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1 The following report describes (a) an outline of the Kalman-based
tracking procedure for reentry trajectories, (b) a detailed derivation
cf a mathematical model to implement this procedure in radar polar

coordinates, and (c) methods for checking, via simulation, the degree

of degradation introduced by model simplifications and other changes.
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. RECURSIVE TRACKING

1. Iniroduction

The following report describes the derivation and implementation of
methods and models for simulating the reentry tracking of an object ia
radar-centered polar coordinates and the statistical comparison of various
tracking algorithms. This work was performed for Lincoln Laboratory,
M. 1.T,, under the direction of Dr. Richard Wishner, Assistant Group
Leader, Group 42, in support of a program for advancing the techniques

of reentry tracking from radar data.

The target tracking procedure considered here is a relatively straight-
forward application of Kalman's recursive estimation technique(4). This
application was reported upon previously by Gruber(z), forming the basis
fcr subsequent computer simulation models, The early mcdels were based

on a radar-centered rectangular cocrdinate ‘stem and were programmed

.(3)

and investigated by Bertolini'™’,

A radar-centered polar coordinate system has the relative advantage of
leading to a simple linear model for observation geometry at the expense of
a more complicated dynamical model. It has been suspected that the linear
observation model represents a definite advantage in tracking stability and
accuracy, especially just alter target acquisition, The present work is a

contribution to the polar coordinate studies,

Dynamical equations for a trajectory in radar polar coordinates have

{v

been given by Catalano’ ‘. We rederive these aquaticne here in a matrix
format and continue with a development of the partial derivative matrice=
for the spherical earth case, which are necessary for the tracking

algorithins,

In summary, the report containg {2) an outline of the Kalman-based
(b) a detailed derivation of

a mathematical model to implement this procedure in radar polar coor-

tracking procedure for reentry trajectories,

dinates, (c) methods for checking, via simulation, the degree of degradation

introduced by model simplifications and other changes.
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An Appendix summarizes the rather exteneive notation conventions
and symbology used in this report.

2. Tracking Models

The tracking procedure, as we noted above, is based on Kalman's
method of recursive estimation. This estimation technique is ideally
suited to the present problem because

a, It is a general method. Many different variations of reentry
dynamics and observational procedures can be handled within
a common framework, Thus design experimentation is
facilitated.

et B BOE MR DR PN BSR ER

b, It is real-time estimation method. The utilization of tracking
data in forming the track estimate is sequential in time. Since
we are interested in applying the results of our studies to real-

time svstcms, we are obliged to confine ourselves to such
methods.

c. It provides optimal estimates where the model zquations are

linear, and approximate, optimal estimates in the nonlinear
case,

—n

|}

In view of these properties of recursive estimation it is not surprising
that most of the tracking methods formulated in the past for real-time
applications turn out to be -special cases of the general Kalman formulation.
While it is possible to conceive of tracking schemes which do not fit such
a formulation, the investigation of each such scheme would be a new and
unique undertaking, We believe that at present the best service is per-
formed by investigating the Kalman claas of tracking models and will
confine our discussion accordingly.

L oney

In order to implement a particular model, we must postulate or derive
two sets of equations. The first set, a system of first order differential
equatious, describes the dynamics of the reentry body and its motion along

e B =

the trajectory. The second set deacribes the geometry of each measure-

ment, Since it is clear that the same physical trajectory can be treated in
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different coordinate frameworks and that varying levels of detail can be
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incorporated in the dynamics, a class of models arises, each treating
the same problem.

The dynamical equations may be written in vector form

]

Ly F =it

where x components are the dynamical or so-called state variables and
t is time, Similarly, the observation geometry may be written in the
form

(1. 2) z = h(x, t) + w(t)

where z is the measurement vector at time t and w is an additive noise
vector., This noise vector is required to be statistically uncorrelated for

difierent t and has the assigned covariaace matrix
(1. 3) W(t) = cov (w(t)) .

Without loss of generality w(t) can be assumed to have zero mean for
each t,

The dynamical equations may be generalized to account for random

disturbances by including random driving terms on the right side.
dx
(1. 4) r £(x, t) +w,(t)

In this more general form, g*(t) is assumed to be a zero mean white noise
process with given covariance matrix, W,(t). In the following discussion,
the simpler dynamical equations (1.1) will be used. Then the mcdifications
necessary to include the effects of a random driving term, w,(t), will be
noted,

Owing to the nonlinear nature of the above equations (f and h are
nonlinear functions of x), it is inevitable that statistical calculations be
based on a linearization of (1.1) and (1. 2). Thus, to compute tracking
errors and their statistice, we assume that the reentry object exhibits

-3
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only small deviations from a nominal trajectory and irom (1.1) derive
an equation for the propagation of such deviations. Let us thereforz

consider a specific trajectory, 50(1:), satisfying (1.1), as a reference
trajectory

4,

(i.5) T« - fxy B
The actual trajectory will differ from X by an amount 8x, assumed small,

(1. 6) 6§ = _JE - xo
From (1.1) we have

% . a
g +—d—t'6_}§ =£(§0+6§, t) .

-Expanding terms on the right in a power series to the first order in 6x

and using (1. 5), we find a matrix equation for the dynamics of § x.
(1.7) d—t&x = J(x, t) 6x

Here J is the jacobian matrix of £ with components

afi
(1. 8) Jij = -é-;;

evaluated on the reference trajectory.

Similarly, we use as inputs to a statistical calculation, deviations of
the actual observation vector, z, from the ideal observations, 2, that

would be taken on the assumed reference trajectory with no noise. That

= s oo ST
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(.10)  z5 = hix, t) .

Again aseuming that 6z and § x are small, making a first order approxima-
tion in {1. 2) and using {1.6) and (1.10), we find from

2zytbz = hix,+6x t) + w(t)
that

(1.11) 6z = Hix, t) 6x + w(t) .

Here H it a matrix of first partials of h with components

]
(1.12) H, . hk

evaluated on the reference trajectory.

3. Tracking Recursions

In outlining the method of tracking by the recursive technique with the
above model, we assume that data is received at discrete times tu (n=1,

2, 3, ...) and introduce the following quantities and notation,

z(n) - the data receijved at time n,
x(n) - the value of the state vector at time n.

g(dn) - an estimate of x(n) given the data up to and
including z(n).

X(nin-1) - an estimate of x(n) given dsta up to and including
-z_(n-l)o

= (n|n-1) - the covariance matrix of errors in X (n]n-l).
H(n) - partial derivative matrix (1.12) at t

W(n) - measurement noise covariance matrix (1. 3) at tn.

In what follows, t denotes matrix transposition,

-5-
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We begin by assuming that we are in posseasion of X (n-1 In-1) and

Z (n-1in-1). Then the recursive method consists of the following steps:

aL

(1.13)

b.

(1.14)

Ce

(1.15)

Extrpolate % (n-1| n-1) forward to time t thus obtaining X (n|n-1).

The method of extrapolation is to use g(n-ll n-1) as the initial

vector in the dynamical equations (I.1) and to numerically integrate

these equations ur to time t e
% _ .
R’ = (x, t)

The solution at time to is x (nl n-1).

