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ABSTRACT

: Previous analytical studies endeavoring to account for
vortex induced rolling moments on missiles have not successfully
. correlated with experimental results. This points up the need for

a theoretically more sophisticated treatment, which the present
work attempts to satisfy.

S LGB ATl s o d

el

TT Y «"’f~

A model for the two dimensional- cross flow past the tail
body combination is employed and the Blasius complex contour
integral used to find the moments. The integral is solved by
examining the singularities (poles and branch points) inside the

contour.

This is the first scientific report in a continuing

Ok T AT B LA

research effort. The final result contained herein presents the
complete mathematical solution for the two dimensional ideal flow
past a planar tail body combination. It is in closed analytic

M form with the exception of one definite integral which has been

: reduced to a forin suitable for numerical calculation. All terms

] of the solution (integrated as well as the integral) are best

] calculated for various values of the parameters on a large scale
H
digital computer.
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LIST OF SYMBOLS

area

,C—L- R?
fin semi--span (see figures 3, 5 and 6)

chord length

sectional 1lift coefficient = ?_é-c-:-
sectional rolling moment coefficient = 3—%—;
rolling moment coefficient = ?”ME—

normal force coefficient = N

% A

5’:( ‘5"*‘ ) =radius of circle in the ‘? plane

(see Fig. 7 and 8)

vortex strength coefficient = -I‘
g ZTRO

see Appendix B

see Equ. (39)
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List of Symhols (Centinued)

h(r) see Equ. (3S)
m
I; Blasius integral around pole of order m
c at ?, (see Equ. (16))
II: - Blasius integral around branch cut between

’ ?.t and Z_

LALA LB IO i e N o ek

,‘ ¢ unit pure imaginary number
i L length of fin (see Fig. 5)
it
s;’ 3
N { ]
@ L 1ift/vnit length
Q‘ i
-
. Je see Fig, 12
4
:
3§ f M cross flow Mach number
i
| Mu' rolling moment/unit length of fin
{ t
3 Mo rolling moment
F
f m order of pole

normal force on fin

dynamic pressure = -5—: (\V;,

radius of cylindrical body
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List of Symbols (Continued)

polar coordinate (see Fig. 10)
line segment
cross flow velocity = T:a i~ X

velocity in x direction or real component
of velocity in the complex plane

free atream velocity

tangential velocity of cylindrical surface
due to roll

vector velocity

velocity in v direction or imaginary component
of velocity in the complex plane

component of vortex velocity normal to a fin
surface

complex velocity potantial

complex velocity potential in absence of the
body

complex velocity = L = ¢

fin axis in tail body plane (see Fig. 4 and 6)
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Y1, 34, -

7)(v)

axis perpendicular to x axis in tail body
plare (see Fig. 4 and 6)

complex plane (see Fig. 6)
complex plane of flat plate (see Fig, 7)
angle of attack of missile (see Fig. 5)
residue (see Equ. (15))

vortex strength

arbitrary circulation around body

radius of contour about branch point (see

complex plane of the circle (see Fig. 8)
position of a pole in the § plane
branch points in the § plane

see Equ. (34)

polar ccordinate (see Fig. 10)

fluid density
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SECTION I. Introduction and Review of Previous Work

The successful research and development leading to modern
rocket flight has brought with it several secondary aerodymamic
problems to be sclved as a result of the unstable behavior that
these rockets occasionally exhibit. Some types of instability
that have been experienced, in particular by sounding rockets,
is caused by anomalous rolling moments which thus far have not
been successfully predicted by theory.

Physical misalignments of the vehicle will tend to cause
lack of symmetry about the roll axis. Hence the vzhicle is usually
made to spin by canting the fins, in order to minimize any non-
symnmetric behavior during £light through the atmosphere. 1In
addition, spin provides a gyroscopic type stability in the endo-
atmospheric environment., The roll rate is usually proportional to
the rocket free stream velocity. However, as described in reference
1, disasggfbus results often occur when the roll rates deviate
significantly from the expected vaiues. For example, if the roll
rate becomes the same as the natural pitching frequency of the
vehicle, ther pitch-rell coupiing is liable to occur. That is, the
rocket experiences the maximum angle of attack in the same plane;
any misalignments tend to increase the angle of attack causing high
rag in the atmosphere and high nutational movements outside of it.

Another type of instability is caused by the Magnus effect:
due to spin there is a lateral force cn the cylindrical body of the
vehicle in a direction which is perpendicuiar to the angle of attack plane
(i.e. the plane consisting of the free stream velocity vector and
the body roll axis). (Ref. 2.) It may be shown that the roll induced
force on the fins is in the opposite direction. (Ref., 3.) Thus,

since the centers of pressure for the body and fins are separated,

=R
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there is a yawing moment on the vehicle. Needless to say, unpre-
dictable roll rates (and therefore, to a large extent, uncontrol-
lable roll rates) tend to aggrevate flight stability.

