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NONLINEAR ANALYSIS AND SYNTHESIS OF GENERALIZED TRACKING 
SYSTEMS* (PART I) 

by 
William C. Lindsey 

ABSTRACT 

Using the theory of Markov processes, the response probability density 

function p (y, t) of a generalized tracking system is shown to be the solution to 

a (N + 1) - dimensional Fokker-Planck equation. The vector y = (A, y^ . . . , y^) 

is Markov and $ represents the system phase error reduced modulo 2n. 

(<t>. t). P (yk* t); 

k = 1, 2, .... N] of the state variables satisfy a set of second-order partial 

differential equations. In the steady state, this set of equations become ordi¬ 

nary, first-order differential equations for which the exact solutions which 

specify the marginal probability densities [p (4>), p ^ = 1*2» • • . » N], are 

determined by two sets of conditional expectations. In particular, the marginal 

density p (<H of the phase error is embedded in a knowledge of the conditional 

expectations JE (yR | <J>), k = 1, 2, .... n( while the marginal density p (yk> of 

the state variable yR is embedded in a knowledge of the conditional expectation 

E (g (<J>) J yR) ; k = 1,2, .... N. Here g (<t>) belongs to that class of nonlinearities 

for which g (<J>) is an odd function. The conditional expectations are approxi¬ 

mated by two methods and, for the case of greatest interest, i. e. , g (¢) = sin«j>, 

the conditional expectation E (yj | 4>) is measured via computer simulation 

methods. Agreement of the simulation results with those obtained from 

theoretical considerations are within less than one percent of each other. 

Synthesis procedures for effecting sto* haptic optimization of a generalized 

tracker are presented. For zero detuning it is shown that the tracker which 

minimizes the mean-squared value of the phase-error is obtained when N = 0 

and g («J») is proportional to sgn (4>). In the case of nonzero detuning it is shown 

❖ This paper presents the results of one phase of research carried out at the Jet 
Propulsion Laboratory, California Institute of Technology, under Contract No. 
NAS 7-100, sponsored by the National Aeronautics and Space Administration. 
Part of the research was done at the University of Southern California, Los 
Angeles, California, sponsored by the Joint Services Electronics Program of 
the Department of the Air Force, Army and Navy under Grant AF-AFOSR-69- 
1622. 

It is further shown that the response distributions £p 



that the loop which minimizes the mean-squared phase-error is second-order, 

i. e. , N = 1, and the optimum nonlinearity for this loop is also proportional to 

sgn <|>. For large loop signal-to-r ise ratios and equal mean-squared loop 

phase-errors, the second-order PLL system requires a loop signal-to-noise 

ratio, P, of approximately P/2 times larger than that required in the optimum 

second-order tracker. At low loop signal-to-no se ratios it is shown that all 

trackers perform approximately the same. For second-order trackers some 

results are presented to the case where g(<|») must be physically realizable. 

The field of probability currents is derived and it is shown that this field 

is rotational when there is zero detuning in the loop. From these currents the 

average number of cycles slipped per unit of time is derived. With zero 

detuning this average is zero. Finally, the diffusion coefficient, representing 

the rate with which the phase-error is undergoing diffusion, is given as well as 

the expected value of the time interval during which the loop remains locked. 
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NONLINEAR ANALYSIS AND SYNTHESIS OF GENERAUZED TRACKING 
SYSTEMS (PART I) 

by 
William C. Lindsey 

A. INTRODUCTION 

In modern communication, radar tracking, missile guidance and 

navigation systems, synchronization and tracking are generally accomplished 

by cross-correlating a locally generated reference signal with the received 

signal to produce a measurement of the error. In practice this reference sig¬ 

nal is developed by means of a nonlinear device. A wide variety of non-linear 

functions are available and the choice considerably influences system perform¬ 

ance. For example, system performance could be mean-squared tracking 

error, moments of the mean time to first loss of synchronization or the 

minimum acquisition time. The basic concept associated with a generalized 

tracking loop is best illustrated by considering first the familiar phase-locked 

loop (PLL) system of Fig. 1 and its well-known equivalent model (Ref. 1) illus¬ 

trated in Fig. 2. Assuming that the phase detector is a multiplier and that the 

additive noise n^t) which is present at the input is white and Gaussian with 

single-sided spectral density Nq watts/hertz, we may describe system opera¬ 

tion by the stochastic differential equation (Ref. 1 - 10): 

$(t) = è(t) - AKF(p)[Rrs(4>) + n(t)/A] 

p = d/dt 

(1) 

where R (<j>) = sin 4>. Here <t>(t) = 0(t) -0(t) is the instantaneous phase-error of 
I ö 

the voltage control oscillator (VCO) with respect to the input signal s[t, 0(t)], 

F(p) is the transfer function of the loop filter in operator form where p is the 

Heaviside operator, A^ is the power in the input signal component, K is the 

open-loop gain and n(t) may be shown (Ref. land 7) to be white Gaussian noise 

if the input noise process n^t) is white and Gaussian, 0(t) is the process to be 

tracked and ê(t) is the tracker estimate of 0(t). 
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Frequently a PLL system must operate in conditions where external 

fluctuations due to additive noise are so intense that classical linear PLL 

theory does not adequately characterize loop performance nor explain loop 

behavior (Ref. 1 and 2). The problem of investigating the effects of external 

noise on system accuracy has been carried through to completion for the linear 

model (Ref. 1 and 2). As a consequence certain approximate analysis have 

evolved for explaining and characterizing loop performance in the region of 

operation where direct linearization cannot be used, e. g. , the quasi-linear 

analysis, (Ref. 3), the linear spectral method (Ref. 2 and 4) and the Volterra 

series methods (Ref. 5). 

The statistical dynamics of a first-order PLL were given in Ref. 2, 7, 

and 8. For a PLL system with integrating filter certain exact results have been 

reported (Ref. 9). An approximate solution for the joint probability distribution 

of the phase-error and phase-error rate was given in Ref. 10 for a system with 

a proportional-plus-integral control type loop filter. The mean time to first 

slip was evaluated by Viterbi (Ref. 1 and 8) for a first-order loop. Later, 

Tausworthe (Ref. 11) derived a Fokker-Planck equation whose solution for the 

mean time to first slip was shown to agree with Viterbi's for the first-order 

loop. In addition, Tausworthe (Ref. 11) obtained an approximate solution for 

the mean time to first slip in a second order PLL. 

It can be shown that the stochastic differential equation of operation for 

the delay-locked loop (DLL) (Ref. 12) with noise present, or the Nth order tan- 

locked loop (TLL) when noise is absent (Ref. 13), is identical with (1) except 

for the nonlinearity in the loop. In practice, a wide variety of nonlinearities 

can be synthesized from appropriate modifications of a DLL or a TLL, and 

hence, there formally exists the possibility oi synthesizing the optimum non¬ 

linearity having first determined the best choice of F(p). 

Since this is true, and among other things, a generalized tracking loop 

like that of Fig. 3 is of interest. The equivalent loop model is shown in Fig. 4 

while the stochastic differential equation of operation is given by (1) with R tò) 
rs'Y' 

replaced by g(<|>). In what follows we shall assume (without loss in generality) 

that Rrs^ is Periodic- Physically speaking, R (<|>) = g((j>) is the normalized 

cross-correlation function (double-frequency terms neglected) between the input 

signal component s[t, 0(t)] and the control signal r(t). It will be of interest to do 
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signal design on s[t, 0(t)] and r(t), under appropriate constraints, and select 

that F(p) which will optimize loop performance, i. e. , we first seek the loop 

filter F(p) which will optimize loop performance subject to some performance 

criterion and then optimize further by a choice of the nonlinearity. 

An exact solution to the problem of analyzing and synthesizing an optimum 

tracker is formally possible on the basis of the theory of Markov processes 

(Ref. 6). The possibility of obtaining exact results enables (1), the nonlinear 

effects to be understood, (2) the limits of application of the various approxi¬ 

mate methods and loop theories to be accessed, (3) one to perform stochastic 

optimization of the loop in the nonlinear region of operation, and (4) an opti¬ 

mum tracking theory to be developed. Thus a comparison of performance 

between the optimum tracker and any implemented suboptimum tracker, such 

as the PLL, can be made to see if the additional complexity required to mech¬ 

anize the former is warranted. Also, it is just as satisfying to know what the 

optimum tracker is as it is to know what the channel capacity of a communica¬ 

tion system is even though each are unattainable in practice. 

This paper presents rather general results for the response probability 

density function of the phase-error 4» of the generalized tracker in Fig. 3. In 

particular, a (N + 1) - dimensional Fokker-Planck equation is derived whose 

solution is denoted by the multidimensional probability density p(^, t) where y 

is a vector Markov process in the state variables (<j>, yj, .... y^). This 

(N + 1) - dimensional Fokker-Planck equation is then reduced to a second-order 

partial differential equation whose solution is p(<)>, t), i. e. , the probability den¬ 

sity of the phase-error process reduced modulo Zu. In the steady state, it is 

shown that this one-dimensional equation becomes an ordinary first-order 

differential equation for which the form of an exact solution is known. From 

this equation and its solution, it is shown that the steady-state probability 
th 

density p(<|>) for an (N + 1) order tracker is completely determined by the set 

of conditional expectations E£y^ k = 1,2 » • • • # N. 