Extrapolate £ (n-1| n-1) forward to time tn thus obtaining

Z (n{n-1). The method here is to adapt-the linearized erzor
propagation equation (1.7). The corresponding propagation
2quation for covariances has the form

where, ideally, J 1s the jacobian (1. 8) evaluated on the trne
trajecicry, However, for a real estimation problem, the true
trajectory is not known. Hence, we evaluate J instead on the
estimated trajectory between t1 and t determined by the
extrapolation process of a. Then Z (n-1|n-1) is used as an initial
n-atrix value in (1. 14) and this matrix equation in numerically

integrated forward to provide a solution Z (n|n-1) at time tn .

At time t_, new data z(n) are received; Z{n|a) and x(n|n) are

generated from Z (n|n-1) and X (n|n-1) by the Kalman formulas
=nln) = =(n|n-1) - = (n|n-1) HYn) [H(n)  nln-1) BYn)

+ W@ Hn) = (@] n-1)

-0 -

] O o e e PO W SN PN e B

S




AFAZSON

(l.16)  %(n|n) = %(n|n-1) + = (n| n-1) H%n) [H(n) = (a|n-1) #¥(n)
+ W)™ [z(m) - H(n) % (n]n-1)]

The cycle of calculations then repeats, returning to step a. The
successive values of X{n|n) thus generated are the tracking estimates,

Of course, an independent method is required to supply the initial starting
values %(C|0) and Z (0] 0),

The above procedure may be generalized slightly to account for the
presence of random driving terms 1 the dyramical equatione as in (1. 4).
In most cases such terms in the model are added to account for unknown
effects and to hedge the statistical estimation process. Feor such a purpose
it is equally appropriate to add the random term oualy at the discrete obser-
vation times. Thus instead of analyzing the effect of a continuous excitation
w,(t), ve simply replace it with a discrete one w,(n) with an appropriate
covariance W, (n). Only the above step b. is modified to account for this
complication, When X (n-1| n-1) is extrapolated forward, the matrix
W.(n-1) is added to the final extrapolated value in order to obtain
% (n|n-1).
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II. RADAR POLAR COORDINATE MODEL
ELLIPSOIDAL EARTH

1. Earth-Station Geometry

It should be clear that if the same physical problem is described in
different coordinate systems the functions f, h, and J, H of the model
will differ in a correasponding way. Since the effects of the linear

approximations on the accuracy and stability of subsequent statistical

calculations depend on the precise nonlinear forms of f, h, it is of (
some interest to explore various coordinate descriptions for their %
influence on these numerical properties, At the same time, the level

of complexity included in the dynamical model may be varied to account ﬁ
for the various physical influences and the properties of the reentry body.

In this report, we shall describe in detail one such coordinate system
and level of model complexity. The chosen coordinate system is earth
fixed, polar, and centered at an observation site, Observations are
agssumed tc be made by & single radar and consist of measurements of
range R, azimuth A, elevation E, and their rates (or a suitable subset
of these). By choosing these very same variables as dynamical -
variables, we insure that the functions h are exactly linear and that 1

no approximation need be made on deriving H from h. On the other 2

hand, the dynamical laws (l.1) are complicated by this choice.

The dynamical mocdel assumes a rotating earth of ellipsoidal figure,
gravity terms including the first zonal harmonic (J 2) and air drag on a
point mass non-lifting reentry body. This model is essentially that
of Catalano; the derivations given here are somewhat more detailed,
and the results are adapted to the needs of programming and statistical
investigations,

In the following derivation vectors, which are always underlined, are
understood to be expressed in column matrix form in a particular ortho-
gonal coordinate system. Thus, the physical vector from the radar to
the tracked object, the "R’ vector, is R in the unprimed coordinate system,

= = o e e

R' in the primed system, and R'' in the double primed sysiem. These are
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all different matrices, although rrepresenting the same physical vector,
and have a common length R, the range measurement. When the physical
vector is discussed, the particular representation R will be used for
convenience, These conventions will be followed in all vector notation,
except that the physical unit vectors of the unprimed system (9_1, 2% 33).
of the primed system (31', 32', 33'), and of the double primed system

(21' ', }_1_2' ', _\_1_3“) represent truly different vectors, not different repre-

sentations of the same vectors., They bear the prime notation to distinguish
the coordinate set,

Consider then an oblate earth of equatorial radiuz a, and eccentricity
e, rotating at the siderial rate w, Let (ul, U, u:5)be an inertial orthogonal
coordinate system where U, u, are in the equatorial plane and u, points
toward the north pole. Assume a radar station at distance a from =arth's
center, at geocentric colatitude ¢ and lying at lengitude § with respect to
the Yy axis. Figure l depicts these relations.

station

-
e
- -

12

u/
1

Figure l.

Since the siation is fixed with respect to the earth,we have

é=w or 6=60+wt .
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X The polar radius of the earth is a)\/ 1 - e? . i
N - »
N . .
b Now consider a cross-section of the earth in the plane of the station, .
N : Figure 2. h, is the altitude of the station, p its geodetic latitude, and p' §
B 3 its geocentric latitude, ug is the equatorial coordinate in the station plane,
3 i
°3
3\! »
| .
R 1
3. station -
!
-
i, H
X Ug ]
i |
- -~
: &
.: )
. ]
) g
1K/
i
H: 3 i
=
|
Figure 2, :
B Also shown in Figure 2 are the two construction circles of radii a, and |
1: a 1-e% for the parametric representation of the elliptical figure with
i the aid of the angle B. Thus, the ground projection of the station has
; coordinates * ) —
. .
'. L
T =
: (2.1) u, a, cos )
uy = ae\/ 1- ez sin B .
-10 -
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If § is varied by a small amount, u_ and ug change accordingly

dus

-a, sinB 4B

du, aeJl-e cos B dB .

Therefore, the (u, u3) vector with co.nponents (- sin 8,\/ 1 - eZ cos B)
will be a north-pointing tangent vector on the surface at the ground pro-
jection of the station. A perpendicuiar vector, (\/1—7 cos B, sin B),
will be an outward normal at the ground point, Thus

ke\/1-e cosB

sinyp = ke sin

cos j

R R A o e s N ER A S

of conversely

S

cos B =L SO8B
/1--eZ
sin B =-l-sinv.
k »

where k is chosen so that the necessary identity coazB + sinza =1is

satisfied. We obtain

cos B = COSs | E
/1 - ez sinzp. :
V1 - e si

sin8 = 1-~ecsinyp

J1- e4sinéy .
Using (2.1), we obtain the ground point coordinates in terms of the geodetic

latitude. Finally, adding an increment for station height, we obtain the

station coordinates,

-11 -
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a_ cos
e L

& /1 - ez sin’ B

(2.2) u

+ hs cos

a_ (1- ez) sin p
e .
ug = + hs sinp
\/1 - e¢ ginéy
For convenience defire
ae
(2.3) = +h
& /1 - eZ sinl u s
a, (1-¢%)
a, = + h8
J1-eésinéy

then using (2, 2), the station vector (coordinates) in the (ul, u,, u3) system
can be written

a.l cos | cosd
(2.4) a = a, cosyp sin 6
a, sin u
Note that a, the magnitude of a, is given by

(2.5) aZ = a.lz cosz u + azz a;iuZ ©

Noting that é = w, we find the rates of change of a in the inertial system

to be
~-s8in 8
(2. 6) :a_._ = a wcos cos €
v 0
cos 8
4 e 2 .
¥ a2 = -3a3w cosy |sin )

I ’

x -12-
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2. OQbservation Geometry
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The station observations are made from positiorn a but in an earth

fixed system with origin at a, Define an orthogonal systein at z and

make observations as shown in Figure 3,

Figure 3,

The observed object is at point O at position vector r ; the observation
vector is R . In the local system (ul', uz', u3‘), u3' is perpendicular to
the earth's surface (at the stations ground point), ul' points tangentially
east, and uz' tangentially north, R may also be described in terms of

range, azimuth, and elevation relative to the u' system as shown in

Figure 4.