Many strange types of spin behavior have been experienced by
reentry vehicles and torpedoes as well as rockets. These include
spin reversal and constant velocity spin, even in cases where
canted fins are part of the configuration. There have been several
attempts in the literature to explain the unexpected rolling moments.
For example, thermo-elastic effects on the fins, (Ref. 4}, and
oblique heat shield tape winding on the noses of reentry vehicles
(Ref. 5) have accounted for small scale behavior, but have been
heretofore unsuccessful in explaining some of the large moments
that are observed. 1In particular, there is need for analytical
work in the low roll case, as for sounding rockets where 17} Lo << 1.
(V, is the iangential velocity of the cylindrical surface due to
roll, andV_is the free - ream velocity.)

One approach that shows promise of expl2ining the rclling
moment phenomena in the low roll case is as follows: ai high
angle of attack vortices are formed at the rear of the cylindrical
body. When these vortices are shed, the longitudinal free stream
velocity (the component along the body axis) washes them past the
fins resulting in inteference that affects the rolling moment.

Figure 1, which has been taken from Ref. 6, depicts the manner

in which the vortices are formed on the non-finned part of the
vehicle, Pigure 2 (a), taken from Ref. 7, is a photograph in the
cross flow plane. These vortices are symmetrical; however a roll
velocity will cause non-symmetrical vortices as shown in Fig. 2 (b)

(Ref. 7) for which 'V; /Vm = -9'-.- )




Fig. 2 (a)

Fig. 2 (b)

Several attempts have been made in the literature to deal
with vortex induced moments, but the analytical methods used have
not been exact, and largely unsuccessful in predicting experimental
results.

One approach (Ref. 6) uses the strip theory method: firstly
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the flow in the cross plane is considered inviscid and incom-
pressible (see Section II for a justification). Then potential
fluid theory is employed to find the flow past a circular cvlinder
only, due to an external vortex, r1 y by suitably placing an
image vortex inside the cylindur. A local angle of attack, oL ,

on a fin as a function of the spanwise distance y (see Fig. 3)

is described by dividing the velocity induced by the vortex normal

Fig. 3

to the fin surface, 1Ln s by the free stream velocity, ch o

Then the element of normal ferce on the fin is taken to be
! = ¢ C\ »1 Y
N = 3Ly X(x) O (x)ct y
where ' is the chord length, the dynamic pressure and,
assuming linear theory,
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is tne normal force coefficient slope. The rolling moment on one

£in is given by

c{lHal = XC{N

and thus

R -
M. -_—/ Coo B x O (x)cly
@ 2‘ ANM 1720

The induced rolling moment on a multi-fin configuration is then
obtained by addition.*
Rolling moments calculated by the preceeding method using

symmetric vortices did not agree with those obtained from wind

tunnel studies. (Ref. 6, p. 35) Obviously strip theory, although
successful in some applications, has many shortcomings. First of
all the streamlines due to a vortex in the presence of a cylinder
only, is nct the same if a fin is added; indeed, by the time the
vortex reaches the fin, the streamlines are distorted sn that there
is no normal velocity component. To suppcse that the normal force
cugve slope,(rhﬁ*, on a flat plate caused by 31 true free stream
angle of attack is the same as that due to th2o{ defined above,

is an approximation at best. Certainly a more accurate model would
be to find the vortex flow in the presence of the fins as well as
the cylinder. Secondly, even if the moment on one fin could be
correctly computed, the total moment due to all the fins cannot

be correctly obtained by addition, since each fin interferes with

*The appropriate flat plate coefficient for supersonic linear
! theory is (Ref. 8) ~ Lt
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and obstructs the flow past the others. While stripotheory might
. give good predictions of moment for a single fin in the vicinity

of the vortex, multiple fins present a much too complicated flow

field to be attacked by the simple model. Thirdly, the effzct

of the component of free stream velocity in the cross flow plane

is not accounted for, nor is a possible Kutta condition in this

plane considered.

Reference 9 is a continuation of the work of Ref. 6,
and attempts to improve results. It uses a better expression
for the normal force coefficient C n by taking account of non-

linear hypersonic terms; the expression is equivalent to

C e
Co= G wr b Dt

However, comparisons between experimental data and theory showed
no imprcvement. (Ref. 9, p. 18.)

In Ref. 10 still another theoretical approach is presented;
slender body theory is used in conjunction with the momentum method
to get an order of magnitude estimate for rolling moments. However,
one needs experimental values of the base pressures in order to
apply the momentum method.

There have been attempts to find vecirtex induced moments
experienced bv varying cross sectional slender airplanes in
unsteady flow using the Blasius method. (Ref. 11 and 12.) However,
the correctness of this work is questionable. One of the short-
comings, among others, is the failure ©o account for the fact that
Blasius' formula does not allow for varying cross-section in
unsteady flow. (See Ref 13, p. 119,)
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SECTION Ii. Formpmlatinn of the Problem

The general model which we would like to consider con-
sists of inviscid flcw past a ilong slender cylindrical body as
depicted in Fig. 1, with a tail configuration as shown in Fig. 4.
The cant of the fins is considered negligible, and the roll rate

! of the vehicle so low that steady state flow may be assumed.*
:‘? i

(a) Cruciform {b) Planar

Figure 4. Tail body configurations

Now consider the flow past the vehicle shown in Fig. S.**
It is assumed initially that the fins are rectangular flat plates

)

