoo 3 0 
so that 

--iojt 
^00 “ ^00 e e 

where we used J0(0) = 1. 

For the orthogonal assumption characteristic functions then we have for a uniform 
velocity source 

U 
<^>reo, = z 

4kj (X°- l) '-Í<k- 
qom ) * 

,n ^Om X0* fjo ^X0m^ + Jl2^X0m^] 
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V.4 Critique of Integrating Only Over Liquid Cylinder 

It should be noted that we have chosen to expand the velocity potential within the 

liquid cylinder in terms of axially symmetric characteristic functions which were obtained 

without consideration of the impedance of the radially surrounding medium, and indeed are 

an orthogonal set of functions only for the limiting cases of the surrounding medium having 

an impedance either infinite (absolutely rigid boundary) or zero (free boundary). In these 

trivial cases no penetration of acoustic energy into the wall material can occur, and no 

fault is found with our integration only over the liquid cylinder or 0 < r < b. 

But the use of this same source boundary condition when the liquid cylinder is en¬ 

closed by a finite impedance medium of infinite extent, or more, by a finite impedance 

tube, is admittedly insufficiently investigated at this point. In particular, it is as yet . 

unproved that carrying out the integration only over the liquid cylinder to evaluate the 

expansion coefficients does not imply any untoward assumptions as to the nature of the 

source boundary condition at z = 0 for r > b. This point will be dealt with in detail 

after the appropriate mathematical formulation of specific modes for specified radial bound¬ 

ary conditions is obtained. It will be slv'wn then that no difficulty results from restricting 

the integration to the liquid cylinder, or alternatively, that no different result incurs if the 

integral is expressed over all space, at least for the parameters deliberately selected and 

specified later in Table 1. 

V.5 Critique of Limiting Summation to Propagated Modes 

It could be successfully argued that only the propagated modes do in fact propagate 

down the liquid cylinder and affect <p>rei and <0>rei at some few wavelengths from 

the source. But it will be shown in a later section that consideration of only the propa¬ 

gated modes does in fact more than adequately specify the source boundary condition at 

z = 0. Indeed for the orthogonal characteristic functions resulting for the trivial cases 

of absolutely rigid or free radial boundaries, the coefficient determining equations are 

distinct and separate, and no earlier coefficients are changed by the later inclusion of 

more modes, evanescent or otherwise. This is related to the concept of finality which 

essentially indicates that after inclusion of a certain number of terms, the earlier coeffi¬ 

cients are no longer changed by including more. 

Actually it will be seen in Section 7, for the more realistic situations of a radiall;' 

surrounding medium of finite impedance but infinite extent, that there are no evanescent 

modes and in fact there are only a finite number of propagating modes. That is, modal 

solutions or roots to the characteristic or frequency equation cease to exist before they 

h 
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would have become nonpropagatin^. It will be shown that this finite smaller number of 

modes is still more than adequate to describe the source boundary condition at z = 0. 

Before the proofs of the foregoing are presented, which must await the more detailed 

specification of modes, we will give further consideration to the deliberate omission of 

the evanescent modes when they occur (and to the effect of having only a smaller finite 

number of propagating modes for the infinite extent but finite :mpedance surrounding media) 

in the next section, where our concern, rather than being with the evaluation of 

and < <£>rej at some distance from the source is instead with the impedance of the source 

itself. A saving feature, however, is that we are interested only in the changes of source 

impedance with reflector-to-source distance variation. 



Section VI 

PROPAGATION IN TERMINATED CYLINDER 

VI.1 Characteristic Function Expansion for Source Impedance 

Again the configuration assumed is a right circular cylinder of liquid of radius b 

terminated at one end by a circular disc source of radius a but now also closed at the 

other end by a plane parallel reflector of radius b situated at z = P and extending infi¬ 

nitely outward for z > f. Both source and reflector are centered on and normal to the 

cylinder axis as shown in Fig. 1. Again we do not yet say anything specific about the 

medium which radially surrounds the liquid cylinder. 

We again separate a harmonic time dependence from the ordinary wave equation and 

obtain the time independent Helmholtz equation 

V2¿ + k2d> = 0 

with solution 

0, *) = (C,,. cos 00 + Dnm sin n0)(Enm e,qDœ * + FniII e lq"" *) 

where 

X0B1 = b A2 - q2« . 

Again invoking axial (circular) symmetry restricts n to zero, so 

/ V i lrXom\\K iqom1 . i e'1*0-X1 
4>0n.(r>z) = Jo ■yjl.Xom c +LOine J 

> and 

Xom = b \/k “‘lom ' 

30 
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The velocity potential field within the liquid cylinder is again expanded in terms of these 

natural modes </>0m as 

= £ Jo (-¾ [»o*'“'0-' * 
m 

If we were to assume a uniform pressure source we would then write for 2 = 0 

V, / Xon,\r 
<A(r,°) = ¿ Jo b jfKoni + Lo-J 

ID 

and proceed as previously, but we will detail here only the most realistic case, that of a 

uniform velocity piston where 

<?<Mr, 2) 
dz 

over the source 

d<¿ (r, 2) 

dz 

over the baffle. 

Applying this to <£(r, 2), multiplying by 

and integrating with respect to r over the limits 0 to b yields 

Ur 
ab 

•íOm ( ^Om “ ^Om) ^Om ®0f r<^r 

where we again used 

R Om = Jo 

Again these are a set of simultaneous equations which can be cast in matrix formulation 

and solved for K0nj - L0m. We note that, for example, 
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etc., and 

*01 “ *-01 = N1 

*02 - Lo2 = N2U0 

*0m ” ^Oœ 

where the N_ are numerical constants. As before we solve for 
ID 

<<£> <6(r,*) 2Trrdr 

and obtain, after some manipulation, 

2J, (x».. r 

= -p — = *pwd> 

2,'(x«-s) 
<p>0 = ‘pw ¿J (*0m + L0m) 

where is the pressure averaged over the source at ï = 0. Then Z0, the radiation 

impedance of the source, is obtained as 

<P>o 
Z° r U uo 

Then, utilizing 

we obtain 

which leads to 



where we recall that the are obtained as solutions to the simultaneous equations. At 

this point it might be well to indicate the simplification brought about i( the characteristic 

functions were orthogonal. Applying the source boundary conditions to d>(r, *) but invoking 

orthogonality leads to 

(“o. - ‘-<)„)N = 
-2i Uo»J, (Xom 

b1o.Xo„[Jo!(Xo»)* J,2(Xo.)] 

where, as used previously, the superscript N denotes orthogonality, and 

N N _ 
ID 

M0.XoJjo2(XoJ ♦ J,2(X„J] 

Having calculated impedance at the source z = 0 we now calculate the impedance in the 

liquid cylinder at the reflector end z = ? by 

where 

so that 

*=f 

and 

where 

Om .L0. ,---) 

P e-lwt 

and is the cylinder liquid medium density. We now denote the impedance of the re¬ 

flector material as PjCj where p5 is the density of the reflector material and C? is its 

wave velocity. Then, equating impedances at z = ?, with the above assumption that the 

reflector impedance is independent of l and r, (the effect of this assumption is detailed 

in IX.7) 
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PjCj 

Z lo. Cío. «i'10*, - Lo. «'“"’■'i / M 

which, in order to hold independently of Í and r, implies 

By defining 

lo® 
*lomP3^3 

we may write 

(A0b “ l) * 
-iqo*? 

'0m 

and 

e-iqo«í _ /1 * A°m\ eiqoBí 

Da + ^0m “ Aq,,, 

K0a _L0« t-iq0mf t ( 1 f A°"»\ Jqoml 

J - A Om i 

By further defining 

1 + A Om 

1 - A 
= S 

Om 
Om 

we obtain 

Z0 = ~Plu Yj 
m iom ^OmlJo2 (*Om) +Jl2^0m)] 

’ -fqom^ _ c iqom* 
e 30m e 

-iqOm^ , c -**10111^ 
.« + aOir e 
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Now 

.=0 *¿.[Jo2<X„.) * J,2(x0.)] 

but m is summed at most only to X0m < kb. 

If we finally define 

«Om * coth"1 A0sffl 

we find 

so that 

1 ^ coth ^Qm 

1 - coth 0Om 
—e 2 0|n 

wiiere 

Z0 = Z Z0m coth (‘«iOm i + Ö0m) 
m 

and 

Pi •‘i 4Ji2 ^xom 

^Oin X0m[Jc>2 (X0m) + Ji2(Xom^ 

^Om = coth-1 
PiCi go« 

PlCl kl 

VI.2 Plane Wave Degeneration 

If plane waves only are considered, q0|B -* k00 and X0b 

Zqp = PjCj coth(ikf + Ö') 

where the subscript P denotes plane wave conditions and 

6' = coth-1 -- 

0 so 
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Then, we could write 

Z0P sinh 20*isin 2kP 

PjCj cosh 20* - cos 2kf 

for plane waves in a dissipationless medium. This indicates that Zop/PiCi *s rea* w^en 

either 

2kf = (2n - 1) 77 

or 

kf = art. 

The first case corresponds to minimum resistance R since then 

'OP l0P 

for 

and 

01^1 

■(■-Dt 

rop sinh 20' , i piCi 
= tanh 0' = 

P|Cj cosh 20* + 1 03^3 

The second case corresponds to maximum resistance R since then 

Zqp R(1 ‘OP 

for 

and 

01C1 

op , _ i P3C3 
- = coth 0 = 

01^1 01C1 

It is noted that for plane waves in a dissipationless medium taat both maximum R and 

minimum R coincide with zero reactance and are thus also points ot zero phase. 
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VI.3 Critique of Limited Integration and Limited Sum 

Addressing again the effect of including only the propagating modes in the potential 

expansion within the liquid cylinder, we cannot now argue that we are interested in the 

mode summation only at some distance from the source and that only propagated modes 

arrive there. Indeed we are now interested in the impedance of the source itself and all 

the modes contribute. In the cases of a radially surrounding medium of finite impedance 

but infinite extent we have indicated (and will demonstrate in Section 7) that there are no 

nonpropagating modes. That is, the solutions to the characteristic equation end before 

the resulting modes become evanescent. Thus the summation is carried out over all the 

existing modes with no approximations. 

When the radially surrounding medium is considered absolutely rigid or free, the ap¬ 

propriate characteristic functions are orthogonal, and the property of finality ensures that 

the calculation of coefficients does not result in new values for the propagating mode 

coefficients when a finite number of evanescent modes is considered in addition to the 

propagating ones. Indeed, since the coefficient determining equations are indivioual for 

each mode, none depend on any other. 

In the case of a radially surrounding finite thickness tube of finite impedance, how¬ 

ever, the family of modes again consists of a finite number of propagating ones and an 

infinite number of evanescent ones, and in this case, unlike for the trivial limiting condi¬ 

tions, the characteristic functions are not orthogonal. But here we do make use of the 

f?.:t that we are considering a source of appreciable kja = 2WA, where A, is the 

intrinsic wavelength of the liquid cylinder medium and a is the radius of the source, 

indeed, in the configuration used for calculation in Section 9 we have kja = IOOti. For 

a radiator this large in comparison to a wavelength the real part of the radiation impedance 

or the resistance has settled down to p, Cj ("p C” loading) and the imaginary part or the 

reactance has essentially vanished. But, even stronger, we are concerned only with the 

variation in the impedance of the source as modified by the reflector located at some dis¬ 

tance ( from the source. Thus again we can successfully argue that the variation in im¬ 

pedance is caused only by the modes which propagate out to the reflector and back to the 

source and whose resultant phase and amplitude are varied with reflector position. Obvi¬ 

ously this process is iterative and many successive reflections ensue (though we have 

not invoked a simple iterative summation to describe the effect). This process of itera¬ 

tive reflection however, operates in the fashion of a Fabry-Perot optical interferometer to 

preferentially accentuate those modes which are most plane-wavelike. Another way, the 

process discriminates against the higher order modes, with increasing discrimination as 

the complexity of the mode or its order increases. For these several reasons set forth 
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above the effect of not including propagated modes is nil, or, more positively, a summa¬ 

tion over all the propagated modes is sufficient. And, we recall that only in the most 

realistic case of a finite thickness tube of finite impedance is a discourse such as the 

above at all required. 

Another point in analogy to the previous discussion is that the attribution of an im¬ 

pedance pjC, to the reflector (whose "ka’ equals 200rr) again is tantamount to invoking 

"pC" loading. 

But the identical discussion alluded to in the previous section and made later which 

indicates no unusual implied assumption for r > b at the plane z = 0 will also hold for 

this case. 

And in addition, results of calculations over only the propagated modes or even less 

if the modes are indeed finite in number will demonstrate the degree of validity of the 

assumption of "pC” loading. 



Section VH 

RADIALLY SURROUNDING ELASTIC SOLID OF 

INFINITE EXTENT OUTWARDS 

VIL 1 Scalar and Vector Displacement Potentials 

For the first time now we discuss the medium which radially surrounds the liquid 

cylinder. For the most general case we consider an elastic solid and in this section we 

allow it to extend radially outward from r = b to <*>. As is usual with solids, we use a 

displacement vector S which is related to a scalar displacement potential 0 and a vector 

displacement potential ? as 

S = V4> + V X ¢. 

This is consistent with ordinary wave equations in 4> and ¥ 

and 

d2 4» 

<*2 

dt2 

and with the vector form of the linear elastic equations of motion for an isotropic homo¬ 

geneous material obeying Hooke’s law 

P2 
d2 S 

dt2 
= (L + 2ft) grad A - 2ft curl 

where L (usually denoted by A) and ft are Lame’s constants and the rotation at = 

1/2 curl S and the dilatation A = div S. 

We note that in general, in cylindrical coordinates 

d4> « 1 d4> « d4> « 
V<J> = — i +-la + —— 1_ 

dr r r dd " dz 2 

39 
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and 

v *5 = [7 r» ^ ¿ r' 

1 
+ — 

r 7, W - ft, ’■ 

so, in general, writing S = S, ir + i0 + Sj tz 

S -i-»9 
Sf “ dr r d(9 z dz 0 

S _I^ + A* 
S« - _ + Tr ¿r * 0' r dd dz 

d«l> 1 
S = — +- 

* dz r U7 - Te V- 

but in our case 

and 

of assumed axial (radial) symmetry where 

S0 - 0 

dd 
e 0 

we have only 

and 

S - A 
r dr dz 0 

d* 1 d , u, \ Sz = — + -- (r^ö) 
* dz r dr 

(,nd we note that only the single d component of f remains, 

nate Vß simply as V. 
The wave equations then become •wave' equations 

1 d24> „ y 2 4, _ J_ _. = 0 
cc2 dt2 

We shall henceforth desig- 
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and 

ai 
V2 y - — 1 d2 Ÿ 

^2^ = 0 

where the quotation marks refer to the extraneous term in the ^ equation. We repeat that 

Y is an abbreviation for Vq which is the sole remaining component of ?. 