-13 -
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u3 {up)

u'z (north)

ui {east)

Figure 4,

A third set of orthogonal axes may then be constructed with “1”
along with the R directicn, u3" in the A direction parallel to the ground
plane, and u,'' in the E direction to form a right-handed system, By
Projecting the u'' unit vectors on to the u! axes, we find the vector

relations,
(2.7) _1_1_1“ = cog E sin A _ql‘ + cos E cos AEZ' +8in E 33'
11_2“ = - 8in E sin A_gl‘ - 8in E cos A_gz' + cos E 33’
1] S ! - 3 t
ug cos A 21 sin A 1,

These provide an orthogonal transformation, T,, for transforming vector
components from the u'' to the y!' system,

cos E sin A - 8in E s8in A cos A
(2.8) T, = cos E cos A - 8in E cos A - sin A
sin E cos & 0 .
-14 -
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For example, the physical vector R has the components (R, 0, 0) in

the u'' system. In the u' system, the coordinates are

R] R cos E sinAl
(2.9 R' =T, |0 - R cos E cos A
OJ l_R sin E .

But the R vector components are also related to R' by an orthogenal matrix

transformation.
(2.10) R = TR!

From the geometry implied by Figures 1 and 3, we can immediately project
unit vectors 31', EZ" 33' into the inertial system and represent them as
linear combinations of unit vectors u,, u,, 1, in this system. We obtain

the vector relations,

- 8in 8 _131+cos 632

AF
!

- sin p cos oy - sinp.sineg_z-l-cos b Uy

. . .
uy = cosp.c03631+cosu. axn632+31np33 .

These relations immediately yield the required transformation,

-8in® - siny cos® cos y cos ®
(2.11) T = cos 8 - sinp sin 9 cos 4 8in g
0 cos | sin p .

3. Equations of Mctioa

From Figure 3, we see that

(2.12) r = a+R

-15 -
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Then using (4.13) and differentiating, we find the succession of relations
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(213) r = a+TR!
3 £=32+TR' +TR!
i ¥=8¥+TR +2T R +TR!

By Newton's law (r is in an inertial system) ¥ may be equated to the specific

é-,ff“ 1 force vector applied to the reentry body. {
-y (2.14) E+THR +2TR' +TR' = F/m [
s ) Now by direct differentions, the left side of (2,14) is evaluated using (2, 6), i

(2.8); (2.9), and (2.11). First the T derivatives may be evaluated in the
following form.

(;w cosei w siny sin© -Ww cosy 8in @ -
(2.15) T = - o 8in @ ~wsinp cos ® w cosp cosb i
L 0 0 0 ]
0 - 8ing cosu -
= Tw sinp . 0 0 -
- CcO8 i 0 o J .
0 - sinpyp  cos
‘0 LJ
(2.16) T = To sinp 0 0
- CO8 | 0 0 J
1 0 0
= -Ta? 0 sinzp.’ - sinp cos
0 - 8inp cos ¢ cos?‘u.

-16 ~
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In order tc evaluate R' derivatives, we first calculate T, in the form

-EsinEsinA+AcosEcosA -EcosEsinA-AsinEcosA -AsinA

(2.17) T, -EsinEcosA-AcosEsinA -EcosEcosA+AsinEsinA -AcosA

: W\W{Wﬁ%\i&*ﬁ%\%ﬁmYWM\\ﬁ\WQN\WWWARW*m}\Wmmvmvvammnw-m“A-\‘

EcosE -EsinE 0
0 - é -AcosE
=1, |E 0 AsinE
;‘. cos E - A sin E 0 J .
Then
R R
(218) R' =T, |0 | + T, |0
0 0 &
-1, |rE
RA cos E |, ”
and ’i{ R
(219) R'= T, |RE+RE + T, | RE ,
| RA cosE + RA cos E - RAE sin E] RA cos E | ‘@
K - RE? - RA% cos? E
= T, R}:?.+ ?.I.(é + RAzsin Ecos E
L_‘Rx;&.ccuE-i-Zli.fA cos E - ZRAI.L‘ sinkE| . ’

By directly substituting and rearranging these results, the leit side
of (2.14) takes the form

-17 -




[cos 0 R - RE® - RA% cos’ E
- aw 2 cosu | sit.® | + TT, | RE + 2RE + RA2 sin E cos E
0 J RA cos E + 2RA cos E - 2RAE s8in E
0 -~ 8in p CO8 U R

+2Tw sinp 0 0 T, | RE +

~ COB} v 0 LRA cos E

1 0 0
- Twz 0 sinzp - sinydcosp Te|l O

0 -sinpcosyp coszu 9

Noting that by orthogonality T:: = T- ! and Tt = T'l, we can extract the

common matrix factor TT$ and write (2. 20) in the form
(2.21) &+TR'+2TR'+TR' =
L) L] L] 7
3 R - RE2 - RAZ cos E —]

TT, RE + 2RE + RAZ sin E cos E +

LRA cos E + 2RA cos E - 2RAE sin E

{" .
it 0 -siny  cosy R
+20 T, ; sinp 0 0 T, | RE +
l-- cos | 0 0 _J RA cos E
-18 -
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1 0 0 {-R
- wz T; 0 sin2 0 - 8in p cos u T* 0 +
. 2 0
0 - sinpcosyp co8 g

cos 8
- a4 2 cos ki T: Tt sin 0 .
o 1
Performing the indicated matrix raultiplications and using some

trigonometric identities in the third term, vre can verify that
(2.22) &+ TR'+2TR'+TR' =

r X . Z
| [-l -RE% - RA%cos“ E
TT, RE + 2RE + RA% 5in E cos E +

RK cos E + ZRA cos E - ZRI.U‘E sin E

R}:T: cos psin A + RA coz E (sinp cos E - cos psin E cos A)
+20 |-R ccs wein A - RA cos E {sin ¥4 8in E + cos 2 cos E cos A)

i{(cos wsinEcosA - 8in pcosE)+Rﬁ)(sinusinE +cospcos EcosA)

1~ (cos ucos E cos A + sin ¢ sin E)Z

-0 2R (sinp sinE + cospcosEcosA) [cos usinEcosA -~ sinu cos E)

Lcos #sin A (cos bcos E cos A + 8iny sin E)

cos i (cos y gin T - sin p cos E cos A)
-alwzcosp, sin p sin E cos A+ cospcos E

sin p sin A

-19 -
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4, Forces

We turn now to a consideration of the epecific force on the right side

of (2.14). We shall include two forces, gravity and air drag. The gravita-

tional specific force upon a body at O in Figure 3 can be expressed in terms
of an infinite series, Explicity writing terms only out to the first zonal

harmonic (JZ), this series becomes

1
G J
(2.23) F /m = - M rl’].'*"§ 2 (1-5(:082‘?‘-.)'*'-.. +
¥ -3 Illt3 —/0
r [_ (r/ae)
G JZ
-3 cos @, 3————-z+... 33 .

r (rlae)

L

Here r is the body position vector from earth's center, r is its magnitude,

and ¢, is the angle it sub’=udz with the polar-axis. GM and J 2 are gravita-

o |

 Evs SR e

Byrsed

tional constants and u; is a unit vector in the north polar direction. In

using (2. 23) further, we shall retain only the terms shown,

Applying

(2.4), (2.9), (2.13) and writing out the vector components in (2. 23) in
the inertial system, we obtain

a1 cosp cos@

G J
(2.24) F /m = - M 1 +2 2 (1-5 coszip*) a, cosg 8inb
g 3 2 ¥ 1
r (r/ae)
a, sinp
Gm T2 °
+TT, - — cosg, 3 —=— |0
) T (r/ae) 1 .