* The rolling moment to be found usiiyy these assumptions will be
added to that due to fin cant, assuming that linearity allows
for superposition.

v*The effective angle of avtack ¢ is taken to include sideslip
velocity.
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(although the assumption of unvarying span can be relaxed as will
be described in Section IV). The free stream velocity may be
divided into the longitudinal component, Vced ol , and the

crnss flow velocity 'VCa4uh-«. Because the fins are symmetrically
placed and negligible roll is assumed, the longitudinal velocity
component should have little effect on the rolling moment for non-—

canted fins. The force on any fin due to this component is

Figure 5

negated by the force on the opposing fin, 180° away. (Since
the longitudinal flow is basically parallel to the long cylindrical
surface it is unobstructed until it reaches each fin, and so should

have the same effect on all.)*

* Naturally, the longiiudinal flow will induce a moment on differen-

tially canted fins.

aa L e e |

——

vt e

T

e

PR S

-




% e Al
NN LSO I e

T

Ty K
e e g et e,

10

On the other hand the cross flow velocity is a majcr factor in
rolling moments. First of all it is the cause of the vortex
gereration and shedding depicted in Fig. 1. Secondly the cross
flow should affect opposing fins differently since the cylindrical
body presents an obstructive influence as the fluid goes past it.
The main role of the longitudinal velocity is to wash the vortices
produced cn the main body surface aft, past the tail body ccmbin-
ation.

For a typical free streim Mach number of 5 and an angle
of attack equal tc 20°, the cross flow Mach numwer is akout l.7.
However, when we take the conlical bow shock into consideration,
(whose geometry is determined by the vehicle nose configuration),
the cross flow velocity is further reduced, and must k= subsonic
in at least a considerablie region bzhind the shock.

If one were interested in yawing or pitching :oments;
the entire body of the vehicle would play a role in the force
distribution. Hence, since the vehicle contour changes in the
longitudinal direction, a three dimensional treatment (ucually
approximuted by slender body theory) would be called for. In the
case of roiling mement, however, it is only the fins which e.per.
ience contrikuting forces in inviscid flow, and since they are
rectangular, the two dimensional cross flow problem will szrve as
our nmodel. PBecause this flow has been shown to be largely sub-
soniz, the approximation will be made that the cross flow Mach
number is zero. It may later be necessary to use perturbation
methods to take account of compressibility effects.

The final decision in describi:ig the model is to choose
the tail body configuration. Although the cruciicrm shape is common
to the sounding rocket prototype, the ideal fluid which we have

assumsd would be questicnable Lecause flow separation is likelv to

R ! WA PV R S R A NG N
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occur for any roll angle qp (see Fig. 4 (a)).* Moreover, the
separated flow region is likely to ke in the important vicinity

of the shed vortices. Since a saticsfactory mathematical model

of ceparated flow phenomenon is lacking, we will choose our first
physical model to be the planar tail body configuration (Fig. 4(b)).
Then, at least for small roll angles, the question of separation is
not as serious. Moreover, this model lends itself to taking account
of compressibility effects by maxing a Prandtl-Glauert transforma-
tion, since the planar cross section obviously better satisfies

the slencer body requirement (for small ¢ ) than does the cruci-
form configuration. Although the planar tail body does not rep-~
resent the usual prototype it is a simplier ma*hematical model and
one which is more consistent with the two dimensional physical
reality. Our main purpose is to obtain an understadning of the
fundamental phenomena underlying vortex induced moments. Crnce this
understanding has been accomplished and successful ccirelations made
with experiment, then it would be in order to zttempt to formulate

a model for flow past a crucifcrm tail zs the next step.

Let U be the cross flew velocity, 1C,A¢»-x 4 past the
configuration shown in Tig. 4 (b), reduced by an appropriate factor
due to the conical bow shock wave.** The roll sugle ¢’ is the degres
to which the fins have turned out of the vehicle's angle of attack
plane. Let us represent the complex potential for this flow in the

Z plane by WI(2) {see Fiy, &) where accornit will be taken of two,

The concern over sepacation ig in 2 laboratory two dimensional
experiment. In the rocket prototype, the longitudi+ie’ velocity
component would largely eliminate ary cross flow separation effects.
*+T is ossumed to be constant since the bow shock can be taken to

e reasonably flat in the vicinity of the tail section.
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Figure 6, The % plane

not necessarily symmetrical vortices, f“ and l:_ .* Then the
steady state rolling morment about the origin is given by the

Blasius equation

() M°=-&’§-%z(%‘d&

where the contour is along the outside of the body surface.

(Ref. 13, p. 49)
Tt will be most expedient to evaluate Equ. (1) by

mapping the body contour into a circle. This can be accomplished

by a two step Joukowsky transformation:

2
2) Z'= 2‘+—§—

which maps the cross section into a flat plate (Fig. 7)

~ Tt is clear that the strip theory method for finding the moments

is no longer appropriate here since the velocity represented by

w = a!"W'/d % has zero noimmal component to the fin surface.




and L

c
@ Z'= §+—§—--

which maps the flat plate into a circle, (Fig. 8). !