VII.2 Bessel Function Solutions 

Removing the harmonic time dependence e_Ujt and the consequent axial dependence 

e,*,0“ z leave radial equations as 

d2 W 1 <?<!> 

dr 
- + - — + 

2 r dr (kc2 -qo») 
r2 

4) = 0 

and 

d2W 1 d¥ 
(k 2- 

dr2 r dt 

which are respectively a Bessel equation with parameter 

Y = 0 

ßi = '/‘‘o2 - Rom 

and order zero and a modified Bessel equation with parameter 

ßl = V^s2 - lOm 

and order unity. The rather unusual display of 02 and I2 is done deliberately to help 

indicate th order of the respective Bessel function solutions. 

The solution of the scalar potential equation is 

4» = Cj J0(^i r ) + C2No(0ir) 

and the solution of the original vector potential equation is 

V = Cji^/v)+ C4ki(M- 

For the liquid cylinder, then, to which only a scalar potential is applicable, we require 

necessarily that C2 s 0 since N0 is undefined at the origin. For the radially surround¬ 

ing medium to which we attribute in general both a scalar and vector potential, we note 
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th« r * 0 is not included so we retain both solutions lot » and futthei note that tl t = - 

i. included .« must necessarily set C, ■ 0. To reemphasize, lot the liquid cylinder we 

main only the solution J0, while lot the elastic solid radially surrounding med.um etttend 

in, Ito. h < r < ~ .« retain both J0 and N0 lot » and only K, lot T. In p.-ticulat, 

we may choose for the outside region 

Cj * 1 and C2 ® i 

so that we consider only outgoing waves and 

♦ = J0(/V) + iNoOiO 

* H(0l)Oir) 

and, defining 

ßi = ‘yi 

we nay write 

♦ = i 
TTI 

Thus, lot the liquid cylinder we utilize a solution J0 and lot the radially surrounding 

medimn we select soltaions IC0 (or H<'>) lor the scalar potential solution and K, lot the 

vector potential where it exists. 
Fo, the general case then, -e write lot the infinite radially surrounding medium 

/ m-ï ~i(wt“4io«z) 
0 = ^ K0 (r vflow - kc ) * 

and 

»a 

where the argument ol the Bessel lunction indicates the appropriate wave number, i.e„ It, 

or kc. 
For guided waves within the liquid cylinder we write 

/ /, 7 2 \ ~*(w*-*lowZ' 
<t> ~ 0 J 0 (r ^ 1 ”^0b»' * 

for k!2 > I* qL > kl2 wc write 

. / n -i(«jt-qoBiz) 
d> = d»oIo(r vqom " ki I * 

where Jo(i*) = lof*!’ 
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Emphasizing that <3 is a scalar displacement potential now rather than the velocity 

potential discussed in detail in an earlier section, we now have the pressure 

P = -Pi ^ 

and the particle velocity 

where the subscript r refers to the radial component and the superscript L refers to the 

liquid cylinder medium. 

Instead of using pressure and particle velocity boundary conditions or their quotient 

as impedance which was expedient with a velocity potential, we now find it desirable to 

use pressure and displacement boundary conditions or the combined condition of thrir 

quotient when a displacement potential is utilized. Thus, for the liquid cylinder we find, 

for C0m > C- 

P = ¿0 Pi“2 Jo(f\/ki2 * iom) e_1 (wt ‘ ’o- Z) 

and, for the particle displacement 

S'L = ^ = "^° ^12 * q0m MrN/kl2 _ ‘»O«) e"Í(CÜt " q0-l) 

where we used J^X) = -J¿(X). Thus, 

-Pi J0( b yit12 - qom) 

>/kl2 " qom J^bx/k!2 -q^m) 

or, using the previous definition X0m b Ai2 - Som 

-p^bjofXo.) 

XomJl^O») 
r=b 

We note that this is just a disguised form of the logarithmic derivative. 

Now, returning to the radially surrounding medium, we note the stress components for 

this general elastic case are 
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and 

dSt (dSt Sr dSt\ 
arr = 2u —— + L ( —— + — + -— ) 

rr dt \<9r r dz / 

(êSt dS\ 

°tz = ^[dz + dt ) 

where, incidentally, the shear modulus is 

M = P2 ~s c.2 

and the other Lame constant usually denoted A is 

L = 2^c.! (rrjr)- 
In terms of the potentials <!> and V then the stress components are 

°rr = 2P 
d2<D d2V 

2 dt dz dt 

d <t> d2V 

dtdz dz2 

P 2 

P2 

! V \ d" Q 

[—) T? 

d2'»» 

77 
where we also used the relationship between Cc and Cg. 

V11.3 Alternative Use of a Modified Vector Displacement Potential 

If the use of a pseudowave equation in 4* is disturbing, rectification may be accom 

plished by defining another potential Y as 

dt 

where row V is a solution to an ordinary wave equation 

V2 
d2 f 

77’ 

This is seen immediately by differentiating the latter re r. Writing out the wave equation 

in 4* we have 
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d2*»» 1 <9 H» d2'!' 1 (92 4» 

¿r2 r + dz2 Cs2 (9t2 

and differentiating re r gives 

j9^ dí _d M\ j_ ^ /dí\ /dí\ J_ J92 /di\ 
ßt2 \dt ) drdr \r/ rdrldr/ ^22\dr/ 

d2 /dŸX 1 /d4*X 1 d /di\ d2 /dix 1 d2 /dix 

¿r2\dr/ r2\dr/ + rdrldr/ ¿z2ldr/ q 2 ¿t2 \dt ) 

which, on substitution of the definition, becomes 

r2 Cs2 dt2 

or the "wave” equation previously used. The negative sign in the definition is appar 

ently immaterial here, but, continuing further, the displacement components become 

d /dix 

r dr dzldr/ 

z dz r dr X dr / 

and the stresses, in terms of the redefined potentials become 

But we note that whereas solutions K0 for 4> and Kj for V weie utilized with the 

pseudowave equation, for the modified potentials $ and V with ordinary wave equations 

we select solutions K0 for both <t> and Y. Then, noting further 

Kq (x) = -K1 (x) 



we see that identical Bessel function dependences are obtained using either proper 

formulation. 

VI1.4 Characteristic Equation for Elm Modes 

Boundary conditions appropriate to this problem are continuity of tangential stress, 

continuity of normal (radial) stress, and continuity of radial displacement, all at the 

boundary r = b. Since the liquid has been assumed dissipationless or without shear the 

tangential stress in the surrounding elastic solid must vanish at the boundary, or 

<7r_| a 0. 
r*lrafc 

The normal stress in the elastic solid is equal to the negative fluid pressure at the 

boundary or 

tab 

and the continuity of displacement is written 

rab 

where the superscript L. again refers to the liquid cylinder medium. These latter two 

conditions can be combined as a form of the logarithmic derivative 

From the vanishing of tangential stress we obtain 

= 2 lo.'/îL-O »iO'v'qJ.-k.5) 

where the prime refers, as usual, to differentiation with respect to the entire argument. 

Now, solving for an we find 
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‘’»l^b = 2 - k«!) »oí; ft Al. ■ K1 ) 

-2¡»2C.*,„. Í. - k,! »0i; (b - k.2) 

■',2"2(rr7)*»K«(1,'/ï«-1^î)’ 

Solving for Sr| we find, eliminating •q by the previous equation, 

S.L = jp- *oKi ft Æ^V) 

so that 

rr 

k 2 r=b Ks 

2 40. 

«■«•(lo. - kc‘) 

4<-iC.2 

1o.Ao.-k.2 

»0*1 ft AL - k.2) 

*:ft AL-k.2) 

*■ ft AL - k.2) 

•0^2 / ^ \ *0*0 ft v'oó. -ke2) 

u ,",*.*,(kA2^k7) 

Replacing the ratio ♦q/Ÿq this becomes 

C.2 rr 

k 2 rak *a 
•j 1o. - kc2 (2qJ. - k,2) 

*o'(kAS.-k.2) 

^(kAiTV) 

^C.2 , K¡ (b AIT7^) 
*-1o.V1o.-V- 

k.2 

^2^(21^.-0 (^) 

*1 (k Vio. - k,2) 

«oftA^-T1) 

^10. - k,2 «¡ft VqS.-k€2) 
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Using the identities 

K¿(x) = KÍOt) :-K0ÜO- 
K,(i) 

K;(*) = -K;(s) = K0(z) + 
Kii*) 

and the relationship 

k 2 
V 1 2 C 

1 -'V L 2 

we obtain 

rr 2p2o2 4p2to2q¿n - K0 (b >/q^ '-ka2) 

--;-:— vqom - k. -,. 
r=fc ^.2 k.4 

P2<u2i2qo«”ka2)2 Ko(b 

ka4 - kc2 K1 (b V^qon * 

Using the second boundary condition we have 

Jo^Oa^ Pi 

X0aJl(X0a^ Pi b2k,2 bkg 

2 4,¿. - r0(b VqL-k.!) 

Finally, using the previous 

fclo. - k.J>! Ko0> vij. - kc!) 
• M—.. « 

kk.4 Vq¿„ - ke! 1C, lb VqJ. - kc!) 

X«. = •> Ai2 - iS. 

X. = kVk,!-k,J 

Vc = bvt?^7 

and defining in analogy 
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we obtain 

Jo^E«) Pi 2 

XE«JiÍXeJ #>2 b2k.; 

(bit 
. 

•> ï, (A.! - x|.) 

I¿«. 
K0(AeJ - X|.) 

*1. -*1.) 

The characteristic values for this surrounding elastic medium of infinite extent have been 

written XE- where the original subscript zero referring to the invoked cylindrical sym¬ 

metry has been replaced by E for elastic. The individual modes will be designated Elm, 

representing the mth elastic infinite surrounding medium mode. 

VII.5 Finite Number of Elm Modes, All Propagating 

As previously stated, for the propagating modes, m usually runs from 0 to some 

finite number where XEm < kt b. Actually we shall see that even fewer modes exist and 

that 

0 s XE„ s s »c s M s-• 

Considering :he El eijiufton, we note that the left-hand side or 

Jo(xE,> 

XE.Jl<XE.> 

is real, while the right-hand side involves possibly imaginary functions which may be 

abbreviated as 

A « 
KoÍn/Yc2 - X2.) 

\'YC2 - XL Xi(\/Yc2 -X2J 

Ko A.'-xi. 
B " A.2 - X2 Em 

xi ^77¾ 

■s 111 I i »II 

*! ' hM 
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for which we know there are root* XEiB < Yg < Yc. If we look for roots Yg < Xg,,, Yc 

then we would have 

V'Y.2 - *i. * I >/*1. - Y,5 * ¡T6 = *B 

</Ye2 - X|. • yA i« re*l 

so A is real but B has an imaginary part. From 

*c Gtb) = y [Jo(-tb) + iNo(-yB )1 

= y IJoÍJb) + 

Kl(lyB)B7[Jl(-TB)+iNl(-YB)] 

s7ÜiW+ iNi(yB)l 

we have on the right*hand side 

^í/íIJoÍtb) + ínoÍtb)] 
B = iyB V2 [J^Tb )♦ íN^Tb)! 

-Jb 

Jl^TB^ + Nl^yB) 

-»tb 

[Jo(7B)Ji(yB)+ No(yB)Ni(yB)] 

[ll(yB)NoW “ Jo^B^l^B^l' 
Ji2(Tb) + N12(xb) 

So equating the imaginary implies JjN,, “ Jo^l = ® w^ch is a "nonsequitur* since 

JlNo-Jo"! =- 
^B 

Thus there can be no imaginary part to B or there can be no roots Xg^ such that 

V. < XEm < Xc 
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If we search for roots Xgm such that 

Y. < *c < XE- 

then 

A.5 - *1. = i Vx|. - Y.! = i,g 

Wc2 - *E» ’ ‘ '/Xlm * Ï«J = ¡Ja 

and both A and B are complex. 

In this case we must include the factors in front of A and B since we are dealing 

with the sum of the terms rather than a single one so, setting the imaginary to zero implies 

ï» (-¿j [<bkl>2 - Xi j 
Ijíyu) ^oíyij) " 

+ N^tyj,) 

iW ^oÍXa)“ Jo(yA)Nl(fA) 

Jl2W + N!2(yA) 

which becomes 

_(2li. - k«2!2 

N,2(rB)l ' k.V[J,~2(rA>♦«,*(,*)]' 

The left-hand side is always negative (or zero) and the right-hand side is always posi¬ 

tive (or zero) so the result is inadmissible unless both sides are zero. But then the left- 

hand side zero implies qE- 3 0 and the right-hand side for qE- = 0 becomes 

^a2 ÍJi2(ta)+ Ni2(ja)] * 

so there are no roots for X > Yc. 

Actually, this above result was foreordained by the selection of the characteristic 

functions representing the potentials, as will be now shown. For real XF_ and prop¬ 

agating modes or X^ < k,b so that q^ is real the displacement potentials are 

and 
♦ = «o *o(' AL - kc2> 
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■i 

with pressure obtained from the scalar displacement potential as 

p = -p<t> 

so that 

and the intensity 1 is 

p2ü>‘ 

1 2<>2C! *“ 
[M- AITT2)]2 

which may be written 

(l) 
J [«„'"(rVÍT^)]2 <,2<1e- 

Since 

H0(1)(a) - ei(a-7r/4) 

we have 

(Ú 2*nn 

4C2r^ic2-q|. 

i(2rVkc2-qi« + 2qE.s) 
Ù) 2Qfín 

4C2 r Jkc2 - 

The energy radiated through an area ds normal to the direction of propagation is given by 

m - 2w 

I J 
Jo Jo 

IRdddz 

which yields 

rm 

”2*>2*o a* = -. 
2 y/^c ~ ^Ew 
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This is no;, permissable and thus there must be a restriction 

4Em > kc- 

It may be shown in a similar manner that finiteness at infinity also implies 

<1e* ¿ k. * kc 

so that a requirement for the propagating modes with real is 

- > k! * q*. > k, > kc > 0 

or 

0 < Xg, £ Y, < Yc < k! b < ~. 

We note that any ^ b w >uld result in a positive imaginary end so represent 

evanescent modes. While such XE- would obviously satisfy the radiation condition, wc 

have seen there are no > Yg. We also note the possibility of imaginary or 

XEbi = iXE« 30 that 

flE. = \ J(ki b)2 + XL 

*‘ves rea* an<^ 

lEm ï k, 
which obviously would be a propagating mode (see next section). 