Finally, to bring out a uniform TT, factor on the left side, we note that

TT, T*t T is a unit matrix and terms lacking this factor need to be multiplied

by T; T, Thus (2. 24) can be written in the form
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G
(2.25) E,/m = !
r
t
. TT, [ T}
G
- —de' ces
r

J
+% ————2—2 (1-5 cos2 cp*)
(r/a,)
0 '] K
(a2 - al) sinp cosy + 0 +
a1 coszp. + azsinzu 0
0
T2 t
Py 3 ) TT* '1‘7k cos i
(r/a )
sin p .

Now introduce the abbreviations

(2. 26) S a,

2 . 2
cos p-+a.2 sin ¢

€, = (a1 - az) sinp cosp

and perform the T: multiplications to obtain

G 3
(2.21) Eg/m = -— [1+% —2 (1-5cosZ<P*Z]
r

* TT,

a

-_.ZMCO

(r/a,)

R+clsinE - czcosEcosA

¢, cos BE + c, sin E cos A +
<, sin A
cosp cosEcosA + sinpsink
32

8¢, ——iz TT, [sinpcosE - cor . =inEcosA

(r/a)) N

¢ - cospusinA
-21-
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The use of this result requires an evaluation of r and cos Py o We
note from (2.12) and (2,13) that r = a + R = a+ TR' sothat

; (2.28) r* = 1'r

cos E sin A

b
(ORI i nsgn S A

, =a2+Rz+2R[0,-c2, CI] cos E cos A
i d .
§ § sin E
TN _ 2 2 R
e = a +R +ZR(clsmE-czcosEcosA).
|
.‘ %
R Also
i - t
r us

. (2.29) <cos gy, =
1 - o
I
o = % (E+T§')t23

LY Lol

l a, sinp + R (cosp cos EcosA + sin u8inE)]

The drag specific force on a body at altitude D above the earth,
traveling with velocity V relative to the earth is given

(2.30) F /m=-3gp(D) VY

where gp (D) is an empirical function, the air density in weight units at

m/ altitude D, and @ is a drag coefficient which characterizes the body.
' Since __f\i ' is the relative velocity vector expressed in the earth fixed u'
? system, we can write V in the inertial system as

i3 [R

2 (2.31) V=TR' = TT, | RE

;. I_RA cos E

i

i -22-
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where the last expression is obtained from (2.18). Then also

L] . . L] .7
(2.32) vZ = R*R' = RE+R%EZ+ R%A%Z cos® E .

W N 2 4 it 5 el
Y AR Ny T R xR ORI L VRO

Thus (2. 30) becomes .
R

(2.33) E /m =-5go(D)@ VTT, |RE

RA cos E

The altitude D may be approximated very nearly by using the con-

struction shown in Figure 5. This figure is analogous to Figure 2 but

Il e doak o et A ey, w2

I

Y S PR

PRI R N N S AT RS

N by

o SO
_—_——

Figure 5.

TR T I

L
)
o—

is a cross-section of the earth in the plane of the object position vector r

LkciddeasiA

| and polar axis u,. As before, O is the object's position while O, is the
foot of the perpendicular to the earth below. Segment OO, is the true

altitude. Instead, we compute and use the intercept OO, of length d as

—
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an approximation to D, This approximation is very good for srnall e,

As with the similar expressions (2.1), the point O, can be located in
the parametric form

(2. 34) u = a cos B*

3 a\/l-ezsina* .

e

=]
1

But also

(2. 35) (r-d) sin @,

Uy

u; = (r-d)cos?, .

Eliminating ﬁ*, 0, u, from (2. 34), (2.35), we find

2
u

2+ 3
€ “ 1-e€

o
u

2 2 cosch*
(r-d) (sin o, + —
- l1-e

and, therefore,

a l-e2

. [
\/1 - ezsinch*

(23) D= d = r

5. State Model Equations

Expressions {2, 27) and (2. 33), when added, complete the right side of
the differential equations of motion (2.14), We have already evaluated the
left side in (2. 22). Note thac all these expressions have a cornmon matrix
factor TT, which we can discard or eliminate by multiplying throughout by

’I‘,: Tt. This final step in effect transforms all vectors into the u'' system
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which is an orthogonalized radar coordinate (R, E, A) system. Thus, the
component differential dynamical equations for the motion of the reentry

body in radar polar coordinates can be read off.

In order to conform to requirements of the Kalman model, that the
dynarnical equations be first order differential equations as in (1.1), we
identify as dynamical variables both R, E, A and fl, E, A. Since we shall
be interested in estimating the drag parameter @ as well, it will also be
included in the state vector x . Thus, define

-

(2. 37)

%
]
R HepeWetd b W

L=

where the orde. of variables E, A has been interchanged to match a current
convention., Then the first three component equations of state (1.1) are

actually kinematical,

(2. 38) %R;- = R
dA _ .
F* A
dE _ :
*® = E .

while the second three are obtained from the derived equations of motion as

noted above:
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Range equation

2 2

%R% RE +RA2cos E

20RLE cosp sinA + AcosE (sinpcosE - cospsinEcosA)] +

+ sz [1 - (cospcosEcosA + sinpsin E)Z] +

+ alwzcos B (cospsinE - sinucosEcosA) +

A

GM 3 ~.=.e\ 2
-—r3- 1+-ZJZ<?-) {1-5 cos P,) |:R+c1 smE-czcosEcosA] +

2

ZGM 3 a
-— |3 7, (Te) cos .| [cosucosEcosA + sinpsinE ] +
r

- %gp(n)avé

Agimuth equation (divide by RcosE)

dA _ -& + ZAI.E:tanE

dad - "R
- 2w R (cos usinEcosA-sin icosE) +}.3 (sizusinE+cosp cosEcos
cosE |R k B '
2.
<osE C©°° psinA (sinpsinE + cos pcosEcosA)
3ot

+ Rcosg BSinkcos usin A

Sm 3 - (%)’ 2

ZGM 3 ( ‘e)
+ — cos® J — cos usinA
r ;cosE *|12 72 r

--lzgp(D)av.f\.
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(2.41) Elevation equation (Divide by R}
dE _ 2RE .2 .
®° "R A~ sinEcosE +
+ Zw[% cosusinAi-Acan {sinpsinE+cos u.‘cancosAﬂ +
+ wz (sinpsinE+cos ucosEcosA) (cos usinEcosA-sinpcosE) +

a
+—I%' W~ cosp(sinusinEcosA + cosltcosE) +

2
- GM 1+ 3 J -3-9- (1-5 <:oasZ M |c, cosE+c, sinEcosA| +
;‘3; Z 2\t R 1 2

ZGM 3 /a r
- :2-; cos g, |7 Jz \-;9 l_sinucosE-coau. sinEcosA] +

As a final component equation of the system model (1.1), we append the
trivial relation

de _
(2.42) F = 0

Thus for the present we assume the drag parameter to be constant,

6. Observavion Model Equations

The next step in constructing & model for recursive trajectory
estimation is to delineate the form of the observatmns (1. 2), Since our
dynamical description is in an R, E, A, R E A system, which is directly
the set of observed quantities, the relations (1. 2) have a very simple form.