22 9r (€ - 2R  2<={+%&
e

Figure 7. The z’ plane

. The points ¢ and —c in thei plane are mappings of ‘6— ‘

and -f- in the Z plane. These transformations do not alter

K
(%jr [

/

T
y 2h ,
? ¥\- -7 c

ey TR e gt e

-

TR Y

Figure 8., The ; plane




the magnitude or direction of the free stream cross velocity,
1 , since (2) and (3) produce no disto ions at infinity.
Moreover, the vortex strengths P, and r;o_. * the sawe in the Zand
j planes under these transformations. (See Appendix A for a
proof.)

Combining (2) and (3) gives the direct relationships
between g and 7 :

2

where the choice of a positive rather than negative square root
insures that the exterior of the body maps into the exterior of
the circle.

_ The free stream complex potential in the 2 plane is
ve -“Pg . Thus, if there are vortices of absolute screngths r"

and P,_ located at j and ?l respectively, then the complex poten-
[
tial with no body present is

) W, (5) =Ue¥1+ %-ﬁﬂ(i"?.)' ‘;%"PM (5-5.)

If we introduce a circle of radius c into the fiow, the resulting
complex potential is given by Milne-~Thompson's Circle Theorem:
(Ref. 14.)

© W(g) = W)+ W ($)

where the bar over an expression represents the complex conjugate
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of that expression.®* Substituting (5) into (6):

w(5) = Ue“q)}’«!-i—,—-"-b«(f f

(7)

e 3

1-0’5—'4’-;-4-—!-:-7 (__g) ""f'“‘;—'fz)

This is rot the unique solution for the flow in this problem.
We can add a free vortex with center at the origin and arbitrary

strength T . we express its velocity potential ip the form

¥ g 32
zw-’e“c,

whence the circle still remains a streamline (with W = Q) and
the velocity at infinity is not changed. This additional circu-
lation around the origin will enable us to take account of a pos-
sible Kutta condition. Thus the velocity potential (7) can be

supplemented and reduced as follows:
- g ct
(8) W-(;’):U'(E’ ({’; +e g) ) _
+ -':z—r;—:-[_f,u (? -§:) ",é-w (-g—' - g; )]
P, ot =z
- L Lo (5-5)- 0. (5 2]

-'r-‘-?-é'w-é-

2m - c -

To evaluate the Blasius integral in the 5 plane we note

* It can be easily shown thet the imaginary part of (6) (the
stream function) is zero on the circle, thus insuring that the
circle is a streamline. Also 'W'(OO) = W;("o).
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that vl w d4
dz cly a2
and therefore

Jd
@ wi(2)= ”(f)‘o_i':z&.' '

(where w(Z) and w( §) represent the complex velocities in the
zand f planes respectively), cr

12( d
wi2)dz = ﬁyfé— 3.

Thus (1) becomes

M;=-/3L-S:)(2 wilg) o

dzfelg

” an Mo =- &%/ﬂé (?} W‘(§/d§
where ,/( g/ - C':";f'/';;(?

ard the integral is evaluated along the circle 5 = C . Using

the expression for g as a function of? (Equ. (4b)) and its

derivative et

dz - 1| |- - e T X 2]
332—1[' 57 j(;w‘“‘ 4R

gives, after considerable rearrangement,*®

(11) {(i} = ‘j_‘?c_‘ (§1+CL—\K22*CI;_,R¢§§1 +(§z+m))

Finally to evaluate (10), we need an expression for W &(j);
this is obtained by differentiating (8) and squaring:

w -{P_ C<ﬁ£.; LY
(12) W(§)=%§‘=v(e €% )+

* See Appendix B for a tabulation of the derivatives of bé( g).
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and therefore

an we(§) = {U’((’"“T— -?‘,—'— re z-r;T "'(fﬁ—g-)l

S L/ o (DL NI . S
(l")[{.f-z.‘ 3 +(§‘%f 5 3)

2 ]
6-5)  Giri-%

— z —_— 2z
35-57) @%Zi-%}]

. - N 2
,,g_r_z[g_fl_.@ * <]

=5
o [ ~? e-£q>
+ F-F
& e“"c‘ efe’
2(5 ;) ;5 2‘(5'%
_ ol [ e-<?P . e-LCP _ e,:t{:
™ Z'Zz 3 —Sz:-':'
et e Fet L%t
#(s%) ¢ TG-%
'xn [ ! o 1 ]
5(5-2)  3° 3(5-<)

+'Zr::_[ Z(lz—gz) " §l‘ ‘;('_S_-i)]

+£',

I
[(Z 3. X5-.) 5(2'2)

TEE) )

TG

o
(f‘f X5 - §=—) S(f'%)
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Equation (10) is evaluated by deforming the contour and
evaluating the integral around the singularities of f (f) Wz( s ) .

From (13) we see that the singularities produced by w’(g) are all

poles, located at

N
~
N

'I
:
'I

'5::0'5.,?:, '

Since the vortices are located at ;3 ané

A

- these points are

exterior to the circle f = and residues here do not contribute
z
to the integral. On the other hand‘f i >¢ guarantees that S P '
’ 5
Cz C?.
and thus the residues at g = — (and —— ) must be acccunted for.

£, S
The singularities of f ( § ) (Equ. (11)) all lie on the circle.