In addition, general formulas for determining the probability densities 

p(yk, t) of the state variables y.i k = 1,2, .... N, are given. It is shown that 

the probability densities, p(yk> t); k = 1,2, ..., N, are solutions to second- 

order, partial differential equations. In the steady state, these partial differ¬ 

ential equations become first-order ordinary differential equations for which 



the solution is known. From these equations we show that the probability 

densities ply^) the state variables y^, k = 1,2, ..., N, are completely 

determined by the set of conditional expectations |E [gl^Jly^ ], k = 1,2, •••.Nj, 

respectively. 

For each projection of y, we evaluate the probability current and show 

that the probability field is rotational when zero detuning exists in the loop. 

From these results we are then able to deduce the average number of phase- 

jumps (cycles-slipped) per unit of time. 

The expectations |E(y^j<|))| are appoximated by two methods. The first 

approximation is based upon the linear tracking theory while the second is 

based upon a modification and generalization of techniques due to Viterbi 

(Ref. 1) and Holmes (Ref. 14). To check on the validity of these approximations 

E(yj|<|)) is measured via computer simulation methods for the case of greatest 

interest, i. e., N = 1, g(<|>) = sin 4>. The variance of the phase-error is also 

computed for both approximations and the results are compared with measure¬ 

ments obtained earlier (Ref. 10) via hardware simulation. 

Stochastic optimization for the (N + 1) - order tracker is carried out, its 

performance evaluated and compared with that of a second-order PLL. It is 

further shown that a first-order tracker with nonlinearity g(<)>) = L sgn $ mini¬ 

mizes the mean square error over the class of linear filters and periodic non- 

linearities when zero detuning exists within the loop. 

We close by concluding that specification of loop response, hence, 

performance of a generalized tracking system in the nonlinear region of oper¬ 

ation, is tantamount to possessing a knowledge of the set of expectations 

lE(yk|<!>), E(g($) I y^); k = 1,2, ..., Ni* This knowledge may be obtained via 

cor .puter simulation techniques (Ref. 15 and 16) or as is done here, one may 

approximate them; hence, stochastic optimization of the loop in the non-linear 

region of operation is possible. The utility of the results become obvious when 

one considers the complexity of the equipment (Ref. 10) and the amount of time 

required to measure only a few of the many statistical parameters at work 

in the loop, e.g., mean square phase-error or mean time to first loss of 

synchronization. On the other hand, the amount of time required to measure the 

marginal densities and the moments thereof via computer simulation methods 

(Ref. 15 and 16) is also prohibitive of time. Although we do not demonstrate 

- 6 - 



the results here, it can also be shown (Ref. 17) that the mean time to first slip 

and all moments of this random event are also embedded in a knowledge of 

E(Yk J 4>)» k s 1,2, ..., N. Thus, measurement or approximation of these 

conditional expectations when used in conjunction with the results presented 

here is all that is required to produce loop behavior and to carry out system 

synthesis in the non-linear region of operation. 

B. SYSTEM MODEL 

If we write the loop filter transfer function in the partial fraction expan¬ 
sion 

(2) 

we have that F(p) = 1 if Fk = 1 for all k = 1,2, .... N. For example, if 

N * 1, we have the proportional-plus-integral control filter of considerable 

practical interest, i. e. , 

(3) 

where Fj = T2/T1* 

If we substitute (2) into (1) and assume an input of the form 

0(t) = (u> - wQ) t f 0 where 0 is a constant, we can rewrite (1) as 

where a w - u>0 is the loop detuning. Introducing the state variable y. 

(5) 



for k = 1,2, ..., N, we can replace (4) by the equivalent system of N + 1, 
. * . 

first-order, stochastic differential equations, i. e. , 

N 

y0 = 4« = «0 - F]AK8<4>) yk-Fi Kn(t) 

fel 

V (1 -Fj) [AKg(<j>) + Kn(t)] 

(1 - FR) [AKg(4>) + Kn(t)] 

(6) 

'N 

y^ (1 - FN)[AKg(4» + Kn(t)] 

'N N 

where yQ = 4». Written this way, it is clear from (6) that the coordinates y0, 

y ..., yjj form components of a (N + 1) - dimensional Markov vector 

y = (¢, yj, .... y^) since each component, y^, depends only upon the present 

values of y and a white Gaussian noise process. For convenience, we define 

the vector y^ = (y j.yN). Also in what follows we shall refer toa 

specific component of y as the projection of y. 

The most complete characterization of the state y of the tracking loop is 

its statistical description by means of the probability (response) density func¬ 

tion of y, viz., P(y, t). The response distribution P(y, t), of course, can be 

formally determined by using the theory of Markov processes. In the next 

section we expose the procedure. 

By defining the Markov extension such that $ is one component of the vector 
process allows one to proceed with the analysis. Heretofore, the vector pro¬ 
cess has been defined such that 4> is a weighted sum of the projections thus 
leading to formidable mathematical difficulties if N >1. Also such an exten¬ 
sion clearly depicts that the components of y' are Markov for a fixed 4>. Further, 
if the T 's are much greater than one (narrowband loop) then it is clear that the 
V variables are slowly varying random processes. 
7 k 
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c. THE (N + 1) - DIMENSIONAL FOKKER - PLANCK EQUATION 

Given the fact that the components of^y form a vector Markov process, 

P(y, t) satisfies the (N + 1) - dimensional Fokker-Planck (F - P) equation 

(Ref. 6), viz. , 

9P(y,t) 

at 
k=0 k 

(7) 

where the intensity coefficients Kk(y, t) and Kik(y, t) are defined by the formulas 

Kk(y*t) lim 
At—0 

E[Ayk I n 
At 

K<k(i. o lim 
At —0 

E[Ay< Ayk ; y] 

At 

(8) 

and the E[- jv] denotes mathematical expectation of the enclosed quantity given 

y. In the case of a stationary random process, the coefficients Kj^y, t) and 

Kik(y, t) do not depend upon t. 

In what follows the concept of probability current density 

Vi'1» = 

N 

’v*’1» -iE 
1=0 

a 
ay, 

P(i,t));k = 0, 1.N (9) 

will be of use when evaluating the average number of phase-jumps or cycles- 

slippled per unit of time. Thus we can write the F-P equation in the form 
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(10) 

N 

st 

The vector Ilï.tt = [l0^.tl.IN<I,t>] may be interpreted as a probability 

current density vector. We will also need to consider the probability surface 

current of the R*** projection of_I(y, t), i. e., 

w** = yy.t) (in 

where dy¿ ^ dy0. dy^... dyN. The probability current of the ( 

kth projection describes the amount of probability crossing the hyperplane yR = Yk 

in the positive direction per unit time.* Just as the equation of heat conduction 

involves a flow of heat, (7) involves a flow of probability. 

Before we proceed we will give a graphic physical interpretation of the 

F-P equation which will prove useful and somewhat picturesque. For every 

sample function of a vector Markov process, the vector trajectory y(t) can be 

thought of as being swept out from y(t0) by a point in an (N + 1 )-dimensional 

space y = (<j>, y j. • • • . yN>- The position of this point at time t, i. e. , [y0(t), 

• • •, yN(t)], may be envisioned as a Brownian particle undergoing diffusion in 

(N + 1) - space as a function of time. The set of sample functions of the pro¬ 

cess ^(t), is the ensemble of trajectories which move about in a random manner 

The fraction of time that the particle spends in any region of the probability 

space R' is proportional to the total probability in that region. 

The coefficients required for (7) can be straightforwardly evaluated by 

using (6) and (8). The differential equation whose solution describes the 

probability density P(£, t) can then be written by mere substitution of these KR 

and K|R into (7). Such a computation yields 

*A geometric interpretation of (11) is possible. ^ a un“ 
nointed alone the positive direction of the yk-axis. Then_I(y, t) n^ W-J 
represents the probability current density flowing in the positive yk direcCTon, 
Ind lX dyL represents the amonnt of probability surface current flow ng 
throuerthe differential surface area dyj,. Integrating over the surface gives 
the toUl probability surface current flowing through the hyperplane yk - Yk- 
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ap(£, t) = ^ 
at ” "9$ 

N 

nO-F, AKg(6) -i- M ^ 

k=l 

FjN0K2aZP(y,t) 
AKg(<|>) P(Ift) 

(12) 

+ 

N N (1 - Fk) (1 - Fj )K^N0 
+ 

kM^O 

Certain special cases of (12) are of great practical importance. For example, 

with N = 1 and F, = 0 for all k ¿ 1, (12) becomes the F-P equation for the 
k 

PLL system with the proportional-plus integral-control loop filter given in (?). 