To be specific, let us suppose that at each observation time we measure

- 27 -
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R, A, E, R. Then the cbeervation equation components are

[

(2. 43) R+ w

% 1
Z, = A+w2
zy = E+w3
Z4 ® I’{+w4

where Wy W Wy, and W, are the respective additive noises in the

measurements with a known covariance matrix W,

We have noted previously that statistical calculations, the actual
process of track smoothing and prediction, require a linearization of botb
the dynamical equations (2. 38) through (2. 42) and the observation equations
(2.43). But the latter are already in linear form; the H matrix (1.12) for
this set of measurements theu has the simpie form,

(2. 44) (10 05600 0|
Hol8 100 0
0010 0
0001 0
.28 -
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III, SPHERICAL EARTH CASE - JACOBIAN MATRIX

1. Simplified Equations of Motion

While the observation matrix H is trivial, the J matrix (1. 8) for our
dynamical system is very complicated. We have described in section I3
the use of the j matrix in the tracking procedure. It is used in (1. 14) to
extrapolate the Z matrix between data times while the dynamical equations
(1.13) are used to extrapolate the estimated trajectory. Essentially, then,
the J matrix is only used in error propagation, and hence need not be cal-
culated numerically with the same accuracy as the f functions. Tn fact,
the only effect of slightly inaccurate J's is to produce slightly inaccurate
Z's which result in less than optimal estimates, gc_'s. The effect is anal-
ogous to the result of perturbing the value of a variable y near a minimum

value of a function g(y). Relatively large excursions of y are orten tolerable

WﬁmmMM@&‘M@’@W%M&@&M‘%MWMMMWMMM .

before the value of g(y) is appreciably raised.
It is very convenient for our problem to simplify J. For this reason,

and with the above justification, we first reduce our f functions (2. 39),

(2.40), (2.41) to the case of a spherical earth, (e = 0), and drop the J

gravitational terms, (J 2 = 0). These simplifications also imply that

2

1ot

Jon

(3. 1) a;=a,=a=c

[
1

n
o

€2

r2 = a,2 + R2 + 2aRsinE

i

cosg,, = %_a giny + R{cospcosEcosA + sinp.sinE)]

SRR S SRR

D=r-a+h .
8

i

RS A SR At

Making the above simplifications we note that (2. 38) remains unchanged

EX

-

N
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dR _

(3.2) e
aa
dt

dE
. at

dR _
(3.3) el

g R M L AR i

dA _

(3.4) T

i

2

RI%: + RAzcoszE +

- ZwR[I:Jcosu.sinA + AcosE(sinucosE - cosusinEcosA)] +

+ wZRl_l - (cosucosEcosA + sinu,sinE)Z] +

while (2.39), (2.40), (2.41), respectively simplify to:

+ awzcosu(cosusinE - singcosEcosA) +

Sm

- —% (R + asinE) - 3 go(D)aVR

r

2RA

= e =m— ZAétanE +

R

2w
" cosE

+ E(sinypsinE + cosucosEcosA)—j +

2

.

cosE
aw . .

+ ReosE sinpcosusinA +

- %‘EP(D)aVA .

- 30 -
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cospsinA(sinuginE + cospcosEcosA) +
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(3.5) %—1;: = - ‘-2—%2-:- - AzsinEcosE +

+ Zwi_-g- cospsinA + AcosE(sinuysinE + cosucosEcosA)] +

4 wz(sinusinE + cospcosEcosA)(cosusinEcosA - sinucosE) 4

a . .
+ ® wzcosu(smusmEcosA + cospcosE) +

GM 1 .
o acosE - 5 go(D)aVis
r R

and again
(3.6) da _, .

dt

2. Jacobian Matrix

The J matrix has the following form (whether simplified or not).

5.7) e a(fR.fA,fE.fﬁ, farip, fo,)
3(R,A,E,R,A,E, a)

0 0 0 1 0 e 0
0 0 0 0 1 0
0 0 0 0 0 1 0

JRr TRA TRE TRR TRA TRE TRe] -

JAR Taa JAE JAR T4 JAE Jie
JErR JEA JEE JER "EA JEE JEa

Lo o o 0 o 0 0]

Performing the indicated differentions with the right side of /2.2) through
(3.6) we can derive the individual J components. We note the expression
for V in (2. 32); we also use the fact that for any state variable, x,

- 31-
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- 30 _do 3D
(3.8) dx ~ d ax
- iy 2D
- p’(D) ax ]

The individual simplified, spherical earth J matrix components are

(3.9) T = EC+ Alcos’rE 2

- Zw[EcosusinA + Acos E (sinpcosE - cosusinEcosA)] +

+ wz[l - {cospcosEcosA + ainusinE)z] +
G 3G

- -—%I- + SM (R + asinE)z +
T T

. éz + AzcoszE

1
- 'Z‘SD(D)O'RR T +

. %gp'(n)afi(k + aginE) -g- .

(3.10) Ji s = - 20Rcosu(EcosA + AsinEcosEsinA) +
+ szRcosucosEsinA(cosucosEcosA + sinpsink) +
2 . .
+ aw cosusinpcosEsinA .

.&
(3.11) JI.{E = -2RAginEcosE +

+ ZmR.‘.&[ZsinusinEcosE + cosu(coszE - aian)cosA] +

- ZwZR(cosucosEcosA + sinusinE){sinucosE - cosusinEcosA) +

+ awzcosu(cosucosE + sirpsinkcosA) +

GMacan 3GM
-t~ aRcosE(R+asinE) +
T T

-32.
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(3. 12)

(3.13)

(3.14)

(3. 15)

(3.16)

{3.17}

. w22 .
3 %gp(D)aR R A 'sinEcosE +

v

- -;-go '(D)dl.laRcosE —:f— .

22
1 R
JI.KR z - -Z-go(D)a(V + = )

JI.{A = ZRI‘%.coszE - 2wRcosE(sinpcosE - cospsinEcosA) +

24 2
1 > R Acos E
- T,_—gp(D)aR —_— -

Jl.{E = ZR}E: - 2wRcosusinA +

2.
1 s R E
- Egp(D)dR 5 -

Jl‘?.d = - 'z'gp(D)RV
JAR = ZR;‘ + Zsz (cosusinEcosA - singcosE) +
R R%cosE
awz
R I cosusingsinA 4
R7cosE
. "2, .2 2
-%SO(D)QAR E 2 Acos E

-%go'(D)aA(R*asinE)-‘;{- i
Jp, = inA (& sinE + EcosE
AA = TosE Cosusin (—ﬁ-s + EcecsE) +
2

+ %;—E- cosp [sinusinEcoeA + cos_u.cosE(coszA - sinzA)] +

aw .
+Rco.§f cospsinpcosA

- 33 .

l L&/%% f‘“

o 2 A bbbl £ b

W e T R ORI A1 fhen i AU gabis e

oy ot

O o

‘ré{&v;‘ Gy Ay,

o

i
2




ARCON
! .
5 (3.18) Thp = 225 - 28 (& cospcosA + Esinu) +
*f cos E cos E
} + a(; —g—m-zg—cosusinpsinﬁx +
= cos E cos E .
} zgp(D)aA3 2 smE‘cfzosE +
3
3 - —;—gp'(D)dAaRcosE—% .
3 .- 2A 2w
(3.19) JAR = =R " RecsE (cosysinEcosA - sinucosE) +
; 1 . R
3 - igo(D)aA < -
.
: . 2R
3 (3.20) JAA. = - = + ZEtanE - —-gp(D)aV +
22,2 2
1% 1 ARcos E
- ng(D)a — — -
(3.21) Tip = 2AtanE - 28— (sinysinE + cospcosEcosA)
.
. 2 )
I 1go(D)aa BE
i
é 1 1 -
! (3.22) Jig = - 7E0(DIAV .
3
4
i
]
B
:
i35
v
-34 -
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2RE Zwl;\ -
(3.23) Jip = - cospsinA +
ER RZ RZ

B b AN NS R A .

