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Abstract

This report presents an example of regression analysis
wnich {1luatrates the mejor JuGe »ntcl eansidisitiiie in the
development of a cost estimating relationship. The example
used is the development of hardware costs of turbine aircraft
erngines, The methodology digcussed is most useful for "quick
reaction" studies and has been used by Headguarters, US Army
Materiel Command for this purpo.e. Particular points discussed
are. scatter diagrams, net scacter dlagramsg, causal requirements,

combinations of variables, and sample selection,
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APPLICATION OF REGRESSION ANALYSIS TO HARDWARE COST ESTIMATION

The purpose of this technical repourt is to tllustrate
the application of regression analysis to hardwsre cost
estimation. The example given in this report uses hypothetical
data which have been generated to best iliustrate the analytical

methodology being presented. These Jdata have peen selected

€ e evn eamm a,ns F‘{rer »LP..,. e
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Ue - possible bdreach

of proprietary information 'f actual AMC costing equations were
used., Seculid, it was necessary to select the data so thet all
important considerstions could be {llustrated clearly, A
working knowlecje of basic statistics is assumed in tuis
discuss‘'on.

The example presented in this study is the estimatlion of
hard.sare cost of turbine aircraft engines. Typlcally, a request
wouls have been -:ceivnd for cost {nformation which could be
used for program «nd hudget purisoses and for prediction f
possible cost over-uns, The !nformation was to be developed
or the T3/5 family of ergtnes with emphasis on the TX, a follow-
on engine to be produced oy the same contractor which produced
all other family members., his study was selected because {t
t{l1lustrates most of the considerations to be “~de during a
statiscical «~st analysis, Experience gained {n the use
of acatter diagrams and regression analysis will be presented.

In solving » statistical analvsis problem of this Lvpe,

5&




the firsct and most important step is to gather avallisble,
historical, analcgous data. The Army had procured geveral
T3/ engines for which historical costs were known. Basad
on dste from the succesaive contracts for each model, slopes
of the regpectivy learring curves could also be derived.
From this data the coet of the hundredth unit for each model

was derived £s the compsrablie ccsts for the various engines,

CUMULATI VE
coot

Figure 1
Graphic Representation of 100th Unit Cumulsti-e Average
Costs and Learmning Curves
Figure ! illustrates that the slopes huve Lecime shallowver
in this case for thé newer engines. Therefore, a tentative
slope for the new TX could be presumed Lo be even shallower.
when the 100th unit cost 2f the TX is calculated the assoclatad

learning curve may be similar to the dashed line shown for the

TX.
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Table !
Hypothetical Turbine Alrcraft Engine Data Base

Engine  Revolu- Shaft Specific Installed No. Cost of
Type tions per Horse- Fuel Con- Welght of 100th

Minute power sumption Stages Engine
T3 A 6300 900 .52 510 4 50600
T3 8B §00o 900 .56 530 4 62300 SR
T3 C 7500 960 .39 545 5 57600 b
I3 D 7200 160u .63 560 5 67300 ’
TS A 3400 2300 .65 615 6 73100 R
5 B 10560 2500 .66 640 4 88000 -, ]
5 C 108G 376h .7 693 4 106200 o~ 5&
18-GE-% 7000 450 .70 136 2 48306
T4-CE-0 7520 1600 .61 723 6 61000
JET-12A-1 18000 £800 51 882 ; 210000 2.
JET-124-2 206000 4820 .87 882 7 235000 : -3
TX 12020 4200 .75 73¢C 5 aeeae.

.4ble 1 shows 7he collection of al! available data for turbine
aircraft engines inclucing periormance data, technical data &nd
Toltth unlt cost data.  The list of engines for which data is
svallaole ync'uces all thoje which show similar characteristics
ta thoge of the TX for which cust Is to be predicted. Tne
regregsion analv-is developest here will re'ate one or more of
these characteristics ¢. the englnes o “izir cost in a cust
estimatling reiatisaship (TER}.

The {irst step {n ER devel pme~t is ~he jidamental selectlion

@ ') grstems wilch ers sivtlar to the spec,flc svstem lLeing

studied., The JET-12a 1 and -0 are not turbine eniinex bhut jet

erigines, so tinat data may be Jdiscardec. The T4 and TH engines




were not produced by the same contractor who produced all other
T3/5 engines, This data can therefore be tentatively rejected
ever though the cost and performance Jdata are within the range
of the T3/5 data. The four engines just discussed are not
considered to have homogeneous or analogous characteristics
since the costs requested are those of one particular contractor.
After the rejection of four engines, there are data on seven
engines remaining .1 this is a sufficiently large sample to
form the basis of a CER, If there were data on only two or three
T3/5 engines, consideration would have been given to using

the simiiar T4 and T8 engires to provide a larger sample size,

A ssmple must be large enough to provide statistical confidence
in the resulting CER.