They are poles at §= ¥ ¢ and branch points where the square root radical

vanishes, that is where

(Fe) - 4R g =0

fL+ ¢t = —ZRZ
Hence branch points are located where
gt 2Rg+¢" =0
or

g":ip\t‘t Cz-‘R.‘,

that is at the four points

by N U T E S S T
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(24)

where

These are all cbviously on the circle since in each cacse

Igl - ,R"-&-cf‘ = C.
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SECTION IIZI. Analytic Evaluation of the Contour Integral

If a complex function,F(f), has a pole of order w at
g.i , then its residue there is (Ref. 15)
¢ (M=)
d

1
(15) D'f’:}" (M-l)' CIZ(’»‘ -1) [(z Z") F(gz‘

Thus, referring to Equ. (10), a contour around a pole with order

mof the Blasius integral located at gt §, Wwill be

(16) Ij,: == Ko r¢ (\’%({ol M)

where e is obtained by defining
an F(%) E?l)(j) wi(g)

in Equ. (15).
The poles at §=C and ~¢ are simple ones. Thus at C,

tne integral is

yrR*$"
I, =~ RL"‘(’ ('M[(i C)(j (i*c)( Rargas 3“))-1

=— RT C(_‘C[C - cﬁlc]wz(c)'

Similarly, for the simple pole at § =- C

= — ﬂantc'»q.{:c — CLEC ]wl(-c).

Thus the total contribution due to the poles at C and ~¢ is

o) I: +I_: _ Qg'ﬂ’if’c[ f:c - ][Wt(c)rwl("c)]




Obviously, terms of w*{¢)which are either real or odd will not
contribute to this expression. Eliminating these terms from
Equ. (13), substituting the remainder in (18), and combining terms

gives, after considerable algebraic manipulation

. - 21 I‘l" ciy ¢t

mL2(c- ;f)1

S.I(i-,z“‘z |
+ T T x = 2\? + 2 2
2¢7\ (¢~ 3 C-3

5 () T2

¢

3 _anl ff( [N
é T L¢3 e \es- g2/
] ¥ 3 J <t =
a Rl )

] e S L S

+F.Fz[c."‘+§.§L —_

2 (1 + NS §
3 ™ (e e3> ¢ 73
2 . - g' % ‘) |
; + : . = |+ I %
. ;z ( ('("“ilé)(c"* ;) C2- gL
! ~. l =
(i + ( 2 —13 + g §'z+ gzl 7 —
{ or \ C*~3; RUCRES 5P IS
F ¥ gl(‘_‘—"‘ 5 &, (c*-3.3,
| RGeS
@ ;

....
»
toe

.
et .
=3

-

]
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The contribution to the total moment due to the simple

pole at jzo is
T, =- RQ'TTif

where terms of Wz( g) (Equ. (13)) have been included which contain the

factor L . Obviously

20 [, =0

since f£(0)z0 . (Equ. (11).)
To find the contribution of the second order poles at ; o,
we use (16), (15) and (17):

w I == R mi e gl gts) 2

-2 - (B ()

L cuneecet (__ - '5 + - l -
T = .

. <P >
T C J /
TP ( + [

m 374
—— (¥ +v T +~PP;]}

where terms of WI( S) (Equ. (13)) have been included which contain

the factor -'-; . Since

%(0)8 O and 721(0) =~

(see Appendix B), we have, differentiating (21), letting g =0,

Wt
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collecting terms and eliminating pure imaginary numbers:

@) I -—fie(’v— [ (—-——-g)

The contribution to the total moment due to the third
order poles at §=¢ is

(5

3 . - {
= - Ko T L~ —
I_,, Ru il Lf?"'( P

where terms of WL( i,)have been included which contain the factor | /;3

Hence

. <
n T €

=) IOB‘;: .& ‘ 2 : (—.3—- /T-)"@)/l;f“

since ["(6)=0 (Appendix D).
The contribution to the total moment due to the fourth
order poles at ?:a: is

I == fume (vuw-’_(‘(’; [i {/4/ (Lf 264 )]

where terms of "V'( }) have been included which contain the factor
Since {)m(o)" - -&-‘ (Appendix B),

e 2T et (e - RY)

¢
or

3 t vr on
e I,* ==2¢0 0 & 2 2¢.

1
For the simple poles at j = £ , the contribution to the

moment, again using (15), (16" and (17) is

}

Z‘I-

o e i S i crma




where terms containing the factor

w'(4) have been included. Thus .

ey =R ﬂ=e5:f;f_ {(5"—){(2} G-

CY(— 2 - 24 L0 (e e %
1-Go)E5 7))

‘.’5'._’1____ "I o i
T 3 e ( 7% 3 +§‘ g-\/]}

in the expression for

-5
3

(25) I;z/g—' =-/~’Jf€‘[(( C-:'L [r-l'; ct'*'wi;;)
4+ V(ﬁ"qé”——f’ ‘()*" o (.z

kS
where %(—c: can be computed using Equ. (11). Similarly

S

(26) IC!,/g.. =- R‘ P’-Qt/(—;;) r';-%—‘ ( ("‘ + czl__.. —)
~'<P}7,L), Y 3,

(.).

yiv(et-e

~
~
]
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)
|
r
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Finally, the remaining poles are seccnd order ones at
and

£
5.
IT.. =_»..Qen‘;€,€£w o%‘- (f--‘f‘gr);//ﬂ _—_(_P_/irl

</ 5_*_% (g—%)x

LA re et
=R ).