- amz cospu{sinusinEcosA + cospcosE) +
R

TR
PXes,

GMacosE 3GMacosE_(R + asinE)

+ + + b
3 R® R 3
. 7.:‘2 .2 2 '§
-%gp(D)aER = 1A cos E 4
1, - oV
- é-go (D)UE(R'F&SUIE)T . :
(3.24) JI:SA = 2wcos '—g— cosA - AcosZEsinA) + 4
2 oal . . 2 .2 :
- cosusmALZCosusmEcos EcosA -~ sinu(cos"E -sin“E) | +
' gi a 2
A s cospsinusinEsinA
g | .
E. (3.25) Tpp = - A%(cos’E - sin?E) +
5 + ZwA[sinu.(ccszE - sian) - Zcosus'mEcosEcosA} +
J — :
+ 07| {sinusinE + cospcosEcosA)” +
: l . . 2
' - (sinpcosE - cospsinEcosA) ] +
{ + -%— mzcosu(sinp.cosEcosA ~ cospusinE) +
% GMasinE 3GMa2coszE
+ 3 + z +
} 'R r
E -35.
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. plal_:
+%»go(D)aE R"A s\;nEcan +
- %—gp'(D)aﬁJaRcosE—Z—-
... 2E 2w . 1 ~ R
(3.26) BR-R® T® cospsinA - zgn(D)dE =
(3.27) ‘IE.)A = - 2AsinEcosE + 2wcosE(sinusinE + cospcosEcosA) +
. p2a 2
R7A E
- $ao(D)eE A8 B
d 2.2
.. . 2R 1 1 E"R
(3.28) JEE DR - ng(D)V - igD(D)a - -
(3.29) Jha = - %go(D)EV
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1V, STATISTICAL TESTING PROCEDURES

1. Basic Procedure

It is evident from the foregoing description that the equations for
tracking in radar polar coordinates are relatively complex, Although
one can organize the calculations to take advantage of common trignono-
metric expreseions, etc., in the formulas, the proegram running time
for such calculations considerably exceeds that for a simpler coordinate
system (earth fixed rectangular) with a simpler model (spherical earth).
In order to compare the radar polar coordinate tracking procedure with
simpler versions of itself and with other precedures a systematic testing
methog is desirable.

Such a testing method can be implemented by a computer simulation
which statistically compares the tracking runs made on a given trajectory
{or set of trajectories) using the full model against similar runs made
with a simplified or alternate model. Let us call the full model the
general model and the various alternate models, special models.

The statistical comparisons can be implemented by the following pro-

cedure.

a) Select a given trajectory by specifying its initial conditions and the
drag characteristics of the body. Select the radar site location.
Specify statisticai 2 priori error variances for the initial trajectory
and drag (state) variables. Select the quantities to be measured, the

data sampling rate, and the measurement error covariance matrix.

b) Pass 1. Simulate the trajectory of the reentry object by integrating
the equations of motion as given by the general model with the initial
conditions assumed above. This generated trajectory is assumed to
be the true trajectory. Record its values i*(n) (state vector) at the

sampling times,

- 37 -
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At the same time make and record z(n). These are measurements
of the true trajectory with an added random noise vector chosern by a
Monte Carlo process from a multidimensional normal distribution with
the assumed covariance matrix. (Since the coordinate system of current
concern is radar-centered polar, the H(n) matrices (2.44) are trivial and
need not be specifically computed or stored. In general, however,
H,(n) would be evaluated on the reference trajectory and recorded.)

Perform recursive tracking as outlined in section I using again the full
model with the data z(n) and the above input parameters. Evaluate partial
derivatives (the J matrix computation) at the true trajectory points rather
than at the estiinated trajectory values, This tracking procedure provides
an ideal, optimum set of estimates ._:E*(n| n-1), i:_* (nln) and their associated
covariances £, (n|n) which are recorded.

The recorded quantities provide a standard against which alternate,

simplified tracking procedures may be compzred.

c¢) Pass 2. Using pass 1 observations, z(n), as data, perform the track-
ing according to the special alternate model to be tested. This tracking
generates the estimates &(nln-l), é_(nln) and their covariances Z{n|n-1),
Z(nin). Here we do not assume that the true trajectory is known; the
J matrix is computed along the estimated trajectory, also the initial
track estimates and covariances need not be identical to those of pass
1. This is a simulation of tracking as it would actually be performed
in the real world.
During the pass 2 tracking we compute a series of comparison statis-
tics to be described below. These comparison statistics determine
whether the special model tracking has been significantly degraded from
the ideal.

2. Tests of Trajectory Fit

In order to derive these statistics it is convenient to view the Kalman

tracking process as a very general method for least squares -curve fitting.
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For example, suppose that a curve of the form

e

o e tth b o bl S A M ST N
SR e SR TR e e e T R S

(4.1) Ae™2m 4 Be™PD 4 cemCP |

W

with parameters A, a, B, b, C, c is to be fitted to data points, z(n),
n=1,2,3,...N. This problem can be linearized and formulated according
to the Kalman model with the state vector

i
3

; ﬁ»zﬁ%’?}

N

. (A ] E
fé a
B
c
-c-

v
T

dx
having the trivial dynamics -71%_- = 0. The computational scheme of section

I can be immediately adapted to this problem.
Suppose we are sure (the null hypothesis) that the data arise from a

model of the above form; then we may ask the question whether the ex-

pression (4. 1) for the curve can be simplified by Gropping the third term,

viz.,

(4.2) Ae~3" 4 Be~PR

A rather obvious procedure for determining the suitability of the special
expression (4. 2) in representing the data is to perform a least squares fit

of (4.2) to the data, z(n), and to examine the residuals
-an ~bn
(4. 3) 7(n) - (Ae + Be )
after the best fit has been obtained. Under the null hypothesis the expected

size of the residuals can be determined. If the residuals are large, in some

collective sense, with respect to the expected magnitude of the discrepancy,
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then the special model {4. 2) is detectably poorer than the general model
(4.1) in its ability to fit the data. The simplification has significantly
degraded the model.