D. INITIAL CONDITIONS AND BOUNDARY CONDITIONS 

In order to obtain solutions to the F-P equation we have to supplement it 

with initial conditions and boundary conditions. For our purposes we specify 

the initial distribution P^Iq) at time t = t^ to be 

N 

p(y.to>=n 6Ln-*n(t0>] (13) 

n=0 

and the subsequent evolution of the distribution is found from (12). 

The boundary conditions themselves are determined by the physics of the 

problem. If Pf^iYQ'1] to a probability density and since Kk(y, t) and 

Kjkiy. t) are periodic in4>. we have 

1 1 



(14) lim 
t —*<o p M'1)* ,ll” p 0 

and in the steady-state P [4>.y¿.t] has an unbounded variance. This condition is 

directly traceable to the cycle-slipping (phase-jumps) phenomenon associated 

with generalized tracking systems. Thus to obtain a probability distribution 

with a finite variance in the steady-state we shall consider the solution of (7) 

reduced modulo 2ir. Let 

*£ P[*+ 2nn,y¿,t] (151 

n = -œ 

for all ¢. Note that p is periodic in 4» but, as such, it is not a probability density 

function since it is an infinite sum of density functions each with unit area. 

Thus, to obtain a solution which has the properties of a density function we define 

p(<t>, y', t) in any <|> interval of 2ir width around any 
” lock point 2mr. 

p(4>. t) = 
(15a) 

elsewhere 

To justify that p(4>, y|j, t) is a solution, we note that P(y, t) is a solution to (7) in 

the region R' for which y. = ±«,j = 0, . ..,N. The function p(y, t) is defined in a 

region R which is the hyperslab formed by two hyperplanes located 2ir radians 

apart. Hence, since each term of (15) is a solution to (12) in R , the sum is 

also a solution in R. 

Along any edge of the surface F of the hyperslab R, i. e. , the edge y = *® 
« ^ 

for any and all j = 1, • • • , N, we have the boundary conditions " 

p(4>. yA’t)! 
v.=±«> 

IXJ 

0 (16) 

We also note that since p(x, t) is a probability density as defined above, 

J* p(y, t) dR = 1 

then 

(17) 

’¡‘See footnote on page 13. 
- 12 - 



As a consequence of (17) we have , along any edge of T 

gy. p(4>. y¿. t)| - 0 ; j - 1, 2, ..,, N (18) 

j |y.=±aO 

From (6), and assuming that g(Ti) - g(-tT) = 0, we have 

p(-".y¿. t) = p(TT,y¿,t) 

It follows from this that 

9p(-*. y¿» t) 

wi 

9p(1t. y¿»t) 

~ 

) = 1,2,...,N (19) 

If we set Œq = 0, we note from (6) that 

Finally, if 

p(y. t) = p(-y,t) 

9P(tt, y¿, t) _ api-ir, y¿, t) 

3<*> 0<{) 

we can write in vector notation 

VP VP 

4> = -tt 

where V is the differential operator for space, the del operator, 

(20) 

5:!The fact that p(x> t) r 0 at y. = ±“ is a consequence of the definition of a random 
variable. Condition (18), arid the fact that y.p(^, t) in (16) approaches zero as y. 
approaches infinity, requires that p(^, t) approaches infinity faster than J 

[y.]1 + t, £ > 0. 
i 

**Note, these boundary conditions are necessary for finding the marginal density 
functions p(y, , t), k = 1, 2, • • •, N but are not required for finding p(¿, t). 
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Hence, since from (18) Vp is zero at the boundaries = j = 1,2, •••.N, 

I Vp • dr = 0 

Jr 

where F is the surface of the region R. 

In operator form, (12) may now be written as 

V Kx. t) + L[p(x*l)] 
9p(X» t) 

at o (21) 

where L, identified from (12), is an elliptic-parabolic operator (Ref. 18) if 

Fk <1 for all k = 1,2, ..., N. Using Gauss1 s Theorem it is interesting to note 

that one can write 

I V • IdR = 

Jr 

where R is the volume (probability space) bounded by surface F and n is unit 

vector normal to the surface of F and directed positively outwards. From 

Maxwell's field equations we kno.v that the divergence of the current density !_ is 

just the time rate of change of the charge density p. Also the divergence of the 

flux density D is equal to p. Here if we interpret p as the probability density 

p(y, t) and £ as a probability flux density then we may write V ‘ £) = p(y. t), i. e., 

the net probability flux flowing out of a volume dR at time t is just equal to the 

probability of being in that volume at time t. 

Interesting enough if we integrate both sides of (12) with respect to y^ for 

all j / k and make use of the boundary conditions (16) and (18) we arrive at* 

J9 nx]. dr = 0 

00 

- r ^Oscillator instabilities may be included here by replacing Kqq by Kqq + j R^(T)dT 
where Rn(T) is the cor relation function of the random process 
O(t) = [ 6 j(t) - 6^(t)]; 6^(t) represents the phase instabilities in s[t, 6(t) ] 
and represents the instabilities in the CRG output r(t). To make this 
replacement valid, and remain within the framework of Markov process theory, 
the correlation time of O(t) must be small when compared to the response time 
of the loop. 
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N 

ß0t £E<Ytl't''’'kl t yk 
jltkjtO 

- F jAKgt^) P 

+ 

4 ô«i 

(1 - Fk)2N0K¿ 

4r ! 
(22) 

Tk ôyk 
[yk + » - Fk) AKg(*)J PÍ + 

F1«1 Fk>N0K 
4t. 

a2 d 2_ 

3 4> 3 y 

xi! \i*u)9 where p = p(4>*yjc»t) is the modulo 2ir density in 

conditional expectation of y. given <t> and y, for all j ¿ k ¿ 0. This expectation 
j K 

is taken with respect to p(y., t \i, y ). 
1 K 

Unfortunately, the general solution to (21) or (22) cannot be found 

analytically. In the next section we confine ourselves to the problem of 

determining the marginal probability density of the phase process <t>(t) 

reduced modulo 2ir, i. e. , p(4>, t) for an (N + l)1*1 order loop. 

E. DIFFERENTIAL EQUATION FOR THE MARGINAL PROBABILITY 
DENSITY p(4>,t) 

To find p(4>, t), we first need a differential equation whose solution is 

indeed p(<j>,t). This is easily found by integrating both sides of (22) with respect 

to yk and using the boundary conditions (16) and (18). Without belaboring the 

details we have 

3p(4>»t) _ 3 
3t " "55" 

N 

fi0 - F j AKg(<i») E(yk,t|«i) 

k= 1 

FÍN0k2 32 
+ -^-rp(<i>,t) 

P(<t)»t) 

(23) 

4 3(|)2 

0 
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whe re E(yk,t 1^) denotes the conditional expectation of given <|>. In (2 3), and 

throughout this paper, any sum is considered empty if the lower index exceeds 

the upper index. 

In the steady state, i. e. , limit as t approaches infinity, p(<(>, t) approaches 

p(4>) such that the partial differential equation (2 3) becomes the ordinary 

differential equation 

F1N0K* d20,*) _d. 

d*2 d+ 

N 

fi0 - F1 AKg(<t.) 

k=l 

<t>) p(4>)> = 0 (24) 

For Fj = 1, N = 0, we have E(yj | <J>) = 0, and (24) reduces to well known 

results (Refs. 1,7,8,9) for the first-order Markov process. 

If we define the nonlinear restoring force h(<|>) as 

h(4>) =• 

N 

fi0 - Fj AKg(4») 

k«l 

<!>) 

F^NqK2 
(25) 

then (24) has the steady-state solution (Ref. 6) 

p(<!>) = C0 exp T I h(x)dx D°f •'-IT 

1 + D„I exp h(x)dx dy> (26) 

To evaluate the constants CQ and Dq, we must utilize the boundary conditions 

(27) 

}’# ^ > 
The function h($) plays the same role here as the electric field strength in 

electromagnetic theory. 
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Thus using (28) we obtain 

where 

p(ir) = pt-ir) 

A±-v) - A(tt) 

A(.) Ta-1 

J -IT 

(28) 

(29) 

(y) dy 

A(z) = exp / h(x)dx (30) 

By means of (27) the normalization constant CQ can be evaluated. 

If Dp = 0, we then have* 

p(<j>) * Cq exp r I h(y)dy (31) 

For g((|)) = sin 4>, N - 0, (31 ) reduces to a well known result, Refs. (1,7,8, 

and 9). Since g(<J>) is periodic and since p(<(>) is continuous we may also write 

(Ref. 19) 

*<l> 

h(x)dx p(<|)) = Cy exp 

rt+Zn r rx 

J* exp[‘i h(z)dz dx (32) 

for any <|> belonging to an interval of width 2it centered about any stable lock 

point 2niT. 

