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ABSTRACT

The following report describes (a) an outline of the Kalman-based

tracking procedure for reentry trajectories, (b) a detailed derivation

cf a mathematical model to implement this procedure in radar polar

coordinates, and (c) methods for checking, via simulation, the degree

II of degradation introduced by model simplifications and other changes.
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1. RECURSIVE TRACKING

I. Introduction

The following report describes the derivation and implementation of

methods and models for simulating the reentry tracking of an object in

radar-centered polar coordinates and the statistical comparison of various
S~tracking algorithms. This work was performed for Lincoln Laboratory,

M.I.T., under the direction of Dr. Richard Wishner, Assistant Group
tLeader, Group 42, in support of a program for advancing the techniques

of reentry tracking from radar data.

The target tracking procedure considered here is a relatively straight-

for'ward application of Kalman's recursive estimation technique(. This

application was reported upon previously by Gruber(Z), forming the basis

fcir subsequent computer simulation models. The early mcdels were based

on a radar-centered rectangular coordinate *stem and were programmed
(3)II and investigated by Bertolini(.

A radar-centered polar coordinate system has the relative advantage of

leading to a simple linear model for observation geometry at the expense of

a more complicated dynamical model. It has been suspected that the linear

observation nacdel represents a definite advantage in tracking stability and

accuracy, especially just after target acquisition. The present work is a

f contribution to the polar coordinate studies.

Dynamical equations for a trajectory in radar polar coordinates have

been given by Catalano. *We rederive these equations here in a matrix

format and continue with a development of the partial derivative matricea

for the spherical earth case, which are necessary for the tracking

algorith-ns.

In summary, the report contains (a) an outline of the Kalrnan-based

tracking procedure for reentry trajectories, (b) a detailed derivation of[ a mathematical model to implement this procedure in radar polar coor-

dinates, (c) methods for checking, via simulation, the degree of degradation

introduced by model simplifications and other changes.

S- I -I



- ---- ----

An Appendix sumnarizes the rather extensive notation conventions

2. Tracking Models

The tracking procedure, as we noted above, is based on Kalman's

method of recursive estimation. This estimation technique is ideally

suited to the present problem because

a. It is a general method. Many different variations of reentry

dynamics and observational procedures can be handled within

a common framework. Thus design experimentation is
facilitated.

b. It is real-time estimation method. The utilization of tracking

data in forming the track estimate is sequential in time. Since

we are interested in applying the results of our studies to real-

time systenis, we are obliged to confine ourselves to such

methods.

c. It provides optimal estimates where the model equations are

linear, and approximate, optimal estimates in the nonlinear

case,

In view of these properties of recursive estimation it is not surprising I=
that most of the tracking methods formulated in the past for real-time

applications turn out to be special cases of the general Kalman formulation. jf
While it is possible to conceive of tracking schemes which do not fit such

a formulation, the investigation of each such scheme would be a new and

unique undertaking. We believe that at present the best service is per-

formed by investigating the Kalman class of tracking models and wiUl

confine our discussion accordingly.

In order to implement a particular model, we must postulate or derive

two sets of equations. The first set, a system of first order differential U
equations, describes the dynamics of the reentry body and its motion along

the trajectory. The second set describes the geometry of each measure-

ment. Since it is clear that the same physical trajectory can be treated in

different coordinate frameworks and that varying levels of detail can be
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incorporated in the dynamics, a class of models arises, each treating

I the same problem.

The dynamical equations may be written in vector form

dx(1.1) 4 = f1x, t)

where x components are the dynamical or so-called state variables and

3 t is time. Similarly, the observation geometry may be written in the

form

1.2) _zh(x, t) +w(t)

Ii where z is the measurement vector at time t and w is an additive noise

vector. This noise vector is required to be statistically uncorrelated for

3m I different t and has the assigned covariance matrix

3 (1.3) W(t) = coy (w(t))

Without loss of generality w(t) can be assumed to have zero mean for

each t.

The dynamical equations may be generalized to account for random

disturbances by including random driving terms on the right side.

dx(11.4) _ = f _,t) + M,(t

In this more general form, w_(t) is assumed to be a zero mean white noise

process with given covariance matrix, W*(t). In the following discussion,

the simpler dynamical equations (1. 1) will be used. Then the modifications

necessary to include the effects of a random driving term, w.(t), will be

noted.

Owing to the nonlinear nature of the above equations (f and h are

nonlinear functions of x), it is inevitable that statistical calculations be

based on a linearization of (1. 1) and (1. 2). Thus, to compute tracking

errors and their statistics, we assume that the reentry object exhibits

1- -3-



only small deviations from a nominal trajectory and from (1. 1) derive

an equation for the propagation of such deviations. Let us thereforL U
consider a specific trajectory, Xo(t), satisfying (1. 1), as a reference

trajectory

(1.5s) 1• (HO' t)

IThe actual trajectory will differ from x 0 by an amount 8x, assumed small.

(1.6) 8x = x- x0

From (1. 1) we have

7 + tx = x f(+ 6x, t) . H
-Expanding terms on the right in a power series to the first order in 6 x

and using (1. 5), we find a matrix equation for the dynamics of 6 x. -

(1.7) d 6x = J(t00 t) 6x

Here J is the jacobian matrix of f with components

(1.8) Ji. - I

I evaluated on the reference trajectory.

Similarly, we use as inputs to a statistical calculation, deviations of

the actual observation vector, z, from the ideal observations, , that

would be taken on the assumed reference trajectory with no noise. That
is, II

(1.9) 5 z =z - R

I where

1 -- 44 -



Again ame~uming that 6_ and 5 x are small, making a first order approxima-ttion in (1. 2) and using (1. 6) and (1.10), we find from

- + 6z = ho + 6

NE4C t)+ Jt

that
(1.11) 5z = h(x t) + W(t)
AgiHe wnin ht6 n re smalla making af first orderls afhpwitxiompneat

(1. 2) Hkj i

• H evaluated on the reference trajectory.

S~3. T:racking Recursions

S~In outlining the method of tracking by the recursive technique with the

above model, we assume that data is received at discrete times, t U(n =1
2, 3, ... 6) and introduce the following quantities and notation.

a(n) -the data received at ttme n.
Sx(n) - the value of the state vector at tim e n.

H(rH n) - an estimate of h(n) given the data up to and

I ~includiing.z(n),

•(n', n-l1) - an estimate of x n) giv•en data up to and including

I z(n-l).

l (nt n-1)o - the covariance matrix of errors in j(nln-o).

H(n) - partial derivative matrix (v . 12) at t n

nn

In what follows, trdenotes matrix transposition.

b-5-
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We begin by assuming that we are in possession of . (n-i I n-1) and

(;•(n-11 n-i). Then the recursive method consists of the following steps:

a, Extrpolate _R (n-11 n-i) forward to time tn thus obtaining _ (nI n-i).