This inspection of the residuals can be used in a similar fachion to
test alternatives to (4. 1) even though they may have a completely differ-
ent form. For instance, instead of (4. 1) we might try a polynomial repre-
sentation

(4. 4) An% +Bn+C

to fit the data, Under some circumstances we might find that residuais
with (4.4) are satisfactorily small and that, therefore, a polynomial curve
will also fit the data. INote that such a type of residual test does not deter-
mine whether or not the best fit parameters ;\, ﬁ, € of (4.4) or A, :;., ﬁ, b,
or {4.2) are close to or correspond in any sense to the best fit parameters
f\, a, B, b, €, c of the general model (4. 1). Indeed, whilie the general
model may have a physical basis for its form, the model (4. 4) may be
entirely empirical, Yet (4.4) may equally weil fit the data; its estimates
A, ﬁ, é, then, are all that are needed to represent a fitted curve. In
effect, they extract all of the available information from the curve data.
The remainder, the residuals, appear typically random.

The above test of fit, then, is basically an answer to the question of
whether or not simplifications or alterations in the curve fitting or, in
general, the tracking model produce a loss of information during the pro-
cess of estimation. A negative result indicates that the reduced model
complexity is unaccompanied by the penalty of information loss.

In order to formalize the above ideas let us assume that our model
has been linearized and that its statistics are gaussian {measuremeant noise,
random driving terms in state equation, iritial conditions). Then, given
the model, one can write down the joint density distribution of the data

z(1), =2(2),...,2(N) given the initial state value X0 This distribution bas
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the joint normal forrm

1g
(4.5) p(ﬁ(l),i(Z),s..,i(N)l_)_(.o) = Ce 2

where C is a constant and Q is a quadratic form in the z's. By the chain

rule of conditioning we can also write {4, 5) in the form

(4. 6) p(z(1),2(2), ..., 2{N)| x )} +

P21 x 0)p(2(2)! 2(1), z o Ip(2(3)1 2(1), 2(2), x ) +

e p(_sz)‘. z(1),... '.Z_(N"l)’.’fo) +

1
- c -E(QI+QZ+... +QN)
= e -

where Qn iz the quadratic form in the density distribution p(_z_(n)[_z_(l),
«+sz{n-1),2 ). )

It is now simple to identify z(nln-1). the expected value of z(n) given
the previous data and initial conditions. Since z(n) = H(n)x(n) + w(n),

(4.7) z(nin-1} = H(r)x(nln-1) ,

for the noise w(n), being independent of previous qata, has conditional

expectation zero. Thus Q has the form
t N
(4.8) Q, = { zn) - Hminls-1)] 57" 2(n) - ARXBIN-1)]

where .‘5n ix the conditional covariance matrix of z{n).

By direct calculation we find
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n

(4.9) 5, = cov| z(n) - H(n(nln-1)]

1

cov[ H(n)(x(n) - Kinln-1)) + w(n) ]

"

H{n)Z(n{n-1)H (n) + W(n) ,

since x{n) - _:g(nln-l) and w{n) are independent. Thus reviewing (4.5), (4. 6),
(4.8), (4.9) we see that the data distribution (4. 5) which may zlsc be termed
the likelihood function uses the quadratic form

N ~ € t "\-1
(4. 10) Q= I (z(n) - H(n)x(n|n-1)) [H(n)z(nln-l)ﬁ (n) + W(n)) -

n=}

* {z(n) - H(r)x(n|n-1))

This quadratic form, being in the exponent of a joint normal distribution,
has a cki-square distribution, It is evident that the vector difference
z(n} - H(n)_%(n]n-l) is a type of residual showing the deviation of the ..ew data
z{n) from its position expected on the basis of the past data and initial con-
ditions. Thus expression (4. 10) is a measure of data fit over the span
n=1,2,...,N, Large values of Q indicate bad fit, small values indicate
good fit. Statisticians will also nole that Q is -2 times the natural log of
the likelihood function and tiat the value of this function indicates the degree
to which the data conforms tc the assumed modzl.

The dimensionality of Q, the number of degrees of fre.dom, is, on the
face of it, Np, where each z vector has p components. This will be true in
nendegenerate cases where the residuals in (4. 1C} and their associated
covariances are not infinitely small or infinitely large and are consist 1tly
computed. The one wmportant practical variation to this rule is the {re-
quently useful, but inconsistent, assumption of an initial X vector having
finite (small) componants bat initial 2(1]0) matrix with iniinite (very large)
variance components, This inconsistency manifests itcelf in the computation

of Q where some of the initial residuals are much smaller than their purported
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variance. Thus, no preceptible contribution to Q results. In order to

correct for this effect, we must subtract from Np the number of X

R A P Y

vector components sc handled. The result is the correct number of

-

degrees of freedom, v, for Q. For example, in a tracking model where

four observations are taken at each time step and X0 has seven compo-

i,

nents, the two extreme instances are as follows,

.

14N initial x, I consistent

=]

(4.11) v

]

-

4N - 7 initial x components all << than initial Z variances .

3
.
&
&
g
E

Pt

3. Variations on the Test of Fit

The Q statistic may now be used in the two pass testing procedure
mentioned previously. z(n) are generated on the lst pass with the full
model; ic_(nln-l) on the 2nd pass with the special model to be tested. We
have two choices for the covariance matrices E*(n!n-l) from pass 1 or the
e¢stimated covariances on pass 2. The pass 1 covariances actually supply
the required statistic because the pass 2 estimated cuvariances are subject
to additional computational errors that the estirnated trajectory must be
substituted for the true trajectory in the linearization process. (In our
current application H(n) is not affected by this distinction since in radar
polar coordinates no linearization of the observational equations is re-
quired. In general, however, H(n) would be derived by a linearization and
a corresponding cheice of evaluatiox on the true trajectory, — from pass

1~ or on the estimated trajectory weuld be afforded.

At B L S b R A M R A e e L ooty

For certain gpecial purposes we might prefer, nevertheless, to use

the estimated covariances to calculate Q. Our interest is due to the fact
that the matrix H EHt + W and the residual vector z - Hx occur in the
estimate and covariance recursions (1.15}, (1 16) of the tracking process
as well as in the Q Yerms. Numerical difficulties can occur in the tracking
which lead to instabilities if the estimated matrix H TH + W departs signi-

ficantly irom: the ideal. If such difficulties are present, the residual vector
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will not compare well with H £H' + W and the Q term will tend to be large.
Note that here the situation is ess:ntially the reverse of the previous one
where HZH' + W is known to be correct and the residuals are compared
with it., In the present situation the accuracy of the estimated H ZHt + W
is also in question. For such a situation the QQ statistic provides a useful
measure of the discrepancy although no specific numerical probabilities
can be attached to the measure because the Q sampling distribution is then
not simply ~hi-square. By comparing the Q's obtained by using both ideal
and estimated Z's we can qualitatively assess the additional covariance
estimate errors and stability properties of the tracking recursions.

We note from expression (4. 10) that a Q value may be computed for
any particular number of successive data points N. Strictly speaking, a
numericaliy correct test of fit requires us to fix N, (e.g., to include ail

the d=ta) before calculating Q since the successive increasing values of Q

are not statistically independent. It is convenient, nevertheless, to rnonitor

these successive values so as to get an approximate idez of the way the
trajectory fit is progressing. In order to expedite this monitoring it is con-
venient to convert Q to an eguivalent unit normally distributed variable, X,
Thus we map the chi-squared distribution and regions shown in Figure 6a

onto the unit normal distribution and regions in Figure 6b.

f(Q)
—_-@%—- Figure ba.
Q
£30)

X Figure 6b.
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This mapping depends on the number of degrees of freedom and is given

(5)

approximately by the formula

@i x-@m 0oz

~ 2/(9v)

On the basis of chance we expect that X will vary roughly between

-2 and +2, If X > 2, then the resicuale are too large, the fit is bad and
the meodel is suspect. If X < -2, the {it is too good; this circumstance is

usually due to a pregramming errcz.