Equations (26) and (32) are remarkable in that they hold for all order loops 

and a broad class of nonlinearities. In fact, it is clear from (25) and (32) that 

the probability density function of the phase-error of an (N + 1)- order loop is 

completely determined by the set of conditional expectations E[y^ | 4>], 

k = 1, . . . , N. Interestingly enough E(y^ | <t>) is the minimum mean-square 

error estimate of y^ given <(>. 

*Using linear tracking theory it is easy to show that in the linear region 
(Ref. 11) that (cont'd. on p. 18). 
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N 

^E(yk |<j>) * (AKF j - r(0)/2WL)¿ 

k*l 

when Rq = 0 and T) is the unit impulse response of the loop. Thus 

p(4) = C. exp 
[• N 

4A 

oKFi • 
g(x)dx + 

u 

NoK F. 

2 2 {AKF, - r(o)/2W, ) '] 
for all N £ 1 and 4> belongs to an interval of width 2it centered about any stable 

lock point 2nir. 

F. nnrtriTRit.imtta I. FQUAT1QNS FOR THE MARGINAL PROBABILITY 
DENSITIES, p(yk, t); k = 1,2, ..., N. 

If we integrate (12) from -it to it, use the appropriate boundary conditions, 

and then integrate over the domain |yj j s ® for all j ¿ k ¿ 0, we arrive at (see 

Appendix A) the set of partial differential equations: 

(1 - F ) N0K 3 Plyk.t_) + ^ + (1 . Fk) AKEig(«.t|yk) ] p(yk,t)| 

4t 3y 

+ K 00 
_a_ 
04) 

k k 

p(¿. tly^ 

(33) 

P^k’0 = at 
-IT ; 

for all k = 1,2, ..., N. In (33), the quantity E [g(<t>), t |yk ] is the conditional 

expectation of g($) given yk at time t. In the steady state, (33) becomes a set 

of ordinary differential equations, 

.2., ,,2 ,2 
(1 - F. ) NnK d p(y, ) , , , 
—i*---r + drlPu + o -Fk)AKE(eW IV] p<VI 

k dy, 7k 

+ K 
00 )d4> [pi*>iv] "I 

-,1 

(34) 

! p(yi,) = 0 
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for all k = 1,2, • • •, N. Assuming that the derivatives in (34) at ±n are zero 

(which is probably true when = 0) we can write 

where the nonlinear restoring force g^ly^) is defined by 

«kV = 
4t, 

(1 - Fk)“N0K 
r[yk+(l.Fk)AKE(g«» |yk)] (36) 

for k = 1,2, .. . , N. In order to obtain explicit solutions for the p(yk) it 

appears that the conditional expectations must either be approximated or 

measured by the method of computer simulation. It is remarkable that the 

marginal distributions p(yj.) are determined by the conditional expectation 

|E(g(4>) I yk); k = 1,2, ..., n}; hence, specifying loop performance is also 

dependent upon this knowledge. ^ The constant Ck is a normalization constant 

determined from 

P(yk|dyk = 1 

while the constant Dk is determined from the boundary condition 

p(yk) = 0 at yk = ±ae. Thus 

- Bk(“) 

Bk(«> (z) dz 

(37) 

These expectations are the minimum mean-square error estimates of g(<j>) 
given yk. 
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where 

[/' Dk<u, exp I - I gk(x)dx (38) 

for all k = 1,2, ..., N. We therefore see that when the D.'s are zero 

P(yk) = Ck exp [ J -[gk(“'] (39) 

for all k. 

From (6) it is clear that, in the -'teady state, the means of the 

coordinates are 

yk = -d - Fk)(AK) g(<t>); k = 1,2, .... N (40) 

where the over bar "—:-" denotes the statistical average. Further, for small 

signal strengths, i. e. , small AK, it is seen that yk are uncorrelated, zero 

mean Gaussian random variables having variance 

? 2 k2n" 
<rk = 0 - Fk) —k = 1,2, .... N (41) 

4 k 

Also, from (2), (6) and (40) it is clear that the mean of the phase-error rate is 

given by 

N 

<}> = Í20 - AKFj^) =n0 - Ak7(7)F(o) (42) 

k = l 

whereupon the mean of the phase-error rate in the steady-state becomes, using 

(40) and (42) 

4> = n0 - AKg(6) (43) 
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for N < 2. For N = 1, 

4> = S2q - AK'g(<t>) 

in the steady state. 

(44) 

G. LOOPS WITH F, = 0; k = 1, 2, . . . , N 
_ii_]_ 

Going back to (23), we s^ that when F^ = 0, for all k = 0 , 1, • • •, N, corres¬ 

ponding to a loop filter F(p) ^ (1 + the reduced F-P equation degenerates, 

and the technique previously used fails. There is then no other alternative than 

to solve (12) with Fk = 0 for all k = 1,2,---,N, although it is possible to reduce 

it somewhat by integrating with respect to yj, • .., y and using the boundary 

conditions (18) and (19). 

This procedure yields the reduced F-P equation, viz., 

_9 
dy 

Ít +AK&Ü1 

_9_ 
94> 

T. T 
J(L J J J 

N 

p(4> 
) k2n„ 3 

,y,t) 4 0 3 
'i'*’ t~5Tp^'rj:,) 

f } J 
(45) 

W ^E<yk. ‘ U.Vj) p(<>. yj. t) 
öp(4>. t) 

at 

For the case N = ^ ^ q = 0’ we ot>tain in tlle steady state, 

p(<|), 4>) = C exp TP :2 
IcJ* p 

/4> 

g(x) dx 

<j> < » <))€ [(2k - l)ir, (2k + 1 )ir] for k any integer. 

(46) 

where 4» = y^, Gj = AK is the open loop gain, and p is the signal-to-noise 

ratio existing in the loop bandwidth W^, = 2bL, = AK/2, i. e. , p = A^/N,b. = 
2 ’ --1 

2A /NqW^. The parameter C is a normalization constant. 

Note that the density p($,<j>) can be written as p(è)p(4>); 4) and <j> are there¬ 

fore statistically independent random variables. Further, we note that for 

ÍIq = 0, p(4>) is identical to the expression for a first-order loop and that 4> is a 
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Gaussian random variable with variance G^/tP. Finally, we point out tha* if 

we integrate (45) with respect to «i from -n to n our method degenerates yielding 

"0 = 0." 

H. EVALUATING THE EXPECTATIONS Efy^) AND THE STEADY STATE 

DENSITY p(<t>) FOR AN (N 4 1 ) -ORDER TRACKER 

The conditional expectation may be approximated with a great deal of 

accuracy by modifying and generalizing a method due to Viterbi (Ref. 8) and 

Holmes (Ref. 14). If we take the expectation of both sides of the differential 

equation (6) for Y^(v) conditioned upon the phase variable 4>(t) and multiply both 

sides by exp (V/T^) we maY write 

E[yk(v)|4>(t)] ex? dv 
AK( 1 - Fk) 

E[g{<t>(v)||<}>(t) ]exp (v/rk) dv 

(47) 
Integrating both sides of (47) from minus infinity to t with t^ = -® and intro¬ 

ducing the change of variables v = t - r yieldsv(see Ref. 19) 

AK( 1 - F ) f 
E[yk(t)|*(t)] --t-I exp (-T/Tk)E[(g|<j)(t 

k Jo 

- AK( 1 - Fk) g|4»(t t)| 

T)| - g|4>(t - T)|)|<t>(t)] dx 

(48) 

for all k = 1, 2, • • * , N. The expectation under the integral sign may be esti- 

mated using the Orthogonality Principle (OP) to find the best Pç(T) such that 

EQgi^) * estimated by pQ(x)^g(4>j) - gi'l’j)] in the best linear mean 

square sense. Here (j)^ = ■ T). = ¢(0 and Pq^t) approaches zero as r 

approaches minus infinity. First, we define the error «, 

' ' -P0(T)[8(t>i) - 8(+,)])2] 

*Note that g[^(t - t) ] is strictly stationary since the process ¢(1) reduced modulo 
2tt is strictly stationary. See Section 9-5 in, Probability, Random Variables, and 
Stochastic Processes, by A. Papoulsis, McGraw Hill, N.Y., 1965. 
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Let 

y<V = ^ : X(V = 
M 

and write 

£ = E^^y«^,) - p^t)^))2] 

Thus the function Pq(t) which produces the best linear mean square estimate 

E[g|4>(t - t)| - g|<Mt - t)!!«*»!] is easily shown, using the OP, to be given by* 

PG(t) 
VT) - (g)2 rg<t) 

(49) 

where for a stationary $ process, g^) = g(4>2) = g and G = g(4>) - g. The 

minimum mean square error « (t) is given by c (r) = <r¿fl - p2(r)l. 