The method of extrapolation in to use i (n-l n-i) as the initial

vector in the dynamical equations (1. 1) and to numerically integrate I
these equations ur to time tn+l

(1.13) df (, t)

b. The solution at time tn+3 is x(nI n-i). I
Sb. Extrapolate Z (n-11 n-i) forward to time tn thus obtaining

E(nin-1). The method here is to adapt-the linearized error

propagation equation (1. 7). The corresponding propagation

equation for covariances has the form

,(1.14) d J t i

where, ideally, J is the jacobian (1. 8) evaluated on the trne

trajec~cry. However, for a real estimation problem, the true

S! trajectory is not know n. H ence, w e evaluate J instead on the

estimated trajectory between t and t determined by then-I n
extrapolation process of a. Then Z (n-l n-1) is used as an initial

n'atrix value in (1. 14) and this matrix equation in numerically II
integrated forward to provide a solution Z (nJ n-i) at time tn

c. At time t , new data z(n) are received; 7_(nln) and _(nln) areSgenerated from M (ni n-i) and ^ (n I n-1) by the K alm an form ulas JJ
(1.15) 2;(n n) Z(n n-i)- 1 (n n-1) t) ZnI n-1) Ht(n)

+ W(n)]"* H(n) Z (nJ n-i)

i"!i



1 (1. 16) (ul n) = _x(njn-i) + 2; (nj n-i) Ht(n) [H(n) 1 (nj n-1) Ht(n)

+ W(n)f Lz(n) - H(n) (nj n-i)]

The cycle of calculations then repeats, returning to step a. The

successive values of i(nl n) thus generated are the tracking estimates.
Of course, an independent method is required to supply the initial starting

I values X(O IO) and ME (010).

The above procedure may be generalized slightly to account for the

I presence of random driving terms i.- the dynamical equations as in (1. 4).
In most cases such terms in the model are added to account for unknown

effects and to hedge the statistical estimation process. For such a purpose
it is equally appropriate to add the random term only at the discrete obser-
vation times. Thus instead of analyzing the effect of a continuous excitation

w(t), --.e simply replace it with a discrete one w,(n) with an appropriate

covariance W*(n). Only the above step b. is modified to account for this
complication. When E (n-lI n-1) is extrapolated forward, the matrix
W-(n-1) is added to the final extrapolated value in order to obtain

j •(nj n-l).

I
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•ii II. RADAR POLAR COORDINATE MODELI

i ELLIPSOIDAL EARTH

-1. Earth-Station GeometrI

It should be clear that if the same physical problem is described in

different coordinate systems the functions fj _h and J, H of the rhodel
•!will differ in acorresponding way. Since the effects of the linearI

! approximations on the accuracy and stability of subsequent statistical

• ~calculations depend on the precise nonlinear forms of f., _h, it is of

H• some interest to explore various coordinate descriptions for their

•. influence on these numerical properties. At the same time, the level
i• of complexity included in the dynamical model may be varied to account

for the various physical influences and the properties of the reentry body.

: ~In this report, we shall describe in detail one sucb coordinate system [

•:• and level of model complexity. The chosen coordinate system is earth

fixed, polar, and centered at an observation site. Observations are

assumed to be mnade by a single radar and consist of measurements of

range R, azimuth A, elevation E, and their rates (or a suitable subset

of these). By choosing these very same variables as dynarmical I

variables, we insure that the functions h are exactly linear and that [

no approximation need be made on deriving H from _h. On the other I

hand, the dynamical laws (L1. ) are complicated by this choice.

The dynamical model assumes a rotating earth of ellipsoidal figure,

gravity terms including the first zonal harmonic (J.) and air drag on a

point mass non-lifting reentry body. This model is essentially that

of Catalano; the derivations given here are somewha•t more detailed,

and the results are adapted to the needs of programming and statistical

investigations.

In the following derivation vectors, which are always underlined, are 1m

understood to be expressed in column matrix form in a particular ortho-

goa coordinate system. Thus, the physical vector from the radar to I

the tracked object, the "R" vector, is R in the unprimed coordinate system,

R' in the primed system, and R_ in the double primed system. These are

8



all different matrices, although ,representing the same physical vector,

I and have a common length R, the range measurement. When the physical

vector is discussed, the particular representation R will be used for

convenience. These conventions will be followed in all vector notation,

except that the physical unit vectors of the unprimed system (ul R., u 3),

of the primed system (1-1, U u 3 ), and of the double primed systemI?
(_Uli", s -3V ug) represent truly different vectors, not different repre-

sentations of the same vectors. They bear the prime notation to distinguish

the coordinate set.

Consider then an oblate earth of equatorial radiuc ae and eccentricity

e, rotating at the siderial rate w. Lot (I'l, uZ, u:lbe an inertial orthogonal

coordinate system where Ul. u 2 are in the equatorial plane and u3 points

toward the north pole. Assume a radar station at distance a from earth's

center, at geocentric colatitude 9 and lying at longitude G with respect to

the u, axis. Figure 1 depicts these relations.

I
UU

Since the station is fixed with respect to the earthwe have

II= or 0 = 0 +wt .

7.• _
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The polar radius of the earth is a I .ee U
Now consider a cross-section of the earth in the plane of the station,

Figure 2. h is the altitude of the station, p its geodetic latitude, and p'

its geocentric latitude. u is the equatorial coordinate in the station plane.

UU

h ha stati on

us i

Li

ji Figure 2.

I Also shown in Figure 2 are the two construction circles of radii ae and

ajN1 - e2 for the paranietric representation of the elliptical figure with

the aid of the angle 0 . Thus, the ground projection of the station has U
coordinates

2.1) u a Cos
a e

u 3 = ae VI- sin .3 I

-10- 1
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If 5 is varied by a small amount, u5 and u 3 change accordingly|
du, = -a esin d

du3 = ae 1-•e cos d •

I Therefore, the (u5 , u 3 ) vector with co;nponents (- sin e- cos o)

will be a north-pointing tangent vector on the surface at the ground pro-

jection of the station. A perpendicular vector, (1-_ecos •, sin )

will be an outward normal at the ground point. Thus

cos = k.- /- 7  cos

Ssin• P k.- sin

IIor conversely
I Cos

sin• sin• 1,

where k is chosen so that the necessary identity cos + sin • = 1 is

'1 satisfied. We obtain

I cos 0 = 7/1- 7 -a inZ

sin$ V/_" -ez sin
SIJl-. ýez asinZ

Using (2.1), we obtain the ground point coordinates in terms of the geodetic

4 latitude. Finally, adding an increment for station height, we obtain the

station coordinates.

* -Il-
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Ii

!i 'a coo p•
!(. ) us = -.. +h 11Cos p

(2,2) eu sins

a e +- +h sinj.
A3

-/I - eZ sinZ sin

-= For convenience defir.e

a

(2.3) a1 e  + hAT1 ez sinZ

a (1- e2

e +ha2 s h11 -eT sinz p

then using (2. 2), the station vector (coordinates) in the (ul, u2 , u3) system

can be written

[a, Cos 11 coos

(2.4) a, Co sine0

a2 sin

Note that a, the magnitude of , is given by

2 2 2 2(2.5) a a, cos p + a sinu 1

Noting that 0 w i, we find the rates of change of a in the inertial systemI nOI; ] to be

sin 0• i(2. 6) •.=ax wcos p cos

0I• • • =" cooco

-12-
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2. Observation Geometry

The station observations are made from position, a but in an earth

fixed system with origin at a. Define an orthogonal systemn at 2 and

make observations as shown in Figure 3.