The next step is to examine svailable performance and
technical characteristics to assure that the variables may
actually be used to predict costs, In this case, installed
welght must be rejected even though there appears to be a
relationship between cost and this characterisric, Rejection
is necessary because all new engines are being installed in
lighter, more expensive mounts so that costs would still
continue to rise as installed weight drops. We therefore
rejeci installed weight as a future predictor, The type of
wount is independent of the engine used. An old engine could

4180 Uuso a new mount,




COST OF 100th
EMGINE

Figure 2
Turbine Aircraft Engine Installed Weight vs. Cost

Figure 2 which shows Installed weight versus cost, is
shown only to illustrate the point that data which appears
excellent may have to be rejected on closer evaluation.
Also, notice that the T4 and T8 engines which are procdciced
by another contractor have no apparent relationship to the
T3/5 group, After the deletion of installed weight, the
remeining independent varjables are revolutions per minutea,
milltary shaft horsepower, specific fuel consumption and
number of compressor stages.

One wmust be very careful to insure that there is a
cause and effect relationship between the independent

variables and cost. As a recent Cost-Effectiveness Newslettaer>

stated, "There is probably a good correlation between men's

5

*The CE Newsletter, Volume 3, Number 1, February 1968, page 3.




shoe sires and their heights, Therefore, one llikely way to
reduce a man'y height 18 to chop off his toes."” The moral
is; mekxe gure tns long feat actually cause height before you
cut off the man's toes.

Figure 3 shows shaft horsepower plotted against cost. An
analyast femiliar with mathematical functions may observe the
posaibility that a sqiare root function may "fit" this data.®
The data for this varictble can ezsily be transformed intc a

square root function and plotted 4gain to check this assumption.

COST OF 100th
ENGINE
)

SHAFT HORSEPOWER

Figure 3
Shaft Horsepower vs, Cost

The data is tranaformed into a squure root function in
Figure 4, A general square root function seems to "fit" the

transformed data fairly well. It will be useful to consicer

6

*See Appendix for explanation of use of nonlinear terms.

/é




17

the square root of shaft horsepower as an independent varisble,
a variable which logically may cause cost and therefore be a

good pradictor of cost.

COST OF 100th
FIGGINE

SQUARE ROOT OF SHAFT HORSEFPCWER

Figure &
Square Root of Shaft Horsepower vs. Cost

Figure 5 shovs revolutions per minute times rumber of ﬁ'f““'
stages plotted agalnst cost, This combination was chosen el

because it represents an engineering relaticnship. Combinations

based or englneering relaticnships oftern make good CERs
bocause they are often the relatjonships which actually
cause cost, The observations on this graph are very scattered
and are not considered a yood possibility for mathematical B

expression, so this relationship was rejected.

After all likely variables, transformations of varlatles

and combinations of variables have been chosen, a least N




squares line or multiple linsar regression is computed using
standrrd statistical regression techniques. These techniques
are well known, are covered in standard textbooks such as
those referenced at the end of this report, and will not e

gl /en bere,
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REVOLUTIONS PER MINUTE x NUMBER OF STAGES

Figure 5
Revolutions per Minute vs. Cost

What has been done so ¢ . is not difficult or time consuming,
However, to adequately consider all possible relationships and
derive the best avallable CuR requires many scatter diagrams
and calculations »f multiple variable regression lines, If
muitiple variables are used, simple one variable scatter
diagrams of the type 1llustrated contain the effects of more
than one variable and become useless to the anal: st using

visual inspection methods.




With the assistance of a small computer these problems
¢a8n de golved quickly., The rush requirement is especially
typical of the Army environment where all cost analysis is
dus yestsrday. Since a computer of any size is usually a
‘imited resource and access time is slow, the cost analyst
must make the best use of all available techniques to expedite
finding the une or mor. variables that best explain cost,

The procedure toc be described requires a minimum of twe
multiple regressions, If more computation effort can be
afforded so much the better. Planning the procedure to be
used will gfford good, timely results.