By the same procedure
T
e g c*
C‘/i gx—
so that

(27) L%. +I:7g’, = RLTZ%[ [1;,%'(;__; .>+ RL%'(g;

L}
with the expression for 2( contained in Appendix B.
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Fig. 9 Branch points and branch lines of { / g)
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The remaining singularities where the contour integral
must be evaluated are at the branch points ;I o Z and Z r
(see Equ. {14)). We arbitrarily chcose as branch cuts “the straight
line segments joining ;T with Snand gm_w:.th fg, (Fig. 9).

The function (i), which contains these =quare root singu-
larities will be single valuved and continuwus as long as we move
in the g plane without crossing the branch lines. Thus, for the
integral enclosing points ZI and §]1" we choose the contour ABCDEFA,
shown in Fig. 10, where CD and FA actually touch the branch line

2 A e
B(eh= _£3§
e NG

Fig. 10

but have been shown separated for visuzl purposes. € will be

allowed to approach zero. Referring to equations (10) and (11), the

integral we wish to evaluate is

T 2 £ ~9R"§Lu"(§)d§ ]
tre \/(; jer)-4RgC 4 (5N c’)

48<D£rA

or

of FEwe(s)ds
(28) | =R, 20K —
ne (2%-¢ \)[‘I(Z"fﬂ(i-gnyf ’fm)(i"srr)*'iﬁ";]

ABCDErA
To evaluate the 1ntegrals around ABC and DEF we let g ‘2 T + € C
and f_. 5 mhe ¢’ respectlvely, where € is integrated between
O and 2 in the first case, and between —~Jr and 7T in the second.
If the integrand is denoted by F(&) then, for example,

-~

LF . O
J Rt = [R5, reet)eee el

ABc
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It may be shown in general that if - X
Lo | (5-10)Frg)| = o
35,
then the integral vanishes as €<90. This is indeed the case for
the integrals ABC and DEF as may be varified by inspection. {(See
Appendix C for a proof of the theorenm).
Now, considering the integrals along the lines FA and DC,

we use the polar coordinates

(e
(20a) ¥ € ’si- Zr

() Ty O T = 3-5

where € and Qxare both allowed to vary betweer © and 2F(which

automatically places the discontimity along the designated branch
cut.) On FA
6. =0 ang en-‘-' m
while on CD
so that
7m on FA

L3 on €D

Hence

) g
J55e)s-55) =/tre % by e
=/t vy e (%2
NIy VB e"'”/l on FA
m €3~”/1 on C_D




T e

Y

. (30) \/(j-g:r)(j_/{k) _ YV ¥z on FA
~cftfp o0 CD,

&Along FA, rn.varies between 0 and 2R as &-»0 (see Fig. 9 and 10j.
Hence, using the substitution (29b):

- ¢ O
?1;- + V€
= gﬁ t rn— FLH— on FA

Z=§.‘r-'fn_- and C'lg—-——-c*(!/lr

on FA, and noting that
Z - Zm = 2 C a — Yn-
g - 331. 2 ZE - Vy

(see Equ. (14)), substitution of (30) into (28) gives

L=k / (52 - 19) Wl Ex ) (-l k)
[(2_11 - \7'(‘] /i’ vy (Qéa- VIX2§ =T, )J

or

and

(ZJT - n) Act
Replacing V. by ZR-YIL, and dropping the subscript on ¥ we have
r
(31)/) =- l‘R/ ng V) w (3, -r)elf
FA Gs -v)-c ]‘:J(ZR -Fy(2éa- r,(z;n ‘)]

+ (53 T

Similarly, once more using the substitution (29b) in (28),
}'n- varies between 2R and O on CD while 911_ equals TI, so that again

§= gﬂ'v]r and CJ% =——\"’1VI‘-

The only change in the integral is indicated by Equ. (30). Thus

NOT REPRODUCTRT




dropping the subscript on Y:n. :

C 3 z
[ =-Rapk =)W (G —V)ely.

PRUP——

(32) P ) ZR Kgn: —l’)" Cj - J(z R-k)?(zia-k)hjn.-rq
+ (flr ~r)1+ ¢t

(AT LIERY Ak ,h.'u A oy WO V)

Adding (32) to (31), and after algebraic reduction, we obtain

PG Los

Cim e i e, gt

(33) I = + = -R-L Y R’- 7] h[_r)w (II)OIV
LN Fa /‘D ( l()llcz)[k(r)-r(z{w)‘]

s <3

where

7= gt = (Rey) e

and

3s) h(v) =+ \[ZR—Y)Y(Qiﬂ—Y)(zg-\rq-z(q)

The same procedure is used for the integral around the

branch cut connecting g‘UfWith Z and produces

(36) ] . =- Ry R/z 7% W) w()ely
N YA IRCR Tl

ey vata T (i L

with

() = “(R-r)=in

G T

é an i) = \f(zg,y_2;&)(-2('&4)»'(272‘\() .