Ir U Z3

I I

N,,
/I

Figure 3.I
The observed object is at point 0 at position vector r ; the observation

vector is R . In the local system (Uq, uZ, u 3'), u3I is perpendicular to

the earth's surface (at the stations ground point), ui points tangentially

east, and uj tangentially north. R may also be described in terms of

range, azimuth, and elevation relative to the u' system as shown in

Figure 4.

I
I

I
1- -1 3 -s m • • =



Su• (up) I

R or RI orRif

- t (north)

/ It
uj (east)

Figure 4.

A third set of orthogonal axes may then be constructed with Ux I
along with the R direction, u3" in the A direction parallel to the groundSplane, and ujI in the E dire, tion to form a right-handed system. By

t projecting the u" unit vectors on to the us axes, we find the vector
relations,

(2.7) u1" = cos E sinAu1 + cos Ecos Au. + sin Eu3'312 -sin E sinAu - sin E cos Au. + con Eu 3j
_•,, - coo Au' sinu'
.a3 -2

These provide an orthogonal transformation, T.,, for transforming vector
components from the utI to the u' system,

cos E sin A - sin E sin A cosAS (2.8) T, cos E cos A - sin E coo A - sinA

Jsin E cos E 0

S- 
1 4 -
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For example, the physical vector R has the components (R, 0, 0) in

the ut1 system. In the u' system, the coordinates are

I R~ R cosE sin A
(2.9) R' = 0 R coL E cos A

0 [R sin E

I But the R vector components are also related to R' by an orthogc-nal matrix

transformation.

(2.10) R = TR'

From the geometry implied by Figures I and 3, we can immediately project
{. unit vectors u;, u•, u3' into the inertial system and represent them as

linear combinations of unit vectors uR, u 2 , u 3 in this system. We obtaino othe vector relations,

u; = -sin0 u +cos eu2

u2' = - sinp cos Ou1 - sinpsin~u2 +cos P u 3

u3' = coo P coseu 1 , coati sine u 2 +sinPBu3

These relations immediately yield the required transformation,

II[.sine0 - sin p cos 0 coop CosB a
(2.11) T = e - sin p sine9 coos sin e

~l] L 0 coop P siJ.

f I U3. Equations of Motion

From Figure 3, we see that

(2.12) r = a+R

_ _ _ _ _ _ _------ ----- _ -



Then using (2. 13) and differentiating, we find the succession of relations

(2.13) r =a.+T RI

T &+RI+T RI

W1 T R, + Zi - +IR

By Newton's law (r is in an inertial system) F" may be equated to the specific

force vector applied to the reentry body. 1

(Z. 14) ~+T R + Z t I +TR'I= F/rn

Now by direct differentions, the left side of (2. 14) is evaluated using (Z. 6),

(2. 8)0 (2. 9), and (2. 11). First the T derivatives may be evaluated in the

following form. B
(2. 15)cosO w sina sin - w coxp, sine8

(.15) T = w sine -wsinp Cos W coso cos II

0 0 0

0TW-ssinO p cos P]L II
T = Tw sin p 0 0

S•.Cos 11 0 0

(2.16) T=* [w sin P 0 0

cosP 0 0 J I

4 - 0Tw 0 sinz: -sin cos
0 -sin p• con !t Cos 2 P

-I-16-
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-T - - -. - - - .,c-" A- 4 -

Lq

I I
I

EJCO S rEsnE0

H ~In order to. evaluate R' derivatives, we first calculate T, in the form

0vEs A E o.Ao -Acoo oAn

-T E 0 sin E

cos E sin E 0

Then-

S(2.18) R' = TTI -

0 0

Ri coo Ej

andIIj

I coE + Ik co, E- RAE sin 1..RA C03

I [sR. RE - R!7-cos 2 E1

T.. ' RRAsn COs ~ E + 2iRicoE -ZRAE sinEj

I By directly substituting and rearranging these results, the left side

of (2. 14) taken the form L
-17-
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(Z. 20) W'+ T + 2T R + T RICosC R O-RI2C5

_0 LRA co -E + - RA cos E- 2RAE sin E

[ o cofl L 1]
+ZTw sinp 0 ] T LRE +

Cos u 0 AR Cos E

1 0 0]

-Tw2 0 sin 2. - sin cosp. IT- 0

0 - sinp• cosp Cos2 •t•

Noting that by orthogonality TI T..,- and Tt = Tl we can extract the

common matrix factor TT.. and write (2. 20) in the form

2.21) + T R' + 2T•R' + T R'

Ri R-RE -RA cosZE
2 2 Fil

RE + ?RE + RA sin E cos E

SRA cos E + 2RA cos E - ZRAE sini E

0 - sin • cosp R

.• + Z9 ~sin p. 0T UL-coo 1 0 0o

- J8-
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ZTt sBinl~cs ýsin ýLcosj u I* 0

00 0
0 sin lkcos C cosj

- a LOco0s 1ý T.' sin .0-1

Performing the indicated matrix multiplications and using some -,

trigonometric identities in the third term, vre can verify that

(2.22) W + TR+ 2TR+ T R

TT, R + Zk. + sin E cos E +

RAcos E + ZRA. os E - .R*E* sin 2

RE cos i sin A + RA coo E (sin 4 cos E - cos 4 sin E cos A)

+ 2w R c capsinA- RA cos E (sin Lsin E + cos pcos E cos A) +L R(cos tpsinEcosA - sin 4cosE)+RE(sin psinE+ cos plcos EcosAj

1-(Cos p Cos E cos A + sin p sin E)Z

-W R .inp siE+ Cos cosoEcosA) (cos psinEcosA - sinji cos z +

LCos sin A (cos poCos E coo A + sin o sin E)J

rcos t, (cos p. sin E - sin p. Cos E Cos A)-

-a , wcosp. |sino sin E cos A+cos pcos E

Isin ti sin A jJ

-19-u 1
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4. Forces 1
We turn now to a consideration of the specific force on the right side

of (2. 14). We shall include two forces, gravity and air drag. The gravita- U

tional specific force upon a body at 0 in Figure 3 can be expressed in terms

of an infinite series. Explicity writing terms only out to the first zonal

* - harmonic (J 2 ), this series becomes

GM 3 2 2 2
(2.23) F /M 1 + -Z (1 5 cos )+ +

I"GM r Ji2I

r 2 Cosp (P 3 u*7-
r2L (ae) j 3

Here r is the body position vector from earth's center, r is its magnitude,

and p is the angle it sub'=riul with the polar-axis. GM and J2 are gravita- [1
tional constants and u3 is a unit vector in the north polar direction. In

using (2. 23) further, we shall retain only the terms shown. Applying

(2. 4). (2. 9), (2.13) and writing out the vector components in (2. 23) in

the inertial system, we obtain

-i a1 cosp~ Cose0
GM 3 2 (l5o Zc~ 1

(2.24) Fg/m r n + 2 Z (I- 5 cos -. aI cos.L sine +
r j (r/a

L- Z - ,i
L 0RI GM ( j

+ T T_ 0 co y_ cO Ck3 . 0

12r (/a) l

Finally, to bring out a uniform TT*. factor on the left side, we note that£

t t

by T* r . Thus (2. 24) can be written in the form

-20-



(2.Z25) F /Mr -- 3 1 - 1 o

GM rL (1-5 COB2

fl T*. (-a,) sinpcoa. + +

a1 cos zp + aZsin 2p

1 ~0 1
G M j2 TT,!

r Tr aT Te) csin.