VII.6 Imaginary Characteristic Value for a Propagating EIO Mode 

There also is a zero mode, so-called in analogy with the plane wave mode, for which 

there is an imaginary characteristic value iXE0 * XE0. This mode is designated EIO 

and applies to the boundary wave for which 

^EO < C 

rather than to the reflected waves for which CEil > C for m > 0. 

The elastic boundary equation is modified for this EIO mode simply by writing iXE0 

for the X£0 and noting 

J0(ix) = I0(x) Jiiix) = iljfx) 



«hereby 

X»lI^Eo)P2 b2k.2 

¿t(kkl>!*(í,0>21 

/v.Jtx¿0 «„(A.’ + xlo) 
+ 

X, (l/v.2 ♦ *io) 

•I 
2 

[(hkj)2 + (XE0)2] - 1 j - 
í X0(VYc2 + *Bo) 

(bk.)2 VV + Xáo (>/yc2 + X¿o) 

It should be noted that there is no need to search for an infinite number of complex 

roots such as is required for handling an arbitrary body force with the Pochhammer - 

Chree equations for an elastic solid cylinder. Rather there exists in this liquid cylinder 

case, besides a finite number of real roots, only the above one pure imaginary root for 

an elastic solid boundary of infinite extent radially outward. This mode is a degenera¬ 

tion of the plane wave mode existing for absolutely rigid walls and results from the inter- 

action of the media in contact, bearing no resemblance to the waves that occur independ- 

ently in either medium. Such a wave has been called a Stoneley wave by analogy to an 

interface wave, but the apellation may be incorrect. 1 e note a Rayleigh wave is a surface 

wave in an elastic half space with trajectories ellipses with principal axes parallel and 

perpendicular to the boundary; it has components of vibration both normal to the surface 

and aioi« the direction of propagation, that is, restricted to a plane perpendicular to the 

skwface and containing the direction of propagation. A Love wave is restricted to vibra¬ 

tions parallel to the surface and only perpendicular to the direction of propagation and 

may therefore be compared to shear waves with particle motion parallel to the surface 

(horizontally polarized transverse waves). Raylei,;h waves cannot exist if the solid 

thickness is less thsn the Rayleigh wavelength. However, besides the Love waves still 

possible in such s esse, there are two modified Rayleigh or Lamb waves which can 

exist-one with both surfaces executing vibrations in phase (anti-symmetrical or bending) 

and one with both surfaces vibrating out of phase (symmetrical or extensional). Between 

the surfaces, the particles osciUste longitudinally for the extensional Lamb waves and 

oscillate wholly transversely for the bending Lamb waves. When Love investigated the 

effect of a surface layer of liquid on the propagation of Rayleigh waves, he found the 

Rayleigh wave highly attenuated and, besides another wave existing with velocity deter¬ 

mined by properties of the surface layer, a modified Rayleigh wave for wavelength much 
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less than the layer thickness whose velocity of propagation depended on the properties 

of both media—this wave is not? called a Stoneley wave. This Stoneley wave is subject 

to the severe restriction that the shear wave velocities in both media be approximately 

equal. However, « generalized Rayleigh wave (with speed less than a regular Rayleigh 

wave) is always possible at the interface of a fluid and an elastic solid. This general* 

ized Rayleigh wave which has also been referred to as a Stoneley wave is the type co;* 

responding to the imaginary root for the elastic boundary. 

V11.7 Degeneration to Characteristic Equation for 

Radially Surrounding Liquid or Llm Modes 

A particularly pleasing circumstance is that unlike some others (18) this Elm equa¬ 

tion leads directly to the correct formulation for a degenerate situation where the radially 

surrounding elastic solid is simplified to another liquid. This is seen most simply by 

letting C§ = 0 or kg = •• which corresponds to the absence of shear and results in 

Y, = i o» and the equation for liquid modes as 

which, using 

77 * 

may be also written 

Jo(XL.) P2 H”>(i A2-X*J 

XLmJl(XLm) Pi i v'Y2 - H1(l)(i - 

where we have also deleted the subscript c since Yc becomes V with no need to differ* 

entinte between shear and compressional velocities in a liquid. 

The first term on the right side of the Elm equation disappears obviously upon going 

to the Llm equation just detailed (>,-» «•). The middle term requires a little more care 

before it is summarily eliminated. Under the given conditions it becomes 

4<l0m , M1") 

b’-'(' 

Mill .... 

m 
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whicii can also be written 

4qg. 

b2«J 

Asymptotic representations of the Hankel functions, valid for 

-w < arg * < 27T 

which conditions are met here, are 

H¿1)(«)~ ^X.iin-wAj fL9H*-lTT/4) 

becoming for Z = -*• 

h^i(-) = . yCr 

Thus their ratio is unity and this middle term disappears with »5 in the denominator. 

VII.8 Alternative Derivation of Characteristic Equation for Llm Modes 

This liquid boundary characteristic equation is also simply obtained by writing veloc¬ 

ity potentials for the liquid cylinder medium I 

«¿Om = K0m J0(f >/^1* - qoJ ** * 

and the radially surrounding liquid medium 11 

*oi * ^Omt^Ow Jo(r ~ qOm^ + **Om^oir " qom)] * * 

the second equation is simplified by defining (to satisfy the radiation condition) 

L0- * 1 and U0u * i 

to obtain two unknown coefficients consistent with the two boundary conditions of con¬ 

tinuity of pressure and continuity of normal velocity. Thus 
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Again the two boundary conditions may be combined in logarithmic derivative form as a 

condition of continuity of impedance as 

Pi 
d<t>1 

dt 

= Pi 

r=b 

^1. 

dt 
r=b 

which directly yields 

Jo(Xl.> ?2 H0<‘>(ivprï[;) 

Pi ¡A2-x[. Hf12(i\Ar2 - x¿B) 

where as usual we defined 

XLm = b >/ki2 - lua 

Y = bA,2-k22 . 

VII.9 Finite Number of Liai Modes, All Propagating 

It is easily seen that no roots exist for XL- > Y. If we write 

i >/Yi - Y2. = /X2. - Y2 = 2 

we note again the left hand side is real but the right hand side becomes 

Jot»)).)«) * Wc(i)N,(.) + i[w0(i) J,(r) - W,(«))0(,)] 

.[J,2).) * N^U)] 

and equating the imaginary parts on both sides implies 

NoOOJiOO-Nj^M*) = 0 
which again is not true, so there can be no roots XL- > Y. For real Y we then require 

C2 > C1 or It! > k2. 

VII. 10 Degeneration to Characteristic Equations for Absolutely Rigid or Free Radial 

Boundaries, With Infinity of Modes 

We recall that these characteristic equations for the modes are a statement of equality 

of impedance across the boundary r = b with the left hand side representing the liquid 
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cylinder side. Even simpler degenerate cases are obtained if the surrounding medium is 

assumed to be either absolutely rigid or free. In either of these limitiqg cases no pene¬ 

tration by acoustic energy of the surrounding medium occurs. For an absolutely rigid 

boundary the impedance is infinite or 

).(«».) 

so that the charaaeristic equation is simply 

=0 

where also XR0 = 0 or m = 0 is one of the allowed roots. This is the only situation so 

far, snd indeed the only one in this report, for which a plane wave mode is one of the 

family of permissible modes and applies to an unrealistic case. 

For a free boundary then, the impedance is zero and the characteristic equation is 

simply 

JoO^Fm) = 0* 

These latter two cases are the trivial ones found throughout the literature. Just as 

we let the subscript E represent an elastic boundary with modes Elm, so we let the sub¬ 

script L represent a liquid boundary with modes Llm and the subscripts R and F repre¬ 

sent absolutely rigid and free boundaries with corresponding modes Rm and Fm. 

Obviously no F0 mode exists. There is also no L10 mode for which either XL0 = 0 

or XL0 * iXL0 with equations 

Jq(0) Pz H<i>(iY) 

0Jl(°) Pi íyh^ííy) 

or 

),(ixt0) >2 "¿“(i A* + X¿0) 

‘XL0 Ji Í'XL0) h i y/T2 t x£0 Hf’ii JŸ2 t X¿0) 

In the first equatior the left hand side is infinite while the right hand side is always 

finite imaginary so no solutions exist. In the second equation the left hand side is equal 

to 
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) 
_ which is real 
xloMxlo) 

while the right hand side is still always finite imaginary. 

Unlike the Elm and Llm equ»::ons for the roots XEo| and XLm we find now there 

exist an infinity of roots XRa and XFa, but the propagating ones extend only to X0a < 

kjb. Since in these limiting cases the charaaeristic functions using either the XRa or 

the XFa are orthogonal, the property of finality holds and the inclusion of the nonpropa* 

gating modes in a summation over the characteristic functions would not change the values 

of the respective coefficients in the expansion from what they were in an expansion limited 

to the propagating modes. We note also the property that each higher order mode enters the 

sum with a smaller coefficient. 

“*0^L0 



Section VIII 

RADIALLY SURROUNDING FINITE VALL THICKNESS 

ELASTIC SOLID TUBE 

VIU.l Characteristic Equation for ETn Modes 

fe now consider our most general case of a finite elastic solid tube of outer radius 

d surrounding the liquid cylinder of radius b, and we slightly simplify the formulation by 

considering the elastic tube to be surrounded by empty space. 

As in the infinite radially surrounding elastic solid case we again use a displace¬ 

ment vector S expressed in terms of a scalar displacement potential $ and a vector dis¬ 

placement potential $ as 

S = V4> + V X $ 

which led for axially symmetric motion to a radial displacement Sr and an axial displace¬ 

ment Sx as 

£♦ df 
r dr <?* 

c d* 1 d t 
S* = I“ +--T (rV) * dz r dr 

♦ 

with appropriate stress components as before 

where again 

M = P2c,2 

1-2. P2C. 
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For the infinite case with the boundary conditions 

a rz = 0 

and 

the appropriate solutions were 

* -- »oM' Vil.- V) " ,E"‘) 

» = »«*, (r v/q|. - k,2) ‘ ,E- r) 

but for this case of a surrounding elastic solid tube we have four boundary conditions to 

satisfy, specifically 

ff«U =0 a"L =0 

r*lr=a 

rr p(r) 

S L r=b 3r r=b 

We note that if we were considering a solid elastic cylinder rather than a tube we would 

use as solutions 

» = n j, (-/kTT,].).-1'“'-’<■*> 

but our tube does not include the origin so we must retain both solutions to the Bessel 

equations or 

4> 

¥ 

where we used 

= Uj0(p.'> + BN0(P.r)] e-1*“'-’!»*> 

= [cj1(v>4DN1(V)]«-‘(“,-',t.*> 
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= = ï Æ7»? 

and we do not use the combination or Kn as was done previously so that we retain 

four arbitrary constants for the four boundary conditions. 

Thus the displacements are written 

S, = {^[AJ0(.P.)*BN0(.P.)] - ¿ 10),(.¾) t DN1(.0]}*‘‘1"' ‘ ,T*'> 

S, = |^[AJ0(.P.)tBN„(.P.)] + “ ^[0.),(.¾) + DfN,(.1^)3 J *’ 

which become 

Sr = {-P.Uj^rPj + BNjfPj] -iqT-[CJl(rT^) + DN1(r1^)]} e’i(<u* ” qT-*> 

Sa = {iqTmlAJo(fIm) + BNo(f+ + e“1^1 “ ^ 

From the boundary condition 

a I = 0 
“Irs* 

we find 

A [-iwjj,(ap.)"<p.j + 4J (nk) Jofap.) * r 
p "I 

+ bÍ-p.¡n0Up.)- (p.!.4.) (r^)No(dP-> ♦ T N‘(aP-)J 

* D 1.No(jl.) + N,(dT.)j = 0 

Similarly from 
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we have 

A f2ill«p«Jl(',p»)] * B[2i,T.P.NI(dP.)] 

♦ r- [(¾2 * + » (¾2 -ItJ = 0 

and from 

'ra r=b 
= 0 

we obtain 

A [2'lT.P.Jl(bP.)] +.B[2i,T.P.N1(bP.)) 

* C [(¾2-^)),(¾¾)] t 0((¾2-q^») (1,(1¾)] = 0. 

oy aeiir'ng 

E. = -[P.2.(P.2 + , 
2 

and noting that 

V - Hr. = k.2 - 24. = -2t. 

we may simplify these equations to, for the first 

P. 

♦ B[E.N0(dP.)t^N,(dPjj 

+ c [-111.^)0¾¾) ♦ ¡ ^ Jl^t)] 

* » [-í1t.''Í,no(-*^i) ♦ ¡ ^ N,(d^j = 0 
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for the second, 

A[2iqT.|,.Jl<<l,,.>] + B[2i,T.P.N,(dP.)] 

♦ C(-2E.J1(dTj] * D[-2E.N1(dT„)] = 0 

and the third, 

A[2iqT.P.Jl(bf,J] * Bt2iqT.|,.Nl(|'p.)] 

+ + D[-2E.N1(bT.)] = 0. 

The fourth boundary condition yields 

r 

rr 
s7 

AÍE.JoíbP.) + y Ji^Pj] 

+ B[E.N0(bPj + y H^bPj] 

+ c[-iqÄT.J0(bTJ + i jJbTj] 

+ l>[-iqÄT.N0(bTj + i ^ Nt (bTj] 

= 2Pic»24 
r=b A[-p.Jlft>pJ] * B[-P.N,(bP.)] 

t C[-iqT(< J, (bT.)] t D[-iqT.N,(bT.)] 

. Jo(xT.) 

which, by defining 

Q» = 
pi _J0(XTJ 

2p2CB2 XT«Jl(XT*) 

+ B 

E«J0(bPj + P« 

EmN0(bPj + P« 

(1 +Q-b) 
Ji(bPj 

(1+Q-b) 
NiibP.) 

may be written 
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i qT 

¡<itbt-J.>(|>t.) * -r- (1 +Q.|>) JiO>T.) 

[~ ^ qjnj 
+ I>|-iqT.TBN0(bTj + — (1 +Q.b)N1(bT1| = 0. 

These lour simultaneous equations in the unknowns A, B, C, D are solved by equat* 

ing the determinant of the coefficients (of the unknown constants) te zero which results 

in 80 terms of which 8 cancel directly and 8 combine as follows 

- J ! (b Tj N0 (bTj J, (d Pj N0 (d PJ 

+ Nt (bTj Jo(bTj J ! (dPj N0 (dPj 

+ ] i (bPj N0(bPj Nj (dTb) J0(dTj 

- Ni (bPj J0(bPj Nt (dTj Jo(dTj 

- J1 (bPj N0(bPj J t (dT.) N0 (d T.) 

