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Abstract

This report presents an exa-pJe of repression analysis

vnict, ill-strates thle !mju± JI !n t-h-

development of a cost estimating relationship. The example

used is the development of hardware costs of turbine aircraft

ergines. The methodology discussed is most useful for "quick

reaction" studies and has been used by Headquarters, US Army

Materiel Command for this purpo.e. Particular points discussed

are. scatter diagrams, net scatter diagrams, causal requirements,

combinations of variables, and sample selection.
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APPLICAIPON OF tEGRESSIO; ANALYSIS TO HARDVARE COST EI:T,4ATION

The purpose of this technical repirt is Co illurrate

the application of regression analysis to hardw,-re cost

estimation. The example given in this report uses hypothetical

data which have been generated to best illustrate th* analytical

methodology being presented. These data have Dean selected

9_- F!r~t, "'-rz 'z2 c - possibie breach

of proprietary information If actual AIMC costing equations were

used. Secoi.d, it was necessary to select the data so t'u-t all

important considerations could be illustrated learly. A

working knowleo'e of basic statistics is assumed in tis

discuss' on.

The example presented in this study is the estimation of

hardJare cost of turbine aircraft engines. Typically, a request

would have been 2ceIved for cost informtin which could be

used for progran t,,d buoget purposes bfnd fox predict ion f

possibie cost ov.r_-uns. The Information was to be developed

,r the T3/5 family of er,,n1nej with emphasis on the TX, a follow-

on e,gine to be produced oy the same contractor which produced

all other family members. :his study was selected because it

illustrates most of the considerations to be --de during a

statistical L'st analysis, Experience gaIned in the use

of scatter diagrams and regression analysis will be presented.

In solving , stetistical analysis probler of this .ype,



the first and most important step is to gather avalleble,

historical, ana)ogous dAta. The Army had procured several

T3i_, engiies for whlch historical costa were known. Bastd

on date fro the su:cessive contracts for each mcdel, slopes

of the respectivo learring curves could also be derived.

F:om this data the copt of the hundredth unit for each model

we derivvd re the coparable ccsta for the various engines.

Figure 1
Graphic Representation of 100th Lnit Cumultl"e Average

Costs and Learning Curves

Figure I illustrates that the slopes have 6ec-me shallower

In this case for th4 never engines. Therefore, a tentative

slope for the now TX could be presumed to be even shallower.

When the 100th unit cost 1f the TX is calculated the associatad

learning curve may be similar to the dashed line shown for the

TX.



Table 1

Hypothetical Turbine Aircraft Engine Data Base

Engine Revolu- Shaft Specific Installed No. Cost of
Type tions per Horse- Fuel Con- Weight of 100th

Minute power sumption _Stages Engine

T3 A 6300 900 .52 510 4 50600
T3 B 9000 900 .56 530 4 62300
T3 C 7500 960 .59 545 5 57600
T3 D 7200 1600 .t3 560 5 67300

T5 A 3400 2300 .65 615 6 73100
T5 B 105C0 2500 .66 640 4 88000
T5 C 108C0 37&" .71 095 4 106200

f8-GE-5 7000 450 .70 136 2 48300
r4-.cE . 7M 0 1)K( .61 723 6 61000

JET-12A-1 18000 4800 1 882 7 21i0000
JET-12.A-2 20000 4800 87 882 7 235000

TX 120C0 400 .75 730 5 ......