Now introduce the abbreviations

(2.26) cl = a1 cos°p + 2 sin p.

c= (a 1 -a 2 ) sinpcos i!

and perform the T!. multiplications to obtain

(2.27) Fg/m M[1 + (1-o2 21 - os
r (r/ae) "'

R+c sinE - c 2 cos E cosA
1

1*TT.i cLCos E + c sin E cos +A

'Ii
COop cosEcosA+ sinpLsinE1

- Cos T sin pcosE - cop ,' inEcosA
cir (r/ae)J

21II-21-
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The use of this result requires an evaluation of r and cos o We

note from (2.12) and (2.13) that r = a + R a + T R_ so that

2 t(2.28) r rr

a 2 + + 2at TRt
cos E sin A

"a + R +2RLO, c2 , cl] cosEcosA

Lsin E

=a + R+ 2R (c sinE- c2 cos E cos A) .
I

Also I
rt u3

(2. 29) cos = r [

= (a+ T RI)t [÷r - - -

1- Ia. sinp +R (cospcosEcosA+ sin i.lsinE)]
rU

The drag specific force on a body at altitude D above the earth, H
traveling with velocity V relative to the earth is given

S(2.30) F dl mr = 1
Sd gp(D) VV

where gP (D) is an empirical function, the air density in weight units at

altitude D, and O is a drag coefficient which characterizes the body.

Since •A is the relative velocity vector expressed in the earth fixed u'

system, we can write V in the inertial system as

IR

(Z..31) V=TR' TT, RRE

A cos E

I
t - I



I

1 
R

I

(2.233) Fd/m gp(D)O V TT2 , R2

I R cos E

I The altitude D may be approximated very nearly by using the con-

struction shown in Figure 5. This figure is analogous to Figure 2 but

I3 0

I

Figure 5.

is a cross-section of the earth in the plane of the object position vector r

= • and polar axis u 3 . As before, 0 is the object's position while 0., is the

foot of the perpendicular to the earth below. Segment OO is the true

1: altitude. Instead, we compute and use the intercept 00., of .!engt~h d as

S~- 23 -
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[
an approximation to D. This approximation is very good for small e.

As with the similar expressions (2.1), the point O, can be located in

the parametric form

(2.34) ub a ecos L

u 3 =a .1 elsi

But also

(2.35) ub = (r-d) sin CP,.

u3 = (r-d) cos V...

Eliminating b, b, u 3 from (2. 34), (2. 35), we find

2
S2 2 u 3

ae Ub +-----,1-e

2 2 cos 2
(r-d)Z (sinZp, + e,S~1-e /

and, therefore,

Sa 1 e

(2.36) D - d r -

-f l e sin (P,

I I
5. State Model Equations

"Expressions (2. 27) and (2. 33), when added, complete the right side of EI
the differential equations of motion (2. 14). We have already evaluated the

left side in (2. 22). Note thac all these expressions have a common matrix j
factor TT,. which we can discard or eliminate by multiplying throughout by

T," Tt. This final step in effect transforms all vectors into the u" system

-24
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which is an orthogonalized radar coordinate (R, E, A) system. Thus, the

component differential dynamical equations for the motion of the reentry

body in radar polar coordinates can be read off.

"In order to conform to requirements of the Kalman model, that the

dynamical equations be first order differential equations as in (1. 1), we

identify as dynamical variables both R, E, A and R, E, A. Since we shall

be interested in estimating the drag parameter O as well, it will also be

included in the state vector x . Thus, define

i (2. 37) [R

IA E

I where the orde.- of variables E, A has been interchanged to match a current

convention. Then the first three component equations of state (1. 1) are

actually kinematical,

(2.38) dR

dA

dE "

while the second three are obtained from the derived equations of motion as

Inoted above:

2
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if I

* (2. 39) Range equation

iidi .2. 2 2.S=REz + RAz con E -

2- wwREI cosp sinA+AcosE (sin PcoME- cosasinEcosA)] + L
+ W2 R [1 - (cospcosEcosA + sinp sin E)2 ) +[• + aI w O2 c (coo poinE - sinpcosEcosA) +

"G [1+31~
(1-51 fe coosP Rq snE-j cosEcosA] +

-G 3+JY ( 1-5 [Rc S

-ZM [7 Jzi)CosJ [conupcosEcosA +sin ILsjnE ]+ j
I ~gp (D) tV R

:4 (2.40) Azimuth equation (divide by RcosE)

11 d-- +ZAE tan Edt R +

1) 2w R(cot psinEcosA- sin p1cosE) + E(sin pasinE+cosp, cosEcosAjj
co u

"c- 'osE

2
I II

+ sin A (iCn sinEsA
h•RcosE ico in

GM I3 2 C2" " + g J2(1 - 5 Cos2 c csinA

r RcosE )

2G M [3 /a e,
+ Cos C* L 2 coorsij

-7 gp I
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(2.41) Elevation equation (Divide by R)

dIE ZRE sinEcosE +
dt R

+ -- 2W[C cos1sinA+AcosE (sinp sinE+cos pcosEcosA) +

2
+ w (sin psinE+cos pcosEcosA) (corn psinEcosA- sin pcosE) +

a
+ W- cor p(sin psinEcosA + co lIcosE) +

GM + 2 (a A +
"-TR J?. ", F) (1-5I c os'P C°SE+c 2 sinEcosA +

ZGM [3 /a r
z " COS r* J2sintIcosE-cosL +

1

-g gp(D)a VE

As a final component equation of the system model (1. 1), we append the

trivial relation

(2. 42) _L = = 0dt

Thus for the present we assume the drag parameter to be constant.

6. Observation Model Equations

The next step in constructing a model for recursive trajectory

estimation is to delineate the form of the observations (1. 2). Since our

dynamical description is in an R, E, A, R, E. A system, which is directlyI I the set of observed quantities, the relations (1. 2) have a very simple form.

To be specific, let us suppose that at each observation time we measure

2
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R, A, E, R. Then the obeervation equation components are I

(2.43) zI = fl+wI

z 2i!! " z2 A+w 2

z= E+w 3

z R + w4 4

where w1 , w2, w 3 , and v 4 are the respective additive noises in the

measurements with a known covariance matrix W.