+ N1(bP.)j0(bPjjl(dTjN0(dTj 

+ J1 (b T J N0 (b T J N j (d Pj J o (d Pj 

-N^bTjJoibTjN^dPjJoidPj 

[ Ji (bTj N0(bTj - J0(bTj Nt (bTj] x 

[ J o (<* P») Ni ^ p«) - J i P») No ^ p*)l 

+ [ Ji (bPj N0(bPj - JoibP,,,) Nj(bl*,)] x 

[ J o fa * J N ! (d T J - J j (d Tj N0 (d T»)] 

-<qT-E«2PmTj 

32q^EB^ 

Utb) (" ndPB) + (^bP.) (‘ ndT.)_ 

Tr2 bd 

where we used the identity 

J0(i)N¿(*) - N0(»)j¿(i) = N0(*) J ! («) - ]0(it) Nji*) 

so that, using for brevity (in the first four symbols only) 

TJX 

iillllimillllMiillltWHII^IT 
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J,>Tj = A 

J0(»»P.) = B 

Jo(<*Tj = c 

J0(<»P.) = B 

= I 

J>P.) = J 

jJdP.) = L 

N0(bTj=E NjbTj = M 

N0(bPj = F NjibPjrN 

N0(dTj = G MdlJ = 0 

N0(dPj = H N^dP.) = P 

the «pression is reduced to 37 conbined terms as follows: 

/ P.2T. P.2T.E«' 
NALO Uqt. —j— - dqi. 

/ , p.2t. , p-2t-e-’ 
+ JAOP |-4qi. —J— + 4,2. --- 

/ P.2T. P.2T.E.' 
♦ NEKL ( -4,t. + 4,2, rrn d 

/ P 2t 
♦ JEEP 4,* -^-= - 44, 

P.2t.e.' 

+ NILG 4,i.P.2T. 

rm d ’T« d 

(1+Q.b) 
- 4qT«Pm2TmE« 

( 1 + Q. b) 

Tm*m “■ b b 

, (l*Q.b) , , <1 ♦<?.!>)' 
* |D>0 [-44.p.!t. —r=- » —r ‘Tm si *• b 

(1 +Q,.b) 
NMLC -4,t.P.2T. 

MJPC +4,i.p,2T. 

Tm‘m -■ b ’ 

(1+Q.b) 

4q^p.2T.E. 
(1 +Q-b), 

- 4 ,if.P.2 T. E. 
(1 + Q.b)' 

+ NEED (4,T.|E.2P.T.) 
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+ NAOD (-«q^.E^P.Tj 

+ JEKH (-4qi,E.2P.T.) 

+ JAOH (4¾¾..E.2?.^) 

+ MFKD (4E.4) 

+ IFOD (-4 E.4) 

+ MBKH (-4E.4) 

+ IDOH (4E.4) 

. N1LO (-,,.. ^ ^, . 4 

4 *• (1 + Q«b) 0_2 P»Em (1 * Q«b) ^ E.2P.2 (l+Q.biX 

d b ) 
+ JI0P - 8q2 rm d ¿ + 4 

+ MNKL I 4¾¾.. 4 P-2 (l^Q«b) - 8q2 
P.2E. (l + Q.b) E.2P.2 (1+Q.b)' 

T-1 ¡i *41-ï 

/ , P-2 0+Q.b) P.2E. (1+Q.b) e_2p_2 (l + 0 b)\ . J“- T . «4. -V5 -4 -V- —T/ 
+ NALG (-4q4.P.2T.2) 

+ JAPG (4q4.P.2TI12) 

+ NELC (4q4.P.2T.2) 

+ JEPC (-4q4.P.2T.2) 

+ MFLC (4q2.E.2P.T.) 

+ MBPC MqJ.E.2?.!.) 
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+ IBPG (4qT«E«2P.Tj 

♦ IFLG (-4qi.E.2P.Tj 

(1+Q.b) 
MNKD UE.3?. 

(1 + Q.b) 
- 'íq^E^2?,, - 

(1+Q.b) 
+ NIOD I-4E.3Pb -7^- + 4qi.EB2P. -- 

(1 + Q« b) 

JMKH ( -4 Eb3Pb 
(1+Q.b) 

+ -Iq^.E.2?,,, 
(1 + Q.b)' 

+ JIOH UE,,,3?. 
(1+Q.b) 

_ ^q^. E.2*** 
(1+Q.b)' 

/ P. P, 
+ IFLO 4q2BEB2—-4E.3- *Tm d 

P_ 
+ 1BPO ^4q2.E. - + 4E,,5 — 

/ **■ P. 
+ MFKL (-4q2.E. — + 4E.3 - 

, MBKP ^4q2.E. - 4E,.3 — 

32qî-.E.2 
+ - = 0. 

TT2bd 

Using the s*me Vronskian or logarithmic derivative type combination used to collect 

terms previously, we write 

L.n(y) = JmMNnM - Jn(by) N-(dy) 
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which differs from the previous only in the arguments, and combine the terms further 

^2qT«bd P.2Tm2 

to 

i*[l11(p.) Lm(TJ] 

* [L1,(T.) LW(P«)] 

8E_2 

^2bd E 2 m 

8q Tm 

+ [Llo(PjL01iTj + L01(pjL10(Tj] 
bd P_ T. 

+ lbLU íPm)Lio(Tni) + ^(1 +Qmb)L11(PB|)L01(T|I,)] 

* [»'-..(T.) LjPj td(l *Q.b) L„ (T.) L0l (P„)] 

w2p«2T« n2pm2qT«TiB 

8 E. 8E. 

n 2 Pm Em 

8q2 8 
•Tm 

*[(l*0.b)Lu(T.)Lu(Pj] 

This equation holds for 

772 Pm2 7r2p«2qTm 7,2 Pm2 

81t. * 8E.2 ’ 7ÍT 
= 0. 

qm ^ 

or 

XTm I V,. 

VIII.2 Infinite Number of ETm Modes, Not All Propagating 

We recall that in the El formulation the surrounding medium extended radially out¬ 

ward to infinity while for this ET case it is limited to r = d. In the El case there was 

an exclusion for the propagated modes and for real characteristic functions 

0 ^ ^Elm - < Yc < kj b < 
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In this ET esse, however, the radially surrounding second medium being finite re¬ 

sults in no such exclusion and we must consider three separate cases for the real char¬ 

acteristic values: 

(1) 0<XT. <Y, sY.sk.bs- 

or 

0 < C, <- CTm < C, < Cc < « 

or 

» ï k, > qT. > k, > kc > 0 

(2) 0<Y. <YC<XT. sk,b<- 

or 

0 < Cj < Cg < Cc < CTi| < 

or 

“ > ki > k, > kc > qTlII > 0 

(3) 0 < Yg < XTll < Yc < kjb < « 

or 

0 < C! ¿ c, < CT. < Cc < - 

or 

~ > ki > k, > qT. * kc ¿ °' 

For case (1) both P. and T. are imaginary. We recall that this is the only case we 

had for the infinite elastic surrounding medium. Thus we regard this as the most basic 

case, and in order to simplify calculation we write the previous as 

LM(i*) = Nn(ibx) - Jniikx) NB(idx). 

Using 

Np(ix) H ijp(i*) - iH¿n(ix) 

we obtain 

LBB(ii) = -iJ.(id*)Hl|1)(ib*) + iJn(ibi)H¿n(i<U) 
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rhich by 

becomes 

Using 

we obtain 

i-U) = rpjD(¡*) 

1-1 lB(dx) + tn+1 

KpU) = ^ ip+ 1 

y (i)**-“ (-I)’" L^iia) = !n(b*)Km(d*) - (-l)0-,Bl.(dx)Kn(ba) = 11.,,(i*). 

Ve also use 

P_ = iP. 

T_ = il’ . 

Thus the complete characteristic equation for case (1) is 

«It. 
1 +[ll11(iPjM00(iTj] 

+ [Mu(iTjM00(iP.)] 

■2 . bd P_2 T_2 

2E. 

bd E. 

2q Tm 

M10(iP.)»*01(iTjl[ bdP.f, 

_+M0i(iP.)M10(iTjJl- 

-bM u (i P.) M 10(i T.) 

_ +d( 1 + Q. b) Mjj (iP.) M01(»Tm)_ 

bMn(iTB)M10(iP.) 

-d(l + Qb b) Mjj (iTB) M0j(iPB) 

Pm2T. P.'T.q^. 

2E. 

P,E. P, 

w, 2 

2E. 

'J L ’Tm 
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+ [(l + Q«b)Mll(¡T«)»lll(iPj] 
2q2 

P- +- 
2E 2 + E, 

TB 

0. 

For case (2) both P,, and Tm are real and the original formulation using L,,,,, is 

used. 
For case (3) P. is imaginary and Tm is real so a combined notation is used as 

' -q^dP.2*.2 
1 + [M11(iPjL00(TB)] 

4E. 

77 bdE_2 

4qTm 

77 bd P_T 

[LudjMooOPj] 

^io^‘Pb^ Loi(Ta) 

' bMufrPjLjodJ 

_+d(l + Q.b)Mu (iPjL0i(Tj. 

bL||(Ta) Mj(j(iPa) 

-d ( 1 + Qa b) L n (T.) »I01 (i Pj_ 

+ [(l+Q.b)Lu(T.)Mn(iPj] 

77Pa2TB ^P.2TBqTB 

" "4ir+ 4Ej 

77 P« E« 77 P_ 

4qTm 

2 _« 2 _2 „5 2 
77 P. 

4q 

-PB2qT. -V 

T. 4E. 2E. 

VIH.3 Imaginary Characteriatic Value for a Propagating ETO Mode 

Considering the expected imaginary root 

XTo = 1 ^ro 

where 

q-ro = t-Ai2i>2 +xto 
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so 

<1to > 

and 

~ > q-ro > kl > ks > kc > 0 

so both Ppj and T,,, are imaginary, implies case (1) where 

T. =£ A,2 tXÍo 

“Pi k*2 

2P2^to 

Again we note that qT0 > kj implies CT0 < Cj. 

VIII.4 Degeneration to Characteristic Equation for Radially Surrounding Elastic Solid of 

Infinite Extent Outwards or Elm Modes 

The ETm characteristic equation can be converted to the Elm characteristic equation 

by letting the wall thickness Tor the outer radius d go to infinity. The form before the 

L^n combination is most convenient to use and, with due caution for possible indetermi- 

nates, all terms containing d in the denominator are deleted. Dividing the remaining 

terms by the shorthand LG or JifdP^NoldT,,,) we have, noting 

N0(z) 
- -T“> i 
J0(z) Z-*!« 

Nj(z) 
- -► i 
Jj(z) Z-.I« 

that 

+ NjfbP.) JjibTJ - i J^bP,.) JiibT,,,) “ 

+ iN,(bPJ N^bTJ + N^bV J^bPJ 

1 + Qb 
IW,] 
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where 

+ [t2] 

+ i N^bT.) N^bP.) + NiibP.) IiibT.) 

+ Ji(bP.) N^bT.) - i ybP.) J^bT.) 

+ [I,] 

+ Ni(bP.) J0(bTj - i !,(bP.) J0(b V 

+ i N^bP.) NoibT.) + JiibP,,) No(bTm) 

+ lf4] 

- i N^bT.) NoibP.) + N^bTJ ]0(bP.) 

+ i JiibT.) ybP,,,) + J^bTj P^(bP«) 

+ i Nj(bPB) No(bTJ + N^bP.) I0(bTm) 

+ J^bP.) No(bT.) - i JiibP.) J0(b V 

+ [1,1 

+ i N,(b V NoibP.) + Ji(b V No(bP.) 

+ ^(bT.) J0(bPB) - i J^bT.) J0(bPJ 
= 0 

*1 =4qi.P.2T.-4,^P.2T1BEL 

12 = 4 -4E11îPBl 

»3 = T.! 

»4 = -4<lkE.lp.T. 

», = -4E.‘. 

Factoring out 

yields 

Pi J0(X) ks2b 

pI Xj^X) 2 

-0 

+ N^bP.) J0(bT.) - i Ji(bPJ J0(bT.) 

+ i N^bP,,) Noibl.) + JiibPJ N0(bTj 
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bf. 

bf. 

bf. 

+ i NjibT.) N0(bPJ + N^b V J0(bP.) 

- * Ji(bT.) J0(bPJ + J,(b V ^(bP.) _ 

+ i Ni(bPm) N0(bTJ + N^bPJ J0(bTJ 

_+ JlibPJ No(bTJ - i J^bPJ J0(bT.) _ 

+ i ^(bTJ No(bPB) + JjibT.) NoibPj' 

+ NjiblJ JoibP.) - i j,(b V JoibP.) 

where the denominator V6 is 

W, 

+ N^bPJ J,(bTJ - i JiibPJ JjfbT.) 

+ » N^bPJ NjtbT.) + NjibTJ J,(bPJ 

+ f2 
+ i N^bT.) N,(bPm) + N^bP.) Ji(bTB) 

+ Jl(bP.) ^(bTJ-i j^bPJ JjtbTJ 

which may be written 

f6 = -iti {[JtibP.) > iNjibPj] [j^bT.) + i NjibTj]} 

-if2 {[JiibTj + iNjibXJHj^bPj + iN,(bPj]} 

= +f2] H,(1)(bXj H/^ibPj 

Xhe numerators are handled in similar fashion to obtain for the entire expression 

10(X) pi k,2b2 H0(1)(bPj [-bf, - bf4] 

x Jj(X) p2 2 H^KbPj [Wj + W2) 

H0(l)(bXj [-bf, -bf4] 

Hi(I)(bTj [l1+f2] 
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which straightforwardly becomes 

2 

l^IÕÕ P 2 r ’ ^ 

K0(yYc2 -x¿) (2q2Em-k.2)2 

+ Ki(Ac2 “XU yVc2 - XLn ks4 

Ko(yY#2 - X^) A,2 - 

KlW -XLn) b2k.4 

which is identically the Elm characteristic equation. We recall that the LIm equation is 

desirable from this Elm equation by allowing the shear sound speed C# to vanish, and of 

course the limiting characteristic equations Rm and Fm are simple degenerations of the 

Llm formulation. 

VIII.5 Degeneration to Characteristic Equation for Radially Surrounding Finite Wall 

Thickness Liquid (Different) Tube or Ltm modes 

Just as the ETm characteristic equation was degenerated to the Elm equation by 

letting the tube thickness T become infinite, so may the ETm equation be degenerated 

to that for a radially surrounding finite thickness liquid tube by imposing the vanishing 

of shear sound speed (k, -*~) as was done in transforming the Elm equation to the Llm 

equation. Again the separate terms before the Lmn combination are used, and each is 

divided by TB2 Em} where as before 

and eventually k,— ~. With sufficient awareness, the terms which will obviously become 

zero when the limit is applied may be deleted. The terms remaining for consideration 

then are 
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[MFKD - IFOD - MBKH + IBOH] 

+ [MNKO - NIOD - JMKH + JIOH] 
4Pb>(1^Q,,»>) 

Tm b 

0. 