 ———— Sy o it i = - - - PR - e 2 = -—

qrm, N
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It should be noted that the only difference between the inte-
grands of (33) and (36) is in the sign of .
We may combine (33) and (36):

- 2 f*R Fan . AT Ad
(38)1:31',5,?17:}:-#&#‘6’3/0 [H""'('}Ifnﬂ\‘)” T
(39) }4 = ‘13 }\ - .
(ﬁ)_(l){hl+(ql+él)J

where

If we note that

e q:gk‘/‘R [wioper E-’-()/)] v

C R R el =

and add this result to (38), then the final expression is
(40) I,_ st _'[l; = ﬂQ ll»L'DK’-/ARE["‘-"I(’])“‘"‘L‘/)]‘)JCIV
1’1' ' ﬂI»SﬂE v ¢
with w given by (13), H by (39), 7 by (34) and h by (35).
Equation (40) is a definite proper integral of the real variable ¥
(but with a complex integrand) and must have a finite value.
To summarize, the rolling moment given by the Blasius
integral is the sum of the contour integrals around the singu-

larities inside and on the circlel?lsc in the ? plane. That is

] 1 . L
@y M = I+ I, +I,)+T, +1°+ T ™

<

Fleyg thes Pl T leyy

PR
2

+ T, s 1
ér, ?'u gm', ?,II .
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The moment due to fin cant must be added to this result.* The
equation for each of the integrals in (41) is listed in the table
below:

tegral Equ. number]

f
I, I-, (19)

-}

1. = C (20)
. (22)
T =0 (23)

T K (24)

!
L. /g (25)

IC /s, (26)
b3 2
j—vl/;"f'Iég/f: (27)
T
. 4 Ifm:,;;g (40)

The rolling moment, Equ. (41), can best be evaluated for
various values of the parameters by use of a large scale digital
computer. However, we can obtain results directly for special
limiting cases. For example, consider the two dimensicnal flow,
in the absence of external vortices, past a flat plate inclined

at a roll angle (angle of attack) ¢ with respect to the free

*See Section II and reference 3.

W T v RN O AT L
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stream velocity, U . Obviously, since R=0in Fig (4b), Equ. (40)
indicates that
:I?g + —L . = O.
r, i‘.r 2. .3 fﬂ: 1 }_,
1

Similarly, no external vortices in *he flow means that i+ 1+ =
consequently, all thz cther integrals in Equ. (41) are clearly

—3
zero, with the exception of l_c . Thus, from (24)

Y]

Hc, = 7' == 2('77"5““14*'% 2.

But for R=¢ __6’"
a = C= -

Hence for a flat plate with no vortices

a1 p
M. =- = ("77"17‘& aoe 1P

= - C}{;lﬂ"d.iw 2@

(42)

which is the well known moment about the center chord in ideal

)
flow. In this case the 1ift L acts at the quarter chord (aero-
dynamic center) so that

L‘—ﬁ-— = - l‘"o'

2

whence

L Mo'

S T————

2026) a v

C [
L

1l
|

or using (42)

CL' = TF..,,l» 2({‘

which becomes, for small angles

¢, =27,

L

aj
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the classical result (see Ref. 1€).
The other limiting case we will consider is that of a
finless cylinder. Here 6 =R (Fig. 4) so that

A iy filiat 4 4] gl“ gortaniah BN T
TR RS s U T

I

C=R and Q. =0,

If there are nc external vortices in the flow, r" = Pz. =0 and
y
I

Since @ = 0, Equ. (24) shows that

gII' T Ifm:’ {m ‘

2

I"’ =0,

[a)

Also, from (34)

" (1 =7 (= R-v (real)

and from (35)

hiv) =+ \/(ZR—V)V(-V)(zR~v)

= ZY'(?R-—V),

Substituting these values into (39) gives
T (R-V)° ¥ (28-7)
[( R-v)'~ Rﬂ {.-y‘ (2 R-y)"+[({2— v+ R‘l ] }

which is pure imaginary.

Moreover
1B W (n) - we() = WO = W)
; = =21 G Wz(ﬂ)'

et g e S e .

B oo e SR e
2,
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Thus, Equ. (40) indicates that the integrand is the product of ‘wo

imaginary variables, and is therefore real., Hence .

) ) r 2R
I + I = R& Y "(" R/ (\Real variable)OlY' -
Qe

;1: iu: ;IE, fn:

7

IQ2 L (Real number)

O

[
and so the rolling moment, P’L , is zero fcr a finless cylinder,

*he expected result in ideal (frictionless) flow.*

*Tt is also expected that the rolling moment would be zero even in
the presence of vortices, i.e., P, and r’z not zero. In this case,
since C‘!R, 0s0 and (g):g, it can be shown that Equ. (19) and (27)
both vanish while Equ. (22) cancels (25) and (26) so that, indeed,

f4o' =0,
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SECTION TV_ Conclusion and Plans for Future Work

An analytical expression for the sectional moment rolling
5
coefficient, Mc , has been found as a function of the following

variebles:
/\'lc‘ = M»‘({, R. ? ' gz; P -nz, K—’, U: ('[,7).