The first step in this procedure is to compute a linear
multiple regression using as many variables or combinations of
varlables as good judgment and the computer will allow.
Hopefully, the program will discriminate and select only

significant varlables., Significant vartables are those which

in some way relate to or explain changes in cost,

After the linear regression line has been computed it
is used to recompute the costs of all of the engines in the
sample. These new costs are called "computed costs" as opp-sed
to the observed or actual costs. The difference between computed
and observed costs for each observation is cailed the residual.
These residual costs with the proposed regression line will
be used to help identify as yet undiscovered but meaningful

relationships.
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The scatter diagrams gshown in earlier figures showed the
variation or residual about a least squares line computed with
only one independent variable, This variation contained no
effects from other variables but did include an error term,
The multiple regreassion line now contains the influence of one
or more significant variables relating to cost. These residuals
are dotermined by all the independent variables included in
the line plus an error term.

It is possible to isolate and look at one variable at a
time on a "net" .catter diagram by plotting the regression
line at the mean of all but one of the .ndependent variables

and diagramming the vne isolated varjable versus cost,

ENGINE

COST OF 100th

SHAFT HORSEICwin
(net)

Figure 6
Net Scatter Diagram of Shaft Hor.epower vs. Cost

The two-variable net scatter diagram illustrated in Flgure

10




6 for shaft horsepower and cost n:ts out, or eliminates, variation
caused by other independent variables so that the “rue relationship
between cost and shaft horsepower can be studied in a manner
similar to the previous single-variable scatter diagrams,
Here the regression equation (or tentative CER) is plotted
with A1l other indeperdent variables valued at their mean so
the scatter of residuals about the line can be studied for some
clue as to the true function of only shaft horsepcwer and
cost, In Figure 6, an overlayed general square root function (line)
illustrates a good "fit" to the data. Therefore, shaft hors«power
should be considered as a good predictor of cost when transformed
into s squave root function,

Figure 7 shows the net scatter diagram for revolutions per
minute, This chart indicates that the iinear (untransformed)
functicn ot revolutions per minute should also be considered

as a possible variable,

100th
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Figure 7
Net Scatter Diagram of Revolutions Per Minute vs. Cost
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The net scatter diagrams can be used to determine what,
if any, new functiors of veriables should ba tried in the
sultiple regression., Ctherwire, net sffects of a variable
can be buried by the interactions of other v.riables and a good g
relationship will be ignored. In this case thi two best
variables were RfM and the square root of shaft horsepower.

Of course, more than two independent variables may be used as

necszssary, After assuning these two variables as '"best"

there artse .wo statistical problems associated with the use

of thess two particular variables., First, as the :.unber of

variables used in an equation increases, the stetistical

confidence in the equation decreases. This means tiat an

equation with two variables is not likely to be as statistically *F\’
slgnificant as an equation with one variable. Second, there
i1s a high degree of correlation between these two pavtirular
independent variables. This means, for example, that RPM

may "cause" shaft horsepower as well as cost. The result is

an equation with two unknuwns., The only significant corralation
allowable for an independent varlable is with cost. These
statistical problems usually would cause further search for more
independent variables. In this example there !s ancther
solution. An alternative source of causitive varlables is

an engineering combination of the two variables, The statistical

problems above dc¢ not occur {f twe variables are combined into
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one variable. The combinaticn is simply treated as one variable.
And engineering relationships may, indeed, be true cost-causing

variables,

(0+h

JAN

Pigure 8
Scatter lavvan of RPY X Square Roou ob P vs, {ost

Fioure & {llusirates the data vor the cogineering
combinaticn (multiplication opf KPM and square ruot of shart
horsepower . to form ~re new inderendent varialtle

The regresston line in 'foure 9 was developed from this
combined data. It iz obvicusly a verv yod it to the data.
The equation Is stavisticelly s:onificant using s*atistical
measures such as the I test. Also, ..our requirements are
satisfied, [hat is, the CER 15 uilliaascy, < ousistent,
efficient and sullictent. (he staadarg deviaticn o: the

@

estimate 1s less than ten percent of the rean value 1 the

13




fndependernt variable, The equation, which appears on the figure,

predicts the actual observed data with an »verage deviation of
2.6 percent of the obseurved value. The individual deviations
run from 0.7 percent to 5,8 percent -- all well within the
sxpected deviation .7 a good cost estimate, The equation
explains 98.5 percent of the variatic. ={ the data about the

mean.

1NG+h

<
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- 2
= 2 LA
eetm o, e T
ol : . -;f@<:fdﬁm77_'“1“'ff
Flgure 9

Turtine Aircraft Fngine Cost ¥stimating xelationsinp
Anyone can solve for cust usaing this eguaticn by simply
substituting the product of K™ and sguare v.ot of shaft
horsepowver of the svstem to Le costed, !or {nstance Lhe I\

.