We have noted previously that statistical calculations, the actual U

process of track smoothing and prediction, require a linearization of both

the dynamical equations (2. 38) through (2. 42) and the observation equations

(2. 43). But the latter are already in linear for-,; the H matrix (1. 12) for

this set of measurements then has the simple form,

(2.44) 1 0 00 0 0 0

SH = ,0 10 0 0 0 0

0 0 1 0 0 0

A
i Ii
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ImI. SPHERICAL EARTH CASE- JACOBIAN MATRIX

1. Simplified Equations of Motion

While the observation matrix H is trivial, the J matrix (1. 8) for our

dynamical system is very complicated. We have described in section 13

the use of the . matrix in the tracking procedure. It is used in (1. 14) to

extrapolate the Z matrix between data times while the dynamical equations

S(1. 13) are used to extrapolate the estimated trajectory. Essentially, then,
the J matrix is only used in error propagation, and hence need not be cal-

culated numerically with the same accuracy as the f functions. Th fact,

the only effect of slightly inaccurate J's is to produce slightly inaccurate

E's which result in less than optimal estimates, x's. The effect is anal-

ogous to the result of perturbing the value of a variable y near a minimum

value of a function g(y). Relatively large excursions of y are often tolerable

before the value of g(y) is appreciably raised.

It is very convenient for our problem to simplify J. For this reason,
and with the above justification, we first reduce our f functions (2. 39),

(2.40), (2.41) to the case of a spherical earth, (e = 0), and drop the J2

gravitational terms, (J 2  0). These simplifications also imply that

(3.1) a1  a =a c

c2 =0

r 2 =a 2 + R2 + 2aPsinE -

Cos, = -[a sinp + R(cospcosEcosA + sinpsinE)]

D=r-a+hh .

Making the above sirnplifications we note that (2. 38) remains unchanged

-29-
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while (2. 39), (2. 40), (2. 41), respectively simplify to:

(3.3) R -

dLi

+ aw cosp(cosu sinE - sinpcosEcosA) +L

~G(R + as inE) - -.1 g p(D) &VR'

r

(3,4) dAý z.ý 2R kitan.E +dt ~

2w cas (cssinEcosA - sirsj~cosE) +wI

+ cioiiE+ oILcscsA]+I

+ ~ cosp~+in(sinpsinE + cosi~cosEcosA)j + I
2

+ R ~sE sntcospsinA +

1
f 2 gp(D)&VA
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.• ~(3 5)• == A sinEcosE +

+ 2 1 R- cosýLsinA + AcosE(siniisinE +cosýLcosEcosA)+

LL
2I

(4 .x (sin AsinE + tLcosEcosA)(cosýLsinEcosA +sincosE) +

+ a-w costj(siný&sinEcosA + costicosE) +

GM 1
- acosE gp(D)*Vi.

r R

I and again

(3.6) d..j. 0 .
S~dt

2. Jacobian Matrix

The J matrix has the following form (whether simplified or not).

(37 1(fRAfEk' fk(.3), fat
Aý - (R, A, E,R•, A.E,)

0 0 0 1 0 0 0

0 0 0 0 1 0 0

0 0 0 0 0 1 0

Sj] iR 3 RA JkE jkf J 'RA E Jýij

JER J;EA JEE JE EA- AEE

o O 0 0 0 0 0

Performing the indicated differentions with the right side of '. 2) through

(3.6) we can derive the individual J components. We note the expression

for V in (2. 32); we also use the fact that for any state variable, x,
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(3. 8) do DI

-P'(D) 
I

The individual simplified, spherical earth J matrix components are

(3.9) JkR E +AcosF

Z w[icos~.sinA + kcos E (sinýLcosE -cos~sinEcosA)] +

+ w [1- (cosp~cos~cosA + sinu~sinE)] +

GM 3 GM
-+ -~ (R +asinE)2 +

r r

1 +ACos E +
- Lgp(D)afR*R

- 9 DI t( + asinE) VI

~ i (3. 10) kA - ZwRcos 1.j(EcosA + AsinEcosEsinA) +

+ 2w 2Rcos~cosEsinA(cosjpcosEcosA + sin&,,.inE)2I

+ aw cos B nýcosEsinAI

(3.11) JkE =-2RAsinEcosE +3

+ 2wRAE29inusinEcosE + coap(cos E sin E)COIIA] +3

-w 2R(cospcosEcosA + sin4.&sinE)(uin4LcosE -cospjsinEcosA) +

2
+ aw cosj.(cosiicosE + air-1sinEcosA) +

G acosE 3GM
3 + -.- g-- aRcosE(R+&9in.E) +

r r

R -32 -1



+ g(D)ot2R AsinEcosE +

I -g*D~ aRcosE- *2 gD()Rr

(3.12) igo(D)ct(V + l)

13) R = 2RAxos E - ZwRcosE(sinpjcosE costijsinEcosA)+

2 2

I -gp(D) ciR Ao

(3. 14) Jjij Z RE - 2wRcositsinA +

-- fgp(D)(YRE
V

(3.15) i ~gp(D)kV.

(3. 16) 3  iR= + 2w (cos~tsin~cosA -sin~lcosE) +

2aw -- cospsinlsinA+

R 2COSE
12 2 + cos E+

-Igp(D)ct"

1 V

? -g oI(D) OAr as inE) r

2w

+ w 0~ sinuisinEcosA + cosucosE(cos 2A - sin 2 A)+co =E L A)]

aw
+fC -f cosipsinlicosA
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(3.18) AE ZAE -2w Rotcs + 'IIul2 R ojcs +Ei~coE CosE

2 2 _in

+- cosp~sin~sinA +--~ aw cslsir~isinA +
Cos E Cos E

1.g() tA 3 R2 sinEcosE +

I v

r r
= Z Zw(3.19) 3 ~ -RcosE (cospsinEcosA - sin1 .jcosE) +

- ZR + !ID1 V

(3. 20) 21A + R ZtanE - +g I)iV
-~gp(D)a RSo2

T 2w

(3.21) -Ti=ZýtanE~cs (suinps inE +Ecs cosP.cosEcosA)

(3. 22) Jj -'gp(D)AV
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(3.23) -i ZRE 2wR opsn

R- Rr

aw2

cosp(sinpsinEcosA + cosýLcosE) +

G acosE 3 G acosE(R +asinE)
+ 3' + 5+

r R r R

1 gpDOi +AJkcos2E +

f o(D)CtE(R+asinE) r

(3.24) cos - cosA - Acos EsinA)+

- 2 c~inAf~csz.iEcoscA -iti c(2 E - sin 2 E)]

a w cosjijsinwLsinEsinA

(3. 25) -:E (Cos 2 ,- sin 2 E) + CSLilEOEOA

ZF. 2

+ w 2 (sintLsinE + cosp~cosEcosA) 2+

-(sinljicosE - cosp.sinEcosA) 2 +

+ -a-- cosp.(sinýLcosEcosA -cosi.sinE)+

G masixlE 3G ma cos E

r R r

~1 -35-



rr

1 R ZAsincos

'fgp(D)cvE +

12 V

(3.26) ERi - R g+ ()V()c
R R V ,

(3.29) Jju .gp(D)~E

-36 -



I AJCON~

i IV. STATISTICAL TESTING PROCEDURES

1 1. Basic Procedure

It is evident from the foregoing description that the equations for

tracking in radar polar coordinates are relatively complex. Although
one can organize the calculations to take advantage of common trignono-

I metric expressions, etc., in the formulas, the program running time

for such calculations considerably exceeds that for a simpler coordinate

system (earth fixed rectangular) with a simpler model (spherical earth).