There are, in fact, twelve independent vaciables since 2 and ¢,
’

are complex numbers, each consioting of two components. We may

eliminate three parameters if we express the variables in dimen-

sionless form:

Mo R 5. §. r 3N
(43)'2'61""5-"— CN“'(@; R R /CP'/ Y (P'jnﬂ )

were C, = F/ZTTRD'

i

q

is defined as the vortex strength coefficient. It should be noted

that Cx g < |

where the extremes % =¢ 1is for a flat plate and -% =1 is for a
finless cylinder, The numerical data obtained from a computer will
be most conveniently plotted using (43).*

As an example, we suppose that T is determined by a Kutta
condition and so need not be specified independently. For vortices
fixed at f' ard f, , w2 may plot series of graphs with CMJ as ordinate,
(P as abscissa and ZB— as parameter, where each graph is for a pair

of values Cn and CF..‘ Thus for the case F,=.";= ¢ we have, from

* The variables R and b are defined in ths physical plane (see Fig.
4), If the location of the vortices are at ¢ and Z, in the physical
plane, their locations in the 3 plane may be determined from Equ.
(4a). It will also be recalled that U, @ and I' suffer no change

ROy S W
in the transformation.
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(42), for a flat plate

C,M’ = = Tain 4P (‘§=0) .

while for a finless cylinder, thcre is no rolling moment in friction- -

less flow so

C

M T O (&=1),

o
N

ENY )
A

)

e

/o) 7§£=‘ .

Fig. 11

The analysis in this report assumes a two dimensional fin.
=)
However if the fin is not rectangular, but has varying span G’ , We
may integrate the sectional rolling moment M. in steacdy flow to

find the total moment
L
t
Mo = / Mo AL
o

where Mo‘ is a function of f (,Q) and L. 1is the fin length. (See Fig.
12). Then in Equ. (43) we may replace the dimensionless variable C’H ’:by

7 ——

Ma —‘2-- (‘. CILL

\

C — MO -
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i

Fig. 12

In conclusion it is to be noted that this report is the
first in a continuing research effort. The immediate future task
is to obtain numerical results for the present analytical study.
As another important undertaking it will be useful to extend this
work to missiles with a cruciform tail body cnnfiguration. Also
compressible and non-steady flow effects should be considered.

Finally meaningful experiments should be devised and carried out

to supplement the analysis.
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APPENDIX A

It will be proved here that a vortex undergoes no change
in strength, r' , under & conformal transformation from the Z to
j planes. By definition:

[ =—%?-a{? =—}{(uclx+'u-ci;)

where the integral is evaluated counterclockwise in a curve en-~
closing the vortex.* Now,; in the complex 7 plane

wizdz = (uU—cv)(clx + . )
( Ay 1 x'ciy) ¥ < (ur17~ U "Lx)

so that

{[") = - Re W(%}"I&—

Z plane

Similarly, in the f plane

' ; “w($)cl
(‘r\)g plane = ‘,Qﬂ;;/ (7/ ;.

But by Equ. (3)
w(z)d 2. = wi§)dg
Hence it follows that

= (r)

( 2 plane ' g plane .

v

* The negative sign is due to the fact that a pcsiitive circulation
is, by convention, defined to be in the clockwise direction.
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APPENDIX B

For reference purposes, the derivatives of {f) are listed
here. From Equ. (11) g

£ =5 905

, YR S
2’11 ¢ - - N 2 L
/(2‘+(")~'42’j’ +(§ ict)

<D
~
M
\—
fil

Hence
/1, - ‘1 4° ) & e
{00 == 906)+ 79 19)

where

§+c ~2¢! ‘J
,"\ W' gptet Y O { 1 + l
C./?’/i/--zg— E("z 150 1 5eTy Qi X,Qf (GERETES

(fu ' ‘IQ§ 4(2’fc)+l(2 u’)‘/(g 4<~1)‘¢/_,2§ )

Also

/'(5)= 25 (3¢t g" /g) = (e g)

c')? 7

and/““' -6(iq+Cq)—3‘f'(‘z{L q
§ = T 16) e )

—3@_— a(f) (%)

It is easy to show that

?(°)=

(J'((,> = C

'NOT REPRODUC

-
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APPENDIX C

Suppose we wish to integrate F(S)in a circle of increasingly
infinitesimal radius around a branch point, such as fl’. in Fig. 10.
It will be proved that this integral vanishes if

_;/Qu;‘(g'fr>[:(g)| =

c &,
Letting §= ZJ_‘PC‘(:
21 . < @
Figels = L | p(s +ee’ )EE e
ABC <0 0 gf
Hence

< ,Qtw/zirt Nee °F (5; ree’ e

€ >0

[fse

:§->-f; . ‘(g 'SI)F(é)idﬁ

F2T

MaL

Lo | (5750 F )

7“” ?1:

where f is that point on the circular contour which gives the

maximum value indicated. Now if

oo | (5-32)F(5)| =
§-%1

RO, L
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for any mode of approach of g to i}r , then it is also true

along the path of maximum absoliute values. Hence

[R5 s = o

and the theorem is proved.
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