The second factors are evaluated by direct substitution (no k, remain) and the 

entire expression, upon replacing the shorthand notation, becomes 

[NoíbPjJoídPj-IoíbONo^Pj] 

X [NiibTj MdTj-MbTjN^dTj] 
bPm Jq(x) pi 

X I^x) p2 

K(bPj I0(dPj-ii(bPj No(dPj] 

X [NjibTj IjidTj - JiibTj N^dT^)] 

where the seemingly troublesome second brackets containing Tm cancel on both sides to 

yield 

01 / 1 \ 1^-.) lo^Pj-lotbPjNoCdP.) 

02 = (bP.J LNl(bP.)Io(<IPJ-ll(bP.)Nll(,,P-). 

where now 

bPm = b>/k22 -qt2. = yX2B - Y2" 

and the subscript two refers to the tube (not cylinder) liquid where kc — k2. 

This Ltm equation readily becomes the Fm characteristic equation when the tube 

thickness T vanishes or b = d. In that case the right hand side becomes identically 

0 

2/"bP. 

and the equation degenerates to 

J0(XFJ = °- 
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VIU.6 Alternative Derivación of Characteristic Equation for Ltm Modes 

The characteristic equation for a liquid (different) tube radially surrounding the 

liquid cylinder may also be obtained directly from the boundary conditions in the usual 

way. The velocity potential in the liquid cylinder may be written as 

¢, = A, Kk,,).-“"*-«**» 

and for the liquid tube as 

*2 = tBi Joikgr) + B2N0(kIr)]e'i(wt"qo“l) 

where 

and where 

Y - bAx2 -k22 

and three arbitrary constants are retained for the three boundary conditions: 

(a) continuity of pressure at r = b 

(fcj continuity of radial particle velocity at r = b and 

(c) vanishing of pressure at r = d. 

The first two boundary conditions are combined as a statement of continuity of 

impedance to yield 

Jo(k|b) px / 1 \ BlJo(kHb) + BzNpÇk^b) 

ÍmÍM 72 = Ik^bj [Bxlxíknb) +B2N1(kIIb) ' 

The third boundary condition yields 

Bx J0(k,id) + B2 N0(knd) = 0 

and the equations combine to 

J0(k|b) p, / 1 \ ]o(knb) N0(knd) - N0(k1|b) Jo(k||d) 

kjbJ^^b) 72 = (k^b) Jx(k„b) Noikjjd) - Ni(knb) Jo(k„d) 

!! 

which is just the Ltm equation previously obtained. 
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VIU.7 Degeneration of Ltm Equation to Lin Equation 

When the tube wall thickness T becomes infinite (d —• «O the Lin equation is 

obtained from the Ltn equation. The latter can be factored as 

jo(xtj pi r , , Jo(<*p-) 

Xm iMtm) P2 bP" N‘ bPm N0(dPj 

-N0(bPj 
J0(dP,) 

N0(dPj 
+ J0(«»PB) = 0 

where we also divided by N^dP,,,). Writing 

Pa, = i P- 

and again using 

Jo(*) 
—^ “ i 
No (*) 2 i oo 

we obtain, allowing d — “S the equation 

lo(X,.) p, / i y flotibP.). iN0(ibPj 

x>. lit*..) " 1*^/ l1(âbP«)*iNl(ibP.) 

1 H0>'>(ibPj 

' "-P. H,<‘>(ibP.) 

j_ K0(bP.) 

= bP„ K.fbP.) 

lo^L.) <■! 1 Xpí'/ir2 -XÍJ 

XL. Jl(XL.) Pi = A2 - XL. X, (A2 - 

which is the LIm characteristic equation. Obviously this degenerates to the Fn 

equation 

J0(xFm) = 0 

when p2 vanishes. 



Section IX 

RESULTS AND DISCUSSION 

IX. 1 Selection of Parameters to /alidate Orthogonality Assumption 

It has been alluded to a number of times that the characteristic functions X0ni are 

orthogonal only for the limiting cases X*. and XFn. But, as is the intelligent aim of 

any real experiment, the pertinent parameters (see Table 1) have been selected to make 

the characteristic functions almost orthogonal. In (13) and (17) it *as shown that for 

l^a = IOOtt the results for <P>fel, <»>ttï and Z0 when orthogonal assumption coef¬ 

ficients were used were indistinguishable from the comparable results obtained when the 

actual coefficients determined by matrix inversion were used even for as small a b/a 

ratio as b/a = 1.1. The value used herein is b/a = 2.0, and the comparison of results 

for this case is even better. For ^b = 2007r there exist a total of 173 roots XEni which 

are almost orthogonal and, as indicated, when excited by a source of ^ a = IOOtt give 

actual results indistinguishable from those calculated using an orthogonality assumption. 

For brevity, although the indicated results are not as good as those for the parameters 

selected herein, we show in Table 2 the total number of roots \Ln for ki b = 40tt as 

well as the orthogonality criterion evaluation for successive roots which would equal 

zero for truly orthogonal functions. Obviously even for this less-than-optimum case the 

Table 1 

Reference Conditions of Pertinent Parameters 
as Used for Calculations When Appropriate. 

Aj = 0.0} cm. 

a « 50Aj «1.5 cm. 

f> « 2« = 3-0 cm. 

P2/Pl ' Pj/Pl * 7 

Aj/*2 “ *l/*3 = V*C ' 4 

V - 0.325 

T = 1.0 cm. 

(cylinder li^iiid wavelength) 

(source radius) 

(liquid cylinder radius) 

(density ratio) 

(wave number ratio) 

(Poisson’s ratio) 

(tube wall thickness) 

80 
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Table 2 

The Roots and Orthogonality Checks 
for Reference Parameters of Table 1 except 

a = 20ít or Aj = 0.15 cm. 

m X Lm Orth. Check 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 

2.2716377 
5.2211344 
8.2022980 

11.2055952 
14.2292985 
17.2712781 
20.3^89243 
23.3996145 
26.4809976 
29.5710924 
32.6682830 
35.7712728 
38.8790273 
41.9907212 
45.1056940 
48.2234141 
51.3434505 
54.4654514 
57.5891272 
60.7142374 
63.8405807 
66.9679868 
70.0963105 
73.2254264 
76.3552248 
79.4856088 
82.6164906 
85.7477895 
88.8794289 
92.0113338 
95.1434277 
98.2756279 

101.4078399 
104.5399468 
107.6717908 
110.8031348 
113.9335679 
117.0622018 
120.1859282 

-1.269465 * 10 ~7 
+ 1.501627 
-1.632731 
+ 1.697591 
- 1.720454 
+ 1.718015 
-1.701534 
+ 1.677856 
-2.038622 
+ 1.624821 
-1.599700 
+ 1.576982 
-1.557219 
+ 1.540742 
-1.527754 
+ 1.518400 
-1.512808 
+ 1.511116 
-1.513408 
+ 1.520180 « 10"7 
-1.531461 
+ 1.547735 
-1.569518 
+ 1.597487 
-1.632527 
+ 1.678582 
-1.728905 
+ 1.793230 
- 1.873832 
+ 1.972802 
-2.097020 
+ 2.256007 
-2.465297 
+ 2.752281 
-3.170842 
+ 3.846300 
-5.170171 
+ 9.726968 
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functions ire ilmost orthogonal. Continuing further, Table 3 compares the expansion coef¬ 

ficients obtained by the correct procedure and the orthogonality assumption and again 

indicates near-agreement even for this poorer case. But Tables 4 and 5 which compare 

<P> j and <0>rei calculated by both procedures demonstrates conclusively the degree 

of validity of the orthogonality assumption for this selection of operating parameters. 

Since the results for the parameter used herein, which amount to a frequency five times 

larger than utilized in the previous example, are in even better agreement, the orthogo¬ 

nality assumption will be used henceforth. It should be noted also that in (17) plots of 

R vs X, where the impedance is Z0 = R + iX, were also indistinguishable for = 

and identical for ^ a = 100* when actual and orthogonal assumption coefficient calcula 

lions were compared. It should also be noted that the almost orthogonal Characteristic 

Functions could have been replaced by an orthogonal set obtained by an orthogonaliza- 

tion procedure such as the Gram-Schmidt, but as demonstrated, this is unnecessary. 

20* 

IX.2 Selection of Peremeleie to Rendei Source Bounder, Condition Choice Indifferent 

Another point of interest is that the relatively large k,a employed herein has re¬ 

sulted in calculations for both <!>>„, and <«>„, being in very close agreement ir¬ 

respective of rrhether a uniform velocity piston o, uniform pressure piston is assumed. 

This is shown for LI boundary conditions in Table 6. The agreemen, is best understood 

by recalling that «. are »braining average values over a receiver of the same dtmens.ons 

as the source, which condition closely matches the real espenment. 

; , satisfaction of Source Boundary Condition With Propagating Modes Only 

A point to be checked no. concerns the concept of finality for the limiting condition 

odes with orthogonal characteristic functions. Another way, the ,uestion is whether a 

ummation ove, only the propagating modes is sufficient to describe the source boundary 

ondition which is most realistically a uniform velocity piston of r = a set tn a rtg.d 

afíle. That is 

= Uq for 0 < r < a 

For the limiting boundary conditions Rm and F«, orthogonality-dcrived expansion co¬ 

efficients are appropriate and rhe equation for particle velocity at the source as a func- 

tion of r is simply 
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Table 3 

Comparison of Coefficients K, Obtained bv 

Orthogonality Assumption and by Correct Matrix 

Inversion for Reference Parameters of Table 1 

except A, a = 20* or Aj = 0.15 cm. 

*Lm 
(Orth. Assump.) Kl m (Actual) Relative Error 

(re Actual) 

2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
3V 

+ 0 
+ 0 
-0 
-0 
+ 0 
+ 0 
+ 0 
-0 
-0 
+ 0 
+ 0 
-0 
-0 
+ 0 
+ 0 
-0 
-0 
+ 0 
+ 0 
-0 
-0 
+ 0 
+ 0. 

-0. 

-0. 

+ 0. 

+ 0. 

-0. 

-0 
+ 0 
+ 0. 

-0. 

-0. 

+ 0. 

+ 0. 

-0 
-0, 

+ 0. 

+ 0. 

7016619 
1.69460/8 
.1551839 
5036120 

.0447238 
4150456 
0034498 
3591414 

.0281100 
3195555 
0416518 

L 2897809 
.0493929 
. 2664664 
.0539082 
2476499 
0565419 
2320947 
0580382 

.2189810 

.0588300 
2077433 
0591800 

.1979790 

.0592541 

.1893926 

.0591619 

.1817621 
0589801 
.1749157 
058767} 
1687168 
0585770 
1630505 
0584744 

.1578094 

.0585826 
1528488 
0594298 

+ 0.7016466 
+ 0.6945457 
-0.1551602 
-0.5034236 
+ 0.0446840 
*0.4148227 
+ 0.0034203 
-0.3588310 
-0.0281205 
+ 0.3193022 
+ 0.0415708 
-0.28944'0 
-0.0493879 
+ 0.2662270 
♦ 0.0537956 
-0.2473100 
-0.0565328 
+ 0.23187 38 
+ 0.0579030 
-0.2186361 
-0.0588218 
+ 0.2075363 
+ 0.0590240 
-0.1976210 
-0.0592484 
+ 0.1891914 
+ 0.0589820 
-0.1813764 
-0.0589763 
+ 0.1747074 
+ 0.0585530 
-0.1682744 
-0.0585709 
+ 0.1628042 
+ 0.0581954 
-0.1572207 
-0.0585447 
+ 0.1523702 
+ 0.0587811 

+ 0.0000217 
+ 0.0000895 
+ 0.0001531 
+ 0.0003741 
+ 0.0008928 
+ 0.0005374 
+ 0.0086066 
+ 0.0008650 
-0.000 3730 
+ 0.0007933 
+ 0.0019474 
+ 0.0011606 
♦ 0.0001014 
+ 0.0008993 
+ 0.0020930 
+ 0.0013743 
+ 0.0001600 
+ 0.0009525 
+ 0.0023354 
+ 0.0015772 
♦ 0.0001397 
+ 0.0009976 
+ 0.0026327 
+ 0.0018116 
+ 0.0000965 
+ 0.0010635 
+ 0.0030515 
+ 0.0021267 
+ 0.0000631 
+ 0.0011924 
♦ 0.0036590 
+ 0.0026290 
+ 0.0001037 
+ 0.0015130 
+ 0.0047953 
+ 0.0037444 
+ 0.0006466 
+ 0.0031411 
+ 0.0110368 
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Table 4 

Comparison of Average Relative Pressure Values Obtained by Using 
Orthogonal Assumption KLm and Actual KLmhom Table 3. 

A 
z — 

a2 
(Dimensionless) 

(<'Ml 

(Orth. Assump ) 

[(.P) ie\)L (Actual) 
Relative Error 

(re Actual) 

0.0 
0.1 
0.2 
0.3 
0.4 
0.5 
0.6 
0.7 
0.8 
0.9 
1.0 
2.0 
3.0 
4.0 
5.0 
6.0 
7.0 
8.0 
9.0 

10.0 

0.9895775 
0.9306396 
0.9018492 
0.8832659 
0.8747904 
0.8601329 
0.8296854 
0.8454234 
0.8156356 
0.8024712 
0.8094636 
0.7535671 
0.7475792 
0.5320858 
0.5033542 
0.3703530 
0.2964656 
0.4134798 
0.3812747 
0.5912150 

0.9894456 
0.9305719 
0.9018035 
0.8832215 
0.8747423 
0.8600888 
0.8296640 
0.8453774 
0.8156078 
0.8024510 
0.8094384 
0.7535548 
0.7475292 
0.5321009 
0.5033521 
0.3703732 
0.2964915 
0.4134609 
0.3813003 
0.5912050 

+ 0.0001334 
+ 0.0000728 
+ 0.0000508 
+ 0.0000503 
+ 0.0000550 
+ 0.0000513 
+ 0.0000258 
+ 0.0000545 
+ 0.0000340 
+ 0.0000251 
+ 0.0000311 
+ 0.0000162 
r 0.0000668 
-0.0000285 
+ 0.0000043 
-0.0000546 
-0.0000873 
+ 0.0000458 
-0.0000671 
+ 0.0000171 

Table 5 

Comparison of Average Relative Phase-Difference Values Obtained by 
Using Orthogonal Assumption KLm and Actual from Table 3. 

A 

(Dimensionless) 

(<»,„), 

(Orth. Assump.) 