Replacing the expectation E£(g(<|>2) - J ky the best linear mean square 

estimate PQ(T)[g(<J>) - g ] in (48) we have 

A AK( 1 - F, )g(4>) f* 
E[yk(t)|4>(t)] --2- / Pq(t) exp (-T/Tk) dx - AK( 1 - Fk)g (50) 

Tk<rG Jo 

and the hat "A" is used to denote the fact that we have used the linear estimate 

in (49). If the loop is designed such that the correlation time of p^(x) is r uch 
-1 * G 

less than r (narrow band loop) then, to a good approximation,** 

a AK ( 1 - F. ) g((j)) 
E[yk(t) («Mt)] = ---S (0) -AK (1 - F ) g (51) 

2Tk<rG 

for all k = 1, 2.N. In (51) 3^.(0) is the spectral density of G(</>) = g(<() - g 

at the origin. From (1) it is clear that SG(0) = N^ZA2 so that (also see Ref. 2) 

A random process x(t) is said to be of the separable class if it is second 
order stationary and satisfies E[x(t + r)|x(t)] = p (T) x for all r. The 
correlation function p (x) = E[x(t + x) x(t)]/E(xOX 

Throughout this paper the symbol is used to denote approximately equal 
to and the symbol "a" implies asymptotically equal. Strictly speaking, the integral 
in (50) is less than or equal to that given in (51). 
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Ê[yk(t)|<t>(t)] 
(52) 

N0K(1 - FJ 

4ATk<rG 

g^) + yk + Vk 

for all k = 1,2, • • • i N and from (6), yR + - -AK(1 - FR) g. Note 

is independent of t since ¿(t) reduced mod 2n is stationary. 

At this point, in the development of a working theory, it appears that the 

goodness of the assumption which lead one from (48) to (51) must be justified by 

direct measurement of E[yk(t)|<t>(t)]. The measurement of E[yk(t)|4>(t)] can 

readily be adapted for simulation on a digital computer. The fact that E[(y114>)] 

is sinusoidal in the steady state for a PLL when «q = 0, N = 1. has been 

verified by computer simulation techniques. Typical results from the simula¬ 

tion for a low signal-to-noise ratio case are shown in Fig. 5 along with a plot 

of E£yj(t)|4>(t)] to accentuate the interference. 

From (25). (40) and (52) the restoring force, for an N + 1-order tracker, 

becomes* 

h(<j>) = [ß(N) - a(N)g(<|>)] (53) 

where 

= -4-1 [vAK«iF(01 -41 
NqF jK 

a(N) = 
4A 

N„F ,K 

N 
1 - F, 

0 1 AKF1 <rG k=1 

(54) 

Thu. pW may be obtained from (32) and (54) for an (N + l)-order tracker. The 

factor p(N) > 0 is responsible for the asymmetry in pi*); hence, p(*) will be 

symmetric if the loop is designed such that ß(N) = 0, i. e. , 

*The function U(4>) = - fh($) d4> is analogous to the electrostatic scalar 
potenUah On the other hand, h(4>) = -VU(4>) plays the role of the electric field 

strength in electromagnetic field theory. 
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(55) 

N 

F<o,-F<»> ' 

k = 1 

where F(a>) * F^. It is clear that for Í2Q * o this equation can never be 

satisfied by the design of a first-order system. Further, if the factor l/o(N) 

is interpreted as a "variance", this variance is minimized with a choice of 

N = 1, i. e. , a second-order loop. 

For the N + 1-order PLL the solution to (24) can be written from (32) as* 

(see Ref. 19) 

p(4,) = exP ÍÍH + <* cos 4>] 

4rr2 exp (-up) | Ijß(a) 

where we have written ß for ß (N) and a for o(N). The functions I, (x) are 
k 

modified Bessel functions of imaginary order and of argument x. The density 

function in (56) has been experimentally observed in the laboratory (Ref. 10) 

for the case where í2q = 0. 

The mean value of the phase-error may be found from (56) and the well- 

known Bessel function expansions of exp (± x cos <t>). Without belaboring the 

details (see Ref. 19) we have 

J>+Zir 

i 
exp [-ßx - a cos x] dx (56) 

4> p(<l>) d<t> 

_ 2 sinh Trß 

CO 

E m 1 (a) 
m 

"IV“1 l2tx + p2 

1(a) I (a) 

m 4m 

CO 

E 
k= 1 
kjtm 

2m(- 1) 

2 . 2 
m - k 

(57) 

It is clear from (57) that with ß(N) = 0, = 0. Furthermore, is given by 

(Ref. 19) 

As previously pointed out <)> belongs to any interval of width 2n centered about 
any stable lock point 2mr; n any integer. For convenience we set n - 0 in what 
follows, [See (15) and 15a)]. 
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4>2 

<t>2 

r 
•'-tr 

<j> p(<f)) d4> 

sinh irß 

IV“1!2 

I,, (a) 

ß 

A1“» 
«o i i 

+ 4 E 
k-l 

H) Uû) 

^ k2(ß2 + 
+ 2ßIo(a)/ 2 2 T 

k (P + k } 

(58) 

A (-1)\(a) 

VT' (Í**)v-E 
® {-l)m(k2 + m2)I (a) 

m 

m = l 
m/k 

(k2-m2)' 

2 2 - 2 
The variance <r, = - («t») is minimized when the loop is designed such that 

^ 2 
ß s 0 and a is maximized (Ref. 19). Thus, is minimized by the choice of a 

second-order loop designed such that ß = 0. For this case we have, from (58), 

that 

= :T+ïffc)è TTV“1 <591 * min 
0 “ k 

Finally, the moments of sin 4> and the phase-error rate <j>, are given respectively 

by (Ref. 19) 

in2 ♦ = ¿ RE^'+JP I.plaj113'1 j - f [2 sin * - f] <60) 

|RE[-] - Denotes real part of [•]! 

¢)2 = K2q [a2(sin 4>)2 + ß2 - 2aß sin (j> ] 
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sin 4> ¿ - Sln^ 
Q tro 

ítQ 

íIjp,a>l eos 4 

4> = «o - AKF(o) sin 4» 

(61) 

"l = «OO^VnO+Koo^-^Ool32) 

2 -— _ 2 
asin ¿ = sin ^sin ^ ^ 

From (60) we see that, when ß = 0, the mean phase-error rate 4> = w - u 

Thus the mean frequency of the CRG ¿3 agrees with the frequency of s [ t, 6(t)] 

on the average, i. e. , £ = ui. 

It is convenient to give a physical interpretation of our solution in terms 

of the concept of potential wells" containing a Brownian particle. As previously 

mentioned the position of the trajectory y(t) at time t can be thought of as repre¬ 

sentative of the position of a particle undergoing Brownian motion. In fact, the 

motion of the <i»-projection along the 4>-axis can be interpreted as the motion of 

a particle in an external force field h(<j)) whose dependence on the position is 

nonlinear. The function U(4>) = h(x)dx, represents the potential at 4> and 

|U(<t>) - U(<j> + 2tt)I represents the potential difference a distance of 2* radians 

apart, (See footnote p. 24). 

Figure 6 illustrates the normalized function P_1U(<t) versus <\> for various 

values of ß/o and for the case oí a PLL. In fact all positions of possible phase- 

lock are found when the restoring force h(<|>) is zero. If ß > a 

phase-lock is not possible since there exists no "well-bottoms" B . The parti¬ 

cle (phase-error) will slip from well-to-well without coming to rest. If, how¬ 

ever, ß = a then the solutions to sin «i = 1 specify inflection points of U(4>). This 

corresponds to the situation where the frequency difference between the CGR and 

the incoming signal is a constant greater than zero, i. e., the so-called false- 

loçk frequency.* Hence, ß(N) = a(N) defines the condition where a limit cycle 

occurs which, in practice, is usually referred to as a false-lock condition. If 

ß < g well-bottoms (Bn - stable points of potential minima) occur at <t> = 2mr + 

sin (ß/a) and well-tops (Tn - unstable points of potential maxima) occur at 
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4> = (2n + 1) n + sin"^(ß/a) where n is any integer. The slipping occurs more 

rapidly the greater is ß and the shallower the well depth. The depth of the wells 

are proportional to a. In otherwords, one wishes to design the loop such that for 

any external conditions, ß is minimized and a is maximized; a fact which we 

have just observed analytically. The shape of the potential wells is obviously 

dependent upon the nonlinearity g(<t>). Hence, we would intutively expect that 

the "best" shape occurs when the veil-sides are straight provided the loop is 

designed such that ß = 0. In fact, k is conjectured that an optimum signal 

acquisition device is one in which g(<j>) is synthesized such that 9U (4>, t)/94> is a 

symmetric square-wave centered about zero for all t. 

1. NET FLOW OF PROBABILITY PER UNIT OF TIME THROUGH THE 
HYPERPLANE yu= y¿ AND THE AVERAGE NUMBER OF CYCLES 
SUPPED PER UNIT OF TIME FOR AN (N+ l)-ORDER TRACKER 

Due to the additive noise, discontinuities of oscillator (CGR) synchroniza¬ 

tion arises. The local oscillator may slip or gain a cycle of oscillations rela¬ 

tive to the oscillations of the external signal s[t, 0(t)]. In tracking applications 

the average number of cycles slipped per unit time is an important parameter 

as it is indicative of the error introduced into any doppler measurement made 

to obtain velocity and changes in range. 