In order to compare the radar polar coordinate tracking procedure with

simpler versions of itself and with other procedures a systematic testing

method is desirable.

Such a testing method can be implemented by a computer simulation

which statistically compares the tracking runs made on a given trajectory

(or set of trajectories) using the full model against similar runs made

with a simplified or alternate model. Let us call the full model the

general model and the various alternate models, special models.

The statistical comparisons can be implemented by the following pro-

cedure.

a) Select a given trajectory by specifying its initial conditions and the

TM drag characteristics of the body. Select the radar site location.

Specify statistical a priori error variances for the initial trajectory

and drag (state) variables. Select the quantities to be measured, the

data sampling rate, and the measurement error covariance matrix.

b) Pass 1. Simulate the trajectory of the reentry object by integrating

the equations of motion as given by the general model with the initial

conditions assumed above. This generated trajectory is assumed to

be the true trajectory. Record its values x*(n) (state vector) at the

sampling times.

- 37 -
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At the same time make and record z(n). These are measurements I
of the true trajectory with an added random noise vector chosen by a

Monte Carlo process from a multidimensional normal distribution with I
the assumed covariance matrix. (Since the coordinate system of current

concern is radar-centered polar, the H(n) matrices (2.44) are trivial and

need not be specifically computed or stored. In general, however,

H*(n) would be evaluated on the reference trajectory and recorded.)

Perform recursive tracking as outlined in section I using again the full

model with the data z(n) and the above input parameters. Evaluate partial

derivatives (the J matrix computation) at the true trajectory points rather

than at the estimated trajectory values. This tracking procedure provides

an ideal, optimum set of estimates x*(nl n-1), x (nin) and their associated

covariances E*(ntn) which are recorded.

The recorded quantities provide a standard against which alternate,

simplified tracking procedures may be compared.

c) Pass 2. Using pass 1 observations, z(n), as data, perform the track-

ing according to the special alternate model to be tested. This tracking

generates the estimates x(nln-1), x(njn) and their covariances E(nln-1), 11
F-(nin). Here we do not assume that the true trajectory is known; the

J matrix is computed along the estimated trajectory, also the initial

track estimates and covariances need not be identical to those of pass

1. This is a simulation of tracking as it would actually be performed U
in the real world.

During the pass 2 tracking we compute a series of comparison statis-

tics to be described below. These comparison statistics determine

whether the special model tracking has been significantly degraded from

the ideal. ii
2. Tests of Trajectory Fit

In order to derive these statistics it is convenient to view the Kalman

tracking process as a very general method for least squares curve fitting. H
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For example, suppose that a curve of the form

(4.1) Ae-an + Be-bn + Ce"

with parameters A, a, B, b, C, c is to be fitted to data points, z(n),

n = 1, 2, 3,... N. This problem can be linearized and formulated according -

to the Kalman model with the state vector

A

a

B

~- b

C
Lc

having the trivial dynamics -d7 = 0. The computational scheme of section

I can be immediately adapted to this problem.

Suppose we are sure (the null hypothesis) that the data arise from a

model of the above form; then we may ask the question whether the ex-

pression (4. 1) for the curve can be simplified by dropping the third term,
Sviz. ,

(4.2) Ae-an +Bebn .Be

A rather obvious procedure for determining the suitability of the special

expression (4. 2) in representing the data is to perform a least squares fit

of (4.2) to the data, z(n), and to examine the residuals

S(4.3) z(n) - (Ae-an + Be-bn

after the best fit has been obtained. Under the null hypothesis the expected

size of the residuals can be determined. If the residuals are large, in some

collective sense, with respect to the expected magnitude of the discrepancy.

S- 39-



then the special model (4. 2) is detectably poorer than the general model Ii
(4. 1) in its ability to fit the data. The simplification has significantly

degraded the model.

This inspection of the residuals can be used in a similar faehion to

test alternatives to (4. 1) even though they may have a completely differ- [
ent form. For instance, instead of (4. 1) we might try a polynomial repre-

sentation

(4.4) An 2 +Bn+ C

to fit the data. Under some circumstances we might find that residuals

with (4.4) are satisfactorily small and that, therefore, a polynomial curve

will also fit the data. Note that such a type of residual test does not deter-

mine whether or not the best fit parameters A, B, C of (4.4) or A, a, B, b,

or (4. 2) are close to or correspond in any sense to the best fit parameters
A, a, B, b, C, c of the general model (4. 1). Indeed, while the general

model may have a physical basis for its form, the model (4.4) may be

entirely empirical. Yet (4.4) may equally well fit the data; its estimates

A, B, C, then, are all that are needed to represent a fitted curve. In

effect, they extract all of the available information from the curve data.

The remainder, the residuals, appear typically random.

The above test of fit, then, is basically an answer to the question of

whether or not simplifications or alterations in the curve fitting or, in

general, the tracking model produce a loss of information during the pro-

cess of estimation. A negative result indicates that the reduced model
complexity is unaccompanied by the penalty of information loss.

In order to formalize the above ideas let us assume that our model

has been linearized and that its statistics are gaussian (measurement noise,

random driving terms in state equation, initial conditions). Then, given

the model, one can write down the joint density distribution of the data

z(1), z(2),. .. , z(N) given the initial state value x 0 . This distribution has

-40-
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the joint normal form
iEQ

(4.5) p(z(l),z(Z),...,z(N)Ix 0 ) = Ce 2

where C is a constant and Q is a quadratic form in the z's. By the chain

rule of cond.tioning we can also write (4. 5) in the form

(4.6) p(z(l), z(Z),..., z(N) x 0 ) +

= p(z(l,l x 0 )P(z(Z)l z(l),z 0 )p(z(3 )I z(l),z(Z),x)

p(_(N)!z(l),...E,(N-l),xo) +

to =I-e (QI + QZ +... + Q )

= Ce 1 +QN)I
where Qn iE the quadratic form in the density distribution p(z_(n)1 z(l),"." ", z(n'l),z 0 ).

It is now simple to identify z(nln-l). the expected value of z(n) given

the previous data and initial conditior-i. Since z(n) = H(n)x(n) + w(n),

(4.7) z(n~n-l) H(n)x(nln-l)

for the noise w(n), being independent of previous da.ta, has conditional

expectation zero. Thus Qn has the form

(4.8) n=_(n) - H(n)_(n~n-l)]tS-'[z~n) - H(n)x(nln-l)]nU _

where Sn it the conditional covariance matrix of z(n).