(Actual) 
Relative Error 

(re Actual) 

0.0 
0.1 
0.2 
0.3 
0.4 
0.5 
0.6 
0.7 
0.8 
0.9 
1.0 
2.0 
3.0 
4.0 
5.0 
6.0 
7.0 
8.0 
9.0 

10.0 

0.0000006 
0.0770784 
0.1104181 
0.1358862 
0.1639416 
0.1836409 
0.2061965 
0.2209007 
0.2617586 
0.2418164 
0.2425141 
0.3661808 
0.7017445 
0.7916116 
0.7776839 
1.0905651 
0.6155605 
0.6405180 
0.4942622 
0.5903329 

0.0000006 
0.0770483 
0.1103926 
0.1358591 
0.1639192 
0.1836184 
0.2061710 
0.2208823 
0.2617183 
0.2418140 
0.2425331 
0.3661959 
0.7016980 
0.7916051 
0.7777139 
1.0904750 
0.6156242 
0.6405112 
0.4943238 
0.5903391 

0 
+0.0003907 
+ 0.0002308 
+ 0.0001993 
+ 0.0001367 
+ 0.0001226 
+0.0001238 
+ 0.0000832 
+0.0001541 
+ 0.0000100 
-0.0000786 
-0.0000412 
+0.0000663 
+ 0.0000082 
-0.0000386 
+ 0.0000826 
-0.0001034 
+ 0.0000106 
-0.0001246 
-0.0000104 
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Table 6 

Comparison of Results with Uniform Velocity 
Piston Assumption Versus Uniform Pressure 

Piston Assumption for Pertinent Parameters of 
Table 1 for LI Boundary Conditions. 

A 
2 - <p> , r rel <<■>!>, 

A
 

V
 

0.00 
0.05 
0.10 

0.15 
0.20 

0.25 
0.30 

0.35 
0.40 

0.45 
0.50 

0.55 
0.60 

0.65 
0.70 

0.75 
0.80 

0.85 
0.90 

0.95 
1.00 

0.999503 
0.950692 
0.930707 

0.915531 
0.907251 
0.896877 

0.884174 
0.879778 
0.872737 

0.856739 
0.859623 
0.849449 
0.827450 
0.839162 
0.843402 
0.827145 
0.806176 
0.797646 
0.802938 
0.809582 
0.815821 

0.997917 
0.950767 
0.930667 
0.915802 
0.907193 
0.896674 
0.884425 
0.879708 
0.872976 

0.856513 
0.859423 
0.849361 
0.827619 
0.839305 
0.843294 
0.827165 
0.806094 
0.797701 

0.803033 
0.809520 
0.815692 

0.000000 
0.052472 

0.076451 
0.093686 
0.110055 
0.123808 
0.144242 
0.156224 
0.156974 
0.175648 
0.177288 
0.207341 
0.203258 
0.206781 
0.234454 
0.251471 
0.249257 
0.250928 
0.231199 
0.254687 
0.265994 

0.000000 
0.052588 
0.076394 
0.093624 
0.109990 

0.123863 
0.144449 
0.156289 
0.157149 
0.175467 
0.177297 
0.207482 
0.203205 
0.206644 
0.234032 
0.251600 

0.249315 
0.251142 
0.231246 
0.254496 
0.265971 

X0in[ Jo2(XOiJ v Jl2(X0m)] 

and calculations using XRn) are shown in Table 7a. Obviously the source condition is 

beautifully represented by the propagating modes alone. 

An even better fit is obtained at z = 0 if evanescent modes are considered in addi* 

tion to the propagating ones. Table 7b shows the improvement when an equal number of 

such modes (201) are also included. However, a Gibbs'-type phenomenon is appearing 

at r = 0 and r = a as shown in Table 7c which covers the first interval of Table 7b in 

finer detail. This phenomenon would appear to contraindicate the inclusion of additional 

modes short of an infinite number. 

That the evanescent modes are unimportant in the field is shown in Table 7d which 

compares both <p>rei and <0>rel calculated first using only the propagating modes and 

then including an equal number of evanescent modes. 
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Table 7a 

Relative Particle Velocity at Source Calculated 
Using Only Propagated Modes X Rm for Pertinent 
Parameters of Table 1 for 0 < r < ¿ with Uniform 

Velocity Piston Assumption 

r/b (€-° r/b (€-° 
0.00 

0.05 
0.10 

0.15 
0.20 

0.25 
0.30 

0.35 
0.40 

0.45 
0.50 

0.980870 

0.997761 
0.998123 
0.998158 
0.998044 

0.997793 
0.997352 
0.996560 
0.994918 
0.989908 
0.500056 

0.55 
0.60 

0.65 
0.70 

0.75 
0.80 

0.85 
0.90 
0.95 
1.00 

0.010202 
0.005186 
0.003532 
0.002721 
0.002250 
0.001949 
0.001748 

0.001613 
0.001523 
0.001470 

_ 

Table 7b 

Relative Particle Velocity at Source Calculated 
Using an Equal Number of Evanescent Modes in 
Addition to the 201 Propagated Modes XRm for 
Pertinent Parameters of Table 1 for 0 < r < t 

with Uniform Velocity Piston Assumption 

r/b (€-» r/b 

0.00 

0.05 
0.10 

0.15 
0.20 

0.25 
0.30 

0.35 
0.40 

0.45 
0.50 

1.032718 
1.001755 
1.000779 
1.000203 
0.999741 
0.999302 
0.998824 
0.998210 
0.997200 

0.994525 
0.499464 

0.55 
0.60 

0.65 
0.70 

0.75 
0.80 

0.85 
0.90 

0.95 
».00 

0.004422 
0.001803 
0.000889 
0.000414 
0.000124 

-0.000063 
-0.000186 
-0.000262 
-0.000300 
-0.000307 

-—- 
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Table 7c 

Same as Table 7b Except Finer Detail in First 
Internal to Show Gibb’s-type Phenomenon about 
r/b = 0. The Same Effect is Noted at r/b = 0.50 

(or r = a). Even Finer Detail Indicates 
No Smaller Period. 

r/b 
($> = ’ 

r/b 

0.0000 

0.0025 
0.0050 
0.0075 
0.0100 

0.0125 
0.0150 
0.0175 
0.0200 

0.0225 
0.0250 

1.032718 
0.990153 
1.007047 
0.994272 
1.004918 
0.995646 
1.003930 
0.996405 
1.003321 
0.996909 
1.002894 

0.0275 
0.0300 

0.0325 
0.0350 

0.0375 
0.0400 

0.0425 
0.0450 
0.0475 
0.0500 

0.997278 

1.002569 
0.997567 
1.002310 
0.997302 
1.002096 
0.997999 
1.001913 
0.998168 

1.001755 

Table 7d 

Comparison of Field Results With and Without an Equal Number of Evanescent Modes for 
Pertinent Parameters of Table 1 for Rm Boundary Conditions 

(z A/a2) \<P> .1 1 r reUprop. 
modes 

[ ^ ' rellprop. + 
evanescent 
nodes 

[<^>tel]prop. 
modes 

[<'^'>rellprop. + 
evanescent 
modes 

0.00 

0.05 
0.10 

0.15 
0.20 

0.25 
0.30 

0.35 
0.40 

0.45 
0.50 

0.55 
0.60 

0.65 
0.70 

0.75 
0.80 

0.85 
0.90 

0.95 
1.00 

0.997975 
0.950753 
0.930879 
0.915571 

0.905772 

0.894796 

0.887153 
0.879781 
0.866130 

0.858369 
0.851132 
0.854024 

0.837945 
0.833067 

0.839845 
0.834864 
0.818207 

0.811075 
0.790786 
0.801277 

0.796728 

0.998983 
0.950753 
0.930879 
0.915571 

0.905772 
0.894796 

0.887153 
0.879781 
0.866130 

0.858369 
0.851132 
0.854024 

0.837945 
0.833067 

0.839845 
0.834864 
0.818207 

0.811075 
0.790786 
0.801277 

0.796728 

0.000000 

0.052676 
0.076601 

0.094493 

0.109019 
0.123246 
0.142057 
0.150887 

0.157411 
0.177639 
0.179308 
0.198167 

0.216605 
0.208948 

0.214782 

0.237585 
0.262335 
0.264782 

0.267581 

0.256635 
0.259642 

0.000000 

0.052676 
0.076601 

0.094493 

0.109019 
0.123246 
0.142 057 

0.150887 
0.157411 

0.177639 
0.179308 
0.198167 

0.216605 
0.208948 

0.214782 

0.237585 
0.262335 
0.264782 
0.267581 

0.256635 
0.259642 
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IX.4 Satisfaction of Source Boundary Condition With Existing Finite Number of Modes 

But another question arises with the finite impedance of infinite extent boundary 

conditions where a finite number of modes, all propagming, was found. Namely, can this 

smaller number of modes still adequately describe the source boundary condition? The 

modes were used and the result shown in Table8a. Again we note the very nice 

representation of the source boundary condition for o < r < b, demonstrating that the 

existing modes can in fact be used to describe our actual source. Undoubtedly an even 

better fit could be obtained, but not in the manner utilized in the previous section, 

because here there are no evanescent modes. However, the orthogonality assumption 

expansion coefficients were utilized, and although as seen they do not effect field cal¬ 

culations, they could be expected to have a slight effect on the plane z = 0. Thus, if 

actual coefficients obtained from the complete matrix were used instead, the fit should 

improve. Such a procedure is lamentably beyond the capabilities of the CDC computer at 

the Naval Research Laboratory and so the fit in Table 8 is the best that can be presented 

now. However, the fit at z = 0 has little bearing on the nicety of calculation in the field 

and the cases of infinite extent surrounding media are not much more realistic than the 

infinite and zero impedance cases. 

Table 8a 

Relative Particle Velocity at Source Calculated 
Using All Modes Xfor Pertinent Parameters of 

Table 1 for 0 < r < £ With Uniform Velocity 
Piston Assumption 

r/b 
(£)> = » 

r/b 
id ,il = 0 

0.00 
0.05 
0.10 

0.15 
0.20 

0.25 
0.30 

0.35 
0.40 

0.45 
0.50 

1.019618 

0.999963 
0.998383 
0.997948 
0.998698 
1.000450 
1.002425 
1.003299 
1.001459 
0.993976 
0.500057 

0.55 
0.60 

0.65 
0.70 

0.75 
0.80 

0.85 
0.90 

0.95 
1.00 

-0.006035 
-0.001615 
-0.003446 
-0.002308 
-0.000054 
-0.001600 

-0.001723 
-0.000534 
-0.000910 
-0.001510 
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IX. 5 Satisfaction of "pC" Loading of Source 

If we turn to the impedance formulation appropriate to the interferometer situation we 

discover from calculations that the large k,a utilized results in fact in "pc” loading 

and that Z0 is real, or for Z0 = R + iX we find 

R ~ 28. 

X ~ 0.0000 

from a summation of the propagated modes for Rm and Fm and all the finite number of 

modes for Lm and Em. Thus even without arguing that we are concerned only with the 

change in source impedance associated with moving the reflector and that the source im¬ 

pedance is tuned to pure R we find that its impedance alone is in fact pure real. 

IX.6 No Untoward Implication for r > b Because of Limiting 

Integration Limit to r = b 

Returning to particle velocity, we note that if the calculations for Table 8 are con¬ 

tinued for r > b, we obtain the result that the particle velocity remains zero there. But 

this raises yet another question. In the first place the Bessel function with the argument 

r is not J0 for this surrounding medium, but instead H,!15 or K0 was used for the scalar 

displacement potential there. And besides, the expansion coefficients utilized for the 

potential inside the liquid cylinder were obtained by integrating only inside the liquid 

cylinder or from r = o to r = b. While it follows that these same coefficients must be 

used outside the liquid cylinder, possible untowaru implication on the source (z = o) 

boundary condition for r > b must be investigated. That is, even though the region of 

interest is the liquid cylinder, the possibility of implied sources in the wall material at 

z = o must be checked. 

We reformulate the expansion coefficient calculation for those cases where acoustic 

energy penetrates the surrounding medium, selecting the LI boundary condition for rela¬ 

tive simplicity, as follows. 

The potential inside the liquid cylinder (o < r < b) was expressed in a mode summa¬ 
tion as 

= Z KLm M' Vkj2 - q[J e‘qLn<2 
m 

and the potentû! in the radially surrounding medium of infinite extent as 
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where the qLm were obtained from a characteristic (frequency) equation derived from 

matching impedances at the boundary between the two med:-i. 

If we restrict ourselves to the liquid cylinder we may determine the expansion coef¬ 

ficients by the Fourier method which yields the smallest least square error (zero for 

actual convergence, i.e., if all the members of the set are used), as 

Í ¿'(r.olJaWk^-qy rd, = j £ *!.„J„ W-qí. J I„ (-A,2-qí.í> «1' 

•b 0 ■ 

and, assuming a uniform velocity piston of radius a, obtain 

í‘lí!^j0{t/k7^)r* = ¡ Í E *!.. U. J »<' -’i«*' ^ 
dt o ■ 

The left hand side becomes 

U0 

»0» 

Ai2 - qof 

JlUVl*!2 -qof)- 

where we note we have previously defined 

/¿T7 ^Lf = XLf/b- 

Instead of using the complete matrix formulation for evaluating the coefficients, we may 

as was shown acceptable, employ the orthogonality assumption 

o 

and 

J J02 rdr = ~2 ^02(XL«»' + Jl2(XLm^ 

and calculate the llLm by the resulting separate equations. 

If we instead restrict ourselves to the surrounding liquid we would have for r > b 

dz 
*=0 

4L« 
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ai.d if we demand 

d <f> II 

<9z 
= 0 

z=0 
r>b 

we would obtain only the trivial result all = 0. But actually, we must have 

w_ K‘ = k!1 In JL ill L ID 

since the total potential must be expressible as 

= z K» * 41.) = Z^.lJot'AT7^;) * 

We have already indicated the satisfaction of the source boundary condition at z = o 

for o < r < b obtained by using expansion coefficients calculated only for the liquid 

cylinder. Using these same expansion coefficients for the outer medium we write 

The individual Wm are determined by equating either the pressure or the radial particle 

velocity at the boundary r = b. The former yields 

PI Z KL Joíbv^2-«^) = P2 Z f» H0(1)(bv/k22-q£J 
tn m 

and the latter gives 

Z Jl(b^l2-qun) = Z Wm KLn. ^k22 ' ^Ln -q2.). 
m m 

So that individual equations are obtained 

^ P, IptbA^-q^,) 

m = ^ H0<»(byk7^D 
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and also 

vV-qLa 

A^-qL H^Hb^^-qLn) 

which are consistent since elimination of Wm between them yields the Llm character¬ 

istic equation. We note is also expressible as 

Pi Jo(XLiJ wi Pi   

Wm Hon>(VxL^) 2 P2 K0(v/Y2-XïJ 

XIjn IliXun) 

= 2n/^Ld K^^-XL.) 