To calculate the average number of cycles slipped per unit of time in the 

steady state, we make use of the concept of probability current (introduced 

earlier) in the 4» direction. The average flow of probability through the hyper- 

lane 4> = V in the positive 4> direction per unit of time is, from (9), (1 1) and the 

boundary conditions, equal to 

I0 (*> = K0pW) - ^ PH>) (62) 

where p(4>) is the periodic extension of p(<)>) and and are defined in (8). 

Using (26) in (62) we find that I(4>) is given by* 

Here we drop the subscript "zero" on Iq^) and write I(4>) for ^(¢)- 
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I 
I 

NnK2F? C D 
0 loo 

; Generalized Tracker 

K*) = 

NqFjK2 sinh irß 

8tt V“' 
; PLL (63) 

for all <() and k = 0, • • • , N. This says that the flow of probability per unit time 

through the hyperplane 4> = 4>' is constant. If S2o = 0, then Dq = 0, ß = 0 and 

I(4>) = 0 and there is no flow of prob?.Mlity through the hyperplane 4> = 

In practice it is sometimes convenient to know the average number of 

cycles slipped per unit of time independent of direction. Denote the average 

number of cycles slipped to-the-right (positive 4>-direction) per unit of time by 

I (<b) and the average number of cycles slipped to-the-left (negative ((»-direction) 

per unit of time by I (4)). The parameter I+ represents the average number of 

trajectories of the 4> projection traveling in the positive ((»-direction per unit time 

which pass through the hyperplane 4»' = 4>- Similarily I represents the average 

number of trajectories of the 4» projection traveling in the negative 4>-direction 

per unit time which pass through the same hyperplane. Thus I = I+ - I repre¬ 

sents the (net) average number of cycles slipped per unit time. Extending the 

arguments due to Tikhonov (Ref. 7) for the case when N = 0, we find that the 

ratio of I to 1 is given by 

y1 = exp [ Ztrß] = exp [U(4>) - U(4> + 2tt)] (64) 

for the (N + l)-order tracker. For ß = 0 we see from (64) that the "to-the-left" 

cycles slipped equal the "to-the-right" cycles slipped. Thus the total number of 

cycles slipped per unit of time independent of direction is S = I+ + I , viz, 

* From Maxwells field equations we know that the curl of the magnetic field 
intensity H is equal to the current density in the steady state. Here the 
probability surface current I(«i) is analogous to so that the curl of the 
¿-projection of the electromagnetic field generated by electronic charges 
flowing in the PLL circuit is equal to I(¿). This curl is zero when the detuning 
is zero. 
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NrtF?K2C D cosh irß 
0 1 o o__ 

4 sinh irß 
; Generalized Tracker 

NqF2K2 cosh irß 

Sir 
; PLL (65) 

The quantity D = (2tt) S is the diffusion coefficient representing the rate with 

which ¿(t) is undergoing diffusion while Dt accounts for the fact that (14) is true. 
V 

The probability currents ^(y^î ^ = 1*2, •••.N, may be easily computed 

from (11) and (35) in a manner similar to that described in this section. Thus 

the probability current flowing through the hyperplane y^ = y^ per unit of time 

in the positive direction 3Í the y^-axis is Ik(yk) = _KkkCkDk^2 ÍOr a11 

k = 1, 2, • • •, N. Again wt find that the net flow of probability is constant and the 

field is rotational. When Dk = 0, Ik(yk) = 0, for all k = 1,2, ..., N. This says 

that there is no net flow of probability in the yk -direction. 

J. THE PROBABILITY DISTRIBUTION p(<t>) FOR THE SECOND-ORDER 
TRACKER 

If we now consider the case where N = 1, Fj = r T \ anc* define* 

r ÛAKF1r2 r + 1 for rr. « r 
2t2 1 

(66) 

*The loop bandwidth is defined as 

WL= 2bL 

/•j® 
â_L 

2lTj I J -joo 

H(s) T ds 

where H(s) the closed transfer function when the loop is linearized (Refs. 1 
and 2). Using the linear theory one may compute the system damping behavior. 
For r < 4 the system is under-damped, for r = 4 the system is critically 
damped and for r > 4 the system is over-damped. Most tracking systems 
are designed such that r = 2. This corresponds to 1/n/2 damping. 

««The expecte<J value of the time intervals between cycle slipping events is given 
byAT«»[S]" . This assumes that the instants in time when phase synchronization 
is lost are statistically independent. 
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where r is related to the loop damping {t, = N/r/4) and is the loop bandwidth 

as defined from linear tracking theory. Thus h($) becomes 

h(4>) P g(<l>) + 
It ± U2 ipii0 ^ 
[ r ) [2Wl+ 2Wt J (67) 

and p = 2A"/NqW^, i. e. , the signal-to-noise ratio in the loop bandwidth W^. 

As an alternative, it is instructive to approximate the conditional expectation 

using linear tracking theory. Thus 

E(yi I ¢) 

Therefore, within this approximation, 

(68) 

(69) 

If F j « 1, then 

(70) 

which is independent of Thus, within the linear approximation, it is seen 

that a second-order loop with Fj « 1 will always pull in lock so that p(4>) is 

symmetric. This, of course, is why second-order loops are used in practice. 

Contrast this with the solution, N = 0, for a first-order loop with ÍIq ¿ 0 where 

it is noted from (?.6) that p(4>) is never symmetric. 
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On the other hand, from the linear least-squares estimate (52) and 

from (54) we write 

h(4>) 55 8(4») + - AK (1 - Fj) g] 

(71) 

If the loop is designed such that « 1 and = AKg for the range of interest 

in p we have, from (31), 

p(4>) = C0 exp -a(l) g(x) dx (72) 

The variance of <J> for a PLL mechanization can be obtained by first solving for 

sin^4> from 

sin ' <t> = sin^ <\> p(4>)d(j> = 
Ij(a) 

rw (7 3) 

and the corresponding variance, given in (59), with 

a = a(1) = (74) 

can be obtained from (72), (73) and (74) by numerical integration on a digital 

computer. Figure 7 illustrates the results for various values of r. The cir¬ 

cles in Fig. 7 correspond to points obtained in the laboratory (Ref. 10) by 

means of a hardware mechanization with r = 4 and g(<t>) = sin <(>. Thus, the 

assumptions which lead us from (48) to (51) appear to be particularly good for 

narrow band loops and the range of interest of p in practice. 
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i. e. 

It is interesting to obtain asymptotic solutions to (22) for the case Tj » 1, 

r « 1. From (22) we write 

_d_ 
d<}> 

+ 

N 

EE(yk 
k=l 

4>) - AKFlg((|>) PÍ^Ivj) 
F^K^'o 

d<j)2 
0 (75) 

for F^ « 1. The solution to (75) is, therefore, identical to the solution to (24) 

so that, within the approximation, we have that p(4>) = p(4> j y^) for r « 1. 

Using this fact and Bayes rule we find that 

lim 
r-0 p(yk I ¢) = p(yk) (76) 

and since p(4> I yk) = p(4>) we have 

lim 
r—0 E(g(4>) I yk) = g(4>) p(4>)d<|> (77) 

and since p(yk j ¢) = P^yk^ we have 

lim 
r—0 E(yk I 4>) s ykP(yk) dyk (78) 

If the loop is designed such that ß(N) = 0 for the range of interest in ÍIq, we 

have, from the symmetry of p(<j>), that 

'L™ E'e«» I yk» E 0 (79) 
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since g(4>)p(4>) is odd for all k=l, 2, .... N. Consequently, from (76), (77) 

and (78) we find 

lim 
r-»0 E(yk| 4>) = 0 (80) 

so 

lim ... _ 
r_0 p(+) = C0 exp (SI) 

for all N > 0. From (71) we also note, at the other extreme for r, that 

lim 
r—« p(4>) C0 exp g(x) dxj 

for all N £ 1 when ß(N) = 0. 