By direct calculation we find

4
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(4.9) S coy z(n) - H(n)x(njn- i)]

cov[H(n)(x(n) - ;(nln-1))+ w(n)l U
H(n)1(n~n-l)H t (n) + W(n) [

since x(n) - xInln-l) and w(n) are independent. Thus rtviewing (4. 5), (4. 6),

(4. 8), (4. 9) we see that the data distribution (4. 5) which may Olsc be termed

the likelihood function uses the quadratic form)N
(4. 10) Q =Y (z(n) - H(n)x(nln-1)) tIH(n)E(nin-l)H (n) + W(n) I

n= 1

(z(n) - H(i,')x(nln-1))

This quadratic form, being in the exponent of a joint norimal distribution,
r-t

has a chi-square distribution. It is evident that the vector difference

z(n) - H(n)x(nln-l) is a type of residual showing the deviation of the -.ew data

z(n) frr-nm its position expected on the basis of the past data and initial con- -
ditions. Thus expression (4. 10) is a measure of data fit over the span

n = 1, 2,. -. , N. Large values of Q indicate bad fit, small values indicate

good fit. Statisticians will also note that Q is -2 times the natural log of

the likelihood function and that the value of this function indicates the degree

to which the data conforms to the assumed modal.dg

The dimensionality of Q, the number of degrees of free..dom, is, on the

face of it, Np, where each z vector has p components. This will be true in

nondegenerate cases where the residuals in (4. 10) and their associated

covariances are not infinitely small or infinitely large and are consist itly

computed. The one ,mportant practical variation to this rule is the fre- U
quently usefil, but inconsistent, assumption of an initial x 0 vector having

finite (small) t-omponnnts b.lt initial Z(110) matrix with inxinite (very large)

variance components. This inconsistency manifests itself in the computation

of Q where some of the initial residuals are much smaller than their purported I
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- variance. Thus, no preceptible contribution to Q results. In order to

correct for this effect, we must subtract from Np the number of Ex0

(I.III
vector components so handled. The result is the correct number of

degrees of freedom, v, for Q. For example, in a tracking model where

four observations are taken at each time step and x 0 has seven compo-

II
nents, the two extreme instances are as follows,

4N 7 initial x components all «<than initial E variances.

3. Variations on the Test of Fit

The Q statistic may now be used in the two pass testing procedure
mentioned previously. z(n) are generated on the Ist pass with the full

model; x(nIn-l) on the 2nd pass with the special model to be tested. We

have two choices for the covariance matrices E*(n!n-l) from pass 1 or the

estimated covariances on pass 2. The pass I covariances actually supply

SI the required statistic because the pass 2 estimated covariances are subject

to additional computational errors that the estimated trajectory must be

substituted for the true trajectory in the linearization process. (In our

current application H(n) is not affected by this distinction since in radar

polar coordinates no linearization of the obeervational equations is re-

quired. In general, however, H(n) would be derived by a linearization and

a corresponding choice of evaluation on the true trajectory, - from pass

1 - or on the estimated trajectory would be afforded.

For certain special purposes we might prefer, nevertheless, to use

a the estimated covariances to calculate Q. Our interest is due to the fact

that the matrix H ZHt + W and the residual vector z - Hx occur in the

estimate and covariance recursions (1. 15), (1 16) of the tracking process

as well as in the Q terms. Numerical difficulties can occur in the tracking
Sw~ý,hich lead to inst.2.bilities if the estimated matrix H E H + W departs sign-i-

ficantly from the ideal. i such difficulties are present, the residual vector
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will not compare well with H ZHt + W and the Q term will tend to be large.

Note that here the situation is ess ;ntially the reverse of the previous oneS•t
where H LH + W is known to be correct and the residuals are compared

with it. In the present situation the accuracy of the estimated H ZHt + W

is also in question. For such a situation the Q statistic provides a useful

measure of the discrepancy although no specific numerical probabilities

can be attached to the measure because the Q sampling distribution is then

not simply -hi-square. By comparing the Q's obtained by using both ideal

and estimated E's we can qualitatively assess the additional covariance

estimate errors and stability properties of the tracking recursions. U
We note from expression (4. 10) that a Q value may be computed for

any particular number of successive data points N. Strictly speaking, a

numerically correct test of fit requires us to fix N, (e. g., to include all

the d&ta) before calculating Q since the successive increasing values of Q

are not statistically independent. It is copvenient, nevertheless, to monitor

these successive values so as to get an approximate idea of the way the

trajectory fit is progressing. In order to expedite this monitoring it is con-

venient to convert Q to an equivalent unit normally distributed variable, X.

Thus we map the chi-squared distribution and regions shown in Figure 6a

onto the unit normal distribution and regions in Figure 6b.

F1
leO)

Figure 6a.

f(X)

IU

X Figure 6b.
FT

I4
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This mapping depends oni thc number of degrees of freedom and is given

approixinmately by the formula (5)

(4. 12) X = 13 - (l -

On the basis of chance we expect that X will vary roughly between

-2 and +Z. If X > 2, then the residuals are too large, the fit is bad and
the model is suspect. If X < -2, the fit Is too good; this circumstance is

usually due to a pregramming erroz,(

4. rest of Estimate Accuracy

Now suppose that the special model fit has been tested and is satis-

Sfactory. A further question is whether the estimates, x(nln), produced

by the special model are close to the true trajectory values x*(n). That

this need not be the case is shown by our curve fitting example noted pre-

viously. Tie state variables describing the polynomial (4.4) of the special

112 model are not directly comparat-le to the variables in the exponential

expression (4. 1) dercribing the general model; yet the fit can be excellent.

In many instancec, however, the intent of the model specialization will

I be not only to preserve the fit but also to preserve the significance of the

model parameters. In these instances we hope to find close correspon-

derice between x*(n) components and all or some of the x(nln) components.

.An appropriate test for this correspondence (for the entire vector) is

to form the estimate error, xnln) - x*(n), and compare it with its theoreti-

cal ideal covariance E*(nin) in a statistic,

(4.13) P= [(nn) - x_(n)t L (nin) [,(n~n) - x*(n)]

[ This statistic can be computed for each n and, except for the fir'it few

sample poii.ts where degeneracies may occur as noted earlier, it has a

chi-square distribution with q degrees of freedom, where q is the dimension

of x-.
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If x(nln) is significantly distorted from the true x*(n) the P statistic

will be large. A typical situation for a two dimensional state vector as

shown in Figure 7. e,(n) I

eI
i-i

•~e°

e el(n)U

i P-constantn

Figure 7.

We see an error ellipse of constant P and constant error probability as L!

determined by E*(nin). Let us assume that this ellipse marks the critical

P level. If the error vector lies outside this ellipse the error is signifi- p
cantly large. Such an error vector ea, is shown in the figure. U

However, note vector eb. This vector also is significantly large.