So that the calculated particle velocity at the source in the z direction is real and j-iven 

by 

r 

JodOlllW2* “‘’(h 

We note that the largest term occurs when XLm is nearest Y for which the argument of 

v0 is approximately 

7(608)2 - (607)1 ~ 40 

and 

K0(X)~ H2M e-x . 10-i7 
7x 

Thus utilization in the surrounding medium of the KLm calculated as appropriate for the 

liquid cylinder is expected to result in near zero values of particle velocity for r > b. 

Actually, as seei in Trfcle 8b, the largest value found for the sum is +10-54 with the 

smallest value -IO"156, which is considered sufficiently close to zero. 

This above could be demonstrated in another way. If we write the coefficient eval¬ 

uation equation in terms of the potential in all space (not only for o < r < b) we would 

have an additional term on the right hand ¿ide as 
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Table 8b 

Relative Particle Velocity at Source Calculated 
Using All Modes for Pertinent Parameters 

of Table 1 for r > h With Uniform Velocity 
Piston Assumption 

r/ b 
0 . z = 0 

Sz rel 
r/ b 

,,,, "o 

? »'-» 
dz rel 

1.00 
1.10 
1.20 
1.30 
1.40 
1.50 

0.000000 
0.000000 
7.028863 x 10-54 
2.624787 x 10'7} 
2.684155 x 10-90 

-3.820700 x 10-105 

1.60 
1.70 
1.80 
1.90 
2.00 

3.196116 x 10-118 
2.050313 x 10“1}0 
5.054501 x 10"li9 
3.565257 x 10'148 

-2.210963 x 10_n6 

2 ** • / X 

IJo(r "V“) rdr 

which becomes, using asymptotic expressions 

. — — Í 
* Î^xî, /x^ b 

>x/Y;-xi„ 
rX L m 

cos 

fX, m L m 
+ sin — 

b 

dr 

which evaluates to 

Vï7^ 
■ yj~2 ^Lm^Lin e 

Y2 m i/Y2-xfm /x L m 

(Xum-v/Ÿ77^,) sin 

-(XLn.b'/Y77^,) COS XL„ 

We note that b<lLm = v/Ot! b)2 - X[m and for the selected parameters we have 

Y =: 608 

and the smallest XLm is 

xL1 - /r 



94 

and the largest XLm is 

The smallest total term here corresponds rc the smallest root and is approximately 

e-608 

while the largest total term corresponding to the largest root is approximately 

e-40 

so that the contribution of the second integral on the right hand side of the expansion co¬ 

efficient determination equation written for the potential everywhere may be safely 

negleaed, as we have already seen another way. 

IX.7 No Untoward Implication for r > b Because of Constant Reflector 

Impedance Assumption 

In the same -ranne' 'hnr -ipf^ward impUc^Mon for r > b because of invoked assump¬ 

tions at z = 0 was demonstrated, we now investigate the effect at z = f for r > b of the 

assumption that the reflector impedance is independent of r and t and may be denoted 

PjCj. As before, in medium I, the liquid cylinder of interest, we have 

and in medium II, the radially surrounding material 

and we recall that the reflector material, medium III is chosen to be identical with 

medium II. 

As before, we simplify the formulation slightly by considering medium II a liquid 

with the density and sound speed of a metal, whereby is given as 
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The impedance in medium I s then given by 

[Z(-,*C0Kb = [Pl'l] 

Z J» 
LLm 

1(¾ Jo('^f) [•Cu.«*'"''- 

and the impedance in medium II as 

[z(r, z)] ^>1, = [ P} c3] 
m 

5(3* (1) Tv _ i 'iqLin*! m 
LKljne LLme J W1 

m ' 3 

The two simultaneous equations in and Lu, are 

^Lm Lm ‘ ^ 
2 i a U0 J Í!^il 

«L» X^tlo^XLj, j^iX^)] 

and 

where z s t. These yield 

2a 
Uf J‘(x- b) 

"‘T lu» Xu.[Io!(xl.)*).2(Xu.)1 
'Lm 

and 

= L^ - i- 
2a (x-ï) 
b qL» XL»[)02(XL.)*I,¡(ltL.)l 
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The impedance calculated in this manner at z = t1 = 50 cm. is given in Table 9a for 

medium I or 0 < r/b < 1 and in Table 9b for medium II or 1 < r/b < 2. Obviously, not 

only is the impedance constraint that 

[Z(r'z)] 0<,<b = pJC3 =28plcl 

beautifully indicated by the calculations, but they also demonstrate that 

[Z(r’z)Üb =p3C3 

and no untoward result occurs in the outer medium because of the constant reflector 

impedance assumption. 

Table 9a 

Impedance Within Liquid Cylinder at 2 = P With Constant 
Reflector Impedance Assumption and for LIm Radial 

Boundary Conditions 

r/b [Z(r, *)lo< r< bj^Pi cil r/b 
(Z(f**)10<r<i/^‘Cl1 

0.00 

0.05 
0.10 

0.15 
0.20 

0.25 
O.3O 

0.35 
0.40 

0.45 
0.50 

28.000056 
28.000054 
28.000098 
27.999906 
27.999905 
27.999923 
28.000013 
27.999948 
27.999943 
27.999957 
28.000021 

0.55 
0.60 

0.65 
0.70 
0.75 
0.80 

0.85 
0.90 
0.95 
1.00 

28.000113 
28.000091 
27.999848 
28.000097 

28.000089 
28.000140 
27.999958 
27.999954 
27.999952 
27.999999 

Table 9b 

Impedance in Surrounding Liquid Medium II at 2 = P With 
Constant Reflector Impedance Assumption and for LIm 

Radial Boundary Conditions 

r/b tz(,. r/b tZ(r, ,)1^ 

1.00 

1.05 
1.10 

1.15 
1.20 

1.25 
1.30 

1.35 
1.40 

1.45 
1.50 

1.000000 
1.000000 
1.000000 
1.000000 
1.000002 
0.999999 
0.999998 
1.000000 
1.000000 
1.000000 
1.000000 

1.55 
1.60 

1.65 
1.70 

1.75 
1.80 

1.85 
1.90 

1.95 
2.00 

1.000000 
1.000000 
1.000000 
1.000000 
1.000000 
1.000000 
1.000000 
1.000000 
1.00000( 
1.000000 
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IX.8 Mode Sound Speed Dispersion Plots 

We return now to the main substance of this report, but before summing the modes for 

our selected parameters k, a = IOOtt and k! b = 200t7, we first indicate the nature of the 

mode sound speed dispersion plots versus kj b for much smaller values of the abscissa 

extending down to zero frequency. Figure 2 shows these dispersion plots for R, F, LI, 

and El radial boundary conditions. It is seen that there is an RO mode whose speed coin¬ 

cides with the intrinsic sound speed of the liquid constituting the liquid cylinder, and 

which exists at all frequencies. There is no comparable FO mode and all the higher order 

Rm and Fm modes display minimum cutoff frequencies at which the apparent phase veloc¬ 

ity for the mode goes to infinity. There is an LI mode which has been numbered LIO 

simply by analogy with the RO mode since the higher LIm modes track fairly well just 

above the Rm mode with corresponding m. These LIm modes all display minimum cutoff 

frequencies also, LIO existing almost down to kjb = 0, but their apparent phase veloc¬ 

ity never exceeds the sound speed of the surrounding liquid medium. Thus, each LIm 

mode terminates at C0n)/C¡ = C2/Cv It should be noted that the surrounding liquid has 

been given a density and sound speed equivalent to the density and compressional sound 

speed of an elastic solid comparable to a nickel-steel and this fact explains the close 

tracking between the Rm curves and the LIm curves. The Elm modes are especially 

interesting since they correspond to the closest approximation to experimental conditions 

yet discussed. The single imaginary root to the El equation falls just below the RO 

curve, the closeness resulting from the large impedance mismatch since p2/Pl = 7 and 

kr/kc = 4. But the density does not affect the apparent sound speed of this EI0 mode as 

much as might be expected. For example, the first computed value for the relative sound 

speed of this mode was made for kj b = 0.20944 and resulted in a ratio of 0.98348 for 

P2/Pl = 7. But dropping the density ratio down to p2/Pl = 2 dropped this speed ratio 

at the same frequency only down to 0.94561. The higher order Elm modes also display 

minim-m cutoff frequencies terminating at a ratio Co./C, = C./Cj. They apparently all 

cross the Fm mode of corresponding m (except Ell does not exist below FI), tracking 

just below the Rm mode of corresponding m at higher frequencies and aiming for an 

intersection with the Rm mode of one lower m at lower frequencies. 

IX.9 Zero Mode Controversy Settled 

We arrive now at the most realistic boundary condition, the finite impedance elastic 

solid finite thickness tube. Figure 3 shows the relative sound speed dispersion plots 

for the first few modes at low frequency for this case. 
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Fig. 3 —Sound Sperd Dispersion Plots Cq|B/C| vs k^b for liquid cylinder modes of order ■ 
for finite elastic solid tube radial boundary condition ETm with appropriate reference condi¬ 
tions in Table 1 
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Obviously the latert work by Kumar (1) is in error, undoubtedly because of the sim¬ 

plifying approximations he used which apparently changed the physics of the situation 

drastically. The zero mode labelled ETO does in fact exist at all frequencies as stated 

by Lin and Morgan (3) based on their approximate theory and also by Thomson (2) based 

on his approximate theory. Although the physical significance of Kumar’s approximations 

are not at all clear to this writer they must involve the neglect of flexural or shear forces 

in the wall since Kumar’s curve is obtained for this mode if the term relating to shear is 

omitted from Fay, Brown, and Fortic-’s approximate equation (5) as has been pointed out 

by Jacobi (4). Of course, with the significance of Kumar’s approximation unclear, the 

possibility of a computational error can not be ruled out, but appears unlikely since his 

higher order modes do track nicely with those of Lin and Morgan. Indeed, the behavior of 

Kumar’s zero mode is similar to the first mode in the wall of a cylindrical shell if the 

membrane theory is erroneously utilized, as has been indicated by Junger and Rosato (19L 

They show that the membrane theory predicts a ■dead-zone’’ of frequency where no propr 

gation occurs, but point out that the assumptions or basic requirements of the membrane 

theory are not met at the "dead-zone” frequency. That is, the requirement that the shell 

be ■thin" is not fulfilled there because the sound speed and hence the wavelength be¬ 

come increasingly smaller as that frequency is approached. Another point they make is 

that as the wavelength decreases, the curvature changes and so the flexural stresses 

increase to become comparable r .he membrane stresses and thus invalidate the mem¬ 

brane theory requirements. From the foregoing, it is not surprising that the behavior 

predicted for the zero mode by Kumar’s approximations is not indicated by the exact 

equations utilized here. Th? first mode missed by Thomson but indicated both by Lin and 

Morgan and by Kumar does not have a lower cutoff frequency as do all the higher order 

modes. The plateaus for the higher order modes (which do then go to infinity with de¬ 

creasing frequency unlike the Elm modes with terminate on their corresponding plateaus) 

occur somewhat below the Cc/Cx value indicated by (1) and (3). For their parameters 

the minimum in ETO s lower and the lower "plateaus” are absent. 

IX. 10 Relative Pressure and Phase Plots for Non-Terminated Cylinder 

The expansions detailed in Section 5 leading to< P>rel and <0>rel were carried 

out and plots of these quantities vs z(A/a2) are shown along with the free field diffrac¬ 

tion results calculated as detailed in Section 3 for the radial boundary conditions R, F, 

LI, El and ET in Figs. 4a. and b. thru 8a. and b. respectively. From these plots it is 

noted that the curves do not deviate appreciably from the free field diffraction results but 
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rather oscillate about them. It is readily seen without belaboring the point that failure to 

apply appropriate corrections to guided mode propagation results or, alternatively, failure 

to select optimum configurations so as to preclude the necessity for corrections can lead 

to appreciable errors in sound speed and sound absorption. 

While the sound speed corrections are self explanatory, consisting of the indicated 

phase shift or timing excess over the experimental distance, a word is desirable concern¬ 

ing the absorption correction. The intrinsic absorption coefficient a is obtained most 

readily from 

where z2 " 2i = represents a sufficiently small distance interval and the A/Aj 

ratio is obtained from the measured amplitudes N and the diffraction amplitude D at the 

respective z as 

i2 
A, = N, D2 

where no interaction was assumed or 

N2 = N! exp \ -v (z2 -zj] 

D2 = Dj exp [-« (z2 - Zj)]. 

An interesting observation regarding the imaginary modes found for the infinite elastic 

El and elastic tube ET equations and labelled EI0 and ETO respectively is that, unlike 

the rigid case whe^e RO contributes significantly to the sums, the imaginary modes, 

while leading to real propagation constants, do not affect the sums as much as lO'8. 

The nature of these imaginary modes is that of a surface wave as observed earlier. The 

potential form J0(rX00/b) becomes J0(rtX00/b) = I0(rX00/b) and I0(0) « 1 so that the 

potential does not disappear on the axis but rather decreases to unity. 
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IX. 11 Source Impedance Variation Plots for Terminated Cylinder 

The interferometer situation has been used by the author for sound speed determina¬ 

tions (17) and so more attention is devoted here to the summations detailed in Section 6 

and leading to the source (z = 0) impedance variation with reflector location z = f. Fig¬ 

ures 9 through 13 indicate source impedance circle plots R vs X where Z0 = R + iX for 

the radial boundary conditions R, F, LI, El, and ET. These plots are based on calcula¬ 

tions employing the pertinent parameters of Table 1. The small numbered circles refer 

to the value of n where ? = n Aj/2, that is they indicate the impedance presented at 

those indicated integer half-wavelengths calculated from the intrinsic sound speed of the 

liquid constituting the liquid cylinder. The smaller un-numbered circles indicate imped¬ 

ances for successive l changes of 0.2 micrometers. 

The previous statement that Z0 at F = 0 is real is demonstrated by the first such 

point on these graphs which is the one furthest to the right and occurs at X = 0 and 

R ~ 28 for all the graphs. The graph of impedance (R vs X) moves clockwise with 

increasing F approximately in a spiral converging on the point (1,0) even without the 

inclusion of absorption in the liquid constituting the liquid cylinder. 

If not corrected for, then, an error occurs in sound speed determinations by inter¬ 

ferometry if the imposed characteristic selected to experimentally determine those F 

values corresponding to integer changes in number of half wavelengths does not coincide 

with the n(X1/2 points or does not result in constant AF deviations from those points. 