(82) 

K. SYNTHESIS OF OPTIMUM TRACKING LOOPS 

The problem of choosing the "best" loop filter F(p) as well as the "best" 

nonlinearity so as to provide for an optimum tracking loop depends upon what is 

meant by optimum. For example, during the signal acquisition mode the per¬ 

formance index is acquisition time. After the signal has been acquired, the 

problem becomes one of either tracking or data demodulation, or both, and the 

performance index changes. Hence, after acquisition a design based upon min¬ 

imum acquisition time becomes suboptimum. For the case of phase-coherent 

communications one would want to minimize the mean-squared phase error, 

i. e. , minimize the functional 

F(p"Íng(*)G[F,»l-^'l =% 

subject to the linearity constraint on F(p), and a gain constraint on the class of 

nonlinearities {g(4>)}. In the case of tracking, one desires to maximize the 

expected time to loss of phase synchronization (Ref. 17). In general, however, 

it is conceivable that such an optimization technique may be formidable or a 
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solution to (82) may not even exist if F(p) is restricted to being linear. Be that 

as it. may, however, a few results are presently available for the case where 

one constrains the loop filter to be of the form F(p) = 1 or F(p) = 1/(1+ "^P) 

and then selects that nonliiearity g(4>) such that the mean square error is min¬ 

imum. This turns out to b? equivalent (Refs. 20 and 21) to minimizing the area 

under the tail of the density p(è). For these cases it can be shown (Refs. 20 

and 21) that the optimum nonlinearity is 

g(d)) = sgn [sin 6 J (84) 

where F(p) - 1, or Fj = 1 and it is assumed that = 0. The restoring force 

h(d>) becomes rectangular for this gidO- 

In practice, it is desirable to design the loop such that p(d>) is symmetric 

so that no bias is introduced in the phase measurement. From (54) it can be 

seen that any asymmetry in pidO of (32) is due to the ß(N). By proper design of 

the loop filter ß(N) can be made arbitrarily small for reasonable frequency 

offsets. This requires N ï 1 so that 

(85) 

if (55) holds. Paralleling the arguments due to Stiffler and Shaft (Refs. 20 

and 21) we have, for the N + 1- order tracker with p(d>) defined by (85), that 

the nonlinearity which minimizes the mean-squared phase error is also given 

by 

g(d>) = sgn [sin d> ] (86) 

over the choice of F(p) when a(N) is maximized, i. e. , the potential wells are 

deepest. This is accomplished with N = 1, i.e., a second-order tracker. 

Hence we are lead to believe, on the basis of the preceding argument, that a 
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second-order loop designed such that ß(l) = 0 with g(<t>) given by (86) is, for all 

practical purposes, that tracker which minimizes the variance of the phase 

error. 

For the second-order tracker the minimum mean-square error obtainable 

is, from (74), (85) and (86) 

(ah . 
' <J> min 

+ TO + (tto)^/2} exp (-tra)] 

a [ 1 - exp (-to)] 
(87) 

where a = o(l) is given in (54). For high signal-to-noise ratios, a = p and 

P>>1 
P 

(88) 

At low values of p, 

? 3 ! i = £JL . 1_ 
'a<j> min ~ 3 exp (to) - 1 

(89) 

Thus, for large signal-to-noise ratios, the improvement in offered by the 

second-order tracker with optimum nonlinearity is I = 10 log10(p/2) db better 

than a second-order phase-locked loop with g(<|>) = sin<(>. For equal phase 

variances and large signal-to-noise ratios, the second-order tracker with 

optimum nonlinearity, requires that 

PPLL = p2/2 (90) 

where p is the signal-to-noise ratio in the optimum second-order tracker. For 

low signal-to-noise ratios, see Figs. 7 and 8, the improvement is not as 

drastic and the performance of both trackers approach each other. 

If for an (N + l)-order tracker, with no = 0, we desire to minimize the 

variance of <)> then it is clear from (32) and (54) that the factor ß is zero and 

o(N) is maximized when N = 0. The minimum mean square error is still given 

by (87) with or = p = 4A/N0K. Thus, we are lead to the conclusion that the opti 

mum tracker is one for which the nonlinearity is given by (86) and F(p) = 1 when 
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«O = Hence a first-order system is optimum from the point of view of 

producing the minimum phase-error variance when ÍÍq = 0. There are other 

approaches which may be used, aside from signal design to vary Rrs(4>). We 

shall not discuss all of them in detail here; however, astute methods of instru- 
th 

mentation, as in n order tanlock (Ref. 13) and delay locked loops (Ref. 12), 

are possible. 

L. THE OPTIMUM REFERENCE SIGNAL FOR A SQUARE-WAVE INPUT 

Since a square wave cross-correlation function is difficult to mechanize, 

there are various other approaches which can be used to vary Rj.^^) vhich are 

interesting. For example, for a first-order loop (Ref. 22), Layland constrained 

the signals [t,G(t)] to be a square-wave (the case of digital communications) and 

maximized p(0) with respect to r(t) under a unit power constraint. If the same 

methodology is applied here for the optimum second-order tracker then it is 

easy to show that (Ref. 22) the optimum control signal is given by 

’n/2 

r(t) = D'< I (<1> - t) w(4>) d4> + - rj w(tt/2) 

•tt/2 

exp 

•n/2 
2a 

TT 
(tt/2 - max {£,, n|) r(q) dnd; 

■it/2 

+ w(tt/2) I (tt/2 - max n|) exp 

'0 

•tt/2 
2a 

TT [tt/2 - max (£,, n)]r(n)dn 

(91) 

where D'is a normalizing constant for re [0, tt/2). The parameter a is defined 

in (54) and 

hi J o 
w(4>) •• exp -— I (4> - n) r(q)dq (92) 

Note: r(r) is implicitly a function of itself throug h w(<(>), 
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which is independent oí Í2Q for the second-order tracker designed such that 

ß = 0. Even though (91) is recursive and does not admit to a solution in closed 

form, it can be evaluated by employing an iterative numerical procedure on a 

digital computer. It is readily shown that the variance of the phase-error 

becomes inversely proportional to \jafor large signal-to-noise ratios. 

Fig. 10 illustrates r(r) for various values of a. In the limit as a approaches 

infinity r(r) becomes a delta function train Rrs (4>) is given by (86). 

M. CONCLUSIONS AND PROSPECTS 

The long-standing problem of evaluating the response distributions, or 

marginal probability densities p(y^); k = 0, 1, ..., N; hence, performance of a 

generalized tracking system operating in the nonlinear region is reduced to one 

of finding the conditional expectations, E(y^ | 4>). E [g(*fr) ¡ Y^]’ k = . 

In the steady-state we have shown that the response distributions (marginal 

probability densities) are solutions to ordinary, first-order, differential 

equations for which the form of the exact solution is known. The case of 

greatest practical interest, i. e. , N = 1 or the second-order loop, has been 

studied in some detail. Based upon these results, it is felt that the response 

distributions, hence, performance, of nonlinear filters in general to random or 

deterministic signals perturbed by random noise, is always embedded in a 

knowledge of certain sets of conditional expectations. Stated another way the 

conditional expectations are necessary but not sufficient to specify 

the system response distributions whereas system performance (e. g. , moments 

of the response distribution) is embedded in a knowledge of the conditional expec 

tations. In addition, the probability currents Ik(vk) have been evaluated for all 

components of y and related to the physics of the loop. It is possible to study 

this problem for the class of loop filters for which 

F(p) = (93) 
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by the same methodology. The only difference in our solution is that the non¬ 

linear restoring force gk(yk) in all solutions is replaced by 

1 " Fk 
gk(yk) =-(94) 

k 

for all k = 1,2, .... N. 

In summary, the marginal probability densities for a generalized tracking 

loop are then given by 

p(4>) = C0 exp E(4> J 4>)d<|> 
K 

00 
E(<i> I 4>)d4> dy/ 

(95) 

where Cq and Dq are found from (27) and (29) respectively and 

N 

£(* I (j.) = n0 - F^K g(<|,) E(yk I 4,) 

k= 1 

(96) 

with Kqq = NqK^Fj/2, The probability distribution for the k4*1 projection of y' 

is 

p(yk) = ck exP ECxklxk 
ldxk dyi 

(97) 

where Ck and Dk are found from the normalization condition and (37) 

respectively. 
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For N £ 1 and the case where ß(N) = 0 we have the limiting cases 

lim 
r-*co p(<<>) = C0 exp -P g(4>)d4) 

On the other hand 

lim 
r—0 

p(<t>) = C0 exp g(<j))d(t> 

for all Nil. 

In addition, we have shown that 

A 
E [yk(t)|¿ít)] 

N K (1 - Fk) g(4>) _ 

4At, <t 2 
k UG 

+ Yu + \V k7k 

(98) 

(99) 

(100) 

which results in 

p(ò) = C0 exp 

•4> 

-a(N) g(x) dx (101) 

when ß(N) is zero. The parameter a(N) is defined in (54). For (N + l)-order 

trackers designed such that ß(N) = 0 the optimum nonlinearity is given by 

g(<t<) = sgn [sin $ ). 

For a second-order tracker, results are presented for the case where 

R (6) must be realizable. At large signal-to-noise ratios, p, the variance of 
r s i- 

the phase-error is proportional to Ja~^ as opposed to a~¿ for a second-order 

loop with g(<!>) = sgn (sin ¢). It can be shown that if the length of the pseudo¬ 

random sequence is optimized, the mean squared phase error in a delay-locked 

loop exhibits the a ^ dependence on p and r. It is not possible, for all practical 

purposes, to do better than the optimum second-order tracker discussed here. 
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Finally, for S2q = 0 we have been able to perform stochastic 

optimization over F(p) and g(4>) and found that the variance of the phase 

error is minimized when F(p) = 1 and g(<t>) is given in (86). 