4. Test of Estimate Accuracy

Now suppose that the special model fit has been tested and is satis-
factory. A further question is whether the estimates, gc_(nln), produced
by the special model are close to the true trajectory values x,(n). That
this need not be the case is shown bw our curve fitting example noted pre-
viously. The state variables describing the polynomial (4. 4) of the special
model are not directly comparatle to the variables in the exponential
expression (4. 1) denscribing the general model; yet the fit can be excellent.
In many instancec, however, the intent of the model specialization will
be not only to preserve the fit but also to preserve the significance of the
model parameters. In these instances we hope to find cluse correspon-
dence between x *(n) components and all or some of the _;s(nln) components.

An appropriate test for this correspondence (for the entire vector) is
to form the estimate error, gs_(nln) - 5*(11), and compare it with its theoreti-

cal ideal covariance Z*(nln) ir a statistic,
- t 1 -
(4.13) P = [_J_c_(nln) - 5*(n)] Zy (n]n) [_J_c_(nln) - 5*(n)] .

This statistic can be computed for each n and, except for the firut few
sample poiits where degeneracies may occur as noted earlier, it has a

chi-square distribution with q degrees of freedom, where q is the dimension

of Xoyo
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If _;ﬁ(n‘n) is significantly distorted from the true x (n) the P statistic

S
S

will be large., A typical situation for a two dimensional state vector as

&

shown in Fi

-2" : T igure 7. ez(n)
e

et H

. ¢

o 2

S

2 g

ﬁ

4!

3 P=constant
Fi

1

R e el b msin
e

Figure 7.

1o et

We see an error ellipse of constant P and constant error probability as

“uitoss

determined by Z*(n]n). Let us assume that this eliipse marks the critical
‘I P level. If the error vector lies outside this ellipse the error is signifi-
) cantly large. Such an error vector e, is shown in the figure.

However, note vector ey This vector also is significantly large.

But owing to the high statistical correlation between error components,

. jpe e e o

causing a very skewed error ellipse, the individual componeuts of e b
when tested one at a time against their variances, are not individually

large. Thus it is possible for the combined error vector test to show up

Lo AT
by

significant distortions even though individual components of error are weil
within their respective expected limits,

s
e Lo o

pTTre

For this reason it is appropriate to examine specific compcnents or

RUSMIVA)
i

subsets of the vector é(n]n; for the desired correspondences based on the
physical requirements of the problem. For example, in a trajectory tracke

ing problem we might separate the trajectory position and velocity components

i S L0 LRI
aAay e
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: g of _::c_ intc onc subvector and the drag parameter components intc ancther jf;
3 and test each separately against corresponding components of x . ‘%i
' One further test variation is useful, Under some circumstances our 3*
“ special model parameters may be chosen to be specific functions of the ff
i 3
; l general model parameters. Cr we may be interested in a subsidiary esti-

; mation of such parameter functione although the recursive estimation does \
E ! not produce them directly., For example, let us consider a vector y >f

functions of the general model state at time n.

3 1 (4. 14) y(n) = y(x . (n)) . :
‘: ~ i—
: ! Suppose that our estimation process produces the estimates y_(nln) by the
a calculation, E

. (4. 15) y(nln) = y(x(nln)) . ]
=
,. ! . 3
.. Then the 2rrorz y(n) - y{n|nj may be compared with the theoretical co- 2
; variance as before in a chi-square test, For this conparison we need L
£ (4. 16) cow;Li{n]n)] = cov[x(g(nln)]

RN

§

3- R - al -t
= [-—-n-ag ] cov(_:_c_(n‘n)){-a—:—]

¢ .
‘:"“"ng

X
M
%
=
o
=5
3
k2

|

. or j~

£ =

: (4.17) S(r) = T(x) Z(aln) T{n) 7
- where I'(n) is the partial derivative matrix of the vy fuactions with respect 2

] & to the x variables evaluated along the true trajectory. If we assvme no
7 -

2 = degeneracy, then the number of deg>ees of freedom for the chi-squared

- test statistie,
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is equal to the number of Y components,
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General Notation

()
()

()

5( )
x(n)

cov{ )

(nlk) }
Z(n]k)
()

A.a,B,b,C,c

NOTATION AND SYMBOL LIST

matrix transpose

matrix inverse

ve.tor

vector components

matrix components

probability d=nsity distribution

time derivative, equation of state

time derivative, dynamic equations of motion
quantity evaluated on reference trajectory
deviation from the reference value
x (or other quantity) at time t = t
covariance operator
estimate

estimate of x/n) and covariance of estimate

given data up to and including time tk

section IV notation for covariances, estimates
and observations calculated on pass 1

general parameters in 3ection IV discussion
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Coordinate Systems (orthogonal)

U, Uy, Uy inertial

unit vectors , Uy, ug (Figure 1)

ul, 2‘, u, radar centered, topographic
unit vectors 21‘, _1_12', 33' (Figure 3)
ié' “1“’ uz' ' u3" radar centered, Yy along line of sight

R R A L A 2 A R b et e L T e

upit vectors 51” 2", u3 (Figure 4)

». ﬁu-

Conventions

Let Y be a physical vector. Then we express

AR

Y its U, uy, ug coordinates
Y its ul, 2', u coordinates
x its ul”, uz", u'3' coordinates

gt ~
m«i-n»-

Y = |¥| =1¥" = ¥

o
R
canmamilts

Gt R, SR AR AN A S SOIAIBEK e ity I S 3G

Transformatiors
E Y! = T _Y'"
g ¥ =Ty

i

S, mbols

o=t ReshiniodbiuSuhug

i

a, a radar statior vector, a =|a

’é?'-
: &

S

station parameters




ARCON

Symbols {cont,}

I

equatorial earth radius

radar azimuth coordinate

drag parameter

auxiliary angles in ellipse geometrv

derived quantities dependent on station parameters
constant in probability distribution

altitude of tracked object above earth,

approximation to D

eccentricity of earth

estimate error components and vectors
radar elevation coordinate

functions on right side of equations of state
vector force, gravity, drag

principal gravitational constant

arbitrary functions of state variables
partial derivativ> matrix of Y, l"ij = %%1

observation functions

O
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.
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Symbols (cont, }

¢’ (p:‘,:

In

i
o

- N e et — g e e ———

P T T e

station height

df,
jacobian matrix, J.. = —
1) o xj

first zonal harmonic gravitational constant
auxiliary constant

mass of tracked object

geodetic, geocentric latitude

index denoting tn

total number of observations

number of degrees of freedom for chi-square
position points

dimension of z

geocentric colatitude; station, object
dimension of x
quadratic form, test of fit

object vector from earth center

object vector from radar, radar range coordinate

- 53 -

- e

|
i

i
%
i
1
i
|

A g o o s P T 5 %

U S SN B

ST Y

i b enr—. A

PPN

-

npn




ARCON

Symbols (cont. )

go (D)

S

In

i

air density (weight units) at altitude D
covariance of z

covariance «f x estimates

time

transformation {rotation) matrices

station longitude

(with subscripts and primes) various coordinate
system unit vectors and components

velocity, speed of object reclative to earth
observation noise

observation noise covariance

state equation driving term

driving term covariance

state vector

normal variate equivalent to chi-square variate
variables equal to functions of x

observation vector

earth rotation rate (siderial)
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