The 130%h unit cost ot the U using the proposed specifications

i4




o

computes Lo ai ut 5115,000, a figure slightiy outside the

renge of the known data. In this case extrapclation bevond
the ranc= nf the historical data 1s acceptable since the TX

g ornly 2 smal. amount larger in all characteristics tharn the
lar sest Fnown sample and because the CE? {its (he daza so well,
That 1e to sav, the statistical variatr!on is ver small so the
prediction interval is also small, even wien extrapolated a
small amount.

This tecnhnique is used bv the Jost ina.vysis 3ranch Lo
prepare credihle cost estin. vichor: expendling extensive
rescurces in the process, I review, ' e process involve,
the following major activities:

1. Collect and anilvze the rele ¢ata on oonly
those sy -ems for which data are analo.. o
2. Hvpothesiie relaticnships atioeciivg cvst and plot
s arter dlaxt .ms,
3, Test promisinyg variables using multisle varianle

regression analvsis and plot ne' sca’ter diaglrars,

S, Find the best rela” i
test for statistical sixnificance
5. Insure that the JTER ts logteal, reasoable and

useful before publishink,

1%
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APPENZIX

The title "Iinesr Regressien' does nct mesn that non-
linear relaticnships cannot bte considered. Nonlinear functions
such as square rocts; log functicns, etc., cen be transiormed
for use in & linear eguation oy simple methods such as those

illusireted in AMC Pamphlet 706-11C (reference 3 tc this

set f{x) = x’ an¢ soive for the regression ecuaticn

~r

The "assumpticn of linearity” iz basic

[
o
<
®
3
O
P
P,
5
5
S

oo

%o linear regressicn. An "error in specification' results if
this assumption is not valid., In & "quick-reaction” context,

tiie onlr test for error in specification is the use of net

17




3/

Copies

20

DISTRIBUTION LIST

Defense Documentation Cenier, Cameron Station,
Alexandria, Virginia 22314

Commanding General, U, S, Army Materiel Command,
ATTN: AMCCP-S, Gravelly Point, Washington. D.C,
20315




UNCLASSIFIED
Security Classification

DOCUMENT CONTROL DATA-R&D

(Security claasiiication of title, body of abetract and indexing annotetirn mus: be entared when the overali report le ciaceilind;

i ORIGINATING ACTIWI (Y (Corporate suthor) 28. REPORT SECURITY CLASSIFICATION
UNCLASSIFIED

HQ US Army Ma®=riet Command 28. GmOUP

Washington, D,C, 20315

3

} REPORT TiTLEK

APPLICATION OF REGRESSION ANALYSIS .U HARDWARE QOST ESTIMATION

; CESCKIPTIVE NOTES (Type of ~eport and inclusive dateu)
Technical Report

t AUTHORIS) (First name, middle initial, leat n:a: )

John I.. Hamiltan
James T. Wormley

| I
& REPOKY DATEK 78. TOTAL N> OF PAGES 7h. NO. OF REFS
December 1768 17 4
83. CONTRACT CR GRANT NO. 28 O:tGINATOR'S RERPORT NUNMRE R(S)

™ 68-10

b. PROJECT NO.

e, 8d. OTHER REPORT NOIS) [Any other numbere that sy be sssigned
this report)

10. DISTARIBUTION STATEMENT

UNLIMITED

1. SUPPLEMENTARY NOTES 12 SPON3SORING MILITARY ACTIVITY

Q US Armv Materie] Command
Washington, D,C, 20215

13, ABATRACT

Thie report presents an example of regression analysis which 1llustrates the
ma jor judgmntal considerations ir the development of a cost c'-stimat;ng_rc-‘atmns';xp
The example used is the development of hardware custs of turbine arrcraft cugines
The methodology discussed is most userul for "quick reaction” studivs and has heen
uscd by Headquarters, US Army Muterie] {ommand for this purpose. Particular points
discussed are: scatter diagrams, net scatter diagrams causdl requirements
combinations of variables, and sample selection,

oNN NEPLACES DO FOMM 1479, 1 JAM 64, WhiCw 18
D c'wv 0»147 OBSOLETE FOR ARMY UER. UNCTASSTED T

Security Classification




UNCLASSIFIED

ty Classification

14.

LINK A LINK B LINK C
KeEY WORDS e

ROLE LA ROLE T nROoLE wY
Cost Analysis
Cost Estimation
Regression Analysis
Linear Programming
Cost Estimating Relationship

L
INCTASSTELED

Security Classification