But owing to the high statistical correlation between error components,

causing a very skewed error ellipse, the individual components of eb.

when tested one at a time against their variances, are not individually

large. Thus it is possible for the combined error vector test to show up

significant distortions even though individual components of error are well

within their respective expected limits.

For this reason it is appropriate to examine specific components or

subsets of the vector x(njnp for the desired correspondences based on the

physical requirements of the problem. For example, in a trajectory track-

ing problem we might separate the trajectory position and velocity components

-46-
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of x into or., subvector and the drag parameter components into another

and test each separately against corresponding components of x,.

I One further test variation is useful. Under some circumstances our

special model parameters may be chosen to be specific functions Of the

general model parameters. Cr we may be interested in a subsidiary esti-
mation of such parameter functions although the recursive estimation does I

not produce them directly. For example, let us consider a vector y ýf

functions of the general model state at time l.

1 (4. 14) X(n) =x(n))

S! Suppose that our estimation process produces the estimates j(n~n) by the

calculation,

1 (4, 15) x(nln) = .(x(nn))"

I Then the errors y(n) - i(nln) may be compared with the theoretical co-

variance as before in a chi-square test. For this comparison we need

(4. 16) cov jn~n)] cov[.X2(n~n)]ZI

or

tI(4.17) S(n) = r(n)T-*(nIn)r (n)

where r(n) is the partia.l derivative matrix of the y functions with respect

to the x variable5 evaluated along the true trajectory. If we assvumne no

degeneracy, then the number of degrees of freedom for the chi-squared

test statistic,

47
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F'

(4. 17) P -y_(n) -
-) [

is equal to the numlber of 1: components. U

rI
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NOTATION AND SYMBOL LIST

General Notation

( )t matrix transpose

matrix inverse

(_) ve. tor

(-)i vector components

S( )i ~matrix components

p( ) probability density distribution

m ( )t derivative, equation of state

( ) time derivative, dynamic equations of motion

( )0 quantity evaluated on reference trajectory

8( ) deviation from the reference value

"2x(n) x (or other quantity) at time t = tr

coY( C covariance operator

C^) estimate

_(nlk) estimate of x/n) and covariance of estimate

E(nlk) given data uup to and including time tk

( ), section IV notation for covariances, estimates
and observations calculated on pass I

A.a,B,b,C,c general parameters in aection IV di,,jcossion
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Coordinate Systems (orthogonal)

u1 , u 2 , u3  inertial

unit vectors u1, u 2 , u 3  (Figure 1)

ulut, u3 radar centered, topographic

unit vectors u, u 2i I u3I (Figure 3)

; UZ" I u, u3' radar centered, u1 along line of sight

1uDit vectors u1
1, Us", u 3" (Figure 4)

Conventions

Let Y be a physical vector. Then we express1 -4
Y its ul, u20 u 3 coordinates

I
Y'1 its U1, ui, u" coordinates

I _,,its U1", uj'. u•' coordinates

y, = y =

SY:T!'
TransformatioL s

Y =T Y

a, a radar station vector, a = Ial

al. a2 station parameters
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Symbols (cont.)

a c equatorial earth radium

A radar azimuth coordinate

drag parameter

•o •, auxiliary angles in ellipse geometry p
ci, c2  derived quantities dependent on station parameters

C constant in probability distribution

D, d altitude of tracked object above earth, H
approximation to D

e eccentricity of earth

el, e 2 ea' -Sb estimate error components and vectors L

E radar elevation coordinate Li

f functions on right side of equations of state 1
F, *g vector force, gravity, drag 1
GM principal gravitational constant U
Y arbitrary func.tions of state variables

r partial derivative matrix of 'Y, r. r 1 Yi

h observation functions

52-

-" a . .. ..• •• -a • ••p am • • •a •-• m m m - - -•mmm• • •



I

Symbols (cont.)

hs station height
sf.

J jacobian n'atrix, Ji. 4"i b x.

2J first zonal harmonic gravitational constant

k auxiliary constant

m mass of tracked object

geodetic, geocentric latitude

n index denoting tn

N total number of observations

[I number of degrees of freedom for chi-square

0 , 0, 0. position points

p dimension of z

WI (P • geocentric colatitude; station, object

q dimension of xHI
Q quadratic form, test of fit

r object vector from earth center

SR, R object vector from radar, radar range coordinate

53I. - 53- I
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Symbols (cont.)

gp (D) air density (weight units) at altitude D

i S covariance of z

S, •t covariance .f x estimates

t time

T, T, transformation (rotation) matrices

SIi e station longitude

ii, u (with subscripts and primes) various coordinateF[

system unit vectors and components

V, V velocity, speed of object relative to earth

W observation noise covariance
IU

w* state equation driving term

W. driving term covariance I

x statej vector

X normal variate equivalent to chi-square variate

variables equal to functions of x

z observation vector

I
w earth rotation rate (siderial)

- 54-

_____/ - v • .. ... .. -. .. .. . .. . .



LIo-

UNCLASSIFIED
Security Classification

DOCUMENT CONTROL DATA - R&D
iSecurity dacateattaion of title, beod of abetract and IndexZin amntation muet be onttred nhmn the owirl repoet I. ¢olacisfied

1. ORIGINATING ACTIVt't (C*grJeWo* amto) 2s.. REPORT SFCURITY CLASSIFICATION

ARCON CorN.ration under Purchase Order No. C-743 Unclassified
to M. I-.T. Liucoln Laboratory ,b. GROUP

None
S. REPORT TITLE

Reentry Tracking Modebs in Radar Polar Coordinates and Statistical Testing
Procedures for Model Smplification

4. DESCRIPTIVE NOTES (7y" of rdport tot factual" dotes)

Subcontract Report

S. AUTHOR(S) (Lost n..e fitert ..m. iniddal)

None given

S. REPORT DATE 7&. TOTAL NO. OF PAGES 7b. NO. OF REFS

October 1968 62

Se. CONTRACT OR GRANT NO. b. ORIGINATOR'S REPORT NUMBERMS)

AF 19(628)-5167 R68-3W
b. PROJECT NO.

ARPA Order 498 Sb. OTHER REPORT NO(S) (Any other mmbers mitmy he
C. *asigned I. report)

L •ESD-TR-68-349

10. AVAILABILITY/LIMITATION NOTICES

This document has been approved for public release and sale; its distribution is unlimited.

1I. SUPPLEMENTARY NOTES 12. SPONSORING MILITARY ACTIVITY

None Advanced Research Projects Agency,None Department of Defense

13. ABSTRACT

I The followinfreport describes (a)an outline of the Kalman-based
tracking procedure for reentry trajectories, (b) a detailed derivation
of a mathematical model to implement this procedure in radar polar
coordinates, and (c) methods for checking, via simulation, the degree

Ca of degradation introduced by model simplifications and other changes. r'

14, 4EY O0OS

reentry physics radar polar coordinate modelSrecursive tracking ellipsoidal earth

Ja;',bian matrix spherical earth

55 UNCLASSIFIED

Security ClassificationI