. ible Ishows Ih- coiiecri;.m cf a) available data for turbine

aircraft engines 1ncl,.Onir4 peii, rmancp csta, technical data 4n

1 >ch mnit coiit data. The list of e..ip-es for Which data is

tiva11avltP tncludej all tho.;@ which sh,-w s~milar c aracter~stlcs

r, ,sp ..-,f e '.X for w+'1ch c:st is t,, )e predicted, "ne

rogression adalv-is developc-W here will re'ate ,,ne or more f

these c;.,ract~r',st cs oithe ~ +i Iin A Cst

The Airit sat'cp n ER devei.o "t is -he jds.:nta3 .election

o~40 8'-i~mg w .cil Pk' .0 l.Ar to th e spec.:'ic s

studlec. The JEfT-12A i and -2 are not tr'ihne 9n.inek !,,;t let

.rgin., so t.%at data may be discardeo. The 74 and T8 w snes

3
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were not produced by the same contractor who produced all other

T3/5 engines. This data can therefore be tentatively rejected

even though the cost and performance data are within the range

of thc T3/5 data. The four engines just discussed are not

considered to have homogeneous or analogous characteristics

since the costs requested are those of one particular contractor.

After the rejection of four engines, there are data on seven

engines remaining b.1 this 's a sufficiently large sample to

form the basis of a CER. If there were data on only two or three

T3/5 engines, consideration would have been given to using

the simiiar T4 an4 T8 engines to provide a 1'rger sample size,

A sample must be large enough to provide statistical confidence

in the resulting CER.

The next step is to eamine available performance and

technical characteristics to assure that the variables may

actually be used to predict costs, In this case, installed

weight must be rejected even though there appears to be a

relationship between cost and this characterist'c. Rejection

is necessary because all new engines are being installed in

lighter, more expensive mounts so that costs would still

continue to rise as installed weight drops. We therefore

rejecL installed weight as a future predictor. The type of

mount is independent of the engine used. An old engine could

,i,6 'use a new mount.

4
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Figure 2
Turbine Aircraft Engine installed Weight vs. Cost

Figure 2 which shows installed weight versus cost, iG

shown only to illustrate the point that data which appears

excellent may have to be rejected on closer evaluation.

Also, notice that the T4 and T8 engines which are produiced

by another contractor have no apparent relationship to the

T3/5 group. After the deletion of installed weight, the

remaining Independent variables are revolutions per minute,

military shaft horsepower, specific fuel consumption and

number of compressor stag~s.

One must be very careful to ins, that there is a

cause and effect relationship between the independent

variables and cost. As a recent CosL-Effectiveness Newsletter*

stated, "There is probably d good correlatio,,n between men's

5

*The CE Newsletter, Volume 3, Number 1, February 1968, page 3.
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shoe sizes and their heights. Therefore, one likely way to

reduce a man'l. height is to chop off his toes.,, The moral

Is; mike sure tna long feet actually cause height before you

cut off the men' toes.

Figure 3 shows shaft horsepower plotted against cost. An

analyst familiar with mathematical functions may observe thc

possibility that a sqlare root function may "fit" this 4ata.

The data for this variable can easily be transformed into a

square root function and plotted igain to check this assumption.

O 
a

0

SHAFT HORSEPOWEF

Pigure 3

Shaft Horsepower vs. Cost

The data is transformed into a squiwre root function in

Figure 4. A general square root function seems to "fit" the

transformed data fairly well. It will be useful to consider

6

*See Appendix for explanation of use of nonlinear terms.



the square root of shaft horsepower as an independent variable,

a variable which logically n~y cause cost and therefore be a

good predictor of cos.t.

0

J3QLAFE ROOT OF SHAFT Hc~OREFLT

Figure 4

Square Root of Shaft Horsepower vs. Cost

Figure 5 shovs revolutions per minute time&, rwnber of

stages plotted against cost. This combiniation was chosen

because It represents an engineering relationship. Combinations

based orn engineering relationships often make good CERs

bacause they are often the rtlationships which actually

cause cost. rho observations on this gratph are very scattered

and are not considered a 8ood possibility tor mathematical

expression, so this relationship was rejected.

After all likely variables, transformations of variaV'les

and combinations of variables niave been chosen, a least

7
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squares line or multiple linear regression is computed using

standyrrd statistical regression techniques. These techniques

are well known, are covered in standard textbooks such as

those referenced at the end of this report, and will not t~e

glien here.

41
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REVOLUTIONS PER MINITE x NIU1NBER OF .TAGE§

Figure 5
Re~olutions per Minute vs. Cost

What has been done so . is not difficult or time consuming.