That this does not occur is obvious from a perusal of the R vs X plots. These plots 

were originally drawn to 30 inch by 30 inch size and F values were interpolated at im¬ 

posed characteristics of zero phase, maximum resistance (Max R), and maximum imped¬ 

ance (Max Z) respectively for the loops of indicated n on the figures. Apparent sound 

speeds were then calculated for the intervals between successive loops and are given in 

Tables 10 thru 14 along with the resultant error in parts per million from the intrinsic 

sound speed used of 1500 meters per second. These tables, like the corresponding 

figures, are respectively for R, F, FI, El, and ET radial boundary conditions with the 

pertinent parameters from Table 1. Apparently Max Z is the preferred imposed charac¬ 

teristic and the error, if uncorrected for, can be kept to 6 ppm. 
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Fig. 9-R vs X Circle Diagram for terminated liquid cylinder with rigid radial boundary condition 

Rm and uniform velocity source assumption and including all propagated modes for appropriate 
reference conditions in Table 1. The points are separated by Af = 0.2 micrometers and the 
circled numerals refer to the value of n where ( = n(Aj/2) 
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Fi*- 10-R vs X Circle diagram for terminated liquid cylinder with free radial boundary condition 
Fa and uniform velocity source assumption and including all propagate 1 modes for appropriate 

reference conditions in Table 1. The points are separated by At = 0.2 micrometers and the 

circled numerals refer to the value of n where t = n(Aj/2) 



Fig. 11 - R vs X Circle diagram for terminated liquid cylinder with infinite liquid radial boundary 
condition LIm and uniform velocity source assumption using orthogonal Characteristic Function 

assumption and including all propagated modes for appropriate reference conditions in Table 1. 
The points are separated by A? = 0.2 micrometers and the circled numerals refer to the value of 
n where f = n(AJ/2) 



* Fig. 12-R vs X Circle diagram for terminated liquid cylinder with infinite elastic solid radial 
boundary condition Elm and uniform velocity source assumption using orthogonal Characteristic 

Function as sump clou and including all propagated modes for appropriate reference conditions in 

Table 1. The points are separated by A£ = 0.2 micrometers and the circled numerals refer to 

the value of n where ( = n(Aj/2) 
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í 

«*.13-R vs X Circle diagram for terminated liquid cylinder with finite elastic solid tube 
boundary condition ETm and uniform velocity source assumption using orthogonal Characteristic 
Funcuon assumpt.on and including all propagated modes for appropriate reference conditions in 
Table 1. The points are separated by Af = 0.2 microm, ers and the circled numbers refer to 
the value of n where f = n(A,/2) 

j 
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Table 10 

Apparent Sound Speeds C tor Successive Intervals Between Indicated 
Souxce-to-Reflec cor Separations £ Corresponding to 

Half Wavelengths n for the Imposed Characteristics of Zero Phase, 
Maximum R, and Maximum Z for die Standard Reference 

Parameters of Table 1 with Absolutely Rigid Boundary Conditions Rm 

Imposed Characteristic n 
£ 

(cm) 
C 

(m/s) 
Error 
(ppm) 

Zero phase 5 

25 

50 

250 

500 

750 

0.075006 

0.375015 

0.750021 

3.750053 

S.500111 

¿1.250175 

1500.120 

1500.045 

1500.024 

1500.019 

1500.021 

1500.026 

80 

30 

16 

12 

14 

17 

Max R 5 

25 

50 

250 

500 

750 

0.075002 

0.375011 

0.750020 

3.750051 

7.500112 

11.250192 

1500.040 

1500.045 

1500.036 

1500.016 

1500.024 

1500.032 

27 

30 

24 

10 

16 

21 

Max Z 5 

25 

50 

250 

500 

750 

0.075001 

0.375002 

0.750017 

3.750047 

7.500121 

11.250210 

1500.020 

1500.005 

1500.060 

1500.015 

1500.030 

1500.036 

13 

3 

40 

10 

20 

24 
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Takle 11 

Apparent Sound Speeds C for Successive Intervals Between Indicated 
Source-to-Reflector Separations t Corresponding to 

Half Wavelengths n for the Imposed Characteristics of Zero Phase, 
Maximum R, and Maximum Z for the Standard Reference 

Parameters of Table 1 with Free Boundary Conditions Fm 

Imposed Characteristic n 
l 

(cm) 
C 

(m/s) 
Error 
(ppm) 

Zero phase 5 

25 

50 

250 

500 

750 

0.075006 

0.375015 

0.750021 

3.750058 

7.500087 

11.250108 

1500.120 

1500.045 

1500.024 

1500.019 

1500.012 

1500.008 

80 

30 

16 

12 

7 

6 

Max R 5 

25 

50 

250 

500 

750 

0.075002 

0.375011 

0.750016 

3.750056 

7.500065 

11.250088 

1500.040 

1500.045 

1500.020 

1500.020 

1500.C04 

1500.009 

27 

30 

13 

13 

2 

6 

Max Z 5 

25 

50 

250 

500 

750 

0.075001 

0.375002 

0.750011 

3.750036 

7.500046 

11.250076 

1500.020 

1500.005 

1500.036 

1500.013 

1500.004 

1500.012 

13 

3 

24 

8 

2 

7 



Table 12 

Apparent Sound Speeds C for Successive Intervals Between Indicated 
Source-to-Reflector Separations Í Corresponding to 

Half Wavelengths n for the Imposed Characteristics of Zero Phase, 
Maximum R, and Maximum Z for the Standard Reference 

Parameters of Table 1 with Infinite Liquid Boundary Conditions LIm 

Imposed Characteristic n 
t 

(cm) 
C 

(m/s) 
Error 
(ppm) 

Zero phase 5 

23 

50 

250 

500 

750 

0.075006 

0.375015 

0.750021 

3.750058 

7.500086 

11.250108 

1500.120 

1500.045 

1300.024 

1500.019 

1500.011 

1500.009 

80 

30 

16 

12 

8 

6 

Max R 5 

25 

50 

250 

500 

750 

0.07Î005 

0.375010 

0.750018 

3.750048 

7.500065 

11.250086 

1500.100 

1500.025 

1500.032 

1500.015 

1500.007 

1500.008 

67 

16 

22 

10 

5 

6 

Max Z 3 

25 

50 

250 

500 

750 

0.075002 

0.375007 

0.750011 

3.750040 

7.500055 

11.250071 

1500.040 

1500.025 

1500.016 

1500.015 

1500.006 

1500.006 

27 

16 

10 

10 

4 

4 
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Table 13 

Apparent Sound Speeds C for Successive Intervals Between Indicated 
Source-to-Reflector Separations f Corresponding to 

Half Wavelengths n for the I nposed Characteristics of Zero Phase, 
Maximum R, and Maximum Z for the Standard Reference Parameters of 

Table 1 with Infinite Elastic Solid Boundary Conditions Elai 

Imposed Characteristic n 
t 

(cm) 
C 

(m/s) 
Error 
(ppm) 

Zero phase 5 

25 

50 

250 

500 

750 

0.075006 

0.375015 

0.750021 

3.750056 

7.500084 

11.250110 

1500.120 

1500.045 

1500.024 

1500.018 

1500.011 

1500.010 

80 

30 

16 

12 

7 

/ 

Max R 5 

25 

50 

250 

500 

750 

0.075003 

0.375011 

0.750018 

3.750043 

7.500069 

11.250094 

1500.060 

1500.040 

1500.028 

1500.013 

1500.010 

1500.010 

40 

27 

19 

8 

7 

7 

Max Z 

. 

5 

25 

50 

250 

500 

750 

0.075001 

0.375006 

0.750017 

3.750034 

7.500058 

11.250082 

1500.020 

1500.025 

1500.044 

1500.009 

1500.010 

1500.010 

13 

17 

29 

6 

6 

6 



Table 14 

Apparent Sound Speeds C for Successive Intervals Between Indicated 
Source-to-Reflector Separations t Corresponding to 

Half Wavelengths o for the Imposed Characteristics of Zero Phase, 
Maximum R, and Maximum Z for the Standard Reference Parameters of 

Table 1 with finite elastic solid tube boundary conditions ETm 

Imposed Characteristic a 
l 

(cm) 
C 

(m/s) 
Error 

(ppm) 

Zero phase 5 

25 

50 

250 

500 

750 

0.075006 

0.375015 

0.750021 

3.750058 

7.500099 

11.250136 

1500.1.70 

1500.045 

1500.024 

1500.019 

1500.016 

1500.015 

80 

30 

16 

12 

10 

10 

Max R 5 

25 

50 

250 

500 

750 

0.075003 

0.375010 

0.750018 

3.750050 

7.500083 

11.250110 

1500.600 

1500.035 

1500.032 

1500.016 

1500.013 

1500.011 

397 

23 

21 

10 

8 

7 

Max Z 5 

25 

50 

250 

500 

750 

0.075001 

0.375006 

0.750015 

3.750043 

7.500069 

11.250080 

1500.020 

1500.025 

1500.036 

1500.014 

1500.010 

1500.004 

13 

17 

24 

9 

7 

3 



123 

IX.12 Other Sources of Error in Measurement of Propagation Parameters 

Although this work is concerned solely with the effect of diffraction or the dispersion 

of sound speed due to a finite source and a container of finite cylindrical geometry and 

finite wall impedance, it is instructive to briefly consider other factors affecting the 

accuracy of acoustic propagation parameter determinations. Of course, a claim of accu¬ 

racy beyond that warranted by the specification of the attendant physical parameters such 

as pressure, temperature, purity or chemical composition is wholly unjustified. And the 

accuracy of distance measurement and frequency or time determination is hopefully an 

upper limit. But apart from its impedance, other effects could be attributed to the wall 

of the container. Specifically these would include viscous drag and thermal conduction. 

The correct handling of an intrinsic viscosity attributed to the contained liquid is diffi¬ 

cult. The author has derived such formulations and is attempting programming for numer¬ 

ical sol tion as a sequel to this work. However, an approximate treatment can be given. 

In (7) Richardson (20) was quoted on viscous damping as a wall effect on the indicated 

speed of sound in tubes. The observed speed to true speed ratio is given as 

for the lowest mode only where b is tube radius, j? the kinematic viscosity and a> the 

angular freque. y. For water in our 3 cm tube at 3 MHz this predicts a reduction of 

sound speed of about 3 parts per million. 

The effect of thermal conductivity was first recognized byKirchhoff and, as showifcy 

Rayleigh (quoted in (21)) remits in a new value i;e for the kinematic viscosity or 

where 

= VT 1 + (y 1) » 

y is the ratio of specific heats, Cp is the specific heat at constant pressure and K is the 

coefficient of thermal conductivity of the fluid. The modification is generally negligible 

for liquids. 

The effect of attenuation in the liquid, not necessarily due to viscosity was also 

treated approximately in (7). At 5 MHz the attenuation coefficient for water is about 

3 X 10_} cm-1. In the above quoted report, plane wave results were unmodified until an 
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unrealistic absorption coefficient of 1 cm"1 was used. In the same report, interferometer 

calculations including attenuation were limited to 1 MHz by the computer (NAREC). 

However, the apparent sound speed errors were changed by the inclusion of absorption 

from their zero absorption values by only +1 part per million for = 1Q"} cm"1 and -2 

parts per million for = 10*2 cm"1. Thus, for a medium such as water, other effects 

seem to be negligible in comparison to diffraction. However, as stated previously, the 

effect of viscous absorption in particular will be considered in more adequate detail in 

another report. In particular, the simple discussion above did not consider the effect of 

viscosity on the Sjundary conditions where the tangential components of both displace¬ 

ment and stress must then be continuous. 

The existence of a piston source is yet an unproved assumption, but the fortuitous 

res ult that the mathematical selection of the source boundary condition as either a uni¬ 

form pressure piston or a uniform velocity pistou still yields nearly identical field re¬ 

sults indicates that the piston assumption itself may not be critical to the results. In 

any event an experiment is being designed to test the validity of this assumption. 



Section X 

CONCLUSIONS 

The sound propagation results of var'ous researchers (22) including the author, are 

affected by systematic errors of their instrumentation, so that their apparent values differ 

from the intrinsic values. It is demonstrated here that predicted results of more exact 

theoretical formulations than previously employed indicate that the effects of diffraction 

and glided modes, in particular, can be kept to within a very few parts per miliim, even if 

the decision to not apply easily obtained corrections is made, simply by designing the 

experimental configuration as glided by the theoretical predictions. 

In this report, for the first time, mode summations have been carried out for realistic 

radial boundary conditions appropriate to a finite thickness elastic solid tube radially en¬ 

closing the liquid cylinder of interest. Characteristic equations for the mode& have been 

obtained not only for the above, but also for the condition of a radially surrounding elas¬ 

tic solid of infinite extent outwards. In this latter case, the equation has been shown to 

degenerate properly to the case of a radially surrounding (different) liquid as well as to 

the trivial cases of absolutely rigid and free radial boundaries. 

The characteristic equations have been solved for the modes, found to be finite in 

number and all propagating for both the radially surrounding elastic solid of infinite ex¬ 

tent outwards and the radially surrounding liquid of infinite extent outwards. The finite 

number of modes in both these cases was found to be sufficient to describe a piston 

source of uniform velocity in an expansion for the potential in an otherwise unterminated 

liquid cylinder, as well as being sufficient to describe the source impedance when the 

liquid cylinder is terminated also at the other end. In both these cases the u ?e of a 

source of sufficiently large ka has rerdered indifferent the mathematical sélection of 

either a uniform pressure piston source or a uniform velocity piston source in the expan¬ 

sion for the potential. This large source also results in "pc" loading whereby the source 

impedance for zero reflector-source separation becomes pure real. 

In the limiting cases of absolutely .‘gid or free radial boundaries, as well as the 

most realistic case of a finite wall thickness surrounding tube, the family of modes 

consists of a finite number of propagating ones and an infinite number of evanescent 
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nodes, but here too a sunmation over only the propagating modes was found to be more 

than adequate to describe the source. 

The deliberately large radial impedance mismatch has resulted in the characteristic 

functions for the realistic cases being sufficiently orthogonal to cause no significant 

difference if either the proper matrix evaluation of the expansion coefficients is applied 

or a simplifying orthogonality ass* .option is utilized. 

The evaluation of the expansion coefficients was accomplished by integrating only 

over the liquid cylinder of interest, but this is shown to not only imply no untoward 

source assumption in the radially surrounding medium but to be actually proper. 

An incidental result of this investigation is the mode sound speed dispersion plot 

for the case of a finite wall thickness elastic solid surrounding tube which in this exact 

formulation indicates that the most recently published work (1) on these modes is in 

error. Specifically, the single imaginary root or ETO mode does exist at all frequencies 

and does not as concluded by (1) exhibit an upper cutoff frequency. 
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