The loop filter defined in (Z) admits only those filters which have simple 

poles along the real-axis in the left half plane provided the t 's are positive 

real and the F^'s < 1. If one allows for complex r^'s and F^'s in (2) then a 

broader class of fiJters is admitted; however, the differential equations for the 

yk's become complex and occur in conjugate pairs. On the basis of (6), the 

solution (26) for p(<J>) is real since the sum of the conditional expectations 

E(yk I real; however, the solutions for p(yk) &re no longer valid since 

they become complex and occur in conjugate pairs. One may return to (6) 

and produce a new vector Markov process, which is real, by adding and sub¬ 

tracting the conjugate pairs of the yk's. The solution to the revised Fokker- 

Planck equation will then render solutions for the marginal densities which are 

real. 

It is more interesting, although more difficult, to consider the general 

loop filter F(s) = Fj + F'(s) where 

F'(s) (102) 

where the <lnls a°d Pn's are real. If one defines the vector Markov process 

(103) 

yN= *N-1 
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then, from (102) and (103) 

y0 = 4> 

ÿ0 = 4>(t) = è(t) -KFj 

N 

[Ag((|>) + n(t)] H ^ Pkyk 

k= 1 

y i y2 

y 
(104) 

ÿ N 
JL- [Ag(<i>) + n(t) ) 
qN+l 

and we again have the vector Markov process y = (<t>.y¿h F rom (7) and (8) the 

F-P equation is easily set up and may be integrated, as before, over the 

projections of giving 

(F N 
lEtHJ = -aK «o-KFiA8,*l+I]pkE<ykl'l'-tl 

(. k«l J 
p(<M) 

(105) 

,fÍk2no a2p(*,,) 

when the boundary conditions are applied. For N = 1, (105) agrees in form with 

(23); however, for N > 1 the expectations E(yk|<j), t) are, in general, different 

from those defined in (23). In the steady state the solution to (105) is given by 

(26) with a restoring force 

h(<J>) 
c 

0 

-KF 
1 

N 

Agí*) Pk E(yk I ¢) 

k= 1 

(106) 
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and it is understood that the expectations E(y^ | <|>) are to be determined from 

the vector process defined in (104). Corresponding formulas for the densities 

of the y, 's defined in (104) may easily be obtained. The details will be pre- 

sented in a future paper. 

Our method has been extended to the case of angle demodulation (phase or 

frequency) by generalized modulation tracking loops. The signal 0(t) is assumed 

to be a Gaussian process with a rational spectral density. It is also possible to 

produce results for the more general problem of tracking and demodulation 

where 

Q J 

(107) 

j=i q=i 

is composed of a deterministic process which angle modulates the transmitter 

due to motion and Q statistically independent Gaussian processes with a rational 

density. Corresponding results for a Gaussian process with irrational spectra 

have not as yet been forthcoming. 

Further, we have been able to produce the loop response (marginal 

distributions) for two generalized tracking loops in cascade. In either tracker, 

the angle modulation to be tracked may be composed of deterministic and/or 

Gaussian angle modulation. The domain of interest in this problem turns out to 

be a truncated hyperslab which appears as a skewed rectangle through the phase 

error section («(¡j,^). We shall report on these methods in a forthcoming 

paper. 
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Appendix A 

There are two approaches which one may take to produce (33). 

The simplest approach is to integrate (22) from -nto +nand make use 

of the boundary condition p[ y, ] = p[ -tr, y ] and the fact that the 
K iv 

probability current 

r 
i 
u 

2 2 
F1N0K _a Fi<1 - W2 

U + 4Tk ã! 1> 1 

(A-l) 

This is a result of (20a). 

An alternate approach which gives more insight into what happens at the 

boundary é - ±tt is to begin with (12) and integrate out the variable This 

produces a partial differential for which the solution is p(y',t). The remaining 

(N-l) of the y^ variables may be integrated out producing (33). We presently 

exhibit this method. For convenience we drop the zero subscript on^r'. 

To produce (33) from (12) we reduce (12) term by term. Consider first 

the terms 

_ r ~ 
r r (‘ - Fk)(‘ - Ft)K2N0 

-n 
Wo 

4Vt 

0 p(l. t) 

v^r d<i (A-2) 

Carrying out the integration yields the condition 

TT 

-n 
p(^, t)d¿ = j p(x' » t)p(¿ lx' » t)d^ = p(^',t) 

-TT 

so that 

N N 2 
V V d - Fk)(l - Ft)K Np 

4TkTt Vyt 
p(l',t) 

(A-3) 

(A-4) 

k/l/0 
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Next consider the terms 

^ F^l - Fk)N0K? d pH 

T2 c 

1*T 
krl 

. 

k^i 

V. •' ■ k -n 

- ['i(1 - \Kr? 

p(4>, , t)d0 

( A-!j) 

TTT P(®* ï'. t) 
•'k -n 

The terms 

T3 ' 

v2.. . P 
r ^ U - Fk) n0k 

^- ~~2 
by* 

k-1 
-n Ut. 

p(©ly' » t)p(y', t)d0 =r 

(A-6) 

” U 

k=l 

P P 
F, ) N.K AP 

-V-^- -p p(¿-, t) 

kTk ä\ 

and 

Ur.xt consider 

,Tf N 
1 - F, 

ü Í^T" i T” + ~T~ N ^ t)p(¿', t)] 
' ' ’ ’■ k 

(A-7) 

-n , *. • ' k k 
k=l 

k=l 
•klr; 1 ' -rp ) “ « ;î(c) I/' >"!p(2' > l> 

• k k k 

t, = 

n FTN K .2 
1 0 p 

- n ~T~ ^ -T» -30 
PÍ^Ij/', tM/ , t)d0 ( A-Bi 

W ^ r n 
n— n^» t' 

-TT 

d0 
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Finally consider the terms 

1e s J àl [ “o ■ r(0) + \ t)d0 
“n k=l 

N 
(A-9) 

r n0 - FXAK 6(0) + r yk ]p(Z, t) 

k=l 
-n 

From (It.) these terms are all zero. If we now sum the terms 

ri + J2 - '3 4 S 
(A-IO) 

and integrate out all variables in y' except y. we have (33) when we recognize 

the normal derivative (1,. I ) 
t 5 

N 
r-1 F1(l 

Tit" 
k=l 

]p(0, : •V t} (A-ll) 

= K 
_d 

00 Ò0 

In 
-n 

from (20a). 
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b. Motion of the Phase-Error from WUl-to-Well as a Function of the 
Potential U(<t) 





M
E

A
N

-S
Q

U
A

R
E

D
 P

H
A

S
E
 E

R
R

O
«,

 

»j|i|lH».iili li Mi, 

8. Variance of the Phase-Error Vs Loop Signal-to-Noise Ratio p 



M
E

A
N

-S
Q

U
A

R
E

D
 P

H
A

S
E
 E

R
R

O
R

, 

9. Comparison of the Variance of the Phase-Error Vs Signal-to-Noise 
Ratio p 



O
p
ti

m
u
m

 R
e
fe

re
n
c
e
 
W

a
v
e
fo

rm
 f

o
r 

V
a
ri

o
u

s
 
V

a
lu

e
s
 
o
f 

a
 



SjjcuMj^URsiíicatior^ 

DOCUMENT CON' ROL DATA • R & D 
StTiirify cl0i%ihcêtion ol title, body of abstract a id mdeting annotation must be antered aben the overall report la claaalliad) 

i originating activity (Corporate author) 

University of Southern California 
University Park 
Los Angeles, California 90007 

2a. REPORT SECURITY CLASSIFICATION 

Unclassified 
2b. GROUP 

None 
i Rt PQR T TITLE 

Nonlinear Analysis and Synthesis of Generalized Tracking Systems 

4 descriptive NOTLfl (Type of report and inclusive da tea) 

Technical Report 
r> authORiS) (First name, middle Initial, laat name) 

William C. Lindsey 

f REPORT DATE 

December 1968 
la. TOTAL NG OE PAGES 7b. NO OE REES 

60 23 
r.rt CONTRACT OR GRANT NO 

AFOSR-69- 1622 
h. PROJEC T NO 

d 

Ha. ORIGINATOR’S REPORT NUMBE RlSl 

USCEE Report 317 

9b other REPOR t noisi (Any other numbers that may be as signed 

AF0SRon<69 02 77TR 

1 DIS T Rl Ru TlON 5 T A T EMEN T 

Distribution of this document is unlimited. 

1 1 supplementary notes 

None 

12 SPONSORING MILI T AR > ACTIVITY 

United States Air Force 
Air Force Office of Scientific Research 
1400 Wilson Blvd., Arlington, Va. 22209 

• « > (*<.!*• ACT 

This report develops a rather general theory for use in the analysis and 
synthesis of generalized tracking systems. Synthesis procedures for effecting 
stochastic optimization of a generalized tracker are presented. The results are 
useful in various applications, e.g., synchronization techniques, radar tracking, 
missile guidance and navigation, and phase coherent communication systems. 

V 

DD ,"'M473 
SeiunU ('UsMfuatmn 



Security CUisiíicetmn 