However, to adequately consider all possible relationships and

derive the best available CLR requires many scatter diagrams

and calculations ,if multiple variable regression lines. It

multiple variables are used, simple one variable scatter

diagrams of the type illustrated contain the effects of more

than one variable and become useless to the anal.st using

visual inspection methods.

8



With the assistance of a small computer these problems

can b# solved quickly. The rush requirement is especially

typical of the Army environment where all cost analysis is

due yesterday. Since a computer of any size is usually a

'1mited resource and access time is slow, the cost analyst

must make the best use of all available techniques to expedite

finding the vne or moi. variables that best explain cost.

The procedure to be described requires a minimum of tw,

multiple regressions. If more computation effort can be

afforded so much the better. Planning the procedure to be

used will afford good, timely results.

The first step in this procedure is to compute a linear

multiple regression using as many variables or combinations :1

variables as good judgment and the computer will allow.

Hopefully, the program will discriminate and select only

significant variables. Significant variables are those which

in some way relate to or explain changes in cost.

After the linear regression line has been computed it

is used to recompute the costs of all of the engines in the

sample. These new costs are called "computed costs" as oppsed

to the observed or actual costs. The difference between computed

and observed costs for each observation is cailed the residual.

These residual costs with the proposed regression line will

be used to help identify as yet undiscovered but meaningful

relationships.

9



The scatter diagrams shown in earlier figures showed the

variation or residual about a least squares line computed with

only one independent variable. This variation contained no

effects from other variables but did include an error term.

The multiple regression line now contains the influence of one

or more significant variables relating to cost. These re3iduals

are determined by all the independent variables included in

the line plus an error term.

It is possible to isolate and look at one variable at a

time on a "net" -catter diagram by plotting the regression

line at the mean of all but one of the .ndependent variables

and diagramming the one isolated variable versus cost.

4-38

0

SHAF'T ...
(net)

Figure 6
Net Scatter Diagram of Shaft Hor.epower vs. Cost

The two-variable net scatter diagram ilustrated in Figure

10



6 for shaft horsepower and cost Ivts out, or eliminates, variation

caused by other independent variables so that the true relationship

between cost and shaft horsepower can be studied in a manner

similar to the previous single-variable scatter diagrams.

Here the regression equation (or tentative CER) is plotted

with nll other independent variables valued at their mean so

the scatter of residuals about the line can be studied for some

clue as to the true function of only shaft horsepower and

cost. In Figure 6, an overlayed general square root function (line)

illustrates a good "fit" to the data. Therefore, shaft hors.power

should be considered as a good predictor of cost when transformed

into a square root function.

Figure 7 shows the net scatter diagram for revolutions per

minute. This chart indicates that the linear (untransformed)

function ot revolutions per minute should also be considered

as a possible variable.

44
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Figure 7

Net Scatter Diagram of Revolutions Per Minute vs. Cost

11



The not scatt6r diagrams can be used to determine %hat,

if any, new functiors of veriablos should be tried In the

multiple regression. Otherwipe, net effects of a variable

can be buried by the Interactions of other x.riables and a good

relationship will be ignored. In this case th. two best

variables were RPM and the square root of shaft horsepower.

Of course, more than two independent variables may be used as

necessary. After assuming these two variables as "best"

there arise wo .tatistical problems associated with the use

of these two particular variables. First, as the -,z-nber of

variables used in an equation increases, the statistical

confidence in the equation decreases. This means that an

equation w!,th two variables is not likely to be as statistically

significant as an equation with one variable. Second, there

is a high degree of correlation between these two particular

independent variables. This means, for example, that RPI1,

may "cause" shaft horsepower as well as cost. The result is

an equation uith two unknvwns. The only significant correlation

allowable for an independent variable is with cost. These

statistical problems usually would cause further search for more

independent variables. In this example there Is another

solution. An alternative source of causitive varlab1cs is

an engineering combination of the two variables. The statistical

problems above do not occur If two variables are combined into

12
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one variable. The combination is simply treated as one variable.

And engineering relationships may. indeed, be true cost-causing

variables,

Scatter X'd r : Of . q.r o L ,t 'VS. J's

Fiigure 8 1 il srar-es the data for ti'e :,ier \.

cori biriati,!, (!11LJtjplicati,,1 01 Pll' d ld s '.uare r :, t o shalt

horsepower, to !orii, : -_e new irndc?erde, ,t vario '.:Ie

The re.4ressi,,n li-ne ill Ft:.ure q W.as developed TOM, this

c omb Ine d Jdat a Lt i L, bv i,.u s1% a verv ,,, it ,, he d dta.

T he equ t i,, n I s s ta is Li c. I I,. s 1 . :_i ca t  si s a t is t ca I

rieasures su ch as the F test. Also), _, ur re~i ,iremevnts are

satistied, Plhat is, the :_V IS ;: a .' .:s .t :

efficient and s t icieitt,. :he ; La; idar (i e ViaJ~ I : th Ie

estimte Is lesl- titan tor. Percent ,t hera Valuse ,: the



independent variable. The equation, which appears on the figure,

predicts the actual observed data with an verage deviation of

2.6 percent of the obsoirved value. The individual deviations

run fromi 0.7 percent to' 5.8 percent -- all well within the

expected deviation a good cost estimate, The equation

explains 98.5 percent of the variatim 'K the data about the

mean.

4U

Figure
rurt-Irne Aircraft t.ngine C~t sti:'Lt e~is'

Anyone can solve lor ccst 'Ilsino this eati: ys nmply

substitutin8 the prcxduct ol ad s,-uarce r-) z~ sa

horsepower of the svster: t- Ice co~sted, ',r I nstanice h X.

Alie I3Oh urit costL ,' the 'X 's~ he pr p, sd specfai-Fis



computeS LO ai 1L $115,000, a figure slightly' Outside the

range of the knovi, data. I i this case extrapclu4tion beyondJ

the ran--~ f, the historical data Is acceptable since the -X

Is only a -,rtm1 amount large- In all characteristics that, the

ld.S.t Vnown sample and because the i,-E fit s .he da':-a so wel.

ThAt i'- to sav, the stati-tical variatl -n is ver u~lst the

prediction inter-va1 is also s!TAll, Cet ic.n e-.LrjP,;Iated a

small amount.

TIs tecrn~que is used '),. the :st \aw-,sls 3ranc'.- to

prepare credihY e rocst est i. i:j ctho expend ;., vx~tensive

resorurces in the pro-ezis. 1, review,. e ir cess i nvilvo,

the following majo r activities:

t. Collect aiJ a-rvo!:ze ?tht' rele LO n rn

those sy :erms for vhih data a r-4!.

HV;"the s12 e r eat i-n sh ps a:::o. c., s t end t

s a!-ter dhi,.t rls.

I est nrorii,, v d-iiles ,s--,'oli:l varia"14

regress Ion z4ai Is 4s anud plot* ne sa 'rdi.dS

'l2 he -.)sl ~ F> n

test for std, Isti-dl si,- ni.icac-

5. InSori thatjl the -CER is I~ i I ea s, -a',lIe in,'

uIset ul eoephiii~
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The title "i!near Regressien" does nct mean that non-

linear relationships cannot be considered- Nonlinear functions

such as square roots, log functions, etc., can be transiormed

for use in a linear equatdohn oy simple methods such as those

illustrated in AMC Pamphlet 706-11 (re-?erence t, this

report).

In general, the procedure is this:

i Af Y + b Lf(x)]

set f(x) x1 and solve for the regression eouaticr

in the roxmal manner. The :'assumptin of lineardty" is basic

TVo linear regression. An "error in specification" resuts If

this as-imnption. is not valid. In a 'quick-reaction' context,

St e cr Y tcst fo error in specification is the use of net

scatter diagrams.

17
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